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PAPER

Bounded Approximate Payoff Division for MC-nets Games

Katsutoshi HIRAYAMA†a), Member and Tenda OKIMOTO†b), Nonmember

SUMMARY To the best of our knowledge, there have been very few
work on computational algorithms for the core or its variants in MC-nets
games. One exception is the work by [Hirayama, et.al., 2014], where a con-
straint generation algorithm has been proposed to compute a payoff vector
belonging to the least core. In this paper, we generalize this algorithm into
the one for finding a payoff vector belonging to ε-core with pre-specified
bound guarantee. The underlying idea behind this algorithm is basically
the same as the previous one, but one key contribution is to give a clearer
view on the pricing problem leading to the development of our new gen-
eral algorithm. We showed that this new algorithm was correct and never
be trapped in an infinite loop. Furthermore, we empirically demonstrated
that this algorithm really presented a trade-off between solution quality and
computational costs on some benchmark instances.
key words: coalitional games, MC-nets, ε-core, constraint generation

1. Introduction

Coalitional games have attracted a lot of attentions from re-
searchers on multi-agent systems since they give a solid the-
oretical foundation for the analysis on cooperation among
multiple agents. Recent studies reported that coalitional
games are applied to some practical applications such as
cloud manufacturing [1], ride sharing [2], and so on.

Coalitional games are denoted by (A, v), where A is a
set of agents {1, 2, . . . , n} and v : 2A →� is a characteristic
function that computes a reward when a subset of agents
forms a coalition to collaborate with each other.

The characteristic function was formerly assumed to be
provided by the black-box function. A simple-table repre-
sentation was enough to deal with the game having small
number of agents, but totally far from practical to deal
with the game having dozens or hundreds of agents. The
Marginal Contribution network (MC-nets) is one of concise
representations of characteristic functions, where it uses a
set of logical rules to compute a value for a given coali-
tion [3]. In this paper, the coalitional game whose charac-
teristic function is represented by MC-nets rules is called
MC-nets game.

In coalitional games, there are two major computa-
tional problems called the coalition structure generation
problem and the payoff division problem. The coalition
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structure generation problem is related to finding a set par-
tition over the agents that maximizes the social surplus, in
other words, the total sum of characteristic function values.
Regarding MC-nets games, the coalition structure genera-
tion problem is NP-hard and a number of algorithms have
been proposed so far in the literature [4], [5].

The payoff division problem of coalitional games is to
find a “reasonable” division of given payoff over the agents.
Two major solution concepts, the core and the Shapley val-
ues, are well-known for this problem. These two solution
concepts are based on different indicators (the excess for the
core; the marginal contribution for the Shapley values) and
evaluate payoff divisions from completely different perspec-
tives. Therefore, it is important to be able to compute both
for a given representation. Regarding MC-nets games, al-
though the cost of computing the Shapley values is shown
to be linear to the size of representation [3], finding the core
or its variants is computationally challenging. For example,
the problem of deciding core-non-emptiness is shown to be
co-NP-complete [6]. Therefore, it is very important to de-
velop a practical approximate solution algorithm for finding
the core or its variants in MC-nets games. However, un-
like against the coalition structure generation problem, there
have been very few work toward this goal.

One exception is the work in [7], where a constraint
generation algorithm has been proposed to compute a pay-
off vector belonging to the least core for MC-nets games.
Constraint generation, whose dual is column generation, is
the technique to solve the linear programming problem with
a potentially huge number of constraints. It alternates, un-
til the candidate solution becomes feasible, solving the re-
stricted master problem aiming to create a candidate solu-
tion to the original linear programming problem and the
pricing problem aiming to create a constraint to be added
to the restricted master problem. In this paper, we gener-
alize this algorithm into the one for finding a payoff vec-
tor belonging to ε-core with pre-specified bound guarantee.
Indeed, both the algorithm in [7] and our new generalized
algorithm exploit the same restricted master problem and
pricing problem, but one key contribution of this paper is to
give a clearer view on the pricing problem. They have seen
the pricing problem as the tool for checking feasibility in
[7], while we will see it as the tool for computing the upper
bound in this paper. This new view on the pricing problem
allows us to develop a new constraint generation algorithm
that works in more general context.

