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ORDERINGS OF ULTRAFILTERS ON BOOLEAN ALGEBRAS

JORG BRENDLE AND FRANCESCO PARENTE

Dedicated to the memory of Kenneth Kunen (1943-2020)

ABsTrRACT. We study two generalizations of the Rudin-Keisler ordering to
ultrafilters on complete Boolean algebras. To highlight the difference between
them, we develop new techniques to construct incomparable ultrafilters in
this setting. Furthermore, we discuss the relation with Tukey reducibility and
prove that, assuming the Continuum Hypothesis, there exist ultrafilters on the
Cohen algebra which are RK-equivalent in the generalized sense but Tukey-
incomparable, in stark contrast with the classical setting.

1. INTRODUCTION

The Rudin-Keisler ordering is a basic tool in the study of ultrafilters over w. In
1972, Kunen [12] proved that the ordering is not linear, that is, there exist ultra-
filters which are RK-incomparable. The method of independent families, used by
Kunen in the proof, has since then become widespread in set theory and general
topology. Recently, the interplay between the Rudin-Keisler ordering, Tukey redu-
cibility, and combinatorial properties of ultrafilters has re-emerged as a fertile topic
of research, surveyed in [4].

In 1999, Murakami [13] extended the definition of the Rudin-Keisler ordering to
ultrafilters on complete Boolean algebras: his notion, which we call the M-ordering,
is formulated in terms of complete homomorphisms. Two years later Jipsen, Pinus,
and Rose [9] proposed independently a second generalization, motivated by model-
theoretic considerations, which we call the JPR-ordering. Both extensions coincide
with the classical ordering if the algebra is atomic but, as far as we know, no work
so far has examined their relation in the general setting. In Section 2, to which we
refer the reader for precise definitions, we introduce the aforementioned concepts
and observe that the M-ordering is stronger than both the JPR-ordering and Tukey
reducibility.

In Section 3, we extend Kunen’s method of independent families to a wide class
of complete Boolean algebras: as a result, we establish in ZFC the existence of
ultrafilters which are Tukey-equivalent but JPR-incomparable. Section 4, on the
other hand, is dedicated to showing that the two extensions of the RK-ordering need
not coincide: in fact, we build two ultrafilters which are JPR-equivalent but M-
incomparable. Our argument relies on the Continuum Hypothesis and is applicable
to several Boolean algebras, such as the Cohen and random forcing.

In the final section, we restrict our attention to the Cohen algebra, on which
we construct ultrafilters which are JPR-equivalent but Tukey-incomparable. This
configuration is strikingly different from atomic algebras, where the RK-ordering
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2 JORG BRENDLE AND FRANCESCO PARENTE

is known to be stronger than Tukey reducibility. The main ingredient of our con-
struction is the analysis of Tukey reductions on coherent P-ultrafilters, for which we
establish a canonical representation theorem parallel to Dobrinen and Todorcevié
[6].

2. THE ORDERINGS

In this section, we introduce the orderings under investigation. To do so, we
assume some familiarity with the language of Boolean algebras. Suppose B is a
Boolean algebra; given B C B and x € B, we define

Bla={be B|b<x}.

If A and B are two antichains in B, we say that B is a refinement of A if for every
b € B there exists a € A such that b < a. Finally, let Part(B) be the partially
ordered set of all maximal antichains in B equipped with the refinement relation.

The starting point is the ordering introduced in the sixties by Rudin [14] and
Keisler [10] independently: given two ultrafilters U and V over a set A, we say that
U <gk V if there exists a function f: A — A such that for all X C A

XecU = flxjeW

All the orderings we consider are in fact reflexive transitive relations. Accordingly,
if both U <V and V' < U then we shall say that U and V are equivalent, in symbols
u=V.

The RK-ordering has a model-theoretic characterization, due to Blass [2, Propos-
ition 11.7], and a Boolean-algebraic reformulation, both of which are summarized
in the next proposition.

Proposition 2.1. Let U and V' be ultrafilters over a set A; then the following
conditions are equivalent:

(1) U <px V;

(2) there exist Y € V and a complete homomorphism h: P(A) — P(Y) such
that U = h=1[V];

(3) for every structure 9N, there exists an elementary embedding MAY/U —
MA/V .

In this paper, we shall focus on two generalizations to complete Boolean algebras
of (2) and (3) respectively. As both have appeared in the literature under the name
“Rudin-Keisler ordering”, to avoid confusion we have no choice but to temporarily
rename them. Let us move on to present the first Boolean-algebraic formulation.

Definition 2.2 (Murakami [13]). Let U and V be ultrafilters on complete Boolean
algebras B and C, respectively. We say that U <p; V if there exist v € V and a
complete homomorphism h: B — C | v such that U = h=1[V].

Clearly reminiscent of condition (2) of Proposition 2.1, the M-ordering was ori-
ginally introduced in the framework of nonstandard universes. Two years later,
however, a second generalization was proposed independently.

Definition 2.3 (Jipsen, Pinus, and Rose [9, Definition 1.1]). Let U and V' be ultra-
filters on complete Boolean algebras B and C, respectively. We say that U <jpgr V if
there exist a function g: Part(B) — Part(C) and, for each A € Part(B), a function
fa: g(A) — A such that:

(1) for every A € Part(B) and every X C A,

VXeU <= \/fi'lxlev;
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(2) if A, B € Part(B) and B is a refinement of A, then
\{anblacg(A), beg(B),and fz(b) < fa(a)} € V.

