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In this paper, we study five-dimensional Dirac fermions of which the extra-dimension is compactified on
quantum graphs. We find that there is a nontrivial correspondence between matrices specifying boundary
conditions at the vertex of the quantum graphs and zero-dimensional Hamiltonians in gapped free-fermion
systems. Based on the correspondence, we provide a complete topological classification of the boundary
conditions in terms of noninteracting fermionic topological phases. The ten symmetry classes of
topological phases are fully identified in the language of five-dimensional Dirac fermions, and topological
numbers of the boundary conditions are given. In analogy with the bulk-boundary correspondence in
noninteracting fermionic topological phases, the boundary condition topological numbers predict four-
dimensional massless fermions localized at the vertex of the quantum graphs and thus govern the low

energy physics in four dimensions.

DOI: 10.1103/PhysRevD.106.085006

I. INTRODUCTION

A quantum graph is a one-dimensional (1D) graph that
consists of edges and vertices connected to each other with
differential operators defined on each edge like Fig. 1 (see
[1,2] for a review of the quantum graph). The quantum
graph describes quantum mechanics on a 1D graph and has
been paid attention to since we can obtain attractive physics
caused by the degrees of freedom in boundary conditions
for wave functions imposed at vertices from the require-
ment of current conservation. The graph has been applied to
the wide range of research areas, e.g. scattering theory on
1D graphs [3-6], quantum chaos [7-9], anyons [10-12],
supersymmetric quantum mechanics [13-15], Berry’s
phases [16-19], extra-dimensional models [20-30] and
SO on.

Here we focus on applying quantum graphs to the extra
space of 5D fermions, that is, 5D fermions with the extra

“t-inoue @stu.kobe-u.ac.jp

Tdragon @kobe-u.ac.jp

I .
msato@yukawa.kyoto-u.ac.jp

Sueba@tomakomai.kosen-ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to

space given by the quantum graph. In the previous paper
[31], three of the present authors and collaborators revealed
that 5D fermions on quantum graphs could naturally solve
the problems of the fermion generation, namely the fermion
mass hierarchy and the origin of the CP-violating phase in
the standard model. However, the possible 4D effective
theories remained unclear because the parameter space of
the boundary conditions was huge. Thus, the next step is a
systematic investigation of the boundary conditions. A hint
to this step is that we obtained 4D chiral zero modes
localized at the vertex depending on the topological
structure of the parameter space of the boundary
conditions. This reminds us of topological insulators and
superconductors, where gapless states appear on the boun-
daries by the topology in bulk from the bulk-boundary
correspondence. These topological matters are classified
into ten symmetry classes by the presence or absence
of time-reversal, particle-hole, and chiral symmetries
[32-34].
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In this paper, we perform a topological classification of
the boundary conditions for 5D Dirac fermions on quantum
graphs. The boundary conditions are classified into ten
symmetry classes by considering time reversal, charge
conjugation, and extra spatial symmetries in 5D Dirac
fermions. Surprisingly, the classification of the boundary
conditions has a complete correspondence to the topologi-
cal classification of 0 + 1D gapped free-fermion systems:
A Hermitian matrix that specifies the boundary conditions
of quantum graphs corresponds to a zero-dimensional
Hamiltonian for topological insulators and superconduc-
tors. In addition, symmetry classes of the boundary con-
ditions coincide with those in the topological matter side.
This means that the restrictions for the boundary conditions
by the symmetries of 5D fermions are the same as those
for zero-dimensional Hamiltonians with the Altland-
Zirnbauder symmetries. Furthermore, we obtain the topo-
logical numbers Z, Z,,27 for each symmetry class of the
boundary conditions in the same manner as those of
topological insulators and superconductors. Importantly,
these numbers predict the number of 4D massless fields
localized at the vertex of quantum graphs, i.e. the Z and 2Z
indices are equal to the number of Kaluza-Klein (KK)
chiral zero modes, and the Z, index coincides with the
parity of the number of Dirac zero modes. These zero
modes would be regarded as gapless boundary states of
topological phases. A similar relation between boundary
conditions and 1+ 1D symmetry-protected topological
(SPT) phases [35] or 1+ 2D SPT phases [36] has been
known in the boundary conformal field theories. In this
paper, we reveal for the first time the relation between the
boundary conditions on quantum graphs and 1+ 0d SPT
phases.

This paper is organized as follows: In the next section,
we briefly review 5D Dirac fermions on quantum graphs.
Quantum graphs provide the most general 1D extra
compactified spaces. In particular, we consider the so-
called rose graph where any edge of the graph forms a loop
that begins and ends at a common vertex, as shown in
Fig. 2. This choice does not lose the generality because the
rose graph can generate an arbitrary graph with the same
number of edges by imposing suitable boundary conditions
for wave functions at the vertex. See Fig. 3." In Sec. III, we
classify allowed boundary conditions in the rose graph
subject to symmetries of 5D fermions and obtain ten
symmetry classes. Then we relate them to Hamiltonians
and symmetries in the gapped free-fermion systems. In

'For example, if we impose the Dirichlet boundary condition
on all edges of a rose graph, wave functions on different edges are
independent of each other. Thus, this boundary condition
decomposes the rose graph into isolated edges with the Dirichlet
boundary conditions at both ends. The other graphs can also be
obtained by suitable boundary conditions. Thus, we can collec-
tively investigate any 1D extra space with N edges by using a
single rose graph with N edges.

FIG. 2. Rose graph consisting of one vertex and six loops.

Sec. IV, we investigate the topological number of the
boundary conditions in each symmetry class and the
number of KK zero modes. Section V is devoted to
summary and discussion.

I1. 5D DIRAC FERMION ON QUANTUM GRAPH

In this section, we briefly review the properties of a 5D
Dirac fermion on a quantum graph given in the previous
paper [31]. As discussed in Sec. I, we take the extra space
as the rose graph which consists of one vertex and N loops
with the length L,(a =1,...,N) shown in Fig. 4. We
consider a KK decomposition of the 5D field and derive
boundary conditions that the field should satisfy at the
vertex in the graph. We also discuss how the degeneracy of
4D chiral zero-modes depend on the boundary conditions
and show that it corresponds to the topological invariant so-
called Witten index.

A. Setup

Let us consider the 5D Dirac action

NoorL,o
S= /d4x Z/ dy¥(x, y)[iy*o, + iyd, + M]¥(x,y),
a=1 Lo
(2.1)

where x*s’ (u =0, 1,2,3) are the coordinates of the 4D
Minkowski space-time and y is the coordinate on the rose
graph. W(x,y) is a four-component 5D Dirac spinor and
the Dirac conjugate ¥ is defined by ¥ = w0 y#g
(u=0,1,2,3) are 4 x 4 gamma matrices that satisfy the
Clifford algebra

{rr}y=-". " =diag(-.+.+.+). (22)
and y” is taken to be y’ = —iy’(y° = iy%'y*y?) with 4D
chiral matrix y°. The hermiticity of the gamma matrices is
given by

") =",

The parameter M in the action (2.1) is the bulk mass of the
5D Dirac fermion.

F)'==r(i=123), (»)'=-y. (23)
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FIG. 3.

It should be noted that the model in Eq. (2.1) can realize
the domain wall fermion used in the lattice gauge theory
[37] as a special case. The domain wall configuration is
obtained by a circular rose graph consisting of two edges
and two vertices, where the bulk mass has an opposite sign
on the two edges. Each vertex of this graph supports a 4D
chiral fermion, of which chirality is opposite to each other
on the two vertices. In the long length limit of the edges, the
two 4D chiral fermions are decoupled to each other, so a
chiral theory is realized effectively. Because rose graphs
allow configurations other than the domain wall, our
quantum graph approach is more general than that of the
domain wall fermions.

The action principle 6S = 0 gives the 5D Dirac equation

liy*d,, + iyYo, + M]¥(x,y) = 0, (2.4)
and also the condition for the surface term
N
D Oy oYy =0, (25)

a=1

where ¢ is an infinitesimal positive constant. This condition
can be regarded as the conservation of the current for
y-direction. As we will see in the next section, Eq. (2.5) leads

Ly<y<lL

Ly <y<Ly Li<y<lL,

L<y<lI,

Ly<y<lL,

FIG. 4. Rose graph consisting of one vertex and N loops.

Decompositions of the rose graph with six edges.

to boundary conditions that the field ¥(x, y) should obey at
the boundaries y = Lo +&,L; *+¢€,....,Ly_1 £ & Ly — e?
If the extra dimension is compact, a higher dimensional
field can be decomposed into 4D fields with x-dependence
and Kaluza—Klein (KK) mode functions with discrete
eigenvalues on an extra space. Here, we decompose

¥(x,y) into 4D chiral fields y/g}Lyn(x) and KK mode

functions £’ (y), g (y) as follows:

D)+ (g )], (2.6)

=223 vk

where the index n indicates the nth level of the KK modes
and i denotes the index that distinguishes the degeneracy of

the nth KK modes (if it exists). The mode functions f4’ (y)
and gS,’)(y) are assumed to form a complete set, respec-
tively, and satisfy the orthonormality relations

a La i)* j ii
S [" ot 0 =su. @)
= a—1
[ 0%y ) 3
> / dygn” ()gin' (¥) = 80" (2.8)
a—1
We also require that the 4D fields y/]({}L,n are mass

eigenstates with masses m, and the following 4D action
can be obtained by substituting the decomposition (2.6)
into the 5D action Eq. (2.1):

’If we impose boundary conditions such that partial summa-
tions of the terms in the left hand side of Eq. (2.5) vanish
independently, the rose graph is decomposed into graphs corre-
spond to the partial summations, as discussed in Sec. I.
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S = /d4 {ZWRO x)iy"o WRO( x)

+Zw @izt (x)

2>

)(ir9, + m )l (x >}, (29)
i n#0

where yl)(x) = l//R)n( )+l,l/§i)n(x) for n#0, and
(9)

Wr /L.O(x) denote the 4D chiral massless spinors with

my = 0. Then the mode functions f,(f) (y) and ggf) (y) should
satisfy the relation

(0 + M)F(y) = mugi (v), (2.10)

(=0, + M)g (v) = m, /3 (y). (2.11)

It follows that f' E,i) and gs,i) are given by the eigenfunctions
of the equations

(=02 + MO f (v) = m2 i) (v), (2.12)

(=02 + M2)g (v) = m3gi (v). (2.13)

and the 4D masses m, are determined by solving these
equations with allowed boundary conditions.

