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Abstract

In this paper, we are concerned with the mathematical analysis of a host–pathogen model with diffusion, hyperinfectivity
nd nonlinear incidence. We define the basic reproduction number ℜ0 by the spectral radius of the next generation operator, and
tudy the relation between ℜ0 and the principal eigenvalue of the problem linearized at the disease-free steady state (DFSS).
nder some assumptions, we show the threshold property of ℜ0: if ℜ0 < 1, then the DFSS is globally asymptotically stable

GAS), whereas if ℜ0 > 1, then the system is uniformly persistent and a positive steady state (PSS) exists. Moreover, for the
pecial case where all parameters are constants, we show that the PSS is GAS for ℜ0 > 1. Numerical simulation suggests that
he spatial heterogeneity could enhance the intensity of epidemic, whereas the diffusion effect could reduce it.

2022 The Authors. Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation
IMACS). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

eywords: Reaction–diffusion model; Bounded spatial domain; Basic reproduction number; Hyperinfectivity; Nonlinear incidence

1. Introduction

1.1. Two diffusive host–pathogen models with distinct dispersal rates

In recent years, diffusive host–pathogen models in a spatially heterogeneous environment towards understanding
he dynamics of infectious diseases have been extensively studied [10,41,48]. Infectious diseases occur in hetero-
eneous environment on account of the variations in environmental conditions, for example, humidity, rainfall,
emperature and availability of medical resources. Therefore, assuming that model parameters depend on a spatial
ariable is meaningful and important. In this research direction, the following diffusive host–pathogen model was
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proposed by Wu and Zou in [48]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂S
∂t

= dS∆S + λ(x) − β(x)S P − a(x)S, (x, t) ∈ Ω × (0,∞),

∂ I
∂t

= dI∆I + β(x)S P − b(x)I, (x, t) ∈ Ω × (0,∞),

∂P
∂t

= c(x)I − m(x)P, (x, t) ∈ Ω × (0,∞),

∂S
∂ϑ

=
∂ I
∂ϑ

= 0, (x, t) ∈ ∂Ω × (0,∞),

(S, I, P)(x, 0) = (S0, I 0, P0)(x) ≥ 0, x ∈ Ω .

(1.1)

At space x and time t , S := S(x, t), I := I (x, t) and P := P(x, t) represent respectively the densities of susceptible
hosts, infected hosts and pathogens; The moving pattern of susceptible (resp. infected) hosts is modeled by the
diffusion rate dS > 0 (resp. dI > 0); λ(x) and a(x) are the recruitment and mortality rate of susceptible hosts;

usceptible hosts get infection from pathogens with transmission rate β(x); b(x) and m(x) are the removing and
decay rates of infected hosts and pathogens, respectively; c(x) stands for the reproduction rate of pathogens by
infected hosts; We assume that the hosts’ habitat is the domain Ω , which is a connected and bounded subset of
Rn having smooth boundary ∂Ω . The spatially dependent parameters λ(x), a(x), β(x), b(x), c(x) and m(x) are
supposed to be continuous, strictly positive and uniformly bounded on Ω̄ . ∂

∂ϑ
means the normal derivative along ϑ

to ∂Ω . Throughout the paper, if there are no specific requirements, we still denote x ∈ Ω , t > 0 and x ∈ ∂Ω , t > 0
as (x, t) ∈ Ω × (0,∞) and (x, t) ∈ ∂Ω × (0,∞), respectively. Inspired by the recent work of [10,41], model (1.1)

as formulated by the assumptions that: (i) the pathogens remain immobile on Ω̄ , so there is no diffusion term
n P-equation; (ii) the consumption mechanism of pathogens due to the hosts getting infection from pathogens is
eglected; (iii) the diffusion coefficients of susceptible and infected hosts are different due to the mobility patterns
f these subpopulations being changed when they get the disease.

In [48], by overcoming the mathematical challenges and difficulties caused by (i) and (ii), i.e., establishing the
oundedness of solution and verifying the asymptotic smoothness of the solution semiflow, the authors verified
he existence of unique global solutions and a global attractor. By the classic method of next generation operator
NGO), the basic reproduction number (BRN) of (1.1) is obtained and proved as a threshold parameter that (1.1)
s uniformly persistent if BRN exceeds one, while the disease-free steady state (DFSS) is globally asymptotically
table (GAS) if BRN is less than one. Combined with the spatial heterogeneity, the different effects of the mobility
atterns of hosts as dS → 0 and dI → 0 on the disease dynamics were investigated through establishing the
symptotic profiles of positive steady state (PSS). One interesting concentration phenomenon occurs: the infected
osts will gather on some points of Ω if dI → 0. We also refer interested readers to [7,8,15–17,25–27,47] for
elative studies on the asymptotic behaviors of PSS in other cases, especially, the different roles of diffusion rates
f hosts in determining the disease dynamics.

The infection mechanism in system (1.1), called mass action mechanism, is represented by the bilinear incidence
unction β(x)S P , which was used in [3,10,41] to describe the epidemic outbreak of certain diseases. Considering
he fact that cholera transmission also involves human-to-human pathways (e.g., [6,20,29]), in the recent work [43],

ang and Wang explored the following diffusive cholera model:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂S
∂t

= dS∆S + λ(x) − α(x)SI − β(x)S P − a(x)S, (x, t) ∈ Ω × (0,∞),

∂ I
∂t

= dI∆I + α(x)SI + β(x)S P − b(x)I, (x, t) ∈ Ω × (0,∞),

∂P
= c(x)I − m(x)P, (x, t) ∈ Ω × (0,∞),

(1.2)
∂t
768
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with the same boundary and initial conditions as for model (1.1), where α(x) is the transmission rate between
susceptible and infected hosts. Let Q0

= (U (x), 0, 0) be the unique DFSS of (1.2), where U (x) satisfies⎧⎪⎨⎪⎩
0 = dS∆U + λ(x) − a(x)U, x ∈ Ω ,

∂U
∂ϑ

= 0, x ∈ ∂Ω ,
(1.3)

and U (x) is GAS in C(Ω̄ ,R). By defining the BRN of (1.2) as

ℜ0 = sup
φ∈H1(Ω), φ ̸=0

{ ∫
Ω (αU +

cβU
m )φ2dx∫

Ω

(
dI |∇φ|

2
+ bφ2

)
dx

}
, (1.4)

the authors in [43] obtained the threshold-type results of (1.2) in the sense that BRN determines the cholera
persistence and extinction. Especially, when the BRN exceeds one, at least one PSS exists while DFSS is the
global attractor of the system when BRN is less than one. Once the disease persists for a given reaction–diffusion
epidemic system, it becomes important to investigate the profile of its spatial distribution, since it plays the role
in helping decision-makers to predict the prevalence of disease transmission and to make some effective control of
disease eradication.

1.2. Two diffusive cholera epidemic models with hyperinfectivity

Vibrio cholerae is the causative agent of Cholera. Recent laboratory studies have revealed that the newly shed
vibrios remain highly toxic and infectious for several hours (see, e.g., [4,12]). It was reported in [21] that the
infectivity of the newly shed vibrios are up to 700-fold as compared to the vibrios previously shed into the
environment and grown for several months. Along this direction, Harley, Morris and Smith [12] classified the vibrios
according to infectivity: hyperinfectious and lower-infectious of Vibrio cholerae, denoted by HI vibrios and LI

ibrios, respectively. In a recent work, by setting a theoretical river with x = 0 and x = L respectively representing
wo ends of the river, Wang and Wang [42] analyzed a reaction–advection–diffusion cholera model incorporating
I and LI vibrios and spatial heterogeneity. Let B1 = B1(x, t) (resp. B2 = B2(x, t)) be the concentration of HI

resp. LI) vibrios in the water environment. The HI and LI vibrios studied in [42] are governed by the following
quations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂B1

∂t
= D1∆B1 − ν1∇ B1 + c(x)I + θ1(x)B1

(
1 −

B1

K1(x)

)
− δ(x)B1, x ∈ (0, L), t > 0,

∂B2

∂t
= D2∆B2 − ν2∇ B2 + δ(x)B1 + θ2(x)B2

(
1 −

B2

K2(x)

)
− m(x)B2, x ∈ (0, L), t > 0,

Di
∂Bi

∂x
(0, t) − νi Bi (0, t) =

∂Bi

∂x
(L , t) = 0, t > 0, i = 1, 2,

Bi (x, 0) = B0
i (x) ≥ 0, 0 ≤ x ≤ L , i = 1, 2,

(1.5)

here ν1 (resp. ν2) is the convection coefficient of HI (resp. LI) vibrios; θi (x) and Ki (x) represent the intrinsic
growth rate and the bacterial maximal capacity of HI and LI vibrios, respectively; δ(x) is the transfer rate from
HI vibrios to LI vibrios; In particular, it was shown that the constant equilibrium is GAS under some special
conditions. The authors also investigated the dependence of BRN on parameters. Crucially, the risk of infection
will be underestimated if HI vibrios are not considered. Inspired by the work [42], Yang and Wang [49] further
highlighted the importance of hyperinfectivity using a nonlocal and time-delayed diffusive model with constant
parameters. Here, the mobility of infected individuals in latenty period results in a nonlocal delay. For simplicity,
the convection coefficient and the loss of immunity of the cholera epidemic (that is, a flux from recovered individuals
769
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to susceptible individuals) are ignored. The model studied in [49] reads as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂S
∂t

= DS∆S + λ− aS − S
(
α I + β1

B1

B1 + K1
+ β2

B2

B2 + K2

)
, (x, t) ∈ Ω × (0,∞),

∂ I
∂t

= DI∆I − (d + γ + m2)I + e−dI τH1(x, S, I, B1, B2), (x, t) ∈ Ω × (0,∞),

∂B1

∂t
= D1∆B1 + ξ I − δ1 B1, (x, t) ∈ Ω × (0,∞),

∂B2

∂t
= D2∆B2 + δ1 B1 − δ2 B2, (x, t) ∈ Ω × (0,∞),

∂S
∂ϑ

=
∂ I
∂ϑ

=
∂B1

∂ϑ
=
∂B2

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

(S, I, B1, B2)(x, 0) = (S0, I 0, B0
1 , B0

2 )(x), x ∈ Ω ,

(1.6)

ith

H1(x, S, I, B1, B2) =

∫
Ω
Γ (DI τ, x, y)S(t − τ, y)

(
α I (t − τ, y) + β1

B1(t − τ, y)
B1(t − τ, y) + K1

+ β2
B2(t − τ, y)

B2(t − τ, y) + K2

)
dy.

With the consideration that HI and LI vibrios remain immobile in contaminated water, the recent work [44]
further extended the works in [42,49] by studying the following model,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂S
∂t

= DS∆S + λ(x) − α(x)SI − H2(x, S, B1, B2) − a(x)S, (x, t) ∈ Ω × (0,∞),

∂ I
∂t

= DI∆I + H2(x, S, B1, B2) − (d(x) + γ (x) + m(x))I, (x, t) ∈ Ω × (0,∞),

∂B1

∂t
= ξ (x)I − δ1(x)B1, (x, t) ∈ Ω × (0,∞),

∂B2

∂t
= δ1(x)B1 − δ2(x)B2, (x, t) ∈ Ω × (0,∞),

∂S
∂ϑ

=
∂ I
∂ϑ

= 0, (x, t) ∈ ∂Ω × (0,∞),

(S, I, B1, B2)(x, 0) = (S0, I 0, B0
1 , B0

2 )(x), x ∈ Ω ,

(1.7)

ith

H2(x, S, B1, B2) = S
(
β1(x)

B1

B1 + K1(x)
+ β2(x)

B2

B2 + K2(x)

)
.

y investigating the global dynamics of (1.7), the authors also highlighted the importance of restricting the mobility
f susceptible humans in helping elimination of disease and the importance of incorporating HI vibrios in avoiding
he underestimation of the risk of infection.

.3. Our model and basic assumptions

Inspired by the recent works on the diffusive host–pathogen models with general incidence functions involving
ocation-dependent parameters (see e.g., [31,32,45,50]), in this paper, we describe the interactions between
usceptible individuals and two states of Vibrio cholerae with more general incidence rate. Note that the vibrios
yperinfectivity has not been considered in the models in [31,44,45,50]. As a continuation work, we incorporate

eneral nonlinear incidence functions and the vibrios hyperinfectivity into model (1.7). Traditionally, the incidence

770
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rate of disease plays a vital role in investigating the dynamics of disease, as it measures how many individuals get
infected per unit time. Many specific forms of incidence functions have been proposed in the literature. However,
models that include a general class of incidence functions obey the advantage that dynamical results obtained in
particular models can be extended to a broader class of models. Based on this, the researchers can pay attention
to other biological factors, such as seasonality, spatial heterogeneity and growing domain that could bring more
difficulties in analyzing the models. Here, we denote by u1 = u1(x, t) (resp. u2 = u2(x, t)) the density of susceptible
resp. infected) humans and by v1 = v1(x, t) (resp. v2 = v2(x, t)) the concentration of HI (resp. LI) vibrios in the
ater environment. For convenience, we briefly introduce some assumptions imposed on our main model:

A1) We suppose that human hosts’ habitat is a connected spatial domain Ω ⊂ Rn, n ≥ 1, with sufficiently smooth
boundary ∂Ω ;

A2) We assume that the mobility for susceptible and infected humans is allowed only in Ω , and the mobility
patterns for human hosts are modeled by the distinct diffusion rates. The recovered individuals never lose
immunity as those in [14];

A3) We denote by N (x, u1) the growth term of susceptible humans accounting for both production and natural
mortality;

(A4) The nonlinear incidence function f (x, u1, u2) represents the direct (i.e., human-to-human) transmission
rate, and the nonlinear incidence functions g(x, u1, v1) and h(x, u1, v2) represent respectively the indirect
transmission rates between susceptible humans and HI state of vibrios, and between susceptible humans and
LI state of vibrios.

Biologically, we assume that the general nonlinear functions N (x, u1), f (x, u1, u2), g(x, u1, v1) and h(x, u1, v2)
atisfy:

B1) N (x, u1) ∈ C0,1(Ω̄ ×R+) is decreasing in u1. There exists a unique u P
1 ∈ C2(Ω ,R+)∩C1(Ω̄ ,R+) such that

DS∆u P
1 + N (x, u P

1 ) = 0, x ∈ Ω ,
∂u P

1

∂ϑ
= 0, x ∈ ∂Ω .

As in [32, Lemma 2.2], we further assume that if w(x, t) satisfies the diffusive equation⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂w

∂t
= DS∆w + N (x, w), (x, t) ∈ Ω × (0,∞),

∂w

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

w(x, 0) = w0(x) ∈ C(Ω̄ ,R+), x ∈ Ω̄ .

(1.8)

Then, limt→∞w(x, t) = u P
1 (x) in C(Ω̄ ,R+). Furthermore, if N (x, v) = N (v), independent of x , then u P

1 (x) ≡

u P
1 . Clearly, N (x, u1) satisfies the following two commonly used functional forms: N (x, u1) = Λ− d̃u1 (see

e.g., [22]) and N (x, u1) = Λ− d̃u1 + r̃u1(1−u1/K ) with d̃ ≥ r̃ (see e.g., [28]). Moreover, the characteristics
of N (x, u1) imply that N (x, u1) ≤ Λ − d̃u1 for some Λ > 0 and d̃ > 0;

(B2) f (x, u1, u2), g(x, u1, v1), h(x, u1, v2) ∈ C1(Ω̄ ×R+
×R+) increase monotonically with respect to the second

and third variables and concave down with respect to the third variable, that is, when the number of infected
humans or the vibrios is large, then the incidence rate will response slowly as compared to linearly to the
increase with respect to u2, v1 and v2 [39,50]. Furthermore, f (x, u1, 0) = f (x, 0, u2) = g(x, u1, 0) =

g(x, 0, v1) = h(x, u1, 0) = h(x, 0, v2) = 0 for all x ∈ Ω̄ and u1, u2, v1, v2 ≥ 0, which means that no
infection occurs if one of u1, u2, v1 and v2 equals zero; For convenience, we let

fu1 (x, u1, u2) =
∂ f (x, u1, u2)

∂u1
, fu2 (x, u1, u2) =

∂ f (x, u1, u2)
∂u2

, gu1 (x, u1, v1) =
∂g(x, u1, v1)

∂u1
,

gv1 (x, u1, v1) =
∂g(x, u1, v1)

, hu1 (x, u1, v2) =
∂h(x, u1, v2)

and hv2 (x, u1, v2) =
∂h(x, u1, v2)

;

∂v1 ∂u1 ∂v2

771
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Table 1
Parameters used in model (1.9).

