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LACK OF THE STRICT DISSIPATIVITY AND MODIFICATION
FOR THE DISSIPATIVE BRESSE SYSTEM

TOMOYUKI SUZUKI AND YOSHIHIRO UEDA

ABSTRACT. Recently a lot of physical models which possess a complicated dissi-
pative structure are studied. The key point is to analyze the eigenvalues of the
corresponding eigenvalue problem for physical models, and the stability condition
introduced in [T, 7] is one of the important tools to get the detailed information of
the eigenvalues. Throughout the stability condition, we find that the Bresse system
is not strictly dissipative even if it has any frictional damping. In this situation, we
introduce the different types of damping effects and analyze the detailed dissipative
structure for the Bresse system.

1. INTRODUCTION

In the paper, we consider the Bresse system with frictional damping terms
10w — K(Py + U 4+ lw), — Kol (wy — L9) + agy = 0,
(1.1) P2 — bz + K(Gp + ) + lw) + Biby = 0,
prwy — ko(we — LDy + Kl(Py + 1 + bw) + ywy = 0,

where ¢ = ¢(t,x), 1 = ¥(t,x) and w = w(t,x) are unknown scalar function, which
denote the longitudinal displacement, the vertical displacement of the beam and
the rotation angle of the linear filaments material, respectively. Assume that b, k
and k(o are positive constants, ¢ is a non-zero constant, and «, [ and  are non-
negative constants. These constants are physically described as p; = pAy, p2 = polo,
Rog = E()AO, R = I{ZIG()AO, b = EOIO and ¢ = Ral, where Po is the density, E(] is
the modulus of elasticity, G is the shear modulus, £’ is the shear factor, Ay is the
cross-sectional area, [ is the second moment of area of the cross section, Ry is the
radius of curvature. Furthermore, the constants «, 5, and v denote the coefficients of
the frictional damping. We note that the Bresse system (I) is decomposed to the
Timoshenko system and the wave equation if ¢ is taken to zero.

The Bresse system is known as the circular problem described in the book of
Lagnese-Leugering—Schmidt [[7]. In recent years, there are several papers considered
the asymptotic behavior of solutions to the Bresse system in a bounded domain. For
example, Liu—Rao [§] and Fatori-Rivera [4] studied the decay estimate of the solu-
tions to the thermoelastic Bresse system, and Santos—Almeida Junior [9], Boussouira—
Rivera—Almeida Junior [1] and Alves—Fatori-Silva—Monteiro [2] analyzed the Bresse
system with frictional damping. More precisely, the authors in [d] treated (I) with
positive a, 5 and v, and derived the exponential stability. On the other hand, in [2],
(W) with positive a and f is considered, and the exponential stability is obtained

Date: February 15, 2023.



under the assumption k = k. Furthermore, the authors in [[] studied (IT) with pos-
itive 3, and the exponential stability is also obtained under the assumption p1b = pok
and K = Kg.

In a whole space, Ide-Haramoto—Kawashima [5] studied the dissipative structure
for the dissipative Timoshenko system in detail and obtained the optimal decay es-
timate. In [, the stability condition was introduced to analyze the dissipative
structure for the system of linear differential equations. and obtained the weak dis-
sipative structure for the dissipative Bresse system () with o« = v = 0. More
precisely, the dissipative structure of (II) is stated as follows.

Theorem 1.1. The dissipative Bresse system (Il) does not satisfy Condition (SC).
Therefore, this system is not strictly dissipative.

Remark 1. Theorem I tells us that the dissipative structure of (L) with infinite
length is completely different from the one with finite length. Indeed, there is no
possibility to get the standard decay estimate in a whole space. However, the authors
in [, 2, 9] obtained the exponential stability in a bounded domain under the suitable
assumption. These structures come from the corresponding eigenvalues in the middle
and high frequency regions.

Condition (SC) and the definition of the strict dissipativity are mentioned in Sec-
tion 2. This result tells us that any frictional damping is not enough to derive the
strict dissipativity. Therefore, it is worth considering the different types of damping
effects. Inspired by this situation, we replace the frictional damping v, with the mem-
ory type damping —g * ¢y, in the second equation of (). Precisely, we introduce
the following modification for the Bresse system.

P10 — K(pz + ¥ + lw), — Kol(w, — Ld) + ady = 0,
(1.2) P2t — bg * Yray + K(de + ¢ + lw) =0,
prwy — ko(wy — £9), + Kl(pr + Y + lw) + yw, = 0,
where g(t) = e™° with § > 0. Here (g * f) denotes a convolution defined by

(g% F)(1t) = / gt — 1) f(r)dr.

Notice that (g f')(t) = g(0)f(t) — g(t)f(0) + (¢’ = f)(t), and hence
(9 % Praw) () = e (t) — € "1hsa(0) = 0(g * Yr ) (1)

Namely, 1, will be close t0 g * Ytz + ¥as|t—o if O is sufficiently small.
We also apply the stability condition and obtain the following result for (I2).

Theorem 1.2. Let « > 0, v > 0 and o+ > 0. Then the modified Bresse system
(I2) satisfies Condition (SC), and it is strictly dissipative. On the other hand, let
a = =0. Then the modified Bresse system (2A) does not satisfy Condition (SC),
and 1t 1s not strictly dissipative.

Theorem [ and Theorem T2 are derived by Theorem 272 in Section 2. Although
Theorem 22 gives the polynomial decay estimate of the solution to (I=2), it does not

guarantee the optimality of the decay estimates. In order to obtain the sharp decay
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estimate, we employ the energy method in Fourier space for (I2) and discuss the
optimality for this decay estimate by using the semigroup argument.

The contents of this paper are as follows. We treat the general symmetric hyper-
bolic system and discuss the dissipative structure in Section 2. In this section, we
introduce the stability conditions which are useful conditions to analyze the structure
of physical models. Furthermore, we give the proofs of Theorem I and Theorem
2. In Section 3, we focus on the modified Bresse system (IZ2) and derive the decay
estimate. The important part is to construct the dissipation terms for the energy
estimate by the energy methods. Finally, in Section 4, we discuss the optimality of
the decay estimate derived in Section 3. To this end, we analyze the behavior of
the eigenvalues of the corresponding eigenvalue problem. Then we deduce that the
regularity-loss structure is an essential property for (I22).

In the last of this section, we mention some notations which we use in this paper.
Let F|[f] be the Fourier transform of f, which is defined by

FUE) = f(6) = /R f(w)e =,

and the corresponding inverse transform is defined by F~!. For 1 < 0 < oo, LY =
L°(R) denotes the usual Lebesgue space with the norm || - ||s. L1 = L}(R) means
the weighted L' space with the norm

[ fllzy = /R<1+ )| f(2)|dz.

For o be a non-negative integer, H° = H?(R) denotes the usual Sobolev space
associated with L?*(R) space. The corresponding norm is

[ llo = (D 10513 )"
k=0

Finally, we regard every positive constant by the same symbol C' or ¢ if no confusion
occurs.

2. APPLICATION OF A GENERAL THEORY TO THE BRESSE SYSTEM

In order to analyze the dissipative structure for (), we recall the general theory
in this section. We study the symmetric hyperbolic system with relaxation

(2.1) Ay + Aug + Lu = 0,

where u = u(t,z) over t > 0, z € R is an unknown vector function, and A°, A and L
are m x m constant matrices for m > 2. For the system (E), the initial data

(2.2) u(0,z) = ug(x)
for z € R is assigned. Here we assume the following for the coefficient matrices.