B. Boundary conditions

Then, let us derive the allowed boundary conditions.
From the decomposition (2.6) of W¥(x,y) [and also

5% (x,y)] and the independence of the fields wg}hn(x)

and &pg}m (x), Eq. (2.5) can be written as

=GYTFY =0 for (2.14)

Y n,m,li,j,

where F S,i) and é%) are 2N-dimensional complex vectors
defined by

Ly +e) g (Lo + )
Ly —¢) —g (L, —¢)
POy +e) g (Ly +é)
L, —¢) —g(Ly —¢)
=l , - CoGl=|

fn (Lu—l + 8) gri (La—l +‘9)
(L, —e) —g0 (L, —¢)

(i) L () L
fn (Ly-y +¢€) g (Ly_1 +¢€)
Ly —¢) —g(Ly — )

(2.15)

These vectors consist of values of the mode function at
the boundaries y =Ly +e¢,Ly +e,...,Ly_1 T & Ly —e.

Here, we call 1_5 ) and G( J) boundary vectors. The condition
(2.14) means that the vector space spanned by {F,, }is

orthogonal to the one by {G'/}.

Now, to solve the Egs. (2.12) and (2.13) and determine
the mass eigenvalues m,,, we want to obtain 4N constraints
in total, since the graph has 2N boundaries y = Lq +
elLyt+e ....,Ly_1 e Ly—e¢for fgf) and gg,{). However,
the relations (2.10) and (2.11) imply that the massive mode
functions f S,i) and g,(,{) are related with each other (except for
the zero mode functions which obey the first differential
equations). Thus, we should require that the condition
(2.14) provides 2N constraints in total, otherwise the
system is undetermined or overdetermined.’ It follows
from this observation that Eq. (2.14) is replaced by the
boundary conditions

(loy = Ug)FY) =0, (2.16)
(I + Up)Gyl) =0, (2.17)

where Ug is a 2N x 2N Hermitian unitary matrix
UL = 1,y, U}, = Us. (2.18)

We can find that (1,5 F Ug)/2 in Egs. (2.16) and (2.17)
correspond to the projection matrices which map the 2N-
dimensional complex vector space into the ones spanned by

{F EP} and {éfﬂ} respectively. Thus, we conclude that a

For example if we impose 4N constraints with the condition

that f,l and g,(,,> equal to O at each boundary, there are no
solutions for (2.12) and (2.13) since the mode functions should
satisfy both the Dirichlet and Neumann boundary conditions

from the relations (2.10) and (2.11).
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Hermitian unitary matrix Uy specifies a 5D Dirac theory on

a rose graph depicted in Fig. 4.
We can classify the matrix Uy into 2N + 1 types by the
number of the eigenvalues +1 (or —1). We call the case
|

+1

with k negative eigenvalues the type (2N — k, k) boundary
condition (BC) (k =0,1,...,2N). The matrix Uy in this
type can be represented as

+1

(2.19)

2N—k

with a 2N x 2N unitary matrix V. Therefore the parameter
space of the type (2N — k, k) BC is given by the complex
Grassmaniann

U(2N)
URN— k) x U(k)"

(2.20)

Since continuous deformations of V do not change the
numbers of positive and negative eigenvalues in Ug, the
different types of boundary conditions cannot be connected
continuously.

For later convenience, we write the 2N x 2N unitary
matrix V as

V= (g ldy. - -+ ligy) (2.21)

where i, (r =1,2,...,2N) are 2N-dimensional orthonor-
mal complex vectors which satisfy )i, = 6,,(r,s =
1,2,...,2N). Then, the matrix Uy for the type (2N — k,
k) BC can be expressed by

2N—k 2N
(2.22)

r=1 r=2N—k-+1

and the boundary conditions (2.16) and (2.17) are of the
form

WFY =0 forr=2N-k+1,...,2N,  (2.23)

@GV =0 forr=1,...2N—k.  (2.24)

C. Zero-mode degeneracy

One of the features of the quantum graph is that the mode
functions can be degenerate due to the boundary

|

conditions. In our model, this degeneracy can be regarded
as the number of four dimensional fields with degenerate
masses. In particular, the degeneracy of zero mode sol-
utions plays important roles to classify the boundary

conditions. Then, we focus on the zero mode solutions

f(()i)(y) and gf)j)(y), which obey the equations [see

Egs. (2.10) and (2.11)]

(9 + M)£ (y) =0, (2.25)

(=0, + Mgy (y) = 0. (2.26)

The mode functions fg) (v) and g(()j ) (y) on the rose graph
can be discontinuous at the vertex and written into the form
of exponentially localized functions:

N
F0) =300 = Loo)0(L, = y)FS Ce™,

a=1

(2.27)

N
9 () =300~ L)L, — )G Clet™. (2.28)

a=1
where 6(y) denotes the Heaviside step function and the

complex constants F <gi>, ng ) e C(a=1,...,N) are deter-
mined by the boundary conditions. Here we also introduced
the constants

1
Co= \/€—2M(La1—s) T e 2M(LFe)’

1
C/a = \/62M(La_l_g> 4 ezM(La"FS)’ (229)

for later convenience.
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We can see that the number of linearly independent
solutions £ (y) (g4 (v)) corresponds to the number of
linearly independent N-dimensional complex vectors
FO=(F FY . F)T 6V =(GY,GY,....G{"").
Then, let us discuss the vectors F(!) and G') under the type
(2N — k, k) BC. For this purpose, we introduce orthonor-

mal 2N-dimensional vectors F . and éa(a =1,...,N)

Fo=Cl(0,...,0,e MLate) o=MLi=e) o 0)T, (2.30)
N——
2(a-1)
éaEC;(O,...,O,6M<L“_I+S>, eM(La_E) 0’ ’O)T7 (231)
N——
2(a-1)

which form a complete set in the 2N-dimensional complex
vector space. Here the constants C, and C, are the same
as Eq. (2.29). B

Then the boundary vectors F(()'), G(()j) in Eq. (2.15)
for n =0 and the 2N-dimensional complex vectors
u,(p=1,...,2N) in Eq. (2.21) can be decomposed by

.7?‘, and éa(a =1,...,N) as follows:

N N
=S FE, G0 =36V, @)
a=1 a=1
N . N >
ﬁr:Zar,aFa+Zﬂr,agu (r:1,2,...,2N),
a=1 a=1
(2.33)

where a, , and S, , are complex constants and satisfy

N

Z(a;aas.a + ﬂjrﬁ.aﬂs,a) = 5rs (r’ s=1,2,...

a=1

,2N)

(2.34)

from the orthonormal relations for #,. From the boundary
conditions (2.23) and (2.24) for n =0, we obtain the
conditions that F() and GY) are orthogonal to the vector
a,=(a,1.0,9,....0,y)" (q=2N—k+1,....2N) and

Br=Bp1.Bpre-fpn) (p=1,....2N —k), respec-

tively:
a)F) =0  (q=2N—-k+1,....2N),  (2.35)
BiGY) =0  (p=1,2,...2N—k). (2.36)

Let us suppose that the number of the linearly indepen-
dent vectors for a,(q =2N —k+1,...,2N) is . Then
the number of the linearly independent vectors for
p,(q=2N—-k+1,....2N), &, and B,(p=1,....2N —k)
are k—¢,N—¢ and N —k+ ¢, respectively, because

TABLEL The number of the zero mode solutions of f(@ (y) and
g(()j ) (y) for the type (2N —k,k) BC. ¢ denotes the maximal
number of the linearly independent vectors a,(q = 2N — k +
1,...,2N) in Eq. (2.33). Ny, (Ng,)is the number of the zero mode
solutions of féi) ) (gf)j ) (y))- We can find that N, — N,
independent of ¢, though both of Ny, and N, depend of Z.

is

4 an N!Io AW = Nfo _N.(Io
0<k<N 0 N k N -k
1 N -1 k—1 N —k
k N -k 0 N -k
N <k<2N k—N 2N — k N N -k
k—=N+12N—-k-1 N-1 N —k
N 0 k—N N -k

of the independence of i,(p=1,....2N —k) and
ﬁq(q =2N —k+1,...,2N). Therefore the range of £ is
restricted to 0 < Z < k for the case of k=0,...,N and
k—N<?¢<N for the case of k=N,...,2N. If the
number of the linearly independent vectors for a,(q =
2N —k+1,...,2N) andﬂp(p =1,...,2N — k) are ¢ and
N — k + ¢, respectively, we can find that there exist N — £
linearly independent solutions for F)(i =1,...,N = ¢)
and k—¢ linearly independent solutions for GU)(j =
I,....k=¢) from Egs. (2.35) and (2.36). Therefore,
for the type (2N —k, k) BC, we can conclude that the

degeneracy of zero mode fg)(y) is given by Ny = N -7,
and that of zero mode g(()l)(y) is given by N, = k — . The
degeneracies Ny and N, for each boundary condition are
described in Table 1.

We also comment about phenomenological aspects of
this model. In the case of the type (2N — k, k) BC, there are
|N — k| massless chiral fields in the 4D effective theory
since pairs of left and right-handed chiral zero modes can
form massless Dirac spinors (and these may become
massive through quantum corrections if we introduce
interactions). Therefore, we can obtain three generations
of chiral fermions for the type (N — 3, N + 3) and (N + 3,
N —3) BCs. Since the zero mode functions are exponen-
tially localized at some boundaries, overlap integrals of the
mode functions can easily produce hierarchical masses and
also the flavor mixing if we introduce the 5D Yukawa
interactions. Moreover, complex parameters in the matrix
Ug generally give the genuine complex zero mode func-
tions and this would result in the CP violating phase in the
CKM (Cabibbo-Kobayashi-Maskawa) matrix. Therefore,
we can find that this model has the desired properties to
explain the fermion flavor structure in the standard model
from the viewpoint of higher dimensional theories.

085006-6
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D. Witten index

We can notice that the difference Ny, — N, (= N — k) is
independent of #. This implies that the number of chiral
zero modes is invariant under continuous deformations of
the boundary conditions, since the type (2N — k, k) BC is
not continuously connected to the type 2N — k', k') one
with k # k' (although ¢ can be changed by those defor-
mations). This topological property is related to a hidden
structure of the supersymmetric quantum mechanics in
this model.