Variable or Parameter Description

d(x) Infected human death rate
γ (x) Infected human recover rate
m Disease-induced mortality rate
ξ (x) Infected human shedding rate
δ1(x) Transformation rate from HI vibrios to LI vibrios
δ2(x) Losing rate of LI state of vibrios
DS Diffusion coefficient of susceptible humans
DI Diffusion coefficient of infected humans

(B3) There exist positive constants K1, K2 > 0 such that, for ui > 0, vi > 0, i = 1, 2, 0 < f (x, u1, u2) <
K1u1u2, 0 < g(x, u1, v1) < K2u1 and 0 < h(x, u1, v2) < K2u1 for all x ∈ Ω . The assumption for f is based
on the fact that the contact number of susceptible humans per unit time by infected humans cannot exceed
the contact number in the bilnear form.

In the homogeneous case, some specific forms of nonlinear incidence function f (x, u1, u2) commonly used in
he literature fulfill (B2)-(B3). Some concrete examples are: bilinear incidence α(x)u1u2 (see [45,47]); saturation
ncidence α(x)u1u2/(1 + ku2) (see [9]); Beddington–DeAngelis incidence α(x)u1u2/(1 + k1u1 + k2u2) (see [5]);
rowley–Martin incidence α(x)u1u2/[(1 + k1u1)(1 + k2u2)] (see [51]). The assumptions for g and h also permit

he saturation incidence, Beddington–DeAngelis incidence and Crowley–Martin incidence, but do not permit the
ilinear incidence.

With these considerations, we shall investigate the dynamics of the following host–pathogen model:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1

∂t
= DS∆u1 + N (x, u1) − f (x, u1, u2) − g(x, u1, v1) − h(x, u1, v2), (x, t) ∈ Ω × (0,∞),

∂u2

∂t
= DI∆u2 + f (x, u1, u2) + g(x, u1, v1) + h(x, u1, v2) − (d(x) + γ (x) + m)u2, (x, t) ∈ Ω × (0,∞),

∂v1

∂t
= ξ (x)u2 − δ1(x)v1, (x, t) ∈ Ω × (0,∞),

∂v2

∂t
= δ1(x)v1 − δ2(x)v2, (x, t) ∈ Ω × (0,∞),

(1.9)

with ⎧⎪⎨⎪⎩
∂u1

∂ϑ
=
∂u2

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

(u1, u2, v1, v2)(x, 0) = (u0
1, u0

2, v
0
1, v

0
2)(x), x ∈ Ω .

(1.10)

able 1 lists parameter meanings for the model (1.9). All location-dependent parameters d(x), γ (x), ξ (x), δ1(x),
2(x), are supposed to be uniformly bounded and strictly positive on Ω̄ . The nonnegative initial conditions,
u0

1, u0
2, v

0
1, v

0
2)(x), x ∈ Ω̄ are continuous functions. Constants m, DS and DI are strictly positive.

emark 1. For simplicity, we consider the losing rate δ2 only for LI vibrios. Even if we consider another losing
ate δ3 for HI vibrios by changing δ1 in the third equation of (1.9) to δ1 + δ3, the analysis and main results in this
aper would be essentially unchanged.

System (1.9) should be studied in a suitable phase space. Let X := C(Ω̄ ,R4) be the set of vector valued
ontinuous functions on Ω̄ and let ∥φ∥X := max (∥φ1∥∞, ∥φ2∥∞, ∥φ3∥∞, ∥φ4∥∞), ∀φ = (φ1, φ2, φ3, φ4)T

∈ X
¯
e its norm, where T denotes the transpose operation of a vector and ∥ψ∥∞ := supx∈Ω |ψ(x)|, ∀ψ ∈ C(Ω ,R). Let
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X+
:= C(Ω̄ ,R4

+
) be the positive cone of X. Throughout of this paper, we set

q+
:= max

x∈Ω̄
{q(x)} and q−

:= min
x∈Ω̄

{q(x)},

where q ∈ {d, γ, ξ, δ1, δ2}.

1.4. Statement of our main results on system (1.9)

We first discuss the existence of the solution for system (1.9). Then, we study the global dynamics of (1.9) in
terms of BRN. Our first result is concerned with the well-posedness of (1.9). Let u := (u1, u2, v1, v2)T.

heorem 1.1. For any φ ∈ X+, system (1.9) has a unique global nonnegative classical solution u(·, t;φ) on
∈ [0,∞) with u(·, 0;φ) = φ. The semiflow Υ (t) : X+

→ X+ generated by (1.9) is defined by

Υ (t)φ = (u1(·, t;φ), u2(·, t;φ), v1(·, t;φ), v2(·, t;φ))T, ∀ x ∈ Ω̄ , t ≥ 0.

oreover, Υ (t) : X+
→ X+ is point dissipative and system (1.9) has a connected global attractor in X+.

emark 2. We first prove that the model (1.9) has a unique nonnegative solution u(·, t;φ) defined on t ∈ [0, τmax ),
which is a consequence of simple application of the results in [19] and [34, Theorem 3.1 in Chapter 7]. Then, we
confirm the existence of a unique global solution and define Υ (t) : X+

→ X+ as the solution semiflow generated
by (1.9). The proof of the point dissipativity of Υ (t) is not trivial since the diffusion rates DS and DI are distinct.
On account of the absence of diffusion term in v1 and v2-equation of (1.9), we also need to verify the asymptotic
smoothness of Υ (t) by utilizing the so-called κ-contraction condition. Hence the conditions in Theorem 2.4.6 in [11]
are fulfilled, and (1.9) has a connected global attractor.

Under the assumption (B1), system (1.9) possesses a unique DFSS, denoted by (u P
1 (x), 0, 0, 0), where u P

1 (x) is
the unique PSS of (1.8). In order to study the global dynamics of solutions of (1.9), our starting point is to define
BRN, ℜ0, of (1.9), identified by the spectral radius of NGO as proceeded in [46, Section 3]. Linearizing (1.9) at
DFSS and denoting

B =

⎛⎜⎝ DI∆ + fu2 (·, u P
1 (·), 0) − (d(·) + γ (·) + m) gv1 (·, u P

1 (·), 0) hv2 (·, u P
1 (·), 0)

ξ (·) −δ1(·) 0
0 δ1(·) −δ2(·)

⎞⎟⎠ (1.11)

nd ū = (u2, v1, v2)T , we get the following linear cooperative subsystem:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂ ū
∂t

= Bū, (x, t) ∈ Ω × (0,∞),

∂u2

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

ū(x, 0) = ū0(x), x ∈ Ω .

(1.12)

Denote by Ῡ (t) and Υ̃ (t) the semigroups generated by B and

B =

⎛⎜⎝ DI∆ − (d(·) + γ (·) + m) 0 0
ξ (·) −δ1(·) 0
0 δ1(·) −δ2(·)

⎞⎟⎠ ,
espectively. It is readily seen that B = B + F with

F =

⎛⎜⎝ fu2 (·, u P
1 (·), 0) gv1 (·, u P

1 (·), 0) hv2 (·, u P
1 (·), 0)

0 0 0

⎞⎟⎠ .

0 0 0
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Then, we introduce the NGO,

L φ(x) =

∫
∞

0
F(x)Υ̃ (t)φ(x)dt = F(x)

∫
∞

0
Υ̃ (t)φ(x)dt, φ ∈ C(Ω̄ ,R3), x ∈ Ω̄ , (1.13)

here L belongs to C(Ω̄ ,R3
+

) mapping the initial infection distribution φ to the total new infected distribution
uring the infection period. By [46], the BRN of (1.9), is defined by the spectral radius of L , that is,

ℜ0 = r (L ) = sup{|λ|, λ ∈ σ (L )}, (1.14)

here r (L ) and σ (L ) are respectively the spectral radius and spectrum of L . As those in [46, Lemma 2.3(d)]
nd [48, Lemma 3.1, 3.2], the following result indicates that BRN, ℜ0, is closely related to the principal eigenvalues
f eigenvalue problems. For convenience, we let

H (x) = fu2 (x, u P
1 (x), 0) +

ξ (x)[δ2(x)gv1 (x, u P
1 (x), 0) + δ1(x)hv2 (x, u P

1 (x), 0)]
δ1(x)δ2(x)

. (1.15)

heorem 1.2. Let λ̃0 and η0 be the principal eigenvalues of⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−DI∆ψ + (d(x) + γ (x) + m)ψ = λ̃H (x)ψ, x ∈ Ω ,

∂ψ

∂ϑ
= 0, x ∈ ∂Ω ,

ψ ∈ C2(Ω ,R) ∩ C1(Ω̄ ,R),

(1.16)

and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
DI∆ϕ − (d(x) + γ (x) + m)ϕ + H (x)ϕ = ηϕ, x ∈ Ω ,

∂ϕ

∂ϑ
= 0, x ∈ ∂Ω ,

ϕ ∈ C2(Ω ,R) ∩ C1(Ω̄ ,R),

(1.17)

espectively. We then have

(i) ℜ0 − 1 has the same sign as s(B) = sup{Reλ, λ ∈ σ (B)}, the spectral bound of B;
(ii) ℜ0 = 1/λ̃0;

(iii) ℜ0 − 1 and s(B) have the same sign as η0;
(iv) If ℜ0 ≥ 1, then s(B) is the principal eigenvalue of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ

⎛⎜⎝ ψ2

ψ3

ψ4

⎞⎟⎠ = B

⎛⎜⎝ ψ2

ψ3

ψ4

⎞⎟⎠ , x ∈ Ω ,

∂ψ2

∂ϑ
= 0, x ∈ ∂Ω ,

ψ2 ∈ C2(Ω ,R) ∩ C1(Ω̄ ,R), ψ3, ψ4 ∈ C(Ω̄ ,R).

(1.18)

(v) If δ1(x) ≡ δ1 and δ2(x) ≡ δ2, then s(B) is the principal eigenvalue of (1.18) with a strongly positive
eigenfunction.

emark 3. By (ii) of Theorem 1.2 and variational formula, ℜ0 can be expressed by

ℜ0 =
1

λ̃0
= sup

ψ∈H1(Ω),ψ ̸=0

∫
Ω H (x)ψ2dx∫

Ω [DI |∇ψ |
2
+ (d(x) + γ (x) + m)ψ2]dx

. (1.19)

In terms of ℜ0, our main results on disease extinction and persistence will be stated in the following three cases:
< 1, ℜ > 1 and ℜ = 1.
0 0 0

774



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767–802

T
φ

w
i

(

T

m

A

C
u

T
a

Theorem 1.3. Let (B1)-(B3) hold. If ℜ0 < 1, then the DFSS (u P
1 (x), 0, 0, 0) is GAS, i.e.,

lim
t→∞

∥u(·, t;φ) − (u P
1 (·), 0, 0, 0)∥X = 0, uniformly for all φ ∈ X+.

heorem 1.4. Let (B1)-(B3) hold. If ℜ0 > 1, then there exists σ > 0 such that for any φ ∈ X+ with
2(·) ̸≡ 0 or φ3(·) ̸≡ 0 or φ4(·) ̸≡ 0, we have

lim inf
t→∞

z̃(x, t;φ) ≥ σ, uniform for all x ∈ Ω , (1.20)

here z̃ ∈ {u1, u2, v1, v2}. That is, (1.9) is uniformly persistent. Moreover, (1.9) with (1.10) admits at least a PSS
n X+.

We now make the following additional assumption:

B4) fu2 (·, u1, 0), gv1 (·, u1, 0) and hv2 (·, u1, 0) are Lipschitz continuous on u1. There exists a positive constant
K3 > 0 such that g(·, u1, v1) < K3u1v1 and h(·, u1, v2) < K3u1v2.

heorem 1.5. Let (B1)-(B4) hold. If ℜ0 = 1, then DFSS (u P
1 (x), 0, 0, 0) is GAS.

We now present our results in the case that all model parameters remain strictly positive constants. In this case,
odel (1.9) is converted to the following one,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1

∂t
= DS∆u1 + N (u1) − f (u1, u2) − g(u1, v1) − h(u1, v2), (x, t) ∈ Ω × (0,∞),

∂u2

∂t
= DI∆u2 + f (u1, u2) + g(u1, v1) + h(u1, v2) − (d + γ + m)u2, (x, t) ∈ Ω × (0,∞),

∂v1

∂t
= ξu2 − δ1v1, (x, t) ∈ Ω × (0,∞),

∂v2

∂t
= δ1v1 − δ2v2, (x, t) ∈ Ω × (0,∞),

(1.21)

with boundary and initial conditions (1.10). Clearly, (1.21) has a DFSS E (1.21)
0 = (uc

1, 0, 0, 0), where uc
1 is a positive

constant. As in Remark 3, ℜ0 can be calculated as

[ℜ0] =

(
fu2 (uc

1, 0) +
ξ [δ2gv1 (uc

1, 0) + δ1hv2 (uc
1, 0)]

δ1δ2

)
/(d + γ + m).

ccording to Theorems 1.3, 1.4, and 1.5, we directly have:

orollary 1.1. Let (B1)-(B4) hold. If [ℜ0] ≤ 1, then E (1.21)
0 is GAS, while if [ℜ0] > 1, then system (1.21) is

niformly persistent.

Let E∗
= (u∗

1, u∗

2, v
∗

1 , v
∗

2 ) be the constant PSS of (1.21). The global stability of E∗ requires the following
additional condition:

(B5) fu1 (uc
1, 0) = gu1 (uc

1, 0) = hu1 (uc
1, 0) = 0. For any u1 > 0, v1 > 0 and v2 > 0,(

v1

v∗

1
−

f (u∗

1, u∗

2)g(u1, v1)
f (u1, u∗

2)g(u∗

1, v
∗

1 )

)(
f (u1, u∗

2)g(u∗

1, v
∗

1 )
f (u∗

1, u∗

2)g(u1, v1)
− 1

)
≤ 0,

and (
v2

v∗

2
−

f (u∗

1, u∗

2)h(u1, v2)
f (u1, u∗

2)h(u∗

1, v
∗

2 )

)(
f (u1, u∗

2)h(u∗

1, v
∗

2 )
f (u∗

1, u∗

2)h(u1, v2)
− 1

)
≤ 0.

heorem 1.6. Let (B1)-(B3) and (B5) hold. If [ℜ0] > 1, then the system (1.21) has the unique constant PSS,
nd it is GAS.
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For example, if f is a bilinear incidence rate and g and h are saturation incidence rates, then (B5) is satisfied. In
act, if f (u1, u2) = βu1u2, g(u1, v1) = α1u1v1/(1+k1v1) and h(u1, v2) = α1u1v2/(1+k2v2) (β, α1, α2, k1, k2 > 0),
e then have, for any u1 > 0, v1 > 0 and v2 > 0,(

v1

v∗

1
−

f (u∗

1, u∗

2)g(u1, v1)
f (u1, u∗

2)g(u∗

1, v
∗

1 )

)(
f (u1, u∗

2)g(u∗

1, v
∗

1 )
f (u∗

1, u∗

2)g(u1, v1)
− 1

)
=

(
v1

v∗

1
−
v1

v∗

1

1 + k1v
∗

1

1 + k1v1

)(
v∗

1

v1

1 + k1v1

1 + k1v
∗

1
− 1

)
=

k1

v∗

1
(v1 − v∗

1 )
(

v∗

1

1 + k1v
∗

1
−

v1

1 + k1v1

)
≤ 0,

nd (
v2

v∗

2
−

f (u∗

1, u∗

2)h(u1, v2)
f (u1, u∗

2)h(u∗

1, v
∗

2 )

)(
f (u1, u∗

2)h(u∗

1, v
∗

2 )
f (u∗

1, u∗

2)h(u1, v2)
− 1

)
=

k2

v∗

2
(v2 − v∗

2 )
(

v∗

2

1 + k2v
∗

2
−

v2

1 + k2v2

)
≤ 0.

ote that the last inequalities can be obtained from the monotonicity of x/(1 + ki x), i = 1, 2.
The rest of this paper is organized in the following plan. In Section 2, we summarize the well-posedness of

1.9) and provide the proof of Theorem 1.1. Section 3 is spent on investigating the relationship between ℜ0 and the
principal eigenvalues of eigenvalue problems, and completing the proof of Theorem 1.2. In Section 4, we mainly
provide the proof of Theorem 1.3, which indicates that the DFSS (u P

1 (x), 0, 0, 0) is GAS, meaning that disease
ould go extinct under the condition ℜ0 < 1. The uniform persistence of system (1.9) is achieved through the
roof of Theorem 1.4 in Section 5. Section 6 is devoted to studying the critical case that ℜ0 = 1, which confirms

that the DFSS (u P
1 (x), 0, 0, 0) is GAS in this critical case. The proof of Theorem 1.6 is given in Section 7. In this

part, we confirm the existence and uniqueness of E∗ and its global stability under some additional assumptions
when all model parameters remain constant. Section 8 is devoted to the numerical simulation that supports the
theoretical results. The paper ends with a brief discussion in Section 9.

