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Abstract

In this paper, we are concerned with the mathematical analysis of a host—pathogen model with diffusion, hyperinfectivity
and nonlinear incidence. We define the basic reproduction number N by the spectral radius of the next generation operator, and
study the relation between N and the principal eigenvalue of the problem linearized at the disease-free steady state (DFSS).
Under some assumptions, we show the threshold property of fg: if iy < 1, then the DFSS is globally asymptotically stable
(GAS), whereas if Ry > 1, then the system is uniformly persistent and a positive steady state (PSS) exists. Moreover, for the
special case where all parameters are constants, we show that the PSS is GAS for iy > 1. Numerical simulation suggests that
the spatial heterogeneity could enhance the intensity of epidemic, whereas the diffusion effect could reduce it.
© 2022 The Authors. Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation
(IMACS). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Keywords: Reaction—diffusion model; Bounded spatial domain; Basic reproduction number; Hyperinfectivity; Nonlinear incidence

1. Introduction

1.1. Two diffusive host—pathogen models with distinct dispersal rates

In recent years, diffusive host—pathogen models in a spatially heterogeneous environment towards understanding
the dynamics of infectious diseases have been extensively studied [10,41,48]. Infectious diseases occur in hetero-
geneous environment on account of the variations in environmental conditions, for example, humidity, rainfall,
temperature and availability of medical resources. Therefore, assuming that model parameters depend on a spatial
variable is meaningful and important. In this research direction, the following diffusive host—pathogen model was
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proposed by Wu and Zou in [48]:

g = dSAS + )\.(x) — ﬂ(x)SP — a(x)S’ (x’ t) c .Q x (07 OO),

aa—f = d[AI +ﬁ(x)SP — b(_x)l, (x’ t) e x (O, OO),

aa—f =cx) —m(x)P, (x,1) e 0 x (0, o), (1.1)
= =0 (x.1) € 32 x (0, 50)

9y Ay x,1) € 312 x (0, 00),

(S. 1, P)(x,0) = (8% 1% POY(x) 20,  xe

At space x and time ¢, S := S(x, 1), [ .= I(x,t) and P := P(x, t) represent respectively the densities of susceptible
hosts, infected hosts and pathogens; The moving pattern of susceptible (resp. infected) hosts is modeled by the
diffusion rate dg > 0 (resp. d; > 0); A(x) and a(x) are the recruitment and mortality rate of susceptible hosts;
Susceptible hosts get infection from pathogens with transmission rate S(x); b(x) and m(x) are the removing and
decay rates of infected hosts and pathogens, respectively; c(x) stands for the reproduction rate of pathogens by
infected hosts; We assume that the hosts’ habitat is the domain (2, which is a connected and bounded subset of
R" having smooth boundary df2. The spatially dependent parameters A(x), a(x), B(x), b(x), c(x) and m(x) are
supposed to be continuous, strictly positive and uniformly bounded on £2. % means the normal derivative along ¢
to 82. Throughout the paper, if there are no specific requirements, we still denote x € 2,7 > 0and x € 342,¢ > 0
as (x,1) € 2 x (0,00) and (x, t) € 32 x (0, 00), respectively. Inspired by the recent work of [10,41], model (1.1)
was formulated by the assumptions that: (i) the pathogens remain immobile on 2, so there is no diffusion term
in P-equation; (ii) the consumption mechanism of pathogens due to the hosts getting infection from pathogens is
neglected; (iii) the diffusion coefficients of susceptible and infected hosts are different due to the mobility patterns
of these subpopulations being changed when they get the disease.

In [48], by overcoming the mathematical challenges and difficulties caused by (i) and (ii), i.e., establishing the
boundedness of solution and verifying the asymptotic smoothness of the solution semiflow, the authors verified
the existence of unique global solutions and a global attractor. By the classic method of next generation operator
(NGO), the basic reproduction number (BRN) of (1.1) is obtained and proved as a threshold parameter that (1.1)
is uniformly persistent if BRN exceeds one, while the disease-free steady state (DFSS) is globally asymptotically
stable (GAS) if BRN is less than one. Combined with the spatial heterogeneity, the different effects of the mobility
patterns of hosts as dg¢ — 0 and d; — O on the disease dynamics were investigated through establishing the
asymptotic profiles of positive steady state (PSS). One interesting concentration phenomenon occurs: the infected
hosts will gather on some points of {2 if d; — 0. We also refer interested readers to [7,8,15-17,25-27,47] for
relative studies on the asymptotic behaviors of PSS in other cases, especially, the different roles of diffusion rates
of hosts in determining the disease dynamics.

The infection mechanism in system (1.1), called mass action mechanism, is represented by the bilinear incidence
function B(x)S P, which was used in [3,10,41] to describe the epidemic outbreak of certain diseases. Considering
the fact that cholera transmission also involves human-to-human pathways (e.g., [6,20,29]), in the recent work [43],
Wang and Wang explored the following diffusive cholera model:

% =dsAS + A(x) —a(x)SI — B(x)SP —a(x)S, (x,t)€ 2 x(0,00),
38_;’ — d; AT +a(x)SI + Bx)SP — b, (r, 1) € 2 x (0, 00), (12)
aa—]t) = c(x)] —m(x)P, (x,1) € 12 x (0, 00),
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with the same boundary and initial conditions as for model (1.1), where a(x) is the transmission rate between
susceptible and infected hosts. Let Q° = (U(x), 0, 0) be the unique DFSS of (1.2), where U(x) satisfies

0=dsAU + A(x) —a(x)U, x € {2,

oU (1.3)
— =0, x €012,
oY

and U(x) is GAS in C(fZ, R). By defining the BRN of (1.2) as

[oleU + £%)¢2dx
Ny = sup 5 5 ,
e, p20 | Jo (di IVI* + bp?) dx

the authors in [43] obtained the threshold-type results of (1.2) in the sense that BRN determines the cholera
persistence and extinction. Especially, when the BRN exceeds one, at least one PSS exists while DFSS is the
global attractor of the system when BRN is less than one. Once the disease persists for a given reaction—diffusion
epidemic system, it becomes important to investigate the profile of its spatial distribution, since it plays the role
in helping decision-makers to predict the prevalence of disease transmission and to make some effective control of
disease eradication.

(1.4)

1.2. Two diffusive cholera epidemic models with hyperinfectivity

Vibrio cholerae is the causative agent of Cholera. Recent laboratory studies have revealed that the newly shed
vibrios remain highly toxic and infectious for several hours (see, e.g., [4,12]). It was reported in [21] that the
infectivity of the newly shed vibrios are up to 700-fold as compared to the vibrios previously shed into the
environment and grown for several months. Along this direction, Harley, Morris and Smith [12] classified the vibrios
according to infectivity: hyperinfectious and lower-infectious of Vibrio cholerae, denoted by HI vibrios and LI
vibrios, respectively. In a recent work, by setting a theoretical river with x = 0 and x = L respectively representing
two ends of the river, Wang and Wang [42] analyzed a reaction—advection—diffusion cholera model incorporating
HI and LI vibrios and spatial heterogeneity. Let By = Bj(x,t) (resp. B, = By(x,t)) be the concentration of HI
(resp. LI) vibrios in the water environment. The HI and LI vibrios studied in [42] are governed by the following
equations:

831 Bl

— =D{ABy —viVB; +c(x)I +6;(x)B; | 1 — — §(x)By, xe€(,L), t >0,

ot K](x)

3B, B,

—— =Dy,ABy, — v,VB; + §(x)B; +6,(x)B [ 1 — —m(x)B,, xe@O,L), t >0,

ot K> (x) (1.5)
0B; 0B; .

D;i—(0,1) —v;Bi(0,1) = —(L, 1) =0, t>0,i=1,2,
dx ax

Bi(x,0) = B)(x) > 0, 0<x=<L,i=12,

where v; (resp. v;) is the convection coefficient of HI (resp. LI) vibrios; 6;(x) and K;(x) represent the intrinsic
growth rate and the bacterial maximal capacity of HI and LI vibrios, respectively; 6(x) is the transfer rate from
HI vibrios to LI vibrios; In particular, it was shown that the constant equilibrium is GAS under some special
conditions. The authors also investigated the dependence of BRN on parameters. Crucially, the risk of infection
will be underestimated if HI vibrios are not considered. Inspired by the work [42], Yang and Wang [49] further
highlighted the importance of hyperinfectivity using a nonlocal and time-delayed diffusive model with constant
parameters. Here, the mobility of infected individuals in latenty period results in a nonlocal delay. For simplicity,
the convection coefficient and the loss of immunity of the cholera epidemic (that is, a flux from recovered individuals
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to susceptible individuals) are ignored. The model studied in [49] reads as

05 pyAS+a—aS—S 1+P Bi +B B2 (x,1) € 2 x (0, 0)
_— = —ad — o 5 X, X ) ’
ar S 'Bi+ K, B+ K,
81 —drt
EZD]AI_(d_‘_ydI—mZ)IdI—e1%(}6557[?31732% (X,I)EQX(0,00),
9B,
— =D|AB, + &1 - 46,8y, (x,1) € £2 x (0, 00),
ot

(1.6)
9B,
vl DyABy + 61 B — 8,B, (x,1) € £2 x (0, 00),
as al 9B, 9B
2T T2, (x,1) € 32 x (0, 00),
9y~ 9 99 a0
(S, 1, By, By)(x,0) = (5°, 1°, BY, B))(x), x €0,

with

Bi(t —t,y) Bo(t — 1, ) >d
Bit—t.y)+Ki Bt —t.y)+Ka

With the consideration that HI and LI vibrios remain immobile in contaminated water, the recent work [44]
further extended the works in [42,49] by studying the following model,

H(x, S, 1, By, By) = / I'(Drt,x, y)S(t — 7, y)(al(t —-7,y)+ B1
2

as

Y DgAS 4+ AMx) —a(x)SI — FG(x, S, By, By) —a(x)S, (x,1) € 2 x (0, 00),

al

E = DIAI + f%(-x» Sa B19 BZ) - (d(x) + V(x) + m(-x))19 (xs t) € ‘Q X (07 OO),

JB

8_1 =&x)] — 81(x)By, (x,1) € £2 x (0, 00),
! (1.7)

JB

8_t2 = 81(x)B; — 82(x)Bo, (x,1) € £2 x (0, 00),

MY al

£=£=0, (x,1) € 012 x (0, 00),

(S.1, By, By)(x,0) = (5°, 1°, B, B))(x), x €02,

with
B, B
H5(x, S, By, By) =S _ R
2(x 1, B2) (ﬂl(x) B+ Ki(x) + Ba(x) Bt Kz(x)>
By investigating the global dynamics of (1.7), the authors also highlighted the importance of restricting the mobility
of susceptible humans in helping elimination of disease and the importance of incorporating HI vibrios in avoiding
the underestimation of the risk of infection.

1.3. Our model and basic assumptions

Inspired by the recent works on the diffusive host—pathogen models with general incidence functions involving
location-dependent parameters (see e.g., [31,32,45,50]), in this paper, we describe the interactions between
susceptible individuals and two states of Vibrio cholerae with more general incidence rate. Note that the vibrios
hyperinfectivity has not been considered in the models in [31,44,45,50]. As a continuation work, we incorporate
general nonlinear incidence functions and the vibrios hyperinfectivity into model (1.7). Traditionally, the incidence
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rate of disease plays a vital role in investigating the dynamics of disease, as it measures how many individuals get
infected per unit time. Many specific forms of incidence functions have been proposed in the literature. However,
models that include a general class of incidence functions obey the advantage that dynamical results obtained in
particular models can be extended to a broader class of models. Based on this, the researchers can pay attention
to other biological factors, such as seasonality, spatial heterogeneity and growing domain that could bring more
difficulties in analyzing the models. Here, we denote by u; = u;(x, t) (resp. up = u,(x, t)) the density of susceptible
(resp. infected) humans and by v; = vi(x, t) (resp. v» = va(x, t)) the concentration of HI (resp. LI) vibrios in the
water environment. For convenience, we briefly introduce some assumptions imposed on our main model:

(A1) We suppose that human hosts’ habitat is a connected spatial domain {2 C R”, n > 1, with sufficiently smooth
boundary 942;

(A2) We assume that the mobility for susceptible and infected humans is allowed only in (2, and the mobility
patterns for human hosts are modeled by the distinct diffusion rates. The recovered individuals never lose
immunity as those in [14];

(A3) We denote by N(x, u;) the growth term of susceptible humans accounting for both production and natural
mortality;

(A4) The nonlinear incidence function f(x,u;, u,) represents the direct (i.e., human-to-human) transmission
rate, and the nonlinear incidence functions g(x, u;, v;) and h(x, u;, v;) represent respectively the indirect
transmission rates between susceptible humans and HI state of vibrios, and between susceptible humans and
LI state of vibrios.