The remaining part of this paper will be organized as

Copyright c© 2022 The Institute of Electronics, Information and Communication Engineers



2086
IEICE TRANS. INF. & SYST., VOL.E105–D, NO.12 DECEMBER 2022

follows. Section 2 gives necessary background knowledge,
which includes the definition of coalitional game, ε-core and
the least core, and MC-nets, and discusses the significance
of seeking the core or its variants in MC-nets games. Sec-
tion 3 introduces our new constraint generation algorithm
for ε-core that guarantees a pre-specified bound on solu-
tion quality after giving the overview of the algorithm in
[7]. Next, Sect. 4 demonstrates that our new constraint gen-
eration algorithm can find a reasonably better solution with
relatively small amount of computation costs for some prob-
lem instances involving up to 100 agents, and finally Sect. 5
concludes this work.

2. Background

This section gives necessary background and discusses the
significance of seeking the core or its variants in MC-nets
games.

2.1 Coalitional Game

Coalitional games are denoted by (A, v), where A is a set
of agents {1, 2, . . . , n} and v : 2A → � is a characteristic
function that computes a reward when a subset of agents
forms a coalition to collaborate with each other. We assume
that the value of v(∅) is always zero. The following example
will be used throughout the paper to illustrate our algorithm.

Example 1 (Characteristic function). We consider the fol-
lowing coalitional game (A, v), where A = {1, 2, 3, 4} and
v(·) as a simple-table representation: v({1}) = v({2}) =
v({4}) = 0; v({3}) = 3; v({1, 2}) = v({2, 3}) = v({2, 4}) = 0;
v({1, 4}) = 1; v({1, 3}) = v({3, 4}) = 3; v({1, 2, 3}) =
v({2, 3, 4}) = 0; v({1, 2, 4}) = 3; v({1, 3, 4}) = 4;
v({1, 2, 3, 4}) = 3.

One computational problem in coalitional games is the
coalition structure generation problem. A coalition struc-
ture is a set partition over the agents and the reward made
by a coalition structure is the sum of characteristic function
values of coalitions constituting the coalition structure. A
goal of this problem is to find an optimal coalition struc-
ture, denoted by CS ∗, that achieves the maximum reward.

Example 2 (Optimal coalition structure). An optimal coali-
tion structure of Example 1 is {{1, 2, 4}, {3}} since its reward
of 6 is maximum.

The other computational problem in coalitional games
is the payoff division problem, of which goal is to find a
“reasonable” division of given payoff over the agents. We
assume that such given payoff be the maximum reward, de-
noted by pmax, obtained by forming the optimal coalition
structure. A division of given payoff is represented by pay-
off vector x = (x1, . . . , xn).

Two major solution concepts, the core and the Shapley
values, are well-known for the payoff division problem. Re-
garding MC-nets games that will be explained in Sect. 2.3,

although the cost of computing the Shapley values is shown
to be linear to the size of representation [3], finding the core
or its variants is computationally challenging. For example,
the problem of deciding core-non-emptiness is shown to be
co-NP-complete [6]. Since there have been very few work
on developing computational algorithms for finding the core
or its variants in MC-nets games to the best of our knowl-
edge, we would like to focus on this unexplored field.

2.2 ε-Core and Least Core

The core or its variants are based on the notion of excess,
which represents the degree of “dissatisfaction” of coalition
S against payoff vector x.

Definition 1 (Excess). The excess e(x, S ) of coalition S
against payoff vector x is computed by

e(x, S ) ≡ v(S ) −
∑

i∈S
xi.

For given payoff vector x, coalition S having a positive
excess, i.e., v(S ) >

∑
i∈S xi, is called a blocking coalition.

If there is a blocking coalition S against x, every member
of S does not satisfy with x and has a common incentive to
break off the optimal coalition structure. The core is a set
of payoff vectors for which there is no blocking coalition,
in other words, every possible coalition has non-positive ex-
cess. This idea can be generalized into ε-core.

Definition 2 (ε-core). A set of payoff vectors, denoted by Cε,
for which every possible coalition has the value of excess of
ε or lower is called ε-core. Mathematically, Cε is a set of
payoff vectors that satisfy the following constraints.

e(x, S ) ≤ ε, ∀S ⊂ A, S � ∅,∑
i∈A xi = pmax.

