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Abstract

A quantum graph is a one-dimensional circuit-like quantum system composed of edges and
vertices. Despite its simple composition, it has emerged as a research subject in various fields due
to its diverse shapes. In this dissertation, we study Dirac fermions on a five-dimensional spacetime
with a quantum graph called a rose graph as a one-dimensional extra dimension. The rose graph is
a graph with some loops of edge on a single vertex that can be transformed into a wide variety of
shapes by changing the boundary conditions at the vertex. In an extra-dimensional model, higher-
dimensional fields are expanded by the mass eigenfunctions of the four-dimensional part of the
field, which is called the Kaluza—Klein expansion. The expansion of the five-dimensional Dirac
fermions is given by the product of the four-dimensional chiral fermions and the mode function
in the extra dimension direction. The degeneracy and eigenvalues of the Kaluza—Klein modes are
determined by the boundary conditions on the graph. For the above setup, we study three major
things by focusing on the topological structure of the boundary conditions.

The first thing is the possibility of solving the remaining problems of the Standard Model.
In particular, it has the potential to explain three problems: the generation number problem, the
fermion mass hierarchy problem, and the origin of flavor mixing and CP phases.

The second thing is that by focusing on the Kaluza—Klein zero mode, instanton configurations
can be constructed as Berry’s connections in the parameter space of boundary conditions. Likewise,
the Atiyah—Drinfeld—Hitchin—-Manin construction method can be applied to these constructions.

The third thing is that there is a non-trivial correspondence between matrices specifying bound-
ary conditions at the vertex of the quantum graphs and zero-dimensional Hamiltonians in gapped
free-fermion systems. Based on the correspondence, we provide a complete topological classifica-
tion of the boundary conditions in terms of non-interacting fermionic topological phases. Further-
more, the topological numbers of each class correspond to the number of four-dimensional chiral
zero modes.
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Chapter 1

Introduction

1.1

Why quantum graph

A quantum graph is a one-dimensional (1d) graph that consists of edges and vertices connected to
each other with differential operators on each edge. For example, the graph shown in the Fig. 1.1
consists of six edges and five vertices. Unlike the simple 1d systems treated in quantum mechanics
textbooks, quantum graphs can take many different forms. Because of this property, it has been
studied in various research areas, e.g.,

Scattering theory on 1d graphs [1-4]: It is a study that is based on mathematical interest
and its application as a pass filter to amplify or attenuate wave functions has been proposed.

Quantum chaos [5, 6]: Quantum graphs are being studied as a toy model for quantum chaos.

Supersymmetric quantum mechanics [7-9]: It was proposed that supersymmetry can be
extended by introducing symmetries such as swapping the edges that compose the graph.

Berry’s phases [10—12]: Wave functions on the graph can keep the degrees of freedom of
edge connection at the vertices. Therefore, it is shown that nontrivial Berry’s phases can be
computed for the wave functions.

Extra-dimensional models [13-19]: Unlike simple one-dimensional quantum mechanical
systems, quantum graphs can realize multiple degeneracies to zero modes. Some studies
have applied this property to extra-dimensional models.

Figure 1.1: Quantum graph consisting of six edges and five vertices.



1.2. WHY TOPOLOGICAL STRUCTURE

Figure 1.2: Rose graph consisting of N edges (or called loops) and single vertex.
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Figure 1.3: Decompositions of the rose graph with six edges. A variety of graphs can be obtained
by changing the boundary conditions at the vertex of the rose graph.

As can be seen from the above studies, the quantum graph is the research subject in physics on a
wide range of energy scales. Thus, we believe that pushing forward the study of quantum graphs
will have an impact on physics at various energy scales and reveal new connections between them.

1.2 Why topological structure

In this dissertation, we focus on applying quantum graphs to the extra space of 5d fermions, that
is, 5d fermions with the extra space given by the quantum graph. Specifically, we consider a
master graph called a rose graph as shown in Fig. 1.2. This graph consists of N edges and a single
vertex. All edges are connected at both ends and are also called loops. However, for example, if
we consider N = 6, the graph can be transformed into various shapes by changing the boundary
condition at the vertex (see Fig. 1.3). Therefore, by using the rose graph in Fig. 1.2 as the extra
dimension, it is possible to analyze 1d extra-dimensional models of arbitrary shape.

Boundary conditions at the vertex of the rose graph can be written down as edge connection
conditions containing parameters. Since the rose graph contains graphs of arbitrary shape, their pa-
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1.3. THE THREE THEMES ADDRESSED IN THIS DISSERTATION

rameter degrees of freedom are complicated. Consequently, it is difficult to examine each and every
one of those degrees of freedom. To avoid these difficulties, we consider the space formed by all of
these parameters and focus on its topological structure. The topological structure is preserved under
continuous deformation of the boundary conditions, thus systematic and comprehensive analysis
of the boundary condition is possible.

1.3 The three themes addressed in this dissertation

We analyze such the parameter space of boundary conditions and clarify the following three con-
tents.

1. It is possible to solve the problem of the number of generations in the Standard Model (SM).
At the same time, it may explain the fermion mass hierarchy, and the origin of flavor mixing
of fermions and the CP phase. Notably, the number of generations is given as a topological
quantity of boundary conditions in our model.

2. Various boundary conditions at the vertex of the rose graph can be written down using pa-
rameters. As a consequence of the topological structure of the parameter space, instanton
configurations can be constructed as Berry’s connections by applying the Atiyah—Drinfeld—
Hitchin—Manin (ADHM) construction method.

3. The boundary conditions are classified into ten symmetry classes by considering time rever-
sal, charge conjugation, and extra spatial symmetries in 5d Dirac fermions. Surprisingly, the
classification of the boundary conditions has a complete correspondence to the topological
classification of (1 + 0)-d gapped free-fermion systems.

These results cover not only the discussion in the high-energy region beyond the scale of the Stan-
dard Model but also the discussion in the low-energy region of topological classification of physical
systems. Therefore, the analysis of quantum graphs can have a significant impact on physics at var-
ious energy scales and reveal mutual relationships.

In the following Subsections, we provide a more detailed introduction to the above three themes.

1.3.1 Application to beyond the Standard Model

Adopting the rose graph as an extra dimension, we construct a theory that goes beyond the SM. We
explain the problems with the SM that we are trying to solve in this study. Furthermore, we show
the mechanism of the resolution of those problems.

1.3.1.1 Problems in the Standard Model

The SM successfully describes the behavior of elementary particles. However, some things remain
unexplained, and various new theories have been proposed to solve these problems. We attempt to
solve the following three problems.