<—0§+M 0 >
H: )
0 -5+ M

we can find that these satisfy the supersymmetric relations

H =0,
Hq)(l) — Zq)(i)
n,j:(y) my n,j:(y)’

Then we can regard the operators H, Q, (—=1)F and the
functions CIDI(i)i(y) as the Hamiltonian, supercharge, fer-
mion number operator, and bosonic and fermionic states in
the supersymmetric quantum mechanics, respectively. In
the supersymmetric quantum mechanics, it is known that
there is a topological invariant which is called the Witten
index Aw. This index is defined by the difference of the
number of the zero energy states with the eigenvalue
(=1)f = +1 and with (—1)F = —1. The topological prop-
erty of this index is due to the fact that nonzero energy
states with (—1)F = +1 and (—1)F = —1 should be paired
with each other by the supercharge O, and can move to or
from zero energy states together. In our model, this index
corresponds to

Aw =Ny —N, =N —k, (2.41)
and then the number of chiral zero modes becomes a
topological invariant. We will see that this index plays
important roles for the topological classification of the
boundary conditions with symmetries in Sec. I'V.

III. TENFOLD CLASSIFICATION OF BOUNDARY
CONDITIONS WITH SYMMETRIES

So far, we have not considered symmetries except for the
4D Lorentz invariance. It should be emphasized that even if
the 5D Dirac equation or action is invariant under some
transformations, our model does not necessarily have those
symmetries since transformed fields may not always satisfy
the boundary conditions. Therefore, in order for our model

{0.(-D} =0,

00, () = m,® % (y),

If we introduce the two-component functions con-
structed from the mode functions

q>£,’1>+<y>:(f5'i)(y>), cpz%)_(y):(g(,f’ ) e

0 n'(¥)
and also the Hermitian operators H, Q and (—1)F
defined by

0 -0, +M 1 0
0= Y , -1F = , (2.38)

o0+M 0 0 -1
[H, (-1)F] =0, (2.39)
(D@L () = £0, (7). (2:40)

to have the symmetries, additional restrictions should be on
the boundary conditions at the vertex.

Here, we introduce the time-reversal and charge con-
jugation symmetries combined with some extra-spatial
symmetries and show that the boundary matrix Ug can
be classified into ten classes by those symmetries. We
reveal these classes correspond to the ones in the classi-
fication of SPT phases of zero-dimensional noninteracting
gapped fermions with the Altland-Zirnbauer (AZ) sym-
metries, which gives the tenfold classification of topologi-
cal insulators and superconductors. In this section, we will
discuss the correspondence between the boundary matrix
Uy and the zero-dimensional Hamiltonian for the gapped
free-fermion system, and also show that the symmetries in
our model provide the restrictions for Uy identical to the
ones for the Hamiltonian from the AZ symmetries. The
correspondence of topological properties will be given
in Sec. IV.

A. Topological classification of gapped
free-fermion system

The topological insulators and superconductors of fully
gapped free-fermion systems are topologically classified
with AZ symmetries which denote three nonspatial discrete
symmetries: time-reversal symmetry (TRS), particle-hole
symmetry (PHS) and chiral symmetry (CS), i.e. a single-
particle Hamiltonian is classified with the presence or
absence of the following symmetries:

TRS: TH(K)T~' = H(-k)

(T2 =+1),  (3.1)

085006-7
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TABLE II

Tenfold classification of topological insulators and superconductors. The class A, AIll, Al, BDI, - - - represent the ten AZ

symmetry classes of the Hamiltonian. The signs +1 in the chiral symmetry I" and £1 in the time-reversal 7" and the particle-hole C mean
the presence of those symmetries and also they denote the squares of corresponding symmetries, while 0 indicates the absence of the
symmetries. d is the spatial dimension of the system and V ; denotes the classifying space in each class for the d dimensional space given
in Table I1l. Z, Z,, 27 and 0 in the other entries mean the presence or absence of nontrivial topological insulators or superconductors.
The class A and AIll are called the complex AZ symmetry classes and have twofold periodicity, while the other classes are referred to the
real AZ symmetry classes and have eightfold periodicity. These periodicities are known as the Bott periodicity, which are related to the

structure of the K-theory and Clifford algebra.

Class T C r Va (Vo)  m(Vi)  wo(Va)  m(Vs)  mo(Va)  mo(Vs)  m(Ve)  mo(Vy)
A 0 0 0 Cora VA 0 VA 0 VA 0 VA 0
Alll 0 0 1 Cig 0 VA 0 VA 0 VA 0 VA
Al +1 0 0  Rya z 0 0 0 27 0 Z, Z,
BDI +1 41 1 Ry Z, z 0 0 0 27 0 z,
D 0 +1 0 Ryy Z, Z, z 0 0 0 27 0
DIII -1 41 1 Ryy 0 Z, Z, z 0 0 0 27
All -1 0 0 Ry 27 0 z, z, z 0 0 0
CIll -1 -1 1 Rs. 4 0 27 0 Z, Z, VA 0 0
C 0 -1 0  Reig 0 0 27 0 z, Z, z 0
CI 1 -1 1 Ryy 0 0 0 27 0 Z, z, z

PHS: CH(k)C™' = —H(—k) (C2=+1), (3.2) classifying spaces, which is the parameter space of the

’ symmetry-allowed mass terms with taking the limit of an

CS: TH(K)! = —H(Kk) r2=1), (33) infinite number of energy bands. See Table III. These

where H(k) is the Hamiltonian in the momentum space
with the momentum k and we assume that there are no
nontrivial unitary symmetries which commute with the
Hamiltonian. If there are such symmetries, we take the
Hamiltonian as a block diagonal form and treat each
irreducible block as the Hamiltonian H in (3.1)-(3.3).
The TRS and PHS are the antiunitary transformations
whose squares should be +1 or —1. The CS is the unitary
transformation and can be given by the productI' = 7°C up
to a phase. Here we take the CS as its square to be +1. This
symmetry is always present when both the TRS and PHS
are present, although the CS can be symmetry alone even if
the TRS and PHS are absent. It should be noted that we can
assume there are single TRS, PHS, and CS. For example, if
there are two TRS such as 7 and T,, we can consider
the unitary symmetry 7,7, which commutes with the
Hamiltonian. Then the Hamiltonian can be taken to the
block diagonal form and 7'y and T, are trivially related in
each irreducible block, which is regarded as H in
(3.1)-(3.3).

It is known that we can obtain total ten symmetry classes
with topological numbers as shown in Table II [32-34].
These ten symmetry classes were originally introduced by
A. Altland and M. R. Zirnbauer and are therefore called AZ
symmetry classes [38,39]. The topological numbers Z, Z,
and 2Z in Table II indicate the presence of nontrivial
topological insulators or superconductors. This topological
classification is obtained by classifying symmetry-allowed
mass terms in the Dirac Hamiltonian and the topological
numbers correspond to the Oth homotopy groups of the

topological numbers characterize whether Hamiltonians
can continuously deform to each other or not without
closing a mass gap or breaking the symmetries. When they
belong to the same symmetry class and have the same
topological number, they can be continuously deformed to
each other. One of the significant features of the topological

TABLE III.  Classitying spaces and 0-th homotopy groups. The
integers p and ¢ are related to the number of empty bands and
occupied bands, respectively. Here, taking the limit of p means
that there are an infinite number of empty bands and we focus on
the stable classification which is independent of the addition of
empty bands. From the viewpoint of the K-theory, this limit
results from the property of the so-called stable equivalence.

£ mod 2 Complex classifying space C, 7o(Cp)
= _ . U(p+q)

r=0 Co = Uy limy-co 57,557 ‘

=1 Cy =lim,_, U(p) 0

¢ mod 8 Real classifying space R, 7o(Ry)
= _ . O(p+q)

£=0 Ry = U, lim e 505500 ‘

=1 R] = limp_,oo 0([7) Zz
= — 0(2 )

¢ 2 R2 = hmp_,m T:) ZZ
- o U(2p)

Z 3 R3 = hmp—mo T(II:) 0

=4 _ . Sp(p+aq) 27

Ry = U‘]hm[’—)‘x’ Sp(p)xSp(q)

£=5 Rs = lim,_Sp(p) 0
= 5 Sp(p)

4 6 Ré = llmp_,oo J(If)

=17 U(.”)

R7 = limp_,w W
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insulators and superconductors is that if there are bounda-
ries in the system and the bulk Hamiltonians in each side
have different topological numbers, topologically protected
gapless states appear on the boundaries. This is well known
as the bulk-boundary correspondence.

B. Correspondence to zero-dimensional Hamiltonian

Let us focus on the zero-dimensional Hamiltonian. In
this case, the Hamiltonian has no momentum dependence.
Therefore it consists of only a mass term and is given by a
constant Hermitian matrix. As long as the mass gap does
not close and symmetries are restored, the topological
structure does not change. Then we can discuss the
topological classification by deforming the Hamiltonian
to the following normalized form without closing the gap:

H?> =1, H' =H. (3.4)
This Hamiltonian is called a flattened Hamiltonian and has
eigenvalues & 1. We can aware that this condition is the same
as Eq. (2.18) and there is a correspondence between the
flattened Hamiltonian and the boundary matrix Ug. Then, it
is expected that the classification of the zero-dimensional
topological insulators and superconductors can be applied to
that of the boundary conditions in our model.

To show the correspondence of the classification, we
need symmetries which correspond to the TRS and PHS in
the zero-dimensional gapped free Hamiltonian. In the
following subsections, we introduce the time-reversal
and charge conjugation symmetries combined with some
|

extra-spatial symmetries in our model and show that these
provide restrictions for the boundary matrix Ug consistent
with the conditions (3.1)—(3.3).

C. Transformations in the y-direction

First of all, we introduce transformations that act only in
the extra dimensional direction, i.e. y-direction. These
transformations will be used later when we construct the
symmetries corresponding to the AZ symmetry classes. For
convenience, we will label the edge L,_; <y < L, on the
rose graph as

D,={y|L,.y <y<L,}, a=1,2,..