Condition (A): A° is real symmetric and positive definite, A is real symmetric,
while L is not necessarily real symmetric but L* is non-negative definite with the

non-trivial kernel.
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Namely, Condition (A) means that the constant matrices satisfy the followings.
(A)T = AT (0<j <),
A>0, L >0 on R™,
Ker(L) # {0}.

Here and in the sequel, the superscript T stands for the transposition, and X* and

X" denote the symmetric and skew-symmetric part of the matrix X, respectively.
That is X* .= (X + XT)/2 and X°:= (X — X T)/2.
Applying the Fourier transform to (E70), we obtain

(2.3) Ay + i€ AQ + La = 0,

and the solution of (E23) is written as

it &) = " @ig(©),
where g is the Fourier transform of the initial data ug, and
(2.4) B(C) = —(A) " (CA+ L),
Then we define the semigroup e!® by the formula
(2.5) e 1= F 959,

and the solution to (Z) is described as u(t,z) = (e®ug)(x). We note that the
corresponding eigenvalue problem is

(2.6) Ao+ (AY)HCA+ L)p =0
with ¢ = i£, where (A, ¢) € CxC™\{0} is a pair of the eigenvalue and the eigenvector
of (£M).

To discuss the dissipative structure, we define the strict and uniform dissipativity
for the system (271).

Definition 2.1. (Strict and uniform dissipativity ([I3])) (i) The system (210) is called
strictly dissipative if real parts of all the eigenvalues of (E8) are negative for each
& € R\{0}. (ii) The system (E0) is called uniformly dissipative of the type (o1, 02) if
all the eigenvalues \(i€) of (E8) satisfy

520’1

(14¢2)7’

where ¢ is a certain positive constant and (o1, 09) s a pair of non-negative integers.

ReA(i€) < —c¢

Ueda [IT] introduced the stability conditions for (21). Here we use notations that
R, := (0,00) and A(v) := (A") "1 (A —iv1L°).

Stability Condition (SC):

Ker(ul + A(v)) N Ker(L*) = {0}, (u,v) € R x R,
4



Kalman Rank Condition (R):

Lt
LFA(v)

rank =m, veR,.

LAA(w)m1

Remark that the Kalman rank condition is first applied to the symmetric hyper-
bolic system with symmetric relaxation in Beauchard-Zuazua [8], and Ueda [, 2]
extended it for the symmetric hyperbolic system with non-symmetric relaxation. Pre-
cisely, the following relation to Stability Condition (SC) and Kalman Rank Condition
(R) is derived in [I1, I2].

Theorem 2.2. ([I1, 12]) Suppose the system (E) satisfies Condition (A). Then, for
the system (B0, the following conditions are equivalent.

(i) Stability Condition (SC) holds.

(ii) Kalman Rank Condition (R) holds.

(iii) System (20) is strictly dissipative.

(iv) System (E) is uniformly dissipative of the type (m — 1,2(m — 1)).

Corollary 2.3. ([12]) Suppose the system () satisfies Condition (A) and the con-
dition (iv) appeared in Theorem Z3. Then the solution operator in Fourier space
satisfies the pointwise estimate |e!®)| < Ce=POt  ywhere

éQ(m—l)

p(§) = 1+ apm 1

Furthermore, the corresponding solution to (E1), (23) satisfies the decay estimate

1425

[0Ju(®)l|z < COL+ )T Jugl 1 + C(1+ 1) 70 || ug 1

for 7 >0 and k > 0. Here c and C are certain positive constants.

To apply Theorem P2 to the system (D), we introduce new functions that

V= E((ﬁx + w + gw)a S = ¢t7 Z = b’l/}x7
Yy = wh p = H0<wz - £¢)7 q ‘= Wy,
then () is rewritten as
e
P15t — Uy — Ip 4+ as = 0,
b iz —y, =0,
(2.7) Y
pZyt_Zx+U+By:Oa
I{Elpt_(_h—'—gsz()a

P1Gt — Pz + v 4+ vq = 0.
5



Namely the system (272) is described as (21), where u = (v,s,2,y,p,q)", and the
matrices A%, A and L are defined by

/60 0 0 0 0 010000 000—10 —¢

0 pr 00 0 0 100000 000 0 —¢ 0

0 01/60 0 0 000100 0000 0 0
A0 = L A=— L=

000p 0 0 001000 1008 0 0

0 0 0 01/k 0 000001 0600 0 0

0000 0 p 000010 000 0 ~

Here the size of the system is m = 6. Notice that the relaxation matrix L is not
symmetric, and it is decomposed as L = Lf + L’ with

000000 000—10 —¢

000000 000 0 —¢ 0

000000 0000 0 O
L= L’ =

000800 |’ 1000 0 0

000000 000 0 O

00000~ 2000 0 O

Since these matrices satisfy Condition (A), we can apply Theorem 272 to the system
(272) and get Theorem [T

Proof of Theorem 1. It is enough to consider the case @ > 0, § > 0 and v > 0. If
(u,v) ERx Ry and ¢ = (p1,-+- ,06)" € CO satisfy
(17 o1 — o+ iv Ny +iv g = 0,
pp1eps — 1 +iv s = 0,
b~ o3 — @4 =0,
(28> .3 1 ! and 6904 = 07
pp2ps — o3 — w1 =0,
1 .1 YPe = 07
pkg @5 — e — i Loy =0,
\ pp1ps — s — v~y =0,

aps = 0,

then (E8) is rewritten as ps = @4 = g = 0, up; = pps = pps = 0 and
01 —iv Y5 =0, @03 +iv o =0, @5 +iv e = 0.

Furthermore, these equations give (1 — v=2¢?)p; = 0. Therefore, for any ¢ € C, the
vector

1 ¢
¢ = (0,0, ——i0,0, ——ic,0)"
[l ]
satisfies (Z8) with (i, v) = (0, |[¢|). This means that the system (Z74) does not satisfy
Condition (SC). Hence this completes the proof. O
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In the rest of this section, we prove Theorem 2. To this end, we also introduce
new functions that

v = K(¢s + ¢ + lw), 5= ¢y, 2= bg * iy,
Yy = 1/}157 p = ’%O(ww - €¢)7 q = Wy,

and obtain
Ko — s, —y —Lg =0,
P18y — vy — lp+ as =0,
bl —yp,+0b 12 =0,
(2.9) Y

P2ys — Z2e +v =0,
Ko 'pe — qp + s =0,
P1G: — Pe + v+ vq = 0.

Then the system (29) is also described as (21), where u = (v, s, 2,9,p,q) ", and the
matrices A%, A and L are defined by

/60 00 0 0 010000 00 0 —10 —¢

0 pr 00 0 0 100000 0a 0 0 —£ 0

0 01/b0 0 0 000100 008/b 0 0 0
A° = L A=— L=

00 0p 0 0 001000 100 0 0 0

00 0 01/ky 0 000001 000 0 0 0

0000 0 p 000010 (00 0 0 ~

Since these matrices also satisfy Condition (A), we can prove Theorem 2 by applying
Theorem 22 to (279).

Proof of Theorem 3. Firstly, we consider the case « > 0 and v = 0. If (u,v) €
R xR, and ¢ = (1, -+ ,p6)" € CO satisfy

(k™ o1 — o +iv oy v ps = 0,
pprpa — o1 + v Hps = 0,
pb o3 — o4 =0, vy = 0,
. and .
ppasps — 3 — v @1 =0, 0b™ 3 =0,
pkg tps — 6 — vy = 0,
[p1pe — s — vy =0,

(2.10) 4

\
then it is easy to get ¢ = 0, and we complete the proof of the strict dissipativity in
the case @ > 0 and v = 0. On the other hand, we can obtain the same result using
the same argument in the case o = 0 and v > 0.

