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1 Introduction

In estimating the mean of a multivariate normal distribution, the sample mean is the max-
imum likelihood estimator (MLE) and the best asymptotically normal (BAN) estimator.
However, in small samples, Stein (1956) and James and Stein (1961) showed that the Stein-
rule (SR) estimator has smaller mean squared error (MSE) when the dimension of the normal
distribution is larger than or equal to three. Also, as is shown in Baranchik (1970), though
the SR estimator has smaller MSE than the MLE, the positive-part Stein-rule (PSR) estima-
tor has smaller MSE than the SR estimator. After these seminal contributions an extensive
literature on the variants of the SR estimator and their performances has been developed.
Those estimators are called the shrinkage estimators because they are usually obtained by
shrinking the MLE to the origin. Recently, shrinkage estimators are applied to several gen-
eral models [see e.g., Hansen (2016a, 2017)]. Also, it is well known some recent techniques
including LASSO, SCAD and model averaging can be considered as kinds of shrinkage
estimation [see, e.g., Fan and Li (2001), Hansen (2016b), Tibshirani (1996), Ullah et al.
(2016) and Zou (2006)]. In particular, extending the idea of Hausman (1978) pre-test in
Guggenberger (2010), Hansen (2017) proposed an estimator which consists of the ordinary
least squares estimator and the two-stage least squares estimator under the assumption that
the correlation coefficient is local to zero. He showed that the proposed estimator has an
asymptotic structure similar to the Stein-rule estimator and that the obtained estimator has
remarkable performance. Further, as is discussed in Ohtani (1993), the PSR estimator can be
considered as a pre-test estimator. These results show that the ideas of shrinkage and pre-test
estimation can be useful in applied analyses.

However, one of the problems concerning the application of the shrinkage estimators
is the difficulty in assessing the accuracy of the estimators because the distributions of the
shrinkage estimators are complex. For example, Ullah (1982) derived an approximate distri-
bution function of the SR estimator. Also, Phillips (1984) derived the exact density function.
Both of their results show that the distribution of the SR estimator is complex and it depends
on the unknown parameters. Since the MSE of the shrinkage estimators are smaller than the
MSE of the MLE, we can infer that the distributions of the shrinkage estimators concentrate
around the mean more than that of the MLE. This means we may be able to obtain con-
fidence regions which have smaller volume than the conventional MLE-based confidence
region if we can obtain approximate distributions of the shrinkage estimators and utilize
them. However, because of the complexities of their distributions, it is difficult to utilize the
SR estimator or its variants in construction of confidence regions or hypothesis tests.

When the distribution of a statistic is unknown or complex, the bootstrap methods pro-
posed by Efron (1979) may be applied. Some authors applied the bootstrap methods to
the shrinkage estimators and examined their validity. For example, Brownstone (1990),
Yi (1991) and Kazimi and Brownstone (1999) showed the validity of the bootstrap applica-
tion to the SR estimator by simulations. Also, Vinod (1995) applied the double bootstrap to
the ridge regression estimator, and showed the validity by simulations. On the other hand,
Beran (1997) theoretically showed that the bootstrap approximation is inconsistent for the
SR estimator and proposed a consistent parametric bootstrap method based on a pre-test
for unknown parameters. Also, Wei et al. (2016) stated that the conventional bootstrap is
inconsistent for shrinkage estimators, and proposed to apply the m out of n bootstrap to ap-
proximate the distribution of the shrinkage estimators. As will be shown in section 3, the
conventional bootstrap is inconsistent when the mean of the distribution is 0, however, Wei
et al. (2016) showed that the m out of n bootstrap is consistent even when the mean of the
distribution approaches to 0, more precisely, the mean is opn´1{2q where n is the sample size.



Bootstrapping the Stein-Rule Estimators 3

They also proposed a way to obtain an optimal sample size m in the bootstrap resampling.
From these results, though Beran (1997) showed the inconsistency of the conventional boot-
strap for the shrinkage estimators, it seems that some bootstrap methods yield reasonable
results when they are applied appropriately.

Thus, in this paper, we consider the SR estimator and the PSR estimator, and analyze the
validity of the bootstrap methods. The organization of the paper is as follows. In section 2,
we introduce the SR and the PSR estimators. In section 3, we theoretically analyze the
validity of the bootstrap methods for the SR and the PSR estimators. It is shown that the
conventional bootstrap for the SR and the PSR estimators is inconsistent at a point, i.e.,
the mean vector is 0. Also, we propose the centered bootstrap which is consistent at the
point where the conventional bootstrap is inconsistent. Further, we show the consistency of
the m out of n bootstrap. We also proposed a consistent nonparametric bootstrap method
based on a pre-test in a similar way to Beran’s (1997) parametric bootstrap. In section 4, we
execute Monte Carlo simulations to investigate the performances of the methods introduced
in section 3. Finally some concluding remarks are given in section 5.

2 The SR estimators

Assume that the k ˆ 1 vector Xi „ Npµ, Ikq, i “ 1, 2, . . . , n. Then, the ML estimator for the
k ˆ 1 mean vector µ is given by pµ “ X “ 1

n

řn
i“1 Xi. It is well known that the ML estimator

is the BAN estimator and its covariance matrix can be obtained from Fisher’s information
matrix.