¢ Generation number problem:
In the SM, fermions have a structure called a generation, where the particles between genera-
tions have the same charge and spin, except for their masses. From the Kobayashi—Maskawa

3



1.3. THE THREE THEMES ADDRESSED IN THIS DISSERTATION

theory [20], those generations must be more than three generations. However, the current ob-
servations seem to confirm that generation is three, not four or five. The fact that there is no
theoretical origin of the three-generation structure is called the generation number problem.

e Fermion mass hierarchy problem:
The masses of the particles between generations take exponentially different values. Taking
the up-type quark sectors as an example, m, : m. : m, = 0.00001 : 0.07 : 1. This means
that the strength of the coupling between fermions and Higgs, which is known as the Yukawa
coupling, takes exponentially different values. In the SM, however, the Yukawa couplings are
free parameters and are determined through experiment. The fact that these coupling con-
stants take on unnaturally hierarchical values is called the fermion mass hierarchy problem.

e Origin of the flavor mixing and the CP-violating phase:

Particles from different generations mix through weak interactions. The degrees of mixing
are determined by the values of the off-diagonal components of the Cabibbo—Kobayashi—
Maskawa (CKM) matrix and the Pontecorvo-Maki—Nakagawa—Sakata (PMNS) matrix. Fur-
thermore, the complex phases of the CKM matrix and the PMNS matrix are called the CP-
violating phases. However, these components and phases are determined through experiment,
and there is no theoretical explanation for their origin. This fact is one of the remaining prob-
lems with the SM.

If we can theoretically explain these problems in a natural way, we will have a theory that goes
beyond the SM. If phenomenological predictions are proposed and then confirmed by experiment,
our model is regarded as the correct theory.

1.3.1.2 Resolution of the Problems in the Standard Model

The extra-dimensional model is a promising candidate as a theory beyond the SM. In this study,
we also consider extra-dimensional models and attempt to solve the above problems in the SM.
The most notable feature of the extra-dimensional model is the appearance of an infinite number of
particles with various masses in the 4d low-energy effective theory due to the Kaluza—Klein (KK)
expansion of higher-dimensional fields. In general, the masses of those particles are inversely
proportional to the radius of the extra dimension. Previous high-energy experiments have found no
direct evidence for the existence of extra dimensions, and there is an upper bound to the radius of
the extra dimension. Since the radius of the extra dimension is small enough, the massive modes are
very heavy. Therefore, if the extra-dimensional model describes the world, then we are currently
observing KK zero modes with zero mass as elementary particles.

There are two major steps to solve the problems. First, we consider a 5d spacetime whose extra
dimension is a rose graph that can take various shapes as an 1d extra dimension. Second, the 5d
field is KK expanded and its KK zero modes are analyzed.

¢ Generation number problem:
The difference between the right- and left-handed chiral zero modes of the 5d Dirac fermions,
which is called Witten index, is invariant under continuous deformation of the boundary con-
ditions. Also, right- and left-handed pairs generally disappear from zero modes as massive
modes through interactions with gauge and scalar fields. Since KK zero modes are regarded
as the SM particles, the difference of the number of right- and left-chiral zero modes, which is

4



1.3. THE THREE THEMES ADDRESSED IN THIS DISSERTATION

an invariant quantity in our model, can be regarded as the number of generation of fermions.
Therefore, in our model, the generation number problem can be explained by the geometry of
the extra dimension as follows. First, we prepare 5d Dirac fermions with the same quantum
numbers as the SM, but for only one generation instead of three. Note now that the extra
dimension has a geometric structure such that the Witten index is three. Next, we investigate
the 4d low-energy effective theory of this model. As a result, the SM is naturally obtained
from the 4d low-energy effective theory of our model.

e Fermion mass hierarchy problem:
In our model, mass matrix m;; between the i-th generation and the j-th one of the fermions
will be of the form

m;; = gyvfdy (fo(i)()’))* géj)(Y),

where gy is a 5d Yukawa coupling constant with the same value in all generations, v is a
vacuum expectation value of the Higgs field, f dy denotes the integral over the extra dimen-

sion, and féi)(y) (géj)(y)) is the profile of the i-th (j-th) generation of the 4d massless chiral
zero modes. Zero-mode profiles are localized, and the values of their overlap integrals can
also achieve exponential differences. Therefore, the fermion mass hierarchy in the SM can be
naturally explained in our model. It should be noted that unlike the SM, the Yukawa coupling
gy 1s common parameter throughout all generations in our model.

e Origin of flavor mixing and CP-violating phase:

The m;; that appeared in the above is regarded as the CKM matrix or the PMNS matrix itself.
Therefore, if the féi)(y) and ggj)(y) profiles are realized such that the m;; (i, j = 1,2,3) take
values suggested by the SM, then our model naturally explains the origin of flavor mixing.
Furthermore, since zero-mode functions are genuine complex functions, m;; can have a com-
plex phase, which can also explain the origin of the CP phase. Since the components and
the complex phase of the CKM matrix are determined by the form of the extra dimension,
these problems can be naturally explained by assuming that the extra dimension exists and
has appropriate boundary conditions.

1.3.2 Instantons as Berry’s connections

Berry’s phase and Berry’s connection are interesting phenomena that appear in quantum systems
when model parameters are adiabatically driven along a closed loop on the parameter space. For
example, a spin-1/2 free particle interacting with a magnetic field can be described as H = -B- &
Let the magnetic field B be parametrized by an angle in space that can be controlled. Then, if we
adiabatically vary the parameters to closed path in space, we can obtain nontrivial Berry’s phases
and Berry’s connections. This result reflects the topological structure of the parameter space with
angles as variables, and Berry’s connection is nothing but a Dirac monopole. Therefore, when
nontrivial Berry’s phases or Berry’s connections are obtained for a theory with parameter degrees
of freedom, it can be revealed that there is an interesting topological structure hidden behind it.

If the energy eigenstates are degenerate and there are multiple parameters in the model, one can
obtain a non-Abelian Berry’s phase or a non-Abelian Berry’s connection. These objects also reflect
the topological structure of the parameter space [10, 11].



1.3. THE THREE THEMES ADDRESSED IN THIS DISSERTATION

Rose graphs can be transformed into graphs of various shapes by changing the boundary con-
ditions at the vertex. We consider the Dirac fermions on 5d space-time with the rose graph as a
1d extra dimension. The boundary conditions can be characterized by an N-dimensional unitary
Hermitian matrix with 1y squared, and the mode functions on the graph can be expressed in a
form that is dependent on the parameter of the boundary conditions. The mode functions are now
eigenfunctions with various 4d masses obtained in the KK expansion of the 5d Dirac field.

A major feature of quantum graphs is that they generally have multiple degeneracies in the zero
modes. Also, through the boundary conditions, our model has multiple parameters. Therefore, it is
possible to compute the non-Abelian Berry’s connection. In previous studies, authors have shown
that one can consider boson-like particles on a quantum graph of simple form and obtain Abelian
geometric phase [21] and non-Abelian geometric phase [10-12]. In addition to these, they have
shown that U(1) monopoles and Bogomolny—Prasad—Sommerfield monopoles can be obtained as
Berry’s connections.