N, (3.5)

1. Permutation S,

We introduce a permutation S, that exchanges the a-edge
to the (N/2 4 a)-edge (a = 1, ..., N/2). This permutation
is well defined when the a-edge and the (N/2 + a)-edge
have the same length

(a=1,2,...N/2)

(3.6)

L,—L,y= La+N/2 - La—1+N/2

and the number of edges N is even. This transformation can
be also regarded as the translation of the a-edge to the

(N/2 + a)-edge. The mode functions ¢(y) = {f,(,i) (v)

or g\ (v)} on D, are transformed as

(S (p)(y)_{(p(y+La—l+N/2_La—l) (yeDa’azl’Z’""N/z)’ (3 7)
' ¢(y+Lornp—Lar)s (VEDga=N/2+1,....N). '
Figure 5 is a diagram of the transformation S,.
Under the permutation S, the boundary vectors F and G transform as follows:
f ' (Lo +¢) F(Lo +e)
1 (LN/2+1 —¢) L, —e)
f;-(i()l(}iv_l T ‘;) I )(LN/Z 1 +é)
Sy Sy n N - £ O 1 n L — & >
FELZ)_) (i) - ( N) M = (01 ® 1N)F;(11)v (3.8)
fl(y)(LO +¢) Iy 0 fn Ly +e)
fu (L —é) fn (LN/2+1 —¢€)
f<)<LN/21+8) f” <LN1+€)
F Ly —e) fillly =)
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Ly<y< L

Ly <y<Ly

Lyp <y < Lypyg

FIG. 5. Permutation S, that exchanges the ath edge for the
(N/2+ a)th edge (a =1,...,N/2).

g% (Lyj2 +e)
—g5) (Lyj21 —€)

ggr{)((%wq + €)
—Qri; (Ly —¢)
—g,é (Ly—¢)

0

g

Iy

g (Lyja-1 +¢)
7 (L2 =€)

— g

2. Half-reflection R,

Next, we consider a transformation R, that multiplies the
mode function on D,(a = N/2 + 1,...,2N) by —1. This is
called the half-reflection conversion because only signs of
the mode functions on the half sections D,(a = N/2 +
1,...,2N) are flipped as if they were reflected in a mirror.
This transformation is well defined when the quantum graph
has even edges. It should be emphasized that the trans-
formation Ry on the mode functions does not change the
mass eigenvalues. Figure 6 is a diagram of half-reflection R,,.

The mode functions ¢(y) = {f\(y)org’(y)} on
D,(a=1,2,...,N) are transformed as

(yeD,a=1.2,...N/2).
(yveD,,a=N/2+1,...,N).
(3.10)

Then, this half-reflection R, acts on the boundary vectors
Fff) and é,(,i) as

Ly
0

Ly<y< L

Ly <y<Ly

Lyp <y < Lypyg

FIG. 6. Half-reflection R, that multiplies the mode functions on
D,(a=N/2+1,...,2N) by —L

gf(wj)_(Lo +€)

e (Ly—¢)

o (Lyjp-1 +¢)

()
—dm L — & o
) 5 Enz=€) | _ (5 @ 1,6 (3.9)
Gm (LN/Z +é€)
_9%)(LN/2+1 —¢)
gfz)(()LN_l +e)
—grrjz (LN - 5)
[
Fol 1) FW 3.11
n _)(63 ® N) n o ( . )
S Ry o
GY' (o3 ® 1y)GY. (3.12)

3. Composite transformation Q,= -iR,S,

Furthermore, we can consider the transformation Q,
which is given by the product of S, and R,

0, = —iR,S,, (3.13)

where we suppose that S, acts on the mode function first,
. 4
and then Ry acts on it.

The mode functions ¢(y) = {f,@(y) orgf,”(y)} on
D,(a=1,2,...,N) are transformed as

“It is worth noting that operators 0, R, and S, form the SU(2)
algebra and that the operators (O, 0,,0;) = (Q,.R,.S,) sat-
isfy the following relations:

{Oi’ O/} == 26”,

[Oi’ Oj] = Q’ieijkok (l,] = 1,2,3)

085006-10



CORRESPONDENCE OF TOPOLOGICAL CLASSIFICATION ...

PHYS. REV. D 106, 085006 (2022)

00 ={

and the transformation for the boundary vectors F Ef) and

5;5,{7 are given as

o O, =
F) (00 ® 1y)EL, (3.15)
o Oy o

G —=5(0, ® 1y)GY. (3.16)

4. Parity in the y-direction P,

Finally, we introduce the parity P, that inverts
the coordinates in each edge described in Fig. 7. The

transformation for the mode functions ¢(y) = { fﬁf) (y)
orgh (v)} on D,(a =1.2,....N) is given by

(Pyp)(y) =@(L,—y+Lsy) yEDy(a=1,...,N),

(3.17)

and the boundary vectors transform as
F:;(qi)i’(lN®01)ﬁg)» (3.18)
G~ (1y ® 01)Gl. (3.19)

D. Correspondence to time-reversal symmetries

Here we define the two types of time-reversal sym-
metries in the 5D spacetime, the one of which is combined
with the extra-spatial transformation Q,. These time-
reversal symmetries lead to the restrictions for the boundary
matrix Ug. We show that these restrictions correspond to
the condition of the TRS (3.1) in the AZ symmetry classes.

1. Time-reversal T ,

First, we consider the ordinary time-reversal transforma-
tion 7, for the 5D Dirac fermion

T, .
‘I’(x,y)—)‘PT+ (x,y) = UpP*(=x°, x',y), (3.20)

where Uy is defined as a 4 x 4 unitary matrix that satisfies
the following relation:’

°In the chiral representation y° = 6, ® 1,, y' = —ic, ® o;,
7’ = —ioy ® 1,, the matrix Uy is given by Uy = 7'y up to a
phase.

—igp(y + La—i4ny2 — Laoy)
l(ﬂ(y + La—l—N/Z - La—l)

(veD,,a=1,...N/2),

3.14

(y €Dy a=N/2+1,....N). (3.14)
¥ (A=0),

Ur(y) Ui =S = (A=i=1,2,3), (3.21)
-r (A=y)

Although the 5D Dirac equation is invariant under this
transformation, we should further require that the boundary
conditions (2.16) and (2.17) hold even after the trans-
formation (3.20) in order that 7 | becomes a symmetry in
our model.

Then, let us substitute the KK decomposition (2.6) into
(3.20) to derive the restrictions for Ug:

SN w0 )+t (g ()]

i n

T, )% i )%
— Z Z UTW%{.)n (_x()’x )fgl) (y)

+ ZZ Uy (=20, x) g5 (). (3.22)

Taking account of the chirality in four dimensions, we
obtain the transformations for the 4D fields wg;L’n and the

mode functions f,(f), g,(f) as

i T, i)+ i i Ty (i)*
Wi, (0) = Unp (=20 2). 0= ),
i Ty (i)«
o () = g (y). (3.23)

The 4D part follows the usual 4D Dirac equation and gives
no restrictions. On the other hand, the following additional
relations must hold for the transformation of the mode
functions:

Ly<y< L

Ly <y<Ly
R W A TR .

L3<j)<L4

FIG. 7. Parity in the y-direction P, that inverts the coordinates
in each edge.
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(L — Up)FY)" =0, (3.24)

(1w + Up)GY* = 0. (3.25)
Comparing these relations with the complex conjugate of
the original boundary conditions (2.16) and (2.17), we
obtain the restriction
T+UBT11 = UB’ T+ = IC, (326)
where IC is a complex conjugate operator that acts like
KzK~!' =z* on the complex number z. Since T, is
antiunitary and satisfies

(3.27)

Eq. (3.26) implies that 7, corresponds to the TRS with
T? =1 in the AZ symmetry classes.

2. Time-reversal T _

Next, let us consider a symmetry which leads to the
restriction corresponds to the TRS with 72 = —1 in the AZ
symmetry classes. Here we introduce a transformation that
combines Q, with the transformation of 7

T .
¥(x,y) S g7 (x,y) = Q),UT‘P*(—xO,x’,y), (3.28)

where Uy is defined by Eq. (3.21). The only difference
from the case of 7, is that the transformation Q, is
included and we will see that this plays the role to flip the
sign of the square (3.27). Q, does not affect the SD Dirac
equation described on each edge and then the 5D Dirac
equation is also invariant for the transformation (3.28).
However, the transformed field should satisfy the same
boundary condition as the original one in order for 7 _ to be
a symmetry.

If we compare the 4D chirality in the same way, we
obtain the transformation 7, for the 4D fields and the
mode functions as

i T_ )% i i T_ )%
W)= Ui (=x0.x), () = 0,1 (9),

A (5) 50,67 (7). (3.29)

Then, in order for our model to have the time-reversal
symmetry 7 _, we find that the relations

(loy = Ug) (0, ® 1y)FV* =0, (3.30)

(1oy + Ug)(02 ® 1N)é£,{)* =0 (3.31)

must hold from Egs. (3.15) and (3.16).

Comparing these relations with the complex conjugate of
the original boundary condition (2.16) and (2.17), we
obtain the restriction

T_ U B T:l - U B>

T_=(io, ® 1y)K. (3.32)

T_ is antiunitary and its square is
T2 = —1. (3.33)

Therefore Eq. (3.32) implies 7T_ corresponds to the TRS
with 72 = —1 in the AZ symmetry classes.

E. Correspondence to particle-hole symmetries

We consider two types of charge conjugations with extra-
spatial transformations similar to the time-reversal sym-
metries and show those provide the restrictions for Ug. They
correspond to the PHS (3.2) in the AZ symmetry classes.

1. Charge conjugation C_

First, we introduce a transformation defined by the 4D
charge conjugation with the parity P, in the extra space
which is consistent with the 4D Lorentz symmetry in our
model:

c. -
W(x,y)— (x.y) = PUCY (x,y),  (3.34)
where U ¢ is the usual 4D charge conjugation matrix defined
by6

Uc(y")TUZ = —p*, UL =-Uc (3.35)
From the above relation between U, and y*, the gamma
matrix y’(= —iy’) satisfies
Uc(r)'U" =7 (3.36)
In this paper, we refer to this transformation as the charge
conjugation C_. While the 5D Dirac equation is not invariant
by only the 4D charge conjugation due to the sign of the
right-hand side in Eq. (3.36), it is invariant by C_ since this
transformation additionally includes the parity Py.7

®In the chiral representation y° =60, ® 1,, ' = —io, ® o,
7’ = —ioy ® 1,, the matrix U is given by Ue = y%7> up to a
phase.