Obviously, the core is C0. Generally, when ε′ < ε, we
can see that Cε

′ ⊂ Cε. Namely, when reducing the value of
ε, we observe that ε-core gradually gets smaller and eventu-
ally becomes empty.

Definition 3 (Least Core). The least core is the intersection
Cε

∗
of all of the non-empty ε-core. Cε

∗
is identical with a

set of optimal solutions to the following linear programming
problem.

min. ε
s.t. e(x, S ) ≤ ε, ∀S ⊂ A, S � ∅,∑

i∈A xi = pmax,
(1)

Therefore, we need to compute an optimal solution to
(1) if we would like to get a payoff vector belonging the
least core. Similarly, we need to compute a feasible solution
to (1) with a certain value for ε if we would like to get a
payoff vector belonging to ε-core. However, since the num-
ber of constraints on excess in (1) grows exponentially with
the number of agents, the naive computing method by just
solving this LP model collapses empirically against prob-
lem instances having more than 20 agents in case of using a
computer with 8 GB memory [7].
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2.3 MC-nets

The characteristic function was formerly assumed to be pro-
vided by the black-box function. A simple-table represen-
tation was enough to deal with the game having small num-
ber of agents, but totally far from practical to deal with the
game having dozens or hundreds of agents. Therefore, much
research has been made recently on the concise representa-
tions of characteristic functions. Of these, Synergy Coalition
Group (SCG) [9] and Marginal Contribution networks (MC-
nets) [3] are basic concise representations which is simple
and easy to handle.

SCG is a concise representation for super-additive
games that describes only the values of coalitions in which
there are positive “synergy” between agents belonging to
those coalitions. The practical benefit of SCG is, once an
input by SCG is given, to allow for an efficient procedure
for checking whether a payoff vector is in the core. How-
ever, major drawback of SCG is that, in order to compute
the value of a coalition, an optimal partition of its members
into subgroups is needed to be found, which is generally
very expensive.

On the other hand, MC-nets is a concise representation
where it exploits a set of logical rules to compute a value
for a given coalition. Each MC-nets rule r can be written by
(Pr,Nr) → vr, where Pr is a set of agents that are expected
to exist in the coalition and Nr is a set of agents that are
expected not to exist in the coalition. We assume Pr∩Nr = ∅
for any rule r. If both Pr ⊆ S and Nr ∩ S = ∅ are met, rule
r can be applied to coalition S and the value of vr is added
to its characteristic function value. Note that the value of vr
can be positive or negative, but not zero. Suppose the set of
rules that can be applied to some coalition S is denoted by
RS , the characteristic function value v(S ) is given by v(S ) ≡∑

r∈RS
vr.

Example 3 (MC-nets rules). A rule set R = {r1, r2, r3, r4},
where

r1 : ({1, 2}, ∅)→ 2,
r2 : ({1, 2}, {4})→ −2,
r3 : ({1, 4}, ∅)→ 1,
r4 : ({3}, {2})→ 3,

gives the same characteristic function value for any coali-
tion in Example 1. For example, we have v({1, 2, 4}) =
vr1 + vr3 = 2 + 1 = 3 since rules r1 and r3 can be applied to
coalition {1, 2, 4}.

MC-nets is known to be fully-expressive, that means
any characteristic function can be described by MC-nets
rules [3].

One of the games that can be represented by MC-nets
is the weighted graph game [8]. In this game, we are given
weighted graph G = (V, E, w), where V is a set of vertices,
E = {(i, j) | i, j ∈ V} is a set of edges, and w : E → �
is a function that returns a real value for any edge, and

consider a vertex as an agent. For any coalition S , the
value of the characteristic function can be computed by
v(S ) =

∑
(i, j)∈E[S ] w(i, j), where E[S ] = {(i, j) | i, j ∈ S }.

2.4 MC-nets and Core

Regarding MC-nets games, although the cost of computing
the Shapley values is shown to be linear to the size of rep-
resentation [3], finding the core or its variants is computa-
tionally challenging. For example, the problem of deciding
core-non-emptiness is shown to be co-NP-complete [6].

On the other hand, there has been an argument that,
since the core or its variants are known to be computed in
polynomial time by using SCG, all we need to do is just
selecting appropriate concise representation depending on
the solution concept we want to compute. However, we
consider that this approach would work in practice only if
an efficient translation was possible between any pair of
concise representations. At least regarding the translation
from MC-nets to SCG, it is easy to prove that there would
never be a polynomial-time translation algorithm as long as
P � co-NP.

