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Chapter 1

Forward Selection for Feature
Screening and Structure
Identification in Varying Coefficient
Models

1.1 Introduction
Nowadays, high dimensional data are frequently collected in diverse scientific fields such
as genomics, finance, economics, biology, and so on. Their main characteristic is that the
total number of covariates is much larger than the sample size. However, it is believed that
the number of relevant covariates is relatively smaller than the total number of covariates.
Sparse regression models draw much attention to the analysis of high dimensional data,
and variable selection is an important task. To carry out variable selection, penalized least
squares procedures have been proposed. They include the Lasso by Tibshirani (1996),
the SCAD by Fan and Li (2001), and the group Lasso by Yuan and Lin (2006), to name
just a few. However, when there are too many covariates, these procedures may not work
well due to computational complexities and algorithmic instabilities.

To cope with this issue, Fan and Lv (2008) proposed the sure independence screening
(SIS). The purpose of SIS is to remove irrelevant covariates sufficiently, so that penalized
least squares methods can work well at the subsequent step. SIS selects covariates which
are highly correlated with the response, and the computational cost is small. SIS can select
all relevant covariates with probability tending to one under some conditions. After their
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work, feature screening procedures such as model-based methods which specify marginal
models between the response and each covariate (Li et al. 2012a; Fan et al. 2011; Fan et al.
2014), or model-free methods which employ relevance measures between the response and
each covariate (Zhu et al. 2011; Li et al. 2012b; Mai and Zou 2015) have been proposed.
Liu et al. 2015 gave reviews for these methods.

However, these feature screening procedures tend to select many irrelevant covariates
when they are highly correlated with relevant covariates. They also tend to miss relevant
covariates which are marginally uncorrelated with the response. Iterative methods have
been proposed to address these matters, but theoretical justification is not provided. An
additional approach to carry out feature screening is forward selection. Wang (2009)
proved that a forward selection procedure can also select all relevant covariates with
probability tending to one in linear models. His simulation studies also showed that the
forward selection procedure selects much fewer irrelevant covariates than SIS, although
both are competitive in selecting relevant covariates. After his work, Cheng et al. (2018)
proposed more efficient forward selection methods for linear models. Cheng et al. (2016),
Honda and Lin (2021), and Zhong et al. (2020) studied forward selection procedures for
nonparametric models.

In real practice, complex relationships between covariates and the response often arise,
and varying coefficient models are useful in capturing them. Variable selection procedures
have been proposed for varying coefficient models, as in Wang et al. (2008), Wang and
Xia (2009), and so on. Some authors also studied feature screening for varying coefficient
models, as in Song et al. (2014), Liu et al. (2014), Fan et al. (2014), and Cheng et al.
(2016). In particular, Cheng et al. (2016) demonstrated desirable properties of forward
selection procedures.

It is possible that there are covariates having constant coefficients in varying coefficient
models, and such models are called as partially linear varying coefficient models. Iden-
tifying these covariates is also crucial to reduce model complexities. Some authors have
proposed simultaneous variable selection and structure identification procedures based
on penalized least squares. For example, see Cheng et al. (2014), Wang and Lin (2016),
Honda and Yabe (2017), and Honda et al. (2019). On the other hand, as far as we
know, no author has developed simultaneous feature screening and structure identifica-
tion procedures. Existing feature screening methods for varying coefficient models do
not include structure identification. Hence, they do not explicitly select partially linear
varying coefficient models. We aim to address this issue.

In this paper, motivated by desirable properties of forward selection procedures pro-
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posed by Cheng et al. (2016) and the orthonormal basis proposed by Honda and Yabe
(2017), we propose a forward selection procedure for simultaneous feature screening and
structure identification in ultra-high dimensional varying coefficient models. Unlike exist-
ing feature screening procedures, our procedure classifies all covariates into three groups:
covariates with constant coefficients, covariates with non-constant coefficients, and co-
variates with zero coefficients. Hence, our procedure can explicitly select partially linear
varying coefficient models. Under some conditions, we establish the screening consistency
for our procedure with EBIC stopping rules. Numerical studies show that our procedure
performs well in finite sample.

The rest of this paper is organized as follows. In Section 1.2, we introduce notations
and our forward selection procedure. In Section 1.3, we give assumptions and main
theoretical results for our procedure. In Section 1.4, results of numerical studies are
presented. Conclusions are stated in Section 1.5, and proofs of theoretical results are
given in Section 1.6.

1.2 Forward Selection Procedure

1.2.1 Model and Notations

Before we describe our forward selection procedure, we introduce notations used through-
out this paper. |A| represents the number of elements in a set A. {x}+ is the maximum
value of x and 0 for a scalar x. ∥a∥ and aT stand for the Euclidean norm and the trans-
pose for a vector a. ∥f∥2 and ∥f∥∞ denote the L2 and sup norms for a function f on the
unit interval. λmax(A) and λmin(A) denote the maximum and minimum eigenvalues of a
matrix A. The spectral norm and the maximum element in absolute value of a matrix A

are denoted as ∥A∥ and ∥A∥∞. P−→ stands for convergence in probability.
Suppose that we have n i.i.d. observations {(X i, Yi, Zi)}ni=1 from the varying coefficient

model

Yi =

p∑
j=1

gj(Zi)Xij + ϵi, (1.1)

where Yi is a response variable, X i = (Xi1, · · · , Xip)
T is a p dimensional covariate vector,

Xi1 = 1, Zi is an index variable on the unit interval, gj(z) is an unknown smooth function
on the unit interval for j = 1, . . . , p, and ϵ is an error term with mean 0 and variance
σ2 > 0. We denote X = (X1, . . . ,Xn)

T and Z = (Z1, . . . , Zn)
T . To identify constant

coefficients and non-constant coefficients, we decompose gj(z) into its constant part and

3



its non-constant part. This means

gj(z) = gcj + gvj(z),

gcj =

∫ 1

0

gj(z)dz,

gvj(z) = gj(z)−
∫ 1

0

gj(z)dz.

gcj and gvj(z) are orthogonal since
∫ 1

0
gcjgvj(z)dz = 0. Let us denote the index sets by

Sc = {j : gcj ̸= 0} , Sv = {j : gvj(z) ̸≡ 0} .

Notice that j ∈ Sc ∩ Sc
v implies that gj(z) is a constant coefficient, and j ∈ Sv implies

that gj(z) is a non-constant coefficient. If j ̸∈ Sc ∪Sv, then gj(z) is a zero coefficient. Let
|Sc∪Sv| = p0. Throughout this paper, we assume that p0 is a fixed positive constant. We
also assume that {1} ⊂ Sc.

We employ the orthonormal basis B(z) = (B1(z), . . . , BL(z))
T introduced by Honda

and Yabe (2017) to estimate coefficients. We can construct B(z) from the equispaced
B-spline basis B0(z) = (B01(z), . . . , B0L(z))

T whose order is larger than or equal to two.
We can write B(z) as B(z) = A0B0(z) where A0 is calculated numerically. Note that
B1(z) = 1/

√
L,B2(z) = 12/

√
L(z − 1/2), and∫ 1

0

B(z)BT (z)dz = L−1IL,

where IL is the L×L identity. Here we take L = CLn
1/5 for some positive constant CL to

simplify our presentation. By choosing a suitable L dimensional vector γj = (γ1j,γ
T
−1j)

T ,

we can represent gcj and gvj(z) as

gcj = B1(z)γ1j,

gvj(z) = BT
−1(z)γ−1j + rj(z),

where B−1(z) = (B2(z), . . . , BL(z))
T and rj(z) is an approximation error. Hence, B1(z)γ1j

is the constant part of gj(z), and BT
−1(z)γ−1j gives the approximation for the non-constant

part of gj(z). Note that we take γ1j = 0 if gcj = 0 and γ−1j = 0 if gvj(z) ≡ 0. Then the
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model (1.1) can be expressed as

Yi =

p∑
j=1

{B1(Zi)γ1j +BT
−1(Zi)γ−1j}Xij + ϵ∗i , (1.2)

where ϵ∗i =
∑p

j=1 rj(Zi)Xij + ϵi. Let us define

W 1j = (X1jB1(Z1), . . . , XnjB1(Zn))
T ,

W−1j = (X1jB−1(Z1), . . . , XnjB−1(Zn))
T ,

γ = (γ11,γ
T
−11, . . . , γ1p,γ

T
−1p)

T ,

W = (W 11,W−11, . . . ,W 1p,W−1p).

W 1j is an n dimensional covariate vector for the jth constant part, and W−1j is an n×
(L− 1) covariate matrix for the jth non-constant part. Notice that γ is a pL dimensional
vector, and W is an n× pL matrix. Then the matrix form of (1.2) is given by

Y = Wγ + ϵ∗, (1.3)

where Y = (Y1, . . . , Yn)
T and ϵ∗ = (ϵ∗1, . . . , ϵ

∗
n)

T . We will apply our forward selection
procedure introduced below to (1.3) for feature screening and structure identification in
(1.1).

Let Fc = {11, . . . , 1p}, Fv = {−11, . . . ,−1p}, and F = Fc∪Fv. Note that Fc includes
all indices of covariates for constant parts in (1.3), and Fv includes all indices of covariates
for non-constant parts in (1.3). Let

S0 = {1j : j ∈ Sc} ∪ {−1j : j ∈ Sv}. (1.4)

S0 includes indices of all relevant covariates in (1.3). Let W A denote an n×{|A∩Fc|+(L−
1)|A∩Fv|} matrix consisting of columns of W indexed by A ⊂ F . Let γA denote a vector
whose dimension is {|A∩Fc|+(L−1)|A∩Fv|} and it consists of components of γ indexed
by A ⊂ F . For example, if A = {11, 12,−11}, then W A = (W 11,W 12,W−11), and γA =

(γ11, γ12,γ
T
−11)

T . We also define γ̂A = (W T
AW A)

−1W T
AY and σ̂2

A = ∥Y −W Aγ̂A∥
2 /n.

For the Gram matrix W TW /n, let us define the sub Gram matrix and its expectation
as Σ̂S = W T

SW S/n and ΣS = E[Σ̂S] for any S ⊂ F , respectively. We use the extended
BIC (EBIC) proposed by Chen and Chen (2008) as the stopping criterion of our forward
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selection procedure. EBIC for any A ⊂ F is defined as

EBIC(A) = n · log(σ̂2
A) + {|A ∩ Fc|+ (L− 1)|A ∩ Fv|}(logn+ 2η log p),

where 0 ≤ η ≤ 1. Note that EBIC is equal to the BIC when η = 0. Let us denote Ek and
Fk as sets of candidate indices for Sc and Sv which our forward selection procedure has
selected from {1, . . . , p} at the completion of the kth step, respectively. We also define
Sk = {1j : j ∈ Ek} ∪ {−1j : j ∈ Fk}.

1.2.2 Forward selection procedure

We introduce our forward selection procedure.

(1) Set E1 = {1}, S1 = {11}, and F1 = ∅. Compute EBIC(S1).

(2) In the k + 1th step for k ≥ 1, Sk, Fk, and Ek are given. Find j∗ such that

j∗ = argmin
j∈F∩Sc

k

σ̂2
Sk∪{j}.

(3) Suppose that j∗ = −1j for some j ∈ {1, . . . , p}. Suppose further that we get
EBIC(Sk ∪ {j∗}) ≤ EBIC(Sk). If j ̸∈ Ek, then set Sk+1 = Sk ∪ {1j,−1j}, Fk+1 =

Fk ∪{j}, Ek+1 = Ek ∪{j}, and go back to (2) with changing k to k+1. Otherwise,
set Sk+1 = Sk ∪ {−1j}, Fk+1 = Fk ∪ {j}, Ek+1 = Ek, and go back to (2) with
changing k to k + 1. If EBIC(Sk ∪ {j∗}) > EBIC(Sk), then end (3).

Suppose that j∗ = 1j for some j ∈ {1, . . . , p}. If we get EBIC(Sk ∪ {j∗}) ≤
EBIC(Sk), then set Sk+1 = Sk ∪ {1j}, Fk+1 = Fk, Ek+1 = Ek ∪ {j}, and go back to
(2) with changing k to k + 1. Otherwise, end (3).

After the end of (3), we get Ek and Fk. If j ∈ Ek ∩ F c
k , we declare that Xij is a relevant

covariate with a constant coefficient. If j ∈ Fk, we declare that Xij is a relevant covariate
with a non-constant coefficient. If j ̸∈ Ek ∪ Fk, we declare that Xij is a covariate with a
zero coefficient. Note that when our forward selection procedure adds an index to Fk, it
also adds the same index to Ek, if the index does not belong to it yet. This is because
gvj(z) ̸≡ 0 implies gcj ̸= 0 in many cases. We may incidentally have some coefficient gj(z)
such that gcj = 0 and gvj(z) ̸≡ 0. For example, if gj(z) = z − 1/2, then gcj = 0 and
gvj(z) ̸≡ 0. However, having such coefficients rarely happens. Hence, Fk should be the
subset of Ek.
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Remark 1. Recently, spatio-temporal varying coefficient models draw attention. We can
modify our procedure for feature screening and structure identification of these models.
For example, consider a spatio-temporal varying coefficient model proposed by Serban
(2011):

Yij =

p∑
k=1

gk(ti, sj)Xk,ij + ϵij, (1.5)

where ti is the time point for i = 1, . . . , T , sj = (sj1, sj2) is the location point for j =

1, . . . , S. With appropriate scaling, we can assume that ti ∈ [0, 1] for i = 1, . . . , T and
sj ∈ [0, 1]× [0, 1] for j = 1, . . . , S. For simplicity, suppose that we can decompose gk(ti, sj)
into a time dependent function and a location dependent function:

gk(ti, sj) = hk(ti) + fk(sj).

Apply the orthogonal decomposition to hk and fk:

hk(t) = hck + hvk(t), hck =

∫ 1

0

hk(t)dt, hvk(t) = hk(t)− hck,

fk(x, y) = fck + fvk(x, y), fck =

∫ 1

0

∫ 1

0

fk(x, y)dxdy, fvk(x, y) = f(x, y)− fck.

Then, there are some γ∗1k and γ∗
−1k such that

hck = B1(ti)γ
∗
1k, hvk(ti) = BT

−1(ti)γ
∗
−1k + rt,k(ti),

where rt,k(ti) is an approximation error, and B(z) = (B1(z), . . . , BL(z))
T = (B1(z),B−1(z)

T )T

is the orthonormal basis given in this section. Note that if hck = 0 and hvk(t) ≡ 0, then
we set γ∗1k = 0 and γ∗

−1k = 0, respectively. We can also write

fck = B1(sj1)B1(sj2)a
∗
1,1,k, fvk(sj) = BT

−1,−1(sj)a
∗
−1,−1,k + rs,k(sj),

where rs,k(sj) is an approximation error, and

B−1,−1(sj) = (B1(sj1)B2(sj2), . . . , B1(sj1)BL(sj2),

B2(sj1)B1(sj2), . . . , BL(sj1)BL(sj2))
T ∈ RL2−1,

a∗
−1,−1,k = (a∗1,2,k, . . . , a

∗
1,L,k, a

∗
2,1,k, . . . , a

∗
L,L,k)

T ∈ RL2−1,
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for some (al,s,k)
L
l,s=1. Note that if fck = 0 and fvk ≡ 0, then we take a∗1,1,k = 0 and

a∗
−1,−1,k = 0, respectively. Let

St,c = {k : γ∗1k ̸= 0}, St,v = {k : γ∗
−1k ̸= 0},

Ss,c = {k : a∗1,1,k ̸= 0}, Ss,v = {k : a∗
−1,−1,k ̸= 0}.

These four sets above give the true structure of the model (1.5). We can also define
covariates for constant components and non-constant components for time dependent
functions and location dependent functions as in Section 1.2 of this paper. In this case,
we will employ the group Lasso in the forward selection of covariates with separating
penalties as in Luo and Chen (2014) and Honda and Yabe (2017), since non-constant
components for location dependent functions are relatively high dimensional. Theoretical
analysis and simulation studies for the method describe in this remark may be interesting
topics for future work.

1.3 Theoretical Results

1.3.1 Assumptions

To get theoretical insights of our procedure, we introduce following assumptions. First,
we state an assumption on the number of covariates.

Assumption 1. There exists a positive constant 1/5 < ξ0 < 4/5 such that

log p = O(nξ0).

This assumption allows us that the number of covariates is exponentially larger than
the sample size. In our theoretical analysis, the constant ξ0 should be larger than 1/5 to
stop our procedure after selecting all relevant covariates. ξ0 also should be smaller than
4/5 to get the penalty term of EBIC not too large so that our procedure does not stop
when some relevant covariates are not selected yet.

The next assumption is about eigenvalues for submatrices of the expected Gram ma-
trix.

Assumption 2. For any given integer M larger than p0, there exist positive constants
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τmin and τmax such that

τmin

L
≤ λmin(ΣS) ≤ λmax(ΣS) ≤

τmax

L
,

for any S ⊂ F satisfying |S| ≤M.

We can see this type of assumption in other papers such as Cheng et al. (2016), Wang
(2009), Lee et al. (2014), and Honda and Lin (2021). We use this assumption to bound
eigenvalues for submatrices of the Gram matrix. In this paper, we have to assume that
M diverges slowly, such that M = O(nξ) for some 0 < ξ < 1/10. This assumption
looks restrictive. However, if we admit that the order of M is larger than O(nξ), then
it is difficult to bound eigenvalues for submatrices of the Gram matrix via Bernstein’s
inequality. Hence, we decide to impose the small order on M to simplify presentation of
our paper.

Next, we introduce an assumption which is about conditional tail probabilities of
covariates.

Assumption 3. There exist positive constants K1, . . . , Kp and r1, . . . , rp ≥ 2 such that

P (|Xj| > t|Z) ≤ exp
(
1−

(
t

Kj

)rj)
, j = 1, . . . , p,

for any t ≥ 0, uniformly on the compact support of Z.

We can see this assumption in Fan et al. (2014). This exponential tail assumption
allows us to bound the higher order expectations of covariates in a simple manner. Un-
der this assumption, we can use Bernstein’s inequality in evaluation of eigenvalues for
submatrices of the Gram matrix.

Next, we state an assumption on each coefficient of our varying coefficient model.

Assumption 4. For j = 1, . . . , p, gj(z) is twice continuously differentiable and there
exists a positive constant Cg such that

p∑
j=1

∥gj∥∞ ≤ Cg,

p∑
j=1

∥g′j∥∞ ≤ Cg,

p∑
j=1

∥g′′j ∥∞ ≤ Cg.

Furthermore, there exists a positive constant Cmin such that

min
{

max
j∈Sc

|gcj|2,max
j∈Sv

∥gvj∥22
}
> Cmin.
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We can see the first part of this assumption in Honda and Yabe (2017). Under the first
part of this assumption, a linear combination of the orthonormal basis can approximate
nonzero coefficients up to the order of L−2. See Appendix A of Honda and Yabe (2017)
for properties of the orthonormal basis. Note that since we consider sparse models, only
the bounded number of coefficients are related to the first part of this assumption. Under
the second part of this assumption, at least a function among gj(z) is bounded away
from zero. The second part of this assumption may be restrictive compared with other
assumptions such as the beta min condition. However, under this assumption, we can
simply evaluate ∥γ∥ so that we can avoid unnecessary technical discussion.

Next, we state a sub-Gaussianity assumption on error terms conditionally on all the
covariates and the index variable.

Assumption 5. There exists a positive constant σ1 such that for any x ∈ Rn,

E
[
exp(xTϵ)|X,Z

]
≤ e∥x∥

2σ2
1/2.

As in Cheng et al. (2016), this assumption allows us to give the smaller order for
quadratic forms of error terms. Even though this assumption is only used for the evalu-
ation of these terms, it is important for our procedure to have the screening consistency
property.

Finally, we state an assumption on covariates.

Assumption 6. There exists a positive constant CX such that

max
i,j

|Xij| ≤ CX .

Under this assumption, covariates are not relevant in evaluating approximation errors
of the orthonormal basis. Hence, this assumption allows us to deal with approximation
errors in a simple way. We can see this uniformly bound assumption in other papers on
varying coefficient models such as Wang et al. (2008).

1.3.2 Main theorems

Now we present main theoretical results for our forward selection procedure. An impli-
cation of Theorem 1 is that differences of mean squared errors are large when not all
relevant covariates are selected yet. This result theoretically ensures that the forward
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selection procedure continues variable selection while there is a relevant covariate which
is not selected yet.

Theorem 1. Suppose that Assumptions 1-6 hold with M = O(nξ) for some 0 < ξ < 1/10.
Then, there exist some positive constant D∗ and some sequence of positive numbers {δ2n}
tending to zero sufficiently slowly such that with probability tending to one, we have

max
l∈F∩Sc

{nσ̂2
S − nˆ̂σ2

S∪{l})} ≥ n(1− δ2n)D
∗, (1.6)

for any S ⊂ F satisfying |S ∪ S0| ≤M and S0 ̸⊂ S.

Theorem 2 establishes the screening consistency for our procedure. Namely, our pro-
cedure can select all relevant covariates consistently.

Theorem 2. Suppose that Assumptions 1-6 hold with M = O(nξ) for some 0 < ξ < 1/10.
Let T ∗ be the smallest integer larger than or equal to {(1 − δ2n)D

∗}−1Var(Yi). If 2T ∗ ≤
M − 2p0, then, with probability tending to one, we have

Sc ⊂ Ek and Sv ⊂ Fk for some 1 ≤ k ≤ T ∗. (1.7)

Theorem 3 shows the validity of EBIC stopping rules for our forward selection proce-
dure.

Theorem 3. Suppose that Assumptions 1-6 hold with M = O(nξ) for some 0 < ξ < 1/10.

If S0 ̸⊂ Sk−1, S0 ⊂ Sk, and k ≤M , then our forward selection procedure stops at the kth
step with probability tending to one.