Biologically, we assume that the general nonlinear functions N(x, u1), f(x, u;, us), g(x,uy, v1) and h(x, uy, vp)
satisfy:

(B1) N(x,u;) € CO'(2 xR") is decreasing in u;. There exists a unique ul € C2(92, RYYNCH(2, RT) such that

P P
DSAuf+N(x,uf)=O, x € {2, %:O, x € a1
As in [32, Lemma 2.2], we further assume that if w(x, ) satisfies the diffusive equation
0
a_lf — DsAw + N(x, w), (x, 1) € 2 x (0, 00),
0
% —0, (x,1) € 392 x (0, 00), (1.8)

w(x, 0) = wo(x) € C(2,RY), x e 0.

Then, lim, . w(x, 1) = u} (x) in C(£2, RT). Furthermore, if N(x, v) = N(v), independent of x, then u? (x) =
uf) . Clearly, N(x, u;) satisfies the following two commonly used functional forms: N(x, u;) = A — du 1 (see
e.g., [22]) and N(x, uy) = A—duy+7u,;(1 —uy /) with d > 7 (see e.g., [28]). Moreover, the characteristics
of N(x, u;) imply that N(x,u;) < A — du, for some A > 0 and d > 0;

B2) f(x,uy,uy), glx,uy, vy), hx,uy, vp) € Cl((_Z x RT x R") increase monotonically with respect to the second
and third variables and concave down with respect to the third variable, that is, when the number of infected
humans or the vibrios is large, then the incidence rate will response slowly as compared to linearly to the
increase with respect to up, vy and v, [39,50]. Furthermore, f(x,u;,0) = f(x,0,u;) = gx,u;,0) =
g(x,0,vy) = h(x,u1,0) = h(x,0,v) = 0 for all x € 2 and uy,uy, v, v, > 0, which means that no
infection occurs if one of u;, uy, vy and v, equals zero; For convenience, we let

af (x,uy, uy) of (x, uy, up) og(x,uy, vy)
ful(x,ul,uz)=—f L2 fuz(x,ul,uz)=—f L2 gul(x,u1,v1)=—g L
31/!1 aug 8u1

3 ) 3 ah ) ) 8h ’ ’
8 (X, up, vp) = w, hy, (x,up, v2) = % and Ay, (x, ug, v2) = (X—MIUZ);
1 1

8v2
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Table 1
Parameters used in model (1.9).
Variable or Parameter Description
d(x) Infected human death rate
y(x) Infected human recover rate
m Disease-induced mortality rate
E(x) Infected human shedding rate
81(x) Transformation rate from HI vibrios to LI vibrios
S2(x) Losing rate of LI state of vibrios
Dg Diffusion coefficient of susceptible humans
Dy Diffusion coefficient of infected humans

(B3) There exist positive constants K, K, > 0 such that, for u; > 0,v; > 0, i = 1,2, 0 < f(x,uj,up) <
Kiujup, 0 < g(x,uy,vy) < Kouy and 0 < h(x, uy, v2) < Kou; for all x € §2. The assumption for f is based
on the fact that the contact number of susceptible humans per unit time by infected humans cannot exceed
the contact number in the bilnear form.

In the homogeneous case, some specific forms of nonlinear incidence function f(x, u, u,) commonly used in
the literature fulfill (B2)-(B3). Some concrete examples are: bilinear incidence a(x)uju, (see [45,47]); saturation
incidence a(x)uju,/(1 + kuy) (see [9]); Beddington—-DeAngelis incidence a(x)ujus/(1 + kjuy + kouy) (see [5]);
Crowley—Martin incidence a(x)uju,/[(1 + kju1)(1 + kus)] (see [51]). The assumptions for g and % also permit
the saturation incidence, Beddington—DeAngelis incidence and Crowley—Martin incidence, but do not permit the
bilinear incidence.

With these considerations, we shall investigate the dynamics of the following host—pathogen model:

d

% = DgAu; + N(x, 1)) — f(x, u1, u2) — g(x, uy, v1) — h(x, uy, v), (x,1) € 2 x (0, 00),

9

% = D;Aur + f(x,ur, uz) + g(x, ur, vi) + h(x, ug, v2) — (d(x) + y(x) + mus, (x,1) € £2 x (0, 00),

8v1

rriie §(X)uz — 81(x)vy, (x,1) € 12 x (0, 00),

31)2

e 31(x)v; — 82(x)v2, (x, 1) € £2 x (0, 00),
(1.9)

with

9 P)

a2, (x,1) € 82 x (0, 00),

3 90 (1.10)

(u1, tz, vy, V2)(x, 0) = @), ud, v, VH(x), xe .

Table 1 lists parameter meanings for the model (1.9). All location—dependgnt parameters d(x), y(x), £(x), §;(x),
82(x), are supposed to be uniformly bounded and strictly positive on §2. The nonnegative initial conditions,

(u(l), ug, v?, v(z))(x), x € {2 are continuous functions. Constants m, Dg and D, are strictly positive.

Remark 1. For simplicity, we consider the losing rate §, only for LI vibrios. Even if we consider another losing
rate §3 for HI vibrios by changing §; in the third equation of (1.9) to §; + 83, the analysis and main results in this
paper would be essentially unchanged.

System (1.9) should be studied in a suitable phase space. Let X = C (f), R*) be the set of vector valued

continuous functions on {2 and let [|¢[lx = max (||§1]lcc: [2lloo: |P3lloos IPalloc)s YV = (p1. $2. 3. p)" € X
be its norm, where T denotes the transpose operation of a vector and |||l = sup,.p, [¥(x)|, V¢ € C({2, R). Let
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Xt = C(12, Ri) be the positive cone of X. Throughout of this paper, we set

g = max{g(x)} and ¢~ := min{g(x)},
xef? xef?

where g € {d, v, &, 41, 82}

1.4. Statement of our main results on system (1.9)

We first discuss the existence of the solution for system (1.9). Then, we study the global dynamics of (1.9) in
terms of BRN. Our first result is concerned with the well-posedness of (1.9). Let u = (uy, us, vy, v)T.

Theorem 1.1. For any ¢ € X7, system (1.9) has a unique global nonnegative classical solution u(-,t; ¢) on
t € [0, 00) with u(-,0; ¢) = ¢. The semiflow T(t) : XT — X* generated by (1.9) is defined by

T(t)p = (ui(-, 15 9), s (- 15 9), vi(-, 15 9), 12, 1;9)T, Yxe D, t>0.

Moreover, T(t) : Xt — X% is point dissipative and system (1.9) has a connected global attractor in X.

Remark 2. We first prove that the model (1.9) has a unique nonnegative solution u(-, ¢; ¢) defined on ¢ € [0, Ty4x),
which is a consequence of simple application of the results in [19] and [34, Theorem 3.1 in Chapter 7]. Then, we
confirm the existence of a unique global solution and define 7'(¢) : X* — X as the solution semiflow generated
by (1.9). The proof of the point dissipativity of 7°(¢) is not trivial since the diffusion rates Dg and D, are distinct.
On account of the absence of diffusion term in v; and v;-equation of (1.9), we also need to verify the asymptotic
smoothness of 1°(¢) by utilizing the so-called « -contraction condition. Hence the conditions in Theorem 2.4.6 in [11]
are fulfilled, and (1.9) has a connected global attractor.

Under the assumption (B1), system (1.9) possesses a unique DFSS, denoted by (uf) (%), 0,0, 0), where uf) (x) is
the unique PSS of (1.8). In order to study the global dynamics of solutions of (1.9), our starting point is to define
BRN, Ry, of (1.9), identified by the spectral radius of NGO as proceeded in [46, Section 3]. Linearizing (1.9) at
DFSS and denoting

DiA+ fu,(out (),0) = (dO) +y ) +m) g Couf(),0) fy(,uf (), 0)

B = £() —8:1() 0 (1.11)
0 81() —682(+)
and i = (us, vy, v2)", we get the following linear cooperative subsystem:
9
a—bt‘ = Zii, (x.1) € 2 x (0, 00),
a
= =0, (x.1) € 82 x (0, 00), (1.12)

ia(x,0)=i’(x), xe.

Denote by 7'(r) and T(1) the semigroups generated by % and

DiA—d)+y()+m) 0 0
B = £() —5i() 0 ,
0 §1()  —=62()

respectively. It is readily seen that 4 = B + F with
fuz('auf(')vo) gvl('auf(')vo) hvz('vulp(')v 0)
F = 0 0 0
0 0 0
773
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Then, we introduce the NGO,
Lo(x) = /OO F(x)T(t)p(x)dt = F(x)/oo Tpx)dt, ¢ € C(2,R?), x € 12, (1.13)
0 0

where .# belongs to C({2, ]Ri) mapping the initial infection distribution ¢ to the total new infected distribution
during the infection period. By [46], the BRN of (1.9), is defined by the spectral radius of .Z, that is,

NRo = r(Z) = sup{|r|, L € 0 (L)}, (1.14)

where r(£) and o (%) are respectively the spectral radius and spectrum of .Z. As those in [46, Lemma 2.3(d)]
and [48, Lemma 3.1, 3.2], the following result indicates that BRN, i, is closely related to the principal eigenvalues
of eigenvalue problems. For convenience, we let

£(0)[82(x) g, (x, uf (x), 0) + 81 (), (x, uf (x), 0)]

H(x) = fu,(x, uf (x),0) + . (1.15)
Juas 81(x)82(x)
Theorem 1.2. Let Ay and 1° be the principal eigenvalues of
=D AY + (d(x) + y(x) + m)y = AH@X)Y, x € £,
ad
Wy, xean. (1.16)
o
¥ € CH2,R)NC'(2,R),
and
DiAp —d(x) +y(x)+m)g + Hx)p =np, x €2,
]
¥ o, x€dn, (1.17)
v
g e CHR,R)NC(2,R),
respectively. We then have
(i) Mo — 1 has the same sign as s(#) = sup{Rei, A € 0(A)}, the spectral bound of %;
(i) Ro = 1/4¢;
(iii) No — 1 and s(B) have the same sign as n°;
@v) If Ng = 1, then s(RB) is the principal eigenvalue of
V2 V2
M oY | =2 v |, x e,
Yy Yy
] (1.18)
92 =0, x €042,
v
Y2 € CH2,R)NC' (2, R), ¥3, ¥ € C(2,R).

W) If §1(x) = &; and 8,(x) = &, then s(AB) is the principal eigenvalue of (1.18) with a strongly positive
eigenfunction.

Remark 3. By (ii) of Theorem 1.2 and variational formula, iy can be expressed by

2
1 _ sup Jo Hx)y?dx

TR permt@pso [ol DIV 4 d(x) + y(x) + m)y2ldx

In terms of My, our main results on disease extinction and persistence will be stated in the following three cases:
S}io<l,mo>land§ﬁ0=1.

No

(1.19)
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Theorem 1.3. Let (B1)-(B3) hold. If %o < 1, then the DFSS (u” (x), 0,0, 0) is GAS, i.e.,
Him [Ju(-, £; ¢) — Wl (-),0,0,0)|x =0, uniformly for all ¢ € X*.