In this study, we show that instanton configuration can be obtained as Berry’s connection in the
parameter space of boundary conditions. Surprisingly, we find that the ADHM construction method
[22] can be applied to the calculation of Berry’s connections. The ADHM construction is a method
for constructing arbitrary instantons. Therefore, it is revealed that arbitrary instanton configurations
can be constructed as Berry’s connections in the parameter space of boundary conditions. These
results imply that the topological structure of the boundary conditions of quantum graphs is diverse.

1.3.3 Topological classification of boundary conditions

The parameter space of the boundary conditions of the rose graph increases as N in Fig. 1.2 is in-
creased. To understand the structure of the parameter space of the boundary conditions, we system-
atically investigate them. A hint of the strategy is that we obtained 4d chiral zero modes localized
at the vertices depending on the topological structure of the parameter space of the boundary con-
ditions. This reminds us of topological insulators and superconductors, where gapless states appear
on the boundaries by the topology in bulk from the bulk-boundary correspondence. These topolog-
ical matters are classified into ten symmetry classes by the presence or absence of time-reversal,
particle-hole, and chiral symmetries [23-25]. For gapped free-fermion systems, since the second
quantized Hamiltonian can be written in a quadratic form as # = i UiH; j;@ j» this system can be
described by the matrix H. This H has a dependence on the momentum k in the Brillouin zone and
is classified according to symmetry.

In this study, we perform a topological classification of the boundary conditions for 5d Dirac
fermions on quantum graphs. The boundary conditions are classified into ten symmetry classes by
considering time reversal, charge conjugation, and extra spatial symmetries in 5d Dirac fermions.
Remarkably, it is shown that this classification has a complete correspondence to the topological
classification of the (1 + 0)-d gapped free-fermion system. Specifically, the classification of the
Hermitian matrix that specifies the boundary conditions corresponds to the classification of the
Hamiltonian H for dim(k) = 0 with the Altland-Zirnbauer symmetries. Furthermore, we obtain
the topological numbers Z, Z,, 27 for each symmetry class of the boundary conditions in the same
manner as those of topological insulators and superconductors. Importantly, these numbers predict
the number of 4d massless fields localized at the vertex of quantum graphs, i.e., the Z and 2Z
indices are equal to the number of KK chiral zero modes, and the Z, index coincides with the
even/odd parity of the number of Dirac zero modes. These zero modes would be regarded as



1.4. OUTLINE

gapless boundary states of topological phases. A similar relation between boundary conditions
and (1 + 1)-d symmetry-protected topological (SPT) phases [26] or (1 + 2)-d SPT phases [27] has
been known in the boundary conformal field theories. In this study, we reveal for the first time the
relation between the boundary conditions on quantum graphs and (1 + 0)-d SPT phases.

1.4 Outline

This dissertation is organized as follows. In the next chapter, we explain how the boundary condi-
tions of a quantum graph are obtained through a simple example. In Chap. 3, we consider a Dirac
fermion on 5d spacetime with the rose graph as an extra dimension and analyze its zero modes.
It becomes clear that the difference between chiral zero modes is a quantity that is invariant un-
der continuous deformation of the boundary conditions. We will also illustrate applications of this
invariant to explain the generation number problem, the mass hierarchy of fermions, the origin of
flavor mixing and the CP-violating phase. These results are based on the publication paper [28].
In Chap. 4, the ADHM construction method is explained, and then the instanton configuration as
the Berry’s connections are constructed. This study is based on publication paper [29]. In Chap. 5,
we show that boundary conditions are classified into ten symmetry classes by considering time re-
versal, charge conjugation, and extra spatial symmetries in 5d Dirac fermions. These classification
have a nontrivial correspondence with the (1 + 0)-d SPT phase. These discussions are based on the
publication paper [30]. Chap. 6 is devoted to summary and discussion.



Chapter 2

Quantum graphs and boundary conditions

We consider quantum mechanics on a graph composed of vertices and edges. The quantum graph
describes quantum mechanics on a one-dimensional (1d) graph and has been paid attention to since
we can obtain attractive physics caused by the degrees of freedom in boundary conditions for wave
functions imposed at vertices from the requirement of current conservation. In this chapter, through
a simple example, we will illustrate how the boundary conditions at the vertices of a quantum graph
are obtained.

2.1 Quantum graphs

In order to describe the behavior of a particle by quantum mechanics, the Hamiltonian on the system
must be Hermitian. This Hermitian condition is equivalent to the condition for the probability
density of the particle or the current to be conserved in the system [1]. As we will explain later
through a concrete example, the condition for conservation of the current can be replaced by a
boundary condition at the vertex where the current flows in. A quantum graph is a 1d quantum
mechanical system with a general form that satisfies these conditions.

For example, considering the case of a 1d circuit as shown in Fig. 2.1, the conservation law of
current is the condition that the sum of j;, j,,- - - , js flowing into the center is zero. Let us consider
that the current is conserved in {ji, j», j3} and {4, js, jo} independently. In this case, a total of six
segments form an independent graph connected by three segments each (See Fig. 2.1). The current
conservation and the boundary conditions at the vertices are closely related.

2.2 Simple example

We will explain that the boundary conditions are derived from the current conservation law. As the
simplest example, we consider one free bosonic particle on the graph shown in Fig. 2.2 connecting
the endpoints of an edge. The method of deriving the boundary conditions here is based on the
paper [21].
For this graph to be a quantum graph, the current on it must be conserved. In the present case,
the probability density flow must be conserved, i.e.,
dp d¢’

JC+0) = j(-0), () = _i[% s

90} (x) (2.2.1)
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2.2. SIMPLE EXAMPLE

Jo ‘J/1 Jo J
N\ . N\
Js J2 Js 4 b5
— <« -> — -«
AN\ / \
Ja J3 Ja J3
Jitht o +js=0 Jith+ti=
M+k+k—0

Figure 2.1: Diagram of six edges connected by a single point. The current is preserved by adding all
of them together, but changes to the form on the right when {j;, j», j3} and {j4, js, je} are requested
to be preserved independently of each other.

0O L

Figure 2.2: Example of the simplest quantum graph. This graph can be constructed by connecting
the endpoints of the edge. In this operation, the boundary condition is non-trivial and described by
U(2) parameters.



2.2. SIMPLE EXAMPLE

must hold at the x = 0. In the above equation, the natural unit is adopted. Since derivatives
cannot be defined in general just at the vertex (x = 0), e.g., consider the case of J-function type
potential, we wrote the conditions for current conservation excluding that point. If we introduce a
new 2-component complex vectors

_ [ ¢(+0) ) , ( ¢'(+0) )
®= , o= 7, , 222
(so(L ~0) /(L -0) (222)
we can rewrite (2.2.1) to
|D — iLy®']* = | + iLyD|?, (2.2.3)

where L is an arbitrary nonzero constant with a dimension of length for dimension matching.
Since the Eq. (2.2.3) implies that the norms of the two-dimensional complex vectors are equal, we

can remove the square,
|D — iLy®'| = |P + iLyD|. 2.2.4)

With a rotation matrix U in a two-dimensional complex vector space, Eq. (2.2.4) can be replaced
by
O —iLy® =U(@+iLy®) (UeUQ)) (2.2.5)

or
(L-U)P=iLy(1,+U)®" (U € UQ)). (2.2.6)

It is important to note that U is included as degrees of freedom. In particular, in the case of Fig. 2.2,
the boundary condition is specified by U(2) parameters. In the following, we discuss some of the
boundary conditions that can be obtained by choosing specific values for these parameters.