Secondly, we consider the case a = v = 0. Then (EI0) with o = 0 gives ¢ = @3 =
P4 =5 =0, g3 = v~ lps and

ppe =0, (1 — v 20%)pg = 0.
7



Therefore, for any o € C, the vector

¢
¢ = (0,—1i0,0,0,0,0)"

1]
satisfies (210) with (i, v) = (0,]¢|). This means that the system (29) witha =~ =0
does not satisfy Condition (SC). Hence this completes the proof. O

For a +~ > 0, it follows from Theorem 22 and Corollary P23 that the solution
operator of (Z9) in Fourier space is estimated as |e/®(®)| < Ce=(© with

gl()
i+
However, this estimate might not be a sharp estimate. Therefore we focus on the case

a > 0 and shall derive the sharp decay estimate by the energy method in Section 3
and investigate the optimality of the decay estimate in Section 4.

p(§) =

3. DECAY ESTIMATE

In this section, we derive the decay estimate of the solution to (29). To this end,
we suppose the initial data for (I"2) that

gb(O,[E) = qu(ZL‘), ¢t(07x) = ¢1(x)7 ¢(O,I) = ¢0(I)7 ¢t<07 x) = 1/}1(1:)7

w(0,x) = wo(z), w(0,2) =wi(x),

where ¢g = ¢o(2), ¢1 = ¢1(2), Yo = Yo(x), Y1 = ¢1(z), wo = wo(z) and wy = w1 (x)
are known function. From these initial data, we also suppose the initial data for (229)
that

(3.1)

and U(O, J}) = U()(.I’) = (U07 50, 205 Yo, Po, QO)T(x)7 where

vy = K(Pox + Yo + Lwy), So = ¢1, 20 =0
Yo = 1, Po = fio(wo:c - €¢0), o = Wi.

Then we derive the following decay estimates of the solution to (29), (B) for the
Cauchy problem.

Theorem 3.1. Suppose the coefficients of (29) satisfy a« > 0 and v > 0. Then the

solution operator of (29) in Fourier space satisfies the pointwise estimate |et(§(i5)| <
Ce= POl where

?+&

(3:2) =TT ere)

Here ¢ and C' are certain positive constants, which do not depend on .
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Theorem 3.2. Suppose the coefficients of (29) satisfy « > 0 and v = 0. Then the

solution operator of (29) in Fourier space satisfies the pointwise estimate |et‘i’(i5)| <
Ce= POl where

€2§2 7é
14 £2)(1 - 2 2\2° k7= ko,
(3.3) p(&) = e )(e;g: )
KR = Kq.

1+ )20+ +¢8)

Here ¢ and C' are certain positive constants, which do not depend on (.

Remark 2. Theorem E2 tells us that the modified Bresse system (IC2) has the
reqularity-loss structure which denotes the weak dissipative structure in high frequency
region in Fourier space.

Proof of Theorem [E1. We apply the Fourier transform to (229) and obtain
K0 — 65 — ) — 0§ =0,
P15 — 10 — lp + as = 0,
b2, — i)+ 0b12 =0,
paih — €2 + 0 =0,
g 'Pe — €4+ 03 =0,
P14y — P + L0 +vq = 0.
we obtain
1 . 0, . .
(3.5) §6t5+oz|s|2+g|z|2+7|q|2 =0,
where
Lo a2, Lisge 2 L 512
€= —|o["+ ml31" + T I2[7 + palg]” + —[pI" + paldl”.
K b Ko
It is important to construct the dissipation terms for all components. To this end,

we prove the useful equalities. Multiplying the first and second equations in (B4) by

—p1ki€S and €0, respectively, and taking the real part, we have
(36) — p1€0:Re(i05) + (|0 — p1&l3]*)
' — p1kERe(i87)) — p1rlERe(i3q) + (ERe(iDp) — aRe(its) = 0.

Similarly, the third and fourth equations in (B4) give

(3.7) p2£0Re(izg) + E(pablg]* — [27) + p20€Re(i2y) — ERe(i0Z) = 0,
and the fifth and sixth equations in (B32) give

— pE0Re(ipq) + & (IpI* — prroldl”)

— p1roléRe(i3q) + (ERe(ivp) — vERe(ipg) = 0.
Furthermore, the first and fourth equations in (B4) give

(39)  padRe(i§) + [0 — parll? + ERe(i03) — pan¢Re(is) — porlRe(§d) = 0,
9
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the first and sixth equations in (B4) give

pilORe(0q) + £(|0]” — prslgl*)

+ LERe(i0p) — prrléRe(i5G) — prrfRe(§q) + vRe(0q) = 0,
and the second and fifth equation in (B) give

— p1lORe(3p) + (" — prriol3[*)

+ lERe(i0p) — alRe(3p) — prroléRe(isq) = 0.

To handle the interaction terms, we also need the following equations.

(3.12)  p10,Re(82) — ERe(i02) — (Re(2p) + (p16 + a)Re(82) + p1b€Re(id7)) = 0,

(3.10)

(3.11)

p1EQiRe(i2q) — (ERe(iDZ) + (015+7)£Re(’2§)

z
3.13 > j
(3.13) — &%Re(2p) 4 p1b€°Re(§q) =

pa€OiRe(igp) + E*Re(2p) + ERe(i0p)

— paro€’Re(9q) — paroléRe(idy) = 0,
OiRe(2p) — bERe(i9p) + kofRe(i2q) + 6Re(2p) + rolRe(82) = 0.
Then, combining (B13) and (B14), we get
p1p26d{roRe(i2G) + bRe(igp)} + (p1b — paro)E*Re(2p) + prbéRe(ivp)
— pakioléRe(iD2) + pako(p1d + 7)ERe(i2G) — p1pabroléRe(isy) = 0.
Similarly, combining (BTH) and (B12), we also get

p1p2l€Di{koRe(i2q) + bRe(igp)} + p1(p1b — pako)E*OiRe(32)

—{(p1b — p2ko)E% + parol?*YERe(i02) + p1blERe(ivp)

+ pario(p10 + 7)EERe(i2q) + (p16 + ) (pid — pario)§Re(52)

+ p1b{(p1b — paro)€? — pakol®}ERe(is7) = 0.

Using the above equations, we construct the energy estimates.

Because of (BH) with a > 0 and v > 0, our purpose is to construct the dissipation
term for ¥, 7 and p. Here, to control Re(i0p) appeared in (88) and (B8), we employ
(B12). Making the combination of (BM), (B8) and (BId) we obtain

— £0{pRe(i03) + palRe(igp) } + E2([0]* — p1ri]3[*) — prrléRe(i5q)
— a€Re(i08) + (parol? — pir)ERe(i87) — LE*Re(2p) + parolE®Re(9q) = 0

(3.14)

(3.15)

and
— E0{pRe(ipq) + palRe(igp)} + EX(Ip]* — prrold|?) — prrol€Re(i3q)
— v€Re(ipq) — LERe(2p) + parol&Re(§q) + parol*ERe(isy) = 0.
On the other hand, combining (89) and (BI0), we have
00 p1Re(0q) — p2lRe(09)} + £0*(pa|§|* — p1]d]*) + vERe(0q) + (ERe(ivp)

— p1rlERe(i3q) — (2ERe(i02) + pakl?*ERe(idy) + kl(pl? — p1)Re(3q) = 0.
10
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Combining the above equations, we will construct the energy inequality with dis-
sipation for all components. However, to get the optimal estimate, we shall proceed
further computation. We combine (BI4) and (Bl) and this yields

