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ABSTRACT: We study semiclassical spiky strings in de Sitter space and the correspond-
ing Regge trajectories, generalizing the analysis in anti-de Sitter space. In particular we
demonstrate that each Regge trajectory has a maximum spin due to de Sitter acceleration,
similarly to the folded string studied earlier. While this property is useful for the spectrum
to satisfy the Higuchi bound, it makes a nontrivial question how to maintain mildness of
high-energy string scattering which we are familiar with in flat space and anti-de Sitter
space. Our analysis implies that in order to have infinitely many higher spin states, one
needs to consider infinitely many Regge trajectories with an increasing folding number.
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1 Introduction

Understanding de Sitter space in string theory is a challenging, but definitely important
issue. In the past decades, intensive efforts have been made toward construction of de
Sitter space in string theory (see, e.g., ref. [1] for a review). By evading the assumptions
of the Maldacena-Nunez no-go theorem [2], several promising scenarios such as the KKLT
scenario [3] and the Large Volume Scenario [4] have been proposed. While these scenarios
are based on ingredients that are individually justifiable, it is still an ongoing issue whether
one can write down an explicit and fully-controlled compactification that unifies all the
necessary components. There are also some attempts [5-7]| in the swampland program
which try to interpret the nontriviality as an obstruction to de Sitter space in string theory.
Thus it is tempting to search for complementary approaches to this journey.

This paper is a continuation of the previous work [8] by three of the present authors,
which initiated such a complementary approach from the worldsheet theory perspective.
More specifically, we study the semiclassical spectrum of would-be string worldsheet theory
in de Sitter space, utilizing developments on integrability in the AdS/CFT correspondence.



Semiclassical spectra of worldsheet theory in various curved spacetimes have been studied
since seminal works by de Vega and Sanchez in 80’s [9, 10] and the followups [11-13].
Researches in this direction have been further boosted with the advent of the AdS/CFT
correspondence [14], especially since the Gubser-Klebanov-Polyakov analysis [15] of folded
strings [13]. As nicely reviewed in ref. [16], various semiclassical solutions in AdS were
then constructed and studied by using the integrability technique [17-56]. Furthermore,
progress in the past several years reaches beyond the string spectrum to include holographic
higher-point correlation functions [57-63]. These developments motivate us to perform a
similar analysis in de Sitter space toward understanding of de Sitter space in string theory.
In ref. [8], as a first step in this direction, we revisited the folded string spectrum in
de Sitter space [13] and studied its consistency with the Higuchi bound [64], a unitarity
bound on the mass of higher-spin particles in de Sitter space. For a bosonic higher-spin
particle with the mass m and the spin s, the Higuchi bound reads m? > s(s — 1) H?, where
H is the Hubble scale, so that a naive extrapolation of the flat space Regge trajectory
violates the bound at a high energy scale. Then, one might wonder if the Higuchi bound
could be an obstruction to de Sitter space in string theory. However, a careful study of the
trajectory is needed since the potential violation is at the horizon scale [8, 65]. In ref. [§],
we explicitly demonstrated that the Regge trajectory is modified by the curvature effects
appropriately such that the Higuchi bound is satisfied. In particular, in sharp contrast to
flat space and AdS, each Regge trajectory in de Sitter space has a maximum spin because
of causality and existence of the cosmological horizon. While this property is crucial to
evade a potential conflict with the Higuchi bound, it makes a nontrivial question how to
maintain mildness of high-energy string scattering which we are familiar with in flat space
and AdS.! It is thus intriguing to explore this direction further, by considering different
types of semiclassical string solutions and the corresponding Regge trajectories. In this
paper, we study spiky strings in de Sitter space, generalizing the analysis in AdS [18, 27].
The organization of the paper is as follows: in section 2, we review basics of worldsheet
theory in de Sitter space. In section 3, we study folded strings with internal motion. Then,
in section 4 and section 5, we study more general spiky string solutions. We conclude in
section 6 with discussion of our results. Some technical details are given in appendix.

2 Setup

In this section we summarize basics of the worldsheet theory in de Sitter space necessary
for our semiclassical analysis. See also ref. [16] for a nice review on semiclassical strings in
AdS. Our argument is analogous to the one there except for the fact that de Sitter space
has an acceleration and a cosmological horizon accordingly, which turns out to bring about
qualitative differences from the flat space and AdS cases.

2.1 Target space

In this paper we study string Regge trajectories on dS3 x S* (which may also be identified
with an appropriate subspace of a larger target space). The three-dimensional de Sitter

LA possible scenario to avoid this subtlety is to postulate that the higher-spin spectrum is the same as
the flat space one up to the Planck scale, which provides an interesting bound on the inflation scale [8, 65].
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Figure 1. Penrose diagram of dS3: each point represents an S* subspace and the edges correspond
to the north and south poles of S2. For example, the planar coordinates cover a half of the whole
space (the shaded region) and the cosmological horizon for an observer sitting at the north pole is the
blue line. The static coordinates cover a half of the planar coordinates Y3 4+ Yy > 0, that is inside
the cosmological horizon. The dotted and rigid curves are sections of constant ¢ and r(= sin p),
respectively. We study strings rotating around the center r = 0 (p = 0) of the static coordinate.

space dSs with the radius R is defined by a hypersurface,
—Y§ + Y+ Yy + Y = R, (2.1)
embedded into a four-dimensional Minkowski space with the line element,
ds® = —dYZ + dY? + dYy +dY? . (2.2)

For our purpose, it is convenient to use the static coordinates:

Y3+ Y, Y3 — Y. Y4y ‘
B Vi, B it SR e (2)

where —o0o <t < 00,0 <r <1, and ¢ has a periodicity 2m. The corresponding metric is

r? 27,2
— 5 T do”| . (2.4)

ds* = R? _(1_r2)dt2+1—r

As depicted in figure 1, this coordinate system covers a quarter of the full de Sitter space.
An observer sitting at the origin r = 0 has a cosmological horizon at r = 1, hence this
coordinate system can be used to describe the inside of the horizon.

To utilize results in AdS, it is convenient to introduce a coordinate p defined by sinp =r
(0 < p <m/2), in terms of which the metric reads

ds* = R? (— cos’p dt® + dp?® + sin® pd¢2> . (2.5)



Note that in these coordinates, the observer sitting at the origin and the cosmological
horizon are located at p = 0 and p = /2, respectively. Since global coordinates of AdS
are obtained by a Wick rotation,

p— —ip, t—it, R*>— —RZ%, (2.6)

we may generalize semiclassical solutions in AdS to de Sitter space in a straightforward
manner. Together with an internal S parameterized by the coordinate ¢, our target space
metric is given by

ds* = R? (— cos?p dt® + dp? + sin? pdg? + dgoQ) , (2.7)

where for generality we leave the periodicity of ¢ a free parameter. In other words, we
absorb the radius of the circle S! into the definition of ¢.

