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Abstract We explore the role of various equations of state (EoS) in controlling the composition of the
Moon formed by a giant impact (GI) using a density-independent SPH code. A limitation in our previous
model Hosono et al. (2019), https://doi.org/10.1038/s41561-019-0354-2 is improved by replacing the EoS of
the solid from Tillotson EoS to M-ANEOS, and we also explored two recently proposed EoSs by Stewart et al.
(2020), https://doi.org/10.1063/12.0000946 and Wissing and Hobbs (2020a), https://doi.org/10.1051/0004-
6361/201935814; Wissing and Hobbs (2020b), https://doi.org/10.1051/0004-6361/201936227. The goal is to
investigate to what extent we can explain the observed composition of the Moon including the similarity in
the isotopic composition and the dissimilarity in the FeO/(FeO + MgO) ratio as compared to that of Earth by
the different types of EoS assuming the conventional collision conditions. We found that changing the EoS

for solids from Tillotson to M-ANEOS EoS resolves the issues of latent heat, but its effect on the composition
of the disk is small compared to the influence of the hard-sphere EoS of magma ocean in controlling the
composition of the disk. Similarly, two recently proposed EoSs have small effects on the composition of the
disk in comparison to the model where the hard-sphere EoS is used for preexisting magma ocean. We attribute
this difference to a fundamental difference in thermodynamic behavior of silicate melts captured by the hard-
sphere EoS and by newly proposed EoSs; in the hard-sphere model of silicate melts, configurational entropy
dominates in free energy, whereas in the newly proposed model, entropy is dominated by vibrational entropy
similar to entropy of solids.

Plain Language Summary Explaining the observed close similarities in the isotopic compositions
of the Moon and Earth is a big challenge in planetary science. Many models invoke unconventional collision
conditions but their plausibility is questionable. In our recent paper, we explored an alternative model where we
assume a conventional collision condition but use recently developed new types of equation of state for melts,
assuming that the magma ocean (MO) covered the growing Earth on which a giant impact occurred. In the
present paper, we extend our previous work in modifying the equation of state of solid and also tested two new
types of equations of state. We conclude that the modification of the equation of state for solid does not make
a large difference in the composition of the Moon and that the recently proposed new equations of state fail to
explain the composition of the Moon. We conclude the magma ocean on the growing Earth played a major role
to control the composition of the Moon similar to that of Earth, and for the magma ocean, an equation of state
that captures the unique thermodynamic properties of silicate melts needs to be used.

1. Introduction

The giant impact (GI) hypothesis is a well-accepted hypothesis for the origin of the Moon that can explain the
large angular momentum of the Moon-Earth system and the rocky composition of the Moon within a plausible
range of collision conditions (e.g., Canup, 2014; Canup & Asphaug, 2001; Elkins-Tanton, 2013; Halliday, 2012;
Melosh, 2014; Stevenson, 1987). However, explaining the similar isotopic compositions of the Moon and Earth
by this model is challenging because most models showed that the Moon is mostly made of impactor rather than
Earth (e.g., Canup, 2004) (regarding the isotopic observations, see sections III and IV of the Supplementary
Information in Hosono et al.,. 2019). Consequently, many models were proposed where rare collision conditions,
such as a head-on collision of similar mass planets or an extremely high energy collision, are invoked to explain
the similarity in the isotopic compositions (for a review, see Canup et al., 2021). In addition, any successful model
must also explain the observed difference in the major element composition between the Moon and Earth (e.g.,
higher FeO/MgO for the Moon than for Earth; Melosh, 2014; Sakai et al., 2014). However, in most of the previous
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studies, the similarity in isotopic compositions is emphasized and there is not much attention to the difference in
the FeO/MgO ratio (except for Wissing and Hobbs [2020a] and Pahlevan et al. [2011]).

Noting the fundamental differences in the thermodynamic properties of silicate melts and solids, Karato (2014)
showed that when a melt and a solid collide, a melt is much more heated than a solid and proposed that when
a giant impact occurs on a planet covered by a magma ocean, then the disk will be made mostly of the magma
ocean materials from the target (a growing planet). Since the melt formed from solids contains a larger amount
of FeO, this model also explains the difference in the FeO/MgO ratio between the Moon and Earth together with
the similarity in the isotopic ratio.

This model was explored in detail by Hosono et al. (2019) where they also tested the consequence of differ-
ent schemes of SPH including a modified SPH to deal with the issue of a density discontinuity (DISPH;
Hopkins, 2013; Hosono et al., 2013; Saitoh & Makino, 2013). They showed that if a hard-sphere EoS is used for
the preexisting magma ocean of the growing Earth together with DISPH, then the similar isotopic composition
between the Moon and Earth and the higher FeO content than Earth can be explained for a reasonable range of
impactor materials with conventional collision conditions. If a conventional SPH is used, no model can explain
the composition of the Moon with canonical collision conditions.

However, recently, Stewart et al. (2020) pointed out that the use of the Tillotson EoS for solids by Hosono
et al. (2019) leads to a problem in evaluating the latent heat upon a phase change from solids to gas and proposed
a modified EoS that is supposed to be able to treat all three phases of a material in a consistent way (see our
comments on this equation of state in the next section). They did it by introducing a few parameters in the
M-ANEOS EoS and explored its consequences for a GI modeling. Also, Wissing and Hobbs (2020b) and Wissing
and Hobbs (2020a) proposed a new EoS with the emphasis on the Griineisen parameter and explored its influence
on the outcome of a GI.

In this paper, we extended our previous study in a few ways. First, we extended our previous study (Hosono
et al., 2019) (a) by using the M-ANEOS equation of state for the solid part to rectify the inconsistency of using
the (Tillotson, 1962) for the solid part and the hard-sphere EoS for the magma ocean part and (b) we investigate
the influence of temperature and density dependence of hard-sphere radii (i.e., a “soft-sphere”” model). Second,
we explore newly proposed equations of state for the giant impact simulation, including the ones by Stewart
et al. (2020) and the one by Wissing and Hobbs (2020b); Wissing and Hobbs (2020a) using DISPH.