— (0{p1Re(3p) + pa6Re(igp) } + C(|pI* — prriol3|") — (" Re(2p)
— alRe(38p) — p1kolERe(i3q) + parolé®Re(§q) + parol?ERe(isy) = 0.
Furthermore, combining (BT6) and (BIH), we obtain
— 0i{p1&Re(ipg) + prRe(3p) + 2p2lERe(igp)} + (€ + &%) |p|?
(319) = puso?ldl? — prol3f? — vERe(i5d) — alRe(5F) — 2E*Re(2)
— 2p1kplERe(13q) + 2pakolE®Re(q) + 2parol*ERe(isy) = 0.
On the other hand, (8M@) and (B0) give
P10 {(Re(0d) — ERe(i03)} + (2 + E)[o] — prst?Ig]? — prwé?|3f?
(3.20) — p1k€Re(i89) — 2p1klERe(i3q) + 20ERe(itp) — aéRe(its)
— p1rfRe(§q) + vRe(1g) = 0.
Similarly, (B7) and (BZI47) also give

0, { prRe(0q) - p2m<vy>+_53e< )}+pz%(€2+€2)|| S

(3.18)

(3.21)  — pEL|G]” + yRe(dG) + LERe(idp) +

(i29) — p1klERe(i5q)
— (g + €2> ERe(i02) + parl®ERe(i8]) + parl (52 - E) Re(yq) = 0.
Consequently, (819), (B20) and (B=Z0) lead to
— 0{pi€Re(ipg) + p1lRe(3p) + 2p2l&Re(igp) } + 5 (f2 +&)[pP?
B2 <P+ 0+ e il + (G o+ ol )l
+ 2p1kolERe(i8G) — 2parol*ERe(i87) — 2pakolE®Re(9q),
prO{(Re(0q) — ERe(i03)} + 5 (52 +§ )0
(3.23) <4092 + (07 + o + (5 + o) P
+ 2p1lERe(i5G) + p1kERe(i57) + pralRe(3q),

and

AN A~ R cA N K A~
0, { {Re(8) — po*Re(07) + 22 €Re(izg) | + 2262 + €l

5 . 1. .
(3.24) < 3 (p;—b +& ) |z’2 + K {p1g2 + po (gZ _ ﬂ) } ,q|2 +p2/~i£2£2|5|2
P2

— URe(04) — (ERe(i6p) + prrleRe(id]) + (% + €2> ¢Re(i03).
11



Combining (B23) and (B=2) and using the Schwarz inequality, we obtain
" "= A K A=
O {QplﬁRe(vq) — p2l*Re(09) — p1€Re(i08) + %SRe(zzy)}
1 N K N
+ (NP + B+ )P

(3.25) < 2(02 +262)|j|? + {2 (% + 52)2 +2 (p;b : )} Ek

2 P%"f 4\ 1412 o’ 2\ 2\ 1412
+ | 2v —f-p——f-pglig |q| + 7+K<P1+P2€ )f |S|
+ 3pyklERe(iSq) + pur€Re(ish) + prrlRe(§d).
)+

Furthermore we make a combination (B=22) + (B=25) x 1/16 to obtain

001 + 64@2 + &[0 + (52 + &Nl + (52 +¢&)Ipl*

1 k[ p20 R
< dZ (2 K[ p20” 2 262 2
_{8<b+€) +166(2b +€)+4M}’z|

9 /31 P2R 4 2\ 1412 170° 2 1 2 2 A2
—/ 0© 4+ — 14
+ ( + - 160, + 76 + prko&” ) |7 + 5 + p1ko 16/‘6(P1 + p2l7)E7 | [3]

9
8
3K Az p1K 2 a7 pik 2
+ p1 (16 - 2/40) (€Re(i5q) + ( 16 — 2pakol ) {Re(259) + < 16 — 2pako§ >£Re(yq),

where
1 = % K =
Eo1 = T {ZplﬁRe(vq) p2l*Re(09) — pr&Re(i08) + %ﬁR e(i zy)}
— {pi&Re(ipq) + p1lRe(3p) + 2p20ERe(ip) }-

Thus the Schwarz inequality gives

2
PW P1K p2k Koa 5
o SlIsllal+ T ldlallal < T (¢ + )1l + ;2(|5|2+\q,2)7

128
i P2R 128p2/10 9
2 < =
porolélI3llg] < PP + L0 3P,
TR P2k . 128p2/~f )
2paroltllgllal < Togldl* + ——¢1al%

and we obtain

2 2, P2K 9 o 1 2\ [ A2
O + 7 (E + ol + E2 (P + @) + (8 + )l

1/k Kk ( p20 .
< (= 2 v 2 2 2
_{8<b+e> +16b<26 —|—§>+4£§}|z|

2
(3.26) 99 | 3pik ok s ( ) 2 128/)2*@0 1280260 g |12
+ 8+16p2+16 + 301 (1 T h0) &+ |4

7% p? ko 128k2
3 ( )62 pik 0) p2¢2 2
+{32+82+ pilqg o)+ £+pz(16+ - 5|

< Co(1+ )1+ €2+ ) (|27 + g1 + ISI ),
12




where () is defined by

K 0202\ Kk 9N 3pik
Co = (e 20 E 2
0 max{gbz (’” m )’86’ 'R 16,7

3 </{ n > 1702 n pik K n 128k
P16 7)) T30 Tep P \16 T & '
Finally, calculating (83) + (B=28) X ¢o/(2Co(1 + €2)(1 + (2 4 £2)), we arrive at

Co 024 £2
0&y +
(3.27) 0T G40, T+ )1+ 2 1 &)

Co /A . A
+ S (87 + 2P +1d1") <0,

(181 + p2blg[* + 16]p[*)

where ¢y := min{a, d/b, v} and

1 Co

fo=58+ 2Co(1+ 2)(1+ 2 + &2

)6'01.

Furthermore, there exist the positive constants ¢ and C{ such that cS|ﬂ|2 < & <
Cgla|*. Therefore, the estimate (B=Z7) gives

IW+Cff . cre ([0 + 19 + [BI°) + |51 + 12 + 1d* ¢ dr
2¢h Jo 132Ch (14 £2)(1+ 02+ &2)

cr
< —f|uo|2
Co

and the pointwise estimate (B), where ¢, := min{1, pob}. Hence this completes the
proof. O

Proof of Theorem [Z2. In this proof, we utilize the equalities obtained in the proof of
Theorem BT We construct the dissipation term for  in (B8). To eliminate Re(ivp),
we combine (BH) and (BTH). Then we obtain

— P& {p1bRe(i03) + parolRe(i2q) + pablRe(igp)} + prb&?([0]* — pirl3[?)
— (p1b — paro)lE*Re(2D) + pakol*ERe(i02) + pib(pabrol® — p1k)ERe(i87)
— p2brlERe(i5q) — prbakRe(i08) — paro(p1d + 7)lERe(i2G) = 0.

Therefore, this gives

— p1€0,{p1bRe(i93) + pakolRe(itiztig) + p2blRe(igp)} + %b§2|@|2
B < bl + a2+ ZBPP + (b — o) EPRe(p

— prb(pabrol® — p1r)€Re(i89) + pibrl€Re(i3q) + pario(prd +7)LERe(iZq).
Furthermore, the equation (BT) gives

_ 1 _
(3.29) —p1lO,Re(3p) + §£2|p12 < 0] + (prrol? + ) |3)? + prrol€Re(i3q).
13



On the other hand, for the terms p and ¢, we use (B0) and (B) and obtain

— p1ld{Re(3p) + Re(0q)} + L2 ([p* + piwlgl*) — (0] + pirol3]?)
+ p1(k — ko) lERe(i5G) + prrfRe(4q) — alRe(3p) — vRe(dq) = 0.