2.2 Worldsheet theory

Let us consider the Nambu-Goto string on the target space (2.7):

1
2ma!

Sne = — /drda\/—X2X’2 + (X X2, (2.8)

where (27a/)~! is the string tension and we defined
X% =GapXAXB, X?=GupX"X'B, X X' =G upXAX'B, (2.9)
with X4 = (¢, p, ¢, ) and a target space metric,
Gap = R? - diag (— cos? p, 1,sin? p, 1) . (2.10)

Also the dot and prime stand for derivatives in the worldsheet time coordinate 7 and the
worldsheet spatial coordinate o, respectively. The equation of motion for X4 reads

Gag (XBX’Q—X/B (X-X’)) Gag (XfB)‘(z_XB (X-X/))
\/—X2X'2+ (X-X’)2 \/_XQX/2+ (X.X,)2

04Gpc [XPXCX? 4+ X'BXCX? —2XBXC (X X))

0=0,

+ 05

(2.11)
2\/X2X’2+ (X'X’)Q

Rigid string ansatz. Classical string solutions discussed in this paper are captured by
the following ansatz for closed string configurations:

t=71, p=plo), ¢=wr+No, e=vr+1(o), (2.12)

where o has a periodicity 27 and we require p(o + 27) = p(o) and ¢ (o + 27) = (o),
assuming that the string has no winding along the circle S*. Also, w and v are constant

4

angular velocities, and N is an integer characterizing the “winding” number along the
angle ¢. Note that the case without internal space is covered simply by setting v = ¢ = 0.
As depicted, e.g., in figure 2, the string at a fixed time ¢t = 7 is spreading on the two-

dimensional (p, ¢) plane. It then rotates along ¢ and ¢ with angular velocities w and v.



With the ansatz (2.12), the equations of motion (2.11) reduce to the following (gener-
ally) independent three equations:

p'(cos? p — w?sin? p — 1?)
0= -0,
vD
N 1sin 2p[—(1 + w?)(p? + ¢'?) + 2Nvwy)’ + N2 cos2p — N?v?] (2.13)
2 VD ’ ‘
0=0, cos? p(Nwsin? p + v1)') ’ (2.14)
vD
vwsin? p’ 4+ N(cos? p — v?)sin? p
0=0, , (2.15)
VD
where we introduced
Do _X2X12 + (XXI)Q
= 7
= (cos? p — w?sin® p — %) p’? + (cos® p — w? sin? p)ep”?
+ 2Nwwsin? pyp’ + N?(cos® p — %) sin’ p. (2.16)

Note that reality conditions require D > 0, otherwise the corresponding Nambu-Goto
action becomes imaginary. Also one may show that when both D # 0 and p’ # 0 are
satisfied, eq. (2.13) follows from eqgs. (2.14) and (2.15).

Energy, spin and internal U(1) charge. To close the section, let us write down the
energy F, spin S, and internal U(1) charge J, which are of interest in the discussion of the
Regge trajectory. Defining them as conjugates of Rt, —¢, and —¢, respectively, we have

R 2™ cos? p(p™? + N?sin? p + ¢'?)

E=— d 2.17
2wal Jo 7 VD ’ ( )
2 2 i02 /2 2 _ Ny
5= / oS Plwp” + Wy ) (2.18)
2wa Jo VD
7o R? /27r Uup’2+N2ysin2p—Nwsin2p1// ’ (2.19)
2wa Jo VD
which satisfies the following relation:
R? 27
, / dovVD = RE —wS —vlJ . (2.20)
2ral Jo

3 Folded strings

We begin by generalizing our pervious work [8] on rotating folded strings to include motion
along the internal circle S'. The folded string configuration is captured by the ansatz (2.12)
with N =1 = 0, under which egs. (2.14)—(2.15) become trivial, whereas eq. (2.13) gives

/
0o <"0,‘> \/COS2P—WQSin2p—V2:0 < 5(a—af)\/coszp—w2sin2p—u2:(). (3.1)
0
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Figure 2. Illustration of w, v and N¢: w is the angular velocity in the ¢ direction. v is the angular
velocity in the ¢ direction. Ny is the folding number.

Notice that the equation of motion is localized at the folding point o = o where p’ flips
the sign, simply because changes in the bulk profile p(o) (o # o) are gauge degrees of
freedom associated to string reparameterization. Also the folding point satisfies

cos’ p —w?sin?p — 12 =0, (3.2)

and so it propagates with the speed of light, which is essentially the same as the familiar
statement that open string end points propagate with the speed of light. Then, for given
w and v, the radius py of the folding point is determined by

w2+1/2

tpy=——s
A Ry

, (3.3)

which is the maximum distance dictated by causality prohibiting superluminal propagation
of the string. In general, closed strings may have multiple foldings, so that the solutions are
parameterized by the angular velocities w and v, and the folding number N;. See figure 2.

Conserved charges. For these folded strings, the conserved charges (2.17)—(2.19) read

1 4N Pf 2
B= 2L / cos P , (3.4)
Vi—2 2mal \/1 — (sin? p/ sin? py)
4N R? oI in?
§=_" ! / P , (3.5)
V1—v? 2mal \/1— (sin? p/sin? py)
AN R? < 1
J= L x 2 / . (3.6)
vi—v 2mal \/1 — (sin? p/ sin? py)
One may also rewrite them in terms of incomplete elliptic integrals,
£ (¢l = /C a0V T~ K sin?0,  F (k) = /C A S (3.7)
0 ’ 0 1—k2sin?6



as follows:

1 AN¢R 1 .

E = Ny X 27TJ;/ {sm2 pr€ (pf\ csc? pf) + cos? pf]-"(pf\ csc? pf)} , (3.8)
w 4NsR?

S = N X 27{0/ sin? py {—5 (pf\ csc? pf> +F (pf\ csc? pf)} , (3.9)
v 4N;R?

Ve pner T (sl o) (3.10)

These expressions can be used to derive energy-spin relations and draw Regge trajectories.