However, as shown in Stein (1956) and James and Stein (1961), the SR estimator given
by

pµSR “

˜

1 ´
k ´ 2

nX
1
X

¸

X, (1)

has smaller MSE than the ML estimator when k ě 3. Also, as is shown in Baranchik (1970),
the PSR estimator given by

pµPSR “ max

«

0, 1 ´
k ´ 2

nX
1
X

ff

X, (2)

further dominates the SR estimator in terms of MSE.
Since the SR and the PSR estimators have smaller MSE than the ML estimator, the

distributions of the SR and the PSR estimators concentrate around the mean more than
the distribution of the ML estimator. As for the small sample distribution of the SR esti-
mator, Ullah (1982) derived an approximate distribution function of the SR estimator, and
Phillips (1984) derived the exact density function. Their results show that the distribution
of the SR estimator depends on unknown parameters. Therefore, it is difficult to obtain a
small sample approximations for the distributions of the SR and the PSR estimators without
knowing the values of unknown parameters.

Also, as shown in Appendix A, the asymptotic distribution of the SR estimator is given
as follows:

?
nppµSR ´ µq

d
Ñ

$

’

’

&

’

’

%

ˆ

1 ´
k ´ 2
Z1Z

˙

Z if µ “ 0,

Z if µ , 0,

(3)
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where Z „ Np0, Ikq. Similarly, the asymptotic distribution of the PSR estimator is given by

?
nppµPSR ´ µq

d
Ñ

$

’

’

&

’

’

%

max
„

0, 1 ´
k ´ 2
Z1Z

ȷ

Z if µ “ 0,

Z if µ , 0.

(4)

From the above results, we can see that the distributions of the SR and the PSR estimators
are not continuous at µ “ 0.

3 Bootstrap methods

When the distribution of a statistic is complex or unknown, the bootstrap method proposed
by Efron (1979) is often useful. In this section, we analytically investigate the validity of
the bootstrap methods for the SR and the PSR estimators. Thus, the aim of this section is
to approximate the asymptotic distributions of the SR and the PSR estimators given in (3)
and (4) by bootstrap methods. Hereafter, we denote the bootstrap sample of size m (i.e., the
random sample of size m obtained by sampling with replacement from the original sample
X “ tX1, X2, . . . , Xnu) by X˚

m “ tX˚
1 , X

˚
2 , . . . , X

˚
mu.

3.1 Conventional bootstrap

In the conventional bootstrap, the distribution of a statistic is approximated by the distri-
bution of the statistic obtained by replacing the sample in the original statistic with the
bootstrap sample of size n. Thus, the distribution of the SR estimator is approximated by the
distribution of

pµ˚
SR “

˜

1 ´
k ´ 2

nX
˚1

X
˚

¸

X
˚
, (5)

where X
˚

“ 1
n

řn
i“1 X˚

i is the sample mean of the bootstrap sample of size n. Similarly, the
distribution of the PSR estimator is approximated by the distribution of

pµ˚
PSR “ max

«

0, 1 ´
k ´ 2

nX
˚1

X
˚

ff

X
˚
. (6)

As shown in Appendix B, the asymptotic distributions of pµ˚
SR and pµ˚

PSR are given by

?
nppµ˚

SR ´ Xq
d
«

$

’

’

&

’

’

%

ˆ

1 ´
k ´ 2

pZ˚ ` Zq1pZ˚ ` Zq

˙

Z˚ ´
k ´ 2

pZ˚ ` Zq1pZ˚ ` Zq
Z if µ “ 0,

Z˚ if µ , 0,

(7)

and

?
nppµ˚

PSR ´ Xq
d
«

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

max
„

0, 1 ´
k ´ 2

pZ˚ ` Zq1pZ˚ ` Zq

ȷ

Z˚

` max
„

´1, ´
k ´ 2

pZ˚ ` Zq1pZ˚ ` Zq

ȷ

Z if µ “ 0,

Z˚ if µ , 0,

(8)
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where Z˚ „ Np0, Ikq, Z „ Np0, Ikq, and
d
« denotes that the asymptotic distribution of the

statistic on the left hand side is given by the distribution of the random variable in the
right hand side, given a realization of Z. Note that Z is considered as a realization from

Np0, Ikq since the bootstrap is executed given X. For example, “W
d
« Z˚ ` Z” means that

“the asymptotic distribution of W is the distribution of Z˚ ` Z given a realization of Z”,
i.e., “NpZ, Ikq given Z”. Therefore, the original sample X affects the asymptotic bootstrap
distributions of SR and PSR estimators through a realization of Z when µ “ 0. Thus, as
discussed by Beran (1997), the bootstrap distributions of the SR and PSR estimators are
random probability measures.

Comparing equations (3), (4), (7) and (8), we can see that the conventional bootstrap is
consistent for the SR estimator if µ , 0 and it is not consistent if µ “ 0. Thus, it is expected
that the conventional bootstrap does not work around µ “ 0. Similarly, the convectional
bootstrap for the PSR estimator is consistent if µ , 0 and not consistent if µ “ 0.

3.2 Centered bootstrap

In the previous subsection, we see that the conventional bootstrap for the SR and the PSR
estimators is not consistent if µ “ 0. Thus, in this subsection, we consider to approximate
the distributions of the SR and PSR estimators by those of the centered variants:

rµ˚
SR “

˜

1 ´
k ´ 2

npX
˚

´ Xq1pX
˚

´ Xq

¸

pX
˚

´ Xq ` X, (9)

rµ˚
PSR “ max

«

0, 1 ´
k ´ 2

npX
˚

´ Xq1pX
˚

´ Xq

ff

pX
˚

´ Xq ` X. (10)

We call this method the centered bootstrap. As shown in Appendix B, the asymptotic distri-
butions of the centered bootstrap estimators are given by

?
nprµ˚

SR ´ Xq
d

Ñ

ˆ

1 ´
k ´ 2
Z˚1Z˚

˙

Z˚, (11)

?
nprµ˚

PSR ´ Xq
d

Ñ max
„

0, 1 ´
k ´ 2
Z˚1Z˚

ȷ

Z˚. (12)

Thus, comparing equations (3), (4), (11) and (12), the centered bootstrap for the SR and the
PSR estimators is consistent for µ “ 0 and it is not consistent for µ , 0.