Since this equation with v = 0, we have

_ _ 1
— p10{Re(3p) + Re(0d)} + 1ol + 5= ¢1qf*
(3.30) _ 2
< 2? + (%5 + prrol® + )| 2+ pussl .

Therefore, we calculate (B229) x (1 + ¢2) + (B330) x &2, and obtain

— prl€20{Re(35) + Re(0d)} — p1(1 + (2)(0,Re(5)

1 R K
+§<1+£2+€2)€2‘p’2 P1 6262’ ‘2
(3:31) 2\ (21412 2 1(“_“0)2 2\ £21412 2012
<201+ 21 +<7+pmo€ # IS @ 4 et

+ (a® + p1rol?) (1 + €%)|3)% + prro(1 + £2)CERe(i3q).
Furthermore, computation of (BZR) x (¢* + 1) + (B331) x p1b/8 gives
2
~ = = b
— p1(1 + A0 p1bRe(i03) + parolRe(i2q) + poblRe(igp)} — A1 E{ Oi{Re(8p) + Re(9q)}
Plb 2 p1b 2 2 4 p1b 2 2152 4 PV 509 1o
P00 4 e)ioRe(sh) + A0+ ORI+ YLk 2 e+ P gy

b - 2
< B0 4 2)(902 + prrol? + 8p1k€2) |57 + % (% + prkol® + pl(ﬁ%f) &7

b - _ _
+ pi(8p1/£ + prro) (02 + 1)0ERe(i5G) + p1pakod (2 + 1)0ERe(i2q) + (p1b — paro) (1 + £2)E*Re(2p).
Thus, we obtain

1 1
DEn + = (1+ V0P + o= (1+ 2 + )2 + 22?2
4 32 32
. 2
< Cu(l+ )1+ + )32 + —pl(“gﬁ’“o) 6131 + B¢l

+ Cra(1 4+ 2 (14 2 + D212 + (p1k — pabrol®)(1 + £2)ERe(i87),
14
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where
&1 = —pi(1+ ) p1bRe(i03) + parolRe(i2G) + pablRe(igp)}

2 2
%b&“QRe(@cj) - %b(l + 0% + £*)(Re(3p),

1 8 2 8 2 2
Ci = gmax{9a2 + 2,01@,/)1 <Iio + 2@) ,% + p1(8k + lio)} ,

Cry 1= P3kG s { 16p,0° 1 8(p1b — paro)? } '

pib kO P3G

In the case k # Ko, to add more dissipation for 4, we employ
BN T
— p1&OiRe(i08) + 552]1)]2
< (a® + p1r€%)|3)* + C[p* + p1r€Re(i8) + pr1rlERe(i3q)

(3.33)

which comes from (BE). Then computing (B72) x p1s(1 + €2)(1 + €2 + £2)/(p2b) +

(B332) + (B333) x £2/64, we get

001 + %(1 + 52)(1 + %+ )€ Reli]) — &53@39,(@@5)

1
(14 252 +
1L+ + o5

1
1 2 2 2 2 ~12
b (L 2+ @) + e

IRY:
< {011 +Chs + M} (140 + 52)2‘§|2

8k
+ (Crz+ Cra) (14 ) (14 + E)?|2)* + (prk — pabrol®)(1 + 2)€Re(i57)
= M 3 AR M 3 AR
2)+ ol &°Re(isy) + ol l&°Re(isq)

+ Lo 4 &h(1+ﬁﬂl+ﬁ+f)€WF

+ Zl—:(l 4 2)(1 4 €2 + €2)€Rel(id
2

where

1 —62
Oy e 6—4max {a2,p1fi}a Cu = pplT/Z max {1, p;b } .

Hence this gives

9,6 + 2 2“(1 + 02 (1 4 2 + £2)E0:Re(i27) — &53atRe(w§)

i eep f!P “1@+%<+ﬁ+€wmﬁ

8 128
1
=1+ 2+ )P + B
64 4
(3.34) pi(k — Ko)® (p1k — pabrol?)?
g{aﬁ4h+—————}u+ﬁ+8mW+ 3P
8K PLR

256 p3b?

< CLl+ )1+ + E)(Is]” + |27),
15
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where

K—K K 2p1K
C1::max{011+013+015+u o Cra+ Cu+ —55 fi }a

8k 256’ 2b2

2722

C15 = max {pll{, P2 /{O} .
P1KR

Consequently, calculating (BH) + (B33d) x ¢; /(201 (1 + £2)(1 + % 4 £€2)?), we arrive at
¢ o2 4 TG ¢ e
25601 1+ )1+ 2+ 1280, 1+ 2+ 2"

(3.35) L_a & B 4 L g P
128C, (14 2)(1 + 2+ &2) 128C (1 + 2)(1 + £2 + £2)2

C1 /4 A
+ (3P +12P) <0

0&r +

where

(&1
207 (1 + 02)(1 + 02 4 £2)?
p1kcié N p1c1&’

T aairere) i) T Bae s ma T B o)

811

1
81 = 55"‘

Re(i03),

and ¢; is a positive constant taken as ¢; < min{«, §/b}.
Furthermore, there exist the positive constants ¢ and C} such that cj|a|? < & <
Ctla)?. Therefore, the estimate (BZ3H) gives

w”if . : op g e &
T Jo 256C (14 02)(1+ 2 +&2) 128C; 1+ % + &2
1 02 ) pPLECT 022 | A|2

2

c1o . (G
+§1(|Sl2+ |21?)dT < =il
&

128C) (1 + £2)(1 + £2 + £2)2

and the pointwise estimate (B22).
In the case k = ko, calculating (BZ2) x pyx(1 + £2)%/(p2b) + (BZ32), we obtain

1
at5u+ b (1+£2) £0,Re(i29) + 4(1+£2)§2|@|2

1
Joun e

3 (14 029> + 39 5252\ i
<Cu(l+) A+ +)5° + (Cra+ Cra)(1 + 42) (L4 +&%)|2)?

+ (p1k — pabriof?)(1 + (2)ERe(i87) + ’; S (14 £7)°€Re(i62),

+
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Thus this gives

3t511+ 2 (1+f2) f@tRe(zzy)+é(1+€2)§2|ﬁ|2

+ P51 PPLYPE + (14 8+ LY + e
(3.36) < (Cr 4 Cis) (1 + )1+ 02+ &)|5)

+(CarCut Y Qe e )P

S CUL+ P+ 2+ )87 + 2,
where

202
Consequently, calculating (B3) 4 (B38) x & /(2C1 (14 £2)%(1 + 2 4 £2)), we arrive at

~ 20°
Ci = max{011+015,012+014—|— A } :

5 c1 52 ~12 p1/€51 52 ~12
K&+ —= =
(3.37) 160, 1+ ) (14 2+ 82) o 16C, 1+ 62 +§2|y|

¢ 02 . KC r2€2

~12 C1 A2 212
= + = + <0

where

5 1 C 1 C
&om e O LI

En+ Re(izy).
27 oG, 1+ 221+ +)" T o, 1+ 2+ & (i)