Regge trajectories. The left panel of figure 3 shows Regge trajectories of one-folded
strings (Ny = 1) with a fixed internal charge J. First, the trajectory for J = 0 accom-
modates a turning point, where the string has a maximum spin. This is a consequence of
causality and existence of the cosmological horizon, which is helpful to satisfy the Higuchi
bound [8]. Next, if one increases the internal charge J, the trajectory shifts upwards sim-
ply because the internal motion increases the energy. Also the maximum spin decreases,
so that the maximum spin of one-folded strings is the one for the J = 0 string. Then,
one-folded strings scan a finite region in the energy-spin plane represented by the blue
shaded region. In particular, one needs to consider multiple folded strings (Nf = 2,3,...)
to have infinitely many higher spins (see the right panel of figure 3). Note that the Higuchi
bound is satisfied in the entire region. In the rest of the section, we study several limits
and provide more quantitative arguments.

3.1 Bound on internal charge J

Figure 3 implies that for a fixed folding number Ny, there exists a maximum value of the
internal charge J. To see this more quantitatively, let us recall

v < V2 +w?
Vi—pv2 T\ 1-02

where the inequality is saturated for w = 0 (for which we have v = cos py). Then, we find

2 P
JSNH%2/f@ cospr | (3.12)
@ TJo \/sin? pg —sin? p

This simply says that the folding point has the speed of light and so for a fixed string

= cot py, (3.11)

length p¢, the internal motion is maximized when the string does not rotate inside dSs.
As depicted in figure 4, the right hand side is maximized in the short string limit py — 0:

NfRQE Pf dp cos py < NfR2

/ - - = /
a  mJo \/sin? pg —sin? p «

Therefore, the Ny-folded string has the maximum internal charge J = N fR2 /o’ when

J < (3.13)

w=0and v = cospy — 1. Note that the energy E and the spin S in this limit are

E= . S=0, (3.14)

which correspond to the upper boundary point of the shaded region in figure 3.
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Figure 3. The left panel shows Regge trajectories for Ny = 1 with different internal charge J. The
right panel shows Regge trajectories for different Ny with J = 0.6R*/a/. The energy E, spin S and
internal charge J are in the units of R/a’, R?/a’ and R?/d/, respectively. We find that the Regge
trajectories always satisfy the Higuchi bound (E? > %), which prohibits the red region.

0.8
0.6
-
0.4 —E

0.2

0.0

00 05 10 15
Py

Figure 4. The energy E and the internal U(1) charge J as a function of ps. They are plotted in
the units of NyR/a' and NyR?/o/, respectively.
3.2 Regge trajectories for fixed J

Short strings. Next, let us take a closer look at the Regge trajectory profile for a fixed
J. For this, we first consider the short string limit p; < 1. In this regime, we have

[1—12

so that the short string limit is realized for w > 1, v ~ 1, or both (recall that causality
requires 0 < v? < 1). At the leading order in py, the charges (3.8)-(3.10) are approxi-



mated as
1 4NfR/Pf "
1—y2 2ma! \/1_ P/pf \/1—y2 o

S Y 4NfR2/pf N NfR2 (3.17)
V1—1v2 2ma/ /1_ p/pf 2 +y2

1 NyR

E ~ ~pf (3.16)

AN R? o N;R?
Jo~ Y 2f / v = X f/ pf - (3.18)
1— 02 ma! \/1_ P/,Of \/1—V Q
Then, in the regime w > 1, which implies J < 1 in particular, we find the relation,
J? 2N
E? ~ Is. 3.19

Recall that the short string limit is also achieved when w = O(1) and v ~ 1. In this regime,

the internal charge (3.18) is not necessarily small because the prefactor \/1”_7 cancels out
the suppression by the small p;. Taking into account the next-to-leading order terms in
egs. (3.16), (3.18) carefully, we find a more general energy-spin relation,

2
J? o 2N
2 f
E* ~ 2+J1—< ; 2J> VALK (3.20)

which is applicable for an arbitrary value of J as long as the string is short py < 1.

Note that the first term is the Kaluza-Klein mass associated to the internal motion, which
explains how the Regge trajectory shifts upwards as J increases.

Long strings. To discuss longer strings, it is convenient to rewrite eq. (3.10) as

AN;R? 2
) cot® py - { s F (pf] csc? ,of)} —J?
W2 = o — (3.21)
[ smar T (Pf| csc pf)} +J

where the right hand side monotonically decreases as py increases (see figure 5). It implies
that for a fixed J, there exists an upper bound on the angular velocity w:
N7R* _ g2

0<w?< QT (3.22)

where the upper bound is saturated in the short string limit py — 0. Also, for a fixed J,

the string has a maximum length when w = 0, for which the conserved charges read

__1 ANfR [ . o 2 2 2
E = Sinp; X o {sm pr € (pf|csc pf) + cos pf}"(pf|csc pf)} , (3.23)
S=0, (3.24)
4NfR2 9
J = cotpy x - ]-"(pf\csc pf) ) (3.25)

For a given J, the maximum length is determined by solving eq. (3.25). Then, substituting
it into eq. (3.23) gives the energy of the longest string. See also figure 4. This gives the
upper endpoint of each Regge trajectory with a fixed J depicted in figure 3.
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Figure 5. The angular velocity w as a function of py (J is in the unit of NyR?/a/).

4 Spiky strings

Next, we study spiky strings (see ref. [27] for spiky strings in AdS). In this section we focus
on the case without internal motion, so that our ansatz here is eq. (2.12) with v =1 =0,
under which the equations of motion (2.13)—(2.15) reduce to

0= —

5 p'(cos? p — w?sin? p)
\/(0052 p — w?sin? p)p2 + N2 cos? psin? p
1 sin 2p[—(1 + w?)p + N2 cos 2p]

5 ) (41)
2 \/(COS2 p — w?sin? p)p2 + N2 cos? psin? p
0=9 cos? psim2 p (4.2)
= 0y . .
\/(0052 p — w?sin? p)p2 + N2 cos? psin? p
To follow the string dynamics, it is convenient to integrate eq. (4.2) as
0] = N sin2p sin? 2p — sin? 2pg (4.3)
P~ 9 s 2p0 \ cos? p —w?sin?p’ ’

where the integration constant pg is chosen such that p' = 0 for p = pg. For later use, we
also define p; such that cot? p; = w? and 0 < p; < 5. In this language, we have

10|

_ Nsinp; sin 2p\/c052 2pg — cos? 2p (4.4)

V2 sin 2pg cos 2p — cos 2p1

Three shapes. Notice that p’ has to flip a sign somewhere in order for a closed string
to form a loop, otherwise the string stretches forever. Such a sign flip may appear when
p'=0or p = oco. Eq.(4.4) shows that p’ = 0 is satisfied at p = po, 5 — po. At these

~10 -



points, the string smoothly turns back from inside to outside or vice versa. Without loss of
generality, we assume 0 < pg < T in the following. On the other hand, p" = oo is satisfied
at p = p1, where the string turns back forming a spike. Based on the value of p; relative
to po and 5 — po, we may classify shapes of the string into the following three classes:

1. Outward spikes (pg < p1 < 5 — po)

Recall that the inside of the square root in eq. (4.4) has to be positive for p to be
real. Therefore, the reality condition implies that for this parameter set, the string
may stretch only inside the region pg < p < p;. This means that the outer turning
points are spiky, and the inner ones are smooth. We call such strings outward spike
solutions. See figure 7.