Theorem 1.4. Let (B1)-(B3) hold. If Wy > 1, then there exists o > 0 such that for any ¢ € X with
@2(:)#£0 or ¢3(-) Z0 or ¢4(-) #0, we have

litm infZ(x, t; ¢) > o, uniform for all x € {2, (1.20)

where 7 € {uy, uz, vy, v2}. That is, (1.9) is uniformly persistent. Moreover, (1.9) with (1.10) admits at least a PSS
in XT.

We now make the following additional assumption:

B fi,(,u1,0), g,(-,u1,0) and hy,(-, u, 0) are Lipschitz continuous on u;. There exists a positive constant
K3 > 0 such that g(-, uy, v1) < Kzujv; and h(-, uy, v2) < Ksujv,.

Theorem 1.5. Let (BI)-(B4) hold. If Ry = 1, then DFSS (uf(x), 0,0, 0) is GAS.

We now present our results in the case that all model parameters remain strictly positive constants. In this case,
model (1.9) is converted to the following one,

du
S = Dsur 4 N = f(ur,ua) = glaur, v) = by, va), (x.1) € 2 x (0, 00),
ou
8_1‘2 = DiAuy + fur, uz) + guy, vi) + h(uy, v2) —(d +y +muy, (x,t) € £2 x (0, 00),
(1.21)
8v1
a—t=§u2—51v1, (x,1) € £2 x (0, 00),
31)2
e S1v1 — 82, (x,1) € 2 x (0, 00),

with boundary and initial conditions (1.10). Clearly, (1.21) has a DFSS E(()"m = (u{,0,0,0), where u{ is a positive
constant. As in Remark 3, iy can be calculated as

£[828v, (uf, 0) 4 811y, (uf, 0)]
8182

According to Theorems 1.3, 1.4, and 1.5, we directly have:

[Ro] = (fuz(u§,0)+ )/(d+y +m).

Corollary 1.1. Let (BI)-(B4) hold. If [Ro] < 1, then Ey°" is GAS, while if [No] > 1, then system (1.21) is
uniformly persistent.

Let E* = (uj,u}, v}, v;) be the constant PSS of (1.21). The global stability of E* requires the following
additional condition:

BS) fu, @S, 0) = gy, (uf,0) = hy,(u,0) =0. For any u; >0, vy >0 and vy > 0,

<v1 _ fi u)g(u, Ul)) (f(ul,uﬁ)g(uik, v 1) <0

vl fun, ugl, vy ) \ Fut, ud)gu, vr)

<2 g uphu, w)) (f(ul,uph(u’;, ) 1) 0
vy fur, udh(uy, v3) ) \ fl, ub)h(uy, va) -
Theorem 1.6. Let (B1)-(B3) and (B5) hold. If [No] > 1, then the system (1.21) has the unique constant PSS,
and it is GAS.

775



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767-802

For example, if f is a bilinear incidence rate and g and & are saturation incidence rates, then (BS5) is satisfied. In
fact, if f(u1, uz) = Burua, g(ur, v1) = ajurvi/(1+kivy) and h(uy, v2) = cuiva/(1+kov2) (B, o1, 2, ki, k2 > 0),
we then have, for any u; > 0, v; > 0 and v, > O,

(ﬂ _ f(u’f,uﬁ)g(un,vl)> (f(un,ué)g(u’{,vi‘) B 1) _ (ﬂ B ﬂl+k1vi‘> <v_T L+kv 1)
v fur, uz)g(ui, vi) ) \ f(uy, u3)g(ur, vi) vf v L+ku ) \vp 1 +kof

kl % UT U1 <0
o U_T(vl _Ul)<1—i-klvT< - 1+k1v1> -

vy fl, up)h(uy, v2)\ [ fQur, up)h(uy, v; ) . v3 %)
% * * ok * % -1 :_*(vz_UZ) * SO
vy f(ur, ud)h(uy, vy) fs, up)h(uy, v) v; 1+ kov; 1+ kovy

Note that the last inequalities can be obtained from the monotonicity of x/(1 + k;x), i =1, 2.

The rest of this paper is organized in the following plan. In Section 2, we summarize the well-posedness of
(1.9) and provide the proof of Theorem 1.1. Section 3 is spent on investigating the relationship between R and the
principal eigenvalues of eigenvalue problems, and completing the proof of Theorem 1.2. In Section 4, we mainly
provide the proof of Theorem 1.3, which indicates that the DFSS (uf (x),0,0,0) is GAS, meaning that disease
would go extinct under the condition iy < 1. The uniform persistence of system (1.9) is achieved through the
proof of Theorem 1.4 in Section 5. Section 6 is devoted to studying the critical case that %p = 1, which confirms
that the DFSS (uf (x), 0,0, 0) is GAS in this critical case. The proof of Theorem 1.6 is given in Section 7. In this
part, we confirm the existence and uniqueness of E* and its global stability under some additional assumptions
when all model parameters remain constant. Section 8§ is devoted to the numerical simulation that supports the
theoretical results. The paper ends with a brief discussion in Section 9.

and

2. The well-posedness of system (1.9): Proof of Theorem 1.1

Theorem 1.1 will be shown by the following lemmas. According to [34, Theorem 3.1 in Chapter 7], we first
prove the results concerning the local solution of (1.9) with (1.10) on X*.

Lemma 2.1. For any ¢ € X, there exists a positive constant Tpay = Tmax($) > 0 such that problem (1.9)—(1.10)
has the unique nonnegative noncontinuable mild solution u(-,t) = u(-, t; ¢), u(-, 0; ¢) = ¢, defined on [0, T,ax). In
particular, u(-, t; ¢) € XT is the classical solution to problem (1.9)—(1.10), defined on [0, Tyax)-

Proof. Let us define linear operators A;, i = 1, 2, 3,4 by
Al =DsA, Ayi=DiA—dO)+yO)+m), Ayi=—8() Agi=—50).

For i = 1,2,3,4, let {T;(t)};>0 be the Cy-semigroups generated by A; with suitable domains. For ¢ € X' and
t >0, let () = (Ti()p1, To(t)dr, T5(t)¢3, Ta(t)ps)T. One can then see that {7 (H)}i>0 is also a Cyp-semigroup
(see also [24, Section 1.2]) on X to itself. The mild solution u = (u;, us, vy, v2)" to problem (1.9) with (1.10) can
be written as

o1 u)
! ) uj "
u(t) = 79 + / Tt — )P, )ds,  u(0) = ¢ = | ex
0 #3 Uy
on v
where
Z1(9) NG, 1) — fC, o1, $2) — g, d1, ¢3) — h(-, 1, Pa)
| @ | SC, b1, 02) + gC, o1, @d3) + h(-, d1, Pa) n
TO= zw |7 () PR
F4(9) 813
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One can easily check that .% is a Lipschitz function on X*. Denote ¢,, = min{¢ > 0 : min, . [-%1(¢)(x)+C¢1(x)] >
0}. Note that, for any ¢ € X%, ¢,, is finite because

Z1(p) = — (Killglx + 2K2) ¢1,
by virtue of assumptions (B1) and (B3). For any ¢ € X*, x € 2 and ¢ > 0, we then have

@1 +HEUNC, d1) — fC, o1, ¢2) — g(, b1, $3) — h(-, P1, P4)) d1[1 — Ley]
G2 +L(f(, b1, $2) + g(-, 1, @3) + h(-, D1, ¢a)) (03}
LF =
O(x)+LF (P)(x) s+ CEC)ba > "
Ga 4+ €51(-)p3 P4

Therefore, we obtain
1
lim+ Zdist(qﬁ +LF (), X)) =0 V¢ eXT.
£—0

We then see from [34, Theorem 3.1 in Chapter 7] that problem (1.9)—(1.10) has the unique desired solution u(-, t; ¢)
on [0, 7,4y ), Where 0 < 7,4, < 00. This completes the proof of Lemma 2.1.

We next prove the following lemma on the existence of a global solution and a global attractor.

Lemma 2.2.

(i) The solution u(-,t; ) to problem (1.9)—(1.10) with ¢ € X% is global. More strongly, u(-,t; ¢) is ultimately
uniformly bounded.

(ii) The solution to problem (1.9)—(1.10) induces a semiflow T(t) : XT — X* (¢t > 0), and it admits a connected
global attractor on X7,

Proof. We first prove (i). Let u(-, t; ¢) be the solution of (1.9). Then we prove u(-, t; ¢) is ultimately bounded.
The proof is not trivial since Dy # D;. Therefore, we will prove (i) step by step.
Step 1. u;(-,t) is ultimately bounded. From the u;-equation of (1.9), it is readily seen that u;(-, ) satisfies

35% < DgAu; + N(x, u,), that is, u; is a subsolution of

-
% = DgAiiy + N(x, iiy), (x,1) € 2 x (0, 00),

o

o, (x,1) € 002 x (0, 00), @D
30

ui(x,0) = u?(x), x € 1.

It then follows from assumption (B1) that (2.1) has a unique PSS uf (x), which is GAS. Combining with the
comparison principle, we have
limsupu(x,t) < uf(x), uniformly for x € Q. 2.2)
—00
Accordingly, u;(x, t) is ultimately bounded, i.e.,
limsup [lu1 G, Dlloo < 47 (oo := M. (2.3)

t—>00

Step 2. uy(-, t) is ultimately bounded. We can obtain u(x, t) € Xt by using the standard comparison argument
and maximum principle. Hence, u;(x, 7) > 0 for all (x, t) € 2 x (0, 00). This together with divergence theorem,
uy and u, equation imply that

2 f (1 + uz)dx = f N, ur)dx — / (d(x) + y(x) + muadx
at Jo 0 9]

IA

/ N(x,O)dx+/ d(x)uldx—/ d(x)(uy + ur)dx
1) Q 7]

IA

NT2| +d M| 2 —d_/ (ur + uz)dx,
2
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where Nt := max,_p N(x, 0) and |2] is the volume of f2. It then follows that
limsup [|lu>(, Ol < limsup(lui (- Oll1 + lluzC, Olh) < My := (NT +d M) 2|/d", 24)
t—>00 t—>00

where || - ||, (1 < p < 00) denotes the L”-norm. Note that M; is independent of ¢ € X*.
We now claim the L2 bounded estimate of uy, i.e., forany k > 0, k € Z,
limsup [|ua(-, )l < M, 2.5)
11— 00

where My > 0 is independent of ¢ € XT. In what follows, we shall utilize the method of mathematical induction
to verify (2.5). Clearly, (2.4) satisfies the case for k = 0. We now assume that (2.5) holds for k — 1 > 0, i.e., there
exists Myx—1 > 0 such that, for any ¢ € X¥,

limsup ||ua2(-, £)[|ok—1 < Mpk—1. (2.6)
11— 00
Multiplying the u;-equation of (1.9) by u%k_l and then integrating the obtained equation yield
19

——/ u%kdx = Dy / u%k_lAuzdx + / (f(x,uy, up) + g(x, uy, vy) + h(x, uy, vz))uﬁk"dx
2893t Jgo o %)
_ / d00) + 7 (0) + myud dx. @.7)
o
Note that

D,/ w3~ Audy < —DI/ Viy - Vil Tldx = — (25 - l)sz (Vity - Vg3
2 2 “

2"—1D / v 2k_||2d
= ———Dy u X.
22k—2 o 2

Then (2.7) can be rewritten as

10 ok k=12 ok
s [ wade = —Ec | [Vuy [de+ [ (fC,ur,uz) +g(x, uy, vi) + hx, uy, vo))u; — dx,
280t Jo 0 (]
where Ej = 22;—__12D1. Applying (B3), we get
10
2k 3t
Further from (2.3), we know that

12
/ W2 dx < —Ek/ V2| dx+/(K1u1u2+21<2u1)u§“1dx. 2.8)
(7 2 (7

/ulug"dxg(MOH) wl'dx, for t>1,
2 2

and
f w2 "ldx < My + 1)/ w2 ldx, for t>1. (2.9)
Q Q
for some #; > 0. We now use Young’s inequality
ab < ea” + C.bY,

where a,b,e,q >0, p > 1, C. = (ep)™¥/Pq~! and p~! + g~ = 1. By setting p = 2% and ¢ = 2F/(2¥ — 1), and
applying Young’s inequality, we get the following estimation concerning (2.9):

/ u%kildx 56/ 12kdx+C5/ u%kdx.
1) Q Q

Hence, (2.8) will be converted to

10 )

__/ W dx < —Ek/ Va2 dx+Ck/ wldx + Dy, t> 1, (2.10)
2k ot 0 0 9]

where C, = (K1 4+ 2K,C.)(Mgy + 1) and Dy = 2K,(My + 1)e|£2|. Without loss of generality, we can assume that

t; = 0 by taking the solution at time #; as the initial condition. Let ¢ = w2 and €1 = min(E;/(2Cy), 1/2). As
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in [1, Proof of Theorem 3.1], by Gagliardo—Nirenberg’s inequality and Young’s inequality, we obtain the following
inequality:

12115 < elIVEI3 + Ce lIC I,
where C¢, = (constant)e, "2 We then have that
Ey
——IV¢l3 < =l Vel < =215 + Cq 1211,
2Ck

and hence,

2
12 c _
_Ek/ |Vu%k ]| dx < —ch/ ugkdx+2CkC€l (/ M%k Idx) '
2 2 2

Hence, we can estimate (2.10) as follows:

19 a0\
__/ 2 dx < —ck/ ud'dx +2C,C., / w2 'dx ) + Dy. (2.11)
2k ot Jg Q Q

Here, (2.6) implies

. k=1 k=1
hmsup/;?u2 dx < Mzk_]

—00

and hence, (2.11) implies

2{/ 2CCo M, + Dy

limsup [|u2(-, )|l < c, =: M.