3.3 m out of n bootstrap

So far, we have been considering to use the bootstrap sample of size n. However, in this
section, we consider to utilize the bootstrap sample of size m where m satisfies m Ñ 8

and m{n Ñ 0 as n Ñ 8. Following Bickel et al. (1997), Bickel and Sakov (2008) and
Wei et al.(2016), we call this method the m out of n bootstrap. In the m out of n bootstrap,
the distributions of the SR and the PSR estimators are approximated by those of

pµ
:
SR “

˜

1 ´
k ´ 2

mX
:1

X
:

¸

X
:
, (13)
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and

pµ
:
PSR “ max

«

0, 1 ´
k ´ 2

mX
:1

X
:

ff

X
:
, (14)

where X
:

“ 1
m

řm
i“1 X˚

i is the sample mean of the bootstrap sample of size m. As shown in
Appendix B, the asymptotic distributions of pµ

:
SR and pµ

:
PSR are given by

?
mppµ

:
SR ´ Xq

d
Ñ

$

’

’

&

’

’

%

ˆ

1 ´
k ´ 2
Z˚1Z˚

˙

Z˚ if µ “ 0,

Z˚ if µ , 0,

(15)

and

?
mppµ

:
PSR ´ Xq

d
Ñ

$

’

’

&

’

’

%

max
„

0, 1 ´
k ´ 2
Z˚1Z˚

ȷ

Z˚ if µ “ 0,

Z˚ if µ , 0,

(16)

where Z˚ „ Np0, Ikq. Comparing equations (3), (4), (15) and (16), we can see that the m out
of n bootstrap is consistent for both µ “ 0 and µ , 0. To apply the m out of n bootstrap, we
have to decide the value of m. Bickel and Sakov (2008) and Wei et al. (2016) proposed the
ways to choose m and investigated their performances. They showed that the m chosen by
their ways converges to n (i.e., the conventional bootstrap) when the conventional bootstrap
is consistent, and it converges to the optimal m in the sense that the distance between the
approximated distribution and the true distribution is minimized.

3.4 Bootstrap based on a pre-test

As shown in the previous subsection, the m out of n bootstrap enables us to approximate the
distributions of the SR and PSR estimators consistently. However, the distributions of SR
and PSR estimators depends on the sample size n. Since the different sample size m from n
is used in m out of n bootstrap, the approximate distributions may be far from exact distribu-
tions. Thus, the same sample size n as the original sample size may be preferred in bootstrap.
Thus, according to the idea introduced in the parametric bootstrap by Beran (1997), we con-
sider the following nonparametric bootstrap which incorporates a pre-test.

As we showed above the centered bootstrap is consistent if µ “ 0, and the conventional
bootstrap is consistent if µ , 0. Thus, we consider to use the centered bootstrap if µ can be
considered as 0, and use the conventional bootstrap otherwise. Using the fact that nX

1
X “

Opp1q if µ “ 0 and nX
1
X “ Oppnq if µ , 0, we consider to approximate the distributions of

the SR and PSR estimators by those of

Ip|X| ă nγqµ̃˚
SR ` t1 ´ Ip|X| ă nγqupµ˚

SR,

Ip|X| ă nγqµ̃˚
PSR ` t1 ´ Ip|X| ă nγqupµ˚

PSR,

where IpAq is an indicator function such that IpAq “ 1 if an event A occurs and IpAq “ 0
otherwise. We call this method “pre-test bootstrap” hereafter. When ´1{2 ă γ ă 0, Ip|X| ă
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nγq p
Ñ 1 for µ “ 0 and Ip|X| ă nγq p

Ñ 0 for µ , 0. Thus, it is easy to show that the pre-test
bootstrap is consistent for both µ “ 0 and µ , 0.

Though we have to decide the value of m before applying the m out of n bootstrap, we
do not have to make such a decision in the pre-test bootstrap. We have to choose γ, the order
of the critical value of the pre-test instead.

As discussed above, the conventional bootstrap is consistent only for µ , 0 while the
centered bootstrap is consistent only for µ “ 0. On the other hand, the m out of n bootstrap
and the pre-test bootstrap are consistent for both µ “ 0 and µ , 0. To see the performances
of these methods, we execute Monte Carlo simulations in the next section.

4 Simulation results

To investigate the performances of the methods proposed in the previous section, we execute
some Monte Carlo simulations in this section. In the simulations, we take the dimension of
the normal distribution k “ 3, 4, 5, 7, 10. Since the conventional bootstrap is not consistent
for µ “ 0 and the centered bootstrap is not consistent for µ , 0, we are interested in
the performances of these methods around µ “ 0. Thus, we considered the case where
µ “ δι{

?
n, ι is the k ˆ 1 vector whose elements are 1s (i.e., we consider the case such that

all the elements of µ are equal), and δ “ 0, 0.1, 0.3, 0.5, 1, 2, 5, 10, 15, 20, 25. Based on the
above setup of the mean vector µ, random vectors Xi from Npµ, Ikq, where the sample size
n “ 20, 50, 100, 200, 500 and 1000 are generated. Note that every method is inconsistent
when µ “ δι{

?
n and δ , 0, since there is no way to obtain a consistent estimator for δ.