As a first example, we consider U = *1,. In this case, Eq. (2.2.6) becomes

U=1,:0' =0 {Ztg; _ g’ 2.2.7)
U=-1,:0=0c {igg; _ 8’ (2.2.8)

which are the Neumann boundary condition (U = 1,) and the Dirichlet boundary condition (U =
—1,), respectively. As a next example, we consider

01
U= (1 0). (2.2.9)
In this case, Eq. (2.2.6) becomes
e(+0) = p(=0), ¢'(+0) = ¢'(=0), (2.2.10)

which is nothing but a periodic boundary condition. As a final example, we consider

1(ef9—1 ei9+1)

Tole?+1 e -1

(2.2.11)

10



2.3. SUMMARY

leaving parameter 6 € [0, 27). In this case, Eq. (2.2.6) becomes
@(+0) = ¢(-0), (2.2.12)

¢ (+0) — ¢/ (~0) = i—(’) tang - (+0). 2.2.13)

This is the boundary condition for the case of a delta-function type potential, which often appears
in quantum mechanics textbooks.

From the above discussion, we were able to derive the boundary conditions from the conserva-
tion condition of current. The derived boundary conditions were found to contain parameters.

2.3 Summary

For a simple example, we derived the boundary conditions that a quantum graph must satisfy.
We show that these boundary conditions include not only the well-known boundary conditions
in quantum mechanics but also various types of boundary conditions. The diversity of boundary
conditions is the reason we focus on quantum graphs. In the following chapter, we consider models
with quantum graphs as extra dimensions and discuss applications of their topological structure and
their classification.

11



Chapter 3

Sd fermion on quantum graph

The extra-dimensional model is promising as a theory of beyond the Standard Model (SM). Vari-
ous extra-dimensional models have been proposed, but we will focus here on studies that attempt
to solve the generation number problem of the SM. In the extra-dimensional model, particles with
various masses emerge as a four-dimensional (4d) theory by expanding the extra-dimensional di-
rections with eigenfunctions of 4d fields. Their masses are given by the inverse of the radius of
the extra dimension, but in general the size of the extra dimension is so small that only massless
modes can be observed in current experiments. The degeneracy of the massless modes depends on
the geometry of the extra dimension. Therefore, if there exists an extra-dimensional geometry that
achieves threefold degeneracy, the three-generation structure of the SM can be explained by that
geometry in the extra-dimensional model.

As an extra dimension, we consider in particular a 1d model. In this case, are there a 1d extra-
dimensional geometry that achieves zero-mode three-fold degeneracy? To answer this question,
we analyze a model that the quantum graph, which has the most general geometry as 1d space,
is the extra-dimension. As a result, we can identify boundary conditions for quantum graphs for
which three-fold degeneracy is feasible. It also shows the possibility of simultaneously explaining
not only the generation number problem, but also the mass hierarchy problem of fermions and the
origin of flavor mixing and CP phases.

This chapter is organized as follows: In the next Section, we explain our setup and derive bound-
ary conditions on quantum graphs from current conservation law. In Sec. 3.2, first, the boundary
conditions are rewritten in terms of mode functions. Solving the eigenfunctions under the bound-
ary conditions yields the spectrum, degeneracy of the eigenvalues, and shape of the zero modes.
Therefore, we next perform an exhaustive analysis of the degeneracy of zero modes for various
boundary conditions. In the extra-dimensional model, degeneracy generally appears in the massive
mode of fermions. This phenomenon is understood from the standpoint of supersymmetric quan-
tum mechanics, and we will briefly explain in Sec. 3.3 that this is also the case in our model. In
Sec. 3.4, we show that our model can simultaneously explain the generation number problem of the
SM, the mass hierarchy problem of fermions, and the origin of flavor mixing and CP phases.

12



3.1. SETUP AND KALUZA-KLEIN EXPANSION

Ly<y<lL;

Ly<y<l,
Figure 3.1: Rose graph with N edges (or called loops) and one vertex

3.1 Setup and Kaluza—Klein expansion

We consider a Dirac fermion on 5d spacetime, which is constructed with 4d Minkowski spacetime
and quantum graph as an extra dimension. Especially we chose a quantum graph like Fig. 3.1. This
graph consists of one vertex and N edges (or called loops). Since varying the boundary conditions
at the vertex can transform the graph into various shapes (see Fig. 1.3), a rose graph like Fig. 3.1 is
the master graph. Now we consider the 5d Dirac fermion on a 5d spacetime with the rose graph as
an extra dimension. The action is given by

N L, .
S = fd“fo dy¥(x,y) [iy“8ﬂ+iyy6y+M] Y(x,y), (3.1.1)
a=1 Lo

where x* (u = 0, 1,2, 3) are the coordinates of the 4d Minkowski spacetime and y is the coordinate
of the quantum graph. W(x, y) represents a 4-component Dirac fermion and the Dirac conjugate ¥
is defined by ¥ = Y1y, A (A = 0, 1,2,3,y) are defined as 4 x 4 gamma matrices satisfying the
Clifford algebra:

W v8) = 20?8, B = diag(—, +, +, +, +), (3.1.2)

and especially chose y” as ¥ = =iy’ (y° = iy"y'y?y?). M denotes the bulk mass.

In this chapter, we consider the quantum graph shown in Fig. 3.1, which consists of one vertex
and N edges, each of which forms a loop with L, ; < y < L,(a = 1,2,---,N). N loops are
connected with appropriate boundary conditions. These conditions are derived in several ways: (1)
the current conservation law on the vertex, (2) Hermiticity of the action, (3) the request that the
equation of motion for ¥ can be obtained from the variational principle for ¥. Now we chose the
first way'.

The current is given by the ordinary form

JMey) = Py (xy) (M =p,y). (3.1.3)

J¥(x,y) trivially conserves on 4d Minkowski spacetime, on the other hand, j’(x,y) can only con-
serve on the quantum graph with appropriate boundary conditions. To obtain boundary conditions,

There are some calculations and discussions in the paper [31].
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3.1. SETUP AND KALUZA-KLEIN EXPANSION

we request the current conservation law on the quantum graph

y=L,—&

N
D [Bey e =0, (3.1.4)
a=1

where € is an infinitesimal positive constant. We shift from the vertices with & because there are
singular in general and the derivative d, is not well-defined at there points.