Although it may not be evident at first glance, the characterization in [9, The-
orem 2.4] shows that the JPR-ordering is indeed a generalization of point (3) of
Proposition 2.1, provided that ultrapowers are replaced with Boolean ultrapowers.

Remark 2.4. From now on, we shall only be interested in comparing ultrafilters U
and V over the same set or, more generally, on the same complete Boolean algebra.

Two sufficient conditions for the JPR-ordering are sometimes easier to check: we
collect them in the following lemma.

Lemma 2.5 (Jipsen, Pinus, and Rose [9]). Let U and V' be ultrafilters on a complete
Boolean algebra B.

(1) If the conditions of Definition 2.3 are satisfied for all A in a dense subset
of Part(B), then U <jpr V.
(2) If there existu € U and v € V such that U [u <jpr V v, then U <jpr V.

To sum up, by Proposition 2.1 the M-ordering and the JPR-ordering coincide
with the classical RK-ordering on atomic algebras, but to what extend can they
differ in general? From what is stated so far, it already follows that one ordering is
stronger than the other.

Proposition 2.6. Let U and V' be ultrafilters on a complete Boolean algebra B. If
U<V thenU <jpr V.

Proof. Suppose U <y V, as witnessed by a complete homomorphism B — B | v.
Then [9, Proposition 1.2| implies that U <jpr V [ v, hence U <;jpr V by Lemma
2.5(2). O

Let us now introduce the notion of Tukey reducibility [17], which will play a role
in Sections 3 and 5.

Definition 2.7. Let U and V be ultrafilters on a Boolean algebra B. We define
(U, >) <t (V,>) if and only if there exist functions f: U — V and g: V' — U such
that for allu € U and v € V

v < fu) = g(v) <u.

Recall that C' C U is cofinal if for every u € U there exists ¢ € C such that
¢ < u. As usual, we let cof (U) be the minimum cardinality of a cofinal subset of U.

Remark 2.8. If a pair of functions (f,g) witnesses Tukey reducibility as above,
then it is easy to verify that, whenever C C V is cofinal, its pointwise image g[C]
is cofinal in U. Furthermore, as observed by Isbell [8], the function g may be taken
to be monotonic, in the sense that if v1 < vy then g(vy) < g(v2).

For ultrafilters over w, if U <ggk V then (U, D) <t (V, D), which is a well-known
fact proved in Dobrinen and Todor¢evié [6, Fact 1]. Indeed, the same is true in the
general context for the M-ordering.

Proposition 2.9 ([3, Proposition 2.7]). Let U and V' be ultrafilters on a complete
Boolean algebra B. If U <y V then (U,>) <t (V,>).

Thus, the M-ordering is stronger than both the JPR-ordering and Tukey redu-
cibility. In the remainder of this paper, we shall see that in general no further
relations hold between them.
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3. JPR-INCOMPARABLE ULTRAFILTERS

This section is dedicated to the construction of ultrafilters which are Tukey-
equivalent but JPR-incomparable. Our argument extends Kunen’s technique of
independent families to a wider class of Boolean algebras.

First, to ensure Tukey-equivalence, we shall make use of the following criterion
(see Dobrinen and Todor¢evié [6, Fact 12]).

Lemma 3.1. For an ultrafilter V' on a complete Boolean algebra B, the following
conditions are equivalent:

o for every ultrafilter U on B we have (U, >) <1 (V,>);
o there exists a subset X CV with | X| = |B| such that every infinite Y C X
has NY ¢ V.

Let us stipulate that an ultrafilter on B is Tukey-mazimal if it satisfies the
equivalent conditions of Lemma 3.1. In particular, two Tukey-maximal ultrafilters
are necessarily equivalent.

Second, to obtain JPR-incomparability, we proceed as in the original proof of
Kunen [12, Theorem 2.2], keeping a large independent subset to guarantee the
recursive construction does not halt.

Definition 3.2. Let F' be a filter on a Boolean algebra B. A subset S C B is
independent (mod F) if, whenever s1,...,8m,t1,...,t, € S are distinct,

—$1 Ve Vs, Vi Ve Vi, ¢ F.

Although more general existence results are available, such as Balcar and Franek
[1, Theorem A], the following suffices for our purpose.

Lemma 3.3 (Hausdorft [7]). For every infinite set A there exists a family S C P(A)
such that |S| = 2141 and S is independent (mod {A}).

Remark 3.4. To understand the hypothesis of the next theorem, recall that if B is
a complete Boolean algebra and A is an antichain in B, then 2/4l < B

Theorem 3.5. Let B be an infinite complete Boolean algebra. Suppose there exists
an antichain A in B such that 2141 = |[B|. Then there exist two Tukey-mazimal

ultrafilters U and V on B such that U £ypr V and V £ypr U.