Remark 2. Note that Theorem 2 does not imply that Sc∩Sc
v ⊂ Ek ∩F c

k for some k with
probability tending to one. It means that the proposed procedure may identify constant
coefficients as non-constant coefficients incorrectly. In addition, the proposed procedure
may select moderately large models although it can remove the sufficiently large number of
irrelevant covariates. We can apply the group SCAD or selection consistency procedures
such as the method by Wang and Lin (2016) to models selected by our method if one
needs further variable selection and/or structure identification.

1.4 Numerical Studies
In this section, we present the results of simulation studies and a real data example for
our forward selection procedure. In subsection 1.4.1, we show the results of simulation
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studies. In subsection 1.4.2, we show the result of applying our procedure to microarray
data. We employed EBIC with η = 0.06 as the stopping criterion of our procedure.
We set the dimension of the orthonormal basis as L = [2n1/5], where [·] is the function
rounding to the nearest integer. In practice, some data would fluctuate EBIC values. In
that case, our forward selection procedure may stop running a little too early and miss
some relevant covariates. To avoid stopping the selection too early due to the interference
of such small fluctuations, we ended the operation of our forward selection procedure only
if EBIC increases for five consecutive steps as in Cheng et al. (2016).

1.4.1 Simulation Studies

In this subsection, we compare the finite sample performances of our forward selection
procedure with those of the group Lasso (gLasso) and the group SCAD (gSCAD). We
used R x64 4.0.2 and the R package grpreg of Breheny and Huang (2015) to implement
gLasso and gSCAD. We chose their tuning parameters by the BIC, which is the default
method. We set (n, p) = (300, 1000), and the repetition number is 1000. As in Fan et al.
(2014), the varying coefficient model in simulation studies is defined as

Yi =

p∑
j=1

gj(Zi)Xij + ϵi,

where coefficients are given by

g1(z) = 2, g2(z) = 3z, g3(z) = (z + 1)2,

g4(z) =
4 sin(2πz)

2− sin(2πz) , gj(z) = 0, j = 5, . . . , p.

Covariates and the index variable are defined as

Xij =
Tij + t1Ui1

1 + t1
, Zi =

Ui2 + t2Ui1

1 + t2
, j = 1, . . . , p.

{Tij}pj=1, {Uij}2j=1, and ϵi were independently generated from N(0, 1), U(0, 1), and N(0, 1),
respectively. t1 and t2 are tuning parameters which determine correlation among Xij and
correlation between Xij and Zi. As in Cheng et al. (2016), we can show that for j ̸= k,

corr(Xij, Xik) =
t21

(12 + t21)
, corr(Xij, Zi) =

t1t2√
(12 + t21)(1 + t22)

.
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For the correspondence between (t1, t2) and correlations, see Table 1 of Cheng et al. (2016).
Note that corr(Xij, Xik) and corr(Xij, Zi) increase as t1 and t2 increase. As correlations
are higher, variable selection and structure identification are more challenging. In this
model, Xi1 is a relevant covariate with a constant coefficient, and Xi2, Xi3, and Xi4 are
relevant covariates with non-constant coefficients. On the other hand, Xi5, . . . , Xip are
irrelevant covariates. Our aim is not only to select relevant covariates, but also to identify
constant coefficients and non-constant coefficients. To this aim, let us define

Csj = 1{gj(z) is identified as a constant function at the sth repetition},
NCsj = 1{gj(z) is identified as a non-constant function at the sth repetition},
NSsj = 1{gj(z) is identified as a zero function at the sth repetition},

as in Honda et al. (2019), where 1{A} is the indicator function for an event A. Note that
Csj +NCsj +NSsj = 1 for j = 1, . . . , p and s = 1, . . . , 1000. Then, performance measures
for structure identification are

Cj =
1

1000

1000∑
s=1

Csj, NCj =
1

1000

1000∑
s=1

NCsj, NSj =
1

1000

1000∑
s=1

NSsj.

Cj, NCj, and NSj represent the frequencies where gj(z) is identified as a constant func-
tion, a non-constant function, and a zero function, respectively. We also calculated the
average numbers of true positive (TP) and false positive (FP) over repetition numbers
as performance measures for variable selection. The numbers of TP and FP show the
numbers of relevant covariates and irrelevant covariates selected by an approach, respec-
tively. Since we also consider feature screening, higher the number of TP with the small
or moderate number of FP is better.

Table 1 shows the simulation results of gLasso, gSCAD, and our forward selection
procedure. Our method identifies the constant coefficient well when correlations are low
or moderate. However, as in Remark 2, our method sometimes identifies the constant
coefficient as a non-constant coefficient, particularly when correlations are high. One
reason for this incorrect identification is that the covariate for the non-constant component
of X1 also improves the prediction of current models, and selecting it decreases or does
not increase EBIC significantly because of correlations. Compared with our procedure,
gLasso and gSCAD identify the constant coefficient more frequently. However, this may be
because these methods are hard to select covariates for non-constant components. These
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methods hardly identify non-constant coefficients in this model even when correlations
are small. It may be because covariates for non-constant components have relatively weak
signals compared with the tuning parameters selected by the BIC. However, if we employ
other criteria such as the AIC or the cross validation for the tuning parameters selection,
then these methods select too many irrelevant covariates.

Table 1 also shows that our method selects many relevant covariates and less irrele-
vant covariates stably in general. gLasso does not perform well for variable selection of
this model, since it selects fewer relevant covariates in many cases and many irrelevant
covariates in all cases. gSCAD performs better than gLasso, but it selects relatively fewer
relevant covariates than our procedure. Finally, our method is relatively more computa-
tionally intensive than gLasso and gSCAD, because our method is iterative. gLasso and
gSCAD tuned by the BIC are too fast due to the coordinate descent algorithms. However,
our method only takes about three to five seconds for one implementation on average,
even though there are one thousand covariates. Hence, our method is also practical in
computational cost. Note that if we employ other information criteria such as the cross
validation for the tuning parameters selection of gLasso and gSCAD, they need much
more computational time than our method.

In conclusion, our method relatively performs well for feature screening and structure
identification with practical computational costs. For over identification issues of our
procedure, we recommend applying finite-dimensional structure identification methods
developed by previous studies to the selected model by our procedure.

1.4.2 Real data example

In this subsection, we show the result of microarray data analysis to illustrate the use of
our procedure. We used the R packages Biobase of Huber et al. (2015) and seventyGene-
Data of Marchionni et al. (2013) to apply our forward selection procedure to the gene
expression data set of van’t Veer et al. (2002). The data set consists of not only the 24481
gene expression status but also clinical information like the age of patients, the follow-up
year of the patients, the diameter of the tumor, the tumor grade, the presence or non
presence of the angioinvasion, the estrogen receptor alpha (ERα) status, the progesterone
receptor (PR) status, the presence of the lymphocytic infiltrate, and the existence or non
existence of the BRCA1 mutation for 117 lymph node negative patients. Among them,
34 patients developed distant metastases within five years (the bad prognosis group), 44
patients remained to be free from the metastases more than five years (the good prognosis

14
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group), 18 patients had BRCA1 mutations, two patients had BRCA2 mutations, and 19
patients are for the test data.

There are two aims in this real data example. One is to select genes which are
possibly relevant with developments of the tumor size. The other is to identify which
genes possibly have constant effects and which genes possibly have non-constant effects
on developments of the tumor size. We used samples of the bad prognosis group and the
good prognosis group in this study. Thus, the sample size is 78, and we set the dimension
of the orthonormal basis as five. Before applying our forward selection procedure to
the microarray data, we have to deal with missing values. We removed genes which
have too many missing values, and 24188 genes remained. To impute missing values, we
implemented the R package missMDA of Josse and Husson (2016).

Researchers consider that ERα is significantly related to the development of breast
cancer since the majority of breast cancer shows its amplification. Thus, we used ERα as
the index variable to associate the interaction between its expressions and gene expressions
with the tumor size. Note that we divided values of ERα by 100 to be in the unit interval.
Cheng et al. (2016) also considered similar varying coefficient models and tried to select
relevant genes. However, they did not try to reveal which genes have constant effects
and which genes have non-constant effects on developments of the tumor size because
structure identification is not their purpose.

To select possibly relevant genes and identify their effects on developments of the
tumor size, we applied our forward selection procedure to the varying coefficient model

Yi =
24188∑
j=1

gj(Zi)Xij + ϵi,

where Yi is the tumor size, Xij is the jth gene expression, Zi is ERα expression, gj(z) is
an unknown smooth function, and ϵi is the error term.

Our forward selection procedure selected 15 genes, and one gene and the others are
classified into the group of constant effects and the group of non-constant effects, respec-
tively. Table 2 lists the result of our procedure. These genes are possibly good candidates
for further scientific research. For comparison, we also applied gLasso and gSCAD tuned
by the BIC to the same model. gLasso selected 71 genes, and two of them are classified
into the group of non-constant effects. gSCAD selected 38 genes, and all genes are classi-
fied into the group of constant effects. These two methods do not select genes which are
selected by our procedure. Compared with our procedure, gLasso and gSCAD selected
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Table 2: Genes selected by our forward selection procedure.

Constant effect Non-constant effect
NM_002457 NM_016096 Contig42370_RC Contig11067_RC

Contig21077_RC Contig34430_RC NM_004625
NM_006159 NM_004054 NM_014694

Contig29788_RC AF070582 NM_001017
NM_021055 Contig51414_RC

many genes. However, if we choose their tuning parameters via EBIC, then no gene is
selected by them. The results of these two methods are significantly dependent on their
tuning parameters, and it is hard to select tuning parameters which can control the false
positive and the false negative appropriately in practice, as this example shows.

1.5 Conclusion
In this paper, we proposed a forward selection procedure for simultaneous feature screen-
ing and structure identification in ultra-high dimensional varying coefficient models. Un-
like existing feature screening procedures and forward selection procedures, our method
can explicitly specify partially linear varying coefficient models. We established the screen-
ing consistency for our procedure with EBIC stopping rules. Simulation studies show that
our procedure performs well in finite sample, and its computational cost is low. We also
applied our procedure to real data which have 24188 covariates. These results support
the utility of our procedure in real practice.

However, in this paper, we do not consider additive models, which are other important
and widely used nonparametric models. Since varying coefficient models and additive
models have similar structures, forward selection procedures for feature screening and
structure identification in additive models may work well. Studying these methods may
be an important topic for future research. In addition, as stated in Remark 1 of this paper,
feature screening and structure identification in spatio-temporal varying coefficient models
are also remarkable, and we can modify our method in this paper for achieving these two
things by employing the bivariate orthonormal basis and the group Lasso with suitably
separated penalties at the variable selection step. Investigating theoretical and numerical
properties of the method may be also another important topic for future research.
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1.6 Appendix

1.6.1 Proofs

To prove main theorems, we need Lemma 1.

Lemma 1. Suppose that Assumptions 1-3 hold with M = O(nξ) for some 0 < ξ < 1/10.
Then, there exists some sequence of positive numbers {δ1n} tending to zero sufficiently
slowly such that with probability tending to one, we have

τmin

L
(1− δ1n) ≤ λmin(Σ̂S) ≤ λmax(Σ̂S) ≤

τmax

L
(1 + δ1n), (1.8)

for any S ⊂ F satisfying |S| ≤M .

Proof of Lemma 1. Note that there exists some positive constant α such that ξ + α <

1/10. Let δ1n = n−α. We will show

P
(
|λmin(Σ̂S)− λmin(ΣS)| >

τmin

L
δ1n

)
→ 0. (1.9)

Note that eigenvalues of Σ̂S and ΣS are nonnegative because these matrices are positive
semidefinite. We also note that the kth largest singular value is equal to the kth largest
eigenvalue for any positive semidefinite matrix. Hence, from Corollary 7.3.5 of Horn and
Johnson (2012), we get∣∣∣λk(Σ̂S)− λk(ΣS)

∣∣∣ ≤ ∥Σ̂S −ΣS∥ for k = 1, . . . , |Fc ∩ S|+ |Fv ∩ S|(L− 1), (1.10)

where {λk(Σ̂S)} and {λk(ΣS)} are non increasingly ordered eigenvalues of Σ̂S and ΣS,
respectively. Thus, we obtain

|λmin(Σ̂S)− λmin(ΣS)| ≤ ∥Σ̂S −ΣS∥. (1.11)

Note that the numbers of row and column of Σ̂S and ΣS are equal to |Fc ∩ S| + |Fv ∩
S|(L− 1). Since |Fv ∩ S| ≤M and |Fc ∩ S| ≤M , we have

∥Σ̂S −ΣS∥ ≤ML∥Σ̂S −ΣS∥∞
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by the Cauchy Schwarz inequality, and

P
(
|λmin(Σ̂S)− λmin(ΣS)| >

τmin

L
δ1n

)
≤ P

(
∥Σ̂S −ΣS∥∞ >

τmin

ML2
δ1n

)
, (1.12)

for any S satisfying |S| ≤ M . Under Assumption 3, Lemma A.1 and Lemma A.2 of Fan
et al. (2014) hold. Thus, for k, j = 1, . . . , p, s, l = 1, . . . , L, and m ≥ 2, we have

E (|XikBs(Zi)Bl(Zi)Xij − E[XikBs(Zi)Bl(Zi)Xij]|m)

≤ 2meKmm!E[|Bs(Zi)Bl(Zi)|m], (1.13)

where K is a positive constant. Recall that B(z) = A0B0(z), and C3 ≤ λmax(A
T
0A0) ≤

C4 for some positive constants C3 and C4. See Appendix A of Honda and Yabe (2017).
Hence, for l = 1, . . . , L, we can denote Bl(z) =

∑L
s=1 alsB0s(z) where als is the (l, s)

element of A0. Note that
∑L

k=1B0k(z) = 1 due to the properties of the B-spline basis.
Therefore, for s, l = 1, . . . , L, we obtain

|Bs(Zi)Bl(Zi)| =

∣∣∣∣∣
{

L∑
j=1

asjB0j(Zi)

}{
L∑

k=1

alkB0k(Zi)

}∣∣∣∣∣
≤ max

1≤j≤L
|asj| × max

1≤k≤L
|alk|

≤ ∥A0∥2∞ ≤ ∥A0∥2 ≤ C4.

As a result, we get E[|Bs(Zi)Bl(Zi)|m] ≤ C4
m and the right hand side of the last inequality

in (1.13) can be bounded by ≤ (2KC4)
m−2m!8K2C4

2e2−1 for any m ≥ 2. Thus, from
Bernstein’s inequality (see Lemma 2.2.11 of van der Vaart and Wellner (1996)), we get

P

(∣∣∣∣∣ 1n
n∑

i=1

{XikBs(Zi)Bl(Zi)Xij − E[XikBs(Zi)Bl(Zi)Xij]}

∣∣∣∣∣ > τmin

ML2
δ1n

)

≤ 2 exp
(

−nτminδ1n
16M2L4K2C2

4e(τminδ1n)−1 + 4ML2KC4

)
. (1.14)

Since M = O(nξ), M ≤ νmn
ξ for some νm > 0. Thus, the right hand side of (1.14) can

be bounded by

≤ 2 exp
(

−τminn
1/5−2ξ−2α

K∗{1 + n−2/5−ξ−α}

)
, (1.15)

where K∗ = max{16K2C2
4eν

2
mC

4
Lτ

−1
min, 4KC4νmC

2
L}. Let A = {j : 1j ∈ S}. Note that
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{j : −1j ∈ S} ⊂ {j : 1j ∈ S}. Since |A| ≤ |S| ≤ M, the right hand side of (1.12) can be
further bounded by

≤
∑
k,j∈A

∑
1≤s,l≤L

2 exp
(

−τminn
1/5−2ξ−2α

K∗{1 + n−2/5−ξ−2α}

)

≤ 2ν2mC
2
Ln

2ξ+2/5 exp
(

−τminn
1/5−2ξ−2α

K∗{1 + n−2/5−ξ−α}

)
. (1.16)

The right hand side of the last inequality in (1.16) converges to zero as n → ∞. Thus,
(1.9) holds. We can also get

P
(
|λmax(Σ̂S)− λmax(ΣS)| >

τmax

L
δ1n

)
→ 0, (1.17)

in the same way. (1.9), (1.17), and Assumption 2 imply

P
(τmin

L
(1− δ1n) ≤ λmin(Σ̂S) ≤ λmax(Σ̂S) ≤

τmax

L
(1 + δ1n)

)
→ 1, (1.18)

for any S satisfying |S| ≤M . This completes the proof of Lemma 1.

Corollary 1 is derived by Lemma 1 immediately.

Corollary 1. Suppose that Assumptions 1-3 hold with M = O(nξ) for some 0 < ξ < 1/10.
Then, with probability tending to one, we have

τmin

L
(1− δ1n) ≤ λmin

(
1

n
W T

EQSW E

)
≤ λmax

(
1

n
W T

EQSW E

)
≤ τmax

L
(1 + δ1n), (1.19)

for any S ⊂ F and E ⊂ F satisfying |E ∪S| ≤M , where QS is the orthogonal projection
defined in (1.26).

Proof of Corollary 1. Note that W E∪S = (W E,W S). By (A-74) in Greene (2012),
(W T

EQSW E)
−1 is the upper left block of (W T

E∪SW E∪S)
−1. Notice that λmax(A

−1) =

λmin(A)−1 and λmin(A
−1) = λmax(A)−1 for any symmetric and invertible matrix A.

Hence, we get
λmin(W

T
E∪SW E∪S) ≤ λmin(W

T
EQSW E),

and
λmax(W

T
EQSW E) ≤ λmax(W

T
E∪SW E∪S).
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By Lemma 1, we have

nτmin

L
(1− δ1n) ≤ λmin(W

T
E∪SW E∪S) ≤ λmax(W

T
E∪SW E∪S) ≤

nτmax

L
(1 + δ1n) (1.20)

with probability tending to one. Hence, the proof of Corollary 1 is completed.

Proof of Theorem 1. We can prove Theorem 1 almost in the same way as in Cheng
et al. (2016). However, since there are some differences because we are also considering
structure identification, we give the proof of Theorem 1 below. Firstly, we can represent
(1.1) by

Yi =

p∑
j=1

Xijgcj +

p∑
j=1

Xijgvj(Zi) + ϵi

=
∑
j∈Sc

Xijgcj +
∑
j∈Sv

Xijgvj(Zi) + ϵi

=
∑
j∈Sc

XijB1(Zi)γ1j +
∑
j∈Sv

XijB−1(Zi)
Tγ−1j + δi + ϵi, (1.21)

where
δi =

∑
j∈Sv

Xij{gvj(Zi)−B−1(Zi)
Tγ−1j}, (1.22)

as in Honda et al. (2019). If γj is suitably chosen, there exists some positive C ′
g such that

p∑
j=1

∥gj −BTγj∥∞ ≤ C ′
gL

−2, (1.23)

under Assumption 4. Note that |gcj|2 = |γ1j|2L−1 and ∥gvj∥2 = ∥γ−1j∥2L−1 + O(L−4).

See Appendix A of Honda and Yabe (2017) for properties of the orthonormal basis.
Then, there exist some positive constants C1 and C2 such that C1L∥gvj∥2 ≤ ∥γ−1j∥2 ≤
C2L∥gvj∥2. Under Assumption 6, we have

|δi| ≤ CXC
′
gL

−2 → 0. (1.24)

The matrix form of (1.21) is represented by

Y =
∑
j∈Sc

W 1jγ1j +
∑
j∈Sv

W−1jγ−1j + δ + ϵ
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= W S0γS0
+ δ + ϵ.

Let us denote

P S = W S(W
T
SW S)

−1W T
S ,

QS = I − P S,

W̃ lS = QSW l, (1.25)

H lS = W̃ lS(W̃
T

lSW̃ lS)
−1W̃

T

lS, (1.26)

for any S satisfying |S ∪ S0| ≤ M and S0 ̸⊂ S. We can easily show that H lSQS = H lS

and nσ̂2
S − nσ̂2

S(l) = ∥H lSY ∥2. From the triangle inequality, we have

max
l∈S0∩Sc

∥H lSY ∥ ≥ max
l∈S0∩Sc

∥H lSW S0γS0
∥ − ∥H lSδ∥ − ∥H lSϵ∥. (1.27)

We evaluate each part in the right hand side of (1.27). Since H lS is a projection matrix,
we have

∥H lSδ∥ ≤ ∥δ∥ ≤
√
nCXC

′
gL

−2. (1.28)

Hence, we have ∥H lSδ∥ = OP (n
1/10). Next, we evaluate the third term in (1.27). Under

Assumption 5, Proposition 3 of Zhang (2010) holds. Thus, we have

P

(
∥H lSϵ∥
mσ2

1

2

≥ 1 + x

{1− 2/(ex/2
√
1 + x− 1)}2+

)
≤ e−mx/2(1 + x)m/2, (1.29)

for all x > 0 and for any l ∈ F ∩Sc, where m = rank(H lS). We take x = logn. If l ∈ Fc,
then rank(H lS) = 1 and ∥H lSϵ∥2 = OP (logn), which implies ∥H lSϵ∥2 = OP (L logn). If
l ∈ Fv, then rank(H lS) = (L− 1) and ∥H lSϵ∥2 = OP (L logn). Thus, we have

∥H lSϵ∥ = OP (L
1/2(logn)1/2) = OP (n

1/10(logn)1/2). (1.30)

Next, we evaluate maxl∈S0∩Sc ∥H lSW S0γS0
∥. Notice that

∥H lSW S0γS0
∥2 ≥ λmin((W̃

T

lSW̃ lS)
−1)∥W̃

T

lSW S0γS0
∥2. (1.31)

Note that λmin((W̃
T

lSW̃ lS)
−1) = λmin((W

T
l QSW l)

−1) and |{l}∪S| ≤M . From Corollary
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1, we get

max
l∈S0∩Sc

∥H lSW S0γS0
∥2 ≥ L

nτmax(1 + δ1n)
max

l∈S0∩Sc
∥W̃

T

lSW S0γS0
∥2, (1.32)

with probability tending to one. We evaluate maxl∈S0∩Sc ∥W̃
T

lSW S0γS0
∥2. We can see

that
max

l∈S0∩Sc
∥W̃

T

lSW S0γS0
∥2 = max

l∈S0∩Sc
∥W T

l QSW S0γS0
∥2.