2. Rounded spikes (po < § — po < p1)

s s

Similarly, for 5 — po < p1 < 3, the reality condition implies that the string may
stretch only inside the region pg < p < § — po. In contrast to the case of outward
spikes, strings in this class have no spikes and all the turning points are smooth. We
call such strings rounded spike solutions. See figure 11. Note that these strings are

specific to de Sitter space and there are no counterpart in flat space and AdS.

3. Inward spikes (p1 < po < § — po)

Finally, for p1 < pg, the string may stretch only inside the region p; < p < po. This
means that the outer turning points are smooth, and the inner ones are spiky. We
call such strings inward spike solutions. See figure 12.

Periodicity conditions. The above argument is useful enough to classify local shapes
of the string. On the other hand, the full string is made of multiple segments between the
spikes. In order for a closed string to form a loop, the angle A¢ of each segment has to be
quantized appropriately. For our ansatz, an explicit form of A¢ is given by

Pmax d
Ap = 2N a
Pmin
_ /pmax J }/isin.on co: 2p — cos 22p1 ’ (4.5)
Omin sin pp sin 2p \| cos* 2pg — cos® 2p

where pmin and pmax are the minimum and the maximum values of p. More explicitly,
(Prnins Prmax) = (P0+ p1): (0 & — o) (p1, po) for ontward spikes, rounded spikes, and inward
spikes, respectively. Then, the global consistency requires that
2n N
Ap =N (4.6)

n

where n is a positive integer characterizing the number of spikes. This determines the value
of p; for given pg, n, and N. See also figure 6 for a plot of 27r/A¢ as a function of py and py,
which shows a smooth transition from outward spikes to rounded spikes for fixed n and N.

- 11 -
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Figure 6. Contour plot of 2r/A¢ as a function of pg and p;: an integer on each contour represents
the value of 27 /A¢ for given py and py, which has to be n/N for n-spike strings with the winding
number N. The two red lines, p; = po and p1 = § — po, separate the po-p1 plane into three regions
which accommodate outward spikes, rounded spikes, and inward spikes, respectively. We find in
particular that the string shape has a smooth transition from outward spikes to rounded spikes, as
po increases from 0 to 7/4 for fixed n and N. Another important observation is that for inward
spikes, p1 < § at po = § for a finite 27r/A¢ (see the right zoom-in figure around (po, p1) = (5, §))-

Energy and spin. For later convenience, we provide the energy and the spin (2.17)-
(2.18) for the present class of solutions by using eq. (4.4) as

S R Pmax 2 h— w2sin2
p= 8 R o) [ apsinap VLI @)
R 21« pomin \/sin? 2p — sin? 2py
21 Pmax i in%2p — sin? 2
—R—,x—(2n)/ dpwsmp\/sm p — sin pO, (4.8)
2ol 2 Omin cosp +/cos? p — w?sin? p

where we used eq. (2.20) to derive eq. (4.7). In the rest of the section, we study the three
types of string solutions in more details.

4.1 Outward spike solutions

We begin with outward spike solutions (po < p1 < § — po), whose typical shapes are
given in figure 7. See also the left panel of figure 10 for strings with more windings. To
identify the shapes, first we derive a relation between pg and p;. If the number of spikes n
and the winding number N are specified, we may derive the relation from the periodicity
condition (4.5)—(4.6) as

(4.9)

2N 9 /Pl d V2 sin 2pg cos 2p — cos 2y
n " Jp | sinppsin2p\ cos?2pg —cos?2p
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Figure 7. Typical shapes of outward spike solutions. The left panel shows the solution with three
outward spikes and one winding for pg >~ 0.41 and p; = 7. The right panel shows the solution with
two outward spikes and one winding for pg ~ 0.54 and p; ~ 1.03. The latter type of solutions are
specific to de Sitter space.
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Figure 8. Typical shapes of spiky strings with three outward spikes in flat space (the left panel)
and AdS (the right panel).

Now, we are left with one parameter pg, which characterizes the size of the string. If we
further specify pg, we may identify the shape of the string simply by integrating

@ _ 41 V2 sin 2pg \/ cos 2p — cos 2p1 (4.10)

dp sin py sin2p \ cos?2pg — cos22p

For example, the plots in figure 7 are obtained in this way. It is also instructive to compare
the shapes there with those in flat space and AdS. See figure 8. We find that in de
Sitter space, the inner turning points shift outward compared to the flat space case due
to de Sitter acceleration whereas in AdS, the inner turning points shift inward due to AdS
deceleration. In particular, the n = 2N case reflects this effect most clearly: as depicted

~13 -



0.5

0.4 —=
0.3 . % — Folded
[ 2 — n=2
0.2 4
0.1 — n=6
%P00 0.05 0.0 015 020 025 030 035
s
0.5
0.4 —
— Folded
03}
) / o
0.2 # ~ nea
01 — n=6

000.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
S

Figure 9. Regge trajectories of outward spike solutions (the upper panel) and rounded spike
solutions (the lower panel) for the winding number N = 1. The spin S and the energy E are
plotted in units of R?/a’ and R/c’, respectively, as before. For comparison, we also illustrate
the Regge trajectory of one-folded strings. The dotted curves in the lower panel are the Regge
trajectories for outward spikes, which are smoothly connected with those for rounded spikes.

in the right figure of figure 7, de Sitter space accommodates spiky strings which can be
thought of as a fatter version of the folded strings. Both in flat space and AdS, such a
spiky string is not stable because the string tension always overcomes the centrifugal force,
so that it collapses to the folded string. In sharp contrast, de Sitter acceleration helps the
spiky string to maintain the shape without collapsing into a folded string.