Proof. Without loss of generality, A is a maximal antichain; let  be its cardinality,
so that |B| = 2" by hypothesis. Let us define

APl — {f: P — A| P € Part(B)}
and note that
‘A[B]‘ < |Part(B)] ~sup{,‘<;\P| ‘ Pe Part(JB%)} < SUp{(QVv)\PI ‘ Pec Part(B)} — 9",

where the equality on the right follows from Remark 3.4, which gives 2/ < 2% for
every P € Part(B). Hence, we can enumerate

A = (f, | a < 25},

We shall carry out a recursive construction of filters (U, | a < 2%) and (V, |
a < 27) on B, together with subsets (S, | @ < 27) of B, according to the following
conditions:
(1) |So| = 2%, Uy = Vo, and there exists a subset S" C Uy with |S’| = 2" such
that every infinite I C S” has = A\ I € Up;
(2) if o < B < 2% then Uy C Ug, V,, C Vg, and Sg C Sy;
(3) if § < 2" is a limit ordinal, then Us = |J Ua, Vs = Uges Va, and
Ss = Npyes S

a<s Pas

a<d
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(4) for every a < 2%, the set S, \ Sq1 is finite;
(5) for every a < 2", S, is independent (mod U, ) and independent (mod V,);
(6) for o < 2% there exists X C A such that \/ X € Uyyq and \/ f;1[A\
X] € Va1, and similarly there exists Y C A such that \/Y € V,4; and
\/fil[A\Y] € Uay1.
We begin by constructing Uy, Vp, and Sy. By Lemma 3.3, let S C P(A) be such
that |S| = 2% and S is independent (mod {A}). Now partition

{Vx|xes}=sus
in such a way that |Sp| = |S’| = 2". Let Uy be the filter on B generated by
"u {ﬁ/\] ‘ ICSis inﬁnite}.
We now prove that Sy is independent (mod Up), thus showing at the same time

that Uy is indeed a proper filter. So let s1,...,Sm,t1,...,t, € Sy be distinct and
suppose towards a contradiction that

s Ve Vas, Vi Ve Vi, € Up.

This means we can find elements s/, ..., s} € S’ and infinite subsets Iy,...,I; C 5’
such that

s’l/\---/\sﬁc/\ﬁ/\ll/\ /\ﬁ/\ll —8 VeV, Vi V- V.
For each 1 < j <1, let us choose i; € I; \ {s,...,s},}. In conclusion, we have

SYN - ANSE AT A A AST A A S Aty Ao A=ty =0,

which is easily seen to be in contradiction with the fact that S is independent
(mod {A4}). Concluding the base step of the construction, let Vy = Uy, satisfying
(1) and the base case of (5).

Lemma 3.6. Let F' and G be filters on B; suppose T C Sy is infinite, independent
(mod F), and independent (mod G). Then for every f € AB) there exist T' C T
and filters F' D F, G' O G such that:

o T\ T is finite;

e 1" is independent (mod F') and independent (mod G');

e there exists Z C A such that \| Z € F' and \/ f~1[A\ Z] € G'.

Proof. Take any ¢t € T. Note that, as T C Sy C {V X | X € S}, there exists W C A
such that t = \/ W. Now we simply follow Kunen [12, Lemma 2.6|.
Suppose T'\{t} is independent modulo the filter generated by GU{\/ f~1[A\W]}.
Then we let
o T =T\ {t}
e I’ be the ﬁlter generated by F U {t} and G’ be the filter generated by
GU {\/ AN W]}, which are again proper filters by independence;
o Z/=W.
On the other hand, suppose T\ {t} is not independent modulo the filter generated
by G U {\/f [A\ W] } This means there exist distinct s1,...,8m,t1,...,tn €
T\{t}and g € G such that

gAN FTHANW] S 251 Ve Vimsy Vi Ve Vit

Then we let
o T' :T\{t7513"'75m7t17"-atn};
e F’ be the filter generated by FU{—=t} and G’ be the filter generated by G U

{81,y 8m,t1,..., 1ty }, which are again proper filters by independence;
o 7 =A\W.
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This completes the proof of the lemma. U

Given Uy, V,, and S, for some o < 2*, a double application of Lemma 3.6 gives
Ust+1 2 Uy, Voy1 2 Vi, and S,41 C S, satisfying conditions (4), (5), and (6).

At the limit stages of the construction, we proceed according to (3), which is
easily seen to preserve (5). Finally, let U and V be ultrafilters on B extending
Ua<or Ua and |J, cox Vo, respectively. Then (U,>) =1 (V,>) by Lemma 3.1 and
condition (1). To see that U and V are JPR-incomparable, suppose for example
that U <jpg V. In particular, this implies the existence of f € A®l such that for
every X C A

VXeU < \/f'xleV

Let @ < 2* be such that f = f,; condition (6) then gives a contradiction. O

4. M-INCOMPARABLE ULTRAFILTERS

Our next goal is to construct, assuming the Continuum Hypothesis, two ul-
trafilters which are JPR-equivalent but M-incomparable. For a complete Boolean
algebra B, let us define

End(B) = {h c BB ’ 3b > 0 such that h: B — B [ b is a complete homomorphism}.
We have
IB| < |[End(B)| < 2/®;
indeed, for the left inequality note that, given b > 0, the function
B—BTb
a—>aAb

belongs to End(B). The other inequality is clear.

The following lemma provides a better upper bound on the cardinality of End(B)
for some quotient Boolean algebras. Recall that B(“2) denotes the Borel o-algebra
of the Cantor space “2.

Lemma 4.1. Let I be a c.c.c. Ry-complete ideal over “2, let B = B(“2)/I be the
corresponding quotient algebra. Then B is complete and |End(B)| < 2%0.