2. The well-posedness of system (1.9): Proof of Theorem 1.1

Theorem 1.1 will be shown by the following lemmas. According to [34, Theorem 3.1 in Chapter 7], we first
prove the results concerning the local solution of (1.9) with (1.10) on X+.

Lemma 2.1. For any φ ∈ X+, there exists a positive constant τmax = τmax (φ) > 0 such that problem (1.9)–(1.10)
as the unique nonnegative noncontinuable mild solution u(·, t) = u(·, t;φ), u(·, 0;φ) = φ, defined on [0, τmax ). In
articular, u(·, t;φ) ∈ X+ is the classical solution to problem (1.9)–(1.10), defined on [0, τmax ).

roof. Let us define linear operators Ai , i = 1, 2, 3, 4 by

A1 := DS∆, A2 := DI∆ − (d(·) + γ (·) + m), A3 := −δ1(·), A4 := −δ2(·).

or i = 1, 2, 3, 4, let {Ti (t)}t≥0 be the C0-semigroups generated by Ai with suitable domains. For φ ∈ X+ and
≥ 0, let T (t)φ := (T1(t)φ1, T2(t)φ2, T3(t)φ3, T4(t)φ4)

T. One can then see that {T (t)}t≥0 is also a C0-semigroup
see also [24, Section 1.2]) on X+ to itself. The mild solution u = (u1, u2, v1, v2)T to problem (1.9) with (1.10) can
e written as

u(t) = T (t)φ +

∫ t

0
T (t − s)F (u(·, s))ds, u(0) = φ =

⎛⎜⎜⎜⎝
φ1

φ2

φ3

φ4

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
u0

1

u0
2

v0
1

v0
2

⎞⎟⎟⎟⎠ ∈ X+,

here

F (φ) :=

⎛⎜⎜⎜⎝
F1(φ)
F2(φ)
F3(φ)

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
N (·, φ1) − f (·, φ1, φ2) − g(·, φ1, φ3) − h(·, φ1, φ4)

f (·, φ1, φ2) + g(·, φ1, φ3) + h(·, φ1, φ4)
ξ (·)φ2

⎞⎟⎟⎟⎠ , φ ∈ X+.
F4(φ) δ1(·)φ3
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One can easily check that F is a Lipschitz function on X+. Denote cm = min{ĉ ≥ 0 : minx∈Ω̄ [F1(φ)(x)+ĉφ1(x)] ≥

}. Note that, for any φ ∈ X+, cm is finite because

F1(φ) ≥ − (K1∥φ∥X + 2K2) φ1,

y virtue of assumptions (B1) and (B3). For any φ ∈ X+, x ∈ Ω̄ and ℓ ≥ 0, we then have

φ(x)+ℓF (φ)(x) =

⎛⎜⎜⎜⎝
φ1 + ℓ(N (·, φ1) − f (·, φ1, φ2) − g(·, φ1, φ3) − h(·, φ1, φ4))

φ2 + ℓ( f (·, φ1, φ2) + g(·, φ1, φ3) + h(·, φ1, φ4))
φ3 + ℓξ (·)φ2

φ4 + ℓδ1(·)φ3

⎞⎟⎟⎟⎠ ≥

⎛⎜⎜⎜⎝
φ1[1 − ℓcm]

φ2

φ3

φ4

⎞⎟⎟⎟⎠ .
herefore, we obtain

lim
ℓ→0+

1
ℓ

dist(φ + ℓF (φ),X+) = 0 ∀φ ∈ X+.

We then see from [34, Theorem 3.1 in Chapter 7] that problem (1.9)–(1.10) has the unique desired solution u(·, t;φ)
on [0, τmax ), where 0 < τmax ≤ ∞. This completes the proof of Lemma 2.1.

We next prove the following lemma on the existence of a global solution and a global attractor.

Lemma 2.2.

(i) The solution u(·, t;φ) to problem (1.9)–(1.10) with φ ∈ X+ is global. More strongly, u(·, t;φ) is ultimately
uniformly bounded.

(ii) The solution to problem (1.9)–(1.10) induces a semiflow Υ (t) : X+
→ X+ (t ≥ 0), and it admits a connected

global attractor on X+.

roof. We first prove (i). Let u(·, t;φ) be the solution of (1.9). Then we prove u(·, t;φ) is ultimately bounded.
he proof is not trivial since DS ̸= DI . Therefore, we will prove (i) step by step.

Step 1. u1(·, t) is ultimately bounded. From the u1-equation of (1.9), it is readily seen that u1(·, t) satisfies
∂u1
∂t ≤ DS∆u1 + N (x, u1), that is, u1 is a subsolution of⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂ ū1

∂t
= DS∆ū1 + N (x, ū1), (x, t) ∈ Ω × (0,∞),

∂ ū1

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

ū1(x, 0) = u0
1(x), x ∈ Ω .

(2.1)

It then follows from assumption (B1) that (2.1) has a unique PSS u P
1 (x), which is GAS. Combining with the

comparison principle, we have

lim sup
t→∞

u1(x, t) ≤ u P
1 (x), uniformly for x ∈ Ω̄ . (2.2)

Accordingly, u1(x, t) is ultimately bounded, i.e.,

lim sup
t→∞

∥u1(·, t)∥∞ ≤ ∥u P
1 (·)∥∞ := M0. (2.3)

Step 2. u2(·, t) is ultimately bounded. We can obtain u(x, t) ∈ X+ by using the standard comparison argument
and maximum principle. Hence, u1(x, t) > 0 for all (x, t) ∈ Ω × (0,∞). This together with divergence theorem,
u1 and u2 equation imply that

∂

∂t

∫
Ω

(u1 + u2)dx =

∫
Ω

N (x, u1)dx −

∫
Ω

(d(x) + γ (x) + m)u2dx

≤

∫
Ω

N (x, 0)dx +

∫
Ω

d(x)u1dx −

∫
Ω

d(x)(u1 + u2)dx

≤ N+
|Ω | + d+M0|Ω | − d−

∫
(u1 + u2)dx,
Ω
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where N+
:= maxx∈Ω̄ N (x, 0) and |Ω | is the volume of Ω . It then follows that

lim sup
t→∞

∥u2(·, t)∥1 ≤ lim sup
t→∞

(∥u1(·, t)∥1 + ∥u2(·, t)∥1) ≤ M1 := (N+
+ d+M0)|Ω |/d−, (2.4)

here ∥ · ∥p (1 ≤ p < ∞) denotes the L p-norm. Note that M1 is independent of φ ∈ X+.
We now claim the L2k

bounded estimate of u2, i.e., for any k ≥ 0, k ∈ Z,

lim sup
t→∞

∥u2(·, t)∥2k ≤ M2k , (2.5)

here M2k > 0 is independent of φ ∈ X+. In what follows, we shall utilize the method of mathematical induction
o verify (2.5). Clearly, (2.4) satisfies the case for k = 0. We now assume that (2.5) holds for k − 1 ≥ 0, i.e., there
xists M2k−1 > 0 such that, for any φ ∈ X+,

lim sup
t→∞

∥u2(·, t)∥2k−1 ≤ M2k−1 . (2.6)

ultiplying the u2-equation of (1.9) by u2k
−1

2 and then integrating the obtained equation yield

1
2k

∂

∂t

∫
Ω

u2k

2 dx = DI

∫
Ω

u2k
−1

2 ∆u2dx +

∫
Ω

( f (x, u1, u2) + g(x, u1, v1) + h(x, u1, v2))u2k
−1

2 dx

−

∫
Ω

(d(x) + γ (x) + m)u2k

2 dx . (2.7)

Note that

DI

∫
Ω

u2k
−1

2 ∆u2dx ≤ −DI

∫
Ω

∇u2 · ∇u2k
−1

2 dx = − (2k
− 1)DI

∫
Ω

(∇u2 · ∇u2)u2k
−2

2 dx

= −
2k

− 1
22k−2 DI

∫
Ω

|∇u2k−1

2 |
2
dx .

Then (2.7) can be rewritten as
1
2k

∂

∂t

∫
Ω

u2k

2 dx ≤ −Ek

∫
Ω

|∇u2k−1

2 |
2
dx +

∫
Ω

( f (x, u1, u2) + g(x, u1, v1) + h(x, u1, v2))u2k
−1

2 dx,

here Ek =
2k

−1
22k−2 DI . Applying (B3), we get

1
2k

∂

∂t

∫
Ω

u2k

2 dx ≤ −Ek

∫
Ω

|∇u2k−1

2 |
2
dx +

∫
Ω

(K1u1u2 + 2K2u1)u2k
−1

2 dx . (2.8)

urther from (2.3), we know that∫
Ω

u1u2k

2 dx ≤ (M0 + 1)
∫
Ω

u2k

2 dx, for t ≥ t1,

nd ∫
Ω

u1u2k
−1

2 dx ≤ (M0 + 1)
∫
Ω

u2k
−1

2 dx, for t ≥ t1. (2.9)

for some t1 > 0. We now use Young’s inequality

ab ≤ ϵa p
+ Cϵbq ,

here a, b, ϵ, q > 0, p > 1, Cϵ = (ϵp)−q/pq−1 and p−1
+ q−1

= 1. By setting p = 2k and q = 2k/(2k
− 1), and

applying Young’s inequality, we get the following estimation concerning (2.9):∫
Ω

u2k
−1

2 dx ≤ ϵ

∫
Ω

12k
dx + Cϵ

∫
Ω

u2k

2 dx .

Hence, (2.8) will be converted to
1
2k

∂

∂t

∫
Ω

u2k

2 dx ≤ −Ek

∫
Ω

|∇u2k−1

2 |
2
dx + Ck

∫
Ω

u2k

2 dx + Dk, t ≥ t1, (2.10)

where Ck = (K1 + 2K2Cϵ)(M0 + 1) and Dk = 2K2(M0 + 1)ϵ|Ω |. Without loss of generality, we can assume that
t = 0 by taking the solution at time t as the initial condition. Let ζ = u2k−1

and ϵ = min(E /(2C ), 1/2). As
1 1 2 1 k k
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in [1, Proof of Theorem 3.1], by Gagliardo–Nirenberg’s inequality and Young’s inequality, we obtain the following
inequality:

∥ζ∥2
2 ≤ ϵ1∥∇ζ∥

2
2 + Cϵ1∥ζ∥

2
1,

here Cϵ1 = (constant)ϵ−n/2
1 . We then have that

−
Ek

2Ck
∥∇ζ∥2

2 ≤ −ϵ1∥∇ζ∥
2
2 ≤ −∥ζ∥2

2 + Cϵ1∥ζ∥
2
1,

nd hence,

−Ek

∫
Ω

|∇u2k−1

2 |
2
dx ≤ −2Ck

∫
Ω

u2k

2 dx + 2CkCϵ1

(∫
Ω

u2k−1

2 dx
)2

.

ence, we can estimate (2.10) as follows:

1
2k

∂

∂t

∫
Ω

u2k

2 dx ≤ −Ck

∫
Ω

u2k

2 dx + 2CkCϵ1

(∫
Ω

u2k−1

2 dx
)2

+ Dk . (2.11)

Here, (2.6) implies

lim sup
t→∞

∫
Ω

u2k−1

2 dx ≤ M2k−1

2k−1

and hence, (2.11) implies

lim sup
t→∞

∥u2(·, t)∥2k ≤
2k

√
2CkCϵ1M2k

2k−1 + Dk

Ck
=: M2k .

Thus, (2.5) holds for any k ≥ 0, k ∈ Z.
According to the continuous embedding from Lq (Ω ) to L p(Ω ), q ≥ p ≥ 1, (2.5) implies that, for every p > 1,

here exists a constant Mp > 0 such that, for any φ ∈ X+,

lim sup
t→∞

∥u2(·, t)∥p ≤ Mp. (2.12)

As in the proof of [48, Lemma 2.4], we directly have

lim sup
t→∞

∥u2(·, t)∥∞ ≤ M∞, (2.13)

where M∞ > 0 is independent of φ ∈ X+. In fact, by (2.3) and (2.12), there exists a tm > 0 such that

∥u1(·, t)∥∞ ≤ M0 + 1 and ∥u2(·, t)∥p ≤ Mp + 1

for all t > tm −1. Let p > n/2 and a > n/(2p) so that Ya is continuously embedded in C(Ω̄ ), where Ya, 0 < a < 1
is the fractional power space equipped with the graph norm. By assumption (B3), as in the proof of [48, Lemma
2.4], we have that, for all t > tm ,

∥Aa
2u2(·, p)∥p ≤∥Aa

2T2(1)u2(t − 1)∥p +

∫ t

t−1
∥T2(t − s) [K1u1(·, s)u2(·, s) + 2K2u1(·, s)] ∥pds

≤Ma∥u2(·, t − 1)∥p + (M0 + 1)Ma

∫ t

t−1

K1(Mp + 1) + 2K2

(t − s)a
ds

≤Ma(Mp + 1) +
(M0 + 1)Ma

[
K1(Mp + 1) + 2K2

]
1 − a

here Ma is a positive constant. The inequality (2.13) then follows from the fact that Ya is continuously embedded
n C(Ω̄ ).

Step 3. v1(·, t) and v2(·, t) are ultimately bounded. By (2.13) and the third equation of (1.9), we have

lim sup ∥v1(·, t)∥∞ ≤
ξ+M∞

−
=: Mv1 .
t→∞ δ1
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Moreover, by the fourth equation of (1.9), we have

lim sup
t→∞

∥v2(·, t)∥∞ ≤
δ+

1 Mv1

δ−

2
=: Mv2 .

Consequently, we obtain

lim sup
t→∞

∥u(·, t)∥X ≤ max(M0,M∞,Mv1 ,Mv2 ).

his completes the proof of (i).
We next prove (ii). It follows from [34, Theorem 3.1 (d) in Chapter 7] that the solution u of problem (1.9)–(1.10)

nduces a semiflow Υ (t) : X+
→ X+ (t ≥ 0). As v1 and v2-equations of (1.9) do not have the diffusion terms,

(t) lacks the compactness. To overcome this issue, we show the asymptotic smoothness of Υ (t) by applying [11,
emma 2.3.4]. For this purpose, we define the following Kuratowski measure of non-compactness:

κ(B) := inf{r ∈ R : B has a finite cover of diameter less than r}, ∀B ⊂ X+. (2.14)

efine the right-hand side of the v1 and v2-equations of (1.9) by

G1(u2, v1) = ξ (·)u2 − δ1(·)v1, and G2(v1, v2) = δ1(·)v1 − δ2(·)v2.

t then follows that
∂G1(u2, v1)

∂v1
= −δ1(·) ≤ −δ−

1 , and
∂G2(v1, v2)

∂v2
= −δ2(·) ≤ −δ−

2 .

Following [48, Lemma 2.6], we first express Υ (t) as Υ (t) = Υ1(t) + Υ2(t), where

Υ1(t)φ =

{
u1(·, t;φ), u2(·, t;φ),

∫ t

0
e−δ1(·)(t−s)ξ (·)u2(·, s;φ)ds,

∫ t

0
e−δ2(·)(t−s)δ1(·)v1(·, s;φ)ds

}
, t ≥ 0,

nd

Υ2(t)φ =
{
0, 0, e−δ1(·)tφ3, e−δ2(·)tφ4

}
, t ≥ 0.

ith the help of [48, Lemma 2.5], one can see that

S1 =

{∫ t

0
e−δ1(·)(t−s)ξ (·)u2(·, s;φ)ds

}
and S2 =

{∫ t

0
e−δ2(·)(t−s)δ1(·)v1(·, s;φ)ds

}
re precompact for any t > 0. Therefore, for all t > 0, κ(Υ1(t)B) = 0. Moreover, Υ2(t) can be estimated as

∥Υ2(t)∥op = sup
φ∈X,∥φ∥X ̸=0

∥Υ2(t)φ∥X
∥φ∥X

≤ e−δ−t sup
φ∈X,∥φ∥X ̸=0

∥φ∥X
∥φ∥X

= e−δ−t ,

where ∥ · ∥op is the operator norm and δ−
:= minΩ̄ {δ−

1 , δ
−

2 } > 0. Then, for t > 0, we obtain

κ(Υ (t)B) ≤ κ(Υ1(t)B) + κ(Υ2(t)B) ≤ 0 + ∥Υ2(t)∥op κ(B) ≤ e−δ−tκ(B),

where e−δ−t is called the contraction function. Therefore, for all t > 0, Υ (t) is a conditionally κ-contraction on X+.
Thus, the asymptotic smoothness of Υ (t) follows from [11, Lemma 2.3.4]. Furthermore, the point dissipativeness
of Υ (t) follows from the assertion in (i). Hence, [11, Theorem 2.4.6] guarantees the existence of a connected global
attractor in X+. This proves (ii).