In order to focus on the influence of different equations of state, we use the same initial conditions for the target
(protoplanet) for all runs containing a magma ocean on the top 1,500 km thick but solids below. For the solid part,
we use the same or similar equation of state, but we use different equations of state (mostly M-ANEOS) for the
magma ocean including a case where the same EoS (i.e., M-ANEOS) is used for both the magma ocean on the
top of the target and the solid materials below.

Even for the initially solid part on the target (and the impactor), some melting will occur after an impact. However,
when a magma ocean is present, then a majority of heating is in the magma ocean as shown by Karato (2014), and
the degree of melting in the initially solid parts is limited as we will show later.

This paper is organized as follows. In Section 2, we briefly review some basics of equation of state with the
emphasis on the unique thermodynamic properties of silicate (and oxide) melts. In Section 3, we briefly introduce
the numerical method and analysis. In Section 4, we show the results. In Section 5, we summarize the results and
provide a discussion to interpret the results.

2. Equation of State

The use of appropriate equation of state (EoS) is important in a giant impact simulation. Equation of state is a
functional relation between the density of a matter with temperature and pressure and contains an essential feature
of the change in thermodynamic properties of matter upon an impact. The fundamental thermodynamic identity
for the equation of state is

OF oU P
()~ (22) (22) men
p (av>r (aV)T+ oy )y = otpe M
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where p is pressure, T is temperature, F is Helmholtz free energy (F = U — TS), U is internal energy, S is entropy,
and pp = — (%) and pp =T (%) . Entropy, S, is a measure of disorder of a material and plays a major role
T V)T

in controlling the degree of heating upon compression (collision). Entropy can be classified into vibrational
entropy (S,;,) and configurational entropy (S, In a solid where mean atomic positions are fixed, the dominant
contribution to entropy is entropy caused by the small deviation of atomic positions around the mean positions
due to lattice vibration (i.e., vibrational entropy, S.,.). In a gas or a liquid, interatomic forces are weak and atoms
change their positions much more than in solids and entropy is much larger than that in solids. Entropy due to the
change in atomic positions compared to or exceeding the mean atomic distance is called configurational entropy
(S,onp)- Since such an extensive displacement of atoms occurs due to weak interatomic forces, the link between
configurational entropy and internal energy is weak. This makes a big difference in the thermodynamic properties
between solids and fluids (gas and liquid); upon compression, much more heat is produced in a liquid than in a
solid (Karato, 2014) and hence initially liquid materials expand a lot more than initially solid materials, and the
initially liquid materials would make an important part of the disk.

When chemical bonding among atoms (or ions) plays an important role, internal energy plays a dominant role,
and the entropy term plays a secondary role (p, > pth). This is a case for solids where atoms are located near
their stable positions. In such a case, entropy is mainly from atomic vibration, that is, vibrational entropy (S;,),
and since atomic vibration is controlled by chemical bonding, S, is closely linked to internal energy (U). In such
a case, Equation 1 can be written as

pP=Dpo+ %Uth, 2)

dlog w

where y = Tosr is the Griineisen parameter and @ is the vibrational frequency of atoms that is closely connected
to the chemical bonding, that is, U. This type of equation of state is called the Mie-Griineisen equation of state.
Note that although this type of equation of state is valid only for solids, in a newly proposed “universal” equation
of state by Stewart et al. (2020), they use this type of equation of state for a liquid.

Chemical bonding (interatomic potential) depends on the interatomic distance. In a simple case where interatomic
potential depends only on the interatomic distance (central force), the Birch's law of correspondent state follows
and one can predict that the Griineisen parameter decreases with compression as i = Vlo (e.g., Anderson, 1996).
Another prediction of this type of equation of state is that the bulk modulus (resistance for compression) depends
strongly on chemical composition.

Experimental observations on compression of silicate and oxide melts show major deviations from these predic-
tions: bulk moduli of silicate or oxide melts are nearly independent of composition and the Griineisen parameter
increases with compression (e.g., Jing & Karato, 2011) (see also Hosono et al. (2019) (Supporting Information)).
This suggests that the thermodynamics of compression of these liquids is fundamentally different from that of
solids, and the equation of state for silicate and/or oxide melts cannot be developed by the modifications of the
Mie-Griineisen equation of state. An appropriate equation of state for a silicate melt must capture this essential
feature. The key the experimental observations are (a) nearly compositionally independent bulk moduli and (b)
strong dependence of sound velocities (i.e., bulk moduli) on frequency suggests that a change in (configurational)
entropy plays a key role in the compression of silicate melts.

The hard-sphere equation of state was proposed for the EoS of silicate and oxide melts based on these obser-
vations. The hard-sphere EoS starts from the equation of state of an ideal gas (rather than starting from the
equation of state of solids) where the entropy rather than the internal energy dominates and the entropy is mostly
configurational entropy (the entropy related to the change in the configuration of hard spheres) rather than the
vibrational entropy. Therefore, in these liquids, thermal pressure comes mostly from the configurational entropy

9Sconf
v
is converted to the thermal energy that results in intense heating. This type of equation of state explains all the

(not the vibrational entropy), pn =T ( ) and pth > p,. Consequently, upon a collision, most of the energy
T

major experimental observations on the compression of these liquids, including the increase in the Griineisen

parameter with compression, although some modifications are needed to introduce deformability of hard spheres

(e.g., Jing & Karato, 2011).
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One issue in using the equation of state in a giant impact simulation is that since a very broad P-T range is involved
upon a giant impact, equations of state that can describe the compressional behavior of materials under the broad
conditions are needed, including solid, liquid, and gas. For different phases (say liquid and solid), different equa-
tions of state need to be used and the discontinuity in some properties, such as density and entropy, needs to be
specified properly (presence of discontinuities in density raises an important technical issue of computation of
the consequence of a giant impact. A commonly used SPH code contains a physically unreasonable equation that
generates an artificial surface tension (Hosono et al., 2013; Saitoh & Makino, 2013) that results in the limited
amount of mass ejected by an impact).