1—00

Thus, (2.5) holds for any £ > 0, k € Z.
According to the continuous embedding from L4(f2) to L?({2), ¢ > p > 1, (2.5) implies that, for every p > 1,
there exists a constant M, > 0 such that, for any ¢ € X,

lim sup [|ua(-, )|, < M, (2.12)

—00

As in the proof of [48, Lemma 2.4], we directly have
lim sup [[u2(, £)lloo < Moo, (2.13)

t—>00

where My, > 0 is independent of ¢ € X*. In fact, by (2.3) and (2.12), there exists a t,, > 0 such that

luiC Dlloo =Mo+1 and  [luz(-, Dll, =M, +1

forallt > 1,,—1.Let p > n/2 and a > n/(2p) so that Y, is continuously embedded in C(£2), where ¥, 0 <a < 1
is the fractional power space equipped with the graph norm. By assumption (B3), as in the proof of [48, Lemma
2.4], we have that, for all ¢t > t,,,

|AZus (-, Pl <NAST(Dua( — DI, +/ 1 T5(t — ) [Kiui(, $)ua(, s) + 2Kou1(-, )] || pds
-1

KiM, + 1) + 2K,

<M, lluz(-, t — DIl + Mo + DM, ds
r—1 (t—s)
M, + DM, [K,(M, + 1) + 2K
SMa(Mp+1)+( b ”[llfa” ) +2K3]

where M, is a positive constant. The inequality (2.13) then follows from the fact that ¥, is continuously embedded
in C(12).
Step 3. vi(-, t) and v, (-, t) are ultimately bounded. By (2.13) and the third equation of (1.9), we have

M
lim sup |01, )floo < —0

t—00 1

=M,,.
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Moreover, by the fourth equation of (1.9), we have
+

5'M,
limsup |20, Do < — =M
11— 00 82

vy .
Consequently, we obtain

lim sup ||M(-, t)”X = max(MO, Moo’ Mv] s Mvz)-
1—>00

This completes the proof of (i).

We next prove (ii). It follows from [34, Theorem 3.1 (d) in Chapter 7] that the solution u of problem (1.9)—(1.10)
induces a semiflow 7'(¢) : X* — Xt (+ > 0). As v; and vy-equations of (1.9) do not have the diffusion terms,
T(¢) lacks the compactness. To overcome this issue, we show the asymptotic smoothness of 7°(z) by applying [11,
Lemma 2.3.4]. For this purpose, we define the following Kuratowski measure of non-compactness:

k(B) := inf{r € R : B has a finite cover of diameter less than r}, VB cC X*. (2.14)
Define the right-hand side of the v; and v,-equations of (1.9) by
Gi(uz, v1) = &E(uz — 81(-)vy, and G (vy, v2) = §1(-)vy — d2()vy.

It then follows that
oG ,
9G (2, v1) = —8,() < =67, and
ov; vy

Following [48, Lemma 2.6], we first express 1'(¢) as 1'(¢) = 711(t) + 1»(¢), where

G (v, v2) 52() < —8-
Y 5 ()< -85

t t
Ti(t)p = {u1(~, t; ), us(-, t; @), / e OIE Oy (-, 53 p)ds, / e 20098 (v (-, 53 ¢)ds} , >0,
0 0
and
()p = {0.0, eV g3, e 2V}, 1> 0.
With the help of [48, Lemma 2.5], one can see that
t t
S = { / e 1N IE Qs (-, 53 ¢>ds} and .7 = { / R IO NI ¢)ds}
0 0

are precompact for any ¢t > 0. Therefore, for all 7 > 0, k(7()B) = 0. Moreover, 1,(¢) can be estimated as

| T2(0)plIx 5= lPllx 5
I 2(0llop = — = < s =e’
pexlplxzo  lPlx pex.lolx0 [@llx
where || - [lop is the operator norm and 8~ := ming{8;, 6; } > 0. Then, for ¢ > 0, we obtain

K(T(OB) < k(T1(OB) + k(T2()B) < 0+ || o) llop k(B) < e 'k(B),
where e %" 7 is called the contraction function. Therefore, for all > 0, Y(¢) is a conditionally «-contraction on X*.
Thus, the asymptotic smoothness of 7'(¢) follows from [11, Lemma 2.3.4]. Furthermore, the point dissipativeness
of 7'(¢) follows from the assertion in (i). Hence, [11, Theorem 2.4.6] guarantees the existence of a connected global

attractor in X*. This proves (ii).
Proof of Theorem 1.1. Theorem 1.1 directly follows from Lemmas 2.1 and 2.2.
3. The basic reproduction number: Proof of Theorem 1.2
Proof of Theorem 1.2. We first prove (i). For convenience, we set B := diag(D;4,0,0) — V. It is easy to see
that for all x € {2, both B and —V are cooperative, ensuring that 7(¢)C({2, Ri) C C(42, Ri). According to [38,
Theorem 3.12], & and B are resolvent-positive operators. Let I be the identity operator. Hence,
oo
W —-B)ly = / e MT)pdt, ¥ A>s(B), ¥ € X', (3.1)
0

780



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767-802

It is check to see that the exponential growth bound w( T) = lim;, o In|| T(t)||op /t of T is negative. Thus, we
obtain s(B)< w(7T) < 0. Choose A = 0 in (3.1) such that

—B7 'y = /OO T@t)ydt, V¢ e X7,
0

The above result together with (1.13) implies . = —FB~!. Thus, the assertion (i) immediately follows from [38,
Theorem 3.5].
We next prove (ii). Similar to [46, Theorem 3.3], we define

F F V V
Fo L R 1 Vi ’
Ry Py Vor Vo
where

0 0

Vit :=d(O)+y()+m, Viz:=(0,0), Vo1 := —50 and Vy, = a0 :
0 —81() 80

Then Ro=r(—FB~') = r(~B~'F) = r(— B ' F»), where By := D;A— (V1 — Vi2V,,' Vay) = DI A—(d()+y () +
m), and

P P P 0 00
Fll = fuz('» uj ()7 O), F12 = (gvl('s Uy ()7 O)v hvz(" uy ()» 0))7 F21 = 0 B F22 = P

Fy :=Fy — FaVy,' Vg
—1
= fuy (o uT (), 0) = (gu, > 4 (), 0), oy (-, uf (), 0)) ( _S(Isf<)> 520 ) ( _i(') ) = H(),

where H(-) is defined in (1.15). Then for ¥ € C2(2,R") N C'(2, R"),

—B{'Fyy = —[D; A= (d()+ y () +m)]  Hx)y.
Therefore,

NRo = r(—[D;A — @)+ y()+m)] " H().
Thus, Ny satisfies

[—[D;A = @) +y () +mI T HOY =Koy, ¥ € C*(2,R)NCH (2, R,

ie.,

1 _
DAYy — (d(C) + y () +m)y + H(')%‘” =0, ¥ € C}(2,R)NC' (2, R, (3.2)

This proves (ii).

We begin to prove (iii). Actually, problem (1.17) has a least eigenvalue 7° associated with a positive eigenfunction
¥*, i.e.,
*

9
D;Ap* — (d(-) + v () +m)g* + H()g* = n°p*, for x € 2 and 8(/1;

=0, forx € 012. (3.3)

Similar to the proof of [2, Lemma 2.3(d)], and thanks to (3.2) with % =0, for x € 342, We respectively multiply
(3.3) by ¢ and (3.2) by ¢*, then subtract the resulting equations and integrate it over {2 yielding

(1 — L)/ H(xX)Yre*dx = nO/ Yre*dx.
Ro/ Jo Q

It then follows that 1 — % and 7° have the same sign. This proves (iii).
We next prove (iv). We now pay our attention to the problem (1.18). Let

G(uz, v, 1) = fu,(x, uf(x), Ous + gy, (x, uf(x), 0)vy + hy, (x, uf(x), 0)v,
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and (¢, ¢3, @4) € C(f), R?). This together with (1.12) implies that
ur(-, t; ) = To(t)2 +/ To(t — $)G(ua(-, 51 $), v1(-, 55 9), v2(-, 53 ))ds,
0

vi(-, 1; ¢) = T3()¢ps +/0 T3(r — $)5(ua(-, 55 ¢)ds,

v £ @) = Ta(D)s + / Ta(t — )81()01 (-, 55 B)ds,
0

It is readily seen that T(t) = Tr(1) + T3(t), where
()¢ = (0, T3(t)g3, Tu()ps), ¢ = (¢2, ¢3, pa) € C(2, R?), (3.4)
and

t t
T3¢ = (Mz(', L ¢)7/0 T3t — $)E(Jua(-, 53 ¢)dS,/(; T4t — $)81(Hv1 (-, 53 ¢)d5) . ¢ = ($2. b3, ¢a) € C(2, RY).

We apply the result in [48, Lemma 2.5] to show that 73(t) is compact. On account of (ii) in Lemma 2.2 and (3.4),
we obtain that

K(TOB) <e? 'k@B), t>0, (3.5)
for any bounded set B in C({2). Let us define the measure of non-compactness of operator .Z on X* by

a(L) = inf {6 > 0:k(ZB) < ec(B)}.
BcXT is bounded

Let wm(T) = lim,_, 5o In ( T(t))/ t be th_e essentigl growth bound of T. We then see from (3.5) that wegq( T) <
—4&7, and the essential spectral radius r.(1°(¢)) of 7(¢) satisfies

r(Y@) <e ' <1, t>0.
Note that the exponential growth bound w( 7) = limy_ o In | _T(t)||0p /t of T is defined by
o(T) = inf{d) € R : there exists a M > 1 such that || T(t)||0p < Me® for all + > 0}
and it satisfies that
(T) = max{s(B), wess(1)}.