" Although we focus on the C_ symmetry in this paper, we can
also consider a 5D charge conjugation without the parity which is
given by

P(x,y) = Uc¥T(x.y),
Ue(r")'UG =+

Ul =-Uc,
(A=0,...,3,y).

The bulk mass should vanish under this symmetry unlike the case
of C_. See [40] for detail.
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In addition to the invariance of the 5D Dirac equation, the
field after the transformation should satisfy the boundary
condition in order for C_ to be a symmetry. By substituting
the KK decomposition (2.6) into (3.34) and comparing the
chirality in four dimensions, we obtain the transformation C_
for the 4D fields and the mode functions as

i C- O
ll/f(}L,n (x) — UC‘//(L}R,n (x),

i C- e
9 (y) = P ().

ISP (9),
(3.37)

The mode functions f Ef) and g,(f) are interchanged because of
the change of the 4D chirality. Therefore, if there exist zero
mode functions f (()l), zero modes gg) should also exist and we
can take it as

9 () = P f (). (3.38)

For massive modes (n # 0), since the relations between
£(y) and ¢{”(y) are already fixed by Egs. (2.10) and
(2.11), Pygff)*(y)(nyy)*(y)) is given by linear combina-

tions of /1(») (g1 (»)). i
The transformation for the boundary vectors F £,’) and

-

Gﬁ,’l) are

FOS (1 ® ioy) G, (3.39)
GV S (1y ® ioy) FYP, (3.40)
and the following relations must hold:
(lLy =Up)(1y ® if’z)éy)* =0, (3.41)
(Ly + Ug)(ly ® ioy) FY" = 0. (3.42)

From the original boundary conditions (2.16) and (2.17),
the above relations give the restriction for Uy

C_UBC:l = —UB, C_= (lN ® iGz)IC. (343)

Here C_ is antiunitary and satisfies

Cr =-1. (3.44)

Then we can find that C_ corresponds to the PHS with
C? = —1 in the AZ symmetry classes.

2. Charge conjugation C,

Next, we consider the transformation C.. which consists
of the charge conjugation C_ with the transformation Q,

c. _
¥(x,y)— ¥ (x,y) = QyPyUC‘I‘T (x,), (3.45)

where U is defined by Eq. (3.35). The 5D Dirac equation
is also invariant by this transformation.

Then let us consider the restriction for Up in order
for C. to be a symmetry. The transformation for the 4D
fields and the mode functions are given by

i C )%

(3.46)

i C. T

i C. i)

Then the boundary vectors F Ef) and é,(?{) are transformed as

ﬁ;“i (02 ® 1y ® i0'2>é£zi>*7 (3.47)
GO (0, ® Lyjp ® icn)EY".  (3.48)
Therefore the following relations must hold:
(ly = Up)(0: ® Iz ® i) G, =0, (3.49)
(lay + Up)(0s ® ly)s ® icy) FY)" = 0. (3.50)

Comparing these relations with the original boundary
conditions (2.16) and (2.17), we obtain the restriction

C,UgC3' = —Ug, C, = (i @ Iy, ® ioy)K.

(3.51)

C, is antiunitary and its square is

Ci = +1. (3.52)
Therefore C.,. corresponds to the PHS with C?> = +1 in the
AZ symmetry classes.

F. Correspondence to chiral symmetry

Finally, let us discuss the symmetries which are obtained
by the product of the time-reversal and charge conjugation
transformations discussed above. We show that these
symmetries lead to restrictions for Uy and correspond to
the CS (3.3) in the AZ symmetry classes.

1. Chiral symmetry T",

We introduce the transformation of the product 7, C, or
T_C_. From Eqgs. (3.20), (3.45) or (3.28), (3.34), the
transformation properties of ¥(x, y) are given by

7.C, * i

Y(x,y)— — Q,P,UrUgy"¥(—x%x' y), (3.53)
T_C_ .

Y(x,y)— + O, P,Ur Uy (2% x', y). (3.54)

Thus, these transformations are equivalent up to the
sign. Comparing the chirality in four dimensions, we
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obtain the transformations for the 4D fields and the mode
functions as

(i)

T.C i i
WR/L,n (x) — UTUE}/OWE_/)RJ:(_XO’X )’ (355)

A0S F0,r800), @025 F0,n,000).
(3.56)

Therefore, the boundary vectors F ff) and éf,{) are trans-

formed as

2(i )thi

F'=5 £ (0, 1y, ®i0y)GY,  (3.57)
G;(n)Ti’i F (6, ® lyjr ® ioy) Fy Fi7). (3.58)
These indicate that the relations
(loy = Ug)(02 ® 1y ® i0,)G Gl =o. (3.59)
(loy + Ug) (02 ® 1y)2 ® ioy)FY) =0 (3.60)

must hold in order for 7 ,.C, to be a symmetry. We then
obtain the restriction for Ug

L Ugl'}! = -Ug, I, =io, ® Iy, ®ioy. (3.61)
I, is unitary and we can find that I",_ corresponds to the CS
in the AZ symmetry classes. In terms of operators that act
on Ug, we can confirm the relation

I, =T.C,. (3.62)

2. Chiral symmetry T _

We can consider the another transformation of the
product 7, C_ or equivalently 7_C,

T.C
‘P(x,y)—f:I:PyUTU OP(—x0, X, y). (3.63)

The transformation for the 4D fields and the mode
functions are then given by

0 S U U (=0, 1), (3.64
Wy () — UrUerw g, (=20, x%),  (3.64)

i) T i i) T
05 £ (P, a0 = (P k).
(3.65)

Therefore, the boundary vectors F ﬁ,i) and éﬁ,{) are trans-
formed as

(i) 7Gx )
FOZ5 £ (1y ® ioy)GY, (3.66)
o TiCx o
GV =5 + (1y ® icy)FY, (3.67)

and the following relations should be satisfied in order for

7 .C+ to be a symmetry:
(1w — Up)(1y ® ic»)GY) =0, (3.68)
(Loy + Ug)(1y ® icy) FYY) = 0. (3.69)
These relations yield the restriction for Uy
C_Ugl'z! = Uy, _=1y®o0,. (3.70)

I'_ is unitary and we can find that I"_ corresponds to the
chiral symmetry in the AZ symmetry classes. We can also
confirm that I'_ can be given by

.= FilT.Cs. (3.71)

G. Summary of correspondence to AZ symmetry class

In this section, we considered the time-reversal and the
charge conjugation with the extra-spatial transformations in
our model and it was revealed that these symmetries
provide the restrictions for the boundary matrix Ugp as
shown in Table IV. These correspond to the TRS, PHS and
CS in the AZ symmetry classes. The matrix Uy corre-
sponds to the zero-dimensional Hamiltonian H in (3.1)-
(3.3) and therefore we can classify Uy into ten symmetry
classes as in Table II for the d = O case.

It should be noted that we assume only one of the same
type symmetries such as 7 and 7 _ can be present so far. If
both symmetries are present, Q, also becomes the symmetry
independently since Q, can be given by their product. In this
case, we consider the identification of the (a + N/2)-edge to
a-edge (a=1,...,N/2) by the symmetry Q, with the
eigenvalues O, = +1 or Q, = —1, and then classify the
boundary conditions of this reduced system. This identi-
fication effectively reduces the rose graph with N edges to
the one with N /2 edges like the S' is reduced to the interval
by the Z, orbifold, and the same type symmetries such as
T, and 7 _ are trivially related with each other after the
identification. The symmetry Q| requires that Uy commutes
with 6, ® 1 from Egs. (3.15) and (3.16), and the matrix
Uy can be written as

1, +o 1,-o
22 2®”B++2 2®”B—7

Up = (3.72)
where up, are N x N Hermitian unitary matrices. This
ug. (up_) specifies the boundary condition for the reduced
rose graph with N/2 edges with O, = +1(Q, = —1) and
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TABLE IV. The transformations in our model and the correspondence to the AZ symmetries.

AZ symmetry Transformation for ¥(x, y) Restriction for Ug
ime- T, . -1 =
Time-reversal W(x, y) o UpKW(=20, x, y) T UgT? Ug
(T?> = +1) T.=K
ime- T_ . -1 _
Time-reversal W(x.y) —> 0, UK (=", x1, y) T_UgT-' =Ug
(T? = -1) T_ = (ic, ® ly)K
icle- ¢ _ -1 — _
Particle-hole Wix,y) < 0,P, U7 (x.y) C, UpgCy =-Up
(C? =+1) C, = (ioy ® lypp ® icy)C
. _ o
Particle-hole ¥(x,y) i} PyUC‘PT(x,y) C_UgCZ' =-Ug
(C?=-1) C_=(ly ®io,)K
i T.C . -1 — _
Chiral lP()C, y) L}i :FQyPyUTUz‘yOlP(_xoy x',y) F+ UBF+ = UB
F+ = iUz ® 1N/2 ® iO'z
i 7.C . -
Chiral W(x,y) — +PUrUs % (=x",x',y) F-Upl- =-Us
I_= 1N ® ()

corresponds to the irreducible blocks in the Hamiltonian for
the gapped free-fermion system discussed in Sec. III A.

IV. INDEX AND ZERO MODES IN EACH
SYMMETRY CLASS

From the correspondence of the boundary conditions in
our model and the zero-dimensional gapped free-fermion
system, we can obtain the nontrivial topological numbers
Z,7, and 2Z for the boundary conditions in each sym-
metry class as well as the topological insulators and
superconductors in Table II for the d =0 case. In the
topological matter side, the topological numbers specify the

number of gapless states which appear on boundaries.
Then, the question is what do these topological numbers

physically mean in our model?

