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ABSTRACT
A planning algorithm that can generate continuous-time walking patterns including the seamless
transition between flat-contact and heel-to-toe walking gaits is proposed. The planner makes use
of the closed-form solution of a modified linear inverted pendulum mode which includes the ZMP
and theweight ratio of each foot explicitly in its dynamics. The heel-to-toemovement of each foot is
directly parameterized by the ZMP, and therefore consistency between the foot movement and the
low-dimensional dynamics is ensured. In simulations with a 32 DoF model of a life-sized humanoid
robot, fast human-like walking at the maximum speed of 4.6 km/h was achieved.
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1. Introduction

1.1. Need for humanoid robots with bettermobility

Humanoid robots are expected to assist humans in daily
lives as well as to perform labor in their stead. In order
for a humanoid robot to work efficiently without being
an obstruction to humans, its level of mobility should
match or at least be close to that of humans. Conventional
bipedal walking robots walk with flat-contact between
the feet and the ground. Assuming flat-contact simpli-
fies walking pattern generation since the feet can be kept
level with the ground during walking. It also simplifies
balance control, because the support region, which deter-
mines the feasible region of the ZMP, is unchanged while
each foot is in contact with the ground. However, flat-
contact walking does not allow fast walking with a long
stride. Moreover, the center-of-mass must be held low in
order to avoid kinematic singularity, and this results in a
high load on the knee joints and a robot-like appearance
of walking. Some modern bipedal and humanoid robots
that achieved fast walking overcame these shortcomings
by utilizing human-like walking involving toe-off, heel-
strike, and knee stretching [1,2]. One exception would
be the bipedal robot Cassie [3], which recently achieved
5 km/h walking with bird-like leg design. In this case,
however, high cadence (roughly 0.3 s per step) largely
contributed to highwalking speed,which requires a light-
weight leg design. For humanoid robots with relatively
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large leg inertia, simulating a human-like walking gait
and thereby increasing the step length is considered to be
amore effective strategy to achieve high walking speed. It
was also reported in studies on bipedal running that toe-
off and heel-strike could effectively increase step length
and reduce landing impact [4,5].

1.2. Review of walking pattern generationmethods
for fast and human-like walking

To date, various methods for realizing human-like fast
walking have been proposed in the literature [2,6–14].
Bipedal walking involving toe-off and heel-strike (heel-
to-toe walking for short) poses a number of technical
challenges compared to conventional flat-contact walk-
ing.

The first issue is how to mathematically represent the
movement of the ZMP. As the contact state changes from
heel-contact to mid-stance and then to toe-contact, the
ZMPmust alsomove between respective contact regions.
Various representations of the ZMP trajectory discussed
in the literature include: discontinuous trajectory that
moves through a series of fixed points [12], piecewise
exponential trajectory [7], cubic spline [2], and piecewise
linear trajectory ([8,10] and [11]).

The second issue is how to ensure consistency between
kinematics and dynamics. In Ref. [13], the movement of
the feet and the waist was designed first in consideration
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Figure 1. Halfwalking cycle of differentwalkinggaits. Flat-contact (left), heel-to-toewithheel-offduringDSP (top right), andheel-to-toe
with heel-off during SSP (bottom right).

with kinematic limits, and the trajectories of the CoM
and the ZMPwere generated by using the preview control
[15]. In Ref. [2], the ZMP trajectory and the movement
of the feet were designed separately, and their inconsis-
tency was minimized by applying a dynamics filter in the
later stage. In either case, since they design kinematic and
dynamic movements in a separate manner, their consis-
tency is not completely ensured. In Ref. [14], a prioritized
inverse kinematics (IK) solver was used for generating
whole-body motion respecting kinematic limits and a
ZMP-based stability criterion. As a result, heel-off move-
ment was naturally realized without explicitly specifying
reference trajectories of the feet. It was reported, how-
ever, that kinematic singularity and change of contact
state caused abrupt change of velocity.