If the current is conserved in the system, the equation of motion of 5d Dirac fermion ¥(x, y) is
obtained by the action principle 6S = 0. In fact, if we use the variational principle for ¥, then we
can obtain

|70, + vy + M| W(x,y) = 0. (3.1.5)

Since we consider a compact quantum graph (see Fig.3.1) as an extra dimension, the 5d
Dirac fermion W(x,y) can be expanded with 4d chiral fermions l/’(l) (x) and mode functions

R/L,n
A0 800
L EREDY Z ZHOTRUEDY Z w? (08P () (3.1.6)

Y U0 =+ ;’}Ln(x) (3.1.7)

where n indicates the n-th level of Kaluza—Klein modes and i denotes the index that distinguishes
the degeneracy (if it exists). The mode functions fnl)(y) g(')(y) are the mass eigenstates of 4d Dirac
fermions and satisfy the complete orthonormal relations

N La * - ..
), f dy (100) £90) = Sund?, G.18)
Z f dy (87()) 82() = Sumd". (3.1.9)

Since the 4d chiral fermions lpR 1L, (X) with mass m, obeys the equations

iy O (x) + mupy (x) = 0, (3.1.10)
iy o 0 D () + muprg () = 0, (3.1.11)

substituting the KK expansion (3.1.6) into the 5d Dirac equation (3.1.5), we obtain
0= [iy”c'),l + 1y’ 0y + M] Y(x,y)
= > Do+ v o, + M|y, 0 0)

+ Z Z iy'o, + y58 + M] (x)g(‘>(y)
= Z Z [~m, fO) + (=0, + Mg )] v, ()
* Z Z |=mugd ) + @, + M0 | i, (). (3.1.12)
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3.2. BOUNDARY CONDITIONS AND ZERO-MODES

Then, wR jL,(%) are independently transformed under the Lorentz transformation and independent
with respect to the label n, we can obtain

0, + M)fO(y) = m,g?(y), (3.1.13)

(=9, + M)g)(¥) = m £, (). (3.1.14)
These equations are called SUSY relations because 1t gives the relationship between 9 and g¥.
To obtain the eigenequations according to f(’) and gn , multiply by (-0, + M) and (9, + M) from
the left of both sides of the above equations, respectively, then we can obtain

(=05 + MO (y) = my f0 (), (3.1.15)
(=02 + MHgP(y) = mrg? (). (3.1.16)

3.2 Boundary conditions and zero-modes

We rewrite the current conservation law into boundary conditions at the vertices of the rose graph
and classify the boundary conditions in terms of the zero-mode degeneracy.

3.2.1 Boundary conditions

First, we rewrite the current conservation law in terms of boundary conditions at the vertices.
Substituting the expansion (3.1.6) into the current conservation law (3.1.4), we get

N
0= [¥eeyy o],

a=1

__ Z Z wg)n( )l//(p (X)Z fo)(y) g(])(y)KZl

i,j nm

D O, (X)Z |(ew) f(’)(y)] (3.2.1)

1+8

a—11TE

i,j n.m

Since Zgn and Zﬁ)n transform independently under the 4d Lorentz transformation and are indepen-
dent with respect to n, Eq. (3.2.1) reduces to

N
S (£0) g2~

1

=0, (3.2.2)

y=L,_1+&

a

Mz

[( (’)(y)) f(])(y)] =0. (3.2.3)

y=L,4_1+¢€

Il
—_

a

In the following, we will analyze only (3.2.2), because the above two equations are in a complex
conjugate relationship.
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3.2. BOUNDARY CONDITIONS AND ZERO-MODES

To simplify the classification of boundary conditions, we introduce two 2N-dimensional com-

plex vectors whose components are the values of the mode functions near the vertex:

S (Lo + &) gw'(Lo + &)
Sy - &) —g (L1 — &)
23) — f;1(i)(Lu.—1 + &) 20) — gg)(La;l + &)
Fa' = L, -8 | O’ = ¢ L,-e) | (3:24)
L + ) (L.
n \LN-1 &n (_ N-1+ &)
Ly - &) —&(Ly — &)
The boundary condition (3.2.2) can be rewritten as
FOGY =0 (Vi jn,m). (3.2.5)

Now, to solve the Egs. (3.1.15) and (3.1.16) and determine the mass eigenvalues m,, we want
to obtain 4N boundary conditions in total, since the graph has 2N boundaries y = Ly + ¢, Ly
g, ,Ly_1 £¢&, Ly — &for f,f“ and gﬁ,{). However, the SUSY relations (3.1.13) and (3.1.14) imply
that the massive mode functions fVEZO and g%o are related with each other (except for the zero mode
functions which obey the first differential equations). Thus, we should require that the conditions
(3.2.5) provide 2N constraints in total, otherwise, the system is undetermined or overdetermined.

For example, we impose 4N constraints with the condition

frfi)(y) = gﬁr{)(y) =0 at y=ILp+e Lite,---, Ly te Ly—e. (3.2.6)

Then, we can obtain the additional boundary conditions
fl;i)(y) -0 — _ayggrjl')(y) =0, 3.2.7)
g,(,{)(Y) =0 ayfrﬁz])(y) =0, (3.2.8)

from the SUSY relations (3.1.13), (3.1.14). Since now the mode functions should satisfy both
the Dirichlet and Neumann boundary conditions, we can conclude that there are no non-trivial
solutions which satisfy boundary conditions (3.2.6). It follows from this observation that Eq. (3.2.5)
is replaced by the boundary conditions

(lay = Up)FY =0, (loy + U)GY =0 (¥i, jn,m), (3.2.9)
where Uy is a 2N X 2N Hermitian unitary matrix
U = Loy, U] =Us. (3.2.10)

The conditions for Uy are the constraints to make 2N boundary conditions in total.
The Hermitian matrix Ug can be diagonalized using a unitary matrix, whose eigenvalues are
+1 since Ug = 1oy. In this chapter, we will classify the boundary conditions by the number of —1
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3.2. BOUNDARY CONDITIONS AND ZERO-MODES

eigenvalues. Therefore, the boundary conditions can be classified into 2N + 1, and let “Type(2N —
k, k)” be the class with k eigenvalues of —1:

Type(2N — k, k) : U = V(lZN"‘ 0

0 i )VT (Ve U2N), 0<k<2N). (3.2.11)
— Lk

Classes with different values of k do not connect each other under continuous deformations in the
parameter space of Ug. In this sense, we say that Type(2N — k, k) and Type(2N — k', k") belong to
topologically distinct classes if k # k'.