Proof. The completeness of B is a consequence of a classic result of Smith and
Tarski [15, Corollary 4.3]. To see that |[End(B)| < 2%, if h, b’ € End(B) have the
property that for every clopen O C “2

h([o]z) = h/([0]1)7
then necessarily h = h’. Indeed, a Borel set is obtained from clopen sets applying
the operations of complement and countable union, and every complete homo-
morphism respects those two operations. In conclusion, a function h € End(B) is
uniquely determined by its values on the countable algebra of clopen sets, hence
there are at most 28¢ possibilities. O

Definition 4.2. Let B be a complete Boolean algebra, F' be a filter, and A be a
maximal antichain. We say that F' is based on A if for all u € F

\/{aEA\agu}eF.

We now work towards the main result of the section. Two lemmas are required,
the first dealing with the successor stage of the recursive construction.

Lemma 4.3. Let B be a complete atomless Boolean algebra. Suppose we are given
two filters F' and G on B, a mazimal antichain A, and a bijection f: A — A,
satisfying the following conditions:

e I and G are based on A;
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o f=f"1 and for every X C A we have \| X € F < \/ f[X] € G.

Let y € B be such that \/{a € A|laNy >0} € F and let z € B be such that GU{z}
has the finite intersection property. Then there exist filters F' and G', a mazimal
antichain A’, and a bijection f': A" — A’ such that:

FUu{y} CF and GU{z} C G';

cof (F') = cof (F") and cof(G) = cof(G');

I’ and G’ are based on A’;

f'= """ and for every X C A’ we have VXeF < V(X eG;
for every b € A’ there exists a € A such that b < a and f'(b) < f(a).

Proof. For each a € A, we shall define a’,a' € B by splitting a according to y.
More precisely, suppose both

aNy>0 and aA-y>0;

then let a® = a Ay and a' = a A —y. Suppose not, then by atomlessness let a® and
a' be any non-zero elements such that a” V a! = a and a® A a! = 0.

Again, for each a € A we define a%?, a°! € B by further splitting a° according to
z: if both

a®ANz>0 and a’A-z>0,

then let a® = a® A z and a®' = a® A —z; otherwise let a® and a®' be any non-
zero elements such that a® V a%' = a° and a® A a®' = 0. Analogously, we define
a'®, a'' € B by further splitting a' according to z.

Finally let

A ={d"|ae A k<2 t<2}
and let f': A’ — A’ be defined as follows: for each a € A
f1(a®) = £, f'(@) = f@)" f@°)=f@", f(a)=rfa
Clearly f’ is a bijection equal to its inverse. By our construction of A’, note that
there exist Y C A’ and Z C A’ such that y =\ Y and 2z =\/ Z.

We claim that
FU {y,\/f’[Z]}

has the finite intersection property. Suppose not, then —\(y/\\/ f ’[Z]) € F, therefore

\/{aEA’a/\y/\\/f’[Z]:Oanda/\y>0}GF

by the fact that F is a filter based on A and our assumption on y. Now let a € A
be such that a Ay A\/ f'[Z] =0 and a Ay > 0. Since a is split according to y we
must have a® < a Ay, hence a® A'\/ f'[Z] = 0, which implies f(a) A z = 0 by the
definition of f’. In conclusion, we have shown that

—»zZ\/{f(a)’a/\y/\\/f’[Z]:Oanda/\y>O}GG,

contradicting the hypothesis that G U {z} has the finite intersection property.
The same argument demonstrates that

Gu{z,\/f/m}

has the finite intersection property. Let F’ be the filter generated by FU{y, \/ f'[Z]}
and let G’ be the filter generated by GU{z,\/ f'[Y]}. It only remains to show that
if X C A’ then

(1) VXeF « \/fXled.
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Suppose \/ X € F’, then there exists u € F such that \/ X > uAyAV f/[Z]. Hence,
using the fact that F' is based on A,

\ FIX1>\{f@)]a<utn\/ FIYIAzeG

as desired. On the other hand, if \/ f'[X] € G’ then we obtain \/ X € F’ analog-
ously. This establishes (1) and completes the proof. O

Remark 4.4. In the statement of Lemma 4.3, the assumption that \/{a € A |
a Ay >0} € F cannot be weakened to the assumption that F' U {y} has the finite
intersection property. To see why, let A = {a; | i < w} be an arbitrary maximal
antichain in B, let f: A — A be the identity function, and F' = G = {b € B|{i < w|
a; A—b > 0} is finite}. Taking y = \/{aq2; |7 < w} and z = -y, it is easy to see that
both F'U {y} and G U {z} have the finite intersection property, but there do not
exist F/, G', and f': A’ — A’ which satisfy the conditions above.

The second lemma will take care of the limit stages of the recursive construction.

Lemma 4.5. Let B be a complete Boolean algebra and F' a filter on B. Suppose we
are given, for each n < w, a countable maximal antichain A, in B and a bijection
fn: Ap — Ay, satisfying the following conditions:

o F={beB|{a€c Aglan—b> 0} is finite} and fo: Ao — Ao is the identity

function;

o for everyn <w, fn=f';

e ifm<n<w,then\/[{b€ A, |Ja € Ap(b<a and fo(b) < fm(a))} € F.
Then there exist a countable maximal antichain Ay in B and a bijection foo: Ase —
Ao such that:

hd foo = fo_o1 ;

o ifn<w, then \/{b€ A |Fa € Ap(b < a and f(b) < fu(a))} € F.