The third issue is how to systematically determine the
order of contact state transition. As pointed out in [16],
heel-to-toe walking gait has a number of minor types
including ones illustrated in Figure 1. In the type shown
in the upper right of the figure, the heel-strike of the
swing foot occurs before the heel of the support foot
lifts off the ground, while in the one shown in the lower
right, the order is the opposite. The former type is more
desirable in terms of stability because contact transition
occurs during the double support phase, while its max-
imum allowable step length is limited. The latter type,
on the other hand, can achieve greater step length but it
poses a greater risk of instability because heel-off occurs
during the single support phase. In addition, one can
consider other minor types in which either heel-off or
heel-strike does not occur. In most existing studies, only
one of these minor types was focused on, and the order
of contact transition was predefined. In practical situa-
tions, the robot must not only walk at a fixed speed but
also walk at different speeds with appropriate accelera-
tion and deceleration. The planner is therefore required
to produce a walking pattern consisting of multiple dif-
ferent gaits according to every input sequence of various
step length and step duration.

1.3. Contribution of this paper

The main contribution of this paper is to propose a
method that can generate walking patterns consisting of
flat-contact and heel-to-toe gaits depending on walking
speed, acceleration and deceleration. The proposed plan-
ner requires only footsteps and step durations as inputs,
and generates reference foot trajectories with heel-to-toe
contact transition together with reference trajectories of
the CoM and the ZMP that are dynamically consistent
with the foot movement. The main idea is to express the
trajectory of the ZMP and the weight ratio of each foot
explicitly in the model. This is a major difference from
existingmethods,which only considered the overall ZMP
(that is, the weighted average of the ZMPs of the feet).
The heel-to-toe movement of each foot is parameterized
by the relative position of the ZMP of that foot and the
curved profile of the sole. In thismanner, various walking
modes including flat-contact and heel-to-toe can be gen-
erated without predefining contact transition sequences.
Moreover, unlike [2], no a posteriori dynamics filtering
is required because the consistency of kinematics and
dynamics is ensured by definition. A closed-form solu-
tion of the linear inverted pendulum mode (LIPM) with
time-varying ZMP and weight ratio is derived and used
for walking pattern generation. Planned trajectory is seg-
mented solely based on walking phases. In this manner,
continuous-time trajectories of the CoM can be planned
with a small number of decision variables compared to
conventional methods based on time-discretization with
a fixed sampling period. The proposed walking pattern
generator is evaluated in dynamical simulation using a
32-DoF model of a life-sized humanoid robot, in which
the maximum walking speed of 4.6 km/h was achieved.

2. Low-dimensional dynamical model of
center-of-mass movement

Under the assumption that the angular momentum
around the CoM is constant, themovement of the CoM is
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Figure 2. Relationship of footsteps and ZMP.

governed by the linear inverted pendulummode (LIPM),
which can be written as follows.

p̈com(t) = 1
T2 (pcom(t) − pzmp(t)) − g (1)

The 3D LIPM shown above has been used in recent stud-
ies such as [17], while the original 2D LIPM and early
attempt to extend it to 3D can be found in [15]. Here,
pcom ∈ R

3 and pzmp ∈ R
3 are the position of the CoM

and the ZMP in 3D space, respectively, g = [ 0 0 g ]T is
the acceleration of gravity, and T>0 is an arbitrary pos-
itive constant. In a simple setting of walking on a level
ground with the height (the z coordinate) of the CoM
fixed to a constant h, T is set as

√
h
g , and the z coordinate

of the CoM and ZMP are fixed to h and 0, respectively.
We assume this simple setup henceforth.

Figure 2 illustrates the relationship between footsteps,
the ZMP, and the ZMP of each foot. Here, the ZMP of
each foot is simply defined as the center-of-pressure of
contact force distribution applied to that foot. It is essen-
tial to express the ZMP of each foot explicitly in our
formulation because this information is directly utilized
for generating heel-to-toe movement in the later stage.
Consider a certain time interval [tk, tk+1] where tk+1 =
tk + τk. Let us assume that the ZMP of each foot moves
with a constant velocity during this period:

pzmp,i(t) = pzmp,i,k + vzmp,i,k(t − tk). (2)

where i is the foot label which takes r indicating the
right foot or l indicating the left. The ZMP (in the ordi-
nary sense) can be expressed as a weighted average of the
ZMPs of the two feet:

pzmp(t) = wr(t)pzmp,r(t) + wl(t)pzmp,l(t). (3)