In order to investigate the accuracy of the method, we constructed 90%, 95% and 99%
confidence intervals for µi (i.e., the ith element of µ) by the approximated distributions of the
SR and PSR estimators, and calculated the ratio such that the confidence intervals contain
the true mean µi “ δ{

?
n, based on 100000 Monte Carlo experiments. In constructing the

bootstrap approximations, we executed 500 bootstrap iterations for each method.
First, to investigate the effect of the order of the pre-test critical value γ, we executed

simulations for various values of γ P p´1{2, 0q. Figure 1 shows the coverages of the 95%
confidence intervals obtained by the pre-test bootstrap for γ “ ´1{3, ´1{4, ´1{5 and ´1{6
when k “ 7 and n “ 100. We can see that the effect of γ is very small when δ is far from 0.
When δ is around 1, the coverages for γ “ ´1{5 and ´1{6 are far from nominal coverage
(i.e., 0.95). Also, as a whole the performance of the pre-test bootstrap confidence intervals
for γ “ ´1{3 and ´1{4 are almost comparable. Though we do not show the results for the
other cases, we obtained similar results for all the cases. Thus, following Beran (1997), we
use γ “ ´1{4 in the following simulations.

Table 1 shows the results for the case of k “ 4 and n “ 50. In the tables, ‘Centered
BS’, ‘Conv BS’ and ’Pre-test’ indicate the centered bootstrap, conventional bootstrap and
the pre-test bootstrap. ‘m “ tnαu’ shows the results for the m out of n bootstrap with sample
size m. Also, for a purpose of comparison, we calculated the ratio such that the confidence
intervals based on normal approximation of the distributions of the SR and the PSR estima-
tors contain the true mean, and ‘Normal Approx’ shows the results obtained by this normal
approximation. In Tables 1 – 4, the values closest to the nominal coverage are highlighted.
We can see from Table 1 that the centered bootstrap, m out of n bootstrap and the pre-test
bootstrap work well for µ “ 0. Also, the normal approximation does not work for µ “ 0.
These results coincide with the theoretical results. However, it seems that the conventional
bootstrap yields rather accurate confidence intervals for µ “ 0 except for the 90% confi-
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Fig. 1 Coverage of the 95% confidence intervals based on the pre-test bootstrap
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dence interval of the PSR estimator, though the conventional bootstrap is inconsistent as
shown in the previous section. We will give discussion about this point later.

When µ is close to 0 but not equal to 0 (i.e., µi “ 1{
?

n), every method is not so accurate.
This is because the asymptotic distributions of the estimators are not continuous at µ “ 0. In
this case, conventional bootstrap seems to be most reliable among the methods considered
here. The approximation of the m out of n bootstrap gets better as m increases. Also, the
approximation of the pre-test bootstrap is almost comparable to the approximation of the m
out of n bootstrap with m “ tn2{3u1.)

When µ is far from 0 (i.e., µi “ 25{
?

n), the conventional bootstrap, pre-test bootstrap
and the normal approximation work well. In this case, the results of the pre-test bootstrap are
the same as those of the conventional bootstrap. However, the centered bootstrap is not valid.
These results coincide with the theoretical results. Though the theoretical result shows that
the m out of n bootstrap is valid for µ , 0, it is not so accurate as the conventional bootstrap
when small values of m are used. We can see that the results of the m out of n bootstrap
approach to those of the conventional bootstrap as m increases. This is quite natural that the
m out of n bootstrap reduces to the conventional bootstrap when m “ n.

Table 2 shows the results for k “ 4 and n “ 100. From Table 2, we can see the similar
results to Table 1. Comparing Tables 1 and 2, we can see that the effect of the sample size
n is not so large. Also, in most cases, it seems that the effect of the choice of m is not very
large though larger m seems to be preferred. When m “ tn1{3u is used, m is very small (i.e.,
m “ 3 for n “ 50 and m “ 4 for n “ 100). Nevertheless, the results for m “ tn1{3u are not so
inaccurate compared with the results for the other choice of m for µi “ 0 and µi “ 25{

?
n.

Tables 3 and 4 show the results for k “ 7, n “ 50 and 100. We can see that the centered
bootstrap is valid for µ “ 0. The approximation of m out of n bootstrap is not so accurate
when m is small (i.e., m “ tn1{3u). In contrast to the case of k “ 4, the conventional
bootstrap does not work for µ “ 0, which is consistent with the theoretical results. Noting
that Er1{nX

1
Xs “ 1{k, the effect of shrinkage factor

´

1 ´ k´2
nX

1
X

¯

will be small for small k.
Thus, even when µ “ 0, the conventional bootstrap may seem to work for small values of
k. Also, because of the inaccuracy of the conventional bootstrap, the pre-test bootstrap for
the PSR estimator does not work very well for µ “ 0 (e.g., the coverage of 90% confidence
interval is 0.936 for n “ 50). On the other hand, the pre-test bootstrap works very well for
the SR estimator for µ “ 0.

1 Wei et al (2016) proposed to use m9n2{3 under the assumption µ “ opn´2{3q.
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Table 1 Results for k “ 4 and n “ 50.