Regge trajectories. Using the pp-p; relation (4.9), we can calculate the energy E and
the spin S as a function of pg, which defines Regge trajectories. See figure 9 for those of
winding number N = 1 solutions. First, we find that each trajectory has an approximately
linear form up to the maximum spin point and then it turns back, similarly to the folded
string case. In particular, the spin at the turning point is smaller than that of the folded
string. As a result, the spectrum satisfies the Higuchi bound. We also find that the tilt in
the linear region is steeper for strings with a larger number of spikes. Second, the upper
endpoint of the Regge trajectory does not touch the vertical axis S = 0 in contrast to
the folded string case. In the next subsection, we show that the trajectory is smoothly
connected to that of rounded spike solutions, which touches the vertical axis S = 0. Third,
spiky strings with a fixed winding number N scan a finite region of the energy-spin plane.
Therefore, to obtain solutions with a larger spin, we need to increase the winding number
N. See figure 10.

Besides, another remark is needed on the Regge trajectory of n = 2NN solutions. See
the red curve in the upper panel of figure 9 for n = 2 and N = 1. As we mentioned,
the n = 2N solutions can be thought of as a fatter version of folded strings, which are
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Figure 10. The left panel shows the shape of spiky string with 8 outward spikes and 3 windings
for pg ~ 0.025 and p; = 0.1. The right panel shows the Regge trajectories of different windings.
The spin S and the energy E are plotted in the units of R?/a’ and R/a/, respectively.

supported by de Sitter acceleration. Then, one may expect that such solutions collapse
into folded strings when the string is small and so the support of de Sitter acceleration is
not enough. Indeed, we find that the Regge trajectory of n = 2N outward spikes branches
from the turning point of the folded string trajectory.

Short strings. To provide more quantitative discussion, let us study the short string
regime of outward spike solutions:
m
1007 p]. << 5 . (411)

For such short strings, the pp-p; relation (4.9) is approximated as

M PO p1 dp\/Pli2 P1— PO N (1—2]\7>p1_p0 (4.12)
Y N T

This shows that pg = 0 for n = 2N at least under the short string approximation, which

is consistent with the fact that the n = 2N solutions are extrapolated to folded strings as
they become smaller. Also, the energy and spin are approximated as

Pl 2 2 N
E:ﬁxgn/ LYl (1-) B (413)
yiyes n [0

\/,0 — P \/p —p? 2,
R? Pt \/P —Po nR? R?
S~ =—— (=) =N (1—> — (4.14)

~ X 2n dp p =
/ /
2T 00 /p% —p? 4o n

from which the energy-spin relation reads

E? ~ i,N (1 - N) S. (4.15)
« n

This correctly reproduces the linear Regge trajectory in flat space. We find that the tilt of
the Regge trajectory is steeper for a larger number of spikes. In particular, in the limit of
infinitely many spikes (for N fixed), the tilt approaches to %N . We will find in section 4.3
that steeper Regge trajectories are realized by inward spike solutions.
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Figure 11. Rounded spike solution for pg = 0.72 and p; ~ 0.86. We call the turning points defined
by p = m/2 — po rounded spikes.

Long strings. Finally, let us take a closer look at the long string regime. First, the
condition pg < p1 < § — po of outward spikes implies that pp cannot be larger than /4.
Also, as py approaches to w/4, p1 approaches to 7/4 and so the spin decreases essentially
because the closed string becomes nearly circular and the change of the worldsheet profile by
rotation becomes smaller. To interpolate the short string regime, where the spin increases,
and the long string regime, where the spin decreases, the Regge trajectory needs to have
the maximum spin.

More quantitatively, the maximum value of py depends on the number of spikes n
and the winding number N. As we mentioned earlier, we obtain the pg-p; relation (4.9)
depicted in figure 6, once n and N are specified. As we increase pg for given n and N, each
curve on the pg-p; plane enters the rounded spike regime at some critical value and so there
exists a smooth transition from outward spikes to rounded spikes. For example, the critical
value for n = 4 and N = 1 reads pg >~ 0.75, which corresponds to the upper endpoint of the
Regge trajectory (see figure 9). Beyond the critical value, the Regge trajectory describes
rounded spike solutions, which we study in the next subsection.

4.2 Rounded spike solutions

Next, we discuss rounded spike solutions (po < 5 — po < p1). See figure 11 for a typical
shape of the string, which is regular everywhere. As we have just mentioned, this class
of solutions are smooth continuation of outward spike solutions. Then, we may interpret
that outward spikes for p; < § — pp are rounded when py crosses the critical value defined
by p1 = § — po (for given n and N). Based on this interpretation, we call solutions with
p1 > 5 — po rounded spike solutions.

The procedure to identify the shape is parallel to the case of outward spikes. First, we
specify the number of spikes n and the winding number N, and derive a relation between
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po and p1 from the periodicity condition,

(4.16)

27N T/2=po  \/2sin2py | cos2p — cos2p;
— =2 dp — - 5 T
n 00 sin p1 sin 2p \l cos=2pg — cos* 2p

Then, integrating eq. (4.10), we may identify the shape of the string for each py. Notice
that this type of solutions do not exist for small pg. See figure 6. For example, the allowed
parameter range of pg for n =4 and N = 1 reads 0.75 < pg < 7.

Regge trajectories. Varying the value of py, we may draw the Regge trajectories as
depicted in the right panel of figure 9. There, for comparison, we also illustrate the Regge
trajectories of outward spike solutions by the dotted lines. Since rounded spikes exhibit
a smooth transition to outward spikes, the Regge trajectories are connected with those of
outward spikes. We also find that each Regge trajectory touches the vertical axis S = 0,
similarly to the folded string. However, as we discuss in the next paragraph, the mechanism
how the spin vanishes is different from the folded string.

Circular string limit. To see how the spin vanishes, let us consider the limit pg — 7.
Recalling that pg < p(o) < § — po, we find that in this limit, the solution is reduced to

(constant) , (4.17)

AN

p(o) = po =

which is nothing but the static circular string studied in ref. [66]. As discussed there, such
a static circular string solution exists in de Sitter space because the string tension and
the de Sitter acceleration balance and cancel each other out. Note that the equations of
motion (4.1)—(4.2) are satisfied for an arbitrary value of w, since rotations do not change the
worldsheet profile and so they are gauge degrees of freedom. The conserved charges (2.17)—
(2.18) for these circular strings read

EFE=—— §=0. 4.18

2a/ ( )
In particular, the string has no spin for an arbitrary w because the circular string has no
structures generating nonzero angular momenta.

4.3 Inward spike solutions

Finally, we discuss inward spike solutions (p1 < pg < § — po), whose typical shape is

illustrated in figure 12. The procedure to identify the shape is parallel to the case of
outward and rounded spikes. First, we specify the number of spikes n and the winding

number N and derive a relation between py and p; from the periodicity condition,

2T N _ Pod V2 sin 2pg \/ cos 2p — cos 2p; (4.19)

n o1 sin p1 sin2p \| cos?2pg — cos?2p

Then, by integrating eq. (4.10) for a specific value of pg, we may identify the shape.
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Figure 12. Solution with three inward spikes and one winding for pg = 7/5 and p; ~ 0.46.