3.2.2 Zero-mode degeneracy

Various degeneracies can occur in the 4d mass spectrum considering the quantum graph as an extra
dimension. This is a feature that does not appear in open 1d quantum mechanical systems of infinite
length. In this chapter, we will not focus on the massive modes, but only on the degeneracy of the
zero modes. Furthermore, we perform an exhaustive analysis of the degeneracy of zero modes for
various boundary conditions

Substituting m,, = 0 into the right-hand side of Eqs. (3.1.13) and (3.1.14) yields the zero mode
equations

@y + M) (y) = 0, (3.2.12)
(=8, + M)g? () = 0. (3.2.13)
Since they need not to be continuous in general at the boundaries y = Lo+ &, Ly £ ¢&,--- , Ly £

g, Ly — &, these equations lead to

AVCre™ (Lo <y < Ly),

féi)(y) _ é(zi)CZe_My (L1 <y < L), (3.2.14)
Ax)CNe_My (Ly-1 <y < Ly),
BYCle™ (Lo <y <Ly,

() = .B(zj)céeMy (hr<y<to) (3.2.15)
.B%)C;veMy (Ln-1 <y < Ly),

where A?, BY are complex constants determined to satisfy the boundary conditions and C,, C,
are constants independent of degeneracy i, j, which are determined immediately follow. Using the

Heaviside step function 6(y), they can be rewritten in simple forms,

N
00) = Y 00~ LWLy ~ DADCoe™, (3.2.16)
a=1
- N
800) = Y60~ La-B(L, ~ BYCle™. (3.2.17)
a=1
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3.2. BOUNDARY CONDITIONS AND ZERO-MODES

To find the degeneracy of the zero modes, we have to count the number of independent f;", @ éj) in

each case under the boundary conditions.
There exists a convenient basis for counting zero-mode degeneracy, which we define as

Fu = Ca(0, -+, 0, e MEr0) o=MLame) . )T, (3.2.18)
2(a-1) 2(N-a)
Gu = Cl0, -+ ,0,MEn1*) _MILa=o) 0. Q)T (3:2.19)
2Aa-1) 2(N-a)
where C,, C, (a = 1,2,--- ,N) are coeflicients to normalize the basis and are given by
1 1
IC,| = = , (3.2.20)
\/7}’T > Ve 2MLa-1+6) 4 o=2M(Lo¢)
1
IC,| = (3.2.21)

\/e+2M(La 1+6) 4 +2M(L, )
aga

As you can see from the direct calculations, these bases satisfy orthonormal relations:

FiFo=GiGr=06m (a,b=12-,N), (3222)
ﬁw‘g"b — g_’zﬁ =0 (a,b=1,2,---,N). (3.2.23)
Expanding F (()i) and @f)j) in the introduced basis yields
FO = AYF, 4+ ADF 4 ... A%)f,v, (3.2.24)
G(J) B(])g + B(J)g + - B%)éN- (3.2.25)

Also, the unitary matrix V in the Eq.(3.2.11) can be expressed by using complex orthonormal
vectors ¥, (p = 1,2,--- ,2N) as

V = (‘71"72’ ot 9‘721\7)9 ‘7’;‘_}; = 5[)6] (p9q = 192’ tee 92N)’ (3'2'26)

and v, can be expanded in terms of 7?& and éa, as follows

= Zapf + Zﬁpaga (p=1,2,---,2N). (3.2.27)

a=1
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3.2. BOUNDARY CONDITIONS AND ZERO-MODES

On the above basis, we can rewrite the original boundary conditions (3.2.9) as

o=[iv(my 8 Jva
0 0 VI
_ ON—k 2o
e ) s
Von
o
o
=2V g RO
2N—-k+17 0
=7 . (@)
VonFy

N
:Za* AD =0 (p=2N—-k+1,---,2N),
a=1

p.a‘ta

Ly« 0 20)
0= 12N+V( 0 _1k)V*]Gof
St G0
V,Gy
S 2)
_ 2v| "%
0
0

N
= > BB =0 (p=1,--- 2N k).
a=1

Or, by using vectors defined by

ap = (ap,]’ Apo,*- s ap,N)T’ /Bp = (ﬁp,laﬂp,z- e vﬁp,N)Ta
AY = (AP, AD,--- A))T, BV =B, B, BT,
we can rewrite the boundary conditions as
i D — AT D — ... of @) —
QgAY = 0y, AT == 0 AT =0,

B:B(j) = ﬁ;B(j) == ﬁ'ZTN_kB(j) - 0.

The above boundary conditions are regarded as conditions on the zero mode coefficients A

i B
as Bd

(3.2.28)

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)
(3.2.33)

(3.2.34)
(3.2.35)

(a =

1,2---,N)in Egs. (3.2.16), (3.2.17). Also, changing the boundary conditions at the vertices of the
quantum graph is nothing more than changing «, or 3,. To calculate the degeneracy of the zero

modes under a certain boundary condition, it is sufficient to determine how many linearly inde-
pendent A” or BY exsit when «, and 3, are given. From Egs. (3.2.28), (3.2.30), G(()’) can be

19



3.3. PERSPECTIVES ON SUSY QUANTUM MECHANICS

Table 3.1: The number of the zero mode solutions of féi)(y) and gf)j )(y) for the type(2N — k, k) BC.

The [ denotes the maximal number of the linearly independent vectors o, (g = 2N —k+1,--- ,2N)
in Eq. (3.2.34). Ny, (N,,) is the number of the zero mode solutions of fé’)(y) (gé”(y)). We can find
that Ny, — N,, is independent of /, though both of Ny and N, depend of /.

k ! Nfo Ngo Nfo — Ngo
0 N k N -k
1 N-1 k-1 N -k
0<k<N : : : :
k-1 N-k+1 1 N -k
k N -k 0 N -k
k—N 2N —k N N -k
k—N+1 2N-k-1 N-1 N -k
N <k<2N : : : :
N -1 1 k—N+1 N -k
N 0 k—N N -k
represented by a linear combination of {17q | g =2N -k +1,---,2N}. Therefore, determining the
number of linearly independent vectors in ), (p = 2N —k+1,--- ,2N) also determines the number

of linearly independent vectors in BV,

Now, let us suppose that the maximal number of the linear independent vectors for {c, | ¢ =
2N —k+1,---,2N} is . Then it turns out that there exist N — [ linearly independent solutions of
AYD (G =1,2,---,N -1 to Eq.(3.2.34). This immediately implies that there are N — [ linearly
independent solutions féi> (y) i =1,2,--- ,N — ). On the other hand, the number of the linearly
independent vectors for {3, | p = 1,2,--- ,2N — k} is k — [ in this case. This means that there exist
k — I linearly independent solutions of BY (j = 1,2, .-,k — [). Therefore, for the type(2N — k, k)
BC, we can conclude that the degeneracy of zero mode f(y) is given by Ny = N — [, and that of
zero mode gg)(y) is given by N,, = k—1. The degeneracies Ny and N, for each boundary condition
are shown in Table 3.1.

3.3 Perspectives on SUSY quantum mechanics

In the previous Sections, we have clarified the number of zero-modes under each of the boundary
conditions. The number of zero modes in each chirality varies by changing /(< k). However, for
a class of Type(2N — k, k) with fixed N and k, the difference between right- and left-handed chiral
zero modes is invariant. In this Section, we explain that there is a topological reason behind this
fact in terms of supersymmetric quantum mechanics [32].