SR PSR
µi method 99% 95% 90% 99% 95% 90%
0 Centered BS 0.987 0.945 0.894 0.984 0.941 0.888

m “ tn1{3u 0.982 0.936 0.881 0.983 0.942 0.891
m “ tn1{2u 0.982 0.938 0.884 0.986 0.947 0.898
m “ tn2{3u 0.984 0.941 0.888 0.988 0.951 0.905
m “ tn3{4u 0.985 0.943 0.892 0.989 0.954 0.910
m “ tn4{5u 0.985 0.945 0.895 0.989 0.956 0.913
Conv BS 0.987 0.953 0.910 0.991 0.963 0.926
Pre-test 0.986 0.950 0.901 0.990 0.954 0.903

Norm Approx 0.995 0.982 0.963 0.998 0.988 0.973
1{

?
n Centered BS 0.985 0.921 0.818 0.975 0.894 0.755

m “ tn1{3u 0.977 0.908 0.808 0.975 0.899 0.769
m “ tn1{2u 0.979 0.913 0.817 0.979 0.911 0.789
m “ tn2{3u 0.981 0.918 0.828 0.982 0.920 0.809
m “ tn3{4u 0.982 0.923 0.835 0.983 0.926 0.823
m “ tn4{5u 0.983 0.925 0.840 0.984 0.929 0.832
Conv BS 0.986 0.938 0.867 0.987 0.944 0.870
Pre-test 0.985 0.934 0.845 0.986 0.928 0.811

Norm Approx 0.996 0.977 0.949 0.997 0.981 0.956
25{

?
n Centered BS 0.969 0.859 0.747 0.943 0.812 0.686

m “ tn1{3u 0.980 0.936 0.884 0.980 0.936 0.884
m “ tn1{2u 0.982 0.938 0.887 0.982 0.938 0.887
m “ tn2{3u 0.983 0.939 0.888 0.983 0.939 0.888
m “ tn3{4u 0.983 0.940 0.888 0.983 0.940 0.888
m “ tn4{5u 0.983 0.940 0.888 0.983 0.940 0.888
Conv BS 0.984 0.940 0.888 0.984 0.940 0.888
Pre-test 0.984 0.940 0.888 0.984 0.940 0.888

Norm Approx 0.990 0.950 0.900 0.990 0.950 0.900

As for the sample sizes m in m out of n bootstrap, tn1{3u “ 3, tn1{2u “ 7, tn2{3u “ 13, tn3{4u “ 18,
tn4{5u “ 22 are used.

For the other aspects, we can see the similar results to the case of k “ 4. The centered
bootstrap works very well and the normal approximation is not valid for µ “ 0. No method
considered in this paper is very accurate for small µ (i.e., µi “ 1{

?
n). When µ is far from

0, the conventional bootstrap works well and the pre-test bootstrap has the same coverage
as the conventional bootstrap, however, the centered bootstrap is not valid. These results
coincide with the theoretical results obtained in the previous section. Also, it seems that the
effects of the sample size n and the choice of m in the m out of n bootstrap are not so large.
We can also see that the results of the m out of n bootstrap approaches to the ones obtained
by the conventional bootstrap as m increases.

As a whole, the centered bootstrap seems to be the best choice when µ “ 0 though
the m out of n bootstrap is also consistent when µ “ 0. Also, the conventional bootstrap
yields the better performance than the m out of n bootstrap for µ , 0 though both the m out
of n bootstrap and the conventional bootstrap are consistent when µ , 0. When µ is not 0
but close to 0, each method is not so accurate. However, the conventional bootstrap is more
reliable than the other methods. The performances of the pre-test bootstrap and the m out
of n bootstrap with large values of m are not so bad compared with the performances of the
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Table 2 Results for k “ 4 and n “ 100.

SR PSR
µi method 99% 95% 90% 99% 95% 90%
0 Centered BS 0.988 0.947 0.895 0.987 0.945 0.893

m “ tn1{3u 0.985 0.941 0.888 0.987 0.947 0.896
m “ tn1{2u 0.985 0.942 0.888 0.988 0.951 0.901
m “ tn2{3u 0.986 0.945 0.892 0.990 0.955 0.908
m “ tn3{4u 0.986 0.947 0.896 0.991 0.958 0.913
m “ tn4{5u 0.987 0.948 0.898 0.991 0.959 0.916
Conv BS 0.988 0.956 0.914 0.993 0.966 0.930
Pre-test 0.988 0.949 0.898 0.989 0.949 0.898

Norm Approx 0.995 0.981 0.964 0.998 0.988 0.973
1{

?
n Centered BS 0.987 0.922 0.823 0.979 0.904 0.767

m “ tn1{3u 0.982 0.915 0.814 0.980 0.909 0.778
m “ tn1{2u 0.983 0.918 0.820 0.983 0.917 0.794
m “ tn2{3u 0.984 0.923 0.831 0.985 0.926 0.816
m “ tn3{4u 0.985 0.927 0.840 0.986 0.932 0.831
m “ tn4{5u 0.986 0.930 0.845 0.987 0.935 0.840
Conv BS 0.988 0.943 0.875 0.990 0.949 0.882
Pre-test 0.988 0.935 0.845 0.987 0.929 0.806

Norm Approx 0.996 0.977 0.949 0.997 0.981 0.956
25{

?
n Centered BS 0.969 0.860 0.750 0.948 0.820 0.696

m “ tn1{3u 0.983 0.939 0.888 0.983 0.939 0.888
m “ tn1{2u 0.985 0.942 0.891 0.985 0.942 0.891
m “ tn2{3u 0.985 0.942 0.892 0.985 0.942 0.892
m “ tn3{4u 0.985 0.943 0.892 0.985 0.943 0.892
m “ tn4{5u 0.986 0.943 0.892 0.986 0.943 0.892
Conv BS 0.986 0.944 0.893 0.986 0.944 0.893
Pre-test 0.986 0.944 0.893 0.986 0.944 0.893