Proof of Theorem 1.1. Theorem 1.1 directly follows from Lemmas 2.1 and 2.2.

3. The basic reproduction number: Proof of Theorem 1.2

Proof of Theorem 1.2. We first prove (i). For convenience, we set B := diag(DI∆, 0, 0) − V . It is easy to see
that for all x ∈ Ω , both B and −V are cooperative, ensuring that Υ̃ (t)C(Ω̄ ,R3

+
) ⊆ C(Ω̄ ,R3

+
). According to [38,

Theorem 3.12], B and B are resolvent-positive operators. Let I be the identity operator. Hence,

(λI − B)−1ψ =

∫
∞

e−λtΥ̃ (t)ψdt, ∀ λ > s(B), ψ ∈ X+. (3.1)

0
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It is check to see that the exponential growth bound ω(Υ̃ ) = limt→∞ ln ∥Υ̃ (t)∥op/t of Υ̃ is negative. Thus, we
btain s(B)≤ ω(Υ̃ ) < 0. Choose λ = 0 in (3.1) such that

−B−1ψ =

∫
∞

0
Υ̃ (t)ψdt, ∀ ψ ∈ X+.

he above result together with (1.13) implies L = −F B−1. Thus, the assertion (i) immediately follows from [38,
heorem 3.5].

We next prove (ii). Similar to [46, Theorem 3.3], we define

F =

(
F11 F12

F21 F22

)
and V =

(
V11 V12

V21 V22

)
,

here

F11 := fu2 (·, u P
1 (·), 0), F12 := (gv1 (·, u P

1 (·), 0), hv2 (·, u P
1 (·), 0)), F21 :=

(
0
0

)
, F22 :=

(
0 0
0 0

)
,

V11 := d(·) + γ (·) + m, V12 := (0, 0), V21 :=

(
−ξ (·)

0

)
and V22 :=

(
δ1(·) 0

−δ1(·) δ2(·)

)
.

hen ℜ0= r (−F B−1) = r (−B−1 F) = r (−B−1
1 F2), where B1 := DI∆− (V11 − V12V −1

22 V21) = DI∆− (d(·)+γ (·)+
), and

F2 :=F11 − F12V −1
22 V21

= fu2 (·, u P
1 (·), 0) − (gv1 (·, u P

1 (·), 0), hv2 (·, u P
1 (·), 0))

(
δ1(·) 0

−δ1(·) δ2(·)

)−1 (
−ξ (·)

0

)
= H (·),

here H (·) is defined in (1.15). Then for ψ ∈ C2(Ω ,Rn) ∩ C1(Ω̄ ,Rn),

−B−1
1 F2ψ = −[DI∆ − (d(·) + γ (·) + m)]−1 H (x)ψ.

herefore,

ℜ0 = r (−[DI∆ − (d(·) + γ (·) + m)]−1 H (·)).

hus, ℜ0 satisfies

[−[DI∆ − (d(·) + γ (·) + m)]−1 H (·)]ψ = ℜ0ψ, ψ ∈ C2(Ω ,Rn) ∩ C1(Ω̄ ,Rn),

.e.,

DI∆ψ − (d(·) + γ (·) + m)ψ + H (·)
1
ℜ0
ψ = 0, ψ ∈ C2(Ω ,Rn) ∩ C1(Ω̄ ,Rn), (3.2)

This proves (ii).
We begin to prove (iii). Actually, problem (1.17) has a least eigenvalue η0 associated with a positive eigenfunction

ϕ∗, i.e.,

DI∆ϕ
∗
− (d(·) + γ (·) + m)ϕ∗

+ H (·)ϕ∗
= η0ϕ∗, for x ∈ Ω and

∂ϕ∗

∂ϑ
= 0, for x ∈ ∂Ω . (3.3)

imilar to the proof of [2, Lemma 2.3(d)], and thanks to (3.2) with ∂ψ

∂ϑ
= 0, for x ∈ ∂Ω , We respectively multiply

3.3) by ψ and (3.2) by ϕ∗, then subtract the resulting equations and integrate it over Ω yielding(
1 −

1
ℜ0

)∫
Ω

H (x)ψϕ∗dx = η0
∫
Ω

ψϕ∗dx .

It then follows that 1 −
1

ℜ0
and η0 have the same sign. This proves (iii).

We next prove (iv). We now pay our attention to the problem (1.18). Let

˜ (x, u P (x), 0)u + g (x, u P (x), 0)v + h (x, u P (x), 0)v
G(u2, v1, v2) = fu2 1 2 v1 1 1 v2 1 2
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and (φ2, φ3, φ4) ∈ C(Ω̄ ,R3). This together with (1.12) implies that⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u2(·, t;φ) = T2(t)φ2 +

∫ t

0
T2(t − s)G̃(u2(·, s;φ), v1(·, s;φ), v2(·, s;φ))ds,

v1(·, t;φ) = T3(t)φ3 +

∫ t

0
T3(t − s)ξ (·)u2(·, s;φ)ds,

v2(·, t;φ) = T4(t)φ4 +

∫ t

0
T4(t − s)δ1(·)v1(·, s;φ)ds,

t is readily seen that Ῡ (t) = Ῡ2(t) + Ῡ3(t), where

Ῡ2(t)φ = (0, T3(t)φ3, T4(t)φ4), φ = (φ2, φ3, φ4) ∈ C(Ω̄ ,R3), (3.4)

nd

Ῡ3(t)φ =

(
u2(·, t;φ),

∫ t

0
T3(t − s)ξ (·)u2(·, s;φ)ds,

∫ t

0
T4(t − s)δ1(·)v1(·, s;φ)ds

)
, φ = (φ2, φ3, φ4) ∈ C(Ω̄,R3).

e apply the result in [48, Lemma 2.5] to show that Ῡ3(t) is compact. On account of (ii) in Lemma 2.2 and (3.4),
e obtain that

κ(Ῡ (t)B) ≤ e−δ−tκ(B), t > 0, (3.5)

or any bounded set B in C(Ω̄ ). Let us define the measure of non-compactness of operator L on X+ by

α(L ) := inf
B⊂X+ is bounded

{ε > 0 : κ(LB) ≤ εκ(B)} .

et ωess(Ῡ ) := limt→∞ lnα(Ῡ (t))/t be the essential growth bound of Ῡ . We then see from (3.5) that ωess(Ῡ ) ≤

δ−, and the essential spectral radius re(Ῡ (t)) of Ῡ (t) satisfies

re(Ῡ (t)) ≤ e−δ−t < 1, t > 0.

ote that the exponential growth bound ω(Ῡ ) = limt→∞ ln ∥Ῡ (t)∥op/t of Ῡ is defined by

ω(Ῡ ) := inf
{
ω̃ ∈ R : there exists a M ≥ 1 such that ∥Ῡ (t)∥op ≤ Meω̃t for all t ≥ 0

}
nd it satisfies that

ω(Ῡ ) = max{s(B), ωess(Ῡ )}.

t follows from Theorem 1.2 that s(B) ≥ 0 for ℜ0 ≥ 1. Hence, r (Ῡ (t)) = es(B)t
≥ 1, ∀t > 0, which implies

hat re(Ῡ (t)) < r (Ῡ (t)). Applying the generalized Krein–Rutman Theorem [23], we have

Ῡ (t)ψ0
= r (Ῡ (t))ψ0

= es(B)tψ0, t > 0, (3.6)

here ψ0
∈ C(Ω̄ ,R+

3 ). (iv) is proved by differentiating both sides of (3.6).
Finally, we prove (v). By letting h̄1 = u2, h̄2 = (v1, v2)T , we rewrite (1.12) as⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(
∂ h̄1
∂t
∂ h̄2
∂t

)
= B̃

(
h̄1

h̄2

)
, (x, t) ∈ Ω × (0,∞),

∂ h̄1

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

h̄1 ∈ C2(Ω ,R) ∩ C1(Ω̄ ,R), h̄2 ∈ C(Ω̄ ,R2),

here

B̃ =

(
L1 + B̃11(·) B̃12(·)

B̃21(·) B̃22

)
,

L = D ∆, B̃ (·) = f (·, u P (·), 0) − (d(·) + γ (·) + m), B̃ (·) = (g (·, u P (·), 0), h (·, u P (·), 0)),
1 I 11 u2 1 12 v1 1 v2 1
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B̃21(·) =

(
ξ (·)
0

)
and B̃22 =

(
−δ1 0
δ1 −δ2

)
.

et Υ̌2(t) be a positive C0-semigroup on C(Ω̄ ,R2) generated by the resolvent-positive operator B̃22. By using [38,
Theorem 3.12], we have

(λI − B̃22)−1ψ =

( 1
λ+δ1

0
δ1

(λ+δ1)(λ+δ2)
1

λ+δ2

)
ψ =

∫
∞

0
e−λtΥ̌2(t)ψdt, ∀ λ > s(B̃22), ψ ∈ C(Ω̄ ,R2),

here s(B̃22) = − minΩ̄ {δ1, δ2} = −δ−. Then, for λ > −δ−, we define

Lλψ = DI∆ψ − (d(·) + γ (·) + m)ψ + fu2 (·, u P
1 (·), 0)ψ +

ξ (·)gv1 (·, u P
1 (·), 0)

λ+ δ1
ψ +

δ1ξ (·)hv2 (·, u P
1 (·), 0)

(λ+ δ1)(λ+ δ2)
ψ.

etting

C1 = min
x∈Ω̄

{ fu2 (x, u P
1 (x), 0)} > 0, C2 = min

x∈Ω̄
{ξ (x)gv1 (x, u P

1 (x), 0)} > 0 and C3 = min
x∈Ω̄

{δ1ξ (x)hv2 (x, u P
1 (x), 0)} > 0.

Note that⎧⎨⎩ DI∆ϕ − (d(x) + γ (x) + m)ϕ = ηϕ, x ∈ Ω ,

∂ϕ

∂ϑ
= 0, x ∈ ∂Ω ,

possesses a principle eigenvalue, written by

η0 = − inf
{∫

Ω

[DI |∇ϕ|
2
+ (d(·) + γ (·) + m)ϕ2]dx

⏐⏐⏐⏐ ∫
Ω

ϕ2dx = 1, ϕ ∈ H 1(Ω )
}
,

ith eigenvector ϕ0 ≫ 0. Let

λ1 =
1
2

[
(η0 − δ1 + C1) +

√
(δ1 + η0 + C1)2 + 4C2

]
e the larger root of

λ2
+ (δ1 − C1 − η0)λ− [C2 + δ1(C1 + η0)] = 0.

hus, λ1 > −δ1 and

Lλ1ϕ
0

= DI∆ϕ
0
− (d(·) + γ (·) + m)ϕ0

+ fu2 (·, u P
1 (·), 0)ϕ0

+
ξ (·)gv1 (·, u P

1 (·), 0)
λ+ δ1

ϕ0

≥

(
η0 + C1 +

C2

λ1 + δ1

)
ϕ0

= λ1ϕ
0.

Then we focus on the root of

L̃(λ) := −λ3
+ [λ1 − (δ1 + δ2)]λ2

+ [λ1(δ1 + δ2) − δ1δ2]λ+ (λ1δ1δ2 + C3) = 0. (3.7)

alculating the derivative of L̃(λ) associated with λ > 0 yields

L̃ ′(λ) = −3λ2
+ 2[λ1 − (δ1 + δ2)]λ+ [λ1(δ1 + δ2) − δ1δ2],

L̃ ′′(λ) = −6λ+ 2[λ1 − (δ1 + δ2)],

L̃ ′′′(λ) = −6.

ctually, one can use similar arguments in [40,41] to show that L̃(λ) = 0 has a unique root, denoted by λ2 > 0.
An application of λ2 > −δ− together with

Lλ2ϕ
0

= DI∆ϕ
0
− (d(·) + γ (·) + m)ϕ0

+ fu2 (·, u P
1 (·), 0)ϕ0

+
ξ (·)gv1 (·, u P

1 (·), 0)
λ+ δ1

ϕ0
+
δ1ξ (·)hv2 (·, u P

1 (·), 0)
(λ+ δ1)(λ+ δ2)

ϕ0

≥

(
λ1 +

C3
)
ϕ0

= λ2ϕ
0,
(λ2 + δ1)(λ2 + δ2)
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yields Lλ2ϕ
0

≥ λ2ϕ
0 for every x ∈ Ω . Therefore, eλ2tϕ0(x) is a subsolution of ut = Lλ2u. On account of [46,

heorem 2.3 (i)], (1.18) has an eigenvalue with geometric multiplicity one and a nonnegative eigenfunction. An
pplication of (1.18) yields the positivity of this eigenfunction. This completes the proof.

. Disease extinction: Proof of Theorem 1.3

roof of Theorem 1.3. The local asymptotically stability of E0 is a consequence of [46, Theorem 3.1]. We next
onfirm the global attractively of E0. From the u1-equation of (1.9), one can get⎧⎪⎪⎨⎪⎪⎩

∂u1

∂t
≤ DS∆u1 + N (x, u1), (x, t) ∈ Ω × (0,∞),

∂u1

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞).

On account of (2.2), for any fixed ϵ0 > 0, there exists t0 > 0 such that

0 ≤ u1(·, t) ≤ u P
1 (·) + ϵ0, ∀ t ≥ t0, x ∈ Ω̄ .

Without loss of generality, we can assume that t0 = 0 by replacing the initial condition by the solution at t = t0.
Let

Bϵ0 =

⎛⎜⎝ DI∆ + fu2 (·, u P
1 (·) + ϵ0, 0) − (d(·) + γ (·) + m) gv1 (·, u P

1 (·) + ϵ0, 0) hv2 (·, u P
1 (·) + ϵ0, 0)

ξ (·) −δ1(·) 0
0 δ1(·) −δ2(·)

⎞⎟⎠ .
y the comparison principle [19], we obtain

(u2, v1, v2)(x, t) ≤ (û2, v̂1, v̂2)(x, t) on Ω̄ × [0,∞),

here (û2, v̂1, v̂2)(x, t) satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎝
∂ û2
∂t
∂v̂1
∂t
∂v̂2
∂t

⎞⎟⎟⎠ = Bϵ0

⎛⎜⎝ û2

v̂1

v̂2

⎞⎟⎠ , (x, t) ∈ Ω × (0,∞),

∂ û2

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞).

(4.1)

Let Ῡϵ0 (t) be the linear semigroup associated with generator Bϵ0 . It follows from the similar processes of the proof
f (ii) of Lemma 2.2 that ωess(Ῡϵ0 ) ≤ −δ−. Let ωϵ0 := ω(Ῡϵ0 ). Note that

ωϵ0 = max{s(Bϵ0 ), ωess(Ῡϵ0 )}.

onsequently, ωϵ0 has the same sign as s(Bϵ0 ). Furthermore, by (iii) of Theorem 1.2, s(Bϵ0 ) has the same sign as
he principal eigenvalue of⎧⎪⎨⎪⎩

DI∆ϕ − (d(x) + γ (x) + m(x))ϕ + Hϵ0 (x)ϕ = ηϕ, x ∈ Ω ,

∂ϕ

∂ϑ
= 0, x ∈ ∂Ω ,

enoted by η0
ϵ0

, where

Hϵ0 (x) = fu2 (x, u P
1 (x) + ϵ0, 0) +

ξ (x)[δ2(x)gv1 (x, u P
1 (x) + ϵ0, 0) + δ1(x)hv2 (x, u P

1 (x) + ϵ0, 0)]
δ1(x)δ2(x)

.

n application of (iii) of Theorem 1.2 together with ℜ0 < 1 implies η0 < 0. Further from the continuous dependence
f η0

ϵ0
on ϵ0, we can choose ϵ0 > 0 such that η0

ϵ0
< 0. Hence we have ωϵ0 < 0. Since there exists a M̃ ≥ 1 such

hat

˜ ωϵ0 t

∥Tϵ0 (t)∥op ≤ Me , for all t ≥ 0,
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we have (û2, v̂1, v̂2) → (0, 0, 0) uniformly for x ∈ Ω̄ as t → ∞. This combined with [37, Corollary 4.3] allows us
o obtain that (u1, u2, v1, v2) → (u∗

1(x), 0, 0, 0) uniformly for x ∈ Ω̄ as t → ∞. This proves Theorem 1.3.

5. Disease persistence: Proof of Theorem 1.4

Theorem 1.4 will be proved by the following lemmas, step by step.

Lemma 5.1.