Proof. Let us enumerate Ay = {a; | i < w}. By hypothesis we may find a strictly
increasing sequence (k,, | n < w) such that kg = 0 and for every m <n

\/ a; < \/{b €A, | Ja € Am(b < a and f,(b) < fm(a))}
i>kn,
Now define A, diagonally: for every n < w let

b/ a,}

kn Si<kn+1

Dn:{beAn

and then let
Ao = | Dn.
n<w
Easily Ay is a countable antichain; to see it is maximal, let > O be arbitrary.
Then there exists ¢ < w such that a; Az > 0. Let n < w be such that k, <7 < kp41;
then clearly x must meet some b € D,,.

We proceed with the definition of f.,, starting with the observation that for
every n < w we have f,[D,] = D,. Indeed, to see that f,[D,] C D,, let b €
D,,. By definition, there exists k, < i < k,41 such that b < a;. Then we have
fn(0) < fo(a;) = a;, because fy is the identity function. Furthermore, to check
fnlDn] = D, simply use the fact that f,, = f, 1.

Motivated by the above observation, we define

foo=|J (fu I Dn)

n<w
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which is easily seen to be a bijection equal to its inverse. By construction

V ai<\{peAs|Fac A, (b<aand fou(b) < fola))},

i2kn

as desired. O

Theorem 4.6. Assume 2% =R;. Let B be a complete c.c.c. Boolean algebra such
that [End(B)| < Ry. If B is not atomic, then there exist two ultrafilters U and V
on B such that U =5pr V and U £V and V £m U.

Proof. Without loss of generality, B is atomless. Indeed, if we let
b= ﬂ\/{a € B|a is an atom},

then B [ b is an atomless c.c.c. Boolean algebra such that [End(B | b)| = N;. Con-
sequently, if we build U and V on B [ b, then by Lemma 2.5(2) they will generate
ultrafilters on B with the desired properties.

Hence, assuming B is atomless, we enumerate

B={bs|a<wi}

and

End(B) = {ho | < w1}
and

Part(B) = {P, | o < w1 }.

We shall carry out a recursive construction of filters (U, |a < wy) and (V, |a < wq)
on B, together with maximal antichains (A, | @ < w1) in B and functions (f, |
a < wy), according to the following conditions:
1) Uy=Vy=1{beB|{ae€ Ay|an—-b> 0} is finite} and fy: Ag — Ao is the
identity function;
(2) for every a < wyq, both U, and V, are based on A,;
(3) for every a < wi, fo: Aa — A, is a bijection, f, = f; !, and for every
X CA, wehave \V X €U, <= V fu[X] € V;
(4) if @ < B < wy then Uy C Ug, Vo C V3, and \/{b € Ap } Ja € Aa(b <
a and f5(b) < fu(a)} € Un;
(5) if 0 < w; is a limit ordinal, then Us = J, .5 Ua and Vs = U, .5 Va;
(6) for every o < wy, Aqy1 is a refinement of Py;
(7) for every o < wy, either b, € Uyq1 or —by € Uyq1, and similarly either
ba € Va+1 or —b, € Va+1;
(8) for every o < wy, there exists u € Uyq1 such that hy(—u) € Voq1, and
similarly there exists v € V41 such that h,(—v) € Uyt1.

As for the base step, let Ag be any infinite maximal antichain in B. Then Uy,
Vo, and fo, as defined by condition (1), clearly satisfy (2) and (3).

We take care of the successor step: for a < wy, let Uy, Vi, and fo: Ay — Ay be
given. Let b € B be such that for every a € A, both aAb > 0 and a A—=b > 0. Such
an element can be easily found by atomlessness, for example by splitting each a € A
in two disjoint positive parts and taking the supremum of the first halves. Since h,,
has the property that hs(—b) = —hs(b), it must be the case that V,, U{hq(—b)} has
the finite intersection property or V, U {h4(b)} has the finite intersection property.
In the first case let u = b, otherwise let u = —=b. By Lemma 4.3, there exist filters
U/, and V., a maximal antichain A}, and a bijection f/: A}, — Al such that
Ug U{u} C UL, Vo U {ha(—u)} C V., and conditions (2), (3), (4) are preserved.
Symmetrically, by applying Lemma 4.3 again if necessary, we may also assume there
exists v € V! such that h,(—w) € U..
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Another double application of Lemma 4.3, taking y = 1 and z = +b,, gives filters
Ua+1 2 U, and V,y1 2 V., a maximal antichain A/,, and a bijection f/: Al — A,
such that condition (7) is additionally satisfied.

To complete the successor step, we take care of condition (6). Let A,41 be a
common refinement of A and P,. Without loss of generality, for each a € A” the
set {b € Aq+1|b < a} is infinite. This allows to define f,41 as f/ extended in the
obvious way to Agy1-

For a limit ordinal § < wy, let Us and Vj be defined according to (5). Since § is
countable, there exists a strictly increasing sequence («,, | n < w) of ordinals such
that g = 0 and 6 = |J,,., @n. From Lemma 4.5 applied to (A,, |7 < w), we
obtain a maximal antichain As and a bijection fs5: A; — As such that fs = f; !
and, if n < w, then \/{b € As |Ja € A,, (b < aand fs5(b) < fa,(a))} € Up. This
easily implies that conditions (2) and (4) are preserved.