05
0.4f - e T
0.3 »»»»» Folded
X — n=2
0.2 — n=4
. .
0.1 "

0(')(?00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
S

Figure 13. Regge trajectories of inward spike solutions for NV = 1. The spin S and the energy FE
are plotted in the units of R?/a’ and R/a’, respectively. For comparison, we illustrate the Regge
trajectory of the one-folded string by the dotted blue curve.

Regge trajectories. The Regge trajectories are illustrated in figure 13. Similarly to the
previous cases, each Regge trajectory has the maximum energy and spin, which is helpful
for the spectrum to satisfy the Higuchi bound. In contrast to outward spikes, the tilt in
the short string regime decreases as the number of spikes increases. However, the tilt is
always steeper than those of outward spike solutions and folded strings, as we discuss in
the next paragraph in more details. Note that the Regge trajectory does not touch the
vertical axis S = 0. As far as we know, there are no solutions at least within our ansatz
that extrapolate the trajectory to S = 0, in contrast to the outward spike case.

Short strings. Then, let us take a closer look at the short string regime:
m
po, p1 K 5" (4.20)

For such strings, the pg-p; relation (4.19) is approximated as

21N po d \/p p? - oON
7T / p ! pO ,01 — (1 + n> P1 = pPo, (421)
P1

p—p 1
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which implies that spiky strings can have an arbitrary number of inward spikes n and an
arbitrary winding number N (recall that inward spike solutions in the short string regime
have a condition n > 2N). Also, the energy and the spin are approximated as

R po R N\ R
E:7><2n _n P() =2N <1+) —P1, (4.22)
n/)«a

/
2o /p p /p —p? T2/ P1
R? po o \[PP=PF R R?
S =N (145 ) A (4.23)

X2n [ dpp P

- 2ma/ o 02— p? 4o/

which reproduce the linear Regge trajectories in flat space,
4 N
E?~—N (1 - ) S. (4.24)
o n

We find that the tilt of the Regge trajectory decreases as the number of inward spikes

increase. In particular, in the limit of infinitely many spikes, the tilt approaches to %N .

Long strings. Finally, let us consider the long string regime. As depicted in figure 6, we
always have p; < pg even in the limit pg — 7 for a finite n. For example, for inward spike
solutions with n = 2 and N = 1, p; is bounded as p1 < 0.784(< 7), which is saturated
when pg = 7. Therefore, the string shape does not approach to a circular form as long as
we consider a finite n. This is why the upper endpoint of the Regge trajectory does not
touch the vertical axis S = 0. This is analogous to the outward spike case, but there are no
analogue of rounded spike solutions that extrapolate the Regge trajectory of inward spike
solutions to S = 0, at least within our ansatz.

We conclude this section by summarizing implications of our results. First, in the
short string regime, Regge trajectories of spiky strings have a steeper tilt than that of
folded strings. This means that Regge trajectories of spiky strings are subleading Regge
trajectories (whose contributions to the Regge limit amplitudes are subleading). Second,
similarly to the folded string case, each Regge trajectory has the maximum spin and energy.
In particular, this property is helpful for the spectra to be consistent with the Higuchi
bound. This also implies that a single Regge trajectory has a finite number of higher-spin
states, in contrast to flat space and AdS. Third, we found that spiky string solutions for a
fixed winding number N scan a finite region on the energy-spin plane. Therefore, in order
to have an infinite number of higher-spin states, we need to take into account an infinite
number of Regge trajectories with an increasing winding number N. It would be important
to further study implications of this result for high-energy scattering in de Sitter space.

5 Spiky strings with internal motion

Finally, we study spiky strings with internal motion (see ref. [52] for the corresponding
solutions in AdS3 x S'). We employ the full ansatz (2.12), under which the equations of
motion are egs. (2.13)—(2.15). For later convenience, we introduce a new variable r by

r=sin?p, (5.1)
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which will be used mainly in the rest of the section instead of p. To follow the string
dynamics, we first integrate the equations of motion (2.14)—(2.15) as

_ wNr 4 vy B
- \/5 (1 T)a

wNr + v/ 1—r
5= 5.3
vw' + N1 —v2—r) r (5-3)

C (5.2)

where C' and A are real integration constants. Notice here that nontrivial solutions with
v # 0 exist only when 1)’ is o-dependent, otherwise r has to be a constant. Also note that
we have four parameters (w, v, C, \) characterizing the solutions.

Then, we reformulate egs. (5.2)—(5.3) such that ¢’ and p’ are expressed in terms of
variables without derivatives. First, eq. (5.3) implies

)\(1—7’—1/2)—w(1—r)‘

/
=N
v " v(l—r— dwr)

(5.4)

Second, as discussed in appendix A.l, we can reorganize eq. (5.2) together with eq. (5.4)
into the form,

r—rA)(r—rB)(r—r(;).

" = 4r(1 —r)p”? :Tr2(1—7“)2( 5
(r—rs)

(5.5)

This shows that for generic values of (w, v, C,\), r"? has a double pole and three zeros, in
addition to the two double zeros located at r = 0,1. The location of the double pole is
determined by w and X alone as

B 1
14w

rs (5.6)

On the other hand, the locations of the three zeros depend on the four parameters
(w,v,C,\) in a more complicated manner, which we denote by r4, rp, and r¢ (see ap-
pendix A.1 for details). Note that r4 pc are complex in general. Besides, the overall
constant 1" reads

_ANZNY (14 w?)

C(1+dw)? (5.7)

which is non-negative since N is a positive integer and w, A, and C are real numbers.
Integrating eqs. (5.4)—(5.5) gives string solutions for given (w, v, C, ).

5.1 Owutward and inward spike solutions

Now we are ready to study shapes and Regge trajectories of the solutions described by
our ansatz (2.12). Our task is basically parallel to the one in section 4, but it is more
complicated simply because there are more parameters of the solution. In the present
paper, for illustration, we focus on two classes of solutions that reduce to those of the
previous section in the limit J — 0, which simplifies the analysis considerably. We call
them outward spike solutions and inward spike solutions by analogy with the solutions in
section 4. In the following, we present properties of these solutions.
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Ansatz on 74, 7B, Tc, and rg. In section 4, we demonstrated that shapes of the string
depend on the location of zeros and poles of p2. Similarly, the outward and inward spike
solutions can be classified based on the values of r4, rg, r¢, and rg. First, for both classes
of solutions, 74, rg, and r¢ are all real and positive. Without loss of generality, we assume
that r4 < rg < r¢. These values relative to rg are also relevant for us, based on which we
perform the following classification:

Outward spike solutions: r4 < rp <rg <rc, (5.8)

Inward spike solutions: rg <rgq <rp <rc. (5.9)

In appendix A.2, we show that in the limit J — 0, these solutions indeed reduce to their
counterparts in section 4.