In the following, we discuss some key features of equations of state used in the present study, including
M-ANEOS (Melosh, 2007), modified M-ANEOS (Stewart et al., 2020), Wissing and Hobbs (2020b); Wissing
and Hobbs (2020a) model, and a revised Hosono et al. (2019) model. Details of M-ANEOS (Melosh, 2007) and
the modified hard-sphere EoS (Hosono et al., 2019; Jing & Karato, 2011) are given by original papers. Here, we
provide a brief explanation of newly proposed EoS, including modified M-ANEOS.

In this paper, we used the Tillotson EoS for iron core for all runs. We used M-ANEOS (with and without Stewart
et al. (2020)'s modification) or Wissing and Hobbs (2020b) EoS for the solid rock. Below, we will briefly review
some basics of these EoSs.

2.1. Modified M-ANEOS (Stewart et al., 2020)

Stewart et al. (2020) modified the M-ANEOS and introduced a parameter to deal with the discontinuity in some
thermodynamic parameters upon a solid to gas phase transformation. In ANEOS, the influence of a phase trans-
formation from a solid to a gas is dealt with by generalizing the thermal part (Fth = —75) of the Helmholtz free
energy to

Eh(ps T)= FD(/” T)+ Fcon(P7 T), (3)

where F, is the thermal Helmholtz energy corresponding to the Debye model and F_ , is the “connector” between
the Debye model (appropriate for solids) and the ideal gas. They are given by

_ _ N\ _p(
Fo(p,T) = noksT f {3log [1 exp( x )] D( E )} , @)
Feon(p,T) = %nokBTlog (1+9), 5)
C13p2/3T

Y(p.T)=Z(p,T) - (6)
D

n*h? 2 n n
C — 0 < _al _Ma ,
B ks P { 325 (,,S/sm )} @
a 0 a
p o p 1 p p :
TD()<—> CXp{)/o(l——)—— |:3—4l+(£) :|} (p>p()),
Po Po 3 p p

2
1 3
TD()ﬁeXP = (1 =2y) <£> +QBr—-2) 2 _ 2+ = (p < po).
Po 2 o o 2

To(p) = ®)

Where n, is the average number of atoms per unit volume, kj is the Boltzmann constant, T}, is the Debye temper-
ature that depends on the density p, & is the Plank constant, n, is the number of atoms with atomic mass m_, and
po is the reference density. The function D is the third-order Debye integral. The function ¥ connects the Debye
model to the ideal gas at the limit of low density (p — 0) or high temperature (T — o). The parameter b is a
parameter to modify critical point. In this paper, following Melosh (2007), we chose b = 0.5. Z(p, T) is the effect
of molecular cluster (Melosh, 2007). The parameter f,  is a parameter to adjust the specific heat capacity in the
gas region (Stewart et al., 2020).
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Tables for the Parameters for Each EoS
M-ANEOS
P, (kg/m?) o Ty I
Dunite?® 3,320 0.82 676 1.0
Dunite® 3,220 0.65 1,300 1.35
Hard-sphere EoS
po(kg/m3) 51)(nm) T()(K) n ¢
MgO¢ 2,650 0.2627 1,673 0.00 0.22
Si0,° 2,650 0.3356 1,673 -0.02 0.62
Wissing and Hobbs EoS
polkg/m?) B(GPa) B’ Linin 5, Antie bysic ¢ Yo 90
Solid? 3,300 130 4.2 22 13 5.924 5/3 0.77 1.2 2.25
Liquid® 2,800 23 6.2 22 0 5.924 5/3 0.77 22 —0.17

*Thompson et al. (2019). *Stewart et al. (2019). <Jing and Karato (2011). Wissing and Hobbs (2020b). *Wissing and Hobbs (2020a).

An important limitation of this EoS is not adequately included: both solid and liquid states are described by the
same equation of state, that is, the Mie-Griineisen EoS where only the vibrational entropy is considered. The seri-
ous limitation of this type of equation of state in investigating the consequence of a giant impact was discussed
by Hosono et al. (2019) and Karato (2014).

Another limitation of this EoS is that the density dependence of Griineisen parameter is not treated in any detail
(see Equation 4). The parameter f,  is assumed to be constant (density independent) in their model. f,, corre-
sponds to y/V and for solids y « V and therefore, the assumption of a constant f, is approximately valid for solids
but not for liquids. For silicate melts, density dependence of the Griineisen parameter is opposite, that is, y «
q with g < 0 (e.g., Jing & Karato, 2011; Mosenfelder et al., 2007). The volume dependence of the Griineisen
parameter has a strong effect on shock heating (Karato, 2014), and this limitation has an important consequence
for the outcome of a giant impact.

We used this modified M-ANEOS to conduct giant impact simulations in the initially solid part of our model,
while the equation of state for the magma ocean part is the hard-sphere equation of state. In a model calculation
testing by Stewart et al. (2020), we use M-ANEOS (modified version) for both initial magma ocean and initial
solid parts. The parameters used in these simulations are summarized in Table 1. For model A (classic M-ANEOS
for all materials), we used the input table provided by Thompson et al. (2019). For model B (modified M-ANEOS
for all materials), we used the input table provided by Stewart et al. (2019). Note that the input table provided
by Thompson et al. (2019) includes a solid-solid phase transition, whereas that provided by Stewart et al. (2019)
does not. On the other hand, the input table provided by Stewart et al. (2019) includes melt transition, whereas
that provided by Thompson et al. (2019) does not. However, as we have mentioned above, M-ANEOS utilizes
the same equation of state for the liquid phase, leading to the inadequate treatment of the uniqueness of the liquid
phase.

M-ANEOS is a complex and computationally expensive EoS. In this paper, we create a lookup table of pressure
(and sound speed) on the density-temperature grid generated by a public code (Stewart et al., 2019; Thompson
et al., 2019). We set the number of density points and temperature points to 860 and 744, respectively. To obtain
pressure between data points in a lookup table, we used the linear interpolation method on both density and
temperature. Note that the results of simulations with M-ANEOS may depend on the number of grid points or
the interpolation method. However, we believe that the effect is less significant than the effect of the type of EoS.

