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ABSTRACT

A procedure for loading particle velocities from a relativistic kappa distribution in particle-in-cell and Monte Carlo simulations is presented.
It is based on the rejection method and the beta prime distribution. The rejection part extends earlier method for the Maxwell-Jiittner
distribution, and then the acceptance rate reaches =95%. Utilizing the generalized beta prime distributions, we successfully reproduce the
relativistic kappa distribution, including the power-law tail. The derivation of the procedure, mathematical preparations, comparison with
other procedures, and numerical tests are presented.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0117628

I. INTRODUCTION

The kappa distribution is one of the most fundamental velocity
distributions in kinetic studies in space and solar-wind plasmas."’
Since it was introduced in 1960s,"** the kappa distribution has been
widely used to study plasmas with suprathermal populations, because
it seamlessly contains both the thermal Maxwellian component and
the nonthermal power-law component in the high-energy part. It is
also noteworthy that the kappa distribution is connected with Tsallis
statistical mechanics, as it maximizes a non-extensive entropy.I 112,22
For the theory and applications of the kappa distribution, the readers
may refer to a recent monograph'' and references therein. Kinetic
plasma processes in a kappa-distributed space plasma have been inves-
tigated by using particle-in-cell (PIC) simulations."””'*'” To simulate
a kappa-distributed plasma, one often has to initialize particle veloci-
ties according to the kappa distribution, however, numerical proce-
dures to load kappa distributions may not be well-documented.
Among them, Abdul and Mace' recognized that the kappa distribu-
tion is equivalent to the multivariate t-distribution, which can be gen-
erated from a normal distribution and a chi-squared distribution.'’

To deal with energetic electrons of =0.5 MeV and energetic ions
of =1 GeV, special relativity needs to be considered. Velocity distribu-
tions need to be modified accordingly. A relativistic Maxwell distribu-
tion, often referred to as a Maxwell-Jiittner distribution,® has been used
in Monte Carlo simulations as well as in PIC simulations in high-energy
astrophysics. It is not straightforward to generate a Maxwell-Jiittner

distribution, because the relativistic Lorentz factor 7 = [1 — (v/c)?]"/?
makes the problem difficult. To load Maxwell-Jiittner distributions, sev-
eral rejection-based algorithms have been proposed.”'* **° For exam-
ple, Sobol”’ has proposed a simple rejection method, based on the
gamma distribution. Canfield et al." have utilized four gamma distribu-
tions. Their method achieves good acceptance rate of =70% for nearly
arbitrary initial conditions. Another option is the inverse transform
method, which refers to a numerical table of the cumulative distribution
function. In such a case, one needs to carefully adjust the size of the
table, because the code often becomes inefficient.

A relativistic kappa distribution will be useful in modeling ener-
getic processes in laser, space, and astrophysical plasmas. Its mathe-
matical form including the normalization constant was provided by
Xiao™* and by Han-Thanh et al.” Tsallis-type statistics in relativistic
collisionless plasmas has gained attention very recently.”” Meanwhile,
to the best of our knowledge, no one has presented a numerical proce-
dure to load a relativistic kappa distribution in particle simulations.
One can similarly consider the inverse transform method, but a much
larger table will be required, because the kappa distribution has a
power-law tail that extends nearly infinitely. We desire a reliable algo-
rithm that is free from tables.

In this article, we propose a numerical algorithm to load a relativ-
istic kappa distribution in PIC and Monte Carlo simulations. The
rest of this manuscript is organized as follows. As starting points,
Secs. II and III discuss algorithms to generate Maxwell and kappa
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distributions. Section IV presents our extension of Canfield et al’s’'
algorithm to generate a Maxwell-Jiittner distribution. Section V intro-
duces a new procedure to generate a relativistic kappa distribution,
based on beta prime distributions. Section VI presents numerical tests
of the proposed methods for relativistic distributions. The efficiency of
the rejection method is evaluated. Section VII contains discussions
and summary.

Il. MAXWELL DISTRIBUTION

A Maxwell distribution is a multivariate normal distribution,

fu(v)dv =N L %ex fv—z v (1)
M — M\ 2 P\ 72 ’

M M

Here, N, is the number density for a Maxwellian plasma, v, is the most
probable velocity, and the other symbols have their standard meanings.
In this case, plasma temperature is given by Ty = (1/2)muv3,.
Throughout the paper, we focus on isotropic distributions.

The three components of the Maxwellian can be obtained by

Ux = ony, vy = Gy, Uy = on3, (2)

where 6% = (1/2)v}, is the variance and n,, n,, and n; are the normal
random variates. The normal variates can be generated by the
Box-Muller method” or other methods.™'***

We examine the Maxwellian from another angle for discussions in
Secs. 11T and TV. We move to spherical coordinates via d*v = 4nv*dv.
We use a normalized parameter,
2

v
= 3
and then we obtain
2N, 3
Su(x)dx = Tj:xlfze*xdx = NuGa (x; 2 1) dx, 4)
where I'(x) is the gamma function and
k—1,—x/2
Ga(x; k, /1) = % (5)
(k)2

is the gamma distribution with a shape parameter k and a scale param-
eter 4. There are several procedures to generate the gamma distribu-
tions.”'”'**” We present some of them in Appendix A. From a

gamma-distributed random variate X, (., ), we recover the velocity,

v =0M\/XGa(3/21) = 0/ XGa(3/2.2)- (6)

We can also rewrite this with T},

2T

v= 7XG3(3/2,1) = \/XGa(3/2,2Ty/m)- (7)
Finally, we obtain the v vector, by randomly scattering v onto the
spherical surface, using two uniform random variates X;, X, ~ U(0, 1),
vy =0v(2X; — 1),
vy = 20/ X (1 — X;) cos (21X3), (8)
v, = 20y/X1 (1 — X;) sin (27X;).

scitation.org/journal/php

I1l. KAPPA DISTRIBUTION
A kappa distribution is defined by

N, C(k+1) ( vz)(xﬂ) ,
w1\ ) O

where 0 is the most probable speed and r is the kappa parameter. The
K parameter controls a power-law index in the high-energy part.
It ranges Kk >3/2, so that the effective plasma temperature
T = [1/(2K — 3)]m0* remains finite. Other properties of the kappa
distribution are discussed in Livadiotis'' and references therein.
Assuming isotropy, we obtain

—(r+1)
_ 4 C(k+1) v )
fie(v)dv = N, n1/2(K92)3/2 T —1/2) (1 + W) v*dv (10)

fe(v)dv =

— N,B' (U;%,%,Z, (K92)1/2> dv. 11)

Here, v =2k — 1 and B’ is the generalized beta prime distribution
with a shape parameter p and a scale parameter g,

B'(x; 0, f,p,q) = qB(I; B (’—;)ap_l <1 + (g)p)

_ pI(a+p)

—(z+h)
x\ P ap
T PT()T(B) (H <5> ) S )

B(a, ) is the beta function. If we redefine x' = (x/q)?, with help
from (dx'/x') = p(dx/x), then x’ follows the (standard) beta prime
distribution,

—(x+p)

B'(x;a, ) =B («;0,,1,1) = —ll:((Z)_lt([[gf)) (1+4x) P ().