Reality conditions. Next let us take care of reality conditions. First, eq. (5.5) shows
that reality of (o) requires r4 < r(o) < rp or r(o) > r¢ (recall that the overall coefficient
T is positive). Also, in order for the closed string to form a loop, 7’ has to flip the sign
somewhere on the worldsheet, otherwise the string stretches forever. Then, for the outward
and inward spike solutions, the string has to be inside the regime r4 < r(o) < rp.

Periodicity conditions. Finally, we take into account global structures of the string.
As before, the angle A¢ (on the 7-¢ plane) between the two spikes? has to be quantized
appropriately. More explicitly, for n-spike solutions, we require

Ag = @ . (5.10)

Within the ansatz (5.8)—(5.9), an explicit form of A¢ reads

"B dr 2N [TB  dr Ir —rg|
Ad = 2N - == . 5.11
R R, e N e eI

In the present setup, we also need to take care of periodicity along the internal S'. For

simplicity, we assume that the string has no winding along the S, which implies

2nNrg ("8 dr AN(1-1?—r)—w(l-7)
T Jry 1-7 \/(T_TA)(T_TB)(T_TC).

Here the plus and minus signs are for outward and inward spike solutions, respectively. As

"B dr
=

A

2m
0= doyy’ = 2n/

0

(5.12)

we mentioned, there are four parameters of the solutions. If we specify the number of spikes
n and the winding number N, there are two constraints originating from the periodicity
conditions. Then, we are left with two degrees of freedom characterizing the size of the
string and the internal motion.

Shapes. In figure 14, we illustrate outward and inward spike solutions for n = 3 and
N = 1. The four parameters (w, v, C, \) are chosen such that the two periodicity conditions
are satisfied. In contrast to the case without internal motion, the spikes are indeed rounded.

2As we see shortly, the string is smooth everywhere for v # 0, but we can interpret that spikes are
rounded, similarly to the rounded spikes in section 4. Therefore, we use the terminology “spikes” as before.
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Figure 14. Shapes of outward spike solutions and inward spike solutions: p4 and pp are defined by
ra=sin?pu (0 < pa < %) and similarly for pp. For outward spike solutions, we chose (w,v, C, \) ~
(0.89,0.47,0.41,1.31), which corresponds to (pa, pp) =~ (0.41,0.71). For inward spike solutions, we
chose (w,v,C,\) ~ (1.65,0.51,0.94, 2.57), which corresponds to (pa, pp) ~ (0.47,0.60).

Regge trajectories. Finally, we study Regge trajectories. First, substituting eqgs. (5.2)—
(5.3) into eqs. (2.17)—(2.19), we find a simplified expression for conserved charges:?

NR X [?7 (1—r)?—C?

E= 2o’ C Jo dor 1—7r—Jdwr (5.13)
r N2 2
_ 4 NR 2nArg ("B dr (1—-r)y-C 7 (5.14)
2 OVT Jry 1=1/(r—ra)(r—1p)(r—1rc)
NR?21 [2m (1 —7)riw—C?
= — d 1
s 2ma C Jy 1—7r—dwr (5.15)
NR? 2 T 1-— —C?
_ 4 R* 2nrg ("B dr 1—-r)riw-=C_ ’ (5.16)
200! OT Jry 1 =1 /(r—ra)(r—7rg)(r—rc)
NR? 1 27 (1—r)2? - C*(\—w)
_ RS 1
d 2o vC Jo dor 1—r—)wr (5.17)
N 2 2 r 1— 2 _ 2 _
. R* 2nrg B dr  (1—r)Av*—=C*(\—w) (5.18)

210 yOT Jra 1 =7/ (r—ra)(r—rp)(r—rc)’

where the plus and minus signs are again for outward and inward spikes, respectively.

As we mentioned, once we specify the number of spikes n and the winding number
N, we are left with two degrees of freedom associated with the size of the string and the
internal motion. If we further specify the internal charge through eq. (5.18), we are left
with one degree of freedom characterizing the size of the string. Then, by varying the size
of the string, we can draw Regge trajectories for fixed n, N and .J. See figure 15 for Regge
trajectories of outward and inward spike solutions with n = 3, N = 1, and different values

3To derive them, it is convenient to use eq. (A.1) and eq. (A.3) provided in appendix.
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Figure 15. Regge trajectories of spiky strings with internal charges. The left and right figures are
for outward and inward spike solutions, respectively. For comparison, we also illustrate the Regge
trajectory of the folded string in the dotted lines. The energy, spin and internal charge are in the
units of R/a’, R?/a’ and R?/d’, respectively.

of J. We find that as the internal charge increases, the Regge trajectory shifts upwards.
Also, the maximum spin decreases and the maximum energy increases. In particular, Regge
trajectories for fixed n and N scan a finite region of the energy-spin plane. These properties
are qualitatively the same as folded strings with internal charges and spiky strings without
internal charges, respectively. Besides, we find that Regge trajectories for outward spikes
touch the vertical axis S = 0 twice. This explains that in the limit J — 0, outward spike
solutions reduce to both the outward and rounded spike solutions presented in the previous
section. See appendix A.2 for more details.

6 Summary and discussion

In this paper, we studied a class of semiclassical strings in de Sitter space and the corre-
sponding Regge trajectories. Within the rigid string ansatz (2.12), there are two classes of
solutions: folded strings and spiky strings. First, we showed for folded strings that there
exist the maximum spin and energy in each Regge trajectory for a fixed internal charge and
a fixed folding number. This means that a single Regge trajectory includes only a finite
number of higher spin states in sharp contrast to the flat space and AdS ones. Also, as
the internal charge increases, the maximum spin decreases. While this property is helpful
for the spectrum to be consistent with the Higuchi bound, it implies that Regge trajecto-
ries with a fixed folding number (and different internal charges) scan a finite region of the
energy-spin plane. We demonstrated that the same properties hold for spiky strings too.
This implies that in order to have infinitely many higher-spin states (within our ansatz),
one needs to consider infinitely many Regge trajectories with an increasing folding number.