Notice that |gcj|2 + ∥gvj∥22 = ∥gj∥22 ≤ ∥gj∥2∞. From Cauchy-Schwarz inequality, we get

∥QSW S0γS0
∥2 ≤ ∥γS0

∥∥W T
S0
QSW S0γS0

∥

=

(∑
j∈Sc

|γ1j|2 +
∑
j∈Sv

∥γ−1j∥2
)1/2( ∑

j∈S0∩Sc

∥W T
j QSW S0γS0

∥2
)1/2

≤

(
L
∑
j∈Sc

|gcj|2 + C2L
∑
j∈Sv

∥gvj∥22

)1/2(
max

l∈S0∩Sc
∥W T

l QSW S0γS0
∥22p0

)1/2

≤ 21/2p
1/2
0 L1/2Cg(1 + C2)

1/2

(
max

l∈S0∩Sc
∥W T

l QSW S0γS0
∥2
)1/2

,

with probability tending to one. Thus, we get

max
l∈S0∩Sc

∥W T
l QSW S0γS0

∥2 ≥
∥QSW S0γS0

∥4

2p0LC2
g (1 + C2)

. (1.33)

Since |S0 ∪ S| ≤M , we have

∥QSW S0γS0
∥2 ≥ λmin

(
W T

S0
QSW S0

)
∥γS0

∥2

≥ nτmin

L
(1− δ1n)∥γS0

∥2,

by Corollary 1. Notice that

∥QSW S0γS0
∥4 ≥ n2τ 2min

L2
(1− δ1n)

2∥γS0
∥4

≥ n2τ 2min
L2

(1− δ1n)
2

(
Lmax

j∈Sc

|gcj|2 + LC1 max
j∈Sv

∥gvj∥22
)2

≥ n2τ 2min(1− δ1n)
2C2

min(1 + C1)
2, (1.34)

23



with probability tending to one. Note that min{maxj∈Sc |gcj|2,maxj∈Sv ∥gvj∥22} > Cmin

under Assumption 4. From (1.32), (1.33), and (1.34), we get

max
l∈S0∩Sc

∥H lSW S0γS0
∥2 ≥ n(1− δ1n)

2

(1 + δ1n)

τ 2minC
2
min(1 + C1)

2

τmaxC2
g (1 + C2)2p0

, (1.35)

with probability tending to one. (1.35) implies that the first term in the right hand side
of (1.27) dominates the other two terms. Thus, we have

max
l∈S0∩Sc

∥H lSY ∥2 ≥ 4−1 max
l∈S0∩Sc

∥H lSW S0γS0
∥2, (1.36)

with probability tending to one. By taking {δ2n} as δ2n = 1 − (1 − δ1n)
2(1 + δ1n)

−1, we
get

max
l∈F∩Sc

{nσ̂2
S − nσ̂2

S∪{l}} ≥ n(1− δ2n)
τ 2minC

2
min(1 + C1)

2

4τmaxC2
g (1 + C2)2p0

= n(1− δ2n)D
∗,

for any S satisfying |S ∪ S0| ≤ M with probability tending to one, and the proof of
Theorem 1 is completed.

Proof of Theorem 2. Assume Theorem 2 is false. Then, we have Sv ̸⊂ Fk or Sc ̸⊂ Ek

for k = 1, · · · , T ∗. This implies that S0 ̸⊂ Sk and |Sk ∪ S0| ≤ M for k = 1, · · · , T ∗. Note
that we have n−1

∑n
i=1 Y

2
i ≥ σ̂2

Sk(l)
and σ̂2

Sk
− σ̂2

Sk∪{l} ≤ n−1
∑n

i=1 Y
2
i for any l ∈ F ∩ Sc

k,
and log(1 + x) ≥ x(1 + x)−1 for all x > −1. Hence, we have

EBIC(Sk)− EBIC(Sk ∪ {l}) = n log
(

σ̂2
Sk

σ̂2
Sk∪{l}

)
− (logn+ 2η log p)

≥ n log
(
1 +

σ̂2
Sk

− σ̂2
Sk∪{l}

1
n

∑n
i=1 Y

2
i

)
− (logn+ 2η log p)

≥
nσ̂2

Sk
− nσ̂2

Sk∪{l}
2
n

∑n
i=1 Y

2
i

− (logn+ 2η log p),

for any l ∈ Fc ∩ Sc
k. Hence, if j∗ ∈ Fc ∩ Sc

k, we obtain

EBIC(Sk)−EBIC(Sk ∪ {j∗}) ≥
maxl∈F∩Sc

k
{nσ̂2

Sk
− nσ̂2

Sk∪{l}}
2
n

∑n
i=1 Y

2
i

− (logn+2η log p), (1.37)
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since j∗ = argmin
l∈F∩Sc

k

σ̂2
Sk∪{l}. If j∗ ∈ Fv ∩ Sc

k, we can also show that

EBIC(Sk)− EBIC(Sk ∪ {j∗}) ≥
maxl∈F∩Sc

k
{nσ̂2

Sk
− nσ̂2

Sk∪{l}}
2
n

∑n
i=1 Y

2
i

− (L− 1)(logn+ 2η log p),

(1.38)
in the same way. The second terms of the right hand side in (1.37) and (1.38) are o(n)
under Assumption 1. In addition, we have 1

n

∑n
i=1 Y

2
i

P−→ E[Y 2]. Therefore, Theorem 1
implies that the first terms of the right hand side in (1.37) and (1.38) dominate the second
terms, and we get

EBIC(Sk) ≥ EBIC(Sk ∪ {j∗}) for k = 1, · · · , T ∗, (1.39)

with probability tending to one. (1.39) implies that our forward selection procedure has
selected some index at each kth step for k = 1, · · · , T ∗ + 1. Thus, we have the monotone
increasing sequence and the non increasing sequence {Sk}T

∗+1
k=1 and {σ̂Sk

}T ∗+1
k=1 , respectively.

Note that

1

n

n∑
i=1

(Yi − Ȳ )2 ≥ σ̂2
S1

− σ̂2
ST∗+1

=
T ∗∑
k=1

(σ̂2
Sk

− σ̂2
Sk+1

)

=
T ∗∑
k=1

max
l∈F∩Sc

k

{σ̂2
Sk

− σ̂2
Sk∪{l}},

where Ȳ = n−1
∑n

i=1 Yi. Theorem 1 implies Var(Y ) ≥
∑T ∗

k=1(1− δ2n)D
∗ = T ∗(1− δ2n)D

∗

with probability tending to one. Thus, we have

T ∗ ≤ Var(Y )

(1− δ2n)D∗ <
Var(Y )

(1− 2δ2n)D∗ ≤ T ∗, (1.40)

with probability tending to one, and a contradiction occurs. This completes the proof.

Proof of Theorem 3. Since S0 ⊂ Sk, we have

σ̂2
Sk

= n−1∥QSk
δ∥2 + 2n−1δTQSk

ϵ+ n−1∥QSk
ϵ∥2.

We can see that the first term and the second term of the right hand side are oP (1) by

25



(1.28) and Cauchy-Schwarz inequality. Note that

∥QSk
ϵ∥2 = ∥ϵ∥2 − ∥P Sk

ϵ∥2,

and
∥P Sk

ϵ∥2 = OP (m logn),

by Proposition 3 of Zhang (2010), where m = rank(P Sk
) = |Fc ∩ Sk|+ |Fv ∩ Sk|(L− 1).

Notice that |Sk| ≤ 2k ≤ 2M , and M ≤ νmn
ξ for some νm > 0, since M = O(nξ). Thus,

we have

n−1m logn ≤ n−12ML logn ≤ 2CLνmn
ξ+1/5−1 logn→ 0

as n→ ∞, and we get ∥P Sk
∥2/n = oP (1). Since ∥ϵ∥2/n P−→ σ2, we obtain σ̂2

Sk
= σ2+oP (1).

We can also show that σ̂2
Sk∪{l} = σ2 + oP (1) for any l ∈ F ∩ Sc

k in the same way. Hence,
we have σ̂2

Sk
− σ̂2

Sk∪{l} = oP (1) for any l ∈ F ∩ Sc
k.

Now, let j∗ ∈ Fc∩Sc
k. Since −1 < −(σ̂2

Sk
−σ̂2

Sk∪{j∗})(σ̂
2
Sk
)−1 and log(1+x) ≥ x(1+x)−1

for all x > −1, we get

EBIC(Sk ∪ {j∗})− EBIC(Sk) (1.41)

= n log
(
1−

σ̂2
Sk

− σ̂2
Sk∪{j∗}

σ̂2
Sk

)
+ (logn+ 2η log p)

≥

(
−
nσ̂2

Sk
− nσ̂2

Sk∪{j∗}

σ̂2
Sk

)(
1−

σ̂2
Sk

− σ̂2
Sk∪{j∗}

σ̂2
Sk

)−1

+ (logn+ 2η log p)

=

(
−

maxl∈F∩Sc
k
{nσ̂2

Sk
− nσ̂2

Sk∪{l}}
σ̂2
Sk

)(
1−

σ̂2
Sk

− σ̂2
Sk∪{j∗}

σ̂2
Sk

)−1

+ (logn+ 2η log p).

(1.42)

Note that ∥H lSk
Y ∥2 ≤ 2∥H lSk

δ∥2+2∥H lSk
ϵ∥2. From (1.28) and Proposition 3 of Zhang

(2010), we have
max

l∈F∩Sc
k

{nσ̂2
Sk

− nσ̂2
Sk∪{l}} = OP (n

1/5 logn). (1.43)

The first term of the right hand side in the last equality of (1.42) is OP (n
1/5 logn) because

its denominator converges to one in probability. On the other hand, the second term in
the same equality is OP (n

ξ0), and OP (n
1/5−ξ0 logn) = oP (1). Hence, we have
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EBIC(Sk ∪ {j∗})− EBIC(Sk) ≥ (logn+ 2η log p){1−OP (n
1/5−ξ0 logn)}

= (logn+ 2η log p){1− oP (1)}, (1.44)

when j∗ ∈ Fc ∩ Sc
k. Next, let j∗ ∈ Fv ∩ Sc

k. By the same argument, we get

EBIC(Sk ∪ {j∗})− EBIC(Sk)

≥

(
−

maxl∈F∩Sc
k
{nσ̂2

Sk
− nσ̂2

Sk∪{l}}
σ̂2
Sk

)(
1−

σ̂2
Sk

− σ̂2
Sk∪{j∗}

σ̂2
Sk

)−1

+ (L− 1)(logn+ 2η log p)
= (L− 1)(logn+ 2η log p){1−OP (n

−ξ0 logn)}
= (L− 1)(logn+ 2η log p){1− oP (1)}. (1.45)

(1.44) and (1.45) imply

EBIC(Sk ∪ {j∗})− EBIC(Sk) > 0 for j∗ ∈ F ∩ Sc
k, (1.46)

with probability tending to one. (1.46) implies that our forward selection procedure stops
variable selection at the kth step. The proof of Theorem 3 is completed.
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Chapter 2

Small Tuning Parameter Selection
for the Debiased Lasso

2.1 Introduction
In this study, we make inferences about individual coefficients of the linear regression
model:

Y = Xβ0 + ϵ, (2.1)

where Y ∈ Rn denotes the response, X = (X1, . . . , Xp) ∈ Rn×p denotes the random design
matrix, β0 ∈ Rp denotes the unknown regression coefficient, and ϵ ∈ Rn ∼ N(0, σ2

ϵ I)

denotes the unobservable noise that is independent of X. We consider p > n and assume
that X has zero mean and a positive definite covariance matrix Σ = E[XTX/n]. We
focus on statistical inferences for β01, the first component of β0, although the inferences
are equally valid for other components.

Much research has been conducted on high-dimensional linear regression models. The
Lasso (Tibshirani 1996) is one of the most popular methods for estimating their coef-
ficients. The popularity is due to variable selection properties, the oracle inequalities
(Bickel et al. 2009, Bühlmann and van de Geer 2011), and useful computational algo-
rithms (Efron et al. 2004, Friedman et al. 2010). Bühlmann and van de Geer (2011) gave
excellent overviews of the Lasso. However, the asymptotic distribution of the Lasso is
generally intractable because the Lasso is biased and the distribution is not continuous
(Knight and Fu 2000). Therefore, it is difficult to perform statistical inference based on
the Lasso itself, and there are currently three main approaches of performing statistical
inference in high-dimensional linear regression models.
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The first approach of inference is the so-called selective inference. See Berk et al.
(2013), Lee et al. (2016), Tibshirani et al. (2016), and Tibshirani et al. (2018), among
others. Statistical inferences after model selection are distorted if the selected model
is treated as if it is a true one. Rather than making inferences on coefficients of the
true regression model, the selective inference makes inferences on coefficients in a model
selected via data-driven procedures. The validity of the inferences does not depend on
the correctness of the selected model.

The second approach is the orthogonalization approach, which is developed in econo-
metrics. Some contributions include the post-double selection method of Belloni et al.
(2014), projection onto the double selection method of Wang et al. (2020), and double
machine learning method of Chernozhukov et al. (2018). Such methods perform infer-
ence on low-dimensional parameters when high-dimensional nuisance parameters appear
in regression models. The estimators of the parameter of interest are derived through the
orthogonal score function, which is insensitive to the estimation of nuisance parameters.

The third approach is to debias or desparsify the Lasso, which we consider in this study.
The debiased Lasso was proposed by Zhang and Zhang (2014) and further developed
by van de Geer et al. (2014) and Javanmard and Montanari (2014). Unlike selective
inference, this approach is intended to make inferences on coefficients in the true linear
regression model. If the true data generating process is sufficiently sparse, the estimator
is asymptotically normally distributed, so that inference is possible even when p > n.

The performance of the debiased Lasso depends on the degree of sparsity and the
choice of tuning parameters. To obtain the debiased Lasso estimator of β01, we need
an estimate of Θ1, the first column of Σ−1, and the node-wise Lasso (Meinshausen and
Bühlmann 2006) is commonly used to obtain it. Therefore, the debiased Lasso estimator
depends on the tuning parameters of the Lasso λ0 and node-wise Lasso λ1. Let s0 and
s1 be the numbers of nonzero components in β0 and Θ1, respectively. If both λ0 and
λ1 are of order

√
log p/n, the asymptotic normality of the debiased Lasso is shown for

s0 = o(
√
n/ log p) and s1 = o(n/ log p) (van de Geer et al. 2014, Zhang and Zhang 2014) or

for s0 = o(n/∥Θ1∥21(log p)2) and min{s0, s1} = o(
√
n/ log p) (Javanmard and Montanari

2018). Recently, Bellec and Zhang (2022) showed asymptotic normality of the debiased
Lasso when max{s0, s1} = o(n/ log p) and min{s0, s1} = o(

√
n/ log p) using degrees of

freedom adjustments.
Although the above studies significantly contributed to the development of the debi-

ased Lasso, there are two main issues to be addressed. First, the bias of the debiased
Lasso may not be asymptotically negligible if Θ1 and β0 are not sufficiently sparse. If
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no sparsity condition is imposed on Θ1, s0 must satisfy s0 = o(
√
n/ log p) for zero-mean

asymptotic normality, which is rather restrictive given that only s0 = o(n/ log p) is need
for consistent estimation. Second, existing tuning parameter selection procedures of λ1,
such as the cross-validation (Chetverikov et al. 2021) and the methods of Zhang and
Zhang (2014) and Dezeure et al. (2015), often produce a rather large bias in the debiased
Lasso, yielding a poor coverage of confidence intervals and large size distortion of t tests.

We address these two issues by selecting a smaller tuning parameter of the node-wise
Lasso than in prior studies. First, we show that by setting the order of λ1 to 1/

√
n, the bias

of the debiased Lasso can be reduced without diverging the asymptotic variance, so that
asymptotic normality holds provided s0 = o(

√
n/ log p). The novelty of our method is

that we intentionally overfit the node-wise Lasso to reduce the bias of the debiased Lasso.
Further, our analysis does not impose any sparsity assumption on Θ1. To the best of our
knowledge, there is no asymptotic normality result of the debiased Lasso when the order of
λ1 is 1/

√
n. Moreover, with the exception of van de Geer (2019), no prior study, including

Belloni et al. (2014) and Chernozhukov et al. (2018), has established asymptotic normality
without imposing any sparsity condition on Θ1. A sufficient condition for our result is that
each row vector of X is independent Gaussian and p ≤ Cn for some C < ∞. Although
the condition that p and n be of the same order excludes some high-dimensional data,
such as genomic data, various data fit the condition in many fields, such as economics.

Second, we propose a data-driven procedure to select λ1, which we call the small tuning
parameter selector (STPS). We modify the selection method of Zhang and Zhang (2014)
so that the selector chooses a tuning parameter with a reasonably small value. Figure 1
compares the distributions of the debiased Lasso whose λ1 is selected by cross-validation
and STPS, respectively, indicating that STPS successfully reduces the bias. Simulation
studies show that the debiased Lasso tuned by our procedure outperforms other inference
methods, such as the double machine learning, post-double selection, and debiased Lasso
with other tuning parameter selection methods. This is particularly true when β0 and
Θ1 are dense. We also show a real economic data example to see the performance of our
method. Because the true sparsity of β0 and Θ1 is unknown, it is essential to propose a
selection method that is robust to the violation of the sparsity condition.

We emphasize that the aim of this study is not to obtain an asymptotically efficient
estimator (see, e.g., van de Geer et al. 2014, Jankova and van de Geer 2018, van de
Geer 2019, and Bellec and Zhang 2022 about the asymptotic efficiency of the debiased
Lasso). The aim is to construct confidence intervals with good coverage properties or
test statistics with the correct size. There is a bias–variance tradeoff with respect to λ1.
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(a) 10-fold cross-validation. (b) STPS.

Figure 2.1: Distributions of the studentized debiased Lasso (histogram) and the standard
normal distribution (solid line). We employ the simulation design II of Table II in Kozbur
(2020) with n = 200 and p = 400 and repeat experiments 10,000 times. The tuning
parameter λ0 of the Lasso to be debiased is selected by the 10-fold cross-validation. The
error variance is estimated by the sample mean of squared residuals from the Lasso tuned
by the one standard error rule. For panel (a), the 10-fold cross-validation selects 0.13 on
average, and the coverage of 95% confidence interval is 59.7% with the average length of
0.208. For panel (b), STPS selects 0.001 on average, and the coverage of 95% confidence
interval is 94.3% with the average length of 0.459.

Our method reduces the bias at the cost of slightly increasing the variance. Setting the
order of λ1 to 1/

√
n maintains the

√
n-consistency of the debiased Lasso, although the

asymptotic variance may exceed the efficiency bound.
The remainder of this article is organized as follows. In Section 2.2, we formally state

an asymptotic normality result of the debiased Lasso when the order of λ1 is 1/
√
n. In

Section 2.3, we propose a data-driven method to select λ1. In Section 2.4, we show results
of extensive simulation studies for the debiased Lasso tuned by our procedure and other
statistical inference methods. We present a real economic data example based on the
considered methods in Section 2.5. Finally, concluding remarks are presented in Section
2.6. All proofs are given in Section 2.7.
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2.2 Theoretical Results
We define |S| as the cardinality of a set S. Let aT be the transpose of a vector a. Let
∥a∥, ∥a∥1, and ∥a∥∞ be the Euclidean norm, ℓ1 norm, and maximum element in the
absolute value of a vector a, respectively. For any sequences of real numbers {an} and
{bn}, an ≍ bn means C1 ≤ an/bn ≤ C2 for all n and some C1, C2 > 0. Let an ≪ bn and
bn ≫ an denote limn→∞ |an/bn| = 0. Let an ≲ bn and bn ≳ an denote an ≤ Cbn for all
n and some C > 0. Let us denote λmin(A) and λmax(A) as the minimum and maximum
eigenvalues for a matrix A, respectively.

2.2.1 Bias of the Debiased Lasso

First, we introduce the debiased Lasso. The Lasso for β0 is defined as follows:

β̂ := argmin
β∈Rp

1

n
∥Y −Xβ∥2 + 2λ0∥β∥1, (2.2)

where λ0 > 0 denotes the tuning parameter. The debiased Lasso b̂1 for β01 is given by

b̂1 = β̂1 +
1

n
Θ̂1

TXT (Y −Xβ̂), (2.3)

where β̂1 denotes the first component of β̂, and Θ̂1 denotes an estimate of Θ1.
Although it is not a requisite, Θ̂1 is commonly constructed by the node-wise Lasso.

Let X−1 be a submatrix of X without X1. We define

γ̂1 := argmin
γ∈Rp−1

1

n
∥X1 −X−1γ∥2 + 2λ1∥γ∥1,

where λ1 > 0 is another tuning parameter. Let τ 21 denote the error variance in regressing
X1 on X−1. Moreover, let us define τ̃ 21 and τ̂ 21 as

τ̃ 21 :=
1

n
∥X1 −X−1γ̂1∥2, τ̂ 21 := τ̃ 21 + λ1∥γ̂1∥1.

The Karush-Kuhn–Tucker (KKT) conditions for the node-wise Lasso yield τ̂ 21 = XT
1 (X1−

X−1γ̂1)/n. Then, Θ̂1 is given by

Θ̂1 :=
1

τ̂ 21
(1,−γ̂T1 )T .
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By a simple calculation, we get

√
n(b̂1 − β01) =

1√
n
Θ̂T

1X
T ϵ+∆1, (2.4)

where
∆1 :=

√
n(Σ̂Θ̂1 − e1)

T (β0 − β̂),

and e1 is the unit vector whose first element is unity.
From (2.4), the proof of asymptotic normality hinges on showing that the bias term ∆1

is asymptotically negligible. For min{s0, s1} = o(
√
n/ log p), Javanmard and Montanari

(2018) and Bellec and Zhang (2022) developed skillful techniques to evaluate the bias.
Otherwise, it is common to rely on the ℓ1-ℓ∞ Hölder inequality:

|∆1| ≤
√
n∥Σ̂Θ̂1 − e1∥∞∥β̂ − β0∥1 ≤

√
n
λ1
τ̂ 21

∥β̂ − β0∥1. (2.5)

The last inequality in (2.5) is due to the KKT conditions for the node-wise Lasso. Under
certain conditions, the Lasso satisfies ∥β̂ − β0∥1 = Op(s0

√
log p/n) and the convergence

rate cannot be improved. Thus, the order of the bias significantly depends on λ1/τ̂
2
1 . It

has been shown that λ1/τ̂ 21 = Op(
√

log p/n) for the choice of λ1 ≍
√

log p/n in previous
studies, such as van de Geer et al. (2014). They have shown that 1/τ̂ 21 = Op(1) using the
fact that γ̂1 converges to its population counterpart if λ1 ≍

√
log p/n and s1 = o(n/ log p).