(13)
A random variate according to the beta prime distribution, Xy, ), is
generated by

XGa(x,0)

Xu(up) = (14)

Xca(po)
where X, (5,6) i a random variate that follows the gamma distribution
Ga(x,8).” Here, Eq. (14) is independent of choice of . Since the rela-
tion [Eq. (14)] is not well known, we provide a brief proof in
Appendix B. Then, considering the scaling factors, we obtain

, Xeaus) 1/p
1 a(o,
Xp(appa) = A Xpp) " = q<XGa(/f é)) . "

Setting 0 = 2, the kappa-distributed velocity v is given by
1/2
XGa
o= (wgp TR (16)
XGa(v/2.2)

Then, we generate two gamma distributions. We note that the shape
parameter v/2 in the denominator can be integers, half-integers, or
floating-point numbers, as long as it satisfies v/2 =k —1/2 > 1.
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Gamma generators for arbitrary k> 1 can be found in Appendix A
and references therein.”'*'*** After this, we spherically scatter v to
the vy, v), and v, components by Eq. (8). The entire steps to generate
the kappa distribution are presented in Algorithm 1-1 in Table L.

In Sec. 11, we have already seen that the gamma distribution with
k=3/2 and the spherical scattering provide the Maxwell distribution
[Egs. (2), (6), and (8)]. From Egs. (16) and (8), we similarly obtain the
three components of the kappa distribution,

UX:@L, Uy:\/@ﬁ, v, = KGZL, (17)
where n,, n,, and n; are the normal random variates and
2= XGa(v/2,2) is a random variate according to the chi-squared distri-
bution with v degrees of freedom. The procedure is presented in
Algorithm 1-2 in Table I. Mathematically, the kappa distribution is
identical to a multivariate t-distribution in three dimensions.' It is
known that a multivariate ¢-distribution can be generated from a mul-
tivariate normal distribution divided by a chi-squared distribution
with v degrees of freedom.'” Algorithm 1-2 is equivalent to this well-
known procedure.

We have checked the algorithm by using 10° random particles.
Generating kappa-distributed particles with x = 3.5, we have made
histograms of f(v) in Fig. 1 and f(E) in Fig. 2. Particle count numbers
(the blue histograms) and analytic curves (the black lines) are in excel-
lent agreement. From Fig. 1, it is evident that v = 0 is the most proba-
ble velocity. From Eq. (10), we can see that a power-law tail in the
high-energy part scales like f(v) o< v™2*. After small mathematics, we
also see f(E) o< E-(*+1/2) As indicated by the red dashed lines, prop-
erties of the power-law tail are excellently reproduced. To better visual-
ize the high-energy tail, we overplot a Maxwell distribution with

TABLE 1. Algorithms to generate a kappa distribution. x > 3/2 is required. See also
Appendix A to generate gamma-distributed variates.

Algorithm 1-1

generate X;, X, ~ U(0,1)
generate X5 ~ Ga(3/2,2)
generate y2 ~ Ga(x — 1/2,2)

02
U X3 KT
1

vy —v(2X; — 1)
vy 20/X; (1 — X1 ) cos (21X3)
v, 20/ X (1 — X) sin (27X;)

Algorithm 1-2

generate 1y, 1y, n3 ~ N(0,1)
generate x> ~ Ga(x — 1/2,2)

K0?
re— | —
ol

Uy < 11y
Uy — 1My

Uy < 13

scitation.org/journal/php

Normalized density
=)
L

10=5 '
1071 100 102

[v|/6

FIG. 1. Velocity distribution of kappa-distributed particles with x = 3.5 (the blue
histogram) and its analytic solution (the black line). The black dashed line indicates
the adjusted Maxwellian.

vy = 0 and Ny = 0.78N, by the black dashed line. These parame-
ters are carefully set such that the Maxwellian is inscribed to the kappa
distribution at the most probable speed of v = 0, as described in
Appendix C. We pay attention to the difference between the tail (the
solid line) and the inscribed Maxwellian (the dashed line) for v > 0.
We define it the nonthermal part. For k < 3.5, more than a half of the
kinetic energy is carried by the nonthermal particles.'”

IV. RELATIVISTIC MAXWELL DISTRIBUTION

We describe an algorithm to load a relativistic Maxwell distribu-
tion, also known as a Maxwell-Jiittner distribution. Since the proce-
dure extends an earlier work by Canfield et al.,* we call it the modified
Canfield method.

The phase-space density of a Maxwell-Jiittner distribution is

given by
3. _ Ny _ﬂ) 3

fM](P)d p= 4nm2cTMK2(mc2/TM) exp ( TM ) p, (18)
2 100

0

[

3

= 1072

Q

N

TU -4

£10

[©)

Z i}

106 ] : \
0 10°1 100 102

E/m6?