Furthermore, there exist the positive constants ¢ and C# such that crlal* < &
Ctla)?. Therefore, the estimate (BZ37) gives

|ﬂ|2+i/t{ C1 &2 |v| +P1/€C1 £2 |A|2
Ci 16C, (14 2)(1+ 2+ ¢2) 16C, 1+€2+£2
C1 2 12 Pll‘fcl 5252 2 2 ~12
— P+ = - (1817 + d
e e s trerar et 82 + |212) pdo
< C:: ’ﬂ0|2,
C

and the pointwise estimate (B23). Namely this completes the proof

4. EIGENVALUE PROBLEM

To observe the optimality of the decay estimate obtained in Theorems BT and
B2, we analyze the profile of the eigenvalues for (Z8). The eigenvalues satisfy the

corresponding characteristic equation described as det(A] — Cﬁ(C )) = 0. Precisely, the
17



characteristic equation for (Z4) is described as

(pl)\+a)(>\(p1:0+’y) C){)\+5+2(p2)\)\+5 2)}
)

_ e ()\(Pl)\‘F’Y) ¢ ) (02)\ (A+9) _ e

Ko

+ P+ ) {AT” i (pm +9) <2> }

co (2040 ) [(Nedre) ) el

To study the asymptotic expansion for A, we suppose p; = ps = 1 for simplicity.
We apply the perturbation theory (see [G]) for one-parameter family of matrices for
IC| = 0 to ®(¢). Then we deduce that A;(¢) has a following asymptotic expansions
for || — 0:

(4.2) MO = At
k=0
for j =1,---,6. Analogously, we study the asymptotic expansion for |(| — co. We

rewrite CiD(C) that &D(C) = —((AY "1 (A+ (L) and apply the perturbation theory for
1|7t — 0 to —(A°) (A + ¢7'L). Then this gives the asymptotic expansion

(4.3) Ai(€) = mjn€ + Zﬂj,fkﬁfk
k=0

foryj=1,---,6.

Firstly, we treat the asymptotic expansion in the case a« > 0 and v > 0. In the case
for |¢] — 0, substituting the expansion for \;(¢) in (E22) into () with p; = p = 1,
we obtain the eigenvalue expansion:

Ai(€) =29+ O([¢]),

1

Q) = 5 (—at Var = ko) + O(C)),

A6(¢) = =0 + O([¢])

for j =1,2,3 and k = 4,5. Here A\(?) are roots of fi(\) = 0 with fi()\) := A3 + A2+
k(14 )X 4+ yx. We note that ReA® < 0, which comes from f,(0) = v > 0 and
fi(=v) = —yKf* < 0. On the other hand, in the case for |(| — oo, substituting the
expansion for A;(¢) in (E23) into (E0) with p; = ps = 1, we also obtain the eigenvalue
expansion:

MO = £VBC 2+ 0,

M(Q) = Ev/RC — 5+ O(I¢|7),

M(Q) = £/a¢ — 2 + O™

18



for j=1,2, k=3,4and h =5,6if b # K, k # Ko and b # ko,

MO = VEC+ 3 {~(a+ )= Vo + 5P — 4as +8) } +0(Ic ™),

M(Q) = VB¢ + 7 {~(a+9) £ Vlat o) —das +5)} +O(c| ™)

M(Q) = £/AeC — 2 +0(1¢I ™)

for j=1,2, k=3,4and h =5,6if b = k and k # Ky,

3(©) = VRC+ 1 { o+ ) v/ T 77— Aay 458 } +O(IC] ),

M(Q) = ~VAC+ 1 {~(a+7) £ ot 77 — Ao + 46} + 01,

M(Q) = £V — 5 + O
for j=1,2, k=3,4and h =5,6if b # k and Kk = K¢, and
(O = VB + 00K, MlQ) = =V + s + OIS
for j =1,2,3 and k =4,5,6 if b = kK = Ky. Here ,ui-o) are roots of fo(u) = 0 with

1 1 1
fop) = pi® + 5(04 +y o)+ Z(b%— ay + 70 + ab + 4b0%) p + g(b”y + ay§ + 4b60%).

We note that Reuép) < 0, which also comes from f5(0) = (by + ayd + 4b6¢%)/8 > 0
and

fa (—%(a +7+6)> = —é(a +9)(y+0)(a+6) — éb(a +0) — %bZQ(a +7) < 0.

Secondly, we consider the asymptotic expansion in the case for « > 0 and v = 0.
Using the same argument as before, we obtain the following expansion.

M(Q) = AP¢ +0(¢l),

X(Q) = £V + )i + 2P+ 0(I¢P),

As(€) = =0 + O([¢]),

1

() = 5 (o % Va2 =4ref2) + O(C))

for j = 2,3 and k = 5,6, where

4
(2)._ 0+l @ . _\@ @ [ K
(4.5) A@ TrEat A = NN

19



and

O 1 dakkgl?(1 4 02) + a(kel® — k(1 + £2))? N ob
21+ 2 a2k (1 4 £2) + (kol? — r(1 + £2))2 62+ k(14 £2) [’
o 1 (4kol? — a®)(kot* — k(1 + %) L
2 2 L a2k(1 4 02) + (kol? — k(14 £2))2 82 + k(1 + £2) '

Here we note that ReA®® > 0. On the other hand, we also obtain

VEo(BKk + ko)? | alk + k)2
2(k — Ko) 2(k — Ko)?

A(C) = dv/RoC & ¢ O([¢7),

(4.6)
)
MO = £VEC— 2400, M) = VR~ 2 +0(¢] )
for j=1,2, k=3,4and h =5,6if b # K, k # Ko and b # Ko,

VEo(3b+ ko)l | a(b+ ko)2?
2(b — /{0) 2(() — Iio)Q

M(Q) = VBC+ 7 {~(a+08) & /la T 0P — 45 15} +0(¢I™),

A(C) = dv/RoC & 2+ 0([¢7?),

M(Q) = —Vi¢ + % {~la+0)+ Va2 =2ad+5)} +0(¢™)
for j=1,2, k=3,4and h =5,6if b = k and k # Ko,

V(3 +0)? | (ad + K)(k + D)
2(k — b) 26(k — b)?

A(¢) = V¢ + ¢+ 0K,

MO = VI S0, MO = VR~ 2+ 0(c

for j=1,2, k=3,4and h =5,6if b # k and b = Ky,
MO = V¢ + 5 (~o = VaT 1652 + (¢ ),
M(Q) = ~VRC+ 7 (—a% VAT~ T6E) +O(I¢ ™),

)
(€)= HVb¢ = 5 +0(I¢[ ™)
for j=1,2, k=3,4and h =5,6if b # k and k = kg, and
MO = VO i” +0(¢1™Y, A(C) = V¢ + iy + O(1¢| ™Y

for j = 1,2,3 and k = 4,5,6 if b = k = Kko. Here ,ug-o) are roots of fo(u) = 0 with
v = 0. Especially, we find that Re,ug-o) <0forj=1,2,3.