More intuitively, the above mentioned properties are natural consequences of de Sitter
acceleration. First, the string can have a large spin if it is long and rotates with a large
angular velocity. On the other hand, causality requires that the string worldsheet cannot
propagate faster than the speed of light, which gives an upper bound on the string length
in terms of the angular velocity. In flat space and AdS, the string stretches with an infinite
length if the angular velocity approaches to zero. In particular, the large string length
competes against the smallness of the angular velocity, so that strings have larger spins as
they spread more. In sharp contrast, de Sitter space has an acceleration, so that there exists
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a natural cutoff dictated by causality: the string cannot rotate anymore when touching the
horizon. Therefore, the only way for a string to have a large spin is to shrink inside the
horizon, fold as much as possible, and rotate quickly. This is why string Regge trajectories
in de Sitter space are qualitatively different from the flat space and AdS ones. Besides, de
Sitter acceleration makes spiky strings fatter, leading to several new classes of solutions
which do not exist in flat space and AdS.

As a concluding remark, we would like to present several interesting future directions.
The first question to ask is about high-energy behavior of string scattering in de Sitter
space. Recall that in flat space and AdS, string scattering has a mild high-energy behavior
due to existence of infinitely many higher-spin states. In particular, high-energy scattering
is captured by a widely spreading worldsheet, which implies an exponential suppression of
the amplitudes. On the other hand, in order to have sufficiently many higher-spin states in
de Sitter space, one needs to consider strings shrinking and folding inside the horizon. At
least naively, this would suggest that the way of stringy UV completion could be different in
de Sitter space compared to flat space and AdS. It would be important to study this issue
further by generalizing developments in holographic correlation functions in AdS [57-63],
which would provide cosmological Veneziano amplitudes. A related important question
is to formulate a framework to study consistency of high-energy scattering in de Sitter
space. For example, in the case of AdS, we know what are the AdS analogues of the Regge
limit amplitudes and the hard scattering amplitudes (see, e.g., [67-76]). For de Sitter
space, there is a known flat space limit of late-time correlators corresponding to the hard
scattering limit (see, e.g., [70, 77, 78]). However, to our knowledge, its understanding is
still limited compared to the AdS case, even at the quantum field theory level before taking
into account stringy effects. It would be important to clarify which kinematics of which
quantities is useful to define consistency of high-energy scattering in de Sitter space. We
hope that this direction would open up a new road toward understanding of de Sitter space
in string theory.
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A Detalils of spiky strings with internal motion

In this appendix, we summarize details of spiky strings with internal motion.

A.1 Derivation of eq. (5.5)

We begin by providing a derivation of eq. (5.5). For this, it is convenient to note the
following relation which follows from eq. (5.4):
(1-22) - (1+w?)r

wNr + vy = Nrgr , (A.1)
rs—r

where we defined
1

14+ M

rg = (A.2)

Substituting this into eq. (5.2) gives

2

~ (wNr+ v )2 (1 —r)? B N2\%rZ p2(1—1)? oo 9
D= o =~ (g —1)? ((1 vr)—(1+w )r) . (A3)
On the other hand, we can reformulate eq. (2.16) using eq. (5.4) as
N2rZ (1 —r7)
— 2\ 2 2 S . .
D= ((1-v)—(1+uw?)r) (p s FO ) (A.4)

where F'(r) is a quadratic polynomial defined by
F(r)= (A= w)?r? + ((1+ X2 = (A = w)?) r =12 (A.5)
Comparing eq. (A.3) and eq. (A.4) gives

, N22%2 r(1—7) C?
p2 — ot S . (TS — r)Q . |j“(7“ — 1) ((1 + w2)7“ — (1 — 1/2)) + )\2V2F(7’)] . (AG)

Then, we conclude that

ANZX*(1+w?h)rg r?(1—1)? ~
2 _ o2 s . 1,3
re=dr(1—r)p~ = o2 (g —1)? [r + F(r)} ) (A7)
where F’(r) is a quadratic polynomial defined by
F(r)= b —((T+ )+ A=)+ 1 —vH)r+ C—2F(r) . (A.8)
1+w? A2p2

This reproduces eq. (5.5) by identifying r4 g ¢ with three solutions for 73 + F (r) =0.

A.2 J =0 limit

Finally, we discuss the limit where the internal charge vanishes J = 0. First, the internal
velocity v and the internal space dependence v’ of the string have to vanish to reproduce
the solutions in section 4. In particular, eq. (5.4) shows that this is achieved in the limit

N—wil<rPkl. (A.9)

Note that 1)’ diverges if we take the limit v? < (A — w)? < 1 instead. Then, let us study
properties of 74 p ¢ for A = w with a finite . Under this assumption, the defining equation
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Outward spikes Rounded spikes Inward spikes

Figure 16. The blue curves are y = (r — rg) (r2 —r+ %2), which intersect with the r-axis at

r = 79,70,7s. The red curves are y = v?rgr(1 — 7). The intersection points of the blue and red
curves are the three solutions r4 g ¢ of eq. (A.10). In the limit v — 0, the three solutions approach
to 79,70, Ts, and the solutions in section 4 are reproduced. For example, when ry < rg < 7, finite
v solutions with r4 < rg < rg < r¢ are reduced to the outward spike solutions.

s+ ﬁ’(r) =0 of r4 p,c is reduced to

(r—rg) <T2 —r+ Sj) = virer(l—r), (A4.10)

where note that 75 = (1 + w?)~! in the limit A = w. If we further take the limit v — 0,
one of 74 g ¢ coincides with rg. Therefore, the double pole at r = rg and one of three
zeros collide and form a single pole at r = rg, which is identified with a single pole of p'?
at p = p1 shown in eq. (4.4).

To see how the limit ¥ — 0 reproduces the three classes of solutions in section 4, let
us parameterize the two solutions r = rg, 7y for r? —r + %j =0 as

ro =sin?py, 7o = sin? (;T - ,00) = cos? po , (A.11)

where pg is identified with that in section 4. Notice that we can employ this parameteri-
zation without loss of generality since rg + 79 = 1. Also, in order for r¢ and 7y to be real,
0<rogrg= %22 < % has to be satisfied, under which we can choose pg such that 0 < py < 7.
The classification in section 4 is then rephrased as

e 19 < rg < ro: outward spike solutions,
e 19 < g < rg: rounded spike solutions,
e rg <19 < To: internal spike solutions.

As depicted in figure 16, the outward spike solutions and rounded spike solutions are
obtained in the limit v — 0 of solutions with the ordering r4 < rp < rg < r¢, whereas the
internal spike solutions are obtained from those with rg < ra < rp < rc.
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