FIG. 2. Energy distribution of kappa-distributed particles with « = 3.5 (the blue his-
togram) and its analytic solution (the black line). The black dashed line indicates
the adjusted Maxwellian.
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where 7 = [1 — (v/¢)’] /% = [1 4 (p/mc)*]"/? is the Lorentz factor,
p = myv is the momentum, and K,,(x) is the modified Bessel function
of the second kind. Hereafter we set m =c =1 and write t =
Tar/mc? for brevity. In the spherical coordinates, we obtain

T K, (Al/l/t) xp <_ \/pr)

Using a kinetic energy parameter x,

fwy(p)dp

p dp (19)

E
x=—=y—1, (20)
m

we rewrite Eq. (19) into

e—l/t .
Sy ()i = e (L) (x4 1) — Ld
U
_ —x/t 1/2 32 .2
th(l/t)e (\/Ex + ax + bv2x +x)

(1+x)vx+2
V24 ax!2 4 by2x + 232
where we have introduced two hyperparameters: a (0 < a < 1) and b
(0 <b<1). Unless stated otherwise, we employ a=0.56 and
b= 0.35 throughout this paper.
Following Canfield et al.," we define weight functions w;(¢), their
sum S(#), normalized weights 7;(¢), and a rejection function R(x),

W3(t) = ﬁa W4(t) = a@a
3by/nit (22)
) )

@1

ws(t) = we(t) = (21)"7,

s(t):ZG: () = V7 + av2t + Y ft + (2t)*2, (23)

mt) = "9 (i _34556), ini(t) -1, (4

(1+x)vVx+2
V24 ax!? + by2x + 332

This rejection function ranges 0.957<R(x) < 1. It is asymptotic to 1
in thex — 0 and x — oo limits.

We also remind the readers of the gamma distribution with
shape k/2 and scale 4,

R(x;a,b) = (25)

1 -1 ,—x
Ga(x;k/Z,l):WT(k/z)xk/z 18 /A. (26)

In particular, we take advantage of the following four distributions:

B3N 2 g N
Ga(x,i,t>—ﬁt3/2x e Mt Gu(x,z,t)—t—zxe ,

S 4 sn ) 1 2t
Ga(x,57t) :3ﬁt5/2x e Ga(x;3,t) = pre *

Using Egs. (22)-(25) and (27), Eq. (21) yields

e—l/t 6 ;
Sy (x)dx = \é_Kz 1S/t (Z mi(t ( t))R(x) dx. (28)

v

27)

We also define an auxiliary distribution F(x) without R(x),

Ve VtS(t)
Fyy (x)dx = \/_Kz wn (Zn, Ga( >>dx (29)

Since S°° , 7;(f) = 1, the bracketed term in Eq. (29) stands for a
superposition of four gamma distributions at the probability of ;(t).
Using a uniform random variate X; ~ U(0,1) and the probability
7;(t), one can choose one gamma distribution from the four. A random
variate for the gamma distribution Ga(x;i/2, t) can be easily generated,
for example, by the procedure in Appendix A. Superimposing four dis-
tributions, we obtain the auxiliary distribution Fyy(x). Then, we apply a
rejection method. Using another uniform random X, ~ U(0, 1), we
accept x when the following condition is met,

X, < R(x). (30)

If this condition is not met, we reject the particle, and then we regener-
ate the random variate. We further use the squeeze technique to evalu-
ate Eq. (30). As will be shown, the rejection function is greater than
0.95. Considering this, we rewrite the condition,

X, < 0.95 or X, < R(x). (31)

Then, the code immediately returns true without calling the rejection
function in 95% of the cases, and it calls the rejection function only in
the remaining 5% cases. This usually makes the code faster.

After the rejection, we obtain x according to the distribution of
Eq. (28). We translate x into p

p=Vx(x+2) (32)

and then we further convert it to p via Eq. (8). The obtained p follows
the Maxwell-Jiittner distribution in 3D momentum space [Eq. (18)].
Algorithm 2 in Table IT displays the entire procedure in the pseudo
code. The normalization constant in Eq. (18) does not appear in the
procedure.

Behavior of this algorithm depends on the plasma temperature,
because the probability 7;(t) [Eq. (24)] is a function of ¢ = Tyr/mc>.
Figure 3 shows the t-dependence of the probability densities. The thick
solid lines indicate 7; in color. The four components gradually change
their percentages. In the nonrelativistic temperature limit of t < I,
the 73 component is dominant. In such a case, from Egs. (27) and
(32), we estimate v ~ (Zx)l/2 ~ \/2XGa(3/2.t) = \/XGa(3/2.21)- This
recovers the nonrelativistic Maxwell distribution, as discussed in Eq.
(7) in Sec. II. As the temperature increases, the 73 component
decreases. Instead, the 7, and 75 components appear successively. The
three components are replaced by the ms component, which is domi-
nant in the #>> 1 limit. In this limit, the distribution [Eq. (19)]
approaches foy (p)dp o< exp (—p/t)p*dp, and p ~ x [Eq. (32)]. This is
consistent with the Ga(x; 3, t) term in Eq. (27). Compared with the 75
and 7 components, the 7, and 75 components are localized in the
medium temperature range.

The original method by Canfield et al® corresponds to the
a=>b=1 case without the squeeze method. Quantities in Egs.
(22)-(25) need to be recalculated accordingly. The probabilities 7; for
a = b = 1 are shown by the thin dashed lines in Fig. 3. From the orig-
inal (dashed lines) to the new (solid lines) methods, the m, and 75
components decrease, because we rescale them by factors of a and b.
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TABLE Il. The modified Canfield method to generate a Maxwell-Jiittner distribution.
See also Appendix A.

Algorithm 2: the modified Canfield method

a <« 0.56, b+« 0.35, Ry « 0.95
compute 73, 7y, 75 for given t using Egs. (22)-(24)
repeat
generate X, X, ~ U(0,1)
if X1 < 73 theni < 3
elseif X; < 3+ 7y then i — 4
elseif X; < m3 4+ 7m4 + 75 theni < 5
elsei — 6
endif
generate x ~ Ga(i/2,t)
until X, < Ry or X, < R(x;a,b)
generate X3, Xy ~ U(0,1)
P /x(x+2)
px—p (2X3 - 1)
Py < 2p+/X3(1 — X3) cos (2mXy)
Pz < 2p/X3(1 — X3) sin (27X,

Instead, the 3 and ¢ components increase relatively. The rejection
function [Eq. (25)] for the original Canfield method is reduced to be

Vx+2

Figure 4 compares the rejection functions, Eqs. (33) (a =1,b=1)
and (25) (a = 0.56,b = 0.35). The original function ranges from
1/v/2 < R(x) < 1, and it has a minimum at x=2. The Canfield
method relatively inefficient around 1 < x < 10. To overcome this, we
have reduced the m, and 75 components that are localized in the
medium range by the factors a, b € [0, 1]. We have found our choice
of (a,b) = (0.56,0.35) by a grid-search method, as described in
Appendix E. Using these parameters, the new rejection function

10°

Probability
—_
<

- Eq. (24)
--- Canfield

101 103

-2
10 103

10!
Tm/mc?