In this study, we present a new evaluation method of the bias by showing that 1/τ̂ 21 =

Op(1) for λ1 ≍ 1/
√
n. Different from previous studies, we do not need consistency of

the node-wise Lasso. Instead, we bound 1/τ̂ 21 using the properties of the node-wise Lasso
derived from the general position assumption and conditions on the restricted eigenvalues
of Σ̂. This allows us not to restrict the sparsity of Θ1. A crucial point to bound 1/τ̂ 21 is
bounding 1/τ̃ 21 , which is an upper bound of 1/τ̂ 21 and the variance factor of the debiased
Lasso. Because Zhang and Zhang (2014) showed that 1/τ̃ 21 is a nonincreasing function in
λ1, selecting too small λ1 may make 1/τ̃ 21 and the variance diverge. We show that the
debiased Lasso is

√
n-consistent even for λ1 ≍ 1/

√
n, although the asymptotic variance

may be greater than when λ1 ≍
√

log p/n.

2.2.2 Asymptotic Normality with Small Tuning Parameter

To obtain the new bound for the bias, we first introduce four generic assumptions. Then,
we show that the assumptions are satisfied under rather simple conditions. Roughly
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speaking, our assumptions are satisfied if p is bounded by a constant multiple of n.
The first assumption is the general position assumption of Tibshirani (2013).

Assumption 1. For any k < min{n, p}, the affine span of σ1Xi1 , . . . , σk+1Xik+1
for arbi-

trary signs σ1, . . . , σik+1
∈ {−1, 1} does not include any element of {±Xi : i ̸= i1, . . . , ik+1}.

Tibshirani (2013) showed that the Lasso is unique and selects at most min{n, p}
covariates if each column vector of X is in general position. This assumption also implies
that the covariates selected by the Lasso are linearly independent with probability one.
A sufficient condition for the general position assumption is that the distribution of each
element in X is absolutely continuous with respect to the Lebesgue measure on Rnp. See
Lemma 4 in Tibshirani (2013).

Before introducing the next assumption, we define the restricted maximum and min-
imum eigenvalues of the sample covariance of X:

ϕmax(s) := max
1≤∥z∥0≤s

∥Xz∥2

n∥z∥2
, ϕmin(s) := min

1≤∥z∥0≤s

∥Xz∥2

n∥z∥2
.

These two quantities also play crucial roles in evaluating 1/τ̃ 21 .

Assumption 2. There are a positive constant Cmin and a positive constant K such that

lim
n→∞

P
(
ϕmin

( n
K

)
≥ Cmin

)
= 1.

We assume that n is divisible by K to simplify the notation. Under this assumption,
the minimum eigenvalues of all sub-sample covariance matrices formed by less than n/K
covariates are bounded below with probability tending to one. Assumption 1 only tells
us that the node-wise Lasso selects less than or equal to n covariates. Assumption 2
plays the role of bounding 1/τ̃ 21 above when the node-wise Lasso selects less than n/K

covariates.

Assumption 3. There is a positive constant Cmax such that

lim
n→∞

P (ϕmax(n) ≤ Cmax) = 1.

Under this assumption, the maximum eigenvalues of all sub-sample covariance matri-
ces formed by no greater than n covariates are bounded above with probability tending
to one. This assumption is to bound 1/τ̃ 21 above when the node-wise Lasso selects at least
n/K covariates.
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Under Assumptions 1–3, we can bound 1/τ̃ 21 above even when λ1 ≍ 1/
√
n.

Lemma 1. Suppose that Assumptions 1–3 hold and let λ1 satisfy λ1 ≥ C1/
√
n for some

C1 > 0. Then, we have

lim
n→∞

P

(
1

τ̃ 21
≤ 1

Cmin
+
CmaxK

C2
1

)
= 1.

Lemma 1 implies that the convergence rate of the bias is improved over previous stud-
ies. van de Geer et al. (2014) and Javanmard and Montanari (2018) obtain λ1/τ̂

2
1 =

Op(
√

log p/n) under the assumption that s1 = op(n/ log p). van de Geer (2019) does not
assume the sparsity of Θ1 but obtains the same convergence rate of the bias. Meanwhile,
we have λ1/τ̂ 21 = OP (1/

√
n), and our derivation does not need any sparsity on Θ1. There-

fore, if the Lasso satisfies ∥β̂ − β0∥1 = Op(s0
√

log p/n), zero-mean asymptotic normality
is satisfied for s0 = o(

√
n/ log p). Lemma 1 also indicates that if we allow 1/Cmin, Cmax,

or K to diverge, the order of λ1/τ̂ 21 will be greater than OP (1/
√
n) and s0 should be less

than o(
√
n/ log p) for asymptotic normality.

Before we formally state the main result, we define the restricted eigenvalue of the
sample covariance introduced in Bickel et al. (2009):

κ(s, c0)
2 := min

S⊂{1,...,p}
|S|≤s

min
z ̸=0

∥zSc∥1≤c0∥zS∥1

∥Xz∥2

n∥zS∥2
.

We put the following assumptions on ϕmax(1) and the restricted eigenvalue.

Assumption 4. (i) There exists a positive constant C∗ such that

P (ϕmax(1) > C∗) = O

(
1

p

)
.

(ii) For s0 = o(
√
n/ log p), there exists a positive constant κmin such that

lim
n→∞

P (κ(s0, 3)
2 ≥ κ2min) = 1.

We use these assumptions to derive the oracle inequalities of the Lasso, which are
required to evaluate the bias ∆1. The first assumption holds, for instance, if each row
vector of X is independent Gaussian. Further imposing n ≳ s0 log(p/s0), the second
assumption is also satisfied. See Theorem 6 of Rudelson and Zhou (2013).
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Now, we present a result of asymptotic normality for the debiased Lasso when λ1 ≍
1/
√
n.

Theorem 1. Suppose Assumptions 1–4 hold and s0 satisfies s0 = o(
√
n/ log p). Then,

for suitably selected λ0 ≍
√

log p/n and λ1 ≍ 1/
√
n, we have

√
n(b̂1 − β01) = W1 +∆1,

W1|X ∼ N(0, σ2
ϵ Ω̂1,1),

Ω̂1,1 := Θ̂1
T Σ̂Θ̂1 = OP (1),

∆1 = oP (1).

Our variance of the debiased Lasso has the same form as that of van de Geer et al.
(2014). However, our variance is typically larger than theirs because our Θ̂1 may not
be sparse due to small λ1. Moreover, Ω̂1,1 may not converge in probability to the (1, 1)

component of Σ−1.
We can also establish asymptotic normality for the studentized estimator.

Corollary 1. Suppose that the assumption of Theorem 1 holds. Let σ̂2
ϵ be a consistent

estimator for σ2
ϵ . Then, we have

√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

d−→ N(0, 1).

There are some known consistent estimators for σ2
ϵ . For example, we can set σ̂2

ϵ =

∥Y −Xβ̂∥2/n with λ0 ≍
√

log p/n if s0 = o(n/ log p). We can also use the scaled Lasso
proposed by Sun and Zhang (2012) to obtain a consistent estimate of σ2

ϵ .
Corollary 1 states that even if

√
n/ log p ≲ s0 ≪

√
n/ log p and Θ1 is not sparse,

the studentized debiased Lasso is still valid to perform the t test or construct confidence
intervals. We can confirm that the length of confidence intervals given by the debiased
Lasso with λ1 ≍ 1/

√
n is OP (1/

√
n) because variances are bounded.

Finally, we give a set of simple conditions under which Assumptions 1–4 hold.

Proposition 1. Suppose that each row vector of X is independently drawn from N(0,Σ)

where Σ satisfies Kmin ≤ λmin(Σ) ≤ λmax(Σ) ≤ Kmax for some positive constants Kmin

and Kmax. Moreover, we assume that s0 = o(n/ log p) and p ≤ C0n for some positive
constant C0 <∞. Then, Assumptions 1–4 hold.
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Without the condition on p, we only have ϕmax(n) ≲
√

log p and ϕmin(sn) ≳ 1 for
sn = o(n/ log p) with high probability (see, for instance, the proof of Lemma 3.5 of
Javanmard and Montanari 2018). The condition on p is used to give a tighter upper
bound for ϕmax(n) and lower bound for ϕmin(n/K).

Remark 1. It has not been shown that other inference methods, such as the post-double
selection and double machine learning, can have asymptotic normality under similar con-
ditions to ours. Original proof techniques of these methods depend on convergence rates
of machine learning estimators, but these rates are unavailable if no sparsity is assumed
on Θ1.

Remark 2. Ren et al. (2015), Cai and Guo (2017), and Javanmard and Montanari (2018)
showed that confidence intervals with length of order 1/

√
n cannot be constructed when

s0 ≳
√
n/ log p and the population covariance matrix is unknown. However, our results do

not contradict their results because they only considered the case where p > sα0 for some
α > 2. If p ≤ Cn, we have p/sα0 ≤ Cn1−α/2(log p)α/2 → 0 for s0 such that s0 ≲

√
n/ log p.

Therefore, we obtain p ≤ sα0 for large n and their condition does not hold.

2.3 Tuning Parameter Selection Procedure
From Theorem 1 and Corollary 1, it is better to select a small tuning parameter such
that λ1 ≍ 1/

√
n for statistical inference on β01 if you are unsure of how sparse β0 and Θ1

are. However, our theoretical results do not indicate how to select specific λ1 in practice.
Existing selection procedures may not select a sufficiently small tuning parameter needed
to perform accurate statistical inference. For example, the cross-validation method is
designed to minimize the prediction mean squared error, so it may be unsuitable for
statistical inference. The method of Dezeure et al. (2015) selects a slightly smaller value
than the cross-validation method, but it is not theoretically justified. Therefore, we
propose a tuning parameter selection procedure for the node-wise Lasso that yields stable
confidence intervals.

Now, we investigate the bias term of the studentized debiased Lasso. Let Λ be a set
of candidate values of λ1. For each λ ∈ Λ, we define

f(λ) :=
∥Σ̂Θ̂1(λ)− e1∥∞

Ω̂
1/2
1,1 (λ)

,
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where Θ̂1(λ) and Ω̂1,1(λ) denote Θ̂1 and Ω̂1,1 when λ1 = λ, respectively. The ℓ1-ℓ∞ Hölder
inequality for the bias term of the studentized debiased Lasso ∆̃1 yields

|∆̃1(λ)| ≤ f(λ)
√
nσ̂−1

ϵ ∥β̂ − β0∥1.

We can trace the bias factor f(λ) for each λ ∈ Λ because Θ̂1 and Ω̂1,1 only depend on X.
Note that

√
nσ̂−1

ϵ ∥β̂−β0∥1 is independent of the tuning parameter of the node-wise Lasso.
If f(λ) is small, ∆̃1(λ) is also small, so that the distribution of the studentized debiased
Lasso is well-approximated by the standard normal distribution. However, minimizing
f(λ) is inappropriate because it is nondecreasing in λ (see Proposition 1 of Zhang and
Zhang 2014). Too small tuning parameter unnecessarily increases the variance of the
debiased Lasso.

To select a suitably small tuning parameter for the node-wise Lasso, we propose the
following method, a simple and conservative modification of the method described in
Table 2 of Zhang and Zhang (2014).

1. Let Λ = {λmin, . . . , λmax} be a candidate set of λ1 with λmin = κ/
√
n for some κ > 0

and λmax = maxk ̸=1 |XT
k X1|/n. Let

η∗1 =
τ̃1(λCV)√

n
,

where τ̃ 21 (λCV) denotes the sample mean of squared residuals from the cross-validated
node-wise Lasso.

2. Select λ1 with the following rule:

(a) If f(λ) > η∗1 for all λ ∈ Λ, then set λ1 = λmin.

(b) Otherwise,

λ∗ = argmin{Ω̂1/2
1,1 (λ) : f(λ) ≤ η∗1},

Ω̂
∗1/2
1,1 = 1.1× Ω̂

1/2
1,1 (λ

∗),

λ1 = argmin{f(λ) : Ω̂1/2
1,1 (λ) ≤ Ω̂

∗1/2
1,1 }.

We call this proposed method STPS. The idea of STPS is simple. It minimizes the bias
with a constraint on the upper bound of the variance. When f(λ) ≤ η∗1 for some λ ∈ Λ,
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λ1 is also equal to the smallest value in {λ : Ω̂
1/2
1,1 (λ) ≤ Ω̂

∗1/2
1,1 }. Simulation studies show

that κ = 0.001 is an appropriate value to obtain accurate coverage.
The main difference between our method and the method of Zhang and Zhang (2014)

is that our upper bound of f(λ) is much smaller than theirs, which is given by η∗1 =√
2 log p/n. Therefore, our method can select a smaller tuning parameter than theirs, and

we can show that f(λ1) = OP (1/
√
n). Moreover, STPS does not increase the standard

error overly because we can show that Ω̂
∗1/2
1,1 is bounded. Meanwhile, if we select λ1

using their method, the standard error may be smaller than ours; however, we obtain
f(λ1) = OP (

√
log p/n), meaning that the bias may be large and coverage of confidence

intervals may be small if β0 and Θ1 are not sufficiently sparse.
Finally, we present an asymptotic justification for the proposed procedure.

Theorem 2. Suppose that the assumption of Theorem 1 holds, and λ1 is selected by
STPS. Then, we have √

n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

d−→ N(0, 1).

Remark 3. For our selection method to work well, Λ must contain small candidate values.
However, well-known software packages typically do not generate sufficiently small values
as candidates. Thus, it is necessary to manually include small values to Λ. An example
of the choice of Λ is illustrated in the next section.

2.4 Simulation Studies
In this section, we compare finite sample performances of the debiased Lasso tuned by
our procedure and those of other statistical inference methods. We use the R packages
glmnet and hdm. In all examples, we set p = 2n and repeat experiments 1,000 times.

2.4.1 Simulation Design

We employ the settings of Wang et al. (2020). For a given value of cy, we set β0 as one of
the following p+ 1-dimensional vectors.

sparse : (1.5, cy, . . . , cy︸ ︷︷ ︸
5

, 0, . . . , 0)T ,

moderately sparse : (1.5, 5cy, . . . , 5cy︸ ︷︷ ︸
10

, cy, . . . , cy︸ ︷︷ ︸
10

, 0, . . . , 0)T ,
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dense : (1.5, cy, cy/
√
2, . . . , cy/

√
p)T .

In addition, for a given value of cx, we set γ0 as one of the following p-dimensional vectors.

sparse : (0, . . . , 0︸ ︷︷ ︸
4

, cx, . . . , cx︸ ︷︷ ︸
4

, 0, . . . , 0)T ,

dense : (cx, cx/
√
2, . . . , cx/

√
p)T .

The covariance matrix Σ is given by one of the following matrices:

Independent : Σ = I, Toeplitz : Σjk = ρ|j−k|,

Equal correlation : Σjk = ρ1(j ̸=k), ρ ∈ {0.3, 0.9}.

We consider the following two settings.

• Setting 1. The data generating process is given by

Yi = 1 +XT
i β0 + ϵi for i = 1, . . . , n,

where Xi ∈ Rp+1 ∼ N(0,Σ), ϵi ∼ N(0, 1), and Xi and ϵi are independent. We select
cy so that R2 is 0.8.

• Setting 2. The data generating process is given by

Yi = 1 +XT
i β0 + ϵi,

Xi,1 = 0.5 +XT
i,−1γ0 + ηi,

where Xi,−1 ∈ Rp ∼ N(0,Σ), (ϵi, ηi) ∼ N(0, I2), and Xi = (Xi,1, X
T
i,−1)

T and (ϵi, ηi)

are independent. We select cy so that R2 of the first equation is 0.8 and select cx
so that R2 of the second equation is one of {0.3, 0.5, 0.8, 0.9}.

The true value of the parameter of interest, the first element of β0, is 1.5. In Setting
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1, some calculations yield

τ 21 =



1 if Σjk = 1(j = k),

0.701 if Σjk = 0.31(j ̸=k),

0.19 if Σjk = 0.9|j−k|,

0.1 if Σjk = 0.91(j ̸=k).

In Setting 2, we have τ 21 = 1. When the covariance matrix has the structure of the Toeplitz
or equal correlation, Θ1 is dense for Setting 1. In Setting 2, γ0 controls the sparsity of Θ1

because we have Θ1 = (1,−γT0 )T .
The following procedures are included in the comparisons.

• “Oracle” refers to OLS derived from true models.

• “STPS” refers to the debiased Lasso with λ1 selected by STPS.

• “CV” refers to the debiased Lasso with λ1 selected by 10-fold cross-validation.

• “Univ” refers to the debiased Lasso with λ1 = τ1
√
2 log p/n, the universal tuning

parameter.

• “DBMM” refers to the debiased Lasso with λ1 selected by the method of Dezeure
et al. (2015).

• “ZZ” represents the debiased Lasso with λ1 selected by the method of Zhang and
Zhang (2014).

• “Double” refers to the post-double selection of Belloni et al. (2014).

• “PODS” refers to the projection onto the double selection of Wang et al. (2020).

• “DML” refers to the double machine learning of Chernozhukov et al. (2018) with
5-fold sample splitting.

We compared the biases, standard deviations, coverages, and lengths of 95% confidence
intervals for all methods.

To implement the debiased Lasso, we need to determine two tuning parameters. For
all debiased Lasso-based methods, including STPS, the tuning parameter of the Lasso is
determined by the 10-fold cross-validation, which is implemented using the lambda.min
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option of glmnet. The tuning parameter of the node-wise Lasso is selected from a common
set Λ. As we note in the previous section, the default set generated by glmnet does not
contain sufficiently small values. Thus, we augment the default set by adding some small
values. Specifically, we set Λ = Λ1 ∪ Λ2 where Λ1 = {0.001/

√
n, 0.002/

√
n, . . . , 0.02/

√
n}

consists of 20 elements, and Λ2 is the set of 100 elements generated by glmnet. Note
that we do not multiply λ0 and λ1 by 2 in our simulation studies. We estimate the error
variance σ2

ϵ = 1 by σ̂2
ϵ = ∥Y − Xβ̂(λ1se)∥2/n, where β̂(λ1se) is the Lasso whose tuning

parameter is selected by the one standard error rule with lambda.1se option.
We briefly explain other estimation methods. Double is implemented by the function

rlassoEffects of the R package hdm. In PODS, we use the Lasso implemented by the
function rlasso of the R package hdm as the model selection procedure. To implement
DML, we follow Definition 3.2 of Chernozhukov et al. (2018) and use the variance es-
timator defined in Theorem 3.2 to construct confidence intervals. The orthogonal score
function ψ is defined as follows:

ψ(Wi, η0, β01) = (Yi −Xi,1β01 − g0(Xi,−1))(Xi,1 −m0(Xi,−1)),

where η0 = (g0,m0) is a nuisance parameter and Wi = (Xi, Yi). We estimate g0 and m0

by the post-Lasso, which is implemented by the function rlasso. Tuning parameters
for the post-Lasso are selected using the method of Belloni et al. (2012), which is also
implemented by rlasso.

2.4.2 Simulation Results

Table 2.1 summarizes the results for Setting 1 with n = 100 and p = 200. In all cases, the
coverage rates of STPS are close to the nominal level. On the other hand, the debiased
Lasso-based confidence intervals have smaller coverage rates if λ1 is selected by other
methods. This is because they select relatively larger tuning parameters so that the
debiased Lasso tends to have a large bias and small variance. In particular, the universal
penalty, which is often used for theoretical analysis of the Lasso, may not be suitable for
the node-wise Lasso. CV also yields low coverage, although it is the most well-known
method for tuning parameter selection. Double and PODS are also unstable, and their
coverages are generally low. If the correlation among covariates is not too high, DML
performs well and its standard deviations are smaller than those of STPS. However, when
the correlation among covariates is the highest, the coverage of DML is much higher than
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the nominal level.
Table 2.2 shows the results for Setting 1 when n = 500 and p = 1000. STPS gives

confidence intervals with accurate coverage. Even in this case, Univ still has large biases,
and its coverage is small. Although the results of CV, DBMM, and ZZ are improved
compared with the small sample size case, their coverage is still small, particularly when
β0 is dense and Σ has the Toeplitz structure. DML performs well, but its coverage is still
large when the correlation is the highest. The performances of Double and PODS are
unstable, even in the large sample case.

Next, we compare the results of all procedures for Setting 2. Table 2.3 shows the
simulation results for this setting when n = 100 and p = 200. Only the coverage rates of
STPS are close to the nominal coverage in all cases. Other debiased Lasso-based methods
do not cover β01 well in this setting. In particular, when β0 and γ0 are dense, they
have large biases. These results are consistent with our theoretical analysis. Because the
sparsity assumptions of van de Geer et al. (2014) and Javanmard and Montanari (2018)
are violated when both β0 and γ0 are dense, existing selection methods cannot remove
the bias. Although DML performs well when either β0 or γ0 is not dense, its performance
is significantly aggravated when both of them are dense. The theory of DML allows that
one nuisance parameter is dense to make the bias small if the other nuisance parameter is
quite sparse. However, because both nuisance parameters are dense, a large bias occurs
for DML.

Table 2.4 shows simulation results for Setting 2 when n = 500 and p = 1, 000. When β0
and γ0 are dense, the biases for all methods other than STPS are so large that confidence
intervals yield much small coverage. This is because the other methods miss more relevant
covariates than the case of n = 100.