In this section, we will reveal that these topological
numbers correspond to the numbers of zero modes local-
ized at the vertex in our model as summarized in Table V.
The topological numbers Z and 2Z are related to the Witten
index, which describes the number of chiral zero modes
given in Sec. IID. By considering a sufficiently large
number of the edges N, this number can take any integer
values in the class A and Al and also any multiple of two in
the class AIl. The large N limit corresponds to taking an

TABLE V. Tenfold classification of the boundary conditions in our model. The sign #1 in the column of 7 and C denote the presence
of T, and C., respectively and also 1 in I indicates the presence of the chiral symmetry I, or I'_, while O means the absence of
corresponding symmetries. We also describe the Witten index for the type (2N — k, k) BC in each symmetry class, which is equivalent to
the number of the chiral zero modes in our model. In addition, Z, in the column of the Z, index indicates that the number of massless 4D
Dirac fields in module 2 is topologically nontrivial, while O means topologically trivial and the number of massless 4D Dirac fields can
be zero by continuous deformations of parameters. These correspond to the topological numbers in Table II for the d = 0 case.

Class T C r Classifying space of Uy Ay, for type (2N — k, k) BC Z, index
A 0 0 0 Cy=|2v __UeN) N -k 0
0 k=0 TEN-K)xU (k)
AL 0 0 1 C, = U(N) 0 0
_ O(2N) —
Al +1 0 0 Ro = U2y g2l N—k 0
BDI +1 +1 1 R, = O(N) 0 z,
__0(N)
D 0 +1 0 R, =92 0 Z,
- _ U
DI 1 +1 1 R, iy 0 0
- _ Sp(N) — :
All 1 0 0 R, = Uiﬁom N —k (N, k:even) 0
CII -1 -1 1 Rs = Sp(N/2) 0 0
C 0 -1 0 R — SPN) 0 0
UN)
— _uw
CI +1 1 1 Ry =Y 0 0
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infinite number of bands in the zero-dimensional
Hamiltonian. In addition, the topological number Z, in
the class BDI and D corresponds to the number of Dirac
zero modes in module 2. Here we call it Z, index. We will
see that the Z, index becomes topological invariant due to
the additional degeneracy of the massive modes by the
symmetry C,. We also investigate the classifying spaces of
Ug in our model, which are the parameter spaces of Up
restricted by symmetry conditions, and show they are
identical to the ones in the gapped free-fermion system.

A. Witten index and classifying spaces

Here, let us discuss the Witten index and the classifying
space for each symmetry class in our model, and show the
correspondence to the topological numbers Z, 27 and
the classifying spaces in the gapped free-fermion system.
The Z, index will be discussed in the next subsection.

1. Class A

Since the class A has no symmetries, there are no
additional conditions for Ug. Therefore, Uy is diagonalized
as follows (see Section II B):

Lok
UB = V( ()

(k=0.1,..

0
| )V"‘, V € U2N)
— Lk

.,2N). (4.1)
The Witten index is determined by the number of the
eigenvalues £1 of Ug, and is given by
Ay =N—-k (k=0,1,...,2N). (4.2)

By considering a sufficiently large N, the Witten index can
take any integer and this corresponds to the topological
number Z.

In addition, the parameter space of Uy in the type (2N —
k,k) BC is U(2N)/(U(2N — k) x U(k)) from the matrix
V. Then we can obtain the classifying space of Ug as

2 U(2N)

o= kL:JO UQRN —k) x U(k)’

(4.3)

This is also identical to the one for the zero-dimensional
Hamiltonian in the gapped free-fermion system.

2. Class AIIT

The class AIIT has only the CS with the unitarity operator

I" for Ug which denotes I', or I'_ given in Sec. III. This
operator satisfies

{Up.T} =0,

Fz - 12N' (44)

This implies that the boundary vectors of the zero mode

functions with the chiral operator I'F, ((f) (Fé(()j ) satisfy the

boundary condition of égj ) (F (@). Therefore, if the CS is
present, F g> and ééj ) have the same degrees of degeneracy,
i.e. the equal degrees of freedom for i and j. For this reason,

Uy should be diagonalized as

Iy 0
Ug = v( N
0 —ly

) Vi, VeURN) (4.5)
and the Witten index is given by
Ay = 0. (4.6)

I" can be taken to the diagonal form of I' = 63 ® 1 by
an appropriate basis change such as

UB - OB = VTUBV, (47)
r-r=vrv, (4.8)
B 71, 49)
GY) - ViGY, Ve UCN). (4.10)
In this basis, Uy is written as
~ O MB
Ug = < s > ug € U(N) (4.11)
ug 0

from Eq. (4.4) and the conditions Uz = 1,y and UE = Usg.
Therefore the parameter space of Uy is specified by ug and
then the classifying space is

(4.12)

3. Class AI

The class Al has the 7, symmetry and the additional
condition for Uy is
T+UBT11 - UB, T+ - IC (413)
This requires that Ug is a real matrix. Then Ug can be
written as

Ly 0
UB:R< Nk )RT, R € O(2N)
0 -1
(k=0,1,...

,2N). (4.14)

Therefore, the Witten index and the classifying space are
given by
Ay =N—-k (k=0,1,...

2N),  (4.15)
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o O(2N)
Ro= kL:JOO(ZN —k)x O(k)’

(4.16)

respectively. The difference between the class A and Al is
that Uy is a real matrix in this class. Therefore the mode
functions can be taken to be real since the complex
conjugation of the mode functions also satisfy the boundary
condition and become solutions of Egs. (2.12) and (2.13)
with the same mass eigenvalues.

4. Class BDI
The class BDI has the three symmetries 7,,C,, and

7 .C,. Then Uy satisfies

T UgT7' =Us. T.=K, (4.17)

C,UgCy' = ~Us, C. = (ioy ® lyyy ® icy)K,

(4.18)

F+UBF11 = —UB, F+ = iUz ® 1N/2 ® iGz. (419)

From the same discussion in the class Alll, the degeneracy

of F (()i) and (_5(()’ ) are equal to each other due to I'; and the
Witten index becomes

Ay = 0. (4.20)

Then let us discuss the classifying space. Here we focus
on the operators 7, and I'y due to the relation
'y =T,.C,. Since I', is the real symmetric matrix, this
can be diagonalized by a real orthogonal matrix. When we
consider a basis change such that

[L=VT . V=0;Q ly, (4.21)
T.=VT, V=K (4.22)
with the real orthogonal matrix V
- 1 1 Iyp ®c
V(L e ey
V2 \=lyp ®ioy lyp @ oy

Ug = VTURV is given by a real matrix and restricted to the
form

) 0
UB:< . ”B), ug € O(N)  (4.24)
ug 0

by the conditions (4.17), (4.19) and Uj = Uj and

UE = Ug. Then we can see that the classifying space of
Uy is given by

(4.25)

5. Class D
Since the class D has the C, symmetry, the condition for
U B is

C+UBC:LI = —UB, C+ = (i02 ® 1N/2 ® iO'z)lC.

(4.26)
First, let us diagonalize C, as
C,=Vic, V=K, (4.27)
where
- 1 1 Iyp ®ic
Y= ﬁ <—1N/2A‘/® 0y 112 ® iﬁl ) (4.28)

In this basis, the condition Uig = Up and Egs. (4.26) and
(4.27) imply that Uy = V' UgV can be of the form

Ug = iA, AT =-A, (4.29)

where A is a 2N x 2N antisymmetric real matrix. Since any

pure imaginary antisymmetric matrix has the same number
of positive and negative eigenvalues, the Witten index is
Ay = 0. (4.30)

Next, let us consider the classifying space in this class. In

general, using a real orthogonal matrix R, we can bring the
real antisymmetric matrix A into a block off-diagonal form:

0 1
A:R( N)RT, Re€O(2N).  (431)
~1y O

If there is a matrix R’ which satisfies

0 1 0 1
R’( N)R/T:( N), R € SO(2N),

(4.32)

the replacement R — RR’ does not change the matrix A.
Therefore the classifying space is given by the coset space,
which is O(2N) divided by the parameter space of R'. We
mention that R’ should have the determinant det R’ = +1
since this matrix also belongs to the symplectic group.8
We can write R’ as

$From the properties of the Pfaffian, we obtain

0 1 0 1
Pf(R’( N)R’T> = det(R’)-Pf( N).
-1y 0 -1y 0
Substituting Eq. (4.32) into the left-hand side of the above
equation, we see that detR’ = +1.
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R/ = eXp{12 ®X0+62 ®X2}, (433)
where X, is an antisymmetric real matrix and X, is a
symmetric pure imaginary matrix. Since o, can be dia-
gonalized by the unitary matrix

1 /1 =i
G, =— , G.G, = G,G! = 1,, 434
=5, ) de-aei-n @

R’ is given by

R = (G, ®1y)exp{l, ® Xy + 03 ® X,}(G, ® 1)

~ @@

SCEINI

Here r is a unitary matrix because it satisfies r'r = 1.
Therefore, it turns out that R’ is specified by an element of
U(N). Then the classifying space of Uy is

~ O(2N)
2T Uy

(4.36)

6. Class DIII

The class DIII has the three symmetries 7 _, C,, and
T_C,. Then Uy satisfies
T_UgTZ' = U,

T_ = (iUQ ® IN)}C, (437)

C, UgCy' = -Us, C, = (io; ® Iy, ® ioy)K,
(4.38)
F_UBF:1 - —UB,

F_ = 1N ® 0). (439)

Since the CS is present, the Witten index in this class
should be zero, i.e.
Ay = 0. (4.40)

T_ and I'_ are anticommutative and we can take the
basis

L=V V=0,®Ily, (4.41)
T_=VT_V=(6®i0,® Iy;)K
0 ioc, ® 1 K
- ((i62 ® Lyp)K " 0 " ) 442
by the unitary matrix V
- 1 1
V= WNQZ\% (i;; _i’IVN ) (4.43)

exp(Xy + X»)

0
)@ (r=ex + X))

0

exp(Xo — X,) ) (G2 @ 1)

(4.35)

|
Here we define the real orthogonal matrix W, _,, which

exchanges the order of the direct product of an n, x n,
matrix A and an n, X n;, matrix B such that

W, on,A®B)W, ., =BQA, (4.44)
Wn,l<—>nb = Z(El ® Ea)(E;tr ® ZzT)’ (445)
¢l =(0,...,0,1,0,....0)7, (4.46)
i—1
EI:(O, . 0,1,0 ,O)T (l—l, 7naa a_l’ ’nb)
a—1
(4.47)

In this basis, Ug = VIUgV is restricted to the block off-
diagonalized form

~ 0 ug
Ug = . , uuTzl,
B (M]; 0) B“%B N

(62 ® Lyp2)ug (02 ® lyyn) = ug. (4.48)

Since up is a unitary matrix, it can be diagonalized as

eia] 0

ug =0 ugv, ug= , veU(N),

0 eiaN

4 ER (i=1,....N). (4.49)

Substituting the first equation in (4.49) into the third
equation in (4.48) with J, =06, ® 1y, we can get the
relation

(00" ug = ug(vJyv"), (4.50)

or equivalently
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(”Jy”T)ij<”d)jj = (ud>ii(vJyUT)ij (Lj=1,...