Supersymmetric quantum mechanics is a theory that describes quantum systems for which there
exist operators satisfying a minimal supersymmetry algebra. A minimal supersymmetry algebra is
defined as

H= Q% (3.3.1)
(-DFQ =-0(-1), (3.3.2)
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® (-Df=+1

E2 _@_ O"'(—I)F=—1
E o=

E,=0lo——

Figure 3.2: Typical energy spectrum. There are three properties: (1) The energy eigenvalues are
non-negative, E > 0; (2) The bosonic state |E, +) and the fermionic state |E, —) form a supermulti-
plet in the positive energy level; (3) Zero energy states do not necessarily form pairs.

(D] =1 (3.3.3)

where H is the Hamiltonian, Q is the supercharge, and (—1) is the fermion number operator, all of
which are Hermitian operators. Note that the fermion number operator is an operator that returns
eigenvalue +1 for “bosonic” states and eigenvalue —1 for “fermionic” states, but each state need
not be a state with spin degrees of freedom. Now, three properties always appear in the energy
spectrum of this system. (1) The energy eigenvalues are non-negative, £ > 0. (2) The bosonic
state |E, +) and the fermionic state |[E, —) form a supermultiplet in the positive energy level. (3)
Zero energy states do not necessarily form pairs. A typical spectrum that well represents these
properties is shown in Fig. 3.2. Due to the properties (2) and (3), the difference in the number of
zero-energy states between bosonic and fermionic states is invariant, which is called Witten index.

Considering our model again, we find that the following three Hermitian operators satisfy the
minimal supersymmetry algebra:

H=Q 0= (3 SM —ay0+ M), -Df = (é _01). (3.3.4)
y

In addition, the states in which these operators act are

(i) 0
my, +) = (f " O(y)), my, =) = (gfj) (y)). (3.3.5)

From the general discussion of supersymmetric quantum mechanics, the difference between the
number of |0, +) and |0, —) is called the Witten index and is a topologically invariant quantity.
Thus, the reason why the difference between the number of chiral zero modes is invariant in our
model is explained from the perspective on supersymmetric quantum mechanics.
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3.4. APPLICATION TO BEYOND THE STANDARD MODEL

3.4 Application to beyond the Standard Model

In this Section, we explain how to construct a phenomenological model using the results obtained
in the previous Sections. Since the model construction is not yet complete, we will only discuss
how to apply it.

In 5d theories, there exist an infinite number of particles with different masses when viewed
in 4d. Therefore, in the low-energy region, where zero-mode behavior becomes important, the 5d
theory must reproduce the 4d theory with which we are familiar. Now, the 1d extra dimension is
taken to be the quantum graph described so far, and the 4d spacetime is taken to be the Minkowski
spacetime. As matter particles, we prepare 5d Dirac fermion of one generation of the Standard
Model (SM), a 5d Higgs field of the SU(2) doublet, a 5d gauge fields of SU(3), and a 5d gauge field
of SU(2) x U(1)y. For simplicity, we discuss only the quark sector in the following, but the lepton
sector can be discussed in the same way. Furthermore, we do not discuss the kinetic terms of the
gauge fields in detail.

3.4.1 Generation number problem

The SM contains three generations of particles with the same spin and charge, but there is no reason
for the number to be three, which is called the generation number problem. In our model, one
generation of 5d Dirac fermions is prepared first, and three generations of chiral fermions appear
naturally in the 4d low-energy effective theory. The reason for this is that the extra dimension of a
quantum graph generally causes a degeneracy in the chiral zero modes.

For a more specific discussion, we consider the action of the starting point in the following.

N L, -
Sfermion = fd4xz f dy [Qd(iyﬂaﬂ + 756)’ + MQ)Qd
a=1 Y La-1

+ T (iy"0, + 70y + My)U, + Dy(iy"d, +¥°d, + Mp)D,|, (3.4.1)
N L, . o
S = [ @5 Y [ dy [QuHD, + 010U, + b, (3.42)
a=1 YLa1

where Q, is 5d Dirac fermion of SU(2) doublet, U, and D, are 5d Dirac fermion of SU(2) singlet,
H is 5d Higgs of SU(2) doublet, H is defined as H = iopH”, and gy, g/, are the Yukawa coupling.
These actions correspond to the usual kinetic term of fermion and Yukawa interaction terms in the
quark sector of the SM. We now adopt a quantum graph as the extra-dimensional direction that
satisfies the following boundary conditions for each field (see Fig. 3.3).

Qy : Type(N —3,N + 3), (3.4.3)
Us, Dy : Type(N + 3,N - 3). 3.4.4)

Higgs is subjected to a suitable boundary condition in which only one zero mode appears, inde-
pendently of the fermions. In general, a pair of right- and left-handed chiral zero modes could
become massive due to quantum corrections from the Yukawa interaction and the interaction with
the gauge field. Therefore, three left-handed chiral zero-modes remain from Q, and three right-
handed chiral zero-modes from U, D; as the low-energy effective theory, which are nothing but of
three generations of fermions in the SM.
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WR,n l//L,n l//R,n WL,n
NR NL NR NL
NR_NL=_3 NR_NL=3

Type (N - 3,N + 3) Type (N +3.N-3)

Figure 3.3: Witten index under each boundary condition.

This study is not the first approach to solving the generation problem that applies zero-mode
degeneracy. In the 2000s, it was proposed that the number of generations could be reproduced by
using vortex and magnetic flux [33-39]. In the 2010s, it was shown that this could be explained
by using boundary conditions [15-18]. Our study extends the latter to the case of more diverse
extra-dimensional forms.

3.4.2 Fermion mass hierarchy and flavor mixing

In the SM, the generational masses have a hierarchical structure, and particles belonging to different
generations interact with each other. There is no theoretical explanation from the SM for these
masses or the strength of the interaction. On the other hand, our model is naturally able to explain
by using the mechanism proposed in the paper [40].

To explain how this mechanism works, we derive the mass matrix in our model. Under the
boundary conditions (3.4.3), (3.4.4), Q4, Us and D can be expanded as

3

Qu(xy) = (Zigg) () + (massive modes), (3.4.5)
i=1 V'
3

Dy(x,y) = Z dr(0)f(y) + (massive modes), (3.4.6)
l;l |

U(x,y) = Y ur(0)fy () + (massive modes), (3.4.7)

i=1

where the subscript R/L for a 4d part is a chirality index and all modes with n > O are denoted as
“(massive modes)”. It should be noted that the degeneracy of 3 in the above equations is the key
consequence of our model. In other words, the generation number problem in the SM is naturally
reproduced based on the geometry of the extra dimension.

If the Higgs H has a vacuum expectation value like (H) = (0,v)" , then the action (3.4.2) is
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3.4. APPLICATION TO BEYOND THE STANDARD MODEL

written by

L, _ _
SYukawa = fd4x f dy gYQd <H> Ds + gYQd <H> Us + hC]
1

a Loy

s f d*x
Jas2
/

=

L, 3 _
f dygy Y (w0, du() gy ) ((v’) dr(fy" () +he.

i,j=1

iMz

La 3 —_— e .
f dygy ) (F (0, dn() g () ((V)) ur(f; ) +he.

Lo i,j=1

Ly
d*x Z f dy (massive modes + h.c.)
a=1

di (¥)d g (x) + h.c.