HOSONO AND KARATO

Sof 18

85UBD1T SUOWILIOD BAI81D) 3|edt|dde ay Aq peusenof e sajo1ie YO ‘8sn JO Sa|nJ oy Ariq1T auluQ A1 UO (SUONIPUOD-pUR-SLLLIB)/WOD A3 |IM A Reiq 1 U UO//SdNY) SUOIIPUOD pue SW | aY)3dS *[£202/£0/92] U0 AriqiTauliuo AB1IM ‘AiseAlun 8qoX A T/690030TZ02/620T OT/I0p/wod As| M Areiqipuuo'sgndnbe//sdny wouy papeojumod ‘9 ‘220zZ ‘00T669T2



~1
AGU

ADVANCING EARTH
AND SPACE SCIENCE

Journal of Geophysical Research: Planets 10.1029/2021JE006971

2.2. The Hard-Sphere EoS

The hard-sphere EoS is developed for complex melts, such as silicate melts, based on three experimental obser-
vations. (a) The bulk moduli of silicate melts have weak correlation with those of the corresponding solids and
assume nearly constant value (K = 20-30 GPa at P < 1 GPa) (Hosono et al., 2019; Jing & Karato, 2011), (b)
the sound velocity ¢ = \/K_/p (K: bulk modulus, p: density) is a strong function of frequency (Rivers & Carmi-
chael, 1987), and (c) the Griineisen parameter increases with compression (decreases with volume) as opposed
to the behavior in solids (Jing & Karato, 2011; Mosenfelder et al., 2007). These observations suggest that the
compression mechanisms of silicate melts are completely different from those of solid silicates.

From the thermodynamical point of view, these observations imply that upon compression of silicate melts, inter-
nal energy does not change much and rather a majority of compression occurs by the geometrical rearrangement
of hard spheres (groups of atoms, such as MgO, SiO,). In other words, compression of such a liquid is associated
with a change in the entropy (the configurational entropy). Consequently, this model starts with the thermody-

namic identity,
oF IAY
(), (2,
P (aV >T v )r ©)

where S is the configurational (not vibrational) entropy. To calculate the configurational entropy, we start from a
model similar to the van der Waals model of nonideal gas where the role of the exclusive volume is introduced.
By extending such a model to a high density of “hard spheres,” we can write a hard-sphere equation of state
(Thiele, 1963) modified for multiple species by Lebowitz et al. (1965) as,

_RT1+Aif+ A f?

voooa-gp (o

where f'is the volume fraction of hard spheres and A, and A, are the correction factors for the presence of several
hard spheres that depend on the diameters (o,) of spheres and their concentrations (X)).

As one can see from Equation 10, it is an extension of the equation of state of an ideal gas (as f — 0, the EoS
becomes p = %). Consequently, this EoS describes a continuous change in the state from a liquid to a gas state
and therefore, there is no issue of the latent heat if the P-T conditions after a giant impact exceed the critical

points (p_, T,).

In this paper, we make two modifications to the EoS from the hard-sphere EoS (Hosono et al., 2019; Jing &
Karato, 2011). Rather than a fixed size of a hard-sphere, we use a deformable sphere model, where the hard-
sphere radius (6) changes with temperature and density as Jing and Karato (2011),

n =¢/3
SGION

where ¢, T,,, and p, are the reference values for the hard-sphere radius, temperature, and density, respectively.
The power indices 7 and £ are temperature and volume dependence of hard-sphere radii. Then, the pressure and
specific internal energy (#) can be written as

NHsR
=2 (1= T 12
p= 2 (1=, 12)
_NHsR 3 _
u—7{§+3n[d><f) nyr, (13)

where Ny is the number of hard spheres for one mole, R is the gas constant, and M is the molar mass. The func-
tion ®@(f) represents the effect of exclude volume and f is the packing fraction (Hosono et al., 2019) (for a more
detailed model of hard sphere-type equation of state, see also Wolf et al., 2015).
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2.3. Variable Polytrope-Variable Griineisen Parameter EoS by Wissing and Hobbs (2020a, 2020b)

Wissing and Hobbs (2020b) proposed equations of state that can describe the behavior of matter for both compres-
sion and expansion. They divided the phase diagram into two regions, namely compressed region (p > p,) and
expanded region (p < p,);

p= Peo (p > po), (14)
Pex (p < po).

For the compressed region, Wissing and Hobbs (2020b) adopted a variable polytrope EoS by Weppner
et al. (2015). First, the isothermal pressure for the compressed region is

Bexp(@) Ay —A,
pco;iso=7Al <£> Ei l+£,ﬂ<£> —E1<l+ﬁ,ﬂ> , (15)
A 90 A A\ po Al A

Ao = B' — A, (16)
B,
A==,
' 17
where Ei is the exponential integral
® —xt
Ei(n, x) = / wd" (18)
1

The parameter B’ is the pressure derivative of the bulk modulus. The parameter A, slightly depends on the mate-
rial; however, for most materials, A, = 1.95 (Weppner et al., 2015). And, the thermal pressure is

Pn = ypu, (19)

where 7 is the Griineisen parameter that depends on the phase and density. Wissing and Hobbs (2020b) adopted
the Griineisen parameter model given by Irvine and Stacey (1975) and Burakovsky and Preston (2004).

Béo:iso 1 t < Dcoiso ) Dcosiso  ar
_coiso 1D o e ) P&

2 6 3 3Bco;iso 3Bco;iso dp
Yoo = 1 21 Pcoiso ’ (20)
3 Bco;iso
42 -4
Bco;iso = B<£> exp ﬂ 1- <£> 5 (21)
po Ay po
—A;
B(’:o'iso = AO (ﬂ > + Az’ (22)
; Po

where ¢ depends on the model of the Griineisen parameter. Wissing and Hobbs (2020b) suggested a density-de-
pendence model for #;

-8
1= (fmin — foo) <ﬁ> + oo, (23)
Po

where ¢, and (= 2.5) are the minimum value and the value at the infinite compression for ¢, respectively. The

values of 7, and §, depend on materials and are given by fitting experimental data.