Here, wi(t) ∈ [0, 1] (i ∈ {r, l}) is the weight ratio of each
foot, where wr + wl = 1 always holds. We also assume
that the weight ratio of each foot changes linearly during

[tk, tk+1]:

wi(t) =
(
1 − t − tk

τk

)
wi,k +

(
t − tk

τk

)
wi,k+1 (4)

By substituting (2) and (4) to (3), we obtain

pzmp(t) = pzmp,k + vzmp,k(t − tk) + 1
2
azmp,k(t − tk)2,

pzmp,k =
∑
i
wi,kpzmp,i,k,

vzmp,k =
∑
i
wi,kvzmp,i,k + 1

τk
(wi,k+1 − wi,k)pzmp,i,k,

azmp,k =
∑
i

2
τk

(wi,k+1 − wi,k)vzmp,i,k

(5)

Thus the movement of the ZMP is generally expressed as
a quadratic function of time.

By substituting (5) into (1) and solving the ODE, one
can derive the closed-form solution for the position of the
CoM as shown below.

pcom(t)

= pzmp,k + (azmp,k + g)T2 + vzmp,k(t − tk)

+ 1
2
azmp,k(t − tk)2

+ (pcom,k − (pzmp,k + (azmp,k + g)T2))

cosh
(
t − tk
T

)

+ T
(
vcom,k − vzmp,k

)
sinh

(
t − tk
T

)
(6)

The velocity of the CoM can also be obtained in the
closed form by differentiating (6).

3. Bipedal walking trajectory generation
considering heel-to-toe contact

3.1. Overview

The proposed walking pattern generator consists of two
stages. The first stage accepts footsteps and step durations
as inputs. These information should be either specified
manually or generated by an external footstep planner.
Based on these inputs, in the first stage, the planner auto-
matically generates trajectories of the CoM and the ZMP
of each foot. In the second stage, the planner generates a
continuous trajectory of each foot based on the trajectory
of the ZMP passed from the first stage. Since walking pat-
tern generation for several walking steps requires compu-
tation time in the order of seconds, it is performed offline;
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Figure 3. Illustration of walking phase and related symbols.

that is, outside of the real-time control loop. In the real-
time control loop, the desired angle and angular velocity
of each joint is computed by means of inverse kinemat-
ics from the desired trajectory generated by the planner.
Moreover, the desired ZMP is converted to desired con-
tact wrench and provided to the ground reaction force
controller. Another major benefit of the proposed plan-
ner is that, since it outputs the desired ZMP and weight
ratio of each foot explicitly, calculating the equivalent
contact wrench is straightforward, even for double sup-
port phases. In the case of conventional planners, desired
contact wrench of each foot together with the appropri-
ate weight ratio must be determined at this stage, and it
is hard to ensure the existence of valid contact wrench,
especially for double support phases involving heel-to-
toe contact transition. Further detail of our implemen-
tation of the real-time control loop is omitted due to the
limitation of space.

3.2. CoM and ZMP trajectory generation

Let us consider a time interval [0, tf ]. This interval is
divided into N phases, where the time interval of the
k-th phase is expressed as [tk, tk + τk] with t0 = 0. The
contact state of each foot, that is, whether each foot is
in contact with the ground or not, is invariant during
each phase. Each phase is assigned one of the following
labels depending on its contact state: R (right support),
L (left support), and D (double support). Moreover, si,k
denotes the step count of the foot i (i ∈ {r, l} during the
k-th phase; namely, si,k starts from 0 and is incremented
each time the foot i changes its foothold. See Figure 3
for the relationship of these symbols. As shown in the
figure, extra D phases are inserted at the beginning and
the end of the sequence. These D phases are assigned
greater duration than other D phases inserted between R
and L phases. This is to ensure sufficient time for acceler-
ating and decelerating the CoM at the beginning and the
end of walking, respectively. The weight ratio of each foot
is determined solely based on contact states, as illustrated

in the figure. Namely, during each single support phase
(SSP), the weight ratio of the support foot is fixed to 1,
while that of the swing foot is fixed to 0. During the first
and the last double support phase (DSP), the weight ratio
of both feet is fixed to 0.5. During other intermediate
DSPs, the weight ratio changes linearly.