It follows from Theorem 1.2 that s(%) > 0 for %y > 1. Hence, r( T@) = &P > 1, Vt > 0, which implies
that r.(71'(¢)) < r(7(z)). Applying the generalized Krein—Rutman Theorem [23], we have

TV = r (Y)Y = @Py°, ¢t >0, (3.6)

where ¥ € C(2, RY). (iv) is proved by differentiating both sides of (3.6).
Finally, we prove (v). By letting fi; = us, Ay = (vy, v2)7, we rewrite (1.12) as

oh =% , (x,1) € 2 x (0, 00),
i ha

ah

520, (x,1) € 312 x (0, 00),
hy e CHR,R)NCY2,R), hy e C(2,R?),
where
5 Li+ %) P
G I 10 1~2() 7
70 B

Li=DiA, 1) = fu,ouf (),0) = (d() + ¥ () +m), Bia() = (g0, G, ul (), 0), by (-, ul (), 0)),
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- . - -5 0
B (-) = < é(()) ) and %y = ( 5 ! 5, )
.-

Let T5(t) be a positive Co-semigroup on C({2, R?) generated by the resolvent-positive operator B By using [38,
Theorem 3.12], we have
1

i . S i )
(W= )™ = < A ) = [ e Eudn Vs s, v e CRE
0

G804 AF8y
where s(L%T’gz) = —minp{d;, 2} = —6~. Then, for L > —§~, we define

E()gvl(v Ltf(), 0)1// + 815()111)2(9 M{)()7 O)
A+8 A+ 8D+ 82)

Ly = DiAY — ([dC) +y () +m)Y + fu, (- ui (), 0¥ + v

Setting
1 = min{ fu, (x, u7 (x), 0)} > 0, 6 = min{&(x)gu, (x, u{ (x),0)} > 0 and 63 = min{81&(x)hy, (x, uf (x), 0)} > 0.
xef xef? xe

Note that
DiAp —(d(x)+y(x)+m)p =ne, x €2,
0
o9 _ 0, x €042,
v

possesses a principle eigenvalue, written by

"o = — inf{ /Q DIV +(d() + v () + mygldx

/ pldx =1, g € H'(Q)},
(9

with eigenvector ¢y > 0. Let

1
r o= E[(Uo — 81+ 6 + V(61 + 1m0 + 61)? +4%]

be the larger root of
W4 (81— G —noh =[G+ 81(61 + m0)] = 0.
Thus, A; > —§; and

3w G, uf (), 0
40 = DI OGP — (A0 + YO+ mg + fioul (), 010 4 S 2810 D) o

A+ 6
2 0 0
> %, = A .
_<Tlo+ 1+K1+51>(p 19
Then we focus on the root of
L) = =2+ [A — (81 + 81X + [11(81 + 82) — 818210 + (11818, + 63) = 0. (3.7)

Calculating the derivative of I:(A) associated with A > 0 yields
L'0) = =322+ 2[A1 — (81 + 8)IA + [11(81 + 82) — 81621,
L"(A) = —61 4 2[1; — (81 + &)1,

L"(}) = —6.

Actually, one can use similar arguments in [40,41] to show that I:(X) = 0 has a unique root, denoted by 1, > 0.
An application of A, > —§~ together with

EC)gu G ul(),0) o 8iEOh,(,uf(),0)

L@ = D1 AQ" — (@A) + y () +m)g’ + fu, G uf (), 0)9° + P @ T804 5)

> <)»1+ & )¢0=?»2<p0
- (A2 +81)(A2 + 82) ’
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yields .Z;Lz(po > Az(po for every x € (2. Therefore, et (po(x) is a subsolution of u; = Zkzu. On account of [46,
Theorem 2.3 (i)], (1.18) has an eigenvalue with geometric multiplicity one and a nonnegative eigenfunction. An
application of (1.18) yields the positivity of this eigenfunction. This completes the proof.

4. Disease extinction: Proof of Theorem 1.3

Proof of Theorem 1.3. The local asymptotically stability of Ej is a consequence of [46, Theorem 3.1]. We next
confirm the global attractively of Ej. From the u;-equation of (1.9), one can get

0

T = DsAuy 4 NGru), (x.1) € 2 x (0, 00),

9
%:o, (x.1) € 302 x (0, 50).

On account of (2.2), for any fixed ¢y > 0, there exists #y > 0 such that
0<ui(.0) Suf()+e, Vi=ty xefd

Without loss of generality, we can assume that #y, = 0 by replacing the initial condition by the solution at r = #,.
Let
DiA+ fu, (o utf () +€0,0) = @)+ y() +m) gy, ur () +€,0) hy,(,ui(-)+€,0)
Bey = £() —61(-) 0
0 81() —82(-)
By the comparison principle [19], we obtain

(u2, v1, V2)(x, 1) < (fa, D1, D2)(x, 1) on £ x [0, 00),

where (i1, U1, D2)(x, 1) satisfies

diiy N
ot uz
Wl =By | 0 |, (1) € 2x(0,00),
% b, (4.1)
at
»
%:o, (x,1) € 302 x (0, 50).

Let _Téo(t) be the linear semigroup associated with generator %, . It follows from the similar processes of the proof
of (i) of Lemma 2.2 that wes(Te)) < —67. Let o, := w(T¢,). Note that

weo = max{s(l%so)s wess( 7‘60)}'

Consequently, w,, has the same sign as s(%,,). Furthermore, by (iii) of Theorem 1.2, s(%,,) has the same sign as
the principal eigenvalue of

D;Ap — (d(x) +y(x) + mx)g + H(x)p =np,  x € L2,

%

55 =
denoted by r}?o, where

0, x €082,

E()[82(x)gu, (x, uf (x) + €0, 0) + 81 (X)hy, (x, uf (x) + €, 0)]
81(x)82(x) '
An application of (iii) of Theorem 1.2 together with %y < 1 implies n° < 0. Further from the continuous dependence

of ngo on €y, we can choose €y > 0 such that ngo < 0. Hence we have w,, < 0. Since there exists a M > 1 such
that

Hey(x) = fuy(x, ui () + €, 0) +

1T, ()llop < Me®o", for all ¢ > 0,
784



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767-802

we have (i, 01, 02) — (0, 0, 0) uniformly for x € 2 as t — oo. This combined with [37, Corollary 4.3] allows us
to obtain that (uy, uz, vy, v2) = (uj(x), 0, 0, 0) uniformly for x € {2 as t — oo. This proves Theorem 1.3.

5. Disease persistence: Proof of Theorem 1.4

Theorem 1.4 will be proved by the following lemmas, step by step.

Lemma 5.1.
(i) For any ¢(-) € X*, we directly obtain, for (x,t) € 2 x (0, 00),
ui(x, 1;¢) > 0. (5.1)
Further, there exists a oy > 0 that

liminfu,(x, t; ¢) > oy, uniformly for x € (2. 5.2)
11— 00

i) If ug(~) # 0 or v(l)(-) %0 or vg(') # 0, we directly have, for (x,t) € £2 x (0, 00),
w(x, t; ¢) > 0, (5.3)

where w € {uy, vy, v2}.

Proof. Proof of (i). If u;(-,0) % 0, then by the strong maximum principle [30, Theorem 4], u;(x,t) > 0 for
(x,1) € 2 x(0,00). If uy(-,0) = 0, then %f’o) = N(x,0) > 0, which implies that there exists #; > 0 such that
ui(x,t) > 0 for r € (0,#)) and x € 2. This combined with the strong maximum principle ensures u;(x,t) > 0
for (x,t) € £2 x (0, 00). If liminf;_, o u1(x, t; ¢) = 0, then there is a sequence #, — o0, and under this sequence,
ui(x,t,; ¢) — 0 and du;(x, t,; ¢)/0t = 0, which contradicts to the first equation of (1.9). Thus, by selecting a
sufficient small o1 > 0, (5.2) holds. This proves (i).

Proof of (ii). For the case that ug(~) # 0, in view of Lemma 2.1, us(x,t) > 0, V x € 2, t > 0. By the

uy-equation of (1.9), we know that % > D;Auy —(d(x) 4y (x)+m)u,, which tells us that u, is the upper solution

of
% = D;Auy — (d(x) + y(x) + m)itz, (x,1) € £2x(0, 00),
%zo, (x,1) € 012 x (0, 00),
R,
uy(x,0) = uy(x,0) = ug, x € .

By the strong maximum principle and the Hopf boundary lemma, there exists #, > 0 such that for all x € 2 and
1> 1, Uy(x,1) > 0 valid. Again from the comparison principle, one can get u,(-, t) > u(-, t) > 0. Moreover, for
fixed x € {2, the third and fourth equations of (1.9) give

t
i, 1) = e 1) + /0 e 1NITIE (un(x, 53 )ds,

and
t t s
va(x, 1) = e 20 () + / e 0298, (1)1 9k )ds 4 [ e~ 2ME=9)g, (x) / e 16D e Yy (x, 15 Pp)dlds,
0 0 0

which in turn implies that for all x € Qandt > tr, v1, v > 0 valid. The other two cases can be treated in a similar
fashion. This completes the proof.

The following result can be founded in [44, Lemma 3.7], so we omit the proof here.

Lemma 5.2 (See [44, Lemma 3.7]). Let w € {us, vy, va} be given. Provided that there exists a o, > 0 such that
liminfw(x, t; ¢) > o2, uniformly for x € (2.
11— 00
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Then there exists a 62 > 0 that

liminfw(x, t; @) > 62, for w € {uy, us, vy, v2}, uniformly for x € 2.
11— 00

Proof of Theorem 1.4. We next prove Theorem 1.4 for the case that ¢,(-) # 0. The cases that ¢3(-) # 0 and
¢4(-) # 0 could be treated in a similar fashion. Let

Wo = {(¢1, d2. $3. ds) € X 1 () # 0,

and

AWy = XN\Wo = {(¢1, ¢2, 3, ¢s) € XT & (1) =0}

Then, Xt = Wy U 0W,. As defined in Lemma 2.2, 7(t) : X — X7 is the solution semiflow generated by the
solution of (1.9). For any ¢ € Wy, by (ii) of Lemma 5.1, we directly obtain 7 (r)W, € W, for all ¢+ > 0. Let

My = {¢p € oW, : T(l)(b € dWy, VvVt >0},

and (@) = N;=0Us>; T(s)¢, the omega limit set of{ 7'(#)¢ : t > 0}, for ¢ € X*.

As for ¢ € My, we know that us(x,t;¢) = 0, V¢t > 0. From the us-equation of (1.9), one knows that
g(x,uy,v1) + h(x,uy, v2) = 0. On account of Lemma 5.1, and thus, u(x, t; ¢) > 0, for (x,7) € 2 x (0, o0).
Further, we know that v(-, t; ¢) = v2(-, t; ¢) = 0. Further from u;-equation of (1.9) and (ii) of Lemma 2.2, one
can get ui(-, t; ) —> uf(~), uniformly for x € {2 as t — oo. This yields Ugep, w(¢p) = {DFSS}. We then see that
{DFSS} is an isolated and compact invariant set for 1" restricted in M.

In the sequel, we are ready to show that there exists a o9 > O such that

limsup || Y (t)¢p — DFSS||x > 09, V ¢ € Wy.

—00

We proceed indirectly and suppose that for any oy > 0, there exists ¢ € Wy such that
limsup | T (t)¢p — DFSS|x < 0p-

=00
It follows that there exists 7 > 0 such that for V 7 > 7, x € {2, we have

uf(x) — oo < ui(x,t; @), ur(x,t; ) < op, vi(x,t;¢) <oy and vo(x, t; $) < 0p.
With the help of assumptions (B2) and (B3), we know that the following inequalities hold for all x € 2:

FCour u2) = furGouf (V=00 60)ua, g, ut, v1) = guy (-, uf ()=00, 60)vr and h(-, u1, v2) = hu, (-, uf (-)=00, 50)v2.
An application of the comparison principle [19] gives

(U2, v1), V2)(x, 1) = iz, By, D2)(x, 1) on 2 x [, 00),

where (12, U1, 17) satisfies

diiy .
at uz
38% =%Bey | 1 |, x€R, t>1,
oy 5 (5.4)
at

ou ~

ouz =0, x €N, t >t

a9

where
D1A+fuz(sulp()_go»ao)_(d()+y()+m) gvl('sulp(')_a(% 00) hvz('v M{)(')_607 0-0)
By = £() —61() 0

0 81(-) —82(")
Hence (13, v1, vp) is actually an upper solution of (5.4). By 9 > 1 and (iii) of Theorem 1.2, one knows that
5(#) > 0. Therefore, there is a sufficiently small oy > 0 such that s(%,,) > 0, where s(%,,) is the principal
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eigenvalue of

1) )
A 1//3 = '%‘70 1//3 s X € D,
Y4 Y4
5 (5.5)
all; =0, x €942,
Y2 € C2(2,R)NCY(Q2,R), (3, Y) € C(2,R?).
Let ¥, = (50 (x), ¥30(x), ¥, (x)) be the strongly positive eigenfunction concerning s(%s,). From (ii) of

Lemma 5.1, there is a positive constant { > 0 such that
(U2, 01, V) 13 §) = Loy, Y X €2, 121

Due to the linear system (5.4) with initial data (ii2, V1, U2)(x, 7) = V¥, and the choice of oy, (5.4) admits a unique
solution

(2. B1, 92)(, 13 ) = L™ P =Dyr | for all 1 > 7.
The comparison principle enables us to obtain
(w2, v1, V) 15 ) = L PN Dy forall 1 =1,

which results in u, v; and v, are unbounded since s(%,,) > 0, a contradiction. This proves limsup,_, ., | T(t)¢ — DFSS|lx >
09, YV ¢ € Wy, and so {DF SS} is a uniform weak repeller.