FIG. 3. Probability densities 3, 74, 75, 75 as a function of the relativistic tempera-
ture t = Ty /mc?. The thick line indicates the probabilities by the new method [Eq.
(24); a = 0.56, b = 0.35]. The thin dashed line indicates the probabilities in the
original Canfield method (a = 1,b = 1).

scitation.org/journal/php

B Tl el
2 0.751 SalllleeT
2
Q 1.0000
& 0.501
K 0.9999 1
0.251 — Eq. 25)
0.0 --- Eq. 33) OO T 15 14
0P 1071 10! 103
y—1

FIG. 4. Comparison of the rejection functions. The new function [Eq. (25);
a = 0.56, b = 0.35] and the original function [Eq. (33)]. The inlet zooms in on the
peak of the new function.

becomes surprisingly efficient, as presented in Fig. 4. Its two minimum
values are almost equal, R(x) ~ 0.9571 at x ~ 0.053 and ~0.9578 at
x =2 9.85. The local maximum at x ~ 1.29 is very close to, but smaller
than the unity, as shown in the inlet. One can verify our parameters
(a,b) = (0.56,0.35) from different angle. Considering R(x; a, b) ~ 1,
we expect both R(1;a,b) = 2\/5/(01 +V2b+1+ \/f) ~1 and
R(2;a,b) = 3v/2/(a+ 2b + 3) ~ 1. By solving them, we obtain a
good estimate (a, b) ~ (0.58,0.33).

V. RELATIVISTIC KAPPA DISTRIBUTION
A relativistic kappa distribution is defined by’

('}/ _ 1)mC2 —(k+1) ,
AT d’p,

1
NI -
(K + 2)

amT ) (k+1)T(k — 2) ,F, (

felp)d’p = Ak, T) (1 ; (34)

A(r, Ty)

_~_1.1 kT, \’
27 2mc?

(35)

—S.5iK
2’2

where A is the normalization constant, N, is the plasma density, T} is a
characteristic temperature, and , F is the hypergeometric function. The
Kk parameter should satisfy x > 3, so that the energy density remains
finite. We set m = ¢ = 1 and write t = T,,/mc? for brevity. The black
solid line in Fig. 5 shows a 1D cut of a relativistic kappa distribution
with x =35 and t=1. The blue dashed line indicates a
Maxwell-Juttner distribution with Tyy = T, and Ny = 0.40N,.. This
distribution is inscribed to the relativistic kappa distribution at the
energy of E = (y — 1)mc® = T, (at p, = *+/3; the gray vertical lines),
as described in Appendix D. Compared with the Maxwell-Jiittner distri-
bution, the relativistic kappa distribution has broader high-energy tails.
Moving to the spherical coordinates, we obtain

_ —(k+1)
oo =40 (11 am oo

We use the normalized kinetic energy x,
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107!
2
2

-3

210
]
(]
N
® 10-5
é 10 .
=} /= Relativistic kappa (k=3.5) |
z = = Maxwell-Juttner (Ty = Ty)
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FIG. 5. Relativistic kappa distribution with T,,/mc? = 1 and x = 3.5 (black line).
The blue dashed line shows an adjusted Maxwell-Jiittner distribution with
Tw = T

E
x=—5=7-1, (37)
mc

and then Eq. (36) yields

—(k+1)
frx(x)dx = 4mA(k, t)(l —Q—%) (1+x)4/(1 —l—x)2 — 1dx

(38)
x —(k+1)
= 4nA(k,t) (1 +—)
Kt
X (\/Exl/2 +ax + bV2x3? + xz)
(1+x)vVx+2 (39)

V2 + axt/? 4+ by/2x + 532

We set the hyperparameters to a = 0.56 and b =0.35.
We define weight functions w;(ic, t), their sum S(x, ), normal-
ized weights 7;(k, t), and a rejection function R(x),

w3 (i, t) :@F(K —%),

wy(x,t) = av/kt T'(x — 1),

(40)
ws (i, £) = 31":27@) r(x - ;)
we(ic, 1) = 2(kt)*/* T (1 — 2),

6
S(K7 t) = Zwi(Ka t)v (41)

=3
i f) = 09D 5y s ) inl(x H=1, (42)

1 b S(K’ t) b b b b t:3 1 b b

R(x;a,b) = ——— Lt Ve 2 (43)

T V2t axt 2+ by2x + 232

In this section, we use the generalized beta prime distributions,

scitation.org/journal/php

,( 3 ) [(k+1)
B'lx;—,k —=,1,kt | =
2’77 2 (kt)**T(3/2)T(k — 1/2)
x —(xk+1)
x <1 +—) x'/2, (44)
Kt
vy T+ x0T
B/ (x;2,k —1,1,kt) = T =) <1 +Kt> x, (45)
B,(X;§,K—§,1,Kt): [le+1)
2’77 2 (kt)°*T(5/2)T (i — 3/2)
x —(xk+1)
X <1 —0——) x3/2, (46)
Kt
. B B [(k41) x —(k+1) X
B'(x;3,k—2,1,Kt) ——(Kt)3 FG)M(k—2) <1 + Kt> x°. (47)
Using Egs. (40)-(47), Eq. (39) yields
_ 47IA(K, t)S(K7 t) 3/2
fR]((x)dx = W(Ki)
6 ; .
X (;ni(;c, t) B’(x;%,KJr 1 f%, 1,Kt)>
X R(x) dx. (48)

We also define an auxiliary distribution F(x) without R(x),

 AmA(x, t)S(k, t)
T T(k+1)

6 . .
x <Zn,-(;c,t)B/<x;%,K+l—%,Lm‘)) dx.

i=3

Frx (x)dx (kt)*/?