We also performed simulation for p > 2n. The results are similar to the case of p = 2n

and are not reported here. We confirmed that STPS outperforms other methods in terms
of coverage for p ≤ 10n. However, when p = 10n, the bias of the debiased Lasso cannot
be sufficiently removed, even by selecting the smallest value in Λ. Therefore, the coverage
of STPS also tends to be smaller than the nominal level.

In summary, provided p is not significantly greater than n, STPS gives accurate con-
fidence intervals regardless of whether β0 and Θ1 are sparse or dense. Meanwhile, other
methods perform poorly, particularly when β0 and Θ1 are dense. Our simulation re-
sults indicate that the debiased Lasso tuned by our method would enable us to perform
accurate statistical inference in general settings when p is reasonably greater than n.
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Table 2.1: Simulation results for Setting 1 with n = 100 and p = 200.

Oracle STPS Univ CV DBMM ZZ Double PODS DML
β0 is sparse, Σ = I

Bias 0.001 -0.039 -0.052 -0.051 -0.045 -0.043 -0.162 -0.006 -0.003
SD 0.103 0.165 0.121 0.122 0.13 0.139 0.161 0.163 0.127

Cover 0.932 0.94 0.875 0.886 0.909 0.919 0.757 0.831 0.938
Length 0.392 0.671 0.427 0.435 0.485 0.532 0.545 0.442 0.462

β0 is sparse, Σj,k = 0.31(j ̸=k)

Bias -0.006 -0.026 -0.046 -0.042 -0.038 -0.036 -0.041 0.019 0.006
SD 0.111 0.192 0.133 0.139 0.145 0.145 0.159 0.213 0.153

Cover 0.949 0.944 0.867 0.899 0.921 0.919 0.904 0.775 0.95
Length 0.434 0.757 0.424 0.482 0.537 0.542 0.569 0.511 0.597

β0 is sparse, Σj,k = 0.91(j ̸=k)

Bias 0.002 -0.067 -0.311 -0.114 -0.087 -0.218 0.331 0.014 0.14
SD 0.291 0.489 0.325 0.347 0.357 0.332 0.367 0.566 0.387

Cover 0.944 0.935 0.509 0.886 0.917 0.739 0.848 0.732 0.984
Length 1.109 1.841 0.652 1.201 1.309 0.894 1.425 1.28 2.037

β0 is sparse, Σj,k = 0.9|j−k|

Bias 0.001 -0.011 0.014 0.009 0.004 0.005 -0.064 -0.004 -0.001
SD 0.24 0.384 0.224 0.234 0.241 0.232 0.267 0.284 0.25

Cover 0.934 0.945 0.826 0.886 0.913 0.901 0.908 0.905 0.932
Length 0.9 1.525 0.601 0.734 0.814 0.749 0.953 0.932 0.931

β0 is moderately sparse, Σ = I
Bias 0 -0.066 -0.087 -0.086 -0.077 -0.073 -0.265 -0.009 -0.002
SD 0.111 0.179 0.147 0.148 0.152 0.158 0.186 0.183 0.173

Cover 0.92 0.909 0.79 0.797 0.833 0.86 0.622 0.834 0.926
Length 0.392 0.7 0.446 0.454 0.506 0.555 0.653 0.496 0.632

β0 is moderately sparse, Σj,k = 0.91(j ̸=k)

Bias 0.002 -0.066 -0.31 -0.113 -0.085 -0.217 0.333 0.014 0.138
SD 0.348 0.488 0.325 0.346 0.356 0.331 0.369 0.565 0.386

Cover 0.908 0.938 0.51 0.885 0.92 0.743 0.845 0.732 0.986
Length 1.203 1.837 0.651 1.199 1.306 0.893 1.424 1.277 2.028

β0 is moderately sparse, Σj,k = 0.9|j−k|

Bias 0.003 -0.015 -0.008 -0.009 -0.012 -0.013 -0.077 -0.003 0.002
SD 0.265 0.383 0.214 0.227 0.236 0.226 0.267 0.288 0.253

Cover 0.913 0.949 0.835 0.893 0.911 0.898 0.899 0.904 0.934
Length 0.899 1.515 0.597 0.729 0.809 0.744 0.951 0.933 0.951

β0 is dense, Σj,k = 0.91(j ̸=k)

Bias - -0.065 -0.31 -0.112 -0.085 -0.216 0.334 0.014 0.138
SD - 0.488 0.325 0.346 0.357 0.331 0.369 0.567 0.387

Cover - 0.939 0.516 0.891 0.92 0.74 0.85 0.728 0.985
Length - 1.836 0.65 1.198 1.306 0.892 1.423 1.278 2.028

β0 is dense, Σj,k = 0.9|j−k|

Bias - -0.021 -0.037 -0.032 -0.03 -0.034 -0.152 -0.013 0.002
SD - 0.381 0.225 0.235 0.242 0.234 0.264 0.297 0.289

Cover - 0.939 0.785 0.842 0.876 0.862 0.865 0.873 0.944
Length - 1.459 0.575 0.702 0.779 0.716 0.955 0.931 1.09
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Table 2.2: Simulation results for Setting 1 with n = 500 and p = 1000.

Oracle STPS Univ CV DBMM ZZ Double PODS DML
β0 is sparse, Σ = I

Bias -0.002 -0.005 -0.008 -0.008 -0.006 -0.006 -0.1 -0.001 -0.002
SD 0.046 0.076 0.048 0.048 0.052 0.057 0.062 0.061 0.046

Cover 0.94 0.964 0.945 0.943 0.957 0.953 0.536 0.862 0.942
Length 0.176 0.314 0.185 0.185 0.207 0.23 0.211 0.185 0.176

β0 is sparse, Σj,k = 0.31(j ̸=k)

Bias 0.001 -0.004 -0.01 -0.008 -0.006 -0.006 0.03 0.02 0.021
SD 0.049 0.096 0.054 0.055 0.059 0.063 0.062 0.078 0.057

Cover 0.959 0.954 0.923 0.945 0.95 0.953 0.902 0.81 0.961
Length 0.195 0.379 0.196 0.211 0.235 0.248 0.229 0.214 0.242

β0 is sparse, Σj,k = 0.91(j ̸=k)

Bias 0.002 -0.008 -0.102 -0.023 -0.017 -0.044 0.242 0.027 0.037
SD 0.127 0.224 0.141 0.144 0.144 0.143 0.152 0.22 0.147

Cover 0.95 0.953 0.721 0.938 0.947 0.908 0.636 0.786 0.975
Length 0.497 0.893 0.384 0.544 0.556 0.5 0.589 0.555 0.667

β0 is sparse, Σj,k = 0.9|j−k|

Bias 0 0.007 0.013 0.009 0.004 0.003 -0.06 -0.001 0
SD 0.108 0.18 0.106 0.106 0.108 0.109 0.115 0.118 0.109

Cover 0.941 0.958 0.85 0.89 0.92 0.925 0.892 0.924 0.941
Length 0.402 0.707 0.314 0.341 0.38 0.392 0.419 0.409 0.404

β0 is moderately sparse, Σ = I
Bias -0.002 -0.008 -0.014 -0.014 -0.011 -0.01 -0.106 0 -0.002
SD 0.047 0.077 0.05 0.05 0.054 0.058 0.063 0.063 0.048

Cover 0.938 0.963 0.928 0.926 0.945 0.956 0.532 0.866 0.952
Length 0.176 0.323 0.19 0.19 0.212 0.236 0.22 0.19 0.185

β0 is moderately sparse, Σj,k = 0.91(j ̸=k)

Bias 0.003 -0.008 -0.101 -0.022 -0.017 -0.043 0.242 0.026 0.037
SD 0.138 0.224 0.14 0.144 0.144 0.143 0.151 0.22 0.147

Cover 0.947 0.953 0.723 0.938 0.945 0.907 0.632 0.777 0.978
Length 0.541 0.891 0.383 0.543 0.555 0.499 0.587 0.554 0.665

β0 is moderately sparse, Σj,k = 0.9|j−k|

Bias 0 0.006 0.007 0.004 0 0 -0.064 -0.002 0
SD 0.109 0.18 0.102 0.103 0.107 0.108 0.115 0.119 0.109

Cover 0.94 0.959 0.871 0.896 0.924 0.928 0.892 0.919 0.943
Length 0.402 0.706 0.313 0.341 0.38 0.392 0.419 0.41 0.407

β0 is dense, Σj,k = 0.91(j ̸=k)

Bias - -0.008 -0.101 -0.022 -0.016 -0.043 0.241 0.024 0.038
SD - 0.224 0.14 0.143 0.143 0.142 0.151 0.221 0.146

Cover - 0.95 0.72 0.937 0.947 0.912 0.639 0.785 0.976
Length - 0.89 0.382 0.542 0.554 0.499 0.587 0.554 0.664

β0 is dense, Σj,k = 0.9|j−k|

Bias - 0.004 -0.009 -0.01 -0.01 -0.009 -0.16 -0.003 -0.002
SD - 0.179 0.108 0.108 0.11 0.111 0.115 0.124 0.128

Cover - 0.943 0.822 0.863 0.899 0.904 0.661 0.903 0.944
Length - 0.67 0.297 0.324 0.361 0.372 0.421 0.409 0.481
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Table 2.3: Simulation results for Setting 2 with n = 100 and p = 200.

Oracle STPS Univ CV DBMM ZZ Double PODS DML
β0 and γ0 are sparse, R2 = 0.5

Bias -0.002 -0.014 -0.003 -0.007 -0.009 -0.009 -0.043 -0.003 0
SD 0.09 0.191 0.101 0.105 0.109 0.109 0.117 0.122 0.108

Cover 0.931 0.962 0.89 0.913 0.936 0.933 0.907 0.908 0.938
Length 0.341 0.754 0.33 0.368 0.41 0.414 0.439 0.416 0.415

β0 and γ0 are sparse, R2 = 0.9

Bias -0.003 -0.024 -0.111 -0.084 -0.071 -0.085 -0.007 0.007 0.029
SD 0.053 0.175 0.08 0.087 0.091 0.084 0.125 0.122 0.128

Cover 0.935 0.964 0.534 0.734 0.823 0.75 0.937 0.903 0.98
Length 0.198 0.709 0.22 0.284 0.315 0.279 0.484 0.415 0.664

β0 is moderately sparse and γ0 is dense, R2 = 0.3

Bias 0.003 -0.013 0.019 0.006 -0.002 -0.003 -0.061 -0.014 0.008
SD 0.101 0.192 0.102 0.109 0.115 0.112 0.125 0.134 0.11

Cover 0.921 0.948 0.893 0.928 0.937 0.937 0.901 0.889 0.922
Length 0.359 0.744 0.342 0.39 0.434 0.427 0.466 0.437 0.398

β0 is moderately sparse and γ0 is dense, R2 = 0.8

Bias 0.003 -0.005 0.006 0.003 0.002 0.004 -0.007 -0.007 0.007
SD 0.067 0.187 0.074 0.099 0.106 0.08 0.149 0.172 0.092

Cover 0.921 0.962 0.867 0.931 0.94 0.898 0.923 0.827 0.937
Length 0.234 0.748 0.214 0.367 0.406 0.264 0.551 0.473 0.329

β0 and γ0 are dense, R2 = 0.8

Bias - 0.002 0.113 0.05 0.038 0.087 -0.032 -0.014 0.122
SD - 0.187 0.097 0.106 0.111 0.096 0.149 0.173 0.092

Cover - 0.967 0.41 0.877 0.917 0.66 0.911 0.819 0.657
Length - 0.773 0.221 0.379 0.42 0.273 0.547 0.472 0.338
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Table 2.4: Simulation results for Setting 2 with n = 500 and p = 1000.

Oracle STPS Univ CV DBMM ZZ Double PODS DML
β0 and γ0 are sparse, R2 = 0.5

Bias -0.001 0.001 0.002 0 -0.001 -0.001 -0.026 0 -0.002
SD 0.04 0.085 0.045 0.045 0.047 0.049 0.051 0.052 0.047

Cover 0.942 0.961 0.918 0.93 0.95 0.956 0.88 0.911 0.94
Length 0.152 0.34 0.156 0.164 0.183 0.196 0.187 0.179 0.177

β0 and γ0 are sparse, R2 = 0.9

Bias 0 -0.002 -0.046 -0.035 -0.025 -0.025 -0.024 0 0
SD 0.023 0.083 0.037 0.039 0.042 0.041 0.051 0.053 0.047

Cover 0.952 0.96 0.682 0.798 0.871 0.871 0.897 0.914 0.956
Length 0.089 0.341 0.123 0.138 0.154 0.154 0.191 0.179 0.189

β0 is moderately sparse and γ0 is dense, R2 = 0.3

Bias -0.002 0.001 0.012 0.004 0.001 0.001 -0.029 -0.005 -0.001
SD 0.042 0.089 0.044 0.046 0.048 0.049 0.053 0.056 0.044

Cover 0.933 0.959 0.91 0.936 0.952 0.953 0.891 0.91 0.942
Length 0.156 0.352 0.154 0.169 0.189 0.191 0.199 0.189 0.165

β0 is moderately sparse and γ0 is dense, R2 = 0.8

Bias -0.001 0.002 0.006 0.002 0.002 0.004 -0.011 -0.003 0
SD 0.025 0.093 0.029 0.04 0.043 0.032 0.061 0.067 0.037

Cover 0.944 0.95 0.898 0.95 0.953 0.924 0.942 0.877 0.937
Length 0.095 0.37 0.097 0.156 0.173 0.116 0.231 0.209 0.134

β0 and γ0 are dense, R2 = 0.8

Bias - 0.004 0.16 0.068 0.049 0.123 -0.035 -0.012 0.144
SD - 0.093 0.041 0.043 0.045 0.04 0.062 0.067 0.038

Cover - 0.954 0.015 0.597 0.813 0.068 0.893 0.868 0.029
Length - 0.382 0.1 0.161 0.179 0.12 0.229 0.209 0.14
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2.5 Real Data Example
In this section, we present an example of applying our method to real economic data.
We revisit the study of Harrison and Rubinfeld (1978), who investigated methodological
problems in using housing data to estimate the demand for clean air. They used data
for census tracts in the Boston Standard Metropolitan Statistical Area. We examine the
effect of nitrogen oxide concentration on housing prices by adding new control variables
to the original regression model.

Harrison and Rubinfeld (1978) considered the following linear regression model:

log MVi = α + β1NOX2
i + β2RM2

i + β3 log DISi + β4AGEi + β5 log RADi + β6TAXi

+ β7PTRATIOi + β8(Bi − 0.63)2 + β9 log LSTATi + β10CRIMi

+ β11ZNi + β12INDUSi + β13CHASi + ϵi,

where MV denotes the median value of houses and NOX denotes the nitrogen oxide con-
centration in each census tract1. See Gilley and Pace (1996) for explanations of other
covariates. Harrison and Rubinfeld (1978) showed that the OLS estimate of the coeffi-
cient of NOX2 has a negative sign, being highly significant. Because the original data of
Harrison and Rubinfeld (1978) contained some incorrectly coded observations, Gilley and
Pace (1996) performed sensitivity analysis based on corrected data and showed that the
conclusions of the empirical study do not change.

We performed sensitivity analysis by adding new control variables. We considered the
following linear regression model:

log MVi = α + β1NOX2
i +XT

i,−1β−1 + ϵi, (2.6)

where Xi,−1 denotes the vector of 78 control variables, including all covariates except for
NOX2 in the original model and their first order interaction terms. We used the data of
Gilley and Pace (1996), which is available from the R package mlbench. The sample size
was 506. We performed statistical inference on β1 using methods listed in our simulation
studies. Because we could obtain the OLS estimate of β1, we also compared the results
of methods with OLS estimates in the original model and the model (2.6). To obtain
the estimator of DML, we employed the median method using 100 sample splits (see

1In Harrison and Rubinfeld (1978), the exponent 2 of NOX is an estimated value rather than a
predetermined value.
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Table 2.5: Estimates of β1 and their standard errors for the model (2.6) with n = 506
and dim(Xi,−1) = 78. OLS refers to the OLS results for β1 in the original model, which
are given in Gilley and Pace (1996). HOLS refers to the OLS results for β1 in the model
(2.6).

OLS HOLS STPS CV Univ
Est -0.63724 -0.65051 -0.65184 -0.63743 -0.56759
SE 0.11003 0.11512 0.14784 0.13480 0.08642

DBMM ZZ Double PODS DML
Est -0.65184 -0.65184 -0.70252 -0.66724 -0.58113
SE 0.14784 0.14784 0.14019 0.10230 0.15045

Definition 3.3 of Chernozhukov et al. 2018). Because we do not know the true error
variance in regressing NOX2

i on Xi,−1 for Univ, we estimate it by the sample mean of
squared residuals from the node-wise Lasso tuned by the one standard error rule.

Table 2.5 shows the results of applying methods to the model (2.6). The results of
all methods are consistent with those of previous studies: all methods rejected the null
hypothesis β1 = 0 at a 5% significance level. Because the high-dimensional OLS estimate
does not differ from the original OLS estimate, it is plausible to think that control variables
in the original model are sufficient. The estimates of the debiased Lasso tuned by cross-
validation, methods of Zhang and Zhang (2014), Dezeure et al. (2015), and STPS, and
the estimate of PODS are close to the OLS estimates. Meanwhile, other estimates are
relatively different from the two OLS estimates. The estimates of Univ and DML are
relatively large, whereas the estimate of Double is small. Because the simulation studies
show that STPS always has small biases when n is large, estimates that significantly differ
from that of STPS may have large biases in this real data example.

2.6 Conclusion
In this study, we analyzed theoretical and numerical properties of the debiased Lasso
when the tuning parameter of the node-wise Lasso is much smaller than in previous
studies. Moreover, we proposed a data-driven tuning parameter selection procedure,
called STPS. Our analysis shows that selecting a moderately small tuning parameter can
mitigate the bias of the debiased Lasso without making variances diverge if the number
of covariates is not too large. This implies that asymptotic normality for the debiased
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Lasso holds provided that the number of nonzero coefficients in linear regression models
is o(

√
n/ log p). According to simulation studies and a real data example, STPS yields

accurate confidence intervals. Therefore, STPS would be a useful tool for high-dimensional
statistical inferences.

2.7 Appendix

2.7.1 Proofs

Proof of Lemma 1. For the node-wise Lasso estimate γ̂1 = (γ̂1,2, . . . , γ̂1,p)
T ∈ Rp−1, let

Ŝ1 = {j : γ̂1,j ̸= 0} and ŝ1 = |Ŝ1|. Moreover, let XŜ1
denote the submatrix of X whose

columns correspond to the elements of Ŝ1. Because each column vector of X is in general
position, all column vectors of XŜ1

are linearly independent, and the node-wise Lasso
selects at most n variables when p > n. Because XT

Ŝ1
XŜ1

is invertible with probability
one, for λ1 ≥ C1/

√
n, we can write

τ̃ 21 =
1

n
XT

1 QŜ1
X1 + λ21κ

T
Ŝ1

(
1

n
XT

Ŝ1
XŜ1

)−1

κŜ1

≥ λmin

(
1

n
XT

{1}∪Ŝ1
X{1}∪Ŝ1

)
+
ŝ1
n

C2
1

ϕmax(ŝ1)

≥ ϕmin(1 + ŝ1) +
ŝ1
n

C2
1

ϕmax(ŝ1)
,

whereQŜ1
= I−XŜ1

(XT
Ŝ1
XŜ1

)−1XT
Ŝ1

. The second inequality holds because of the definition
of restricted maximum eigenvalues and the fact that (XT

1 QŜ1
X1/n)

−1 is the first diagonal
element of (XT

{1}∪Ŝ1
X{1}∪Ŝ1

/n)−1. See A-74 of Greene (2012). The last inequality holds
by the definition of restricted minimum eigenvalues. Therefore, we obtain

1

τ̃ 21
≤ min

{
1

ϕmin(1 + ŝ1)
,
n

ŝ1

ϕmax(ŝ1)

C2
1

}
.

Let A1 = {ϕmin(n/K) ≥ Cmin}, A2 = {ϕmax(n) ≤ Cmax}, G={each column vector of X is
in general position}, and

T =

{
1

τ̃ 21
≤ min

{
1

ϕmin(1 + ŝ1)
,
n

ŝ1

ϕmax(ŝ1)

C2
1

}}
.
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Notice that G ⊂ T ∩ {ŝ1 ≤ n}. Let B1 = {ŝ1 < n/K} and B2 = {n ≥ ŝ1 ≥ n/K}. Then,
we have {ŝ1 ≤ n} = B1 ∪ B2 and B1 ∩ B2 = ∅. Thus, we have

A1 ∩ A2 ∩G ⊂ A1 ∩ A2 ∩ T ∩ (B1 ∪B2) ⊂ (A1 ∩ B1 ∩ T ) ∪ (A2 ∩B2 ∩ T ). (2.7)

First, we focus on the event A1 ∩B1 ∩ T . Recall that n is divisible by K so that 1+ ŝ1 ≤
n/K. Recall also that ϕmin(s) is nonincreasing in s. Therefore, on the event A1 ∩B1 ∩ T ,
we have ϕmin(1 + ŝ1) ≥ ϕmin(n/K) ≥ Cmin and 1/τ̃ 21 ≤ 1/ϕmin(1 + ŝ1). Hence, we obtain

A1 ∩B1 ∩ T ⊂
{

1

τ̃ 21
≤ 1

Cmin

}
. (2.8)

Next, we focus on the event A2∩B2∩T . Recall that ϕmax(s) is a nondecreasing function in
s. Therefore, on the event A2∩B2∩T , we have n ≥ ŝ1 ≥ n/K, ϕmax(ŝ1) ≤ ϕmax(n) ≤ Cmax,
and 1/τ̃ 21 ≤ nϕmax(ŝ1)/(ŝ1C

2
1). Hence, we obtain

A2 ∩ B2 ∩ T ⊂
{

1

τ̃ 21
≤ KCmax

C2
1

}
. (2.9)

By combining (2.7), (2.8), and (2.9), we have

A1 ∩ A2 ∩G ⊂
{

1

τ̃ 21
≤ 1

Cmin

}
∪
{

1

τ̃ 21
≤ KCmax

C2
1

}
⊂
{

1

τ̃ 21
≤ 1

Cmin
+
KCmax

C2
1

}
.