Norm Approx 0.990 0.949 0.900 0.990 0.949 0.900

As for the sample sizes m in m out of n bootstrap, tn1{3u “ 4, tn1{2u “ 10, tn2{3u “ 21, tn3{4u “ 31,
tn4{5u “ 39 are used.

centered bootstrap, m out of n bootstrap with small value of m and the normal approximation
when µ is close to 0. Considering that the conventional bootstrap is not consistent when
µ “ 0 and that the m out of n bootstrap approaches to the conventional bootstrap as m
increases to n, the pre-test bootstrap may be a reliable method.

Next, we investigate the lengths of the confidence intervals obtained by the proposed
methods. We calculated the “relative length” defined as the average length of the confidence
interval obtained by the proposed method divided by the length of the confidence interval
based on the conventional MLE. Thus, a confidence interval has shorter average length than
the MLE-based confidence interval if the value of relative length is smaller than 1. Figure 2
shows the relative lengths of the 90% confidence intervals based on the m out of n bootstrap
and the pre-test bootstrap for the SR and PSR estimators. Because only the m out of n
bootstrap and the pre-test bootstrap are consistent for both µ “ 0 and µ , 0, we show
the results only for these methods. We can see that the confidence intervals by the bootstrap
methods for the SR and the PSR estimators are much shorter than the MLE-based confidence
interval when δ is close to 0. Considering that the coverage of the confidence interval by
the m out of n bootstrap with m “ tn1{3u is much smaller than the nominal level, it is
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Table 3 Results for k “ 7 and n “ 50.

SR PSR
µi method 99% 95% 90% 99% 95% 90%
0 Centered BS 0.989 0.950 0.902 0.985 0.943 0.890

m “ tn1{3u 0.981 0.930 0.872 0.983 0.937 0.880
m “ tn1{2u 0.983 0.934 0.874 0.986 0.944 0.888
m “ tn2{3u 0.985 0.941 0.883 0.988 0.950 0.899
m “ tn3{4u 0.987 0.945 0.890 0.990 0.954 0.907
m “ tn4{5u 0.987 0.948 0.897 0.990 0.957 0.913
Conv BS 0.991 0.962 0.923 0.994 0.969 0.935
Pre-test 0.989 0.953 0.907 0.994 0.969 0.936

Norm Approx 0.998 0.993 0.985 1.000 0.997 0.991
1{

?
n Centered BS 0.984 0.871 0.693 0.960 0.768 0.554

m “ tn1{3u 0.965 0.836 0.676 0.955 0.783 0.597
m “ tn1{2u 0.970 0.851 0.702 0.967 0.821 0.646
m “ tn2{3u 0.974 0.869 0.730 0.974 0.855 0.697
m “ tn3{4u 0.977 0.881 0.751 0.977 0.874 0.729
m “ tn4{5u 0.979 0.889 0.765 0.979 0.886 0.750
Conv BS 0.986 0.926 0.834 0.987 0.928 0.836
Pre-test 0.986 0.914 0.791 0.986 0.887 0.759

Norm Approx 0.999 0.989 0.970 0.999 0.990 0.973
25{

?
n Centered BS 0.932 0.761 0.625 0.873 0.671 0.519

m “ tn1{3u 0.979 0.933 0.880 0.979 0.933 0.880
m “ tn1{2u 0.982 0.938 0.884 0.982 0.938 0.884
m “ tn2{3u 0.982 0.939 0.886 0.982 0.939 0.886
m “ tn3{4u 0.983 0.939 0.887 0.983 0.939 0.887
m “ tn4{5u 0.983 0.939 0.887 0.983 0.939 0.887
Conv BS 0.984 0.940 0.887 0.984 0.940 0.887
Pre-test 0.984 0.940 0.887 0.984 0.940 0.887

Norm Approx 0.990 0.950 0.900 0.990 0.950 0.900

As for the sample sizes m in m out of n bootstrap, tn1{3u “ 3, tn1{2u “ 7, tn2{3u “ 13, tn3{4u “ 18,
tn4{5u “ 22 are used.

natural that the confidence interval with m “ tn1{3u is shortest. As a whole, we can see
that it is possible to construct shorter confidence intervals than the conventional MLE-based
confidence interval by using the SR and the PSR estimators.

Also, in order to examine the performances of the proposed methods under more general
situations, we executed some additional Monte Carlo experiments for more general cases.
Figure 3 shows the results for k “ 7 and n “ 100. Since these results are typical, we do
not show the results for other values of k and n. Figure 3 shows the empirical coverages of
90% confidence intervals for the first element of the mean vector based on the SR and the
PSR estimators using the m out of n bootstrap with m “ tn2{3u (denoted as m-boot) and
the pre-test bootstrap (denoted as pre-test). Note that they are consistent both for µ “ 0 and
µ , 0. Since the consistency of the other methods depends on whether µ “ 0 or µ , 0, the
coverages of them are not depicted. The setups of the experiments are as follows:

Benchmark: Xi’s are generated in the same way as in the one used in Table 4. This
result is shown in the purpose of comparison with the other cases. In this case the
noncentrality parameter is given by µ1µ “ kδ2{n.
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Table 4 Results for k “ 7 and n “ 100.