The planning problem of the CoM and ZMP trajecto-
ries is formulated as a constrained optimal control prob-
lem. Let us define the state variable and the input variable
as

xk =

⎡
⎢⎢⎣
pcom,k
vcom,k
pzmp,r,k
pzmp,l,k

⎤
⎥⎥⎦ ∈ R

12, uk =
[
vzmp,r,k
vzmp,l,k

]
∈ R

6 (7)

From (2) and (6), the update law of the state variable from
tk to tk+1 is derived as follows.

pcom,k+1

= pzmp,k + (azmp,k + g)T2 + vzmp,kτk

+ 1
2
azmp,kτ

2
k

+ (pcom,k − (pzmp,k + (azmp,k + g)T2))

cosh
(τk

T

)
+ T

(
vcom,k − vzmp,k

)
sinh

(τk

T

)
(8)

vcom,k+1

= vzmp,k + azmp,kτk

+ 1
T

(pcom,k − (pzmp,k + (azmp,k + g)T2))

sinh
(τk

T

)
+ (

vcom,k − vzmp,k
)
cosh

(τk

T

)
(9)

pzmp,i,k+1

= pzmp,i,k + vzmpi,kτk (i ∈ {r, l}) (10)

From these equations, we can define the state equation
xk+1 = f (xk, uk).
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Moreover, the ZMP of each foot must be inside the
support polygon. This constraint is expressed as follows.

p
zmp,i,s

≤ RT
foot,i,s(pzmp,i,k − pfoot,i,s) ≤ pzmp,i,s

(i ∈ {r, l}), s = si,k (11)

Here, pfoot,i,s and Rfoot,i,s are the position and the orien-
tation of the s-th foothold of the foot i. Moreover, p

zmp,i,s
and pzmp,i,s define lower and upper bound on the ZMP.
The inequalities are evaluated componentwise.

We consider the following quadratic cost function to
be minimized:

J = 1
2

[N−1∑
k=1

ε2‖vcom,k‖2 + ‖pcom,N − pcom,f‖2

+‖vcom,N‖2
]

(12)

The terminal costs are set to ensure that the CoM comes
to a halt at the desired position at the terminal time. The
stage costs are set to penalize excessive CoM velocity in
the meantime. Here, ε is given a small value to assign
lower priority to the stage cost compared to the terminal
cost.

The trajectory planning problem is expressed as the
following optimal control problem:

minimize J

subject to xk+1 = f (xk, uk) ∀ k = 0, 1, . . . ,N − 1

(11) ∀ k = 0, 1, . . . ,N
(13)

In this study, we view this problem as a single
large-scale least-squares problem and solve it by using
the Gauss–Newton method. Inequality constraints are
treated as penalty functions and put into the cost func-
tion. Here, each penalty term is defined as a quadratic
function of deviation of the decision variable from the
constraint boundary. One disadvantage is that the com-
putational complexity is O(N3) since we need to solve
a linear system of equations of the size proportional to
N. For generating long walking patterns, it would be bet-
ter to apply optimal control methods such as differential
dynamic programming (DDP), since their complexity is
linear with respect to N.

3.3. Foot trajectory generation

In this section, a method to generate a support foot tra-
jectory including heel-to-toe contact transition and a
swing foot trajectory that smoothly connects toe-off and

heel-strike is described. To simplify the design flow, the
overall movement is decomposed into two movements,
one is the movement of the virtual footbase relative to
the ground, and the other is the heel-to-toe movement
of the foot relative to the footbase. Figure 4 illustrates the
relationship between the ground, the footbase, and the
foot. The xy plane of the footbase is always parallel to
the ground. Therefore, the movement of the footbase is
expressed by translation in three directions (x, y, and z)
and rotation around the z-axis (i.e. yaw rotation). The rel-
ative movement of the foot with respect to the footbase
is constrained on the xz plane of the footbase. Thus, its
movement is expressed by translation in two directions
(x and z) and rotation around the y-axis (i.e. pitch rota-
tion). For simple notation, let us omit the subscript i in
the following discussion. Let the position of the footbase
in the global coordinate be p′ ∈ R