(4.51)
where i, j denote the indices of the matrix elements and are
not summed up. This implies that (ug); = (uq);; if
(vJyv");; # 0. Then, by dividing both sides of the above

equation by u(lj/ 2. we can also obtain the following relation:

(UJyUT)ij\/ (”d)jj =V (”d)ii(”-’y”T)ij-

This relation is also trivially satisfied in the case of
(vJyv");; = 0. With this relation, up can be rewritten as

(4.52)

ug =w'Jwl,, w= vTu(li/Zv*. (4.53)
By definition, w is an N X N unitary matrix. This w
specifies the parameter space of ug. We can find that up
is invariant by the transformation

w=gw  (d'g=1y g'Jg=1J,). (454)
Since ¢ is an element of the symplectic group Sp(N/2), the
classifying space of Uy is given by

U(N)

3:7

. 4.55
Sp(N/2) (4.55)
7. Class AII

The class AIIl has the 7_ symmetry. The additional
condition for Uy is

This matrix is of the form

(s )
V=

B A*
with N x N matrices A and B. Since V is a unitarity matrix,
A and B must satisfy

(4.60)

ATA+ BB = 1y, (4.61)
-BTA+ATB =0, (4.62)
AAT + B*BT = 1y, (4.63)
BAT—A*BT = 0. (4.64)

T_UgTZ' = Uy, T_=(ic, ® Iy)K.  (4.56)
Let F) and G (i,j=1,2,...) are orthonormal eigen-
vectors with Ug = +1 and U = —1, respectively. From
the above condition, the vectors FY and T_FY (with the
same index i) have the same eigenvalues Uy = +1, and
they are orthogonal to each other from the direct calcu-
lation. If we have a boundary vector F)(i # j) which is
orthogonal with FOand T_FY, 7_FY is also orthogonal
with them. Therefore, the number of the eigenvalue Ug =

—+1 is even in this class. The same is true for the case of é(j )

and T_GY ), and the number of the eigenvalue Uy = —1 is
also even. Then, in the type (2N — k, k) BC, the number k
should be even. It should be noted that N is also even for the
Qy transformation in 7 _ to be well defined. Thus, the
Witten index in this class is given by an even number:
Ay =N—-k

(k=0,2,4,...,N,N:even). (4.57)

This corresponds to the topological number 2Z.
For the type (2N — k, k) BC, we can rewrite Uy as

Lon-k)2 0
-1
Ug =V Y2 Vi
Lon-k)2

0 _lk/2
(4.58)

where the 2N x 2N matrix V is a unitary matrix defined by

(4.59)

Then V satisfies

0 1 0 1
VT< N)V:( N). (4.65)
1y 0 ~1y O

This implies that the matrix V is an element of the
symplectic group Sp(N). However there is redundancy

left in this V. Let
(o &)
gi = B, A

be an element of Sp(i) and we consider the matrix g which
belongs to Sp((2N —k)/2) x Sp(k/2) such as

(4.66)
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Aon-tyz 0 =Bioypp 0

0 A 0 -B
g= S S e
Bon-i 0 Aby_p)p 0
0 By)» 0 A P

We find that Uy is invariant by the replacement V — Vg.
Therefore, the classifying space of Ug is given by the coset
space

Ro= U Sp(N)
=0Sp((2N—k)/2)xSp(k/2)

(N,k:even). (4.68)

8. Class CII

The class CII has the three symmetries, 7 _, C_, and
T _C_. Then Uy satisfies

T_UgTZ' = Uy, T_=(ic, ® Iy)K,  (4.69)
C_UBC:1 = —UB, C_= (IN ® iGz)’C, (470)
F_;'_UBF:Ll == —UB, F+ == i62 ® 1N/2 ® iGz. (471)

Since the CS is present, the Witten index in the class CII is

Ay = 0. (4.72)
When we take the basis
L =VrV=06®Ily, (4.73)
T_=VT_V=(1,®i0,® lyn)K
_ <i62 ®lyz 0 >/c, (4.74)
0 oy ® 1y
1 (Iyp®oz —lyp®ioy
V:\/§<1N;2 ® oy /11\/ >(12 ® Wapzoa)

(4.75)

using the matrix Wy ,.,, defined by (4.45), Ug =VTURV

is of the form
~ 0 ug
w-(37)
ug 0

with the conditions

(4.76)

MITS“B = ly, ug (07 ® 1N/2)MB =03 ® ly). (4.77)

This means that the matrix ug is an element of the
symplectic group Sp(N/2). Therefore, the classifying
space of Uy is given by

Rs = Sp(N/2). (4.78)

9. Class C
The class C has the C_ symmetry with the condition

C_UBC:1 = —UB, C_= (1N ® iUz)}C. (479)

Let F)(i =1,2,...) are orthonormal eigenvectors with

Ug = +1. Then we can find that C_F" has the opposite
eigenvalue Ug = —1 from the above condition. Therefore
Uy has the same number of positive and negative eigen-
values, and the Witten index in this class is given by

Ay = 0. (4.80)
Let us consider the basis change such as
C_.=V'C_V = (ic, ® 1y)K. V=Wy,. (4.81)

where Wy_,, is defined by (4.45). In this basis, we
diagonalize the matrix Ug(= V UgV) as

i Iy O
Ug = V< N )V"‘,
0 —ly

where V is a 2N x 2N unitary matrix which specifies the
parameter space of Ug. By using the redundancy of V, the
matrix can be given as follows:

(4.82)

v=WVFY, . VFV —¢_VFY . . —-C_VF™). (4.83)
From Eq. (4.81), V is of the form
A -—B*

V= ( ) (4.84)
B A*

with N x N matrices A and B. Repeating the same argu-
ment in the class All, the matrix V defined in this way is an
element of the symplectic group Sp(N). Furthermore,
Eq. (4.82) is invariant under the transformation

V—>V([O] 3) UeUNN). (4.85)

Therefore, the classifying space of Uy is given by

Sp(N)
R¢ = . 4.
7 U(N) (4.86)
10. Class CI

The class CI has the three symmetries, 7, C_, and
7 . C_. The additional conditions for Uy are
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T_;'_UBTIFI - UB, T+ - IC, (487)
C_UBC:l == —UB, C_ == (lN ® iUQ)IC, (488)
F_UBF:] - —UB, F_ - IN ® 0. (489)

Since the CS is present, the Witten index in the class CI is

Ay = 0. (4.90)
When we take the basis
F_ = VTF_V = 03 ® 1N7 (491)
- - N 0 Iy-K
T.=ViT V= 1K =
+ + (01 ® 1y) <1N K0 )
(4.92)
with the unitary matrix V
- 1 1y Iy )
V=Wyor— , 4.93
N 2\/§<i1,\, —ily (4.93)

the matrix Uy = VIURV is given by

. 0 u
UB = ( ¥ B)M]EUB = lNa Ml;r = Ug. (494)
ug 0

Since up is a unitary matrix, it can be diagonalized, using
the unitary matrix v, as

eiaI 0
ug = v ugv, ug = )
0 el
ve U(N), aeR (i=1,...,N). (4.95)
From the relation u}; = ug, we obtain
(v )ug = ug(vo?"), (4.96)
or equivalently
(””T)ij<”d)jj = (”d)ii(UUT)ij’ (4.97)

where i, j denote the indices of the matrix elements and are
not summed up. If (vv");; # 0, the above relation implies
that (uq); = (uq);;- Then, by dividing both sides of the

. 1/2
above equation by u
relation:

, we can also obtain the following

(WT)ij\/ (ud)jj =V (ud)ii(UUT)ij'

(4.98)

This relation is also trivially satisfied in the case of
(vol); ; = 0. Using this relation, ug can be rewritten as

T

ug = w'w, w= vTu(ll/zv*, (4.99)

where w satisfies

ww! = 1y. (4.100)
This means the parameter space of ug is specified by the
unitary matrix w. However, Eq. (4.99) is invariant under the
replacement

g€ O(N). (4.101)

w = gw,

Therefore, the classifying space of Uy is given by

U(N)
R, =———. 4.102
77 O(N) (4.102)
B. Z, index

Finally, let us discuss the Z, index, which is the number
of Dirac zero modes in module 2.

The topological property of this index results from the
degeneracy of massive mode functions due to the symmetry
C.. As we have seen in Sec. III E 2, by the C ., the mode
functions are transformed as follows:

i Cy C. (i e

A0 = £ ) = 0,Pa " (v). (4.103)
i Cy (i )

a0 =g () = 0P (). (4.104)

Using Egs. (2.10) and (2.11), we can show that the f,(f> (y)

and fg* @ (y) with the same index i are orthogonal with
each other for n # 0. Furthermore, if we have a massive

mode fﬁi’j (v)(i # j) which is orthogonal with ff,i) (v) and
50y, £5Y)(y) is also orthogonal with them. This is
also the same for gg,l)(y). Therefore the degeneracy of the
massive mode functions £ (v) and g (v)(n # 0) with the
symmetry C, is always multiple of two respectively, and
their mass eigenvalues move together by deformations of
the parameters. On the other hand, zero mode functions
f(()’)(y) and g(()’)(y) are not necessarily degenerate respec-
tively (although the number of independent zero mode
£9(y) and that of g'(y) are equal to each other by C_).
Then, the number of massless Dirac fields Np(=(Ny, +
N,,)/2) mod 2 is invariant by continuous deformations of
the parameters in the boundary conditions as described in

Fig. 8, and this index can be topologically nontrivial if the
symmetry C, is present.
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FIG. 8.

The figures represent the change in the number of zero modes under continuous deformations of parameters with the symmetry

C.. Comparing the top three figures with the bottom three figures, we can see that the number of massless Dirac fields N mod 2 is

invariant.