To apply [36, Theorem 3], a routine method is to define a generalized distance function p : X; — R, for 1°(¢)
by

p(¢) = mingy(x), ¢ € X*.
xef?
One can easily see that p(1'()¢) > 0, Vt > 0 either if p(¢p) > 0, ¢ € X or if p(¢p) =0, ¢ € Wy. Let
WS(DFSS) := {¢ e X" : lim | T(1)p — DFSS||x = 0}
—00
be the stable set of DFSS. We then see from the above discussions that

e WY(DFSS)N p~1(0, 00) = 0.
o Usem,w(¢) = {DFSS}.
e No subset of {DF SS} forms a cycle in W)

Hence, by [36, Theorem 3], there exists a positive constant ¢ > 0 such that
min p(¢) > ¢,
¢ell
where IL is an any compact chain transitive set in Xt \ {DFSS}. This yields
liminfu,(x, t; ¢) > o,
=00

for any ¢ € Wy. Hence, by Lemma 5.2, the uniform persistence results with respect to (W, dWj) stated in
Theorem 1.4 hold. Further by [18, Theorem 4.7], [41, Theorem 2.3] and Lemma 5.1, system (1.9) admits at least
a PSS in Wy. This proves Theorem 1.4.

6. A critical case: Proof of Theorem 1.5

Proof of Theorem 1.5. In the critical case iy = 1, the global stability of DFSS will be achieved by the procedure
that local stability and global attractivity. We refer the readers to [7] and [48, Lemma 3.11].
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Proof of the local stability of Eo. Let ¢ = (¥, ud, v}, v)) with |¢p — DFSS|x < ¢, where ¢ > 0 is sufficiently
small. Define

ui(x,t)

P
1

Noticing DsAuf (x) + N(x, uf (x)) = 0 and by the u;-equation of (1.9), we have

wi(x,t) = — 1 and b(¢) = maég{wl(x, 1), 0}.
Xe

M b Aw, _ZDSWf)();)'le — fuw, — f(x,ul,uz)Jrg(x,Pul, o) + hCx ur, va)
ot uy (x) u; (x)
X,u1)— XMP)C .XMPX ~ . . ~
where g = — XN @) | Mo @) by (B1). Let i = min, ., {u”(x)}. Since w;(x,0) < ¢/il, we

P P
uy—uy (x) uy (x)
observe from positivity of f, g and h, that w(x,?) < g/ﬁf for (x,1) € 2 x (0, 00). Let ﬁ be the minimum of
—%}”‘) forx e 2 and 0 < u; < Mp(l + g/ﬁf). Denote by f‘l(t) the positive semigroup induced by

Vuf)(x)~V _

DgA +2Dg .
uf (x) =

Then there exists r > 0 that ||7~‘] Ollop < Poe " for all t > 0, where & > 0. Solving above equation gives

wi (-, 1) < Ty(Ow? — / Ti(t — $)H(-, s)ds,
0

where
f('v M](', S), uZ('v S)) + g(v ul('v S)v Ul('v S)) + h(’ l/l](', S), U2(', S))
ut () .

w) =ul/uf()—1and H(-, s) =
From the definition of b(¢) and the positivity of Tl (1), we then have

b(r) < max{fl(t)w? —/ Ti(t —s)H(x,s)ds,O}
0

xef
T 0 T 0
<max{T1(Hwy, 0} < [T1(Hw;] |l
xef
0 —rt
_ u Pe
< «@06’ rt Pl _ H < —
u] (x) o0 ul

Noticing that, by assumption (B2), (u», v;, v,) satisfies

d
% = DIAMZ + fuz(" M{J(), 0)”2 + gvl('v M{)(), O)UI + hvz('» Mlp()7 O)U2 - (d() + 7/() + m)MZ

F(Fuy G u1(-), 0) = fun Couf (), Oz + (g0, -, 1 (), 0) — go, G uf (-), 0wy

+(hv2('7 l/l]('), 0) - hvz('v M{)(), 0))U2, (-xs t) €2 x (0, OO),
d
% = £(Jus — 81y, (x.1) € 2 x (0, 0),
31)2
= =80v = 60w, (x,1) € 2 x (0, 00).

We then have
(fuz('v I/l](', S)9 O) - fuz('v I/lf(), 0))”2(3 S)

us (-, ) uj . + (8o, G u1 (-, 9), 0) — gy, (. 1t (), )i (-, )
uGen | < To| W +/ T —s) + (hoy G ur (-, 5), 0) = Ty (-, ut (), 0)a(-, 5) ds.
va(-, 1) V) 0 0

0
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Since fy,(x, ur,0), gy, (x,u1,0) and h,,(x, uy, 0) are Lipschitz continuous on uy, then there exist some L; > 0,
L, > 0 and L3 > 0 such that

us(-, 1) ul
uG, ) | =T W
va(-, 1) vg
Lyllui(,8) — uf (WlloottaC, 8) + Lallui (-, 8) — uf ()lloovi (-, 8)
+/f T — ) + Lsllur (-, 8) — uf (lloova(-, 5) ds.
0 0
0

By Ry = 1, (iii) of Theorem 1.2 and w(7(t)) = max{s(2), wes( T(t))} one can get w( (1)) = 0, which leads to
I T(t)||0p < & for t > 0 for some constant & > 0. Noticing b(s) < g , we have

max{[[uz(, Dlloc, [V1C, Dlloos 1020 Dlloc} <22 max{]|u o, 110} oo ”Uz”oo}
t
+ L@LMo/ b(s)(luz (-, $)lloo + V1€ oo + 02, $)lloc)ds
0
t
<Zs+ e%gf e " (Jluz(, $)lloo + V15 9o + 020, $)]loo)ds,
0
where L := max{Lj, L,, L3} and 2, = 22 P,LMy/ii’. This yields that
t
lua (-, Dlloo + 1¢, Dlloo + 020, Dlleo < 3P5 + 33”15/ e " (Jlual, oo + v1C, oo + 020, $)lleo)ds.
0
Then, by Gronwall’s inequality, we obtain
y —=rs 3‘@
2, Dllow + 101Gy Dllow + 1020, Dlloo < 3Pgeld 3715778 < 390074 (6.1)
Let K := max(K;, K3). By the u;-equation of (1.9), assumptions (B3) and (B4) and (6.1), we have

3141 325
— — DsAu; > N(x,uy) — 3K Pce 7 uy,

ot
for (x, t) € 2 x (0, 00). Denote by #; the solution of
a’\ 3
% — D Adiy + N(x, iiy) — 38 Pee” 7 iy, (x.1) € 2 x (0, 0),
9
~l=o, (x,1) € 2 x (0, 00), 62
ﬁl(x,O)—u,(x) x € .

Then, u;(x, 1) > i (x, t) for (x,1) € £2 x (0, 00). Let &if (x) be the PSS of (6.2) and W(-, 1) = @ (-, 1) — @7 (-). Then
w satisfies

ow A N ~ 3215\ .
= = DsAi - (,3 Y3RPce T ) W, (x,1) € 2 x (0, 00),
93
% =0, (x,1) € 2 x (0, 00), (6.3)
(-, 0) =u? —af, x €,
5 N.ip)-N@.af @) LN
where 8 = ————F-—1"= > 0 by (BI). Since w(x, 0) < ¢, we observe from positiveness of /3+3K,@§e T,

P
uyp—uy (x)
that w(x, 1) < ¢ for (x,7) € £2 x (0, 00). Let ﬁ be the minimum of —%ﬂl"l) forx € 2 and 0 < ii; < My(1 + <).

Denote by f"l (t) the positive semigroup induced by DgA — é Then ||f"1 Ollop < @2e_é’ for all + > 0, where
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P, > 0. For (6.3), we have

ﬁ)(-,t)ffl(t)(u,—ul)—f Tyt — $)3K Poe” 7 i(-, 5)ds.
0

Therefore, we have

I Dlloe < Pallu) — i llooe ™ + / Pye b= S>3K@§€ DL 5) loods.

LetK =3K PP, 5e 7. Then, by Gronwall’s inequality, we obtain
lir, 0 = af Olloe = B Dllso < Pallu — i? oo~

Choosing ¢ > 0 sufficiently small such that K < é /2, it then gives

I
ld1G 1) — i Olloe < Pollul — 7 loce™ 2" (6.4)
Now by (6.4), we have
G, ) —uf ()= a0 —up () =G, ) —af ) +at () —uf )

/3
—Pollu = if Noce™ 2" + df — uf 6.5)

> —25(|u — uflloo + luf —iaflloc) — ] — uf lloo
> P — (P + 1)”“1 _ul lloo-

v

On the other hand, due to b(z) < g%, one knows that
uy

ui(-,t YoM
i 0) —ul () = u{’<->< 1) 1) < Moh(t) < =200 (6.6)
uy () Uy
Combining (6.5) and (6.6), we immediately get
PoM
iy, 1) = uf Ol < max{%g +(Po+ Dl =l oo, = ﬁ‘; i } (6.7)
1

Finally, combining (6.1), (6.7) and lim._,o ﬁf = uf, we can choose a sufficiently small ¢ and a given ¢, > 0
such that for all ¢+ > 0,
o 1) = uf Olloos N12C, Dlloos N01¢ Dlloo and (02, Do < &,

proving the local stability of DFSS.
The global attractivity of DFESS can be achieved by [48, Lemma 3.11] after some slight modifications, we omit
the proof here.

7. A homogeneous case: Proof of Theorem 1.6

Proof of Theorem 1.6. The equilibrium equations for (1.21) are given by
N(uy) = f(ur, uz) + g(uy, vi) + h(uy, v2),
Sfur, uz) + gur, vi) + h(uy, v2) = (d + y + mua,
§ur = d1vy,
S1v; = 805,

(7.1)

According to the first two equations of (7.1), we know that
Nui) = f(uy, uz) + gluy, v) + h(uy, v2) = (d + y + mus. (7.2)

For convenience, we define uy = x(u1) = N(u)/(d + y +m) with x(u{) = 0, x(0) = uf, where uf is the unique
positive root of the equation N(0) = (d 4+ y + m)u,. Solving u,, v, and v, with respect to u; allows us to define

Our) = fur, x(u) +g (ul, sxs(lul)> th <”1’ 5X6(2”1)

) —(d+y+mxu).
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Clearly, ©(0) = —(d + y + m)x(0) < 0 and 6(u{) = 0. Note that

O'u)) = fu, W, 0) + fu,(uf, 0)x (u)) + gu, Wi, 0) + g, (ug, O)(f—lx’(uf)

§
+hu1(u1ao)+hvz(u110) X(”])_(d+)/+m)x (ul)
= (d +y +m)x (D[R] — l)
= N'(u)([Ro] = 1).
Since assumption (B1) ensures that N'(u§) < 0, then ©’'(u{) < 0 when [Ro] > 1. Hence there exists u} € (0, u{)
such that O(u}) = 0. The value of u3 is then given by x(u}). The third and fourth equations of (7.1) ensure that
vj and v can be uniquely determined. Therefore, E* exists if [Ng] > 1.
We next show that [91p] > 1 is also a necessary condition for the existence of E*. With the help of assumption
(B2), we know that

oW ,0 W(x,uy, oW (x,uy,0
W ur, 0 _ o Z&un V) vy < &0 o ue o,
v v—0+ v v

for # = f, g and h, respectively. Hence, for 0 < u; < u{ and u, > 0, we have

f(ul, I/l2) E I:azg(ulzlvl) + 8 h(uy, UZ)]
_I_

v2

[No] > /(d~+y +m)

Uz 3182
S, up) + gQuy, vi) + h(ug, v2)
(d +y+ m)us
which enables us to obtain that (d + y + m)uy > f(uy, uz) + g(uy, vi) + h(uy, va) if [Ry] < 1. This brings the
contradiction with (7.2). So E* exists if and only if [9y] > 1.