3, and its rotation angle
around the z-axis be θ ∈ R. Moreover, let the position of
the foot in the x−z plane of the local coordinate frame of
the footbase be p′′ ∈ R

2 and its rotation angle around the
y-axis beφ ∈ R. Then the global position and orientation
of the foot are expressed as follows.

p = p′ + Rz(θ)

⎡
⎣1 0
0 0
0 1

⎤
⎦ p′′, R = Rz(θ)Ry(φ) (14)

Here, R is a rotation matrix expressing the orientation of
the foot, and Ry and Rz express rotation around the y and
z axis, respectively.

The footbase of the support foot matches the corre-
sponding foothold and it makes no relative movement
with respect to the ground. The footbase of the swing
foot moves from the current foothold to the next one. In
order to ensure the continuity of velocity, the linear and
angular velocity at the beginning and the end of the swing
phase must be zero. There are several possible choices
for concrete parametrization satisfying these boundary
conditions. One example is a parametrization based on
cycloid as shown below.

p′(t) = ps + ch
(
t − tk

τk

)
(ps+1 − ps)

+ cv
(
t − tk

τk

)
hlift, (15)

θ(t) = θs + ch
(
t − tk

τk

)
(θs+1 − θs) (16)

Here, ps and θs are the position and the yaw angle of the
s-th foothold, respectively, andhlift is a constant that spec-
ifies themaximum clearance from the ground.Moreover,
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Figure 4. Relationship between the ground, the footbase, and the foot. (a) The ground and the footbase, (b) the footbase and the foot
and (c) foot pitch movement.

Figure 5. Foot shape with curved ends. (a) Circular arc (b) and clothoid.

ch(s) and cv(s) are cycloid functions defined as

ch(s) = s − sin(2πs)
2π

, cv(s) = 1 − cos(2πs)
2

The relative movement of the foot with respect to the
footbase is determined by the geometric shape of the sole
and a scalar parameter dwhich is the position of a point at
which the sole touches the x-axis of the footbase. As illus-
trated in Figure 5(a,b), we assume that the lower profile of
the foot consists of a flat section in themiddle and curved
sections on both ends called the heel arc and the toe arc.
Here, two types of curves are considered: circular arc and
clothoid arc. The circular arc has a constant curvature
(which is the inverse of the radius), whereas the clothoid
arc has varying curvature which is zero at the boundary

between the flat section and linearly increases towards the
end of the curved section. The circular arc is parameter-
ized rheel and rtoe, which are the curvature radius of the
heel arc and the toe arc, respectively. The clothois arc, on
the other hand, is parametrized by κheel and κtoe, which
are the rate of change of curvature of the heel arc and the
toe arc, respectively. As illustrated in Figure 4(c), while
d is within the range of the flat section, there is no rel-
ative movement between the foot and the footbase. If d
moves beyond this range, the foot rolls along the x-axis
of the footbase and thusmakes relativemovement. In this
manner, the relative pose of the foot is parameterized by
d as p′′(d) and φ(d), where the definition of these func-
tions depend on the selected curve type. See the appendix
for concrete definition. For the support foot, d is given



ADVANCED ROBOTICS 7

by the x-coordinate of the ZMP expressed in the local
coordinate of the footbase; namely,

d = [
1 0 0

]
Rz(θ)T(pzmp − p′) (17)

In forward walking, the ZMP typically moves from the
heel to the toewhile the foot is in contactwith the ground.
Therefore, by parameterizing the foot movement by the
x-coordinate of the ZMP, natural heel-to-toe movement
can be generated. One major difference between circular
and clothoid curves is in the continuity of angular veloc-
ity. With circular arcs, the angular velocity of the foot is
piecewise constant; the angular velocity jumps discon-
tinuously when the ZMP crosses the boundary between
the curved and the flat sections. This discontinuity cre-
ates impulsive forces that deteriorate the performance of
ground reaction force control. With clothoid arcs, on the
other hand, the angular velocity changes continuously.