For the expanded region, Wissing and Hobbs (2020b) adopted the Mie potential, which is the same as ANEOS;
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amMie bMie
B p Mie p 'Mie
e [ 0] .
amie — bwmie po po

where a,,,, and b, are power indices of the Mie potential. For the thermal pressure, Wissing and Hobbs (2020b)
applied the same pressure equation to that for the compressed region but with different form of Griineisen

parameter;
c qoro+crk
p p
Yex = Yk <p_> - <p_> + VYideals (25)
0 0

7k = 1+ Y0 — Videal (26)

where y, is the reference Griineisen parameter and y,,.,, = 1/3 is a parameter to set the Griineisen parameter at
zero-density limit to that of the ideal gas.

Their approach has a merit in incorporating the variation of the Griineisen parameter for a broad range of condi-
tions. However, their approach has a problem similar to the problem with Stewart et al. (2020): EoS of a liquid
is assumed to have a formula similar to solids where entropy is directly linked to the internal energy. In fact, the
density dependence of the Griineisen parameter follows the same trend as those of solids that is inconsistent with
the experimental (and theoretical) results on silicate melts (e.g., Jing & Karato, 2011; Mosenfelder et al., 2007;
Stixrude & Karki, 2005).

This problem is addressed in Wissing and Hobbs (2020b) where the unique density dependence of the Griineisen
parameter in the liquid is included. However, the exact way in which they included this important effect is not
clearly described in their paper. By comparing Wissing and Hobbs (2020b) and Wissing and Hobbs (2020a), we

interpret that Wissing and Hobbs (2020b) used ¢ <= :::—%) = —(0.17 that is substantially larger than the value of

q in the hard-sphere model (¢ = —1.5 to —2.0; Jing and Karato (2011); Mosenfelder et al. [2007]). This makes
a large difference in the degree of heating upon an impact (Karato, 2014). Also, the magma ocean assumed in
Wissing and Hobbs (2020a) is much thinner (300-500 km) than in our model (1,500 km).

3. Numerical Setup
3.1. Method

In this paper, we use the smoothed particle hydrodynamics (SPH) method (Gingold & Monaghan, 1977;
Lucy, 1977). This is a particle-based numerical scheme for hydrodynamic simulations. In this method, a fluid is
represented as a collection of hypothetical particles, so-called SPH particles. The governing equations for fluids
are converted into the sums of the interactions between two SPH particles. We also consider the self-gravity
between particles. Among several formulations of SPH, we chose the Density Independent SPH (Hopkins, 2013;
Hosono et al., 2013; Saitoh & Makino, 2013), a version of SPH that improves the treatment of density jump, such
as the core-mantle boundary (for detailed description, see Hosono et al. [2016]). Note that Hosono et al. (2019)
have already carried out runs with the standard SPH and have shown that the amount of materials ejected from
the target (proto-Earth) depends strongly on the method of SPH calculation: with a standard SPH, the amount of
ejected materials from the target is substantially smaller than that when DISPH is used. In the present paper, we
also used these two methods for different EoS models.

Note also that the independent variables in DISPH are the density and the internal energy, so we must implicitly

solve F=U+T ( % ) (i.e., Equation 13 for the hard-sphere EoS) by U for temperature 7. In this paper, we used
14

the secant method to solve it for T (the details of the secant method can be found in textbooks of the numerical
analysis, e.g., Allen & Isaacson, 1997).
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Table 2 3.2. Planetary Models and Impact Parameters
Llocell ok uciii We assume that both proto-Earth and the impactor are differentiated and have
Model EoS for the (initial) solid EoS for the (initial) magma 30% iron core and 70% dunite (Mg,SiO4) mantle. For all models, we created
name mantle ocean initial objects as per the “warm start” method given in Canup (2004); we first
A M-ANEOS M-ANEOS set up the initial condition by placing equal-mass SPH particles in the cubic
B M-ANEOS (S+20) M-ANEOS (S+20) lattice and then let the particles relax to the hydrostatic state. After this relax-
C Wissing and Hobbs (2020b)  Wissing and Hobbs (2020b) ation process has been done, we collided two objects. All models have their
surface temperature greater than 2,000 K so that they have about 1,500 km
D M-ANEOS (S+20) Hard sphere (no 7- nor p-effect)
magma ocean.
E M-ANEOS (S+20) Hard sphere (47-effect)
F M-ANEOS (S+20) Hard sphere (+p-effect) We cons.ider eight models where different EoSs ar.e used (Table 2). Table 2
G M-ANEOS (S420) Hard sphere (+T- and p-effect) summarm‘es the models and EoSs used for the solid mantle (both for proto-
Earth and impactor) and the magma ocean. In models A, B, and C, we use the
H Wissing and Hobbs (2020b) Wissing and Hobbs (2020a)

same equation of state for both (initial) magma ocean and initially solid parts.

In models D, E, F, G, and H, we use different EoSs for initially solid part and
initially liquid part (preexisting magma ocean).

Assuming that the escaping mass during this impact is small, we set the initial total mass in the simulations to
about the current Earth mass (M). The masses of the target and impactor are set to ~0.9M and ~0.1M,. We
deployed a total of 300,000 particles in all runs. Note that Hosono et al. (2017) pointed out that the results (disk
mass and angular momentum) depend on the number of particles although their results are for the standard SPH.
They also show that if we use greater than 300,000 particles, the results would be roughly similar. Further inves-
tigation of the number of particles with DISPH is left for future work.

The orbital angular momentum of the impactor is set to 1.2L,, and the impact velocity is v, = 1.05v,., where

imp esc’

Lg,, and v_, are the angular momentum in the Earth-Moon system and escape velocity, respectively. We ignored
the initial rotation of both objects. The duration of this simulation is 72 hr.