(49)

From Eq. (49), it is fairly easy to generate the auxiliary distribu-
tion Fgk(x). Using a uniform random variate X; ~ U(0, 1) and the
probability m;(r, t), we choose one of the four beta prime distribu-
tions. Then, we obtain x from a random variate according to the gen-
eralized beta prime distribution, Xp(..,. Using two gamma-distributed
random variates and an appropriate scaling (see Appendix B), we
obtain

XGa(i/2,1)

% = Xp(ir1-ija10) = KEX (50)

XGa(k+1-i/21)
Next, we apply the rejection method to x. Using another uniform ran-
dom X, ~ U(0,1), if X, < R(x), we continue, but if not, we repeat
the procedure from the beginning. We similarly use the squeeze tech-
nique [Eq. (31)], as discussed in Sec. I'V. After this, the accepted vari-
ates x are distributed by Eq. (48). We convert x to p,

p=Vx(x+2), (51)

and then we further use the spherical scattering [Eq. (8)] to obtain the
X, ¥, and z components of p. This p follows the relativistic kappa distri-
bution in three-dimensional momentum space [Eq. (34)]. The entire
procedure is summarized in Algorithm 3 in Table III in the pseudo
code. Very fortunately, the normalization constant [Eq. (35)] does not
appear in this procedure. It is interesting to see that the gamma

Phys. Plasmas 29, 113904 (2022); doi: 10.1063/5.0117628
© Author(s) 2022

29, 113904-6


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

TABLE IIl. An algorithm to generate a relativistic kappa distribution. x > 3 is
required. See Appendix A for gamma generators.

Algorithm 3: New method

a <« 0.56, b+« 0.35, Ry « 0.95
compute 73, 74, 75 for given k, t using Eqs. (40)-(42)
repeat
generate X;, X, ~ U(0,1)
if X1 <73 theni < 3
elseif X; < m3 4+ my theni — 4
elseif X; < m3 4+ my + 75 theni<— 5
elsei — 6
endif
generate X3 ~ Ga(i/2,1), Xy ~ Ga(k +1—1i/2,1)
X — Kt X );—1
until X, < Ry or X, < R(x;a,b)
generate X5, X ~ U(0,1)
p— Vx(x+2)
Px P (2X5 - 1)
Py — 2p\/Xs5(1 — Xs) cos (21X,
Pz — 2p/X5(1 — Xs) sin (27X,

distributions Ga(x;i/2,1) are divided by different gamma distribu-
tions Ga(x; k +1 — i, 1).

The probability density m;(x,t) is a function of x and
t = T,/mc?. Tigure 6 displays the t-dependence of the probability
densities for k = 3.5 and k = 20, in the same format as in Fig. 3. The
K = 20 case is almost the same as the Maxwell-Jiittner case in Fig. 3.
This is reasonable, because the x — oo limit corresponds to the
Maxwell-Jiittner distribution. As x decreases, these curves slightly
move to the left, but we always see similar trends: the 73 component is
dominant for t < 1, the , and 75 components appear in the medium
temperature range, and the 7 component dominates for ¢ > 1. In
the nonrelativistic limit of ¢ < 1, Eq. (44) is a major component.

100

Probability
—_
<

10-1 101 103
T./mc?

-2
10703

FIG. 6. Probability densities 73, 74, 75, 76 [Eq. (42)] as a function of the character-
istic temperature t = T, /mcz. The thick solid lines and the dashed lines indicate
the probabilities for k = 3.5 and for x = 20.0, respectively.
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The distribution [Eq. (48)] approaches B'(x;3/2;x — 1/2,1,kt).
Using v =2x—1, (1/2)m0* ~t, and Eq. (51), we recover

v (2x)1/2 ~ L/ 26tXp (3)20)2) = ,/KOZXBrB/z;,,/Z) in agreement

with the nonrelativistic result [Eq. (11)]. In the ultrarelativistic limit of
t > 1, Eq. (47) dominates. In this limit, since Eq. (36) is approximated

by

2\

and since p ~ x, the distribution approaches B'(3,x — 2,1, kt)
[Eq. (47)]. From Eq. (52), it is clear that the energy density
o ok (p)dp o [J° p>~“dp diverges to infinity at x = 3.

VI. NUMERICAL TESTS

To check our procedures, we have generated a Maxwell-Jiittner
distribution with T); = 1 and a relativistic kappa distribution with
T, =1 and x = 3.5, by using 10° particles. The modified Canfield
method (algorithm 2; Table II) for the Maxwell-Jiittner distribution
and our new method (algorithm 3; Table III) for the kappa distribu-
tion are used. In Figs. 7 and 8, the red histograms show particles in the
Maxwell-Jiittner distribution, while the blue histograms show particles
in the relativistic kappa distribution. For comparison, theoretical val-
ues are indicated by the dotted and solid lines, respectively. The
numerical results and theoretical curves are in excellent agreement. In
addition, the dashed lines indicate the adjusted Maxwell-Jiittner distri-
bution, which is inscribed to the relativistic kappa distribution at the
energy of y — 1 = T,./mc? or at p = /3. One can clearly separate the
thermal core and the nonthermal tail by the dashed lines. Both in Figs.
7 and 8, the high-energy tail exhibits a power-law distribution. As evi-
dent in Eq. (52), the tail scales like f(p)dp oc p~*~Vdp. Since y = p,
this also tells f(E)dE oc E-*~"VdE. In this case, the high-energy tail
carries 96% of the kinetic energy. This is substantially higher than in
the nonrelativistic distribution with the same kappa index. This further
supports the importance of the numerical algorithm that precisely
reproduces the high-energy tail.

1072

—_
9
i

Normalized density

106 ;
0901 100

p/mc

FIG. 7. Momentum (p = myv) distribution of the relativistic distributions. The red
histogram and the black dotted line indicate the distributed particles and the analytic
solution for the Maxwell-Jiittner distribution. The blue histogram and the black solid
line indicate those for the relativistic kappa distribution with « = 3.5. The black
dashed line indicates the adjusted Maxwellian.
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FIG. 8. Energy (y — 1) distribution of the Maxwell-Jiittner (the red histogram), the
relativistic kappa distribution with x = 3.5 (the blue histogram), and the inscribed
Maxwellian (the black dashed line), in a similar format to Fig. 7.