For the swing foot, the procedure is slightlymore com-
plicated, since there is no obvious way to determine d.
First, φk and φ̇k, the pitch angle and its derivative at the
end of the previous support phase, φk+1 and φ̇k+1, those
at the beginning of the next support phase, are obtained.
Next, φ(t) for an arbitrary time instant t ∈ [tk, tk+1] is
obtained by polynomial interpolation of 3rd or 5th order.
We then obtain d by using the inverse function of φ(d).
Finally, we obtain p′′(d) and φ(d). In this manner, the
continuity of the pitch movement of the foot including
the boundary between the support phase and the swing
phase is ensured. Moreover, d naturally moves from the
toe back to the heel during the swing phase, and con-
sequently, the foot pose smoothly changes from toe-off
towards heel-strike. One more benefit of the proposed
parametrization is that the maximum height of the foot
from the ground can be precisely controlled. That is, the
maximum height of the footbase is directly parametrized
by hlift, and the lowest part of the foot always touches
the x-axis of the footbase. Therefore, there is no danger
of having the swing foot too high or too low from the
ground because of the heel-to-toe movement.

3.4. Automatic adjustment of foot rotation based
on stride

As described in the previous subsection, the pitch angle
of the support foot is determined by the position of the
ZMP relative to the footbase. One can therefore restrict
the range of pitch rotation by setting an appropriate range
limit on the ZMP. First, let us define the step length of the
s-th step as follows.

ls = [
1 0 0

]
Rz(θs)T(ps+1 − ps) (18)

Moreover, let φs and φs be the lower and upper bound
on the pitch angle of the support foot of the s-th step. We

parametrize them by the stride ls as follows.

φs = −kheel max(0, ls−1 − lflat),

φs = ktoe max(0, ls − lflat) (19)

Namely, if the stride is smaller than the threshold lflat, the
pitch angle is fixed to 0, which results in flat-contact walk-
ing. If the stride is greater than lflat, the lower and upper
bound are expanded linearly by the rate kheel and ktoe,
respectively. Given these limits, the corresponding limit
on the ZMP can be obtained by using the inverse of φ(d).

p
zmp,x,s

= φ−1(φs), pzmp,x,s = φ−1(φs) (20)

Here, p
zmp,x,s

and pzmp,x,s are the x component of p
zmp,s

and pzmp,s that appeared in (11), respectively.

4. Simulation experiment

A block diagram of the whole-body control system used
in the simulation experiment is shown in Figure 6.
Detailed description is omitted due to the limitation of
space. The inverse kinematics solver computes a least-
squares problem that is to minimize the tracking error
of the reference CoM position and the reference foot
pose. An additional cost to penalize angular momentum
is included. As a result, arm-swinging motion to cancel
angular momentum caused by leg swinging is automat-
ically generated. The reference ZMP and weight ratio
of each foot are converted to desired contact wrench
and input to the inverse dynamics solver, which outputs
desired joint torques. Each joint of the robot is driven by
a simple PD controller which accepts desired joint angle
and velocity together with desired joint torque. A sim-
ple balance feedback is implemented;moment to regulate
the angular velocity of the base link is computed by linear
feedback, and added to desired contact wrench.

A model of RHP Kaleido, a life-sized humanoid robot
developed by Kawasaki Heavy Industry [18] is used
for simulation Figure 7(a). The kinematic and iner-
tial parameters of the model are matched to the real
robot. A close-up of the foot model with circular arcs
is shown in Figure 7(b). For the foot model with cir-
cular arcs, parameters are set as lheel = ltoe = 0.07m,
rheel = 0.08 m, and rtoe = 0.09m (see Figure 5 for the
definition of parameters), while for the model with
clothoid arcs, parameters are set as lheel = ltoe = 0.04m,
κheel = κtoe = 180 rad/m2. The profile of soles with cir-
cular and clothoid arcs is shown in Figure 7(c). One can
see that the difference between these two profiles is very
small, despite the fact that the circular sole has a dis-
continuity in curvature while the clothoid sole does not.
Choreonoid 1.8 [19] with the AIST simulator was used
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Figure 6. Block diagram of control system.

for simulation. The time step of simulation and the con-
trol period were both set as 1ms. Note that control input
computed in each simulation step was input to the simu-
lator in the next simulation step, which means that the
controller has a delay of exactly one simulation period
(i.e. 1ms).