3.3. Analysis

After the calculations are finished, we estimate the disk mass and composition of the disk from the simulation
results (i.e., the mixing ratio of the target and the impactor in the run products). First, we classify each particle
into three groups: planet, disk, and escaping particles. This is done by the method introduced by Appendix A
in Canup et al. (2001). First for all particles, we check whether the particle is bounded or not by testing if the
kinetic + potential energy is negative. If the particle is bounded, then we calculate the periapsis of the particle. If
the periapsis is smaller than the planet's surface, then the particle is considered as a planet (target) particle. Note
that we loosely estimate the planet's surface by assuming that the target has terrestrial mean density 5.5 g/cm?.
Otherwise, the particle is considered as a disk particle.

Note that this method must be iteratively solved because the planet's mass is determined by summing up the mass
of the planet particles. Hence, we set the current Earth's mass to the initial guess of planet's mass and iteratively
solve it.

After calculating the evolution of mass in each component, we calculated two parameters that characterize the
similarity and differences in composition between the Moon (disk) and Earth. The first is a parameter defined by

5fla: = f[lj_r - f(ﬁs (27)

EM
tar

M
tional difference (df,,) is different from that defined by Canup (2012), thatis, § fr = % — 1. Although they agree

where is the fraction of target materials in Earth (E) or in the Moon (M) (note that this definition of composi-

with each other at ff;r — 1 (for a reason for the difference, see Hosono et al. [2019]‘)33. This parameter involves
the mass fraction of a disk from the target and the impactor and is an indicator of the degree of similarity in the
isotopic composition between the Moon and Earth. Hosono et al. (2019) showed that for a model to be consistent
with the isotopic observations, &f,,. < 0.15 (for the justification of this number, see Canup [2012]).

HOSONO AND KARATO
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The second one is a parameter that characterizes the difference in the FeO/(FeO + MgO) ratio Xg o\, between
the Moon and Earth,

XM x Mo X mp
FeO/MgO FeO/MgO FeO/MgO
6&reomgo = XE—E—I =f]\1>,40< = —1>+ mp(——l), (28)

solid solid
FeO/MgO XFeO/MgO XFeO/MgO

M.E : MO : imp
where Xp o0 18 Xreomgo Of the Moon (M) or Earth (E), X¢io ) 18 Xeeomgo OF the magma ocean, Xy o\ 18

) olid . M .
Xeeongo Of the impactor, X5 18 Xpeo g0 OF the solid part of the target, £y, is the fraction of the magma ocean

materials in the disk, and fi'::p is the fraction of the impactor materials. Equation 28 shows that the difference in

Xreomeos that 18, 68,00, 18 controlled by the difference in the FeO/(FeO + MgO) ratio between the magma
xMo
FeO/MgO

solid
X FeO/MgO

ocean and the solid part of the target < - 1) as well as the difference between the impactor and the solid

Xreomso
f solid -

FeO/MgO

Ximp

FeO/MgO . _ . .
part of the target (XST — 1 ). In Figure 4, we show 6,0 fOr a case o — 1 = 1 (Mars-like impac-

FeO/MgO
MO
FeO/MgO
solid
FeO/MgO

show 68p. a0 = 0.5.

tor) and — 1 = 0.7 (a case of 20% partial melting; see Hosono et al. [2019]). A successful model should

4. Results

The results of giant impact simulations are summarized in Figures 1-3. Figure 1 shows the snapshots of compu-
tational results for the early stage (# < 19.2 hr). The impactor hits the proto-Earth at # = 0.6 hr. Upon the impact,
the impactor is greatly deformed and an arm-like structure is formed (¢ = 1.8-3.6 hr). Meanwhile, a clump of
a remnant of the impactor is formed (# = 6.0-19.2 hr). The orbit of this clump depends on the EoS; however, it
eventually recollides to the proto-Earth.

Figure 2 shows the final snapshots (¢ = 72 hr) for each run. After a collision, a massive disk is formed inside the
Roche limit. From these figures, we can see that if the upper mantle of the proto-Earth (magma ocean) is modeled
using a hard-sphere equation of state, a target-rich proto-lunar disk is formed. We can also see that the final disk
mass depends on the EoS of the solid mantle. When model A (or B) is used for the magma ocean, the disk mass
is smaller than for other models (see also Figure 3 where the edge-on views of the final snapshots are shown).

Figure 4 shows the time evolution of the disk mass, impactor fraction in the disk, and MO fraction in the disk.
Figure 5 shows composition deviation (df,,) and the difference in the FeO/(FeO + MgO) ratio (5§FeO/MgO) for the
case of a Mars-like impactor. For all runs, the final disk mass is compared to the current Moon mass. However,
only the runs where hard-sphere EoS is used for the magma ocean satisfy the condition needed to explain the
isotopic similarity, that is, &f,, < 0.15. Among the various versions of the hard-sphere EoS, the influence of
temperature dependence of the hard-sphere diameter has little effects on the outcome. The density dependence
of the hard-sphere diameter changes the time of sudden decrease in the compositional deviation and disk mass
due to the recollision of the impactor; however, the final results are almost the same. This result is consistent with
Hosono et al. (2019)'s results although we used M-ANEOS for solid mantle. In case of the hard-sphere model for
magma ocean materials, the MO fraction of the disk is ~70% and df,,, ~ 0.15. In contrast, when we use Wissing
and Hobbs (2020a)'s EoS for the magma ocean, even though the model contains a magma ocean, the MO fraction
is only ~40% and df,,, ~ 0.5 that is too large to explain the isotopic similarity.