Theorem 1. If P � co-NP, then MC-nets representation
cannot be translated into SCG representation in polynomial
time.

Proof. Suppose that there exists such a polynomial-time
translation algorithm. By using this algorithm, deciding the
core-non-emptiness in MC-nets games becomes solvable in
polynomial time, which results in P = co-NP. �

Therefore, we consider that it is an important research
issue to develop an algorithm for directly computing the
core or its variant for MC-nets games without translating
into another representation that might have some efficient
algorithm.

3. Constraint Generation Algorithm

A constraint generation algorithm has been proposed to
compute a payoff vector belonging to the least core [7].
Constraint generation, whose dual is column generation, is
the technique to solve the linear programming problem with
a potentially huge number of constraints. It alternates solv-
ing the restricted master problem and the pricing problem
described below.

3.1 Restricted Master Problem

Generally, the restricted master problem is the one consist-
ing of exactly the same set of variables and objective func-
tion as the original linear programming problem but having
only a partial set of original constraints. Suppose T is any
set of coalitions, the restricted master problem of (1) can be
formulated as follows.

min. ε
s.t. e(x, S ) ≤ ε, ∀S ∈ T , S � ∅,∑

i∈A xi = pmax.
(2)
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Example 4 (Restricted master problem). If T consists of
only the individual coalitions in Example 1, i.e., T =

{{1}, {2}, {3}, {4}}, the restricted master problem that corre-
sponds to this T is

min. ε
s.t. 0 − x1 ≤ ε,

0 − x2 ≤ ε,
3 − x3 ≤ ε,
0 − x4 ≤ ε,
x1 + x2 + x3 + x4 = 6,

of which the optimal value ε̂ is −0.75 and an optimal solu-
tion x̂ is (0.75, 0.75, 3.75, 0.75).

Lemma 1. The optimal value ε̂ to the restricted master
problem (2) gives a lower bound on the optimal value ε∗

to (1).

Proof. It is obvious since (2) is the same as (1) except for
the fact that it includes only a partial set of constraints. �

3.2 Pricing Problem

Generally, the pricing problem is the one specially designed
to check the feasibility of given variable assignments on the
original linear programming problem. Even if the origi-
nal linear programming problem has too many constraints
to enumerate in practice, some information regarding the
feasibility of given variable assignments can be obtained by
solving the pricing problem.

Regarding the problem in (1), the feasibility of x̂ and ε̂
that are obtained by solving the restricted master problem of
(2) is quite important since, if these are feasible, they are en-
sured to be an optimal solution to (1) due to the complemen-
tary slackness theorem of linear programming problem [7].
Therefore, we have presented the pricing problem described
by formula (14) in [7], which was in a form of 0-1 integer
minimization problem. However, we find the semantics of
this previous pricing problem in [7] a bit complicated.

In this paper, we will present the following “new” for-
mulation of the pricing problem. It will be shown later that
this is exactly a tool for computing an upper bound on the
optimal value to (1).

max.
∑

r∈R vrβr −
∑

i∈A x̂iαi

s.t.
∑

i∈Pr
αi +
∑

i∈Nr
(1 − αi) ≥ |Pr ∪ Nr |βr, ∀r ∈ R+,∑

i∈Pr
(1 − αi) +

∑
i∈Nr
αi ≥ 1 − βr, ∀r ∈ R−,∑

i∈A αi ≤ |A| − 1,∑
i∈A αi ≥ 1,
αi, βr ∈ {0, 1}, ∀i ∈ A,∀r ∈ R, (3)

where the meanings of its variables and constants are as fol-
lows:

α : a set of binary decision variables that represents a coali-
tion, whose element αi takes one if agent i is in the
coalition or zero otherwise.

β : a set of binary variables that represents MC-nets rules

that are applied for the coalition of α. Its element βr

takes one if MC-nets rule r is applied for the coalition
or zero otherwise. This is actually a dependent variable
whose value will be automatically determined by the
values of α.

x̂ : a payoff vector that are obtained by solving the restricted
master problem of (2).