Consequently, these asymptotic expansions for the eigenvalues guarantee the opti-
mality of the pointwise estimates in Theorems Bl and B=2.
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5. SPECTRAL REPRESENTATION

In this section, we consider the case that o > 0, v = 0 and b # K, kK # Ko, b # Ko.
Let P;(¢) be the corresponding eigenprojections of the eigenvalue \;(¢). Here we
note that the eigenprojection P;(¢) is described as

D) — (T
g Aj( Ak(€)

as long as \;(() are distinct to each other. To get more detailed properties of the
eigenprojections, we apply the perturbation theory to (E4), which is mentioned in
[6] for one-parameter family of matrices for |(| — 0 and |[(| — oco. Employing the
perturbation theory for || — 0, we can deduce that \;({) have the asymptotic
expansions (B4), and P;(¢) also have the asymptotic expansions

(5.1) Pi(¢) =3 PM¢k

for j =1,2,3 with

000000
000000
po_ L |000000
V71420000200
000000
000—£0 1
14 2 k(14 2)i 0 —0\/k 1+€2
0 00 0 0
po _ 1 0 00 0 0
(52) 2 Toawe) | JA+)/ki 00 1 0 0 ’
0 00 0 0 0
/(14 2)/ki 00 14 0 2
1+ 2 00 \/k(1+£2)i00ly/K 1+£2
0 00 0 0
po _ 1 0 00 0 0 0
P21+ 2) (1+€2)/m00 1 0 14
00 0 0 0
AVAl 1—i-€2 )/ki00 14 0 2

On the other hand, we next employ the perturbation theory for || — oo. Then we
obtain (E) and the expansion of the eigenprojection P;(¢) for A;(¢) that

(5.3) Piig) =Y QW

21



for j = 1,2 with

0000 0 0 0000 0 0
0000 0 0 0000 0 0

©_ 10000 0 O ©@_1]0000 0 0

G @ =510000 0 o | 27910000 0 0
0000 1 +/ro 0000 1 — Ao

00001//ro 1 0000-1/\/ko 1

Our next purpose is to get the asymptotic representations of et®(i6) a5 |€] — 0 and
|€] — oo by using the above expressions. We have a spectral decomposition of the
matrix e!®(€) that

3
(5.5) o136 Z e’\j(if)tPj(ig),

j=1
We first consider the case || — 0. Inspired by (E4) and (E) with (52), we define

(5.6) Gt i) : Ze” we Ro(t,i€) = '@ — G(t,i€),

where we define
A(i€) == —ADe2 N0(i€) i= £/k(1 + 2)i — A€

for j = 2,3, and A\® and )\f) are defined in (BH). Then we have the following
pointwise estimate for the low-frequency part.

Lemma 5.1. There is a positive constant ro such that if |§| < ro, then the remainder
term Ro(t,1€) satisfies

5.7 Ro(t,i€)| < C|¢le "t + Ce,
(
where C' and ¢ are certain positive constants.

Proof. We have from (A1) and (50)

Ro(t,i€) = > eM00(Py(ig) — P”)

i Z o) t{e 5 (€)= A0 (i€))t 1}P Z ex\j(ié)tpj(ig)

=: Ro1 + Ro2 + Ros.

It follows from (B4) and (5) with (522) that Re);(i€) < —c[¢|? and | P;(i€) —Pj(o)| <
Cl¢| for €] < rg, where j = 1,2,3. Hence we obtain |Ry;| < C|€]e™%" for |¢] < .
On the other hand, from the fact that |/~ e _ 1] < C&4eCE for |€] < o,
where j = 1,2, 3, we have

|Roo| < Cem 408" < Cette € < 028
22



for || < ry. Furthermore, it is easy to derive that |Rps| < Ce™ for [§| < 7.
Consequently, these observations give us the desired estimate (621) and hence the
proof is completed. O

Similarly, we next consider the case |{| — oo. Inspired by (E8) and (B33) with
(63), we define

(5.8)  H(t,i¢) 1= QO 4 M0 R i) = 08 _ F(¢,4€),

where

. —. VFo(3K + ko) 2 . a(k + ko)?0?
AP(ie) = ke 7 YR ol el B

for j = 1,2. Then we also get the following pointwise estimate for the high-frequency
part.

Lemma 5.2. There is a positive constant ry such that if |§| > ry, then the remainder
term Ry(t,i€) satisfies

(5.9) By (t, )] < Cl¢[T e + Ce™,
where C' and ¢ are certain positive constants.

Proof. Employing (533) and (B3R), we divide R (t,€) as follows.

1(t,i8) = Z e (19t Qg ))
2

+ ZGA;O i€) t{e()\ (i€)— 1}Q(0) + Z by (zg)tp @5)

=: Ry + Ri2 + Rys.

Using (A8) and (B33) with (54), we have for j = 1,2 that Re);(i€) < —c[¢]™2

| P;(i€) — Qéo)| < Cl]7! for |€] > 1. Hence we obtain |Ry| < Clé|7'e=% "t for
€| > 1. On the other hand, we also obtain for j = 1,2 the fact [¢Pd(O=AFT O _1] <
C|€] 73tk for |¢| > 7. Thus we can estimate

[Rual < Cem e[S < ClgPeme ™t < Ofe[ e ™

for |£| > r1. Furthermore, it is clear that |Ri3] < Ce ™ for || > r;. Consequently,
we combine these estimates and arrive at the desired estimate (59). This completes
the proof. O

Finally we introduce R(t,i€) that
0 — Gt i€) + H(t,i€) + R(t,i€).
Then, from Lemma BT and b=, we conclude the following pointwise estimate for the

remainder term R(t,i€).
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Proposition 5.3. There are positive constants ro and ry such that the remainder
term R(t,1€) satisfies
Clele™* +Ce for  |¢] <,
(5.10) |R(t,i€)| < Ce™  for <[ <,
Clel e+ Ce™ for  Jgl 2,

where C' and ¢ are certain positive constants.

Proof. We first prove in the case |€] < ro. From the relation R(t,i€) = Ro(t,i€) —
H(t,i€) and Lemma BT, we compute

IR(t,€)] < |Rolt,i€)| + | H (t,€)| < Clele " + Ce

for |€] < 1. Similarly, we can show in the case |{| > r;. Using Ii’(t, i§) = R, (t,1€) —
G(t,i€) and Lemma B2, we compute

R(ti€)| < |Ri(ti)] + |G(t,i&)| < Cl¢) e 4 Ce

for [{] > r1. Finally we derive in the case 19 < || < 1. We have from (b8) and (5)
that |G(t,i&)| + |H(t,i§)| < Ce™ for ro < |¢] < r1. Furthermore, we can obtain

. 2
et < Ce Cmien!
for € € R by Theorem B2, This gives |¢/®(©)] < Ce= for ry < |¢| < ry, and hence
[R(ti6)| < [0 4 |G(t,i€)| + [H(1,i€)| < Ce™

for rq < |€] < ry. Consequently, these observations give us the desired estimate (510)
and hence the proof is completed. 0

6. LARGE TIME APPROXIMATION

We study the representations for the inverse Fourier transform of G(t,i€) and
f[(t,z’é’) in this section. Let {ey, e, e3,¢€4,€5,¢5} be a standard orthogonal basis of
RS, and define the three-dimensional subspace X that X = Span{e;,e4,es}. Then
we introduce a matrix Sy which corresponds to the restriction operator from R® to
X. Namely we define

100000
So:=1000100
000001
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Here we note that the matrix S, denotes the extension operator from X to RS. Using
this operator, we define 73](.0) = LSYO.P].(O)LS})T for 7 = 1,2, 3, which means

0 1 00 0
P =——l02 (],
147 0—¢ 1
) 14+ 02 —\/k(1+02)i —0\/k(1 + )i
Péo):m \/(1+€2)//€i 1 14 s
0/ (1 +0?) ki l (?
) 1402 VE+ 2)i by/k(1 + £2)i
Péo):m —/(1+2)/ki 1 l
—l\/ (1 4+ 02)/Ki l 02
Because the pair {731(0), 732(0), Péo)} is an orthogonal projection, we define
3
(6.1) Oy (i€) = Z )\?(if)P]@) = Lo — £ By,
j=1
where
0 kKl
Ly:=|-100 |,
—£0 0
6.2
(62) (1+ 62))\?) KA KON
B — 1 \@ 2202 1\ 22—\
0= T —Ay AT AT =M ]

08 (@ APy A® - 2pP

and the corresponding matrix exponential can be obtained by
3
. o
(6.3) ot ®o(i€) _ Z o (zg)tpj(p)_
j=1

From (A8) and (633), this yields
G(t,i€) = SJ e g,.