By the union bound and Assumption 1, we obtain

P

(
1

τ̃ 21
≤ 1

Cmin
+
CmaxK

C2
1

)
≥ P (A1 ∩ A2 ∩G) = 1− P (Ac

1 ∪ Ac
2 ∪Gc)

≥ 1− P (Ac
1)− P (Ac

2).

By Assumptions 2 and 3, we have

lim inf
n→∞

P

(
1

τ̃ 21
≤ 1

Cmin
+
CmaxK

C2
1

)
= 1.

This completes the proof of this lemma.

Proof of Proposition 1. Assumptions 1 and 4 (ii) are satisfied from Lemma 4 of Tib-
shirani (2013) and Theorem 6 of Rudelson and Zhou (2013), respectively. We now show
that the condition of Proposition 1 implies Assumptions 2, 3, and 4 (i). As in the ap-
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pendix of Javanmard and Montanari (2018), who follow Remark 5.40 of Vershynin (2012),
we have

P

(
ϕmax(k) ≥ Kmax + C

√
k

n
+

t√
n

)
≤ 2

(
p

k

)
exp(−ct2),

for any t ≥ 0 and 1 ≤ k ≤ n, where positive constants C and c depend on Kmax but not
on n. Notice that (

p

k

)
=

p!

k!(p− k)!
≤ pk

k!
≤
(p
k

)k
exp(k)

because exp(k) =
∑∞

i=0 k
i/i! ≥ kk/k! for any positive integer k. Thus, for p ≤ C0n, we

have

P

(
ϕmax(n) ≥ Kmax + C +

t√
n

)
≤ 2 exp(n(logC0 + 1)− ct2).

Let

t =

√
2n(logC0 + 1)

c
.

Then,

n(logC0 + 1)− ct2 = n(logC0 + 1)− 2n(logC0 + 1) = −n(logC0 + 1).

Hence, we have

P

(
ϕmax(n) ≥ Kmax + C +

√
2(logC0 + 1)

c

)
≤ 2 exp(−n(logC0 + 1)).

By taking Cmax = Kmax +C +
√
2(logC0 + 1)/c, the first part of the proof is completed.

The analogous arguments show that Assumption 4 (ii) is also satisfied. Similarly, following
Remark 5.40 of Vershynin (2012), we have

P

(
ϕmin(k) ≤ Kmin − C

√
k

n
− t√

n

)
≤ 2

(
p

k

)
exp(−ct2).

Hence, we have

P

(
ϕmin

( n
K

)
≤ Kmin −

C√
K

− t√
n

)
≤ 2 exp

( n
K

(logK + logC0 + 1)− ct2
)
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for any K. Let

t =

√
nKmin

2
.

Then,

P

(
ϕmin

( n
K

)
≤ Kmin

2
− C√

K

)
≤ 2 exp

(
−n
(
cK2

min
4

− 1

K
{logK + logC0 + 1}

))
.

By taking K so that
Kmin

2
− C√

K
> 0, (2.10)

we have
cK2

min
4

− 1

K
{logK + logC0 + 1} > 0. (2.11)

Notice that constants on left hand sides of (2.10) and (2.11) are independent of n. Thus,
the second part of the proof is completed by taking Cmin = Kmin/2− C/

√
K.

Proof of Theorem 1. For a sufficiently large positive constant C such that C ≥ σϵ
√
C∗,

set λ0 = C
√

2 log p/n. Under Assumption 4, standard arguments of normal distribution
yield

P

(
1

n
∥XT ϵ∥∞ > λ0

)
= O

(
1√

log p

)
,

and we have the oracle inequalities

1

n
∥X(β̂ − β0)∥2 ≤

8s0λ
2
0

κ2min
, ∥β̂ − β0∥1 ≤

4s0λ0
κ2min

,

with probability tending to one. See Lemmas 6.1 and 6.3 and Theorem 6.1 in Bühlmann
and van de Geer (2011). Recall that

∆1 =
√
n(Σ̂Θ̂1 − e1)

T (β0 − β̂).

Thus, it follows from Lemma 1 that for s0 such that s0 = o(
√
n/ log p)

|∆1| ≤
√
n
λ1
τ̂ 21

∥β̂ − β0∥1 = oP (1).

Lemma 1 also yields
Ω̂1,1 =

τ̃ 21
τ̂ 41

≤ 1

τ̃ 21
= OP (1).
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This completes the proof.

Proof of Corollary 1. The studentized debiased Lasso can be expressed as follows:

√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

=
1

σ̂ϵΩ̂
1/2
1,1

1√
n
Θ̂1

TXT ϵ+ ∆̃1,

where
∆̃1 =

√
n(Σ̂Θ̂1 − e1)

T (β0 − β̂)

σ̂ϵΩ̂
1/2
1,1

.

By the same argument in the proof of Theorem 1, we obtain ∆̃1 = oP (1). Let

Z1 =
1

σϵΩ̂
1/2
1,1

1√
n
Θ̂1

TXT ϵ ∼ N(0, 1).

By the same argument of Javanmard and Montanari (2014), we obtain

P

(√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

≤ z

)
= P

(
σ

σ̂ϵ
Z1 + ∆̃1 ≤ z

)
≤ P

(
Z1 ≤

σ̂ϵ
σϵ
(z + δ)

)
+ P

(
|∆̃1| > δ

)
≤ Φ(δ(1 + |z|) + δ2 + z) + P

(∣∣∣∣ σ̂ϵσϵ − 1

∣∣∣∣ > δ

)
+ P (|∆̃1| > δ)

for any δ > 0. By taking the limit supremum as n → ∞ at first and the limit as δ → 0

subsequently, we obtain

lim sup
n→∞

P

(√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

≤ z

)
≤ Φ(z).

Next, for any δ > 0 and C > 0, we have

Φ(z − δ) = P (Z1 + δ ≤ z) = P

(
σ̂ϵ
σϵ

1

σ̂ϵΩ̂
1/2
1,1

1√
n
Θ̂1

TXT ϵ+ δ ≤ z

)

≤ P

(√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

≤ z

)
+ P

(
|∆̃1| >

δ

2

)
+ P

(∣∣∣∣ σ̂ϵσϵ − 1

∣∣∣∣ > δ

2C2

)

+ P

(∣∣∣∣∣ 1

Ω̂
1/2
1,1

1√
n
Θ̂1

TXT ϵ

∣∣∣∣∣ > C

)
+ P

(
1

σ̂ϵ
> C

)
.

By taking the limit infimum as n → ∞ at first, C → ∞ subsequently, and δ → 0
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afterward, we have

Φ(z) ≤ lim inf
n→∞

P

(√
n(b̂1 − β01)

σ̂ϵΩ̂
1/2
1,1

≤ z

)
.

This completes the proof.

Proof of Theorem 2. It is sufficient to show that ∆̃1(λ1) = oP (1) and Ω̂1,1(λ1) =

OP (1). Recall that f(λ) := ∥Σ̂Θ̂1(λ) − e1∥∞/Ω̂
1/2
1,1 (λ) and η∗1 := τ̃1(λCV)/

√
n. First,

suppose that f(λ) > η∗1 for all λ ∈ Λ. Then, our procedure selects λ1 = λmin, and the
KKT conditions for the node-wise Lasso yield

f(λ1) =
∥Σ̂Θ̂1(λmin)− e1∥∞

Ω̂
1/2
1,1 (λmin)

≤ λmin

τ̃1(λmin)
.

Second, suppose that f(λ) ≤ η∗1 for some λ ∈ Λ. Because τ̃ 21 (λ) is a nondecreasing
function in λ ∈ Λ, we obtain

f(λ1) ≤ f(λ∗) ≤ η∗1 ≤ τ̃(λmax)√
n

=
1√
n

(
1

n
∥X1∥2

)1/2

,

where the fourth equality follows from γ̂1(λmax) = 0 under Assumption 1.
Consequently, for the tuning parameter λ1 selected by our procedure, we obtain

f(λ1) ≤ max
{

λmin

τ̃1(λmin)
,

1√
n

(
1

n
∥X1∥2

)1/2
}

= OP

(
1√
n

)
,

by Lemma 1. Therefore, by Hölder inequality,

|∆̃1(λ1)| ≤ f(λ1)
1

σ̂ϵ
∥β̂ − β0∥1 = OP

(√
s20 log p
n

)
= oP (1).

Moreover, we obtain

Ω̂1,1(λ1) ≤
1

τ̃ 21 (λ1)
≤ 1

τ̃ 21 (λmin)
= OP (1),

by Lemma 1. This completes the proof.
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Chapter 3

Cross-Validation for
High-Dimensional Ridge Regression
under Misspecified Linear Models

3.1 Introduction
Recently, high dimensional prediction gets highly attention. Consider a linear regression,
and let p be the number of covariates and n be the sample size. It is well-known that
when n > p the least squares estimator which includes many covariates gives the large
out-of-sample prediction error. When p > n, the least squares objective functions have
infinitely many minimizers. Among them, the minimum ℓ2 norm (min-norm) least squares
is investigated actively. If the design matrix is full row rank, the min-norm least squares
estimator is an interpolator, which is an estimator yielding zero residuals. Surprisingly,
recent studies such as Bartlett et al. (2020) showed that the min-norm least squares
estimator yields the small out-of-sample prediction error. They call such phenomenon
as “benign overfitting.” Furthermore, Hastie et al. (2022) also showed that the so-called
“double descent” phenomenon (Advani et al. 2020, Spigler et al. 2019, Belkin et al. 2019)
occurs for the min-norm least squares estimator. That is, as p increases when n > p, the
out-of-sample prediction error of the min-norm least squares first decreases and increases
while p is closing to n. However, when p exceeds n, the out-of-sample prediction error
decreases again as p increases.

The min-norm least squares estimator can be seen as the extended ridge regression
(see Section 3.2) whose tuning parameter is zero. However, it is not true that choosing
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zero for the tuning parameter of the extended ridge regression always achieves the optimal
prediction. For example, Hastie et al. (2022) show that when the coefficients of linear re-
gression models follow the spherical prior and covariates are isotropic, the ridge regression
with positive tuning parameters outperforms the min-norm least squares in prediction.
On the other hand, Kobak et al. (2020) showed that zero or even negative regularization
for the ridge regression can yield the optimal prediction, particularly when the coefficient
of the linear regression model is aligned with the leading eigenvectors of the covraiance of
covariates. Because we do not know which tuning parameter is optimal, we have to rely
on data driven selection procedures in practice.

Among them, the cross-validation is one of the most popular methods. An excellent
survey of the method is given by Arlot and Celisse (2010). There are various forms for
the method, such as the 5 or 10-fold cross-validations. The most widely used form is the
leave-one-out cross-validation. Henceforth, we call the leave-one-out cross-validation as
CV for simplicity. However, CV is computationally intensive. To avoid the computa-
tional burden, the generalized cross-validation (GCV), which is a simple method and an
approximation of CV is also used widely.

CV and GCV were studied from long decades in the n > p setting for the tuning
parameter selection of the ridge regression. For example, see Li (1986) and Golub et al.
(1979). In the p > n setting, Hastie et al. (2022) showed that CV gives asymptotically
optimal tuning for the ridge regression. However, they make strict assumptions: covariates
are independent and coefficients follow the spherical prior with mean zero.

Recently, Patil et al. (2021) examined GCV and CV in more general assumptions for
linear regression models. They allow that covariance matrices can have general structures
as long as their eigenvalues are bounded below and above by positive constants. They
also allow that coefficients of linear regression models can be non random with bounded
ℓ2 norm. Under these assumptions, they showed that CV and GCV tuning are asymp-
totically optimal tuning, even when candidate sets of the tuning parameter have not only
positive values but also zero and negative values.

However, assuming that the true model is a linear regression model may not be realis-
tic. When p is large compared with n, it is highly possible that relationships between the
response and covariates are nonlinear. Because linear regression models are often used for
prediction, it is more realistic that we specify the true model as a linear regression model
incorrectly.

Li (1986) investigated GCV under misspecified linear regression models with the n > p

setting, and showed that GCV tuning is optimal tuning in the sense of the in-sample
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prediction error for the ridge regression. However, as far as we know, no study investigated
CV and GCV tuning for the ridge regression under misspecified linear regression models
where p can be larger than n.

In this study, we investigate CV and GCV tuning for the ridge regression under
misspecified linear regression models where p can be larger than n. We will show that if
errors between the true regression function and the best linear approximation converge
to zero, then CV and GCV tuning are still asymptotically equivalent to optimal tuning
in the sense of the out-of-sample prediction error. As in Patil et al. (2021), we also allow
that candidates for the tuning parameter include not only positive values but also zero
and negative values.

The remainder of this article is organized as follows. In Section 3.2, we formally intro-
duce the model, the extended ridge regression, the objective functions of CV and GCV,
and the out-of-sample prediction error. In Section 3.3, we introduce the assumptions and
show that the CV and GCV tuning are asymptotically equivalent with optimal tuning.
In Section 3.4, we compared prediction performances of the ridge regression tuned by
CV and GCV with those of the Lasso tuned by the 10-fold cross-validation. Section 3.5
concludes this article. Section 3.6 contains the proofs of theoretical results.

3.2 Model and Notations
First, we introduce some notations. Let aT be the transpose of a vector a. Let ∥a∥ be
the ℓ2 norm of a vector a. Let λmin(A) and λmax(A) be the minimum and maximum
eigenvalue of a matrix A, respectively. Let ∥A∥ and tr[A] be the operator norm and the
trace of a matrix A, respectively. Let C be a generic positive constant that can vary from
line to line.

Consider a regression model
yi = f(xi) + ϵi, (3.1)

where yi ∈ R is the response variable, xi = (xi,1, . . . , xi,p)
T ∈ Rp is the p dimensional

covariate vector, f : Rp → R is a regression function, and ϵi is an error term. The samples
{(y1, xT1 )T , . . . , (yn, xTn )T} are independently and identically distributed. We consider the
proportional asymptotics: p/n → γ ∈ (0,∞). We also assume that the model (3.1) is
misspecified as the linear regression model. That is, we estimate

yi = xTi β0 + ξi, (3.2)
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where β0 ∈ Rp is some non random p dimensional vector, ξi is an error term which is
given by ξi = δi + ϵi, and δi is a specification error: δi = f(xi)− xTi β0.

We introduce the matrix representation of the misspecified model (3.2). Let Y =

(y1, . . . , yn)
T ∈ Rn, X = (x1, . . . , xn)

T ∈ Rn×p, and ξ = (ξ1, . . . , ξn)
T ∈ Rn. Then, the

matrix form of (3.2) is given by
Y = Xβ0 + ξ, (3.3)

where ξ = δ + ϵ, δ = (δ1, . . . , δn)
T ∈ Rn, and ϵ = (ϵ1, . . . , ϵn)

T ∈ Rn. We assume that X
is full row rank: rank(X) = n.

We estimate the coefficient of the misspecified linear model β0 by the extended ridge
regression. To define the extended ridge estimators, first we introduce the usual ridge
estimators. Let λ > 0 be a tuning parameter for the ridge regression. The ridge estimator
β̂λ is given by

β̂λ := argmin
β∈Rp

1

n
∥Y −Xβ∥2 + λ∥β∥2. (3.4)

We can write β̂λ explicitly as

β̂λ = (Σ̂ + λIp)
−1 1

n
XTY, (3.5)

where Σ̂ = 1
n
XTX. If we use (3.5) as the ridge estimator, then the min-norm least

squares estimator is given by limλ→0 β̂λ. This can be shown by applying the singular
value decomposition to X. As in Patil et al. (2021), to extend the range of λ including
zero and negative values, we define the extended ridge estimator as

β̂λ = (Σ̂ + λIp)
+ 1

n
XTY, (3.6)

where A+ is the Moore-Penrose pseudoinverse of a matrix A. Henceforth, we call β̂λ in
(3.6) as the ridge estimator. Note that when A is invertible, then A+ = A−1. In addition,
note that we will set the range of λ so that the pseudoinverse is defined only when λ = 0

asymptotically. This is because if the absolute value of λ is less than the asymptotic
smallest positive eigenvalue of Σ̂, then Σ̂ + λIp will be invertible even when λ is negative.
However, notice that when λ is negative, Σ̂+λIp is not positive semidefinite because p−n
eigenvalues of the matrix are negative.

First, we investigate GCV because it is simpler than CV. After that, we investigate
CV by using the fact that GCV is an approximation of CV. Let Λ ⊂ (λmin,∞) be a closed
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interval which is the set of candidates for λ. λmin is defined in Section 3.3, and it can
be negative. To define objective functions of GCV and CV, let Sλ be the ridge smoother
matrix, which is defined as

Sλ = X(Σ̂ + λIp)
+ 1

n
XT , (3.7)

so that we get SλY = Xβ̂λ. Then, the objective function of GCV is written as

GCV(λ) =
1

n

n∑
i=1

(
yi − xTi β̂λ
1− 1

n
tr[Sλ]

)2

. (3.8)

However, if we plug in λ = 0 for GCV(λ) in (3.8), we get 0/0 because β̂0 is interpolating
and S0 = In when X is full row rank. Therefore, as in Hastie et al. (2022) and Patil et al.
(2021), we define GCV(0) as the limit of GCV(λ) as λ→ 0. It is given by

GCV(0) := lim
λ→0

GCV(λ) =
1

n

Y T ( 1
n
XXT )+2Y

( 1
n
tr(Σ̂+))2

.

On the other hand, the objective function of CV is given by

CV(λ) =
1

n

n∑
i=1

(yi − xTi β̂−i,λ)
2,

where β̂λ,−i is the ridge estimator derived by the training data (X,Y ) without the ith
observation. If we use this objective function, we have to compute the ridge regression n

times. It is computationally intensive particularly when n and p are large. However, it is
well-known that we can express this objective function as

CV(λ) =
1

n

n∑
i=1

(
yi − xTi β̂λ
1− (Sλ)i,i

)2

, (3.9)

by matrix algebra, where (Sλ)i,i is the ith diagonal element of Sλ. For example, see
Section 7 of Hastie et al. (2022). Similar to GCV, if we plug in λ = 0 for CV(λ) in (3.9),
we get 0/0. Therefore, we also define CV(0) as the limit of CV(λ) as λ → 0. It is given
by

CV(0) := lim
λ→0

CV(λ) =
1

n

n∑
i=1

([
( 1
n
XXT )+Y

]
i

[( 1
n
XXT )+]i,i

)2

.
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The tuning parameters selected by GCV and CV from Λ are given by

λ̂ = argmin
λ∈Λ

GCV(λ), (3.10)

and
λ̄ = argmin

λ∈Λ
CV(λ), (3.11)

respectively.
Next, we introduce an optimal tuning parameter of the ridge regression. As in Patil

et al. (2021), we use the conditional out-of-sample prediction error as a measure of the pre-
diction accuracy for the ridge regression. Henceforth, we call the out-of-sample prediction
error as the risk for simplicity. The risk is given by

R(λ) = E[(y0 − xT0 β̂λ)
2|X,Y ], (3.12)

where the expectation is taken over the test data (x0, y0) ∈ Rp+1 conditionally on the
training data (X,Y ). Notice that the test data (x0, y0) are independent of the train-
ing data (X,Y ). The optimal tuning parameter of the ridge regression is given by the
minimizer of the risk from Λ. Namely, the optimal tuning parameter λ∗ is given by

λ∗ = argmin
λ∈Λ

R(λ).

Note that λ∗ is a random variable because it depends on the training data (X,Y ).
Our purpose is to show that CV and GCV tuning are asymptotically optimal tuning.

To achieve the purpose, our goals are to show that the risks by CV and GCV and the
optimal risk are asymptotically equivalent even when the model is misspecified. That is,
we will show that

R(λ̂)−R(λ∗)
a.s.−−→ 0, (3.13)

and
R(λ̄)−R(λ∗)

a.s.−−→ 0, (3.14)

under misspecified models.
To finish the goals, we firstly analyse properties of GCV. Actually, Patil et al. (2021)

showed that GCV and CV are asymptotically equivalent even when the model is misspec-
ified. Therefore, it is enough to show the asymptotic equivalence between GCV and the
risk.
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3.3 Theoretical Results
To analyse CV and GCV for the ridge regression, we present assumptions. First, we put
the following assumption on the error terms.

Assumption 1. Error term ϵi, which is independent of xi, is independently and identi-
cally distributed with mean zero, variance σ2, and finite 4 + η moment for some η > 0.

Assumptions of homoskedasticity on error variances are often used in high-dimensional
statistics.

Next, we make the following assumption on the covariates.

Assumption 2. The row vectors xi of X is expressed as xi = Σ1/2zi, where Σ ∈ Rp×p is a
positive definite matrix, and zi is a random vector whose elements are independently and
identically distributed with mean zero, variance one, and finite 4 + η moment for some
η > 0.

This assumption is essential to bound the maximum eigenvalue and the smallest pos-
itive eigenvalue of the sample covariance. See Theorem 1 of Bai and Yin (1993).

Next, we make the following assumption on eigenvalues of Σ.

Assumption 3. There exists positive constants Cmin and Cmax < ∞ such that Cmin ≤
λmin(Σ) ≤ λmax(Σ) ≤ Cmax.

This assumption is also important to bound eigenvalues of the sample covariance.
Assumptions of bounded eigenvalues of the population covariance Σ are also popular in
high-dimensional statistics.

Note that Assumptions 1–3 are also used in Patil et al. (2021). Now we introduce the
next assumption on the regression function, which is a new one.

Assumption 4. (i) β0 is given by

β0 = argmin
β∈Rp

E[(f(xi)− xTi β)
2].

Furthermore, there is a positive constant C such that ∥β0∥2 ≤ C.
(ii) f(xi) satisfies E[f(xi)2] ≤ C for some C > 0. Furthermore, the squared approximation
error is bounded and asymptotically negligible. That is, E[(f(xi)−xTi β0)

2] ≤ C for some
C > 0 and

E[(f(x0)− xT0 β0)
2] → 0,
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as p→ ∞.