SR PSR
µi method 99% 95% 90% 99% 95% 90%
0 Centered BS 0.989 0.950 0.900 0.987 0.945 0.894

m “ tn1{3u 0.984 0.937 0.878 0.986 0.942 0.886
m “ tn1{2u 0.985 0.937 0.877 0.988 0.946 0.891
m “ tn2{3u 0.987 0.942 0.884 0.990 0.953 0.901
m “ tn3{4u 0.988 0.947 0.892 0.991 0.957 0.908
m “ tn4{5u 0.989 0.950 0.898 0.992 0.959 0.914
Conv BS 0.992 0.966 0.927 0.994 0.973 0.939
Pre-test 0.990 0.957 0.912 0.994 0.968 0.925

Norm Approx 0.999 0.993 0.985 1.000 0.997 0.991
1{

?
n Centered BS 0.982 0.869 0.688 0.963 0.781 0.562

m “ tn1{3u 0.971 0.847 0.681 0.964 0.793 0.591
m “ tn1{2u 0.972 0.856 0.697 0.969 0.823 0.632
m “ tn2{3u 0.976 0.870 0.725 0.976 0.856 0.686
m “ tn3{4u 0.979 0.883 0.748 0.979 0.878 0.723
m “ tn4{5u 0.981 0.892 0.765 0.981 0.890 0.747
Conv BS 0.988 0.931 0.842 0.989 0.934 0.844
Pre-test 0.987 0.911 0.768 0.987 0.871 0.712

Norm Approx 0.999 0.989 0.969 0.999 0.990 0.972
25{

?
n Centered BS 0.928 0.758 0.620 0.879 0.678 0.526

m “ tn1{3u 0.982 0.935 0.883 0.982 0.935 0.883
m “ tn1{2u 0.984 0.940 0.888 0.984 0.940 0.888
m “ tn2{3u 0.985 0.942 0.891 0.985 0.942 0.891
m “ tn3{4u 0.986 0.943 0.891 0.986 0.943 0.891
m “ tn4{5u 0.985 0.943 0.892 0.985 0.943 0.892
Conv BS 0.987 0.944 0.893 0.987 0.944 0.893
Pre-test 0.987 0.944 0.893 0.987 0.944 0.893

Norm Approx 0.990 0.950 0.900 0.990 0.950 0.900

As for the sample sizes m in m out of n bootstrap, tn1{3u “ 4, tn1{2u “ 10, tn2{3u “ 21, tn3{4u “ 31,
tn4{5u “ 39 are used.

Sparse 1: Xi’s are generated as the normal random vector whose first element of the
mean vector µ is

?
kδ{

?
n and the other elements are zeros. In this case, we have

the same noncentrality parameter µ1µ “ kδ2{n as in the Benchmark case.
Sparse 2: The kth element of the mean vector is

?
kδ{

?
n and the other elements are

zeros. Note that the first element of the true mean for which we are constructing
the confidence intervals is fixed at zero. Similar to the former two setups, the non-
centrality parameter is µ1µ “ kδ2{n.

General Covariance: In the previous cases, we assume that the covariance matrix of Xi

is given by Ik. Here, we will examine the effect of the departure of the covariance
matrix from the identity matrix. When the covariance matrix of Xi is given by
unknown Σ, the SR and PSR estimators are defined by

pµSR “

˜

1 ´
k ´ 2

nX
1
pΣ´1X

¸

X, pµPSR “ max

«

0, 1 ´
k ´ 2

nX
1
pΣ´1X

ff

X, (17)

where pΣ “ n´1 řn
i“1pXi ´XqpXi ´Xq1 is a consistent estimator for Σ. In order to in-

vestigate the performances for these estimators, generating a k ˆ k whose elements



Bootstrapping the Stein-Rule Estimators 13

Fig. 2 Lengths of the 90% confidence intervals based on the SR and PSR estimators
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are random draws from Up0, 1q and dividing its elements by the sum of each row
elements, we obtained a matrix A. Fixing the matrix A, we generate a random vec-
tor Xi “ ApZi ` µq, where Zi „ Np0, Ikq and µ “ δι{

?
n. Thus, Xi „ NpAµ, AA1q.

Because of the structure of A, we have Aµ “ µ. Therefore, the noncentrality pa-
rameter is given by pAµq1Σ´1Aµ “ µ1A1pAA1q´1Aµ “ µ1µ “ kδ2{n, which is the
same value as in the previous three setups. Since the noncentrality parameters are
the same for all setups, we can compare the performances of the methods based
on the values of δ. Showing that the modifications of the bootstrap variants of the
estimators like

rµ˚
SR “

˜

1 ´
k ´ 2

npX
˚

´ Xq1
pΣ˚´1pX

˚
´ Xq

¸

pX
˚

´ Xq ` X, (18)

pµ
:
SR “

˜

1 ´
k ´ 2

mX
:1

pΣ˚´1X
:

¸

X
:
, (19)

yield the similar theoretical results is a straightforward extension of the proofs
given in Appendices. Since any consistent estimator pΣ˚ for Σ can be used in the
above equations, we used a analogue of pΣ based on the bootstrap sample as pΣ˚.

As we can see Figure 3, all the methods are accurate at δ “ 0 and δ is far from 0. However,
each method is not so accurate when δ is close to 0. We can see that the coverage of the pre-
test bootstrap for the PSR estimator can be very when δ is close to 0 but not 0. However, the
pre-test bootstrap is more accurate than the m out of n bootstrap at δ “ 0. Though empirical
coverages in ‘Sparse 1’ case can be very far from the nominal level compared to the case of
‘Sparse 2’, overall behavior is almost similar. ‘General Covariance’ in Figure 3 shows the
similar results to the ‘Benchmark’. This implies that the proposed methods can be extended
to the cases of general covariance matrices.