Since the relativistic algorithms rely on the rejection method, we
have evaluated their acceptance efficiency, by using 10° particles. We
first evaluate the modified Canfield method. Figure 9 show the effi-
ciency as a function of t = Ty/mc?. The closed circles indicate our
numerical results. We find very good efficiency of = 95% regardless
of t. To obtain a distribution of Eq. (28), we first generate the auxiliary
distribution with Eq. (29) and then apply the rejection. Therefore, the
acceptance rate can be estimated by

JoofMJ(x)dx
effM](t; a, b) = &7
1

- e—l/t 6 ~
mg{m(ﬁ L Ga(x)dx}
V2elKa(1/1)
\/E<\/7?+a~\/2_t+b.37\/ﬁt+ (2t)3/2>

(53)

This is indicated by the black curve in Fig. 9, in excellent agreement
with the numerical results.

For comparison, we show the efficiency of the original
Canfield method (the black dashed line) and the Sobol method’
(the blue dashed line). We estimate the efficiency of the Canfield
method by substituting (a, b) = (1,1) in Eq. (53). It has the mini-
mum is 71.99% at t ~ 1.1 and it is asymptotic to 1 in the t < 1 and
t > 1 limits. The curves of the original and modified Canfield
methods are similar to, but not identical to, the rejection functions
in Fig. 4. This is reasonable, because the rejection function near the
most probable speed highly controls the overall efficiency. In addi-
tion, the Sobol method is a popular rejection-based algorithm,
which is based on the third-order gamma distribution. Its efficiency

is given by'®

effsapan(f) = %Kz(l /t). (54)
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1.01
.. 0.8
2 0.6 K
9 !
& 0.41 !
H ," —— Eq. (53)
0.2 / --- Canfield
,l’ --- Sobol
0Py 10-1 10! 103
Tm/mc?

FIG. 9. Efficiency of the rejection methods for the Maxwell-Jiittner distribution. The
black circles indicate our numerical results, the black line shows the efficiency of
our method [Eq. (53)], the black dashed line shows the efficiency of the Canfield
method [Eq. (53) with a = b = 1], and the blue line shows that of the Sobol

method [Eq. (54)].

As can be seen in Fig. 9, the Sobol method is superior for ¢ = 3, but
the modified Canfield method also gives good results. In contrast,
although the Sobol method becomes notoriously inefficient for =<1,
the other methods remain efficient. In short, the modified Canfield
method outperforms the other two for t=1 and it is as competitive as
the Sobol method for ¢ = 3.
Next, we discuss the acceptance efficiency of our new method for
the relativistic kappa distribution. Figure 10 presents the efficiency as a
function of ¢ = T, /mc*. The closed circles indicate our numerical
results with 10° particles, and the solid lines are the theoretical curves,
for k = 3.5, 6.0, and 20.0. We similarly compare the auxiliary function
[Eq. (49)] and the distribution [Eq. (48)] to estimate the theoretical

values,

1.00
0.981
&
= 0.961
(]
I3
= 0.94
]
0.921 —— MJ(kso) —— K=6.0
— k=200 —— k=35
09053 1071 10! 103
T, /mc?

FIG. 10. Efficiency of the rejection method for the relativistic kappa distribution. The
closed circles indicate our numerical results. The color solid lines show theoretical
values by Eg. (55). The black line indicates a theoretical curve for the

Maxwell-Jiittner distribution [Eq. (53)].
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effRK(K, t) =

0 I'(k+1)

i=

(m)"/2 (o + 2)T (s — 2) F(

rc Frac(x)dx - amA(x, 1)S(x, 1) (1)’ Zé;{m(t) J

B’(x)dx}
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For reference, the theoretical curve for the Maxwell-Juttner distribution
[Eq. (53)] is also plotted by the black line. We find excellent efficiencies
of =95% in all the cases. In particular, it always exceeds 96% for
K = 3.5. As K increases, the curve gradually approaches that of the
Maxwell-Jiittner case, because the kappa distribution approaches the
Maxwell-Jiittner distribution in the x — oo limit. As « decreases, loca-
tions of the local peak and the local minima move to the left direction.
This can be interpreted as follows. As evident in Figs. 7 and 8, as k
decreases, the relativistic kappa distribution contains more particles in
the high-energy tail and less particles in the low-energy part than the
Maxwell-Jiittner distribution with the same temperature f. Therefore,
the distribution interacts with the rejection function similarly to the
Maxwell distributions with higher-temperature. This is consistent with
the fact that the probabilities are shifted to the left in Fig. 6. Aside from
this difference, the overall efficiency exceeds = 95% in all cases. This is
an outcome of our new rejection function [Eq. (43)].

Technically, it is possible to generate the relativistic kappa distribu-
tion in a similar way to the original Canfield method (a = b = 1). As
far as we have tested, the efficiency drops to 72%-74% around
t = T,./mc* ~ 1. This is also expected from the comparison for the
Maxwell-Jiittner distribution in Fig. 9. Since the modified Canfield
method is always more efficient than the original Canfield method, we
find no reason to employ a = b = 1. We recommend the readers to use
our optimum parameter (a, b) = (0.56,0.35) for kappa distributions.

VIl. DISCUSSION AND SUMMARY

The proposed methods will be used at startup in PIC or Monte
Carlo simulations. The algorithms do not need to be the fastest, but it
is important to know their computational cost. As an indicator of the
cost, we estimate the number of random variates per particle in the
procedures. To generate a nonrelativistic Maxwellian, we need three
normal random variates per particle. For the Maxwell-Jiittner distri-
bution, according to Tables II and IV, the modified Canfield method
uses 3-5 uniform or normal variates in the rejection loop and another
two uniform variates outside the loop. Considering effy; = 1, it typi-
cally uses <7 variates per particle. For the relativistic kappa distribu-
tion, the number depends on «. Judging from Tables III and IV, our
method uses (i« + 4) random variates in the loop in the worst case,
and another two outside the loop. Considering effrg ~ 1, the number
is =(ix + 6) per particle. Though the numerical cost will increase for
higher «, it is still predictable. For other examples, if we employ
another gamma generator in Table V, and if we assume its acceptance
efficiency to be ~1, the modified Canfield method uses ~6 uniform or
normal variates per particle for the Maxwell-Jiittner distribution.
Similarly, the new kappa method uses A8 variates, regardless of . The

(55)

numerical cost can be smaller. Considering these issues, the numerical
cost is unlikely to be a big problem.