(i) For any φ(·) ∈ X+, we directly obtain, for (x, t) ∈ Ω × (0,∞),

u1(x, t;φ) > 0. (5.1)

Further, there exists a σ1 > 0 that

lim inf
t→∞

u1(x, t;φ) ≥ σ1, uniformly for x ∈ Ω . (5.2)

(ii) If u0
2(·) ̸≡ 0 or v0

1(·) ̸≡ 0 or v0
2(·) ̸≡ 0, we directly have, for (x, t) ∈ Ω × (0,∞),

w(x, t;φ) > 0, (5.3)

where w ∈ {u2, v1, v2}.

Proof. Proof of (i). If u1(·, 0) ̸≡ 0, then by the strong maximum principle [30, Theorem 4], u1(x, t) > 0 for
(x, t) ∈ Ω × (0,∞). If u1(·, 0) ≡ 0, then ∂u1(x,0)

∂t = N (x, 0) > 0, which implies that there exists t1 > 0 such that
u1(x, t) > 0 for t ∈ (0, t1) and x ∈ Ω . This combined with the strong maximum principle ensures u1(x, t) > 0
or (x, t) ∈ Ω × (0,∞). If lim inft→∞ u1(x, t;φ) = 0, then there is a sequence tn → ∞, and under this sequence,
1(x, tn;φ) → 0 and ∂u1(x, tn;φ)/∂t = 0, which contradicts to the first equation of (1.9). Thus, by selecting a
ufficient small σ1 > 0, (5.2) holds. This proves (i).

Proof of (ii). For the case that u0
2(·) ̸≡ 0, in view of Lemma 2.1, u2(x, t) ≥ 0, ∀ x ∈ Ω , t ≥ 0. By the

2-equation of (1.9), we know that ∂u2
∂t ≥ DI∆u2 − (d(x)+γ (x)+m)u2, which tells us that u2 is the upper solution

of ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂ ū2

∂t
= DI∆ū2 − (d(x) + γ (x) + m)ū2, (x, t) ∈ Ω × (0,∞),

∂ ū2

∂ϑ
= 0, (x, t) ∈ ∂Ω × (0,∞),

ū2(x, 0) = u2(x, 0) = u0
2, x ∈ Ω̄ .

y the strong maximum principle and the Hopf boundary lemma, there exists t2 > 0 such that for all x ∈ Ω̄ and
t > t2, ū2(x, t) > 0 valid. Again from the comparison principle, one can get u2(·, t) ≥ ū2(·, t) > 0. Moreover, for
fixed x ∈ Ω̄ , the third and fourth equations of (1.9) give

v1(x, t) = e−δ1(x)tv0
1(x) +

∫ t

0
e−δ1(x)(t−s)ξ (x)u2(x, s;φ)ds,

and

v2(x, t) = e−δ2(x)tv0
2(x)+

∫ t

0
e−δ2(x)(t−s)δ1(x)e−δ1(x)tv0

1(x)ds+
∫ t

0
e−δ2(x)(t−s)δ1(x)

∫ s

0
e−δ1(x)(s−l)ξ (x)u2(x, l;φ)dlds,

which in turn implies that for all x ∈ Ω̄ and t > t2, v1, v2 > 0 valid. The other two cases can be treated in a similar
fashion. This completes the proof.

The following result can be founded in [44, Lemma 3.7], so we omit the proof here.

Lemma 5.2 (See [44, Lemma 3.7]). Let w ∈ {u2, v1, v2} be given. Provided that there exists a σ2 > 0 such that

lim infw(x, t;φ) ≥ σ2, uniformly for x ∈ Ω .

t→∞
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Then there exists a σ̃2 > 0 that

lim inf
t→∞

w̆(x, t;φ) ≥ σ̃2, for w̆ ∈ {u1, u2, v1, v2}, uniformly for x ∈ Ω .

Proof of Theorem 1.4. We next prove Theorem 1.4 for the case that φ2(·) ̸≡ 0. The cases that φ3(·) ̸≡ 0 and
4(·) ̸≡ 0 could be treated in a similar fashion. Let

W0 = {(φ1, φ2, φ3, φ4) ∈ X+
: φ2(·) ̸≡ 0},

nd

∂W0 = X+
\W0 = {(φ1, φ2, φ3, φ4) ∈ X+

: φ2(·) ≡ 0}.

hen, X+
= W0 ∪ ∂W0. As defined in Lemma 2.2, Υ (t) : X+

→ X+ is the solution semiflow generated by the
olution of (1.9). For any φ ∈ W0, by (ii) of Lemma 5.1, we directly obtain Υ (t)W0 ⊆ W0, for all t ≥ 0. Let

M∂ := {φ ∈ ∂W0 : Υ (t)φ ∈ ∂W0,∀ t ≥ 0},

nd ω(φ) := ∩t≥0∪s≥tΥ (s)φ, the omega limit set of{Υ (t)φ : t ≥ 0}, for φ ∈ X+.
As for φ ∈ M∂ , we know that u2(x, t;φ) ≡ 0, ∀ t ≥ 0. From the u2-equation of (1.9), one knows that

g(x, u1, v1) + h(x, u1, v2) ≡ 0. On account of Lemma 5.1, and thus, u1(x, t;φ) > 0, for (x, t) ∈ Ω × (0,∞).
urther, we know that v1(·, t;φ) ≡ v2(·, t;φ) ≡ 0. Further from u1-equation of (1.9) and (ii) of Lemma 2.2, one
an get u1(·, t;φ) → u P

1 (·), uniformly for x ∈ Ω as t → ∞. This yields ∪φ∈M∂
ω(φ) = {DF SS}. We then see that

{DF SS} is an isolated and compact invariant set for Υ restricted in M∂ .
In the sequel, we are ready to show that there exists a σ0 > 0 such that

lim sup
t→∞

∥Υ (t)φ − DF SS∥X ≥ σ0, ∀ φ ∈ W0.

We proceed indirectly and suppose that for any σ0 > 0, there exists φ ∈ W0 such that

lim sup
t→∞

∥Υ (t)φ − DF SS∥X < σ0.

It follows that there exists t̃ > 0 such that for ∀ t ≥ t̃, x ∈ Ω̄ , we have

u P
1 (x) − σ0 < u1(x, t;φ), u2(x, t;φ) < σ0, v1(x, t;φ) < σ0 and v2(x, t;φ) < σ0.

With the help of assumptions (B2) and (B3), we know that the following inequalities hold for all x ∈ Ω̄ :

f (·, u1, u2) ≥ fu2 (·, u P
1 (·)−σ0, σ0)u2, g(·, u1, v1) ≥ gv1 (·, u P

1 (·)−σ0, σ0)v1 and h(·, u1, v2) ≥ hv2 (·, u P
1 (·)−σ0, σ0)v2

An application of the comparison principle [19] gives

(u2, v1), v2)(x, t) ≥ (ǔ2, v̌1, v̌2)(x, t) on Ω̄ × [t̃,∞),

where (ǔ2, v̌1, v̌2) satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎝
∂ ǔ2
∂t
∂v̌1
∂t
∂v̌2
∂t

⎞⎟⎟⎠ = Bσ0

⎛⎜⎝ ǔ2

v̌1

v̌2

⎞⎟⎠ , x ∈ Ω , t > t̃,

∂ ǔ2

∂ϑ
= 0, x ∈ ∂Ω , t > t̃

(5.4)

where

Bσ0 =

⎛⎜⎝ DI∆ + fu2 (·, u P
1 (·) − σ0, σ0) − (d(·) + γ (·) + m) gv1 (·, u P

1 (·) − σ0, σ0) hv2 (·, u P
1 (·) − σ0, σ0)

ξ (·) −δ1(·) 0
0 δ1(·) −δ2(·)

⎞⎟⎠
ence (u2, v1, v2) is actually an upper solution of (5.4). By ℜ0 > 1 and (iii) of Theorem 1.2, one knows that
(B) > 0. Therefore, there is a sufficiently small σ0 > 0 such that s(Bσ0 ) > 0, where s(Bσ0 ) is the principal
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eigenvalue of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ

⎛⎜⎝ ψ2

ψ3

ψ4

⎞⎟⎠ = Bσ0

⎛⎜⎝ ψ2

ψ3

ψ4

⎞⎟⎠ , x ∈ Ω̄ ,

∂ψ2

∂ϑ
= 0, x ∈ ∂Ω ,

ψ2 ∈ C2(Ω ,R) ∩ C1(Ω̄ ,R), (ψ3, ψ4) ∈ C(Ω̄ ,R2).

(5.5)

et ψσ0 = (ψσ0
2 (x), ψσ0

3 (x), ψσ0
4 (x)) be the strongly positive eigenfunction concerning s(Bσ0 ). From (ii) of

emma 5.1, there is a positive constant ζ̃ > 0 such that

(u2, v1, v2)(·, t;φ) ≥ ζ̃ψσ0 , ∀ x ∈ Ω , t ≥ t̃ .

ue to the linear system (5.4) with initial data (ǔ2, v̌1, v̌2)(x, t̃) = ψσ0 and the choice of σ0, (5.4) admits a unique
olution

(ǔ2, v̌1, v̌2)(·, t;φ) = ζ̃es(Bσ0 )(t−t̃)ψσ0 , for all t ≥ t̃ .

he comparison principle enables us to obtain

(u2, v1, v2)(·, t;φ) ≥ ζ̃es(Bσ0 )(t−t̃)ψσ0 , for all t ≥ t̃,

hich results in u2, v1 and v2 are unbounded since s(Bσ0 ) > 0, a contradiction. This proves lim supt→∞
∥Υ (t)φ − DF

0, ∀ φ ∈ W0, and so {DF SS} is a uniform weak repeller.
To apply [36, Theorem 3], a routine method is to define a generalized distance function ρ : X+ → R+ for Υ (t)

y

ρ(φ) = min
x∈Ω̄

φ2(x), φ ∈ X+.

ne can easily see that ρ(Υ (t)φ) > 0, ∀t > 0 either if ρ(φ) > 0, φ ∈ X+ or if ρ(φ) = 0, φ ∈ W0. Let

W s(DF SS) :=

{
φ ∈ X+

: lim
t→∞

∥Υ (t)φ − DF SS∥X = 0
}

e the stable set of DF SS. We then see from the above discussions that

• W s(DF SS) ∩ ρ−1(0,∞) = ∅.
• ∪φ∈M∂

ω(φ) = {DF SS}.
• No subset of {DF SS} forms a cycle in ∂W0.

ence, by [36, Theorem 3], there exists a positive constant ς > 0 such that

min
φ∈L

ρ(φ) > ς,

here L is an any compact chain transitive set in X+
\ {DF SS}. This yields

lim inf
t→∞

u2(x, t;φ) ≥ σ,

or any φ ∈ W0. Hence, by Lemma 5.2, the uniform persistence results with respect to (W0, ∂W0) stated in
heorem 1.4 hold. Further by [18, Theorem 4.7], [41, Theorem 2.3] and Lemma 5.1, system (1.9) admits at least
PSS in W0. This proves Theorem 1.4.

. A critical case: Proof of Theorem 1.5

roof of Theorem 1.5. In the critical case ℜ0 = 1, the global stability of DFSS will be achieved by the procedure
hat local stability and global attractivity. We refer the readers to [7] and [48, Lemma 3.11].
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Proof of the local stability of E0. Let φ = (u0
1, u0

2, v
0
1, v

0
2) with ∥φ − DF SS∥X ≤ ς , where ς > 0 is sufficiently

small. Define

w1(x, t) =
u1(x, t)
u P

1 (x)
− 1 and b(t) = max

x∈Ω̄
{w1(x, t), 0}.

Noticing DS∆u P
1 (x) + N (x, u P

1 (x)) = 0 and by the u1-equation of (1.9), we have

∂w1

∂t
− DS∆w1 − 2DS

∇u P
1 (x) · ∇w1

u P
1 (x)

= −βw1 −
f (x, u1, u2) + g(x, u1, v1) + h(x, u1, v2)

u P
1 (x)

,

here β = −
N (x,u1)−N (x,u P

1 (x))

u1−u P
1 (x)

+
N (x,u P

1 (x))

u P
1 (x)

> 0 by (B1). Let ũ P
1 = minx∈Ω̄ {u P

1 (x)}. Since w1(x, 0) ≤ ς/ũ P
1 , we

bserve from positivity of f, g and h, that w1(x, t) ≤ ς/ũ P
1 for (x, t) ∈ Ω × (0,∞). Let β be the minimum of

−
∂N (x,u1)
∂u1

for x ∈ Ω̄ and 0 ≤ u1 ≤ M0(1 + ς/ũ P
1 ). Denote by T̃1(t) the positive semigroup induced by

DS∆ + 2DS
∇u P

1 (x) · ∇

u P
1 (x)

− β.

Then there exists r > 0 that ∥T̃1(t)∥op ≤ P0e−r t for all t ≥ 0, where P0 > 0. Solving above equation gives

w1(·, t) ≤ T̃1(t)w0
1 −

∫ t

0
T̃1(t − s)H (·, s)ds,

where

w0
1 = u0

1/u
P
1 (·) − 1 and H (·, s) =

f (·, u1(·, s), u2(·, s)) + g(·, u1(·, s), v1(·, s)) + h(·, u1(·, s), v2(·, s))
u P

1 (·)
.

rom the definition of b(t) and the positivity of T̃1(t), we then have

b(t) ≤ max
x∈Ω̄

{
T̃1(t)w0

1 −

∫ t

0
T̃1(t − s)H (x, s)ds, 0

}
≤ max

x∈Ω̄
{T̃1(t)w0

1, 0} ≤ ∥T̃1(t)w0
1∥∞

≤ P0e−r t
 u0

1

u P
1 (x)

− 1


∞

≤ ς
P0e−r t

ũ P
1

.

Noticing that, by assumption (B2), (u2, v1, v2) satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u2

∂t
≤ DI∆u2 + fu2 (·, u P

1 (·), 0)u2 + gv1 (·, u P
1 (·), 0)v1 + hv2 (·, u P

1 (·), 0)v2 − (d(·) + γ (·) + m)u2

+( fu2 (·, u1(·), 0) − fu2 (·, u P
1 (·), 0))u2 + (gv1 (·, u1(·), 0) − gv1 (·, u P

1 (·), 0))v1

+(hv2 (·, u1(·), 0) − hv2 (·, u P
1 (·), 0))v2, (x, t) ∈ Ω × (0,∞),

∂v1

∂t
= ξ (·)u2 − δ1(·)v1, (x, t) ∈ Ω × (0,∞),

∂v2

∂t
= δ1(·)v1 − δ2(·)v2, (x, t) ∈ Ω × (0,∞).

e then have

⎛⎜⎝ u2(·, t)
v1(·, t)
v2(·, t)

⎞⎟⎠ ≤ Ῡ (t)

⎛⎜⎝ u0
2

v0
1

v0
2

⎞⎟⎠+

∫ t

0
Ῡ (t − s)

⎛⎜⎜⎜⎜⎜⎜⎝
( fu2 (·, u1(·, s), 0) − fu2 (·, u P

1 (·), 0))u2(·, s)
+ (gv1 (·, u1(·, s), 0) − gv1 (·, u P

1 (·), 0))v1(·, s)
+ (hv2 (·, u1(·, s), 0) − hv2 (·, u P

1 (·), 0))v2(·, s)
0
0

⎞⎟⎟⎟⎟⎟⎟⎠ ds.
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Since fu2 (x, u1, 0), gv1 (x, u1, 0) and hv2 (x, u1, 0) are Lipschitz continuous on u1, then there exist some L1 > 0,
L2 > 0 and L3 > 0 such that⎛⎜⎝ u2(·, t)

v1(·, t)
v2(·, t)

⎞⎟⎠ ≤ Ῡ (t)

⎛⎜⎝ u0
2

v0
1

v0
2

⎞⎟⎠

+

∫ t

0
Ῡ (t − s)

⎛⎜⎜⎜⎝
L1∥u1(·, s) − u P

1 (·)∥∞u2(·, s) + L2∥u1(·, s) − u P
1 (·)∥∞v1(·, s)

+ L3∥u1(·, s) − u P
1 (·)∥∞v2(·, s)

0
0

⎞⎟⎟⎟⎠ ds.

y ℜ0 = 1, (iii) of Theorem 1.2 and ω(Ῡ (t)) = max{s(B), ωess(Ῡ (t))}, one can get ω(Ῡ (t)) = 0, which leads to
Ῡ (t)∥op ≤ P for t ≥ 0 for some constant P > 0. Noticing b(s) ≤ ς

P0e−rs

ũ P
1

, we have

max{∥u2(·, t)∥∞, ∥v1(·, t)∥∞, ∥v2(·, t)∥∞} ≤P max{∥u0
2∥∞, ∥v

0
1∥∞, ∥v

0
2∥∞}

+ P L̄M0

∫ t

0
b(s)(∥u2(·, s)∥∞ + ∥v1(·, s)∥∞ + ∥v2(·, s)∥∞)ds

≤Pς + P1ς

∫ t

0
e−rs(∥u2(·, s)∥∞ + ∥v1(·, s)∥∞ + ∥v2(·, s)∥∞)ds,

here L̄ := max{L1, L2, L3} and P1 = PP0 L̄M0/ũ P
1 . This yields that

∥u2(·, t)∥∞ + ∥v1(·, t)∥∞ + ∥v2(·, t)∥∞ ≤ 3Pς + 3P1ς

∫ t

0
e−rs(∥u2(·, s)∥∞ + ∥v1(·, s)∥∞ + ∥v2(·, s)∥∞)ds.

hen, by Gronwall’s inequality, we obtain

∥u2(·, t)∥∞ + ∥v1(·, t)∥∞ + ∥v2(·, t)∥∞ ≤ 3Pςe
∫ t

0 3P1ςe−rs ds
≤ 3Pςe

3P1ς
r . (6.1)

Let K̃ := max(K1, K3). By the u1-equation of (1.9), assumptions (B3) and (B4) and (6.1), we have

∂u1

∂t
− DS∆u1 > N (x, u1) − 3K̃Pςe

3P1ς
r u1,

for (x, t) ∈ Ω × (0,∞). Denote by û1 the solution of⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂ û1

∂t
= DS∆û1 + N (x, û1) − 3K̃Pςe

3P1ς
r û1, (x, t) ∈ Ω × (0,∞),

∂ û1

∂ϑ
= 0, (x, t) ∈ Ω × (0,∞),

û1(x, 0) = u0
1(x), x ∈ Ω .