Thus, though there are several little differences depending on setups and parameter val-
ues, we can see that the proposed methods are applicable under rather general situations.

5 Concluding remarks

In this paper, we considered to apply the bootstrap methods to the SR and PSR estimators for
the mean of a normal distribution. We analytically showed that the conventional bootstrap
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Fig. 3 Coverages of the 90% confidence intervals
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method is not consistent when the mean of the distribution µ is 0 though it is consistent when
µ is not 0. Thus, we proposed the centered bootstrap which is consistent when µ “ 0. Also,
we showed that the m out of n bootstrap is consistent for any constant µ. We also proposed
the pre-test bootstrap which incorporates the pre-test for µ “ 0 and showed its consistency.

To compare the performances of the methods, we executed some Monte Carlo simula-
tions. From the simulation results, it appears that the m out of n bootstrap method is generally
well behaved for both µ “ 0 and µ , 0 when m is large, but it can be beaten by the centered
bootstrap method when µ “ 0 and by the conventional bootstrap method when µ is not
zero. The pre-test bootstrap yields rather reliable results for all cases especially for the SR
estimator. Also, the normal approximation is rather accurate when µ is far from 0. This may
be because we assume Xis are distributed as a normal distribution. Because of the nature of
the bootstraps, bootstrap methods will work when Xis are not distributed as a normal distri-
bution and the normal approximation does not work very well. Furthermore, our simulation
results show that the proposed methods are applicable in more general cases including the
case of the general covariance matrix.

Thus, our simulation results showed that the validity of the pre-test bootstrap and the
m out of n bootstrap. Though the order of the critical value in the pre-test are selected
based on simulation results, the pre-test utilized in this paper are simple. Considering more
sophisticated method or controlling the significance level of the pre-test based on given data
may yield better performance of the bootstrap method. Also, applying these methods to the
real data will be interesting field of research. However, these are beyond the scope of this
research and remaining topic in the future.
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Appendix A

Here, we derive the asymptotic distribution of the SR and the PSR estimators given in (3) and (4). From the

central limit theorem,
?

npX ´ µq
d

Ñ Z, where Z „ Np0, Ikq. Thus,
?

nX d
Ñ Z when µ “ 0, and

?
nX “

Oppn1{2q when µ , 0. Therefore, we have

1

nX
1
X

“
1

?
nX

1 ?
nX

d
Ñ

1
Z1Z

(20)

when µ “ 0 and

1

nX
1
X

pr
Ñ 0 (21)

when µ , 0. Since

?
nppµSR ´ µq “

ˆ

1 ´
k ´ 2

nX
1
X

˙

?
npX ´ µq ´

k ´ 2

nX
1
X

?
nµ, (22)

and
?

nX “ Oppn1{2q, we obtain the asymptotic distribution of pµSR given in (3). Similarly, since

?
nppµPSR ´ µq “ max

„

0, 1 ´
k ´ 2

nX
1
X

ȷ

?
npX ´ µq ´

?
nµ` max

„

0, 1 ´
k ´ 2

nX
1
X

ȷ

?
nµ

“ max
„

0, 1 ´
k ´ 2

nX
1
X

ȷ

?
npX ´ µq ` max

„

´1, ´
k ´ 2

nX
1
X

ȷ

?
nµ, (23)

we obtain the asymptotic distribution of pµPSR given in (4).

Appendix B

In this appendix, we derive the asymptotic distributions of the bootstrap estimators. We denote the bootstrap
sample of size m (i.e., the random sample obtained by sampling with replacement fromX “ tX1, X2, . . . , Xnu)
by X˚

1 , X
˚
2 , . . . X

˚
m . By the central limit theorem and m{n tends to 0 as n tends to infinity, we have

?
mpX

˚
´

Xq
d

Ñ Z˚ given X “ tX1, X2, . . . , Xnu, where X
˚

“ 1
m

řm
i“1 X˚

i and Z˚ „ Np0, Ikq.

From the above result, when m “ n and µ “ 0, we have
?

nX
˚ d

« Z˚ ` Z. Note that Z is regarded as
a realization from Np0, Ikq since the bootstrap is executed given X. Also, when m “ n and µ , 0,

?
nX

˚
“

Oppn1{2q. Since

?
nppµ˚

SR ´ Xq “

˜

1 ´
k ´ 2

nX
˚1

X
˚

¸

?
npX

˚
´ Xq ´

k ´ 2

nX
˚1

X
˚

?
nX, (24)

we obtain the asymptotic distribution of pµ˚
SR given in (7). By the similar transformation to (23), we can obtain

the asymptotic distribution of pµ˚
PSR given in (8). Also, the asymptotic distributions of centered bootstrap

estimators given in (11) and (12) can be obtained in similar ways.
As for the asymptotic distributions of the m out of n bootstrap estimators, since X “ Oppn1{2q when µ “

0, we have
?

mX
pr
Ñ 0 and

?
mX

˚ d
Ñ Z˚. When µ , 0, X

pr
Ñ µ and

?
mX “ Oppm1{2q. Using these results

and the similar transformations to (24), we obtain the asymptotic distribution of the m out of n bootstrap SR
estimator given in (15). The asymptotic distribution of the m out of n bootstrap PSR estimator can be obtained
in a similar way.
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