We remark that the x parameter should satisfy x > 3 in our
method. Even though the nonrelativistic kappa distribution is defined
for k > 3/2, our method does not permit 3/2 < x < 3 in the nonrel-
ativistic limit. This is because our method uses the B'(3, x — 2, 1, kt)
component [Eq. (47)], whose energy increases to infinity at x = 3. To
relax this constraint, one option is to drop the B'(x;3,x — 2, 1, kt)
component in the nonrelativistic regime. In such a case, the next
B'(x;5/2,Kk — 3/2,1,Kkt) component requires x > 5/2. To justify
this, the probability 7s [Eq. (42)] needs to be small enough; however, it
is non-negligible (Fig. 6). For example, 76(3.5,107%) ~ 4 x 107> and
76(3.5,107%) &~ 10~*. Therefore, this option will be useful only in a
limited case of t < 1.

Although it is unlikely, when we use a very large number of particles,
the denominators in Eq. (50) or Eq. (16) can be zero. To avoid the division
by zero, we have three options. First, we can simply check the denomina-
tor, and then regenerate the variate if necessary. Second, we may employ a
gamma generator that never return zero. For example, if uniform variates
are defined in the interval (0, 1), then the gamma generator in Table IV
does not return zero. For another example, at least theoretically, the
gamma generator in Table V does not return zero. Third, we may add a
very small number € to the denominators in Egs. (50) and (16). The
gamma distribution Ga(x;k, A) starts at the origin when k > 1, and the
mode (the most frequent value) of the distribution x,, = A(k — 1) can be
regarded as a typical value of Xk 1) In such a case, it would be plausible
to set € to an order of a machine epsilon of x,,, ie, 10712 x O(x,,) in
double precision and 10~7 x O(x,,) in single precision. When k — 1 or
k=1, population near x= 0 is non-negligible. This occurs when x — 3
in the relativistic kappa distribution and k — 3/2 in the nonrelativistic
kappa distribution. Simulation settings need to be reconsidered, because
the kappa distributions cannot be defined in these limits.

When plasmas are drifting, we need to consider the Lorentz
transformation. In order to transform a velocity distribution function,
it is necessary to transform the volume element, as well as the particle
energy and momentum. This often requires another rejection process.
In such a case, we recommend the readers to combine the procedures
in this paper and the volume transform methods in Sec. III in Ref. 26.
Finally, we remark that our methods essentially take advantage of the
following transform of an isotropic distribution:

prdp — (V2x'? + ax + bv/2x*? + x*)R(x; a, b) dx,

and we show R(x;a,b) =95% for (a,b) = (0.56,0.35) in Fig. 4.
Thus, as long as isotropic, it might be possible to apply our
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efficient rejection function (=95%) to other relativistic velocity
distributions.

In summary, we have presented a rejection-based algorithm
for generating the relativistic kappa distributions. As preparation,
we have briefly reviewed algorithms for the nonrelativistic distribu-
tions. Then, we have presented the modified Canfield method for
the Maxwell-Jiittner distribution. We have improved its rejection
function, by introducing the two hyperparameters. Using this and
generalized beta prime distributions, we have constructed a
rejection-based algorithm, presented in Table ITI. These procedures
are numerically tested. The new method excellently generates the
distribution, including its power-law tail. For Maxwell-Jiittner dis-
tribution, we have improved the acceptance rate from =72% to
=95%. The new method for the relativistic kappa distribution
takes advantage of the efficient rejection function. Its efficiency is
=95% from the nonrelativistic to ultrarelativistic temperature
regimes. The algorithms use a predictable number of random vari-
ates. The entire procedure is simple enough to avoid bugs. Based on
these facts, our algorithm is practically useful. We hope that these
algorithms are useful in PIC and Monte Carlo simulations in rela-
tivistic plasma physics.
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APPENDIX A: GENERATING GAMMA DISTRIBUTIONS

There are several algorithms to generate a random variate
according to the gamma distribution Ga(x;k, 1).”'”'*** One can
use gamma generators provided by software packages, or one can
write one’s own generators to make the code portable. For the lat-
ter purpose, we outline algorithms to load the gamma
distributions.

The gamma distribution with an integer parameter k, also
known as Erlang distribution, can be generated by using uniform
random variates U; ~ U(0, 1),

scitation.org/journal/php

TABLE V. Algorithms to generate gamma distributions for an integer or a half-
integer parameter k. [x] is the floor function.

Algorithm A

function Gamma-generator(k, 1)
generate uniform random Uy, U, ..
if k is an integer then
x— ~In ([T, U)
elseif k is a half integer then
generate n ~ N(0,1)
x+ —In (H,[I;]1 Uy) +1in?
endif
return Ax

. U[k] S (0, 1]

k
Xeaesy = —Aln ] U (A1)
i=1

For a half integer k, one can generate the distribution by using [k]
independent uniform random variates and one normal random var-
iate n; ~ N(0,1),

K] .
A
XGa(k,A) = —/ln H Ui + <E) n%, (AZ)
i=1

where [x] is the floor function. The procedure is listed in Table IV.
Using Box-Muller transform, one can replace the last term
(2/2)n* = —J(Inuy) cos*2nu, by using two additional uniform
random variates #; and u,. Practically, when the uniform random
variate U; is defined in the interval [0, 1), it is useful to redefine
U; =1 — U; to avoid log0.

For k> 1, Marsaglia’s rejection algorithm is widely use
Here, we just display the procedure in Table V. For more detail, the
readers may wish to consult the original article'* or recent text-
books on Monte Carlo methods.”” At the end of each iteration loop,
one can see two conditions. The first condition is optional, because
it is added by the squeeze method. According to the literature and
our tests, the acceptance efficiency is usually high, = 0.95.

d 10,14,25

TABLE V. Marsaglia’s algorithm to generate gamma distributions for arbitrary k > 1.