(6.2)

Then, u1(x, t) ≥ û1(x, t) for (x, t) ∈ Ω × (0,∞). Let û P
1 (x) be the PSS of (6.2) and ŵ(·, t) = û1(·, t) − û P

1 (·). Then
ˆ satisfies⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂ŵ

∂t
= DS∆ŵ −

(
β̂ + 3K̃Pςe

3P1ς
r

)
ŵ, (x, t) ∈ Ω × (0,∞),

∂ŵ

∂ϑ
= 0, (x, t) ∈ Ω × (0,∞),

ŵ(·, 0) = u0
1 − û P

1 , x ∈ Ω ,

(6.3)

where β̂ = −
N (x,û1)−N (x,û P

1 (x))

û1−û P
1 (x)

> 0 by (B1). Since ŵ(x, 0) ≤ ς , we observe from positiveness of β̂+3K̃Pςe
3P1ς

r ,

that ŵ(x, t) ≤ ς for (x, t) ∈ Ω × (0,∞). Let β̂ be the minimum of −
∂N (x,û1)
∂ û1

for x ∈ Ω̄ and 0 ≤ û1 ≤ M0(1 + ς ).
ˆ ˆ. Then ∥T̂ (t)∥ ≤ P e−β̂t for all t ≥ 0, where
enote by T1(t) the positive semigroup induced by DS∆ − β 1 op 2
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P

A

F
p

P2 > 0. For (6.3), we have

ŵ(·, t) ≤ T̂1(t)(u0
1 − û P

1 ) −

∫ t

0
T̂1(t − s)3K̃Pςe

3P1ς
r ŵ(·, s)ds.

Therefore, we have

∥ŵ(·, t)∥∞ ≤ P2∥u0
1 − û P

1 ∥∞e−β̂t
+

∫ t

0
P2e−β̂(t−s)3K̃Pςe

3P1ς
r ∥ŵ(·, s)∥∞ds.

et K = 3K̃PP2ςe
3P1ς

r . Then, by Gronwall’s inequality, we obtain

∥û1(·, t) − û P
1 (·)∥∞ = ∥ŵ(·, t)∥∞ ≤ P2∥u0

1 − û P
1 ∥∞eKt−β̂t .

Choosing ς > 0 sufficiently small such that K < β̂/2, it then gives

∥û1(·, t) − û P
1 (·)∥∞ ≤ P2∥u0

1 − û P
1 ∥∞e−

β̂

2 t . (6.4)

Now by (6.4), we have

u1(·, t) − u P
1 (·) ≥ û1(·, t) − u P

1 (·) = û1(·, t) − û P
1 (·) + û P

1 (·) − u P
1 (·)

≥ −P2∥u0
1 − û P

1 ∥∞e−
β̂

2 t
+ û P

1 − u P
1

≥ −P2(∥u0
1 − u P

1 ∥∞ + ∥u P
1 − û P

1 ∥∞) − ∥û P
1 − u P

1 ∥∞

≥ −P2ς − (P2 + 1)∥û P
1 − u P

1 ∥∞.

(6.5)

n the other hand, due to b(t) ≤ ς
P0
ũ P

1
, one knows that

u1(·, t) − u P
1 (·) = u P

1 (·)
(

u1(·, t)
u P

1 (·)
− 1

)
≤ M0b(t) ≤

ςP0M0

ũ P
1

. (6.6)

ombining (6.5) and (6.6), we immediately get

∥u1(·, t) − u P
1 (·)∥∞ ≤ max

{
P2ς + (P2 + 1)∥û P

1 − u P
1 ∥∞,

ςP0M0

ũ P
1

}
. (6.7)

Finally, combining (6.1), (6.7) and limς→0 û P
1 = u P

1 , we can choose a sufficiently small ς and a given ε∗ > 0
uch that for all t > 0,

∥u1(·, t) − u P
1 (·)∥∞, ∥u2(·, t)∥∞, ∥v1(·, t)∥∞ and ∥v2(·, t)∥∞ ≤ ε∗,

roving the local stability of DFSS.
The global attractivity of DFSS can be achieved by [48, Lemma 3.11] after some slight modifications, we omit

he proof here.

. A homogeneous case: Proof of Theorem 1.6

roof of Theorem 1.6. The equilibrium equations for (1.21) are given by⎧⎪⎪⎪⎨⎪⎪⎪⎩
N (u1) = f (u1, u2) + g(u1, v1) + h(u1, v2),
f (u1, u2) + g(u1, v1) + h(u1, v2) = (d + γ + m)u2,

ξu2 = δ1v1,

δ1v1 = δ2v2.

(7.1)

ccording to the first two equations of (7.1), we know that

N (u1) = f (u1, u2) + g(u1, v1) + h(u1, v2) = (d + γ + m)u2. (7.2)

or convenience, we define u2 = χ (u1) = N (u1)/(d + γ + m) with χ (uc
1) = 0, χ (0) = uc

2, where uc
2 is the unique

ositive root of the equation N (0) = (d + γ + m)u2. Solving u2, v1, and v2 with respect to u1 allows us to define

Θ(u1) = f (u1, χ(u1)) + g
(

u1,
ξχ (u1)

)
+ h

(
u1,

ξχ (u1)
)

− (d + γ + m)χ (u1).

δ1 δ2
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Clearly, Θ(0) = −(d + γ + m)χ (0) < 0 and Θ(uc
1) = 0. Note that

Θ ′(uc
1) = fu1 (uc

1, 0) + fu2 (uc
1, 0)χ ′(uc

1) + gu1 (uc
1, 0) + gv1 (uc

1, 0)
ξ

δ1
χ ′(uc

1)

+ hu1 (uc
1, 0) + hv2 (uc

1, 0)
ξ

δ2
χ ′(uc

1) − (d + γ + m)χ ′(uc
1)

= (d + γ + m)χ ′(uc
1)([ℜ0] − 1)

= N ′(uc
1)([ℜ0] − 1).

ince assumption (B1) ensures that N ′(uc
1) < 0, then Θ ′(uc

1) < 0 when [ℜ0] > 1. Hence there exists u∗

1 ∈ (0, uc
1)

such that Θ(u∗

1) = 0. The value of u∗

2 is then given by χ (u∗

1). The third and fourth equations of (7.1) ensure that
∗

1 and v∗

2 can be uniquely determined. Therefore, E∗ exists if [ℜ0] > 1.
We next show that [ℜ0] > 1 is also a necessary condition for the existence of E∗. With the help of assumption

(B2), we know that

∂W (x, u1, 0)
∂v

= lim
v→0+

W (x, u1, v)
v

and W (x, u1, v) ≤
∂W (x, u1, 0)

∂v
v, x ∈ Ω , u1, v ≥ 0,

or W = f, g and h, respectively. Hence, for 0 < u1 < uc
1 and u2 > 0, we have

[ℜ0] >

⎛⎝ f (u1, u2)
u2

+

ξ
[
δ2

g(u1,v1)
v1

+ δ1
h(u1,v2)
v2

]
δ1δ2

⎞⎠ /(d + γ + m)

=
f (u1, u2) + g(u1, v1) + h(u1, v2)

(d + γ + m)u2
,

which enables us to obtain that (d + γ + m)u2 > f (u1, u2) + g(u1, v1) + h(u1, v2) if [ℜ0] ≤ 1. This brings the
ontradiction with (7.2). So E∗ exists if and only if [ℜ0] > 1.

We next pay attention to prove the uniqueness of E∗. We proceed indirectly and suppose that there exists
E∗∗

= (u∗∗

1 , u∗∗

2 , v
∗∗

1 , v
∗∗

2 ) satisfying (7.2). Without of loss of generality, let u∗∗

1 < u∗

1. Under the assumption (B1),
ne can get N (u∗∗

1 ) > N (u∗

1). This together with the fact that N (u∗

1) = (d +γ +m)u∗

2 and N (u∗∗

1 ) = (d +γ +m)u∗∗

2
ields u∗∗

2 > u∗

2. An application of assumption (B2), together with the third and fourth equations of (7.1), yields

f (u∗

1, u∗∗

2 ) + g(u∗

1, v
∗∗

1 ) + h(u∗

1, v
∗∗

2 )
u∗∗

2
=

f (u∗

1, u∗∗

2 ) + g(u∗

1,
ξu∗∗

2
δ1

) + h(u∗

1,
ξu∗∗

2
δ2

)

u∗∗

2

≤

f (u∗

1, u∗

2) + g(u∗

1,
ξu∗

2
δ1

) + h(u∗

1,
ξu∗

2
δ2

)

u∗

2

=
f (u∗

1, u∗

2) + g(u∗

1, v
∗

1 ) + h(u∗

1, v
∗

2 )
u∗

2
. (7.3)

By virtue of u∗∗

1 < u∗

1, we have

f (u∗∗

1 , u∗∗

2 ) + g(u∗∗

1 , v
∗∗

1 ) + h(u∗∗

1 , v
∗∗

2 )
u∗∗

2
=

f (u∗∗

1 , u∗∗

2 ) + g(u∗∗

1 ,
ξu∗∗

2
δ1

) + h(u∗∗

1 ,
ξu∗∗

2
δ2

)

u∗∗

2

≤

f (u∗

1, u∗∗

2 ) + g(u∗

1,
ξu∗∗

2
δ1

) + h(u∗

1,
ξu∗∗

2
δ2

)

u∗∗

2
. (7.4)

Combined with (7.3) and (7.4), we obtain that

f (u∗∗

1 , u∗∗

2 ) + g(u∗∗

1 , v
∗∗

1 ) + h(u∗∗

1 , v
∗∗

2 )
u∗∗

2
≤

f (u∗

1, u∗

2) + g(u∗

1, v
∗

1 ) + h(u∗

1, v
∗

2 )
u∗

2
,

which leads to a contradiction with (7.2), and thus E∗ is a unique positive equilibrium.
Finally, we shall study the global attractivity of E∗ by Lyapunov function. Theorem 1.4 has established that

(t) : W → W has a global attractor. Denote U (θ ) = θ − 1 − ln θ . It is really seen that U (θ ) ≥ 0 for θ > 0, and
0 0
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(θ ) = 0 if and only if θ = 1. Inspired by [33], we let

V(t) :=

∫
Ω

V(u1, u2, v1, v2)(x, t)dx,

where

V := V(u1, u2, v1, v2) = u1 −

∫ u1

u∗
1

f (u∗

1, u∗

2)
f (θ, u∗

2)
dθ + u∗

2U
(

u2

u∗

2

)
+

2∑
j=1

c jv
∗

j U
(
v j

v∗

j

)
,

where (u1, u2, v1, v2)(x, t) is the solution of (1.21) with φ ∈ X+, and

c1 =
g(u∗

1, v
∗

1 ) + h(u∗

1, v
∗

2 )
ξu∗

2
, c2 =

h(u∗

1, v
∗

2 )
δ1v

∗

1
. (7.5)

It is noted here that Theorem 1.4 ensures that both V(t) and V(u1, u2, v1, v2) are well-defined.
For convenience, we assume

G1 := G1(u2, v1) = ξu2 − δ1v1,

G2 := G2(v1, v2) = δ1v1 − δ2v2

G3 := G3(u1, u2, v1, v2) = N (u1) − f (u1, u2) − g(u1, v1) − h(u1, v2),
G4 := G4(u1, u2, v1, v2) = f (u1, u2) + g(u1, v1) + h(u1, v2) − (d + γ + m)u2,

hen

dV(t)
dt

=

∫
Ω

[(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
(DS∆u1) +

(
1 −

u∗

2

u2

)
(DI∆u2)

]
dx

+

∫
Ω

[(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
G3 +

(
1 −

u∗

2

u2

)
G4 +

2∑
j=1

c j

(
1 −

v∗

j

v j

)
G j

]
dx .

By (B2), we immediately have∫
Ω

[(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
(DS∆u1) +

(
1 −

u∗

2

u2

)
(DI∆u2)

]
dx

= −

∫
Ω

[
DS(∂u1 f (u1, u∗

2))
f (u∗

1, u∗

2)
f (u1, u∗

2)2 |∇u1|
2
+ DI

u∗

2

u2
2
|∇u2|

2
]

dx ≤ 0. (7.6)

ext we shall show that

J :=

(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
G3 +

(
1 −

u∗

2

u2

)
G4 +

2∑
j=1

c j

(
1 −

v∗

j

v j

)
G j ≤ 0.

Notice that the constant steady state E∗
= (u∗

1, u∗

2, v
∗

1 , v
∗

2 ) of (1.21) satisfies

N (u∗

1) = f (u∗

1, u∗

2) + g(u∗

1, v
∗

1 ) + h(u∗

1, v
∗

2 ) = (d + γ + m)u∗

2,

δ1 =
ξu∗

2

v∗

1
, and δ2 =

δ1v
∗

1

v∗

2
.
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Direct calculation gives

J :=

(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
G3 +

(
1 −

u∗

2

u2

)
G4 +

2∑
j=1

c j

(
1 −

v∗

j

v j

)
G j

=

(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
(N (u1) − N (u∗

1))

+ f (u∗

1, u∗

2)
(

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
+

f (u1, u2)
f (u1, u∗

2)
−

u2

u∗

2
−

u∗

2 f (u1, u2)
u2 f (u∗

1, u∗

2)

)
+ g(u∗

1, v
∗

1 )
(

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
+

f (u∗

1, u∗

2)g(u1, v1)
f (u1, u∗

2)g(u∗

1, v
∗

1 )
−

u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )

)
+ h(u∗

1, v
∗

2 )
(

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
+

f (u∗

1, u∗

2)h(u1, v2)
f (u1, u∗

2)h(u∗

1, v
∗

2 )
−

u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )

)
+ c1ξu∗

2

(
1 +

u2

u∗

2
−
v1

v∗

1
−
v∗

1u2

v1u∗

2

)
+ c2δ1v

∗

1

(
1 +

v1

v∗

1
−
v∗

2v1

v2v
∗

1
−
v2

v∗

2

)
.

(7.7)

By Assumption (B1) (resp. (B2)), N (u1) (resp. f (u1, u2)) is decreasing (resp. increasing) with respect to u1.
Therefore,(

1 −
f (u∗

1, u∗

2)
f (u1, u∗

2)

)
(N (u1) − N (u∗

1)) ≤ 0 for all u1 ∈ (0,M0].

Note that

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
+

f (u1, u2)
f (u1, u∗

2)
−

u∗

2 f (u1, u2)
u2 f (u∗

1, u∗

2)

= − U
(

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
− U

(
u∗

2 f (u1, u2)
u2 f (u∗

1, u∗

2)

)
− U

(
u2 f (u1, u∗

2)
u∗

2 f (u1, u2)

)
+ Θ̄,

(7.8)

here

Θ̄ =
u2

u∗

2

(
f (u1, u2)
f (u1, u∗

2)
− 1

)(
u∗

2

u2
−

f (u1, u∗

2)
f (u1, u2)

)
.