In the bottom row in Figure 5, we show &f,,, and 6&g,one0- The hatched regions are the successful values
(6f,,r < 0.15). For 6§FSO,MgO, we loosely assume that 0.4 < 5§FeOMgO < 0.6. We show 6§FeOMgO in vertical error bar

imp
X FeO/MgO
solid
XFeomgo
with hard-sphere EoS come close to successful region, whereas the other models have large deviation in 6&g,o.0-

by varying in a plausible range (1 for an Earth-like impactor and 2 for Mars-like impactor). All models

If we assume df,,, < 0.15 as required from the isotopic similarity, all models without magma ocean fail to explain
the observed difference in the FeO/(FeO + MgO) ratio because in order to explain 6&p,q .o = 0.5 without magma

imp imp
ocean contribution, we need to assume —i> = 4, that is highly unlikely (5> = 2 for Mars). Since the
FeO/MgO FeO/MgO

isotopic similarity requires df;,. < 0.15, contribution from the possible compositional difference of the impactor
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0.60 hrs 1.80 hrs 60 hi's” : 6.00 hrs.: 15.60 hrs 2 i ['19.20hrs

Figure 1. Each panel displays the distribution of SPH particles of each run. The model names are shown in the top-left corner. The red, orange, gray, blue, and
dark-gray particles are particles that are initially in the target's preexistence magma ocean, target's solid mantle, target's core, impactor's mantle, and impactor's core,
respectively. The green circles indicate the Roche limit (2.9Rp).
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Figure 2. Snapshots at the end of the simulations (72 hr) are shown. The color of each particle is the same as Figure 1. Upper two rows show all particles, whereas the

lower two rows show only disk particles.

imp

is small. For a plausible range of —r2 (= 1-2), 6&g. o0 = 0-5 can be explained by the FeO-rich magma ocean
FeO/MgO
MO
with X';fl(‘.)(;MgO ~ 1.5 — 1.7 corresponding to ~20-40% of partial melting (Hosono et al., 2019).
T

FeO/MgO

From these results, we conclude that when we use the EoS proposed by Stewart et al. (2020) or Wissing and
Hobbs (2020b); Wissing and Hobbs (2020a), the GI with the given collision conditions cannot produce a disk
(the Moon) whose isotopic composition is similar to Earth. The run with hard-sphere EoS could satisfy isotopic
similarity as well as the difference in FeO/(FeO + MgO) ratio, regardless of the choice of the parameters (1 and
£). Recall that Hosono et al. (2019) used Tillotson EoS, whereas in this paper, we used M-ANEOS for the solid
mantle. Hence, the choice of the EoS for the solid mantle does not play an important role for the compositional
deviation. Finally, the choice of the EoS for the MO plays an important role. The hard-sphere EoS satisfies the
compositional deviation (f;,, < 0.15) and the FeO/(FeO + MgO) ratio (5§F60,Mg0 ~ (.5), whereas the solid-like
EoSs (Stewart et al., 2020; Wissing & Hobbs, 2020a, 2020b) do not.
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Figure 3. Same as Figure 2 but shows edge-on view of all particles.

Pahlevan et al. (2011) proposed an alternative model where they emphasize the extensive chemical reactions
between the magma ocean on Earth and the Moon-forming disk. Such a process may operate and provide an
additional mechanism to explain the inferred high FeO/(FeO + MgO) ratio of the Moon. However, the degree to
which such a process can explain the Moon's composition is unclear (e.g., Melosh, 2014).

5. Summary and Discussion

Since a giant impact produces a vast range of pressure and temperature, treating thermodynamic properties over
a broad range of conditions, including phase transformation, is essential. However, most of the previous studies
that considered only limited aspects, such as the latent heat upon vapourization (e.g., Melosh, 2007) and the role
of melts (preexisting magma ocean), were largely ignored.

Karato (2014) and Hosono et al. (2019) demonstrated the importance of unique thermodynamic properties of
silicate melts in controlling the fate of a giant impact. However, there have been a few new papers on the issues of
EoS in a giant impact (e.g., Stewart et al., 2020; Wissing & Hobbs, 2020b, 2020a) that presented somewhat differ-
ent EoSs and pointed out a problem in Hosono et al. (2019)'s treatment of EoS across the solid vapor transition.

In response to these new results, we explored the influence of various EoSs on the consequence of a giant impact
and obtained the following results:

1. The modification of Tillotson EoS to M-AMEOS for the solid part of the target in the model explored by
Hosono et al. (2019) has a minor effect on the results. In both cases, the disk contains a substantially larger
amount of target materials in comparison to other models.

2. We also explored the influence of more realistic EoS for the silicate melts that include the variation of the
hard-sphere size with temperature and density. Our results show that those modifications have relatively small
effects on the composition of the disk.

3. If the EoS proposed by Stewart et al. (2020) is used to the preexisting magma ocean, the disk is made largely
of the impactor materials that are not consistent with the observation. This is true even if we use DISPH.

4. If the EoS proposed by Wissing and Hobbs (2020a) is used for the preexisting magma ocean, the fraction of
target materials is larger than the model using EoS by Stewart et al. (2020).

5. However, the disk formed using the EoS by Wissing and Hobbs (2020a) still contains a substantial fraction of
the impactor (~50%; Figure 4).
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Figure 4. Time evolution for the disk mass normalized by the current Moon mass, impactor fraction in the disk, magma ocean fraction in the disk from top to bottom,
respectively. The left column shows the results of models that use the same EoS to both initially solid and liquid part, whereas the right column shows those of models
that use different EoSs to initially solid and liquid parts.

Point (1) (the insensitivity of the results on the choice of EoS for a region i.e., initially solids) indicates that the
presence of a magma ocean in the target (proto-Earth) is a key in controlling the composition of the disk.

Point (2) shows that a more realistic deformable sphere model of EoS for silicate melts also results in the disk
composition that is consistent with the observed composition of the Moon.
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Figure 5. Top two rows show the time evolution of the composition deviation and deviation in FeO/(FeO + MgO) for models with and without magma ocean. The
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in a plausible range.