It only remains to check that, given X C Aj, we have \/ X € U; < V/ fs[X] €
Vs. Assuming \/ X € Uy, there exists n < w such that \/ X € U,, . Consequently,
if we let

X' ={reX|FacA,,(r<aand f5(z) < fa,(a))}
then also \/ X’ € U,,,. This implies, since U, is based on A, , the existence of
Y C A,, such that \/ X’ > \/Y € U,,. Then it is easy to check that

V (X1 2 51X 2\ fan Y] € Va,,

as desired. Conversely, if \/ fs[X] € Vs then, by the same argument, we obtain
\ X € Us. This completes the recursive construction.

In the end, let U = J,.,, Us and V' = U, Va, which are ultrafilters by
condition (7). Moreover, condition (8) implies that U #«y V and V £y U. To
verify that U <jpr V, by 2.5(1) it is sufficient to consider a dense subset of
Part(B), but density is indeed guaranteed by condition (6). So let X C A, be
such that \/ X € U; we show that \/ fo[X] € V. Take § > a with \/ X € Ug and
define ¥ = {y € Ag ’ Jx € X(y <z and fa(y) < fa(x))} Evidently VY € U
and therefore \/ fo[X]| > V f3[Y] € Vs as desired. Furthermore, property (2) of
Definition 2.3 follows from our condition (4). By symmetry of the construction, the
same argument gives V <jpr U and completes the proof. O

The combination of Lemma 4.1 and Theorem 4.6 gives that, assuming 2% =
Ny, there exist ultrafilters which are JPR-equivalent but M-incomparable on many
Boolean algebras of interest in set theory, including the Cohen and random forcing.

Question 4.7. Does the conclusion of Theorem 4.6 still hold without the assump-
tion that 280 = N, ?

5. TUKEY-INCOMPARABLE ULTRAFILTERS

To complete our analysis of the orderings, we aim to construct two ultrafilters
which are JPR-equivalent but Tukey-incomparable. This will be achieved using a
notion reminiscent of the usual P-point property.

Definition 5.1 (Stary [16, Definition 3.1]). Let B be a complete c.c.c. Boolean
algebra. An ultrafilter U on B is a coherent P-ultrafilter if and only if: for every
P € Part(B) and every {X,, | n < w} C P(P) such that {\/ X,, |n <w} C U, there
exists Y C P such that \/Y € U and for all n < w the set Y\ X, is finite.

For further details on the relation between coherent P-ultrafilters and Tukey
reducibility, we refer the reader to our previous work [3, Section 4]|. The next
proposition, essentially due to Ketonen [11], is the main ingredient to construct
such ultrafilters. For a detailed proof in the Boolean-algebraic context, see the
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proof of [16, Proposition 3.4]. As usual, here 0 denotes the minimum cardinality of
a dominating family of functions from w to w.

Proposition 5.2. Let B be a complete c.c.c. Boolean algebra, let F' be a filter on
B such that cof (F') < 9. For every P € Part(B) and every {X, |n < w} C P(P)
such that {\/ X, |n < w} C F, there exists Y C P such that F U{\/ Y} has the
finite intersection property and for all n < w the set Y \ X,, is finite.

From now on, we restrict our attention to the Cohen algebra C,, the unique
atomless complete Boolean algebra with a countable dense subalgebra. Let {d |
k < w} be an enumeration of the dense subalgebra, with dy = 0. Furthermore, let
{a; | i < w} be an infinite maximal antichain in C,,, which we also consider fixed
throughout the section.

Definition 5.3. Given a strictly increasing function ¢: w — w, let C, C C,, be
defined as follows: ¢ € C,, if and only if there exists a strictly increasing sequence
(m; | j < w) such that for all j < w

{ai Neli<p(my)} C{dy |k < p(my)}.

We observe that the set C', is naturally closed under initial segments: if c € C,,
and ¢ < w then \/{a; Ac|i < (} € C,.

Lemma 5.4. Let U be a coherent P-ultrafilter on C,, such that UN{a;|i < w} =0.
For every strictly increasing function ¢: w — w, the set C, NU is cofinal in U.

Proof. Let u € U; we have to find some ¢ € C, N U such that ¢ < u. By our |3,
Lemma 4.5], there exists v € U such that v < u and

{ainv]i<w} C{dy |k <w}.
Inductively, choose a strictly increasing sequence (n; | j < w) such that ny = 0 and
for all j <w
{ai Ao i < @(ng)} CH{dr [k <@(n;11)}
Suppose

z= \/{ai | there exists j < w such that ¢(ngj41) < i< @(ngjy2)} ¢ U,

then we let ¢ = v A =z and, for all j < w, let m; = ng;. Then ¢ < wu and c € Cy, as
witnessed by the sequence (m; | j < w). On the other hand, in case z € U, we let
¢ = v A z and proceed analogously. O

In the proof of the main Theorem 5.8, we aim to construct two coherent P-
ultrafilters which are Tukey-incomparable. However, a priori there are 2" poten-
tial Tukey reductions to enumerate, which means a direct recursive construction
has little hope to succeed. To get around this problem we first establish that,
whenever U is a coherent P-ultrafilter on C,,, each potential Tukey reduction on U
has a canonical representation. This idea dates back to Dobrinen and Todorcevié
[6, Section 3] and has been thoroughly examined by Dobrinen [5].