An example of generated heel-to-toe walking trajec-
tory with the maximum step length of 0.7m is shown in
Figure 8(a ,b). Footsteps input to the planner consists of
12 steps, where the step length is initially 0.3m and it is
increased by 0.1m at every step until it reached the max-
imum step length of 0.7m, and then it is decreased by the
same amount until it reached the terminal position. The
lateral spacing is set as 0.205m, whichmatches the lateral
displacement of the hip joints of the robot. The duration
of the single support phase and that of the double sup-
port phase are set as 0.50 and 0.05 s, respectively. The
height of the CoM was set as h = 0.98m and the max-
imum height of the swing foot from the ground was set
as hlift = 0.03m. The parameters that control the maxi-
mum pitch angle are set as lflat = 0.3, kheel = 40 deg/m,
ktoe = 120 deg/m. In, Figure 8(a), the ZMP of the right
and left foot are depicted by red and blue lines, respec-
tively, while the ZMP (i.e. the weighted average of the
foot ZMPs) is depicted by the thin black line. The CoM
trajectory is depicted by thick black line. A stick plot of
whole-body walking movement is shown in Figure 8(b).

Moreover, the pitch angle of each foot is plotted in
Figure 9(a–b). Here, Figure 9(a) shows the same walk-
ing pattern as Figure 8, while Figure 9(b) shows another
walking pattern with the DSP duration set as 0.2 s for
comparison. Thanks to the mechanism described in
Section 3.4, seamless transition from flat-contact gait to
heel-to-contact gait realized. Moreover, the magnitude
of pitch rotation increases in accordance with the step
length. In close observation, we can see that Figure 9(a,b)
shows different transitions of walking gaits. Namely,
in Figure 9(a), flat-contact walking directly switches to

heel-to-toe walking where heel-off occurs during SSP. In
Figure 9(b), on the other hand, flat-contact walking first
switches to a type of heel-to-toe walking where heel-off
occurs during DSP, and then it switches to another type
where heel-off occurs during SSP. These results demon-
strate that the proposed method is able to generate all
three walking gaits illustrated in Figure 1 depending on
step length and step duration.

The joint angle trajectory of flat-contact walking and
heel-to-toe walking with the clothoid foot model are
compared. For flat-contact walking, the maximum step
length was varied from 200 to 450mm. Here, lflat was set
large enough so that flat-contact walking is enforced. The
joint angle trajectories of the hip-pitch, knee, and ankle-
pitch joints of the right leg for a single walking cycle are
shown in Figure 10(a). It can be seen that the knee joint
becomes almost fully stretched near lift-off and landing.
Moreover, the first peek of knee stretching comes after
lift-off. This implies that the kneemust stretch, bend, and
stretch again in rapid succession during the swing phase.
This is in stark contrast with human walking in which
the knee starts to bend before lift-off [2]. Mainly due to
this rapid knee movement, with a slightly greater step
length such as 470mm, the knee joint became completely
stretched and walking became unstable.

For heel-to-toe walking, the maximum step was var-
ied from 200 to 800mm. The joint angle trajectories
are shown in Figure 10(b). One remarkable difference
from flat-contact walking is that knee stretching near
lift-off is significantly reduced, thanks to lifting of heel.
As a side-effect, the ankle movement during the swing
phase is increased, which we consider is acceptable. This
is because similar behavior is more or less observed in
human walking, and it is harmless compared to knee
stretching after lift-off.

Figure 11(a,b) compares how accurately the desired
weight ratio and desired ZMP trajectories are tracked
in heel-to-toe walking based on different foot models
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Figure 7. Simulation model of the robot. (a) Model of the humanoid robot Kaleido, (b) a closer view of the foot model and (c) circular
and clothoid sole profiles for the front half of the sole (units in m).

Figure 8. Generated trajectory of heel-to-toewalkingwith 700mmmaximum step length. (a) CoMand ZMP trajectory and (b) stick plot.