A : a set of agents, A = {1, 2, . . . , n}.
R : a set of MC-nets rules, R = {r1, r2, . . . , rm}, but abbrevi-

ated by R = {1, 2, . . . ,m} in this formulation.
Pr : a set of agents that are expected to exist by MC-nets

rule r.
Nr : a set of agents that are expected not to exist by MC-nets

rule r.
vr : increment of characteristic function value when MC-

nets rule r is applied. Note that this value is positive or
negative, but not zero.

R+ : a set of MC-nets rules whose values of vr are positive.
R− : a set of MC-nets rules whose values of vr are negative.

Clearly, R = R+ ∪ R− and R+ ∩ R− = ∅ holds.

Comparing formula (14) in [7] and this pricing prob-
lem of (3), they have exactly the same constraints but differ
in their objectives. In (3), the objective function is multi-
plied by −1 while its direction is reversed from min to max.
Namely, these two are essentially the same problem, but dif-
ferent only in notation. However, this small change in no-
tation makes the semantics of pricing problem more sim-
ple and leads to the generalization of previous algorithm as
shown in the next subsection.

Example 5 (Pricing problem). For the MC-nets rules in Ex-
ample 3 and payoff vector x̂ = (0.75, 0.75, 3.75, 0.75) in Ex-
ample 4, we can create the following pricing problem.

max. 2β1 − 2β2 + β3 + 3β4

−0.75α1 − 0.75α2 − 3.75α3 − 0.75α4

s.t. α1 + α2 ≥ 2β1,
(1 − α1) + (1 − α2) + α4 ≥ 1 − β2,
α1 + α4 ≥ 2β3,
α3 + (1 − α2) ≥ 2β4,
α1 + α2 + α3 + α4 ≤ 3,
α1 + α2 + α3 + α4 ≥ 1,
αi, βr ∈ {0, 1},∀i ∈ A,∀r ∈ R,

whose optimal value z∗ is 0.75 and optimal solution α∗ is
(1, 1, 0, 1).

The semantics of pricing problem of (3) is, given a pay-
off vector x̂, to find coalition α∗ with maximum excess z∗

against x̂ among all possible coalitions with the size of less
than n. This will be explained in detail using Example 5.
The constraints of (3) is configured such that if we give any
coalition α whose size is less than n, then they determine a
set of MC-nets rules β that can be applied to that coalition.
In Example 5, when α is set to (1, 1, 0, 1) that means coali-
tion {1, 2, 4}, β becomes inevitably (1, 0, 1, 0) that indicates
rules r1 and r3 are applied to coalition {1, 2, 4} (see Exam-
ple 3). The first term of the objective function of (3) com-
putes the sum of the values of the applicable rules, namely,
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Fig. 1 Sketch of the behavior of CGεB

characteristic function value, for coalition α, while the sec-
ond term of it computes the share of coalition α over a given
payoff vector of x̂. When α is set to (1, 1, 0, 1) in Example 5,
the first term of the objective function becomes 3, which is
the value of v({1, 2, 4}), and the second term becomes 2.25,
which is the value of

∑
i∈{1,2,4} x̂i. By subtracting the second

term from the first term, the objective function of (3) exactly
computes the excess of coalition α against x̂. We should
notice that decision variable α can take any 0-1 vector ex-
cept all-ones or all-zeros. Hence, given a payoff vector x̂,
the pricing problem of (3) computes coalition α∗ with max-
imum excess z∗ against x̂ among all possible coalitions with
the size of less than n.

Lemma 2. The optimal value z∗ to the pricing problem (3)
with a given payoff vector x̂ gives an upper bound on the
optimal value ε∗ to (1).

Proof. Since x̂ is an optimal solution to the restricted mas-
ter problem of (2), it obviously satisfies the last constraint of
(1). Furthermore, due to the semantics of the pricing prob-
lem (3), constraint e(x̂, S ) ≤ z∗ is satisfied for every coalition
in {S | S ⊂ A, S � ∅}. Therefore, assignment (x̂, z∗) for vari-
ables (x, ε) in (1) is a feasible solution to (1), which gives z∗

as its objective function value. �

3.3 New Algorithm for ε-Core with Bound Guarantee

With Lemmas 1 and 2, we are now ready to present a new
constraint generation algorithm for finding a payoff vector
in ε-core with bound guarantee. The input of this algorithm
is set R of MC-nets rules, maximum reward pmax to be di-
vided over the agents, and absolute bound b (≥ 0) on the
difference between the resulting value for ε and its true opti-
mal value ε∗. The output of this algorithm is a payoff vector
x̂ in ε-core, where ε minus ε∗ is guaranteed to be not more
than b. Although we never know the true optimal value ε∗

either before or after performing this algorithm, we can ob-
tain such a payoff vector by this algorithm.