We introduce a convenient piece of notation: given ¢ € C,, and ¢ < w, let

¢! =\fHaineli<tyv\/{a|i=> 1}

Definition 5.5. Let C' C C,,; a function f: C' — C,, is represented by a basic map
if there exists a map f: {c‘} ’ ceC, < w} — C,, such that for all c € C

fle) = /\{f(ce) ‘ (< w}.
Remark 5.6. If p: w — w is strictly increasing, then the set {cg | ceCy L < w} is

countable. It follows that, for every such ¢, there are at most 2%° many functions
f: Cp, — C,, represented by a basic map.
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Theorem 5.7. Let U be a coherent P-ultrafilter on C,, such that UN{a;|i < w} =
(). Then, for every monotonic function g: U — C,, there emist x € U, a strictly
increasing function ¢: w — w, and a monotonic function g*: C, — C,, represented
by a basic map such that g* | (U [z) =g [ (C, NU | ).

Proof. We generalize the proof of [6, Theorem 20|, using Lemma 5.4 to control the
interaction between the maximal antichain and the dense subalgebra. We begin by
constructing a subset {x,, | n < w} of U such that, for each n < w,
L ‘rn+1 S Tns
e 2, AN\{a;|i<n}=0;
e for every function s: n — {dy,...,d,—1} and for every k < n, if there
exists u € U such that d £ g(u) and s(i) = a; A u for all i < n, then
di £ g(s(0)V---Vs(n—1)Va,).

Recursively, let 2o = 1 and suppose we have x,_; for some n > 0. Choose first
some w € U such that w < 2,1 and wA \/{a; |i < n} = 0. Now, for each function
s:n — {do,...,dp—1} and k < n, if there exists u € U such that d £ g(u) and
s(1) = a; Au for all i < n, then let u, x be such a u. On the other hand, if such u
does not exist, then simply let us ;, = w. Finally, we define

xnzw/\/\{us,”s: n— {do,...,dn—1} andk;<n}.

To check the sequence we constructed has the desired properties, let n < w. Clearly
the first two conditions present no problems, so let s: n — {do,...,d,—1} and k <n
be such that there exists u € U with d, & g(u) and s(i) = a; Au for all i < n. By
construction, this means dj, £ g(usx), but s(0) V-V s(n —1) Va, < usy and
therefore dj, £ g(s(0) V-V s(n — 1)V x,,) by monotonicity.

Since U is a coherent P-ultrafilter, by [3, Lemma 4.3] there exists y € U such
that for each n < w the set {i < w|a; Ay A -z, > 0} is finite. Accordingly, we can
find a strictly increasing sequence (n; | j < w) such that ng = 0 and for all j < w

\/{ai ANy li>nj} < oy,
Suppose
z= \/{ai } there exists j < w such that ny; 11 <@ < n2j+2} ¢ U,

then we let © = y A =z and, for all j < w, let ¢(j) = ngj41. In the case of z € U,
of course we would let x = y A 2z, ¢(j) = ng;, and proceed similarly. Observe that,
by definition, for each j < w

2) V{ainz|i= o)} = \{ainwli > nojyo} < \[{aiAyli > nojya} <y

Next, we aim to show that forallcc C, NU [z

(3) g(c) = /\{g(cg Az) |l <w}.

Clearly, if £ < w then g(c) < g(cé A x) by monotonicity. To prove the reverse
inequality, our strategy is to show that for all k¥ < w if dy < /\{g(cé A x) | l< w}
then dj, < g(c). So let us fix k such that dj, < g(c* Ax) for all £ < w. Since ¢ € C,
there exists a strictly increasing sequence (m; | j < w) such that for all j < w

{ai Nce | 1< cp(mj)} - {do, .. -adtp(mj)fl}-

Now fix a sufficiently large j such that k < ¢(m;). Letting s: ¢(m;) — {do,... 7d¢(mj)—1}
be the function defined by s(i) = a; A ¢, we have the chain of implications

di, < g(c“"(mj) /\Jc) = d;, < g(s(O)\/~--Vs(<p(mj) — 1)\/31‘<p(mj)) = di < g(c),
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where the first implication follows from (2) and monotonicity of g, and the second
follows from the third condition in the construction of {z, | n < w}. Therefore,
dr, < g(c) and (3) is established.

Let g*: C, — C,, be defined as follows: for every c € C,,

g*(c) = /\{g(ce /\x) |€ < w}.

From this definition, it follows that ¢g* is represented by the basic map given by
i g(ce A x) Since g is monotonic, clearly ¢* is monotonic as well. Finally, (3)

implies that ¢* [ (U [2) =g [ (C, NU [ ). O
‘We move on to present the main result of this section.

Theorem 5.8. Assume 280 = X,. Then there exist two ultrafilters U and V on
Cy such that U =5pr V and (U,>) %1 (V,>) and (V,>) £ (U, >).

Proof. Let us begin by enumerating
C, = {ba ‘ (e <w1}.

By Remark 5.6, for each strictly increasing ¢: w — w there are no more than 2%°
many functions g*: C,, — C,, which are represented by a basic map: we enumerate
all such functions, for all possible ¢, as

{ga|a<w1}'

Finally, we enumerate the conditions for being coherent P-ultrafilters. More pre-
cisely, consider the set of all pairs ({X,, |n < w}, P) such that P € Part(C,,) and
X, C P for all n < w; we enumerate this set of pairs as {po | @ < w1 }.