(circular and clothoid). The maximum step length was
set to 500mm. In both settings, the reference weight
ratio is tracked with sufficient accuracy, except for dou-
ble support phases where some fluctuation is observed.
A notable difference is seen in the tracking performance
of the ZMP. In the case of circular foot, impulsive fluc-
tuation of the ZMP is observed at every transition from

heel-contact to mid-stance. This is because the angu-
lar velocity of the foot changes discontinuously at this
instant. In the case of clothoid foot, similar phenomenon
is still observed but in a much smaller magnitude thanks
to the continuity of angular velocity of the foot. From this
observation, we conclude that the clothoid foot model is
more effective in reducing impulsive forces between the
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Figure 9. Contact and pitch rotation of feet. Gray background indicates periods in which the foot is in contact with the ground. (a)
Maximum step length 700mm, DSP duration 0.05 s and (b) maximum step length 600mm, DSP duration 0.2 s.

Figure 10. Joint angle trajectories of flat-contact and heel-to-toe walking. Solid and dashed lines indicate the support phase and the
swing phase, respectively. (a) Flat-contact and (b) heel-to-toe.
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Figure 11. Tracking performance of weight and ZMP. The upper plot of each figure shows the weight ratio between the two feet, while
the lower plot shows the x-component of the ZMP of the support foot expressed in the local coordinate of the support foot. For each
plot, the reference trajectory generated by the planner is depicted by dashed lines, while the computed physical response is depicted by
solid lines. (a) Circular arc foot and (b) clothoid foot.

foot and the ground and achieving better tracking of the
reference ZMP.

5. Conclusion

This paper proposed a trajectory generation method for
fast and human-like walking of humanoid robots. In sim-
ulation, the maximum walking speed of 4.6 km/h was
achieved using a model of a life-sized humanoid robot.
Our future work includes testing the presented method
on a real humanoid robot and extending it to biped
running involving toe-off and heel-strike.
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Appendix

In the following, the parametrization of the relative movement
of the foot with respect to the footbase is described in detail.
For simplicity of notation, the foot label i is omitted. Let p̃(d)
denote the position of the contact point expressed in the local
coordinate of the foot. Given p̃(d) and φ(d), the position of the
foot p′′ in the local coordinate of the footbase is given by

p′′(d) =
[
d
0

]
− R(−φ(d))p̃(d)

The definition of p̃(d) and φ(d) differs depending on the type
of the heel and toe curves. If the curves are circular, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ(d) = d + lheel
rheel

,

p̃(d) =
[−lheel + rheel sinφ(d)

rheel(1 − cosφ(d))

] if d < −lheel

φ(d) = d − ltoe
rtoe

,

p̃(d) =
[
ltoe + rtoe sinφ(d)
rtoe(1 − cosφ(d))

] if d > ltoe

φ(d) = 0,
p̃(d) = 0 otherwise

(A1)

where rheel and rtoe are the radius of the heel arc and the toe arc,
respectively.

If the curves are clothoid, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ(d) = − 1
2
κheel(d + lheel)2,

p̃(d) =

⎡
⎢⎢⎣

−lheel −
√

2
κheel

C
(

−
√

κheel

2
(d + lheel)

)
√

2
κheel

S
(

−
√

κheel

2
(d + lheel)

)
⎤
⎥⎥⎦ ifd < −lheel

φ(d) = 1
2
κtoe(d − ltoe)2,

p̃(d) =

⎡
⎢⎢⎣
ltoe +

√
2

κtoe
C(

√
κtoe

2
(d − ltoe))√

2
κtoe

S
(√

κtoe

2
(d − ltoe)

)
⎤
⎥⎥⎦ if d > ltoe

φ(d) = 0,
p̃(d) = 0

otherwise

(A2)

where κheel and κtoe are the rate of change of curvature of the
heel arc and the toe arc, respectively. Moreover, C(s) and S(s)
are the Fresnel integrals defined as

C(s) =
∫ s

0
cos(t2) dt, S(s) =

∫ s

0
sin(t2) dt.

The power series expansion of the Fresnel integrals is used to
compute their approximate values.
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