We next pay attention to prove the uniqueness of E*. We proceed indirectly and suppose that there exists
E* = (ui*, u3*, vi*, v3*) satisfying (7.2). Without of loss of generality, let u}* < u]. Under the assumption (B1),
one can get N(u}*) > N(u7). This together with the fact that N(u}) = (d +y +m)u3 and N(u7*) = (d+y +m)u3*
yields u3* > u3. An application of assumption (B2), together with the third and fourth equations of (7.1), yields

’

% kk « Suz « Suz*
Fi, us®) + gy, vi*) + h(uf, v3*) Sy, uy*) + guy, 3—12) + h(uy, 322 )

uz* us*
* % x EU5 x Eu5
f(up uz) + g(”p 5_12) + h(“p 5_22)
= M;
*’ * + *’ V¥ + h *’ ¥
_ f(ul ”2) g(’/:* 1) (“1 2). (1.3)
2
By virtue of u7* < uj, we have
f(ul ’uz*)_l_g(ul ,UT*)‘l‘h(H] ,U;*) f(ul 9“3*)4‘8(1/1** 5 )+h( ** 5u2 )
us”* us”*
Pl ) + g, S55) + hiuf, 52
=< o . (7.4)
2

Combined with (7.3) and (7.4), we obtain that

f(u| ,uﬁ*)—i—g(u, ,UT*)—I—h(MI :Uz f(u1’u2)+g(u|v *)+h(u1, Uz)
us”* u3

which leads to a contradiction with (7.2), and thus E* is a unique positive equilibrium.
Finally, we shall study the global attractivity of E* by Lyapunov function. Theorem 1.4 has established that
T(t) : Wy — Wy has a global attractor. Denote U(6) =6 — 1 —In6. It is really seen that U(#) > 0 for 6 > 0, and
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U() =0 if and only if & = 1. Inspired by [33], we let

V() 52/ V(uy, us, vy, v2)(x, t)dx,
2

where

2

S (ug, u3) U2 vj

V= V(uy, up, vy, v2) = uy; — l—fdé’—l—u;U(—*)—i— c-v*U(—* ,
ui [, uz) U, ; 7 v;

where (11, us, v, v2)(x, t) is the solution of (1.21) with ¢ € X*, and

gy, vy) + h(uy, v3) h(uy, v3)
c) = " , 0= —(— -
Eus d1v]

(7.5)

It is noted here that Theorem 1.4 ensures that both V(¢) and V(uy, u», vy, vo) are well-defined.
For convenience, we assume

G =G (uz, v1) = Eus — 81vy,

G =% (v1, v2) = 811 — S0z

G = G3(ur, uz, v1, v2) = N(uy) — fur, uz) — glur, vi) — h(uy, v2),

Gy = Ga(uy, uz, v1,v2) = fur, uz) + gluy, vi) + h(uy, v2) — (d +y +muy,

Then

w — _ f(uT» M;) B M_;
dr _'/_;2|:(1 fui, u§)>(DSAMl) + <1 uz)(D[AM2):|dx

o [[(1- R Yy (1~ z( SATII
Q fuy, uy) ’ u )= v )T

j=1

By (B2), we immediately have

/ |:<1 — M)(Dsﬂul) + (1 — ﬁ)(D[Auz):|dx
Q fur, u3) U

= - /Q [Dswulf(ul,uz))M

u*
Vui|?> + D;—2|Vu,|* |dx < 0. 7.6
f(ul,u;)z' ur” + Iu%| us| < (7.6)

Next we shall show that

Sy, u3) ui 2 vt
m (1 L (Y31 ) <o
Sy, u3) up 12:1: ! v; )
Notice that the constant steady state E* = (u}, u3, v{, v3) of (1.21) satisfies

N@u}) = fQui, uy)+ g, v + h(uj,vy) = d +y +muj,
Eus
vy 2

8 =
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Direct calculation gives

(1= J o (1= e 2 (1= L)
=(1- — =219 + 1— L)@
J < f(ulv 2) N Xz: !
o (ulauz)) N N
—< ) (N(uy) (u)))
f@i,uy)  flur,u)  up u’z‘f(ul,uz))

S u2)< S uz)  flu,ud)  us o usf(uy, uy)
* ok f(uTv M;) us f(MT’ ”z)g(ul’ U]) uzg(uh Ul))
+ @i |2 —= -+ -
R O s R s o e

(7.7)

+hmw®@_ﬂﬂm?_%+fmm?m;@_u%%m?>
Sfuy,uy)  us [, u)h(uy, vy)  uzh(uy, vy)
v V] vy v
+c1$u2<1+———]— u2)+6281v1<1+v—l—2—i——i>.
us vi vl (A 1V YV 14

By Assumption (B1) (resp. (B2)), N(u;) (resp. f(ui,uz)) is decreasing (resp. increasing) with respect to u.
Therefore,

(1 — M)(N(ul) — N@u})) <0 for all u; € (0, Mp].
Sfur, u3)
Note that
) w fanw)  wsfn,w)
Slur,uy) uy o f(ur,us)  usf(uy, uy)
=_U<ﬂﬂwp>_U(%ﬂmmﬂ>_U<mﬂmmD>+@
fur, u3) us f(uy, uy) us f(ur, uz)

where

5— (f(ul,uz) 1> (M_ﬁ_ f(ul,u§)>.
Sfur, u3) uy  fur, uz)
In view of Assumptions (B1) and (B2), f(u, uy) is strictly increasing and concave down with respect to u,. Hence

O <0 in W,.
Meanwhile, we see that, by assumption (B5),

(7.8)

o JWh W) wa S udgun v) | uiglu i)
fluuz) uy o flun,uz)gy,vf)  uaguy, vy)
_ [2_ fiuwy) wn uzgGu,v) o v fun up)s(uy, vp) ﬂ:|
fluu3) ui uag(uy, vy) vi f(uf, u3)guy, vi)
<v1 Sy, u3)gu, Ul)) (f(ul, uzy)guy, vi) 1)
vl flun,u3)g@y, vp) )\ f(uf, us)guy, vi)
f@iug) us usguy,v) v fur, u3)g(ui, v)

V1
<3—-—bt =2 _ = _ - + — 7.9
flur,uy) uy urg(ui,vy) i ful, uy)glu, vy)  vf (7.9

(ﬂ B 2) + (1 3 f(u’f,u”z‘)) . <1 _usg(uy, v1)> . (1 3 vlf(ul,u’z‘)g(uT,vT)>

vl uj fur, u3) urg(uy, vy) vi f(uy, uz)g(uy, vy)

- (g B Q) T fut, u3) _ln<u§g(u1, v1)> _ln<v1f(u1,u§)g(u’f, vT))
v>1k M; f(ulv I/l;) uzg(”T» 'UT) 'UTf(MT, M;)g(bl], vl)

V1 1 U1> <u2 1 uz)
* * * * f7
V) V) U U
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and
LSy wy @ uphun v u3h(u,v)
Sy, uz) uwy o fQur, uz)h(uy, vi)  ush(uy, v3)

~ [ Sl wr ush(uv) vaf (1, uph(u}, v3) vz]

flun,uy)  wh ush(ut, vi) v f @, udh(ur, v) v}
N (v_z f uh, v2>) (f(ul, wHh(wi, v3) 1)
vy fug, up)h(ui, vy) ) \ f@y, uz)h(u, va)

_ Sfiuy) uy ushup,va)  vpf(uy, uph(ui,vi) vy (7.10)
S, uy) uwy wh(uy,vy) vl fuy, ud)h(ui,v) v '

_ (U—i B u_i) n (1 B fuy, u%)) n (1 3 uﬁh(ui, vi)) L (1 B vif(ui, uz)h(u’f, vé‘))
v u; Suy, ul) urh(uy, vy) vy fuy, uy)h(uy, va)
(vz uz) ' fut, u3) 3 ln<u§h(u1, v2)> _m(vgf(ul, ub)h(usy, vi‘))

fur, u3) uzh(uy, v3) v f (i, u3)h(uy, v2)

where the inequality 1 — 6 < —1n#6, 6 > 0 is utilized.
One can further check that

*
us U1 VilUn uy us U1 V1
1+*_*_1*§ *_ln* - *—111*,
U, vy ViU, U, U, vy vy

*
U1 UV, V1 1%) U1 U1 %) 1%)
1+*_2*_*§ *_ln* - *_ln*'
L2 Vv, Uy L2 vy v, v,

Applying (7.8), (7.9), (7.10) and (7.11) to (7.7), we have

U1 U1 uj uj 1%) 1%) uj uy
J<gui, vH|——-MWm—)—-(=-Ih—=)|+h@],)|[=-Ih—=)——=—-In—
= st ”[( ) ( )] i 2’[( > ( )]
uy %) U1 U1 V1 V1 (%) Uy
+atuwif|l=—-mh—=)—-(—-In— | |+é]|[——Ih— |- =—-In—= )|
¢ 2[(@ ) <v;* v;*)} “‘[(vr vT) (v; v;)}

With ¢; and ¢, defined in (7.5), one can get J < 0. Furthermore, if J = 0, there exists a constant ko such that

(7.11)

uy =uj, up =kous, v; =kovj and v, = kov;.
This combined with the first two equations of (1.21) results in N(u}) — (d + y + m)kou; = 0, and hence, ko = 1.

Hence, together with the arguments as those in [35, Theorem 2.53] and [35, Section 9.9], we finish the proof of
Theorem 1.6.

8. Numerical simulation

In this section, we will perform some numerical simulations for system (1.9) to investigate the dynamics of the
solutions as some of the parameters are varied. For simplicity, we consider the spatially one-dimensional domain
2 = (0, 1) C R. We set the nonlinear functions as follows:

ay(x)uiv as(x)uivy

N(x,u) = AX)—puy,  fx,ur, u2) = BXuiuz, gx,uy, vy) = . h(x up,v) =
14 vy 1+ v,

The parameters A(x), B(x), a;(x) and a,(x) are positive and continuous functions on 2, and p is a positive
constant. We can easily check that these forms of functions satisfy assumptions (B1)-(B3). In particular, w in (B1)
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is given by

1 ' 1
w(x,t) = e“”/ ', x, y)wo(y)dy +/ e_’“”/ I'(s,x, y)A(y)dyds,
0 0 0

where I' is the fundamental solution to problem u; = Dgsu,,, 0 < x < 1; u, = 0, x = 0, 1, which eigenfunction

expansion [13, Section 16] is given by

I't,x,y)=1+2 Zcos(nnx)cos(nny)e_DS”Z”z’.

n=1

Hence, u{ is given by

o0 1
u{’(x):/ e_‘”/ (s, x, Y)A()dyds, x €[0,1].
0 0

Throughout this section, we fix the following parameter values,

COSTTX

Ax) = 1
) =1+ =50

xel0,1], =1, y=10, d=001, m=1,

and initial conditions:
w(x) =0.999, ud(x)=0.001, v)(x)=vI(x)=0, xel0,1].
By (8.1), uf can be calculated as

COSTTX

S LA — 0,11,
100+ Do)’ SO

1
uy (x) = —+
m

8.1. Computation of the basic reproduction number

8.1)

£ =0.01, 4, =46 =10,
(8.2)

(8.3)

To compute the BRN 9y, we divide 2 =[0,1] into A4 € N, .# > 1 subintervals with step size 0 < Ax =
1// « 1 and discretize the eigenvalue problem (1.16). More precisely, we discretize —D; A + (d + y + m) with

the homogeneous Neumann boundary condition as the following .4~ x 4" matrix:
—x0 X0 0 . 0
Xo  —2xo  Xo E 0

0 -2 :
— X0 X0 + diag(d +y +m) =: D_y,

0 =2x0  Xo
0 Xo  —Xo

where xo = D;/Ax?. We then numerically solve the following eigenvalue problem:

1 _
—y =D Hy,

Ay
where
e H(Ax) 0
V2 0 H(2Ax)
Ay € C\{0}, v = ) and Hjy =
(V% 0 0

(8.4)

0

H(AN Ax)

By Theorem 1.2 (ii), the principal eigenvalue 1/A_4 to the eigenvalue problem (8.4) can approximate the BRN 9.