We define (e!®0p)(z) := F1[e!®(3(€)](z), and get the representation of the oper-
ator G that

(G(t)p) () = F 1Sy e 50(6)](x) = (S ™ Spep) ().

Similarly, we define the two-dimensional subspace Y that Y = Span{es, es}, and
introduce the 2 x 6 matrix S,, which corresponds to the restriction operator from R®

to Y:
g . 000010
< \000001/"
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Here we remark that the 6 x 2 matrix S, denotes the extension operator from Y to

RS. We also define O\ := 5,,Q'” ST and O := 5,.Q ST, and hence
o _ L 1 VR o _1 L =Ko
' 1/\Fo 1 )" 22\ -1VRe 1)

Because the pair {Q(O) ng)} is an orthogonal projection, we define
oo (i€) 1= AP () Q1" + A5°(1€) Q5
e 0 no (3K + ko) et [0k _ a(k + ko)* 2 (10
2(k — Ko) L0 2(k — Ko)? 01)”
and the corresponding matrix exponential can be obtained by
(6.4) et (i) = AT Q) | A (i) (0
Using (A8) and (64), we have
H(t,ig) = SLe!*=095 .

We also define (e!®=)(z) := F1[e!?=3(€)](z), and get the representation of the
operator H that

(H(t)p)(w) = FHSLe =005, 5(€)](2) = (SLe'™ Sup) ().
Now we can show the asymptotic decay estimates by virtue of Proposition B33.

Theorem 6.1. Let 0 > 0 and 1 < 0 < 2. Suppose that ¢ € H° N LY. Then the
semigroup operator e'® defined in (ZH) satisfies

(6.5) n@@”—awmm2

< C(L+ )36 D753 g o + C(1+ )2 (|00 12,
(6.6) |03 — H)oll

< C(1+ )26 gl o + C(1 + )5 |07 ) 2,
(6.7) 109 (e — G(t) — H(1)p| 2

< CL+1)736 D785 g o + C(L+ )72 || 12

for g,k >0, where 0 < j+k <o in (63), and 0 < j+k—1 <o in (EB) and (E21).
Here C' is a certain positive constant.

Remark 3. We can obtain the estimates for G and H from (68) and (BR) that
1

(6.8) 132G ()l 2 < C(1+1) 267975 ||| 1o + Ce ||| 2,

. —c _E .
(6.9) 107H () pll 22 < Ce™ ]l o + C(L+)72]|07 | 2

Jor1 <60 <2andjk>0. These estimates and (63), (68), (64) tell us that G and
H are dominant terms of the solutions for (29), (B). More precisely, the estimates
(63), (E8) and (620) imply that the decay rate t'/% can be obtained by subtracting the

operator G(t). On the other hand, we can weaken the order 1-reqularity is required
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on the initial function by subtracting the operator H(t). The derivations of (BER) and
(B3) are same as the proof of Theorem B, and omitted in detail.

If we consider the special case that ¢ = (0, ¢y, 3,0,0,0)", this yields G(t)p =
H(t)p = 0. Therefore, as a corollary of Theorem B, we derive the following.

Corollary 6.2. Suppose the same assumption as in Theorem BGA. Then the semi-
group operator e'® satisfies for ¢ = (0, 2, ©3,0,0,0)" that

|3 el e < C(L+ )72 2752 ] o + C(L+ ) 2|05 o 1o
for 3,k >0 with0 < j+k—1< o0, where C is a certain positive constant.

Proof of Theorem 6. We first derive (622). Using the Plancherel theorem, we have
107 (e — G (t) — H(t))el 72

= o [P0 — Gltie) - (i) Pla(e)de

6.10 1 A
(6.10) - / €[241 R(, i) Pl p(6) Pde

:/ +/ ‘f‘/ :5J1+J2+J3,
[£1<ro ro<|é|<ry [&]>r1

where ry and r; are given in Proposition bZ3. We apply the Holder inequality and
Proposition b33 to the low-frequency part J;, obtaining

1 oA .
Ji < %”|§|QJ|R(t7Z£)|2||L91(\£|§ro)||902||L92(\5|§r0)
j —cl¢)? —c N
< CUEPT Ve oy er<ry + € WGP o2 (1<)
S U
< C(L+4)72 77§12,

for 1 < 6,6, < oo with 1/6,+1/6, = 1. Moreover, using Hausdorff-Young inequality,
we get

el R I A
for 1 < 6 < 2. On the other hand, for the high-frequency part .J3, we compute

J3 < C(sup {|¢] e} 4 =) /| |£12THE 5 () [Pdg
&l>r1

11>
< O+t lor ol 7.
for 7 +k — 1> 0. For the middle-frequency part Js, it is easy to calculate

Jy < Cet / €2 |p(€)PdE < Ce |02,
ro<[¢|<r1

Eventually, substituting the estimates of J;, Jo and J3 into (610), we arrive at the
decay estimate (B21).

The proof of (E33) and (BM) is simple. Indeed, (B33) follows from (E21) and (B9).
On the other hand, combining (674) and (ER), we arrive at (6:8). Thus this completes

the proof. O
27



In the rest of this section, we study the asymptotic profile of the solution to
(Z9). We define new functions that h(t,z) := e o(v(t,z),y(t,x),q(t,x))" and
ho(z) :== (vo(x),yo(z),qo(z))". Then these functions satisfy the Cauchy problem
of the parabolic system, that is,

Here Ly and B, are defined in (64). We introduce the fundamental solution to
(E10) that g(t,x) :== F~'[e %’ P](z). Remark that g has a self-similar property and
Jan g(t,x)dx = I for t > 0, where I is an identity matrix. Furthermore, it is not
difficult for the solution to (BI) to obtain

(6.12) (|00 (h(t) — g(t + 1)Mp)|| 2= < C(1+ )57 75 ([[hol g + |07 Fho|2)

for j,k > 0 with 2j + k < o, provided by hg € H° N L1 for ¢ > 0, where M :=
Jg ho(x)dz. For the derivation of (612), we refer [I0] to readers.

To state a result of the asymptotic profile, we introduce a diffusion waves for our
problem. The diffusion wave corresponding to G(t) is defined by

(6.13) alt,x) = STeMog(t +1,0)S0M, M = / ().
R

We conclude this paper with the following theorem.

Theorem 6.3. Let 0 > 2 be an integer. Suppose that the initial data uy belongs to
H N Li. Let @ be the diffusion waves defined by (EI3). Then the solution u to the
problem (E9), (Bl) satisfies the asymptotic profile:

104w — @) (8) |2 < CL+ )7 (uoll g + Iluoll )
for 0 < j <o/2—3/4, where C is a certain positive constant.
Proof. We have
103(G(£)uo — a(®)) 2 = [193:Sy e (e~ P2 Sug — g(t + 1)SoM) || 2
< C(U+ D74 (| Souoll g + 12500l 12)

given by (Bl) and (612). Thus this estimate and (B3) give

107 (u = @) (t)|lz2 < [185("® — G(t))uoll 2 + 105G (t)uo — a(t))| 2

< O+ )48 ([fuol| oy + 19900l 2) + CL+ 1) 2|0 Fug 2

for j, k > 0. Therefore we have to assume 25 4+ 3/2 < ¢ to get the desired decay rate,
and hence this completes the proof. O
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