The detailed procedure of this algorithm, which we will

call CGεB (Constraint Generation algorithm for ε-core with
Bound guarantee), is shown in Algorithm 1. At line 1 of
this algorithm, T is set with any set of coalitions. At line
3, the restricted master problem with this T is solved to ob-
tain lower bound ε̂ and candidate payoff vector x̂ (see Ex-
ample 4). At line 4, the pricing problem with x̂ is solved
to obtain upper bound z∗ and coalition α∗ that gives this
max excess against x̂ (see Example 5). At line 5, the differ-
ence between upper bound z∗ and lower bound ε̂ is checked
whether not more than b or not. The procedure stops with
the current payoff vector x̂ if this is the case at line 6, or adds
coalition S ∗ that corresponds to α∗ to T otherwise at line 8.

Example 6 (Running example of CGεB). Suppose b is set
to zero when we solve the ongoing example. Since upper
bound z∗ was 0.75 in Example 5 and lower bound ε̂ was
−0.75 in Example 4, formula z∗− ε̂ ≤ b is not satisfied in this
case. Algorithm CGεB thus adds coalition S ∗ = {1, 2, 4},
which corresponds to α∗ in Example 5, to T in Example 4.

In this way, Algorithm CGεB repeats the loop from
line 3 through 9 until the condition on bound is satisfied
while generating and adding one constraint per every itera-
tion. Figure 1 illustrates the behavior of CGεB.

The correctness and termination of CGεB are proven
below.

Theorem 2 (Correctness). Algorithm CGεB returns a pay-
off vector in ε-core, where ε minus ε∗ is not more than b.

Proof. This obviously holds from Lemmas 1, 2, and the ter-
mination criteria at line 5 in Algorithm 1. �

Theorem 3 (Termination). Algorithm CGεB terminates
within a finite time.

Proof. Since the possible number of coalitions is at most
2n−1, if a new coalition that does not appear in T is selected
as S ∗ to be added to T every time in each iteration of the
loop of CGεB, the restricted master problem of (2) will be
eventually identical to (1). At that time, ε̂ gets equal to ε∗
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Algorithm 1 CGεB
Input: set R of MC-nets rules; maximum reward pmax to be divided into

the agents; absolute bound b (≥ 0) on the difference between the re-
sulting value for ε and its true optimal value ε∗

Output: payoff vector x̂ in ε-core, where ε minus ε∗ is guaranteed to be
not more than b

1: set T with any set of coalitions.
2: loop
3: solve the restricted master problem of (2) with T to find its optimal

value ε̂ and optimal solution x̂
4: solve the pricing problem of (3) with x̂ to find its optimal value z∗

and optimal solution α∗

5: if (z∗ − ε̂ ≤ b) then
6: print x̂ and stop
7: else
8: add coalition S ∗ that corresponds to α∗ into T
9: end if

10: end loop

and thus CGεB will terminate. Hence, our goal is to show
that such a coalition is selected every time in each iteration.
Assume that, for current payoff vector x̂, coalition S ∗, which
was already selected in a previous iteration, is again selected
at line 8. Since z∗ = v(S ∗) −∑i∈S ∗ x̂i, we have

v(S ∗) −
∑

i∈S ∗
x̂i − ε̂ > b (4)

due to the fact that line 8 is running. On the other hand, since
S ∗ was already selected in a previous iteration and must be
in T , current payoff vector x̂ should satisfy

v(S ∗) −
∑

i∈S ∗
x̂i ≤ ε̂ (5)

due to the fact that x̂ is feasible for (2). Since b ≥ 0, (4)
and (5) contradict each other. Therefore, the assumption is
denied, in other words, coalition S ∗ has never been selected
in a previous iteration. �

4. Experimental Evaluation

To the best of our knowledge, there is no comparable al-
gorithm to CGeB except for the one in [7]. Therefore, in
this section, we will experimentally demonstrate whether
the generalization of previous algorithm works in practice
to produce expected results and performance.