XF0Mg0
Points (3) and (4) demonstrate the importance of a magma ocean. In this context, we may note that the EoS
proposed by Stewart et al. (2020) also include the liquid state. Therefore, it is important to understand why the
use of Stewart et al. (2020)'s EoS results in largely different composition of the disk from our model. There are
two reasons for this: (a) in a model with the Stewart et al. (2020) EoS, we do not assume the presence of a magma
HOSONO AND KARATO 15 of 18

85UBD1T SUOWILIOD BAI81D) 3|edt|dde ay Aq peusenof e sajo1ie YO ‘8sn JO Sa|nJ oy Ariq1T auluQ A1 UO (SUONIPUOD-pUR-SLLLIB)/WOD A3 |IM A Reiq 1 U UO//SdNY) SUOIIPUOD pue SW | aY)3dS *[£202/£0/92] U0 AriqiTauliuo AB1IM ‘AiseAlun 8qoX A T/690030TZ02/620T OT/I0p/wod As| M Areiqipuuo'sgndnbe//sdny wouy papeojumod ‘9 ‘220zZ ‘00T669T2



~1
AGU

ADVANCING EARTH
AND SPACE SCIENCE

Journal of Geophysical Research: Planets 10.1029/2021JE006971

ocean in the target. In such a case, formation of a magma ocean consumes energy and reduces the heating and
the amount of target materials to become a part of the disk. (b) Although Stewart et al. (2020)'s EoS includes a
liquid state, their EoS does not include the contribution of the configurational entropy that is a key property of a
silicate melt.

Point (5) shows that the details of EoS of the magma ocean matter. Wissing and Hobbs (2020b); Wissing and
Hobbs (2020a)'s EoS includes important details on the behavior of the Griineisen parameter. However, their EoS
does not capture the important role of configurational entropy. We believe that this is a reason why the results
using Wissing and Hobbs (2020b); Wissing and Hobbs (2020a) EoS differ from the results using the hard-sphere
(or the deformable sphere) EoS.

Regarding the composition of the Moon (disk) predicted by various models, we conclude:

1. The similarity in the isotopic composition can be explained if 6f,,. < 0.15 and this condition is met if we use a
hard-sphere EoS including the modified one for the magma ocean.

2. If we use a conventional collision condition, this condition (df,,. < 0.15) cannot be obtained using other EoSs
where the role of configurational entropy is not included.

3. Given the requirement of 6f,, < 0.15, the possible contribution from the impactor to modify Xg,o,o Of the
Moon (disk) away from that of Earth is difficult because if deviation in X0 comes only from the compo-
sition of the impactor, this will require unrealistically large Xp,,,0 for an impactor.

Obviously, if one chooses other unconventional collision conditions, such as the head-on collision with high colli-
sion velocity, then the impactor and the target will be mixed well and one would be able to explain the similarity
in the isotopic composition (e.g., Canup, 2012; Lock et al., 2018). However, the problems with those models are
the low probability of such collisions and that it is not clear how these models explain the difference in the FeO/
(FeO + MgO) ratio.

We may also note that magma ocean may not have to exist before a collision. A high-energy collision will deliver
large energy, and melting (and even vapourization) would occur as a result of the collision. The results similar to
the present study may be obtained in such a case. However, since melting consumes energy by the latent heat, the
efficiency of bringing magma ocean materials to the disk will be less than a case of preexisting magma ocean.
This issue needs to be examined. Similarly, the collision conditions (angular momentum, impact velocity, and
impactor mass) that we have explored (Hosono et al. (2019) and this study) are limited. Further studies will be
important to explore a broader range of collision conditions.

Note that upon a giant impact, some of the preexisting solids will melt (or even vapourized) (e.g., Nakajima
et al., 2021). Consequently, it is important to follow the p-7-density path of materials through a giant impact and
use EoS appropriate for each phase. In the present study, we did this in a simplified manner to use M-ANEOS for
the initially solid parts that contain an influence of a phase transition from a solid to a gas but not a solid to liquid
transition. By doing this, we underestimate the role of melting in the initially solid parts because M-ANEOS
EoS does not capture the thermodynamic properties of silicate melts. However, this simplified approach can
be justified because the amount of melt formed in the initially solid parts is small compared to the preexisting
magma ocean (1,500 km thickness is assumed). This is due to the fact that upon a collision of preexisting melt
(magma ocean) and solid impactor, a majority of heating occurs in the preexisting liquid and not much in the
solid because of the large difference in the thermodynamic properties as shown by Karato (2014). In fact, in the
simulations performed in this paper, only about 20% of the solid mantle would melt after the impact (as compared
to ~70% calculated by Nakajima et al. [2021]). Therefore, the mass of the melt formed from the solid by a giant
impact is ~10% of the mass of the preexiting magma ocean.

The use of this simplified approach would result in the underestimate of the target mass in the disk. In other
words, our simplified simulations would provide the minimum value for the target fraction and therefore, the use
of a more complicated EoS for the initially solid parts will support our conclusion of a large fraction of the target
mass even more strongly. In any case, the degree of underestimate would be small because of a small amount of
impact-induced melt compared to the preexisting magma ocean.
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We also note that the net amount of melt produced in (Nakajima et al., 2021) model is not very different from
the net amount of melt in our model. Nevertheless, the consequence of a giant impact for the disk composition is
largely different. This is due to the different EoSs were used in these two studies.

We conclude that including the unique thermodynamic properties of silicate melt (magma ocean) is critical
in understanding the composition of the Moon-forming disk (and the Moon). If we accept the presence of
magma ocean in the target (growing Earth in its later stage of formation) (e.g., Abe & Matsui, 1985; Sasaki &
Nakazawa, 1986) and use an EoS appropriate for silicate melts (magma ocean), the compositional similarities
(isotopic ratios) and differences (FeO/(FeO + MgQO)) between the Moon and Earth can be explained without
invoking rare collision conditions, such as a head-on collision of similar mass planets or an extremely high energy
collision (Canup et al., 2021). Because the presence of a magma ocean in many terrestrial planets is likely in its
later stage of formation and because the canonical collision conditions are common compared to extreme condi-
tions considered by other studies (see Canup et al. [2021]), we conclude that the formation of the Moon as we
observe for Earth is not so a rare event.
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