Notice that Patil et al. (2021) assume that the true models is a linear regression
model. Therefore, in their study, there is no approximation error: E[(f(xi)−xTi β0)

2] = 0

because f(xi) = xTi β0 for any i. On the other hand, Assumption 4 is weaker than their
assumption: the squared approximation error is not needed to be zero for fixed n. Note
that we do not need sparsity on the projection coefficient β0.

Let λmin be λmin = −Cmin(1 − √
γ)2. This λmin is the lower bound for the tuning

parameter λ which makes the matrix Σ̂ + λIp invertible asymptotically.
Now we give a main result on GCV under the misspecified linear model.

Theorem 1. Under Assumptions 1–4, we have

GCV(λ)−R(λ)
a.s.−−→ 0, (3.15)

for all λ ∈ (λmin,∞). Furthermore, the uniform convergence holds on any compact sub
interval Λ ⊂ (λmin,∞).

Theorem 1 implies that GCV is asymptotically optimal tuning.

Theorem 2. Under Assumptions 1–4, we get

R(λ̂)−R(λ∗)
a.s.−−→ 0.

Therefore, GCV chooses the optimal tuning parameter asymptotically even when the
regression model is misspecified as a linear regression model.

To prove Theorem 1, we also take the similar approaches of Patil et al. (2021). That is,
we decompose the risk and the objective function of GCV into bias components, variance
components, and cross components of bias and variance. That is, we rewrite R(λ) and
GCV(λ) as

R(λ) = Rb(λ) + Rv(λ) + Rc(λ),

and
GCV(λ) =

GCVb(λ)

GCVd(λ)
+

GCVv(λ)

GCVd(λ)
+

GCVc(λ)

GCVd(λ)
,

respectively, where GCVd(λ) is the denominator of GCV(λ): GCVd(λ) = (1− 1
n
tr[Sλ])

2.
These components are defined precisely in Section 3.6. First, we will show that these cross
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components are asymptotically negligible. Then, we will show that bias components and
variance components of the risk and GCV are asymptotically equivalent, respectively.

First, we show that cross components of the risk and GCV are asymptotically negli-
gible.

Lemma 1. Suppose that Assumptions 1–4 hold. Then for all λ ∈ (λmin,∞),

Rc(λ)
a.s.−−→ 0. (3.16)

Lemma 2. Suppose that Assumptions 1–4 hold. Then for all λ ∈ (λmin,∞),

GCVc(λ)

GCVd(λ)

a.s.−−→ 0. (3.17)

We note that these cross components are more complex than cross components of
Patil et al. (2021) due to the model misspecification.

Next, we will show that bias components are asymptotically equivalent.

Lemma 3. Suppose that the Assumptions 1–4 hold. Then for all λ ∈ (λmin,∞),

Rb(λ)−
GCVb(λ)

GCVd(λ)

a.s.−−→ 0. (3.18)

Actually, the most different part between us and Patil et al. (2021) is to show the
asymptotic equivalence of the bias components. Because the model is correctly specified
in Patil et al. (2021), their bias components are relatively simple. On the other hand,
because the model is incorrectly specified in this study, the bias components are much
more complex. However, Assumption 4 enables us to show the asymptotic equivalence of
the bias components.

We define variance components as quadratic forms with respect to the error terms.
Therefore, the variance components do not change from those of Patil et al. (2021) so
that their results still hold under the misspecification.

Lemma 4. (Lemma 5.4 in Patil et al. 2021.) Suppose that Assumptions 1–3 hold. Then
for all λ ∈ (λmin,∞),

Rv(λ)−
GCVv(λ)

GCVd(λ)

a.s.−−→ 0. (3.19)

Lemmas 1–4 imply the pointwise convergence part of Theorem 1. The uniform con-
vergence part can be established by showing that the risk and the objective function of
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GCV and their derivatives are bounded over any compact sub interval of Λ ⊂ (λmin,∞)

so that the Arzela-Ascoli theorem holds.
Now we will examine CV. Actually, regardless of whether the model is correctly spec-

ified or incorrectly specified, the asymptotic equivalence between CV and GCV holds as
long as the response vector Y has a finite second moment under Assumptions 2 and 3.
See Theorem 4.2 of Patil et al. (2021).

Lemma 5. (Theorem 4.2 of Patil et al. 2021.) Suppose that Assumptions 1–4 hold. Then
for all λ ∈ (λmin,∞),

GCV(λ)− CV(λ)
a.s.−−→ 0. (3.20)

Furthermore, the uniform convergence holds on any compact sub interval Λ ⊂ (λmin,∞).

3.4 Simulation Studies
In this section, we investigate finite sample prediction performances of the ridge regression
tuned by CV and GCV. As a reference, we compare them with prediction performances of
the Lasso (Tibshirani 1996). To implement the Lasso, we employ the R package glmnet
(Friedman et al. 2010). We choose the tuning parameter of the Lasso by the 10-fold
cross-validation with the lambda.min option. The candidates of the tuning parameter
of the Lasso are also generated by glmnet. On the other hand, we set the candidates
of the tuning parameter for the ridge regression as Λ, which includes 100 breakpoints
of the interval [λ1, λ2] and zero, where λ1 = λmin + 0.01, λmin = −λmin(Σ)(1 − √

γ)2,
and λ2 = 5. In all settings, we set the covariance of covariates as Σ = I + ρ11T with
ρ = 0.1 as in Kobak et al. (2020). Note that the eigen equation of this Σ is given by
ϕ(λ) = (1+ pρ−λ)(1−λ)p−1. Therefore, λmin(Σ) = 1 and λmax(Σ) = 1+ pρ. We also set
n = 50 and p = γn with γ ∈ {0.1, 0.2, 0.5, 0.9, 1, 2, 5, 10, 20, 50}.

We consider the following three settings.

• Setting 1. We borrow the simulation setting from Kobak et al. (2020). The data
generating process is given by

yi = xTi β + ϵi,

where xi ∼ N(0,Σ), and ϵi ∼ N(0, 1). β is given by β = (b, . . . , b)T ∈ Rp, with
b =

√
α/(p+ p2ρ), α = 10, and ρ = 0.1.
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• Setting 2. We consider the following nonlinear data generating process with respect
to xi which includes a linear component:

yi = f(xi) + ϵi,

where xi ∼ N(0,Σ), ϵi ∼ N(0, 1), and

f(xi) = xTi β +
1√

(1 + ρ)p logn
∥xi∥.

Σ and β are the same as in Setting 1. Note that simple calculations yield

E[(f(xi)− xTi β0)
2] ≤ 1

(1 + ρ)p lognE[∥xi∥
2] =

1

logn,

for the linear projection coefficient β0. Therefore, the linear approximation error
for f(xi) is getting smaller with the speed of 1/ logn.

• Setting 3. We consider the following nonlinear data generating process with respect
to xi:

yi = f(xi) + ϵi,

where xi ∼ N(0,Σ), ϵi ∼ N(0, 1), and

f(xi) =

p∑
j=1

sin(xi,j)βj.

Σ and β is the same as in Setting 1.

To compare the prediction accuracy of the three methods, we calculated the empirical
risk, which is given by

1

m

m∑
k=1

(
y
(k)
0 − x

(k)T
0 β̂(k)

)2
,

where m = 100, (y(k)0 , x
(k)
0 ) are the test data on the kth repetition, and β̂(k) is an estimator

of the coefficient of the misspecified linear regression model derived by the training data
on the kth repetition.

Now we check the simulation results in Setting 1. Table 3.1 shows the empirical risks
of the ridge regression and the Lasso. When γ ≤ 0.2, their empirical risks are similar.
However, differences of the empirical risks occur when γ ≥ 0.5. As γ increases, the
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empirical risks of the Lasso tend to be large. It seems that the double descent phenomenon
cannot be observed for the Lasso tuned by the 10-fold cross-validation in this setting. On
the other hand, the empirical risks of the ridge regression tend to increase as γ is close
to one, but they turn to decrease when γ exceeds one. Furthermore, the empirical risks
of the ridge regression continue to decrease as γ is getting larger than one, indicating
that the double descent phenomenon is observed for the ridge regression. Therefore, as γ
increases, the empirical risks of the ridge regression are getting significantly smaller than
those of the Lasso. In particular, when γ = 50, the empirical risks of the ridge regression
are approximately three times smaller than those of the Lasso.

Table 3.2 shows the average of selected tuning parameters by CV and GCV for the
ridge regression, and the 10-fold cross-validation for the Lasso in Setting 1. CV and GCV
in the ridge regression selected similar values. When 0.1 ≤ γ ≤ 2, tuning parameters
selected by CV and GCV seem to increase. But when 5 ≤ γ ≤ 50, tuning parame-
ters selected by CV and GCV are decreasing, and they turn to become negative when
γ ≥ 10. Furthermore, when γ = 50, CV and GCV choose negatively large values, but
corresponding empirical risks are small. Kobak et al. (2020) found that when n = 64

and p = 1000, an empirically optimal tuning parameter is about −2.344 (Note that their
objective function of the ridge regression is not divided by n). Although we do not report
the empirical risks of CV and GCV when n = 64 and p = 1000 here, average tuning pa-
rameters selected by them are −2.975 and −2.916, respectively. Therefore, CV and GCV
would select optimal or nearly optimal tuning parameters in this setting. On the other
hand, the average tuning parameters of the Lasso selected by the 10-fold cross-validation
do not change significantly over all γ. This and denseness of β may be reasons why the
prediction performances of the Lasso are not well particularly when γ ≥ 0.5.

Next, we check the simulation results in Setting 2. Table 3.3 presents the empirical
risks in Setting 2. Due to misspecification, the empirical risks of the three methods become
larger than those of Setting 1. However, the behaviors of the empirical risks are similar.
The empirical risks of the ridge regression are increasing when 0.1 ≤ γ ≤ 1, and they tend
to decrease as γ is getting larger than one. Note that when γ = 2, the ridge regression
tuned by GCV has the relatively larger empirical risks than that of CV. This is because
GCV selected a negatively large tuning parameter λ = −0.16 at 44th repetition, which
may not be nearly optimal, and the corresponding error at the repetition is 141.25, making
the mean of the errors large. On the other hand, CV selects −0.06 at the repetition, and
the corresponding error is 10.01, which is much smaller than the error of the Lasso: 25.85.
Meanwhile, the empirical risks of the Lasso tend to increase as γ is getting large. The

67



ridge regression tuned by CV tend to outperform the Lasso more than Setting 1.
Table 3.4 presents the mean of selected tuning parameters by CV and GCV in the

ridge regression, and the 10-fold cross-validation in the Lasso, respectively in Setting 2.
All mean values of the tuning parameters selected by all methods become slightly larger
on the positive direction than Setting 1, but behaviors of them are similar. The tuning
parameters selected by CV and GCV are still negative in Setting 2 when γ is large. On
the other hand, as in Setting 1, variations of the tuning parameters of the Lasso selected
by the 10-fold cross-validation are small.

Finally, we check the simulation results in Setting 3. Table 3.5 reports the empirical
risks in Setting 3, indicating that the ridge regression tuned by CV outperforms the Lasso
in all γ. Interestingly, when γ ≥ 0.2, the empirical risks of the ridge regression tuned by
CV and the Lasso become smaller than Setting 2. We can see the first descent of the
empirical risks in 0.1 ≤ γ ≤ 2, and they seem to be increasing in 0.2 ≤ γ ≤ 1 for all
methods. We can see the second descent when γ ≥ 1 because the empirical risks of all
methods seem to be decreasing slowly. We also see that the risks of the ridge regression
tuned by GCV becomes large. At the 44th repetition, GCV selected -0.16 as the tuning
parameter, and the corresponding error is 221.76. On the other hand, CV selected -0.11
as the tuning parameter, but the corresponding error is 0.1. We do not know why the
big difference of the errors occurs between GCV and CV, although the difference of the
selected tuning parameters is just about 0.05.

Table 3.6 reports the average of selected tuning parameters by CV and GCV in the
ridge regression, and the 10-fold cross-validation in the Lasso, respectively in Setting 3.
The tuning parameters selected by CV and GCV become larger on positive direction than
those of Setting 2, but they also turn to be negative when γ is large. Although the tuning
parameters of the Lasso becomes slightly larger than those of Settings 1 and 2, variation
is still small. Furthermore, when γ ≥ 20, the tuning parameters of the Lasso are much
similar in all settings.

In conclusion, under the spiked covariance with low correlation, the ridge regression
tuned by CV and GCV generally outperforms the Lasso tuned by the 10-fold cross-
validation in correctly specified and incorrectly specified settings. The superiority of the
ridge regression tuned by CV and GCV stands out particularly when p is much larger
than n. We also observed that the ridge regression tuned by CV has stable prediction
performances than GCV. GCV sometimes selects unnecessarily large values on negative
direction particularly when p is moderately larger than n under the misspecification.
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Table 3.1: Empirical risks in Setting 1 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 1.185 0.993 1.107 1.456 1.844 1.532 1.872 1.429 1.751 1.262

GCV 1.171 0.999 1.093 1.491 1.869 1.57 1.887 1.487 1.744 1.223
Lasso 1.184 1.01 1.64 2.606 2.843 2.712 3.639 3.895 4.11 4.101

Table 3.2: The average of selected tuning parameters in Setting 1 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 0.031 0.069 0.284 0.498 0.477 0.625 0.091 -1.638 -6.689 -25.092

GCV 0.038 0.067 0.291 0.514 0.497 0.65 0.17 -1.552 -6.521 -24.661
Lasso 0.015 0.014 0.043 0.064 0.057 0.05 0.049 0.043 0.049 0.053

3.5 Conclusion
In this study, we showed that if the approximation error between the regression func-
tion and the linear projection can be asymptotically negligible, the leave-one-out cross-
validation and the generalized cross-validation still can select the asymptotically optimal
tuning parameters of the ridge regression under the misspecified linear model. We also
allow that the candidates of the tuning parameter of the ridge regression can have not only
positive values, but also zero and negative values. Simulation studies showed that if the
covariance of the covariates is a spiked covariance and correlation is low, the ridge regres-
sion tuned by the leave-one-out cross-vaidation and the generalized cross validation yields
the better prediction performances than the Lasso tuned by the 10-fold cross-validation
regardless of whether the model is correctly or incorrectly specified.

3.6 Appendix

3.6.1 Proofs

Let us define z = µ(X)−Xβ0 ∈ Rn, where µ(X) = E[Y |X] = (f(x1), . . . , f(xn))
T ∈ Rn.

We decompose the risk R(λ) into the bias components Rb(λ), the variance component
Rv(λ), and the cross components of the bias and the variance Rc(λ). That is, for λ ∈
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Table 3.3: Empirical risks in Setting 2 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 1.433 1.4 1.6 2.06 2.166 1.716 2.299 1.806 2.037 1.434

GCV 1.426 1.408 1.606 2.083 2.142 3.133 2.269 1.8 2.122 1.409
Lasso 1.439 1.443 2.263 3.39 3.462 3.18 3.621 3.915 4.689 4.590

Table 3.4: The average of selected tuning parameters in Setting 2 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 0.034 0.084 0.331 0.558 0.533 0.809 0.228 -1.461 -5.937 -24.027

GCV 0.039 0.085 0.328 0.564 0.55 0.815 0.329 -1.404 -5.809 -23.638
Lasso 0.014 0.015 0.005 0.081 0.067 0.065 0.054 0.052 0.055 0.051

Table 3.5: Empirical risks in Setting 3 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 2.507 1.213 1.472 1.383 1.603 1.358 1.662 1.307 1.598 1.291

GCV 2.501 1.221 1.508 1.479 1.602 3.469 1.674 1.459 1.564 1.280
Lasso 2.574 1.344 1.846 1.929 2.068 1.937 2.396 1.911 2.555 1.909

Table 3.6: The average of selected tuning parameters in Setting 3 with p = γn and n = 50.

γ 0.1 0.2 0.5 0.9 1 2 5 10 20 50
CV 0.154 0.262 0.646 1.028 0.973 1.404 1.515 0.601 -3.055 -17.961

GCV 0.096 0.21 0.621 1.037 0.99 1.414 1.646 0.628 -2.839 17.412
Lasso 0.034 0.036 0.099 0.115 0.098 0.098 0.067 0.057 0.051 0.037
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(λmin,∞),

Rb(λ) = E[(f(x0)− xT0 β0)
2] + βT

0 {Σ̂(Σ̂ + λIp)
+ − Ip}Σ{Σ̂(Σ̂ + λIp)

+ − Ip}β0

+
2

n
zTX(Σ̂ + λIp)

+Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0 +

1

n
zTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+ 1

n
XT z,

Rv(λ) = σ2
ϵ +

1

n
ϵTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+ 1

n
XT ϵ,

Rc(λ) =
2

n
zTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+ 1

n
XT ϵ+

2

n
ϵTX(Σ̂ + λIp)

+Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0.

Simple calculations show that

R(λ) = Rb(λ) + Rv(λ) + Rc(λ).

Next, we decompose the numerator of GCV(λ) into the bias components GCVb(λ), the
variance component GCVv(λ), and the cross components of the bias and the variance
GCVc(λ).

GCVb(λ) =
1

n
βT
0 X

T (In − Sλ)
2Xβ0 +

2

n
βT
0 X

T (In − Sλ)
2z +

1

n
zT (In − Sλ)

2z,

GCVv(λ) =
1

n
ϵT (In − Sλ)

2ϵ,

GCVc(λ) =
2

n
βT
0 X

T (In − Sλ)
2ϵ+

2

n
zT (In − Sλ)

2ϵ.

The denominator of GCVd(λ) can be written as

GCVd(λ) =

(
1− tr[Sλ]

1

n

)2

=

(
1− tr[(Σ̂ + λIp)

+Σ̂]
1

n

)2

.

Simple calculations yield

GCV(λ) =
GCVb(λ)

GCVd(λ)
+

GCVv(λ)

GCVd(λ)
+

GCVc(λ)

GCVd(λ)
.

Now we proceed proofs of theoretical results.

Proof of Lemma 1. First, we evaluate the first term in Rc(λ).

2

n

∣∣∣∣zTX(Σ̂ + λIp)
+Σ(Σ̂ + λIp)

+ 1

n
XT ϵ

∣∣∣∣ ≤ 2

n2
∥z∥∥X(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+XT ϵ∥
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≤ 2

n2
∥z∥∥X(Σ̂ + λIp)

+∥2∥Σ∥∥ϵ∥

= (I).

Note that λmin(
1
n
XXT ) ≥ λmin(Σ)λmin(

1
n
ZZT ) ≥ Cminλmin(

1
n
ZZT ). The Bai-Yin theorem

(Theorem 1 in Bai and Yin 1993) yields that

λmin

(
1

p
ZZT

)
a.s.−−→

(
1− 1

√
γ

)2

,

so that

λmin

(
1

n
ZZT

)
=
p

n
λmin

(
1

p
ZZT

)
a.s.−−→ γ

(
1− 1

√
γ

)2

= (1−√
γ)2.

Therefore, for sufficiently large n, we get

λmin

(
1

n
XXT

)
≥ Cmin(1−

√
γ)2,

almost surely. Similar arguments also yield that for sufficiently large n,

λmax

(
1

n
XTX

)
= λmax

(
1

n
XXT

)
≤ Cmax(1−

√
γ)2,

almost surely. Note that∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥2 = λmax

((
1√
n
X(Σ̂ + λIp)

+

)T (
1√
n
X(Σ̂ + λIp)

+

))
= λmax

(
Σ̂ + λIp)

+Σ̂(Σ̂ + λIp)
+
)
.

Let

Σ̂ = V diag(λ1, . . . , λn, 0, . . . , 0)V
T (3.21)

be the eigen decomposition of Σ̂, where V ∈ Rp×p is an orthogonal matrix, and λ1 ≥
. . . ≥ λn > 0 are decreasing ordered eigenvalues of Σ̂. Note that λ1 = λmax(Σ̂), and λn =

λmin(
1
n
XXT ). Note also that Σ̂+ can be expressed as Σ̂+ = V diag(λ−1

1 , . . . , λ−1
n , 0, . . . , 0)V T .
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Then we can write

(Σ̂ + λIp)
+Σ̂(Σ̂ + λIp)

+ = V diag
(

λ1
(λ1 + λ)2

, . . . ,
λn

(λn + λ)2
, 0, . . . , 0

)
V T .

Note that for i = 1, . . . , n, sufficiently large n, and all λ ∈ (λmin,∞),

λi
(λi + λ)2

≤ λ1
(λn + λ)2

≤
Cmax(1−

√
γ)2

(Cmin(1−
√
γ)2 + λ)2

,

almost surely. Therefore, for sufficiently large n and all λ ∈ (λmin,∞), we get∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥2 = λmax

(
(Σ̂ + λIp)

+Σ̂(Σ̂ + λIp)
+
)

≤
Cmax(1−

√
γ)2

(Cmin(1−
√
γ)2 + λ)2

,

almost surely. Note that when γ = 1, λmin = 0, so that λ > 0. Therefore, for sufficiently
large n and all λ ∈ (λmin,∞), we get

(I) ≤
2C2

max(1−
√
γ)2

(Cmin(1−
√
γ)2 + λ)2

1√
n
∥z∥ 1√

n
∥ϵ∥

≤ C√
n
∥z∥ a.s.−−→ 0.

The same arguments in Patil et al. (2021) show that

2

n
ϵTX(Σ̂ + λIp)

+Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0

a.s.−−→ 0.

Therefore, we get for all λ ∈ (λmin,∞),

Rc(λ)
a.s.−−→ 0,

and this completes the proof of this lemma.