We shall carry out a recursive construction of filters (U, |a < wi) and (Vy|a < wy)
on C,, together with maximal antichains (A4, | @ < w;) in C,, and functions (f, |
a < wy), according to the following conditions:

(1) Ag={a;|i<w}, Uy=Vo={beCy,|{i <wla; A—b> 0} is finite}, and
fo: Ag = Ag is the identity function;

(2) for every a < wq, both U, and V, are based on A, and cof(Uy,) = cof(V,,) =
No;

(3) for every a < wi, fa: Aq — A, is a bijection, f, = f7!, and for every
X C A, we have \V X € Uy <=V folX] € Vq;

(4) if @ < B < wy then Uy C U, Vo C Vi, and \/{b € Ag|Ja € Ay(b <
a and f3(b) < fa(a))} € Uo;

(5) if 0 < w; is a limit ordinal, then Us = |J, .5 U and Vs = U, 5 Va;

(6) for every o < wy, if po = ({Xn |n < w}, P), then Aq i is a refinement of
P;

(7) for every a < wy, if po, = <{Xn [n < w}, P>7 then either there exists n < w
such that =\/ X,, € Uy41, or there exists Y C P such that \/Y € Uyq1
and for every n < w the set Y \ X, is finite; similarly for Vjy1;

(8) for every o < wy, either b, € Uyq1 or —by € Uqq1, and similarly either
ba S Va+1 or _|ba S Va+1;

(9) for every av < wy, either there exists v € dom(g, )N Va1 such that =g, (v) €
Uq+1, or there exists u € U,41 such that for all z € dom(g,) if V,, U {z}
has the finite intersection property then g, (z) £ u, and similarly reversing
the roles of U and V.

As usual, the base step presents no problems. For a < wq, let U,, V,, and
fa: Ay — A, be given. Let b € C,, be an element such that for every a € A, both
aAb>0and aA-b> 0. Suppose there exists z € dom(g,) such that V, U {z}
has the finite intersection property and g,(x) A b = O; then let u = b and v = z.
Suppose not, which means for all € dom(g, ) if Vo, U{x} has the finite intersection



14 JORG BRENDLE AND FRANCESCO PARENTE

property then g,(z) Ab > 0; then let © = =b and v = 1. By Lemma 4.3, there
exist filters U/, and V!, a maximal antichain A/, and a bijection f/: A — A}
such that U, U{u} C U, V,U{v} C V!, and conditions (2), (3), (4) are preserved.
Symmetrically, by applying Lemma 4.3 once more, we can ensure the same in the
opposite direction, thus fulfilling condition (9).

Next, to deal with condition (7), suppose po = ({X, |n < w}, P). In case
there exists n < w such that \/ X,, ¢ U., we let y = =\/ X,,. In case there is no
such n, since cof(U) = Ry < ? we may apply Proposition 5.2 to obtain Y C P
such that U/ U {\/ Y} has the finite intersection property and for all n < w the set
Y \ X,, is finite; in this case we let y = \/Y. By Lemma 4.3, there exist filters
U/ and V., a maximal antichain A/, and a bijection fZ: A — A” such that
U,LU{y} C UL V! CV” and conditions (2), (3), (4) are preserved. We then
repeat this construction for V.

To complete the successor step, it remains to guarantee conditions (8) and (6),
but this can be done exactly as for Theorem 4.6. Furthermore, at the limit step we
apply Lemma 4.5 and argue as before.

In conclusion, let U = |J,,,,, Ua and V =, ,,, Va, which are JPR-equivalent
ultrafilters. To see that they are also Tukey-incomparable, suppose for example that
(U, >) <t (V,>). In particular, by Remark 2.8 there exists a monotonic function
g: V — U such that g[V] is cofinal in U. By conditions (1) and (7), V is a coherent
P-ultrafilter such that VN {a;|i < w} = 0, therefore Theorem 5.7 provides y € V, a
strictly increasing ¢: w — w, and a monotonic function g*: Cy, — C,, represented
by a basic map such that ¢* [ (V [y) = g [ (C, NV [y). Keeping in mind that
g* = go for some « < wy, condition (9) gives two possibilities.

The first is that there exists v € C\, NV such that —g*(v) € U. If this happens,
by Lemma 5.4 there exists ¢ € C, NV such that ¢ < vAy. Therefore g(c) = g*(¢) <
g*(v) and so ¢g*(v) € U, a contradiction. The second possibility is that there exists
u € U such that for all z € C, NV we have g*(z) £ u. Then, using the fact
that g[V] is cofinal in U, let v € V be such that g(v) < u. Again, by taking some
c € C,NV such that ¢ < v Ay, we obtain g*(c) = g(c) < g(v) < u, a contradiction.
This shows that U and V' are Tukey-incomparable and completes the proof. O

Combined with Proposition 2.9, the above theorem gives in particular two ultra-
filters which are JPR~equivalent but M-incomparable. In this sense, its conclusion
is stronger than Theorem 4.6, which on the other hand had more flexibility in the
choice of the Boolean algebra.

Question 5.9. Is the conclusion of Theorem 5.8 still true under the weaker as-
sumption that 9 = 280?
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