In view of Assumptions (B1) and (B2), f (u1, u2) is strictly increasing and concave down with respect to u2. Hence
¯ ≤ 0 in W0.

Meanwhile, we see that, by assumption (B5),

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
+

f (u∗

1, u∗

2)g(u1, v1)
f (u1, u∗

2)g(u∗

1, v
∗

1 )
−

u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )

=

[
2 −

f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
−

u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )
+ 1 −

v1 f (u1, u∗

2)g(u∗

1, v
∗

1 )
v∗

1 f (u∗

1, u∗

2)g(u1, v1)
+
v1

v∗

1

]
+

(
v1

v∗

1
−

f (u∗

1, u∗

2)g(u1, v1)
f (u1, u∗

2)g(u∗

1, v
∗

1 )

)(
f (u1, u∗

2)g(u∗

1, v
∗

1 )
f (u∗

1, u∗

2)g(u1, v1)
− 1

)
≤ 3 −

f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
−

u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )
−
v1 f (u1, u∗

2)g(u∗

1, v
∗

1 )
v∗

1 f (u∗

1, u∗

2)g(u1, v1)
+
v1

v∗

1

=

(
v1

v∗

1
−

u2

u∗

2

)
+

(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
+

(
1 −

u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )

)
+

(
1 −

v1 f (u1, u∗

2)g(u∗

1, v
∗

1 )
v∗

1 f (u∗

1, u∗

2)g(u1, v1)

)
≤

(
v1

v∗

1
−

u2

u∗

2

)
− ln

f (u∗

1, u∗

2)
f (u1, u∗

2)
− ln

(
u∗

2g(u1, v1)
u2g(u∗

1, v
∗

1 )

)
− ln

(
v1 f (u1, u∗

2)g(u∗

1, v
∗

1 )
v∗

1 f (u∗

1, u∗

2)g(u1, v1)

)
=

(
v1

∗
− ln

v1
∗

)
−

(
u2

∗
− ln

u2
∗

)
,

(7.9)
v1 v1 u2 u2
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Ω

c

and

2 −
f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
+

f (u∗

1, u∗

2)h(u1, v2)
f (u1, u∗

2)h(u∗

1, v
∗

2 )
−

u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )

=

[
2 −

f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
−

u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )
+ 1 −

v2 f (u1, u∗

2)h(u∗

1, v
∗

2 )
v∗

2 f (u∗

1, u∗

2)h(u1, v2)
+
v2

v∗

2

]
+

(
v2

v∗

2
−

f (u∗

1, u∗

2)h(u1, v2)
f (u1, u∗

2)h(u∗

1, v
∗

2 )

)(
f (u1, u∗

2)h(u∗

1, v
∗

2 )
f (u∗

1, u∗

2)h(u1, v2)
− 1

)
≤3 −

f (u∗

1, u∗

2)
f (u1, u∗

2)
−

u2

u∗

2
−

u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )
−
v2 f (u1, u∗

2)h(u∗

1, v
∗

2 )
v∗

2 f (u∗

1, u∗

2)h(u1, v2)
+
v2

v∗

2

=

(
v2

v∗

2
−

u2

u∗

2

)
+

(
1 −

f (u∗

1, u∗

2)
f (u1, u∗

2)

)
+

(
1 −

u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )

)
+

(
1 −

v2 f (u1, u∗

2)h(u∗

1, v
∗

2 )
v∗

2 f (u∗

1, u∗

2)h(u1, v2)

)
≤

(
v2

v∗

2
−

u2

u∗

2

)
− ln

f (u∗

1, u∗

2)
f (u1, u∗

2)
− ln

(
u∗

2h(u1, v2)
u2h(u∗

1, v
∗

2 )

)
− ln

(
v2 f (u1, u∗

2)h(u∗

1, v
∗

2 )
v∗

2 f (u∗

1, u∗

2)h(u1, v2)

)
=

(
v2

v∗

2
− ln

v2

v∗

2

)
−

(
u2

u∗

2
− ln

u2

u∗

2

)
,

(7.10)

where the inequality 1 − θ ≤ − ln θ, θ > 0 is utilized.
One can further check that

1 +
u2

u∗

2
−
v1

v∗

1
−
v∗

1u2

v1u∗

2
≤

(
u2

u∗

2
− ln

u2

u∗

2

)
−

(
v1

v∗

1
− ln

v1

v∗

1

)
,

1 +
v1

v∗

1
−
v∗

2v1

v2v
∗

1
−
v2

v∗

2
≤

(
v1

v∗

1
− ln

v1

v∗

1

)
−

(
v2

v∗

2
− ln

v2

v∗

2

)
.

(7.11)

Applying (7.8), (7.9), (7.10) and (7.11) to (7.7), we have

J ≤ g(u∗

1, v
∗

1 )
[(
v1

v∗

1
− ln

v1

v∗

1

)
−

(
u2

u∗

2
− ln

u2

u∗

2

)]
+ h(u∗

1, v
∗

2 )
[(
v2

v∗

2
− ln

v2

v∗

2

)
−

(
u2

u∗

2
− ln

u2

u∗

2

)]
+ c1ξu∗

2

[(
u2

u∗

2
− ln

u2

u∗

2

)
−

(
v1

v∗

1
− ln

v1

v∗

1

)]
+ c2δ1v

∗

1

[(
v1

v∗

1
− ln

v1

v∗

1

)
−

(
v2

v∗

2
− ln

v2

v∗

2

)]
.

With c1 and c2 defined in (7.5), one can get J ≤ 0. Furthermore, if J = 0, there exists a constant k0 such that

u1 = u∗

1, u2 = k0u∗

2, v1 = k0v
∗

1 and v2 = k0v
∗

2 .

This combined with the first two equations of (1.21) results in N (u∗

1) − (d + γ + m)k0u∗

2 = 0, and hence, k0 = 1.
ence, together with the arguments as those in [35, Theorem 2.53] and [35, Section 9.9], we finish the proof of
heorem 1.6.

. Numerical simulation

In this section, we will perform some numerical simulations for system (1.9) to investigate the dynamics of the
olutions as some of the parameters are varied. For simplicity, we consider the spatially one-dimensional domain

= (0, 1) ⊂ R. We set the nonlinear functions as follows:

N (x, u1) = Λ(x)−µu1, f (x, u1, u2) = β(x)u1u2, g(x, u1, v1) =
α1(x)u1v1

1 + v1
, h(x, u1, v2) =

α2(x)u1v2

1 + v2
.

The parameters Λ(x), β(x), α1(x) and α2(x) are positive and continuous functions on Ω̄ , and µ is a positive
onstant. We can easily check that these forms of functions satisfy assumptions (B1)-(B3). In particular, w in (B1)
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w
e

H

a

8

B
F

is given by

w(x, t) = e−µt
∫ 1

0
Γ (t, x, y)w0(y)dy +

∫ t

0
e−µs

∫ 1

0
Γ (s, x, y)Λ(y)dyds,

here Γ is the fundamental solution to problem ut = DSuxx , 0 < x < 1; ux = 0, x = 0, 1, which eigenfunction
xpansion [13, Section 16] is given by

Γ (t, x, y) = 1 + 2
∞∑

n=1

cos(nπx) cos(nπy)e−DSn2π2t .

ence, u P
1 is given by

u P
1 (x) =

∫
∞

0
e−µs

∫ 1

0
Γ (s, x, y)Λ(y)dyds, x ∈ [0, 1]. (8.1)

Throughout this section, we fix the following parameter values,

Λ(x) = 1 +
cosπx

100
, x ∈ [0, 1], µ = 1, γ = 10, d = 0.01, m = 1, ξ = 0.01, δ1 = δ2 = 10,

(8.2)

nd initial conditions:

u0
1(x) = 0.999, u0

2(x) = 0.001, v0
1(x) = v0

2(x) = 0, x ∈ [0, 1]. (8.3)

By (8.1), u P
1 can be calculated as

u P
1 (x) =

1
µ

+
cosπx

100
(
µ+ DSπ2

) , x ∈ [0, 1].

.1. Computation of the basic reproduction number

To compute the BRN ℜ0, we divide Ω̄ = [0, 1] into N ∈ N, N ≫ 1 subintervals with step size 0 < ∆x =

1/N ≪ 1 and discretize the eigenvalue problem (1.16). More precisely, we discretize −DI∆ + (d + γ + m) with
the homogeneous Neumann boundary condition as the following N × N matrix:

−

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−χ0 χ0 0 · · · 0
χ0 −2χ0 χ0 · · · 0

0 χ0 −2χ0
...

...
. . .

0 · · · −2χ0 χ0

0 · · · χ0 −χ0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ diag(d + γ + m) =: DN ,

where χ0 = DI /∆x2. We then numerically solve the following eigenvalue problem:
1
λN

ψ = D−1
N HN ψ, (8.4)

where

λN ∈ C \ {0}, ψ =

⎛⎜⎜⎜⎜⎝
ψ1

ψ2

...

ψN

⎞⎟⎟⎟⎟⎠ and HN :=

⎛⎜⎜⎜⎜⎜⎝
H (∆x) 0 · · · 0

0 H (2∆x)
...

...
. . . 0

0 · · · 0 H (N ∆x)

⎞⎟⎟⎟⎟⎟⎠ .
y Theorem 1.2 (ii), the principal eigenvalue 1/λN to the eigenvalue problem (8.4) can approximate the BRN ℜ0.
or an example of a MATLAB code, see Appendix A.1.
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8

I

I
T

8.2. Computation of the numerical solution

To compute the numerical solution of system (1.9) for x ∈ Ω̄ = [0, 1] and t ∈ [0, te], te > 0, we divide [0, 1] into
N subintervals as in Section 8.1 and [0, te] into M ∈ N, M ≫ 1 subintervals with step size 0 < ∆t = te/M ≪ 1.
For 0 ≤ n ≤ N and 0 ≤ m ≤ M , let xn

:= n∆x , tm
:= m∆t , un,m

i := ui (xn, tm), vn,m
i := vi (xn, tm), i = 1, 2 and

f n,m
1 := un,m

1 + ∆t
[
N (xn, un,m

1 ) − f (xn, un,m
1 , un,m

2 ) − g(xn, un,m
1 , v

n,m
1 ) − h(xn, un,m

1 , v
n,m
2 )

]
,

f n,m
2 := un,m

2 + ∆t
[

f (xn, un,m
1 , un,m

2 ) + g(xn, un,m
1 , v

n,m
1 ) + h(xn, un,m

1 , v
n,m
2 ) − (d + γ + m)un,m

2

]
,

gn,m
1 := v

n,m
1 + ∆t

[
ξun,m

2 − δ1v
n,m
1

]
,

gn,m
2 := v

n,m
2 + ∆t

[
δ1v

n,m
1 − δ2v

n,m
2

]
.

By initial conditions (8.3), we know un,0
1 , un,0

2 , vn,0
1 and vn,0

2 for all 0 ≤ n ≤ N . Inductively, if we know un,m
1 , un,m

2 ,
v

n,m
1 and vn,m

2 for all 0 ≤ n ≤ N , then we can compute f n,m
1 , f n,m

2 , gn,m
1 and gn,m

2 for all 0 ≤ n ≤ N , and obtain
un,m+1

1 , un,m+1
2 , vn,m+1

1 and vn,m+1
2 for all 0 ≤ n ≤ N in the following way:⎛⎜⎜⎜⎜⎜⎝

u1,m+1
i

u2,m+1
i

...

uN ,m+1
i

⎞⎟⎟⎟⎟⎟⎠ = D̃−1
i

⎛⎜⎜⎜⎜⎜⎝
f 1,m
i

f 2,m
i

...

f N ,m
i

⎞⎟⎟⎟⎟⎟⎠ , v
n,m+1
i = gn,m

i , i = 1, 2,

where

D̃i :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + χi −χi 0 · · · 0
−χi 1 + 2χi −χi · · · 0

0 −χi 1 + 2χi
...

...
. . .

0 · · · 1 + 2χi −χi

0 · · · −χi 1 + χi

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, i = 1, 2, χ1 := DS

∆t
∆x2 , χ2 := DI

∆t
∆x2 .

We can then approximate the solution (u1, u2, v1, v2) of system (1.9) by (un,m
1 , un,m

2 , v
n,m
1 , v

n,m
2 ), 0 ≤ n ≤ N ,

0 ≤ m ≤ M . For an example of a MATLAB code, see Appendix A.2.

.3. Threshold dynamics

We first set, for all x ∈ Ω̄ ,

DS = 1, DI = 0.01, β(x) = 8.7(1 + 0.5 cos 5πx), α1(x) = 2(1 + 0.5 cos 5πx), α2(x) = 4(1 + 0.5 cos 5πx).
(8.5)

n this case, we obtain ℜ0 ≈ 0.9923 < 1 and Fig. 1 shows that the solution converges to the DFSS as time evolves.
This result is consistent with the assertion of Theorem 1.3.
We next set, for all x ∈ Ω̄ ,

DS = 1, DI = 0.01, β(x) = 8.8(1 + 0.5 cos 5πx), α1(x) = 2(1 + 0.5 cos 5πx), α2(x) = 4(1 + 0.5 cos 5πx).
(8.6)

n this case, we obtain ℜ0 ≈ 1.0037 > 1 and Fig. 2 shows that the system is uniformly persistent and a PSS exists.

his result is consistent with the assertion of Theorem 1.4.
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Fig. 1. Time variation of system (1.9) with parameters (8.2), (8.3) and (8.5). The BRN is ℜ0 ≈ 0.9923 < 1.

.4. Sensitivity of the basic reproduction number to the spatial heterogeneity and the diffusion rate

We now investigate the sensitivity of the BRN ℜ0. Fix parameters (8.2) and (DS, DI ) = (1, 0.01). Let 0 < υ < 1
epresent the spatial heterogeneity of the contact rates and set

β(x) = 8.7(1 + υ cos 5πx), α1(x) = 2(1 + υ cos 5πx), α2(x) = 4(1 + υ cos 5πx), x ∈ Ω̄ .

e then compute ℜ0 as in Section 8.1 for each υ ∈ (0, 1). Fig. 3(a) shows that ℜ0 monotonically increases as υ
ncreases. This implies that the spatial heterogeneity could enhance the intensity of epidemic.

On the other hand, we fix parameters (8.2), DS = 1 and

β(x) = 8.7(1 + 0.5 cos 5πx), α1(x) = 2(1 + 0.5 cos 5πx), α2(x) = 4(1 + 0.5 cos 5πx), x ∈ Ω̄ ,

nd investigate the sensitivity of ℜ0 to the diffusion rate DI ∈ (0, 0.1) of infected humans. Fig. 3(b) shows that
0 monotonically decreases as DI increases. This implies that the diffusion effect could reduce the intensity of

pidemic.

. Conclusion and discussion

In this paper, we have performed the mathematical analysis of the host–pathogen model (1.9) with diffusion,
yperinfectivity and nonlinear incidence functions. We have defined the BRN ℜ0 by the spectral radius of the NGO

P
, and investigated the relation between ℜ0 and the principal eigenvalues linearized at the DFSS (u1 , 0, 0, 0).
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Fig. 2. Time variation of system (1.9) with parameters (8.2), (8.3) and (8.6). The BRN is ℜ0 ≈ 1.0037 > 1.