For an example of a MATLAB code, see Appendix A.l.
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8.2. Computation of the numerical solution

To compute the numerical solution of system (1.9) for x € 2 =1[0,11and s € [0, t,], 7, > 0, we divide [0, 1] into
4/ subintervals as in Section 8.1 and [0, #.] into .# € N, .# >>> 1 subintervals with step size 0 < At =1,/ # <K 1.
For0<n<.# and 0 <m < .Z, let x" := nAx, 1™ :== mAt, u]"™ = u;(x", t™), 0" := v;(x", ™), i = 1,2 and

AT =y A NG up™ = f@ ) uy™) = g ™, o) = A a0

A=y ™ A fG Ul uy™) 4 g u ™ vl ™) + A, Wl ve™) — (d 4y + muy™ ],

g =" 4 Ar [Euy™ = 810

& =0y 4 A8 — S5
By initial conditions (8.3), we know uT’O, ug’o, v'f’o and vg’o for all 0 < n < .#". Inductively, if we know u}"™, uy™,
vi"™ and vy™ for all 0 < n < ./, then we can compute f,"", f,"", g™ and g5™ for all 0 < n < ./, and obtain
u?’mH, ug’mH, v'f’m’Ll and vg’mH for all 0 < n < ./ in the following way:

uil,m-&-l fll,m
2,m+1 2,m
u;’ - 1
-1 ,m+1 , .
=o | | gt =12,
ui,/V,m+1 fiJV,m
where
+x  —x 0 - 0
-xi  1+2x  —x 0
~ 0 —Xi 142y At At
D, = , 1i=1,2, = Dg——, = —_—
i i X1 S X Ly
0 - 1420 —x
o % 1+

We can then approximate the solution (u1, us, vy, v2) of system (1.9) by (u"™, u3™, "™, v5™), 0 < n < A,
0 <m < .. For an example of a MATLAB code, see Appendix A.2.

8.3. Threshold dynamics

We first set, for all x € f),

Ds =1, D; =0.01, B(x)=8.7(1 +0.5c0s5mx), a;(x) = 2(140.5c0s57x), as(x) = 4(1 +0.5cos 57x).
(8.5)

In this case, we obtain %y &~ 0.9923 < 1 and Fig. 1 shows that the solution converges to the DFSS as time evolves.
This result is consistent v_vith the assertion of Theorem 1.3.
We next set, for all x € 2,

Ds=1, D; =0.01, B(x) = 8.8(1 +0.5c0s57x), a1(x) = 2(1 +0.5cos 57x), ar(x) = 4(1 +0.5cos 57x).
(8.6)

In this case, we obtain iy &~ 1.0037 > 1 and Fig. 2 shows that the system is uniformly persistent and a PSS exists.
This result is consistent with the assertion of Theorem 1.4.
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x107°

(a) Time variation of u;. (b) Time variation of u5.

x1078 x1078

(c) Time variation of vy. (d) Time variation of v,.

Fig. 1. Time variation of system (1.9) with parameters (8.2), (8.3) and (8.5). The BRN is 9y ~ 0.9923 < 1.

8.4. Sensitivity of the basic reproduction number to the spatial heterogeneity and the diffusion rate

We now investigate the sensitivity of the BRN M. Fix parameters (8.2) and (Dg, D;) = (1,0.01). Let 0 < v < 1
represent the spatial heterogeneity of the contact rates and set

B(x) =871+ vcos5mx), aj(x)=2(14+vcosSrx), ay(x)=4(1+vcosS5nrx), xE€ Q.

We then compute Ry as in Section 8.1 for each v € (0, 1). Fig. 3(a) shows that iy monotonically increases as v
increases. This implies that the spatial heterogeneity could enhance the intensity of epidemic.
On the other hand, we fix parameters (8.2), Dg = 1 and

Bx)=8.7(14+0.5cos5mx), o;(x)=2(14+0.5cos5mx), o(x)=4(1+0.5cos5nx), xE¢€ 0,

and investigate the sensitivity of Ny to the diffusion rate D; € (0, 0.1) of infected humans. Fig. 3(b) shows that
9o monotonically decreases as D; increases. This implies that the diffusion effect could reduce the intensity of
epidemic.

9. Conclusion and discussion

In this paper, we have performed the mathematical analysis of the host—pathogen model (1.9) with diffusion,
hyperinfectivity and nonlinear incidence functions. We have defined the BRN 9 by the spectral radius of the NGO
%, and investigated the relation between Ny and the principal eigenvalues linearized at the DFSS (uf ,0,0,0).

797



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 203 (2023) 767-802

0.998
= 0996

0.994

0.992
0

(a) Time variation of u;. (b) Time variation of u;.

(c) Time variation of vy. (d) Time variation of v,.

Fig. 2. Time variation of system (1.9) with parameters (8.2), (8.3) and (8.6). The BRN is 9y ~ 1.0037 > 1.
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v D]
@0<v<l. (b) 0< Dy <0.1.

Fig. 3. Sensitivity of the BRN 3y to (a) the spatial heterogeneity v and (b) the diffusion rate D; of infected humans.
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Under several assumptions, we have proved the threshold property of Ry, that is, if iy < 1, then the DFSS is GAS,
whereas if iy > 1, then the system (1.9) is uniformly persistent and there exists a PSS. Furthermore, for the special
case where all parameters are strictly positive constants, we have shown that the PSS is GAS if iy = [9ip] > 1. Our
analysis has included the difficulties especially in the proof of the ultimate boundedness of the solution (Lemma 2.2)
and the proof of GAS of the DFSS for the critical case 9ip = 1 (Theorem 1.5). We have solved them by using
the methods of functional analysis and operator semigroups. In Section 8, we have confirmed the validity of our
results from the numerical point of view, and obtained two epidemiological suggestions: (i) the spatial heterogeneity
could enhance the intensity of epidemic; (ii) the diffusion effect could reduce the intensity of epidemic. As these
suggestions were obtained just under a special parameter set, more general analysis on this perspective would be
an important future work. The proof of the GAS of the PSS for iy > 1 with non-constant parameters would also
be an important future work from the analytical viewpoint.
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Appendix. MATLAB codes for numerical simulations

A.l. Computation of the basic reproduction number

mu=1;
gam=10;
d=0.01;
m=1;
xi=0.01;
dell=10;
del2=10;

DS=1;
1o DI=0.01;

12 dx=0.001; xe=1;nx=xe/dx;
13 for x=1:1:nx

14 xx=x*dx;

15 ulP (x)=1/mu+cos (pi*xx)/ (100% (mu+DS*pi~2));

16 bet (x)=8.8%(1+0.5%cos (5%xpixxx));

17 alpl (x)=2%(1+0.5%cos (5xpi*xxx));

18 alp2 (x)=4%(1+0.5%cos (5%xpixxx));

19 H(x)=bet (x) *ulP (x) +xi* (del2*alpl (x) *ulP (x) +dell*alp2 (x) *ulP (x))/ (dellxdel2);
20 end

2 chi0=DI/(dx"2);

2% D=-diag(2%chiO#*ones (nx,1))+diag(chiO%ones (nx-1,1),1)...
25 +diag(chiO%ones (nx-1,1),-1);

2% D(1,1)=-chiO;

27 D(nx,nx)=-chi0;

23 D=-D+diag ((d+gam+m) *ones (nx,1));
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30
31
32
33
34
35
36
37
38
39
40

K=inv (D) xdiag (H) ;
[V1,V2]=eig (K);
for i=1:1:nx

if sign(V1l(:,1i)) == ones(nx,1)
i0=1i;

elseif sign(Vvl(:,1i)) == (-1)=*ones(nx,1)
i0=1i;

end

end

RO=V2 (i0,10)

A.2. Computation of the numerical solution

mu=1;
gam=10;
d=0.01;
m=1;
x1=0.01;
dell=10;
del2=10;

DS=1;
DI=0.01;

dx=0.01; xe=1; nx=xe/dx;

for x=1:1:nx
xx=x*dx;
Lam(x)=1+cos (pi*xx) /100;
bet (x)=8.8%(1+0.5%cos (5%xpi*xx));
alpl (x)=2%(1+0.5%cos (5%xpi*xxx));
alp2 (x)=4%(1+0.5%cos (5*pixxx));

ul(x,1)=0.999;
u2(x,1)=0.001;
vl (x,1)=0;
v2(x,1)=0;

end

dt=0.01;te=500;nt=te/dt;

chil=DSx*dt/ (dx"2);
chi2=DIxdt/ (dx"2);

Dl=diag((1+2%chil)*ones (nx,1))+diag((-chil)*ones (nx-1,1),1)+diag((-chil)*ones (nx-1,1),-1);
D1(1,1)=1+chil;

D1 (nx,nx)=1+chil;

ID1=inv (D1);

D2=diag((1+2%chi2) *ones (nx,1))+diag((-chi2)*ones(nx-1,1),1)+diag((-chi2)*ones (nx-1,1),-1);
D2 (1,1)=1+chi2;

D2 (nx,nx)=1+chi2;

ID2=inv (D2) ;

for t=1:1:nt
for x=1:1:nx
lam=bet (x)*ul (x,t)*u2 (x,t)+alpl (x)*ul (x,t)*vl(x,t)/ (1+vl(x,t)) ...
+alp2 (x)*ul (x,t)*v2(x,t)/ (1+v2(x,t));
ful (x)=ul (x,t)+dt* (Lam (x) -mu*xul (x,t)—-lam);
fu2 (x)=u2(x,t)+dt* (lam- (d+gam+m) *u2 (x,t)) ;
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47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

62
63
64
65
66
67
68
69
70
71

fvl (x)=vl(x,t)+dt*x (xi*u2 (x,t)-dell*xvl(x,t));
fv2 (x)=v2(x,t)+dt*x (dell*xvl (x,t)-del2xv2 (x,t));
end

yl=IDlxtranspose (ful);
y2=ID2xtranspose (fu2);

for x=1:1:nx
ul (x,t+1)=yl(x);
uz (x,t+l)=y2(x);
vl(x,t+1l)=fvl (x);
v2 (x,t+1)=£fv2(x);
end
end

surf (u2, 'Edgecolor', 'None')

x1im ([0 nt])

ylim ([0 nx])

xlabel ('$t$', 'Interpreter', 'Latex')

ylabel ('$x$', "Interpreter', 'Latex")

zlabel ('$u_.2$"', 'Interpreter', 'Latex")

set (gca, 'XTick',0:nt/5:nt, 'XTicklabel',0:te/5:te)
set (gca, 'YTick',0:nx/5:nx, 'YTicklabel',0:xe/5:xe)
view ([45 30])

set (gca, 'Fontsize',11)
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