In the following subsection, we confirm that the Z, index
becomes topologically nontrivial and take the Z, values in
the class D and BDI depending on the discontinuity of their
classifying spaces, while it is topologically trivial in the
other classes.

1. Class D

First, let us consider the case of the class D. Since this
class has the C symmetry, there is a possibility that the Z,
index becomes topologically nontrivial. In this class, from
the discussion in Sec. IVA 5, the matrix Uy can be written
as follows:

Ug = VR(-0, ® 1y)RT VT, R € O(2N),  (4.105)
where
- 1 1 1 ® ic
v:< N e 1). (4.106)
V2\~1yp ®io, ly;, ® ios

The classifying space of this class is given by the
disconnected space O(2N)/U(N) from the matrix R and
divided into two connected regions by detR = +1 and
det R = —1. This determinant is related to the number of
Dirac zero modes Np. The result is

detR = (=1)">. (4.107)

Therefore, Np =0 mod 2 for the parameter space with
detR = +1 and Np = 1 mod 2 for the parameter space with
det R = —1. This is the topological invariant as discussed in
the beginning of this subsection, and we can find that this
index corresponds to the topological number Z, of the Oth
homotopy group of the classifying space.

To confirm this result, it is enough to see a simple example
since this index is invariant by continuous deformations of
parameters. Then, as an example, we take R as

1m ® 03
Ly_2m
R_ N-2
12m
1N—2m
(m=0,....N/2) (4.108)
with det R = (—1)™. For this R, Uy is given by
02m 12m
U, = Lyo-m ® 0 Oy_om
l2m 02m
On-2m Iyjo-m ® o
(4.109)

Then the boundary condition (2.16) and (2.17) for the zero
modes are written as
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F(li) e~M(Lo+e)

b b (i) ,~M(L,~
m m F (Ly—e)
e S0 ‘ e a ~0 (4.110)
~hon lzn (i) ML o '
On-2m Injoom ® (1y—ay) | | Fyle7MErmrto
F[(\’/) e—M(LN—s)
G(lj) eM(Lote)
b L U) ML -
" " _GW pM(L1—¢)
e S L) ‘ ot a =0 (4.111)

1 2m 1 2m
0N —2m

Iyom ® (12 +01)

G;\;) eM(LN—l+S)
—G%)eM(LN_6>

where the Fgf) and GE,j) (a =1, ..., N) are the coefficients in Egs. (2.27) and (2.28). Here we assume that the bulk mass M # 0.

Then the coefficients are given by

FY) = Fx)/zﬂeM(L”_LN/Z)’

and the others vanish for the case of M # 0. Therefore, the
independent coefficients are F g’), . FYand GY), LG
and the number of independent zero mode functions is m
for fg)(i =1,...,m) and géj)(j =1,...,m), respectively.
Thus Np = m for the case of M # 0 and we can find that
the relation (4.107) is satisfied. We also mention that we
obtain N, = N — m Dirac zero modes for M = 0 unlike
the case of M # 0. But the result (4.107) does not change
since N is even in this class.

2. Class BDI

Next, we consider the class BDI. This class has the 7
symmetry in addition to C,. From the discussion in
Sec. IVA 4, Uy can be written as follows:

-/ 0 ug)\ .
Ug = v( . B)VT, ug € O(N),  (4.114)
ug 0
where
N 1 1 1 Roc
V:—< N 1). (4.115)
V2 \=lyp ®io, 1y, ® oy

We mention that if we restrict the matrix R in (4.105) as

F%) _ F](\j)/2+meM(an—]_LN/2+nl—l)7 (4.112)
) _ _~0) —M(Lyy—y=Ly2im-1)
G = -G, ) (4.113)
u 0
R= ( b ) (4.116)
0 1y

Eq. (4.114) can be obtained.

The classifying space in this class is O(N) specified by
the matrix ug and divided into two spaces by detug = +1
and detug = —1 disconnected with each other. By con-
sidering the same example in the class D, we obtain the
following relation between this determinant and the number
of Dirac zero modes Np:

detug = (—1)"». (4.117)

Therefore, we see that the Z, index in this class corre-
sponds to the topological number Z, of the Oth homotopy
group of this classifying space.

3. The other classes

In the class DIIL, the 7 _ symmetry is present in addition
to C, . Under the 7 _ transformation, the mode functions are
transformed as

A0S0 =0 ), @1s)
W0 g o) = 0,6 (). (4119)
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Then we can show that the f,(p(y)(ggf)(y)) and

fnT’O)(y)(gnT’(l)(y)) with the same index i are orthogonal
to each other for all n. Therefore this 7_ symmetry
leads to the twofold degeneracy of not only the massive
modes but also zero modes like the Kramers degeneracy.
Then the number of zero mode Np mod 2 is always
trivial in this class. Instead of the Z, index, one may
consider a fourfold degeneracy of massive mode func-
tions by the combination of 7_ and C, and Np mod 4
to become topologically nontrivial, but this is not the
case since the fourfold degeneracy of massive modes
does not generally hold. Actually, when we consider the
boundary condition

Uy
0
u
Uy = N2 . (4.120)
u
0
Uy
cosf@, sind,
U, = i s ga (S [0,271')
sinf, —cosd,
(a=1,...,N/2), (4.121)

two Dirac zero modes appear for each €, which satisfies
tan(d,/2) = e"M(La=La-1) Then we find that the Dirac
zero modes vanish by continuous deformations of the
parameters 0,(a = 1,...,N/2), and thus it is topologi-
cally trivial.

We can also show that the Z, index is trivial in the other
classes since they have no symmetries which leads to the
degeneracy only for massive modes.

V. SUMMARY AND DISCUSSION

In this paper, we studied 5D fermions of which extra
dimension is on quantum graphs. We showed that the
boundary conditions of the quantum graphs are classi-
fied into ten symmetry classes according to the presence
or absence of time-reversal, charge conjugation, and
extra-spatial symmetries of 5D fermions. The obtained
symmetry classes are identical to the AZ symmetry
classes of SPT phases of gapped free-fermion systems.
A Hermitian matrix Upg specifying the boundary con-
ditions corresponds to a Od Hamiltonian of gapped free
fermion systems. Furthermore, the constraints for Upg
originating from symmetries of 5D fermions are the
same as those for the Od Hamiltonian with AZ sym-
metries. Based on these results, we introduced topo-
logical numbers for the boundary conditions in the same
manner as those of 0d topological insulators and super-
conductors. Importantly, the topological numbers of the

boundary conditions coincide with the number of KK
4D chiral or Dirac fermions localized at the vertex of
quantum graphs, which would be a generalization of the
bulk-boundary correspondence for gapped free-fermion
systems.

Our classification implies that class A with no
symmetries or class Al with the time-reversal symmetry
is preferable for realizing the fermion flavor structure in
the standard model. The nontrivial topological number
Z in these classes may provide three generations of 4D
chiral fermions.” To fully reproduce the standard model
in our quantum graph approach, we must investigate
gauge fields on quantum graphs. (Higgs bosons can be
obtained by five-dimensional gauge fields.) Although
Refs. [25-29] take into account gauge fields, they
consider the only simple boundary conditions such as
the Dirichlet and Neumann conditions. In general
graphs, more involved boundary conditions are possible
for gauge fields. The boundary conditions for gauge
fields are related to those of fermions by 5D gauge
symmetry since the 5D fermions after the gauge trans-
formation should satisfy the same boundary condition,
which restricts an allowed gauge parameter space. This
restriction affects the 4D spectra of the gauge fields and
can induce gauge symmetry breaking. We should also
take care of the gauge anomalies due to the 4D chiral
fermions, but our quantum graph approach is based on a
5D theory, so it should be anomaly free. The anomalies
of 4D chiral fermions at the vertex of quantum graphs
are canceled with the contributions of massive modes at
the edges of quantum graphs by the anomaly inflow
mechanism [41-43].

The key point in the classification of the boundary
conditions for the 5D fermions is the existence of chiral
spinors in four dimensions. The Hermiticity of the boun-
dary matrix Uy originates from the independence of the left
and right-handed chiral fields under the 4D Lorentz
invariance. We expect that the same discussion works
for general odd D-dimensional cases since chiral spinors
exist in D — 1 dimensions. In contrast, for even D-dimen-
sions, we cannot apply the same discussions. In fact, the
matrix for the boundary conditions is not generally
Hermitian in even dimensions (See, e.g. [19]). We leave
the extension of our results to other spacetime dimensions
as a future problem. In particular, the investigations for
lower dimensions would be important from the viewpoint
of condensed matter physics.

We are also interested in the correspondence to SPT
phases in other dimensions. So far, we have discussed the

°For example, Refs. [25-29] discuss the realization of the mass
hierarchies and CP-violating phase by using the 1D extra space
consisting of three line segments with the Dirichlet boundary
conditions for fermions. This corresponds to the case with
|Aw| =3, and thus three generations of 4D chiral fermions
appear.
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relation between the boundary conditions for quantum
graphs and 14 0d SPT phases for gapped free fermion
systems, assuming that the 4D spacetime and the extra
dimension are factorized, and the boundary conditions on
the extra space do not have a 4D momentum dependence.
However, if we consider the boundary conditions depend-
ing on the 4D momentum (or equivalently the 4D deriva-
tive), the boundary condition matrix would be regarded as a
higher dimensional Hamiltonian, and thus we may obtain
the correspondence to SPT phases in other dimensions.
Another future direction is the effect of interactions. So
far, we have considered free fermions on quantum graphs.
However, by considering interactions and also quantum
corrections, the boundary conditions would be changed,
and breakdowns of the topological phases may occur,
which affects low-energy physics. For the topological
matter side, it has been known that SPT phases of gapped
free-fermion systems may break down by interactions
preserving symmetries (see, e.g. [44-51]). For example,

the Z classification of class BDI for 1D topological
superconductor reduces to the Zg classification if quartic
interactions are present. We are interested in whether a
similar breakdown occurs in the topological classification
of boundary conditions. It is also known that interacting
SPT phases in bulk can be characterized by perturbative
and/or nonperturbative anomalies on boundary [42,52-55].
This is described by an anomaly inflow. Thus, it could be
interesting to consider the boundary conditions from the
viewpoint of anomalies. We hope to revisit these issues in
the near future.
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