Fig. 3. Sensitivity of the BRN ℜ0 to (a) the spatial heterogeneity υ and (b) the diffusion rate DI of infected humans.
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Under several assumptions, we have proved the threshold property of ℜ0, that is, if ℜ0 < 1, then the DFSS is GAS,
whereas if ℜ0 > 1, then the system (1.9) is uniformly persistent and there exists a PSS. Furthermore, for the special
case where all parameters are strictly positive constants, we have shown that the PSS is GAS if ℜ0 = [ℜ0] > 1. Our
analysis has included the difficulties especially in the proof of the ultimate boundedness of the solution (Lemma 2.2)
and the proof of GAS of the DFSS for the critical case ℜ0 = 1 (Theorem 1.5). We have solved them by using
the methods of functional analysis and operator semigroups. In Section 8, we have confirmed the validity of our
results from the numerical point of view, and obtained two epidemiological suggestions: (i) the spatial heterogeneity
could enhance the intensity of epidemic; (ii) the diffusion effect could reduce the intensity of epidemic. As these
suggestions were obtained just under a special parameter set, more general analysis on this perspective would be
an important future work. The proof of the GAS of the PSS for ℜ0 > 1 with non-constant parameters would also
be an important future work from the analytical viewpoint.
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Appendix. MATLAB codes for numerical simulations

A.1. Computation of the basic reproduction number

1 mu=1;
2 gam=10;
3 d=0.01;
4 m=1;
5 xi=0.01;
6 del1=10;
7 del2=10;
8

9 DS=1;
10 DI=0.01;
11

12 dx=0.001;xe=1;nx=xe/dx;
13 for x=1:1:nx
14 xx=x∗dx;
15 u1P(x)=1/mu+cos(pi∗xx)/(100∗(mu+DS∗piˆ2));
16 bet(x)=8.8∗(1+0.5∗cos(5∗pi∗xx));
17 alp1(x)=2∗(1+0.5∗cos(5∗pi∗xx));
18 alp2(x)=4∗(1+0.5∗cos(5∗pi∗xx));
19 H(x)=bet(x)∗u1P(x)+xi∗(del2∗alp1(x)∗u1P(x)+del1∗alp2(x)∗u1P(x))/(del1∗del2);
20 end
21

22 chi0=DI/(dxˆ2);
23

24 D=-diag(2∗chi0∗ones(nx,1))+diag(chi0∗ones(nx-1,1),1)...
25 +diag(chi0∗ones(nx-1,1),-1);
26 D(1,1)=-chi0;
27 D(nx,nx)=-chi0;
28 D=-D+diag((d+gam+m)∗ones(nx,1));
29
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30 K=inv(D)∗diag(H);
31 [V1,V2]=eig(K);
32 for i=1:1:nx
33 if sign(V1(:,i)) == ones(nx,1)
34 i0=i;
35 elseif sign(V1(:,i)) == (-1)∗ones(nx,1)
36 i0=i;
37 end
38 end
39

40 R0=V2(i0,i0)

A.2. Computation of the numerical solution

1 mu=1;
2 gam=10;
3 d=0.01;
4 m=1;
5 xi=0.01;
6 del1=10;
7 del2=10;
8

9 DS=1;
10 DI=0.01;
11

12 dx=0.01;xe=1;nx=xe/dx;
13 for x=1:1:nx
14 xx=x∗dx;
15 Lam(x)=1+cos(pi∗xx)/100;
16 bet(x)=8.8∗(1+0.5∗cos(5∗pi∗xx));
17 alp1(x)=2∗(1+0.5∗cos(5∗pi∗xx));
18 alp2(x)=4∗(1+0.5∗cos(5∗pi∗xx));
19

20 u1(x,1)=0.999;
21 u2(x,1)=0.001;
22 v1(x,1)=0;
23 v2(x,1)=0;
24 end
25

26 dt=0.01;te=500;nt=te/dt;
27

28 chi1=DS∗dt/(dxˆ2);
29 chi2=DI∗dt/(dxˆ2);
30

31 D1=diag((1+2∗chi1)∗ones(nx,1))+diag((-chi1)∗ones(nx-1,1),1)+diag((-chi1)∗ones(nx-1,1),-1);
32 D1(1,1)=1+chi1;
33 D1(nx,nx)=1+chi1;
34 ID1=inv(D1);
35

36 D2=diag((1+2∗chi2)∗ones(nx,1))+diag((-chi2)∗ones(nx-1,1),1)+diag((-chi2)∗ones(nx-1,1),-1);
37 D2(1,1)=1+chi2;
38 D2(nx,nx)=1+chi2;
39 ID2=inv(D2);
40

41 for t=1:1:nt
42 for x=1:1:nx
43 lam=bet(x)∗u1(x,t)∗u2(x,t)+alp1(x)∗u1(x,t)∗v1(x,t)/(1+v1(x,t))...
44 +alp2(x)∗u1(x,t)∗v2(x,t)/(1+v2(x,t));
45 fu1(x)=u1(x,t)+dt∗(Lam(x)-mu∗u1(x,t)-lam);
46 fu2(x)=u2(x,t)+dt∗(lam-(d+gam+m)∗u2(x,t));
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47 fv1(x)=v1(x,t)+dt∗(xi∗u2(x,t)-del1∗v1(x,t));
48 fv2(x)=v2(x,t)+dt∗(del1∗v1(x,t)-del2∗v2(x,t));
49 end
50

51 y1=ID1∗transpose(fu1);
52 y2=ID2∗transpose(fu2);
53

54 for x=1:1:nx
55 u1(x,t+1)=y1(x);
56 u2(x,t+1)=y2(x);
57 v1(x,t+1)=fv1(x);
58 v2(x,t+1)=fv2(x);
59 end
60 end
61

62 surf(u2,'Edgecolor','None')
63 xlim([0 nt])
64 ylim([0 nx])
65 xlabel('$t$','Interpreter','Latex')
66 ylabel('$x$','Interpreter','Latex')
67 zlabel('$u 2$','Interpreter','Latex')
68 set(gca,'XTick',0:nt/5:nt,'XTicklabel',0:te/5:te)
69 set(gca,'YTick',0:nx/5:nx,'YTicklabel',0:xe/5:xe)
70 view([45 30])
71 set(gca,'Fontsize',11)

References

[1] N.D. Alikakos, An application of the invariance principle to reaction–diffusion equations, J. Differential Equations 33 (1979) 201–225.
[2] L.J.S. Allen, B.M. Bolker, Y. Lou, A.L. Nevai, Asymptotic profiles of the steady states for an SIS epidemic reaction–diffusion model,

Discrete Contin. Dyn. Syst. 21 (2008) 1–20.
[3] R.M. Anderson, R.M. May, The population dynamics of microparasites and their invertebrate hosts, Philos. Trans. R. Soc. Lond. B,

Biol. Sci. 291 (1981) 451–524.
[4] J.R. Andrews, S. Basu, Transmission dynamics and control of cholera in Haiti: an epidemic model, Lancet 377 (2011) 1248–1255.
[5] R.S. Cantrell, C. Cosner, On the dynamics of predator–prey models with the Beddington–DeAngelis functional response, J. Math. Anal.

Appl. 257 (2001) 206–222.
[6] C.T. Codeço, Endemic and epidemic dynamics of cholera: The role of the aquatic reservoir, BMC Infect. Dis. 1 (2001) 1.
[7] R. Cui, K.-Y. Lam, Y. Lou, Dynamics and asymptotic profiles of steady states of an epidemic model in advective environments, J.

Differ. Equ. 263 (2017) 2343–2373.
[8] R. Cui, Y. Lou, A spatial SIS model in advective heterogeneous environments, J. Differ. Equ. 261 (2016) 3305–3343.
[9] L. Dong, B. Li, G. Zhang, Analysis on a diffusive SI epidemic model with logistic source and saturation infection mechanism, Bull.

Malays. Math. Sci. Soc. (2022) http://dx.doi.org/10.1007/s40840-022-01255-7.
[10] G. Dwyer, Density dependence and spatial structure in the dynamics of insect pathogens, Amer. Nat. 94 (1994) 533–562.
[11] J.K. Hale, Asymptotic Behavior of Dissipative Systems, American Mathematical Society, Providence, 1989.
[12] D.M. Hartley, D.L. Smith, Hyperinfectivity: a critical element in the ability of V cholerae to cause epidemics?, PLoS Med. 3 (2006)

63–69.
[13] S. Itô, Diffusion Equations, American Mathematical Society, Providence, 1992.
[14] K. Koelle, X. Rod, M. Pascual, M. Yunus, G. Mostafa, Refractory periods and climate forcing in cholera dynamics, Nature 436 (2005)

696–700.
[15] C. Lei, J. Xiong, X. Zhou, Qualitative analysis on an SIS epidemic reaction–diffusion model with mass action infection mechanism

and spontaneous infection in a heterogeneous environment, Discrete Contin. Dyn. Syst. Ser. B 25 (2020) 81–98.
[16] H. Li, R. Peng, F. Wang, Varying total population enhances disease persistence: Qualitative analysis on a diffusive SIS epidemic model,

J. Differential Equations 262 (2009) 885–913.
[17] H. Li, R. Peng, Z. Wang, On a diffusive susceptible-infected-susceptible epidemic model with mass action mechanism and birth–death

effect: analysis simulations, and comparison with other mechanisms, SIAM J. Appl. Math. 78 (2018) 2129–2153.
[18] P. Magal, X.-Q. Zhao, Global attractors and steady states for uniformly persistent dynamical systems, SIAM J. Math. Anal. 37 (2005)

251–275.
[19] R.H. Martin, H.L. Smith, Abstract functional differential equtions and reaction–diffusion systems, Trans. Amer. Math. Soc. 321 (1990)

1–44.
801

http://refhub.elsevier.com/S0378-4754(22)00315-9/sb1
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb2
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb2
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb2
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb3
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb3
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb3
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb4
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb5
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb5
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb5
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb6
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb7
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb7
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb7
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb8
http://dx.doi.org/10.1007/s40840-022-01255-7
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb10
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb11
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb12
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb12
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb12
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb13
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb14
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb14
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb14
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb15
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb15
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb15
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb16
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb16
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb16
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb17
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb17
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb17
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb18
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb18
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb18
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb19
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb19
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb19


J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767–802
[20] Z. Mukandavire, S. Liao, J. Wang, H. Gaff, D.L. Smith, J.G. Morris, Estimating the reproductive numbers for 2008–2009 the cholera
outbreaks in Zimbabwe, Proc. Natl. Acad. Sci. 108 (2011) 8767–8772.

[21] E.J. Nelson, J.B. Harris, J.G. Morris, S.B. Calderwood, A. Camilli, Cholera transmission: the host pathogen and bacte-riophage
dynamics, Nat. Rev. Microbiol. 7 (2009) 693–702.

[22] M.A. Nowak, R.M. May, Virus Dynamics, Oxford University Press, New York, 2000.
[23] R.D. Nussbaum, Eigenvectors of nonlinear positive operator and the linear Krein–Rutman theorem, in: E. Fadell, G. Fournier (Eds.),

Fixed Point Theory, Lecture Notes in Mathematics, vol. 886, Springer, New York/Berlin, 1981, pp. 309–331.
[24] A. Pazy, Semigroups of Linear Operators and Application to Partial Differential Equations, Springer-Verlag, 1983.
[25] R. Peng, Asymptotic profiles of the positive steady state for an SIS epidemic reaction–diffusion model part i, J. Differ. Equ. 247

(2009) 1096–1119.
[26] R. Peng, F. Yi, Asymptotic profile of the positive steady state for an SIS epidemic reaction–diffusion model: Effects of epidemic risk

and population movement, Physica D 259 (2013) 8–25.
[27] R. Peng, X.-Q. Zhao, A reaction–diffusion SIS epidemic model in a time-periodic environment, Nonlinearity 25 (2012) 1451–1471.
[28] A.S. Perelson, P.W. Nelson, Mathematical analysis of HIV-1 dynamics in vivo, SIAM Rev. 41 (1999) 3–44.
[29] D. Posny, J. Wang, Z. Mukandavire, C. Modnak, Analyzing transmission dynamics of cholera with public health interventions, Math.

Biosci. 264 (2015) 38–53.
[30] M.H. Protter, H.F. Weinberger, Maximum Principles in Differential Equations, Springer-Verlag, 1984.
[31] Y. Shan, X. Wu, J. Gao, Analysis of a degenerate reaction–diffusion host-pathogen model with general incidence rate, J. Math. Anal.

Appl. 502 (2021) 125256.
[32] H. Shu, Z. Ma, X.-S. Wang, Threshold dynamics of a nonlocal and delayed cholera model in a spatially heterogeneous environment,

J. Math. Biol. 83 (2021) 41.
[33] Z. Shuai, P. van den Driessche, Global dynamics of cholera models with differential infectivity, Math. Biosci. 234 (2) (2011) 118–126.
[34] H.L. Smith, Monotone Dynamical Systems: An Introduction to the Theory of Competitive and Cooperative Systems, vol. 41, American

Mathematical Soc., 1995.
[35] H.L. Smith, H.R. Thieme, Dynamical systems and population persistence, in: Graduate Studies in Mathematics, vol. 118, American

Mathematical Society, Providence, 2011.
[36] H.L. Smith, X.-Q. Zhao, Robust persistence for semidynamical systems, Nonlinear Anal. TMA 47 (9) (2001) 6169–6179.
[37] H.R. Thieme, Convergence results and a Poincare–Bendixson trichotomy for asymptotically autonomous differential equations, J. Math.

Biol. 30 (1992) 755–763.
[38] H.R. Thieme, Spectral bound and reproduction number for infinite-dimensional population structure and time heterogeneity, SIAM J.

Appl. Math. 70 (2009) 188–211.
[39] J. Wang, S. Liao, A generalized cholera model and epidemic-endemic analysis, J. Biol. Dyn. 6 (2012) 568–589.
[40] X. Wang, D. Posny, J. Wang, A reaction-convection–diffusion model for cholera spatial dynamics, Disc. Contin. Dyn. Syst. Ser. B 21

(2016) 2785–2809.
[41] F.-B. Wang, J. Shi, X. Zou, Dynamics of a host-pathogen system on a bounded spatial domain, Commun. Pure Appl. Anal. 14 (2015)

2535–2560.
[42] X. Wang, F.-B. Wang, Impact of bacterial hyperinfectivity on cholera epidemics in a spatially heterogeneous environment, J. Math.

Anal. Appl. 480 (2019) 123407.
[43] J. Wang, J. Wang, Analysis of a reaction–diffusion cholera model with distinct dispersal rates in the human population, J. Dyna. Differ.

Equ. 33 (2021) 549–575.
[44] J. Wang, X. Wu, Dynamics and profiles of a diffusive cholera model with bacterial hyperinfectivity and distinct dispersal rates, J.

Dyna. Differ. Equ. (2021) http://dx.doi.org/10.1007/s10884-021-09975-3.
[45] J. Wang, F. Xie, T. Kuniya, Analysis of a reaction–diffusion cholera epidemic model in a spatially heterogeneous environment, Commun.

Nonlinear Sci. Numer. Simul. 80 (2020) 104951.
[46] W. Wang, X.-Q. Zhao, Basic reproduction numbers for reaction–diffusion epidemic models, SIAM J. Appl. Dyn. Sys. 11 (4) (2012)

1652–1673.
[47] Y. Wu, X. Zou, Asymptotic profiles of steady states for a diffusive SIS epidemic model with mass action infection mechanism, J.

Differential Equations 261 (2016) 4424–4447.
[48] Y. Wu, X. Zou, Dynamics and profiles of a diffusive host-pathogen system with distinct dispersal rates, J. Differential Equations 264

(2018) 4989–5024.
[49] W. Yang, J. Wang, Analysis of a diffusive cholera model incorporating latency and bacterial hyperinfectivity, Commun. Pure Appl.

Anal. 20 (11) (2021) 3937–3957.
[50] Y. Yang, L. Zou, J. Zhou, C.-H. Hsu, Dynamics of a waterborne pathogen model with spatial heterogeneity and general incidence

rate, Nonlinear Anal. RWA 53 (2020) 103065.
[51] X. Zhou, J. Cui, Global stability of the viral dynamics with Crowley–Martin functional response, Bull. Korean Math. Soc. 48 (2011)

555–574.
802

http://refhub.elsevier.com/S0378-4754(22)00315-9/sb20
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb20
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb20
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb21
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb21
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb21
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb22
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb23
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb23
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb23
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb24
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb25
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb25
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb25
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb26
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb26
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb26
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb27
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb28
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb29
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb29
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb29
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb30
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb31
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb31
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb31
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb32
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb32
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb32
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb33
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb34
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb34
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb34
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb35
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb35
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb35
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb36
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb37
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb37
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb37
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb38
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb38
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb38
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb39
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb40
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb40
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb40
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb41
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb41
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb41
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb42
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb42
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb42
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb43
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb43
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb43
http://dx.doi.org/10.1007/s10884-021-09975-3
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb45
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb45
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb45
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb46
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb46
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb46
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb47
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb47
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb47
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb48
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb48
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb48
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb49
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb49
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb49
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb50
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb50
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb50
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb51
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb51
http://refhub.elsevier.com/S0378-4754(22)00315-9/sb51

	Global threshold analysis on a diffusive host–pathogen model with hyperinfectivity and nonlinear incidence functions
	Introduction
	Two diffusive host–pathogen models with distinct dispersal rates
	Two diffusive cholera epidemic models with hyperinfectivity
	Our model and basic assumptions
	Statement of our main results on system A1

	The well-posedness of system A1: Proof of Th1
	The basic reproduction number: Proof of lemprincipal-eigen
	Disease extinction: Proof of the:f1
	Disease persistence: Proof of the:persist
	A critical case: Proof of per
	A homogeneous case: Proof of theorem3.2
	Numerical simulation
	Computation of the basic reproduction number
	Computation of the numerical solution
	Threshold dynamics
	Sensitivity of the basic reproduction number to the spatial heterogeneity and the diffusion rate

	Conclusion and discussion
	Declaration of competing interest
	Acknowledgments
	Appendix. MATLAB codes for numerical simulations
	Computation of the basic reproduction number
	Computation of the numerical solution

	References