In order to observe the actual performance of CGεB
algorithm, we have conducted an experiment on MC-nets
instances that were also used in [4] and [7]. These MC-
nets instances have been created using the decay distribution
under the CATS framework [10] as detailed in [4]. In these
instances, the number |R| of MC-nets rule and the number
|A| of agents is the same and varies from 10 to 100 in steps
of 10. For each number of |A| or |R|, 100 instances were
randomly created to produce 1000 instances in total.

In this experiment, we set the value of bound b as
k × pmax, where k ranges over {0.001, 0.005, 0.01, 0.05, 0.1}.
The smaller the value of k is, the closer to the least core the
payoff vector found by this algorithm is. The CGεB algo-
rithm that uses k × pmax as b is denoted by CGεB(k).

Fig. 2 Cactus plots of accumulated run-time for CGεB(k)

Fig. 3 Cactus plots of accumulated number of added constraints for
CGεB(k)

Before applying CGεB(k) for MC-nets games, we need
the value of pmax that will be divided over the agents. This
value should be the maximum reward that can be obtained
by solving the coalition structure generation problem for
MC-nets games. In this experiment, we have actually used
those maximum rewards that were reported by the authors
of [4].

All of the experiments were conducted on Intel Core i7-
3960X (3.30 GHz, 12 CPUs) with 32 GB memory, Windows
7 Pro 64 bit, and IBM ILOG CPLEX 12.6.3 with Java 8 API.

We have set a cut-off time to 2 hours (7200 sec) for
each run of algorithm. If a run exceeds this cut-off time,
the algorithm was forced to be terminated and recorded as
completed at the cut-off time. We report that there existed
only one such run that was cut off for CGεB(0.001).

The cactus plots of accumulated run-time and accumu-
lated number of added constraints for each CGεB(k) algo-
rithm are shown in Figs. 2 and 3, respectively. The cactus
plot for some specific algorithm is the one, where the x-
axis indicates the whole set of problem instances and the y-
axis indicates the accumulated costs (run-time or the num-
ber of added constraints in this experiment). The problem
instances on the x-axis are all sorted by the ascending or-
der of costs depending on the algorithm used. In the cactus
plot representation, it shows that an algorithm with a smaller
degree of increase in the line plot has better performance.
We show the accumulated data of 1000 problem instances in
parentheses under the label of each algorithm in both Figs. 2
and 3.

As these two figures shows, if we increase the value of
b (the value of k), both the run-time and the number of added
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constraints are drastically reduced as we have expected. On
the other hand, a payoff vector belonging to the least core
can be obtained by CGεB(0) (by setting the value of k to 0).
Although not shown in the graph, the accumulated run-time
of 1000 instances of such CGεB(0) exceeds 55,000 seconds,
which is much more expensive compared to CGεB(k) with
k > 0.

5. Conclusion

In this paper, we generalize the algorithm in [7] into the one,
which is called CGεB, for finding a payoff vector belonging
to ε-core with pre-specified bound guarantee. Considering
the fact that there are very few algorithms for finding the
core or its variants for MC-nets games at present, we believe
that this study can be regarded as a valuable first step in the
field.

It might need to be discussed as to whether the ap-
proximate payoff division, rather than the optimal one, is
acceptable to the agents. For example, some agents who are
most dissatisfied with a current approximate payoff division
may refuse to accept it and argue to continue further com-
putation for a better payoff division, but some other agents
may be satisfied with that approximate one. The question
is whether to terminate the algorithm with that approximate
payoff division under these situations. To answer it prop-
erly, we need to develop a new solution concept involving
not only the degree of dissatisfaction but also the attitude
toward the consumption of computational resources, which
we consider is beyond the scope of this paper though. De-
vising more sophisticated termination conditions for CGεB
that reflect the above new solution concept, rather than just
cutting off using the bound, is one of our interesting future
work.

Other possible future work will include applying CGεB
algorithm to weighted graph games, exploring how to gener-
ate a bunch of constraints instead of one at each iteration of
CGεB, creating more realistic and meaningful benchmark
instances for MC-nets games, and others.
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