Algorithm B: Marsaglia’s rejection method

function Gamma-generator2(k, A)
d—k—1/3 c—1/v9
repeat
generate u ~ U(0,1)
repeat
generate x ~ N(0,1)
ve—1+4cx
until v >0
v
until 1 — 0.0331x* > u or
0.5x* +d — dv+ dlogv > logu
return Adv
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APPENDIX B: GENERATING BETA PRIME
DISTRIBUTIONS

We consider two independent random variates X ~ Ga(o, )

and Y ~ Ga(p, 9). Using them, we consider the following variables:
X

U==<,

Y

X and Y are expressed as follows:

V=X+Y. (B1)

v 14

- Y=—. (B2)
1+U 1+U

The joint probability distribution function of X and Y is

o—1 ,—x/d

1 )
fX,Y(xvy) = F(O()éax —y/i—le—y/b. (B3)
o—1 _,—x/0

r(p)’
We rewrite this function in terms of (u, v),
() ‘
- s L R (U e
- T’ (1 + u) (1 + u) (1+u)
= M a—1 —(a+p) w
~{ram 0+ A

(B4)

J(x,y)

P19/
A(u,v)

fU,V(u> li) - F(;)axx

This means that u and v follow a beta prime distribution
U ~ B'(a, ) and a gamma distribution V ~ Ga(o + f3,9), respec-
tively. This also indicates that U and V are independent. In other
words, the beta prime distribution can be generated from the two
gamma distributions.

APPENDIX C: INSCRIBED MAXWELL DISTRIBUTIONS
FOR THE NONRELATIVISTIC KAPPA DISTRIBUTION

We derive a Maxwell distribution, which is inscribed to the
kappa distribution. We consider the density ratio of the Maxwellian
to the kappa distribution a(v) as a function of v. In addition, we
consider its two derivatives,

a(v)

) NuT(c—172) (x0?) "
:fK(U) B NI (k+1) E

1)2 K+l Uz

d@ﬁnd@ﬁfﬁii éﬁ} ()

02+ k0 v}

»+ k0> vy

&' (v) = {(a'(u)v+a(u))[ el l}fa

2(k + 1)0?
U) (U2 + KGZ)Z}'
(C3)

When the Maxwellian core [Eq. (1)] is inscribed to the kappa distri-
bution at v = vy, the following conditions need to be satisfied:

scitation.org/journal/php

a(v) =1, d(v) =0, a'(vy) <0. (C4)

Since Eq. (C2) changes its sign only once, v = v is the only contact
point. The conditions can be simplified to

K+1 1 K+1 1 2(k+1)13
Vo |— 55| =0, 2 2T 2| T 2| =0,
vk + K0 vy vg + k0" vy (V] + Kk0%)

(C5)

and then we obtain the following solution v,

v, = (vg + x67). (Ce)

K+1

There can be several choices for vo. If we employ vy = 0, then
Maxwellian parameters are given by

3/2
K 5 B 1 I'(k+1)
K+10’ N = <x+1) r(;c—l/z)N"' €n

2
Uy =

This is identical to the asymptotic Maxwellian core in the v — 0
limit [for example, Eq. (12) in Livadiotis and McComas'’]. If we
employ the most probable speed vy = 0, then we obtain Oka
et al’s" adjusted Maxwellian,

—(xk+1)
I 1 3
vy =10, Ny=e s ))K_7 (1 +E) N, (C8)

I'(k—1/2

where e is Euler’s number. This adjusted Maxwellian is useful to
evaluate the thermal and nonthermal parts of the kappa
distribution."”

APPENDIX D: INSCRIBED MAXWELL-JUTTNER
DISTRIBUTIONS FOR THE RELATIVISTIC KAPPA
DISTRIBUTION

We derive a Maxwell-Jiittner distribution, which is inscribed
to the relativistic kappa distribution. We consider the ratio function
a(E), as a function of the particle energy E,

—1/Ty K+1
o BB Mt (1 E)
Foc(B) 4 i, ) Tk (—> KT
Tm
X exp <f %), (D1)
, K+1 1
#(5) = ate) [ - 02)
o K+l 1) kA1
d'(E) a(E){ LTK - TM} R E)z}. (D3)

When the Maxwell-Jiittner distribution is inscribed to the relativis-
tic kappa distribution at the energy of E, the following conditions
need to be satisfied:

a(E) =1, d'(E) =0, a'(E)<O0. (D4)

Since Eq. (D2) changes its sign only once, E = Ej is the unique con-
tact point. These conditions lead to the following solution:
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FIG. 11. Minimum efficiency in t € [10’2'5 , 102'5] in the a-b parameter space for a Maxwell-Jiittner distribution (left) and a relativistic kappa distribution with x = 3.5 (right).

The blue circle indicates (a, b) =

K TK + E()
Ty=——""— D5
M m—— (D5)
We have several choices for E,. For E, = 0, we obtain the fol-
lowing solutions. Note that A(x, t) contains Ny,

K 1
Ty = ——Te, Ny =4nAGc, ) Tk [ =— ) e/ ™. D6
M= T M TA(1, 1) Ty 2<TM)€ (D6)

For Ey = T,, we obtain a relativistic extension of Oka et al.’s’
adjusted Maxwellian,

1 1 —(k+1)
TM = T,C7 NM = 4’[[614(1(37 t)TKKZ <T—) el/T“‘ (1 + E)

(D7)

APPENDIX E: FINDING OPTIMUM HYPERPARAMETERS

We have searched the optimum hyperparameters in
(a,b) € ]0,1] x [0, 1]. For given a and b, we calculate the total accep-
tance rate for every ¢ in t € [107%°,10%°] [Egs. (53) or (55)]. This is still
a function of ¢, and then we focus on the minimum value or the lower
limit of the acceptance efficiency. As a result, we obtain the minimum
efficiency for every a and b. We have also checked whether the rejection
function always satisfies R(x; a, b) < 1. When max(R(x)) = Rpax > 1,
we need to normalize the rejection function, R(x) = R(x)/Ryax. In that
case, we need to rescale the total acceptance rate by 1/Ryay, accordingly.

The two panels in Fig. 11 display the minimum efficiency for
the Maxwell-Jiittner distribution (left) and the relativistic kappa
distributions with x = 3.5 (right). The efficiency has local maxima
along the white line. Along the white line, R(x) reaches the unity,
max(R(x)) = Rmax = 1. Below the white line, we renormalize the
rejection function and the efficiency, as Ry > 1. The blue circle
indicates our optimum parameters, (a,b) = (0.56,0.35). The circle
is virtually on the white line, as the maximum of R(x) is very close
to 1 (see the inlet in Fig. 4). In Fig. 11, the peak of the minimum
efficiency is located in the south-east (north-west) vicinity of the
blue circle for x = 4.5 (<4.5), and our circle is always in the high-

(0.56,0.35). The white curve is a ridge. See the text for details.

efficiency region of >95%. We recommend our parameters for gen-
eral purpose.
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