Proof of Lemma 2. The same arguments in Patil et al. (2021) show that the first term
in GCVc(λ)/GCVd(λ) converges to zero almost surely for all λ ∈ (λmin,∞):

2
n
βT
0 X

T (In − Sλ)
2ϵ

(1− tr[(Σ̂ + λIp)+Σ̂]
1
n
)2

a.s.−−→ 0.
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We evaluate the second term. Consider the case λ ̸= 0. Note that by the Cauchy–Schwarz
inequality, we have

2

n

∣∣zT (In − Sλ)
2ϵ
∣∣ ≤ 2λ2

n

∥∥∥∥∥
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Note that for sufficiently large n,
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almost surely. Furthermore, we have λmax(
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large n. Therefore, we have
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Next, we consider the case λ = 0. The limit of the second term is given by

lim
λ→0

2
n
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n
])2
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.

Similar arguments of the case λ ̸= 0 show that

2
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zT ( 1
n
XXT )+2ϵ
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n
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This completes the proof.

Proof of Lemma 3. Let us write

Rb(λ)−
GCVb(λ)

GCVd(λ)
= (a) + (b) + (c),

where

(a) = βT
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We will evaluate each term. First, by the same arguments of Patil et al. (2021), we can
show that (a) converges to zero almost surely for all λ ∈ (λmin,∞):

(a) = βT
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Next, we evaluate (b). First, we focus on the first term in (b). Note that X(Σ̂+λIp)
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+XT is positive semidefinite. Therefore, by the Cauchy–Schwarz inequality, we get
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Thus, when λ ̸= 0, the second term in (b) also converges to zero almost surely. Next, we
consider the case λ = 0. The limit of the second term in (b) is given by

lim
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Similar arguments of the case λ ̸= 0 for the second term in (b) show that
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Thus, the second term in (b) goes to zero for all λ ∈ (λmin,∞). The third term in (b) goes
to zero by Assumption 4. Now we have shown that (b) goes to zero almost surely for all
λ ∈ (λmin,∞).

Next, we evaluate (c). We focus on the first term. By the Cauchy–Schwarz inequality,
we get

2

n

∣∣∣βT
0 {Σ̂(Σ̂ + λIp)

+ − Ip}Σ(Σ̂ + λIp)
+XT z

∣∣∣ ≤ 2

n

∥∥∥X(Σ̂ + λIp)
+Σ{Σ̂(Σ̂ + λIp)

+ − Ip}β0
∥∥∥ ∥z∥

= (IV ).

Notice that

1√
n

∥∥∥X(Σ̂ + λIp)
+Σ{Σ̂(Σ̂ + λIp)

+ − Ip}β0
∥∥∥ ≤

∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥ ∥Σ∥∥Σ̂(Σ̂ + λIp)
+ − Ip∥∥β0∥.
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Note that

∥Σ̂(Σ̂ + λIp)
+ − Ip∥ ≤ ∥Σ̂(Σ̂ + λIp)

+∥+ 1,

and for sufficiently large n,

∥Σ̂(Σ̂ + λIp)
+∥ =

√
λmax((Σ̂ + λIp)+Σ̂2(Σ̂ + λIp)+)

≤
Cmax(1−

√
γ)2

Cmin(1−
√
γ)2 + λ

,

almost surely. Therefore, for sufficiently large n, we get

(IV ) ≤
C

3/2
max|1−

√
γ|

Cmin(1−
√
γ)2 + λ

(
Cmax(1−

√
γ)2

Cmin(1−
√
γ)2 + λ

+ 1

)
1√
n
∥z∥ a.s.−−→ 0.

So the first term in (c) goes to zero almost surely for all λ ∈ (λmin,∞). Now we evaluate
the second term in (c). Consider the case λ ̸= 0. For the numerator, the Cauchy–Schwarz
inequality yields

2

n
|zT (In − Sλ)

2Xβ0| =
2λ2

n

∣∣∣∣∣zT
(
1

n
XXT + λIn

)+2

Xβ0

∣∣∣∣∣
≤ 2λ2

n
∥z∥

∥∥∥∥∥
(
1

n
XXT + λIn

)+2

Xβ0

∥∥∥∥∥
= (V ).

Note that for sufficiently large n, we get

1

n

∥∥∥∥∥
(
1

n
XXT + λIn

)+2

Xβ0

∥∥∥∥∥
2

=
1

n
βT
0 X

T

(
1

n
XXT + λIn

)+4

Xβ0

≤

∥∥∥∥∥
(
1

n
XXT + λIn

)+4
∥∥∥∥∥ 1

n
βT
0 XX

Tβ0

≤ ∥Σ̂∥

∥∥∥∥∥
(
1

n
XXT + λIn

)+
∥∥∥∥∥
4

∥β0∥2

≤ ∥Σ̂∥
(λmin(

1
n
XXT ) + λ)4

∥β0∥2
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≤ C,

almost surely. Therefore, we obtain

(V ) ≤ Cλ2√
n
∥z∥,

almost surely for sufficiently large n, and∣∣∣∣∣ 2
n
zT (In − Sλ)

2Xβ0

(1− tr[(Σ̂ + λIp)+Σ̂]
1
n
)2

∣∣∣∣∣ =
∣∣∣∣∣ 2nzT ( 1nXXT + λIn)

+2Xβ0(
1
n
tr
[
( 1
n
XXT + λIn)+

])2
∣∣∣∣∣

≤
(
λmax

(
1

n
XXT

)
+ λ

)2
Cλ2√
n
∥z∥

≤ C√
n
∥z∥ a.s.−−→ 0,

for all λ ∈ (λmin,∞) ∩ {0}c. Next, consider the case λ = 0. The limit of the second term
in (c) is given by

lim
λ→0

2
n
zT ( 1

n
XXT + λIn)

+2Xβ0(
1
n
tr
[
( 1
n
XXT + λIn)+

])2 =
2
n
zT ( 1

n
XXT )+2Xβ0(

1
n
tr
[
( 1
n
XXT )+

])2 .
The similar arguments of the case λ ̸= 0 for the second term in (c) show that

2
n
zT ( 1

n
XXT )+2Xβ0(

1
n
tr
[
( 1
n
XXT )+

])2 a.s.−−→ 0.

This completes the proof.

Proof of Theorem 1. By Lemmas 1–4, we get

|R(λ)− GCV(λ)| =
∣∣∣∣Rb(λ) + Rv(λ) + Rc(λ)−

GCVb(λ)

GCVd(λ)
− GCVv(λ)

GCVd(λ)
− GCVc(λ)

GCVd(λ)

∣∣∣∣
≤
∣∣∣∣Rb(λ)−

GCVb(λ)

GCVd(λ)

∣∣∣∣+ ∣∣∣∣Rv(λ)−
GCVv(λ)

GCVd(λ)

∣∣∣∣+ |Rc(λ)|+
∣∣∣∣GCVc(λ)

GCVd(λ)

∣∣∣∣
a.s.−−→ 0,

for all λ ∈ (λmin,∞). Therefore, the pointwise convergence holds on (λmin,∞). To show
the uniform convergence, it is sufficient to show that R(λ), GCV(λ), and their derivatives
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are bounded on any closed interval Λ ⊂ (λmin,∞) for sufficiently large n. First, we
evaluate GCV(λ). We can write

1

n
∥Y ∥2 = 1

n
∥µ(X)∥2 + 2

n
µ(X)T ϵ+

1

n
∥ϵ∥2,

1

n
∥µ(X)∥2 = 1

n

n∑
i=1

f(xi)
2 a.s.−−→ E[(f(xi))

2] ≤ C,

1

n
µ(X)T ϵ =

1

n

n∑
i=1

f(xi)ϵi
a.s.−−→ E[f(xi)ϵi] = 0.

Therefore, for sufficiently large n, we get

|GCV(λ)| ≤
(λmax(

1
n
XTX) + λ)2

(λmin(
1
n
XXT ) + λ)2

1

n
∥Y ∥2 ≤ C,

almost surely for all λ ∈ Λ. Next, we evaluate the derivative of GCV(λ). As in Patil et al.
(2021), let us define

un(λ) =
1

n
Y T

(
1

n
XXT + λIn

)+2

Y,

vn(λ) =

(
tr
[(

1

n
XXT + λIn

)+
1

n

])2

.

Then, we can write
GCV(λ) =

un(λ)

vn(λ)
.

The derivative with respect to λ yields

GCV′(λ) =
u′n(λ)vn(λ)− un(λ)v

′
n(λ)

vn(λ)2
.

Simple calculation yields

|u′n(λ)| ≤
2

n

∥Y ∥2(
λmin

(
1
n
XXT

)
+ λ
)3 ,

|v′n(λ)| =
2

n2

∣∣∣∣∣
n∑

k=1

1

λk + λ

n∑
k=1

1

(λk + λ)2

∣∣∣∣∣ ≤ 2

(λmin
(
1
n
XXT ) + λ

)3 .
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Therefore, we get for sufficiently large n and all λ ∈ Λ,

|GCV(λ)′| ≤ |u′n(λ)||vn(λ)|+ |un(λ)||vn(λ)|
v′n(λ)

2

≤
(
λmax(

1
n
XXT ) + λ

)2
(λmin(

1
n
XXT ) + λ)5

4

n
∥Y ∥2

≤ C

almost surely.
Now, we evaluate R(λ) and R(λ)′. Similar arguments of above proofs show that

|R(λ)| ≤ C almost surely for all λ ∈ Λ. Note that R(λ)′ is given by

R(λ)′ = Rb(λ)
′ +Rv(λ)

′ +Rc(λ)
′.

We first evaluate Rb(λ)
′ when λ ̸= 0. It is given by

Rb(λ)
′ =− 2βT

0 Σ̂(Σ̂ + λIp)
+2Σ{Σ̂(Σ̂ + λIp)

+ − Ip}β0 −
2

n
zTX(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0

− 2

n
zTX(Σ̂ + λIp)

+ΣΣ̂(Σ̂ + λIp)
+2β0 −

2

n
zTX(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+ 1

n
XT z.

Note that d
dλ
(Σ̂ + λIp)

+ = −(Σ̂ + λIp)
+2 for λ ∈ Λ ∩ {0}c. We evaluate the first term in

Rb(λ)
′. By the Cauchy–Scwarz inequality, we get for sufficiently large n

2|βT
0 Σ̂(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0| ≤ 2∥β0∥∥Σ̂(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0∥

≤ 2∥β0∥2∥Σ̂(Σ̂ + λIp)
+2∥∥Σ∥∥Σ̂(Σ̂ + λIp)

+ − Ip∥

≤ C.

almost surely. Thus, the first term is bounded. Next, for the second term,

2

n
|zTX(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0| ≤

2√
n
∥z∥

∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+2

∥∥∥∥ ∥Σ̂(Σ̂ + λIp)
+ − Ip∥∥β0∥

≤ C√
n
∥z∥

≤ C

almost surely for sufficiently large n. Thus, the second term is bounded. Next, for the
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third term, the Cauchy–Scwarz inequality yields that for sufficiently large n

2

n
|zTX(Σ̂ + λIp)

+ΣΣ̂(Σ̂ + λIp)
+2β0| ≤

2

n
∥z∥∥X(Σ̂ + λIp)

+ΣΣ̂(Σ̂ + λIp)
+2β0∥

≤ 2√
n
∥z∥

∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥ ∥Σ∥∥Σ̂(Σ̂ + λIp)
+2∥∥β0∥

≤ C√
n
∥z∥

≤ C,

almost surely. Thus, the third term is bounded. Finally, for the forth term, we get

1

n2
|zTX(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+XT z| ≤ 1

n2
∥z∥∥X(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+XT z∥

≤ 1

n
∥z∥2

∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+2

∥∥∥∥2 ∥Σ∥
≤ C

almost surely for sufficiently large n. Thus, the fourth term is bounded. Thus, Rb(λ)
′

is bounded for all λ ∈ Λ ∩ {0}c. Next, we evaluate Rb(0)
′, which we define as the limit.

Namely, Rb(0)
′ := limλ→0Rb(λ)

′. It is given by

lim
λ→0

Rb(λ)
′ =− 2βT

0 Σ̂
+Σ{Σ̂Σ̂+ − Ip}β0 −

2√
n
zT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+2

}
Σ{Σ̂Σ̂+ − Ip}β0

− 2√
n
zT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+

}
ΣΣ̂+β0

− 2

n
zT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+2

}
Σ

{
lim
λ→0

(Σ̂ + λIp)
+ 1√

n
XT

}
z.

For k = 1, 2, we can write

lim
λ→0

1√
n
X(Σ̂ + λIp)

+k =
1√
n
XΣ̂+k = UQkV

T ,

where Qk ∈ Rn×p is the matrix whose jth diagonal element is λ(1−2k)/2
j for j = 1, . . . , n,

and all non-diagonal elements are zero. We can easily show that the first term is bounded
almost surely because ∥β0∥, ∥Σ̂+∥, ∥Σ∥, and ∥Σ̂Σ̂+ − Ip∥ are bounded. By the Cauchy–
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Scwarz inequality,∣∣∣∣ 2√
n
zT

1√
n
XΣ̂+2Σ{Σ̂Σ̂+ − Ip}β0

∣∣∣∣ ≤ 2√
n
∥z∥

∥∥∥∥ 1√
n
XΣ̂+2Σ{Σ̂Σ̂+ − Ip}β0

∥∥∥∥ ,
and ∥∥∥∥ 1√

n
XΣ̂+2Σ{Σ̂Σ̂+ − Ip}β0

∥∥∥∥2 = βT
0 {Σ̂Σ̂+ − Ip}ΣV QT

2Q2V
TΣ{Σ̂Σ̂+ − Ip}β0

≤ λmax
(
QT

2Q2

)
∥Σ∥2∥Σ̂Σ̂+ − Ip∥2∥β0∥2

≤ C,

almost surely for sufficiently large n. Note that λmax
(
QT

2Q2

)
= λ−3

n ≤ (Cmin(1−
√
γ)2)−3

almost surely for sufficiently large n. This implies that the second term is bounded.
Similarly, ∥∥∥∥ 1√

n
XΣ̂+ΣΣ̂+β0

∥∥∥∥2 = βT
0 Σ̂

+ΣV QT
1Q1V

TΣΣ̂+β0

≤ λmax
(
QT

1Q1

)
∥Σ∥2∥Σ̂+∥2∥β0∥2

≤ C

almost surely for sufficiently large n. Note that λmax(Q
T
1Q1) = λ−1

n ≤ (Cmin(1−
√
γ)2)−1

for sufficiently large n. Then the Cauchy–Scwarz inequality implies that the third term
is bounded. Finally, for sufficiently large n,

1

n

∥∥∥∥ 1√
n
XΣ̂+2ΣΣ̂+ 1√

n
XT z

∥∥∥∥2 = 1

n
zTV QT

1U
TΣV QT

2Q2V
TΣUQ1V

T z

≤ λmax
(
QT

2Q2

)
∥Σ∥2λmax

(
QT

1Q1

) 1
n
∥z∥2

≤ C,

almost surely. Then the Cauchy–Scwarz inequality implies that the fourth term is
bounded. Now we have shown that Rb(0)

′ is bounded. Thus, we have shown that Rb(λ)
′

is bounded for all λ ∈ Λ.
Next, we evaluate Rv(λ)

′ when λ ̸= 0. It is given by

Rv(λ)
′ = − 2

n
ϵTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+2 1

n
XT ϵ.
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The Cauchy–Scwarz inequality shows that for sufficiently large n,

1

n2
|ϵTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+2XT ϵ| ≤ 1

n2
∥ϵ∥∥X(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+2XT ϵ∥

≤ 1

n
∥ϵ∥2

∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥2 ∥Σ∥
≤ C

almost surely. Thus, Rv(λ)
′ is bounded for all λ ∈ Λ ∩ {0}c. Next, we consider the case

when λ = 0. We define Rv(0)
′ as the limit: Rv(0)

′ := limλ→0Rv(λ)
′. It is given by

lim
λ→0

Rv(λ)
′ = − 2

n
ϵT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+

}
Σ

{
lim
λ→0

(Σ̂ + λIp)
+2 1√

n
XT

}
ϵ

= − 2

n
ϵTUQ1V

TΣV Q2U
T ϵ.

The Cauchy–Scwarz inequality shows that

1

n
|ϵTUQ1V

TΣV Q2U
T ϵ| ≤ 1

n
∥ϵ∥∥UQ1V

TΣV Q2U
T ϵ∥.

Note that for sufficiently large n,

1

n
∥UQ1V

TΣV Q2U
T ϵ∥2 ≤ λmax

(
QT

1Q1

)
λmax(Σ)

2λmax
(
QT

2Q2

) 1
n
∥ϵ∥2

≤ C,

almost surely. This implies that for sufficiently large n,

1

n
∥ϵ∥∥UQ1V

TΣV Q2U
T ϵ∥ ≤ C,

almost surely. Thus, Rv(λ)
′ is bounded for all λ ∈ Λ.

Next, we evaluate Rc(λ)
′ when λ ̸= 0. Rc(λ)

′ is given by

Rc(λ)
′ =− 2

n
zTX(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+ 1

n
XT ϵ− 2

n
zTX(Σ̂ + λIp)

+Σ(Σ̂ + λIp)
+2 1

n
XT ϵ

− 2

n
ϵTX(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0 −

2

n
ϵTX(Σ̂ + λIp)

+ΣΣ̂(Σ̂ + λIp)
+2β0.
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By the Cauchy–Scwarz inequality,

2

n2
|zTX(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+XT ϵ|

≤ 2

n2
∥z∥∥X(Σ̂ + λIp)

+2Σ(Σ̂ + λIp)
+XT ϵ∥

≤ 2√
n
∥z∥ 1√

n
∥ϵ∥
∥∥∥∥ 1√

n
X(Σ̂ + λIp)

+2

∥∥∥∥ ∥∥∥∥ 1√
n
X(Σ̂ + λIp)

+

∥∥∥∥ ∥Σ∥
≤ C

almost surely for sufficiently large n. Similar arguments also show that the second term
in Rc(λ)

′ is bounded. We also get for sufficiently large n,

2

n
|ϵTX(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0|

≤ 2

n
∥ϵ∥∥X(Σ̂ + λIp)

+2Σ{Σ̂(Σ̂ + λIp)
+ − Ip}β0∥

≤ 2√
n
∥ϵ∥
∥∥∥∥ 1√

n
X(Σ̂ + λIp)

+2

∥∥∥∥ ∥Σ̂(Σ̂ + λIp)
+ − Ip∥∥β0∥

≤ C,

almost surely. We finally get for sufficiently large n,

2

n
|ϵTX(Σ̂ + λIp)

+ΣΣ̂(Σ̂ + λIp)
+2β0| ≤

1√
n
∥ϵ∥
∥∥∥∥ 1√

n
X(Σ̂ + λIp)

+

∥∥∥∥ ∥Σ∥∥Σ̂(Σ̂ + λIp)
+2∥∥β0∥

≤ C,

almost surely. Thus, Rc(λ)
′ is bounded for all λ ∈ Λ∩ {0}c. Finally, we consider the case

λ = 0. We define Rc(0)
′ as the limit: Rc(0)

′ := limλ→0Rc(λ). It is given by

lim
λ→0

Rc(λ)
′ =− 2

n
zT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+2

}
Σ

{
lim
λ→0

(Σ̂ + λIp)
+ 1√

n
XT

}
ϵ

− 2

n
zT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+

}
Σ

{
lim
λ→0

(Σ̂ + λIp)
+2 1√

n
XT

}
ϵ

− 2√
n
ϵT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+2

}
Σ{Σ̂Σ̂+ − Ip}β0

− 2√
n
ϵT
{

lim
λ→0

1√
n
X(Σ̂ + λIp)

+

}
Σ
{

lim
λ→0

Σ̂(Σ̂ + λIp)
+2
}
β0.
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We get for sufficiently large n,

2

n
|zTUQ2V

TΣV Q1U
T ϵ| ≤ 1

n
∥z∥∥UQ2V

TΣV QT
1U

T ϵ∥

≤ 1

n
∥z∥∥Q2∥∥Σ∥∥Q1∥∥ϵ∥

≤ C,

almost surely. Thus the first term in Rc(0)
′ is bounded. We also get for sufficiently large

n,

2

n
|zTUQ1V

TΣV QT
2U

T ϵ| ≤ 1

n
∥z∥∥Q1∥∥Q2∥∥Σ∥∥ϵ∥

≤ C,

almost surely. Thus the second term in Rc(0)
′ is bounded. We also get for sufficiently

large n,

1√
n
|ϵTUQ2V

TΣ{Σ̂Σ̂+ − Ip}β0| ≤
1√
n
∥ϵ∥∥Q2∥∥Σ∥Σ̂Σ̂+ − Ip∥∥β0∥

≤ C,

almost surely. Thus the third term in Rc(0)
′ is bounded. We finally get for sufficiently

large n,

1√
n
|ϵTUQ1V

TΣΣ̂+β0| ≤
1√
n
∥ϵ∥∥Q1∥∥Σ∥∥Σ̂+∥∥β0∥

≤ C,

almost surely. Thus the fourth term in Rc(0)
′ is bounded. Therefore, Rc(0)

′ is bounded.
This implies that Rc(λ)

′ is bounded for all λ ∈ Λ. Thus, R(λ)′ is bounded over Λ.
Now we have shown that GCV(λ) − R(λ) and its derivative with respect to λ are

bounded over Λ. This implies that GCV(λ) − R(λ) is equicontinous over Λ. Then the
Arzela–Ascoli theorem implies the uniform convergence on Λ.

Proof of Theorem 2. Notice that R(λ̄) ≥ R(λ∗) by the definition of λ∗. By Theorem
1, we get

R(λ̄)−R(λ∗) = R(λ̄)− GCV(λ̄) + GCV(λ̄)− GCV(λ∗)− (GCV(λ∗)−R(λ∗))
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≤ R(λ̄)− GCV(λ̄)− (GCV(λ∗)−R(λ∗))

≤ 2 sup
λ∈Λ

|R(λ)− GCV(λ)| a.s−→ 0.

This completes the first part of the proof. By Lemma 5, we get

R(λ)− CV(λ)
a.s.−−→ 0

uniformly on λ ∈ Λ. Therefore, the same argument of GCV also yields that

R(λ̂)−R(λ∗)
a.s.−−→ 0.

This completes the second part of the proof.
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