3
= f d'x Z[g’yvz f YOV
i,j=1 La-1
L, .
f d'x Z[gyvz f dyg““(y)fé”(y)]mx)u,-R<x)+h.c.

l_]]

f d*x Z f dy (massive modes + h.c.)

fd“ Z m; i (X)u jr(x) + m;; lL(x)de(x) + h.c. ] + (massive modes + h.c.), (3.4.8)

i,j=1

where m;;, m;; are defined as
= g Z f dy g ()1, (3.4.9)

gyvz f dy gy Sy ). (3.4.10)

The zero-mode solutions are given by (3.2.16), (3.2.17). Therefore, if fo’)(y) and g(f ) take the profile
shown in Fig. 3.4, for example, fermion mass hierarchy is also naturally realized, i.e., m; < my <
ms; is feasible. The same applies to m;;. In addition, the mass matrix m;;, m;; now also have off-
diagonal components, and the value of flavor mixing can be naturally explained by the profile of
zero-modes. It is noted that m;; can have a nonzero value since y = Ly and y = L, are identified
and f(3 ), ggl) overlap. By the above mechanism, our model can theoretically explain not only the
number of generations but also the fermion mass hierarchy and the flavor mixing.

3.4.3 CP phase

CP phases are complex only of the Cabibbo—Kobayashi—-Maskawa matrix and Pontecorvo—Maki—
Nakagawa—Sakata (PMNS) matrix in the SM. In our model, we obtain (3.4.9) and (3.4.10) as mass
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— 19)
----- g
Mz My My Ny NMpy Ny

g | Pm| ePo| W )

Figure 3.4: Relationship between zero-mode profiles and mass matrix. By applying the exponential
localization of zero modes, masses with a hierarchical structure can be realized. The double lines
aty = Ly, Lo represent the same point.

matrices at low energies, which can be complex matrices since fé”(y), g(oj)(y) are genuine complex
functions. When constructing the phenomenological model, it is necessary to change the phases for
three generations of quarks and calculate complex phases that will eventually remain in the mass
matrix.

3.5 Summary and discussion

In this chapter, we have investigated the KK decomposition of the 5d Dirac fermion on the rose
graph which consists of one vertex and N loops (see Fig.3.1). We have succeeded in classifying
the allowed boundary conditions on the rose graph into the type(2N — k,k) BC with 0 < k < 2N
and finding the number of the zero mode solutions for each type of the boundary conditions.

Using the present results, for models with type(N — 3, N + 3) or type(N + 3, N — 3) boundary
conditions imposed, only the chiral zero modes, either right-handed or left-handed, is threefold
degenerate. Therefore, we explained the possibility of simultaneously solving the three remaining
problems of the SM: the generation number problem, the mass hierarchy problem of fermions,
and the origin of flavor mixing and CP phases. However, since the SM includes gauge fields as
dynamical fields, additional boundary conditions on the gauge fields must be considered when
quantitatively evaluating the solvability of the above problems. It is important to note that the
boundary conditions must not break gauge symmetry. This means that the boundary conditions for
gauge fields are more restrictive than those for fermions derived in this Chapter.

It would be of great interest to note that the rose graph has nontrivial geometry and that the
parameter space of the boundary conditions has been found to possess a rich structure. For instance,
if we take the length of all bonds to be equal (L = L, — L,_; fora = 1,2,--- , N) and choose the
boundary conditions appropriately, we will have higher degeneracy in the 4d mass spectrum and
then extended supersymmetries might appear in the spectrum [7, 8].
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Chapter 4

Instantons and Berry’s connections on
quantum graph

Berry’s phases and Berry’s connections are interesting phenomena that appear in quantum systems
when model parameters are adiabatically driven along a closed path on a parameter space. Once
a nontrivial Berry’s phase or Berry’s connection is obtained, it is known that the parameter space
under consideration has a nontrivial topological structure.

We consider a Dirac fermion on a 5-dimensional (5d) spacetime with a quantum graph as an
extra dimension. As clarified in Chap. 3, the mode functions on quantum graph have a parameter
dependence on the boundary conditions. Furthermore, zero modes generally have many degenera-
cies. Therefore, the parameter space of the boundary conditions may have a nontrivial topological
structure, resulting in a nontrivial non-Abelian Berry’s connection. In this chapter, we show that the
ADHM construction method can be applied to construct instanton solutions as Berry’s connections
in the parameter space of boundary conditions.

This chapter is organized as follows: In Secs.4.1 and 4.2, we briefly review the basics of
instantons and the ADHM construction method. In Sec.4.3, we reiterate our setup and explain
how the ADHM construction method is applied. In Sec.4.4, applying the ADHM construction
method, we construct the instanton solution as a Berry’s connection.

4.1 Brief review of instanton

Before going into the content of this study, we briefly review instanton. An instanton on 4d Eu-
clidean spacetime is a configuration of gauge fields that satisfies the 4d (anti-)self-dual equation
and makes the Yang—Mills action finite. This equation of SU(N) Yang—Mills theory is given by

Fuo=+F, (uv=1234), (4.1.1)
where the field strength F,, and its Hodge dual F,, are defined as
F,,=0,A, —0,A, +[ALA] (4.1.2)

1
Fyv = Ee,uvpo-Fpa', 4.1.3)
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4.2. ADHM CONSTRUCTION

and the gauge field A, is defined as an n X n anti-Hermitian matrix. In Eq. (4.1.1), + means self
dual and — means anti-self dual. The (anti-)self-dual equation gives the minimum value of the
Yang-Mills action. Completing the square of the action yields

1
Sym = 5 f d*xTr (F,F,)

™M

l —~ o~
= fd4_x Tr (FIJVFHV + Fva/.lV)

4g%{M
1 _ _
e f d*xTr [(FW + F,)°F 2FWFW]
YM
e d*xTr (F, + F)° + 2 |Ter d*xTr (F o F)| (4.1.4)
YM YM

and the condition that the first term be zero is nothing but (anti-)self-dual equation (4.1.1). The
second term in the above equation can be expressed as

2 -1 . 2
. Si[ f d*xTr (FWFW)] = 821|Q| 4.1.5)
g

- g%(M 167 YM

with a topological charge Q. The Q takes integer values. To take finite values for |Q|, the field
strength must satisfy F,, = 0 (called pure gauge) at infinity. Under these conditions, the integer
value Q is called the instanton number. Solutions with Q = k are called k-instantons, solutions with
0O > 1 are called multi-instantons, and solutions with Q < 0 are called anti-instantons.

Instanton solutions are described by a certain number of parameters, which is called the moduli
space, except for the degrees of freedom that are transferred by the gauge transformation. The
dimension of the moduli space of the k-instanton of the gauge group SU(N) is known to be

4Nk—-N?+1 (N <2k),

4.1.6
4% + 1 (N > 2K). (41.6)

dim MN,/( = {

4.2 ADHM construction

The ADHM construction method was discovered by Atiyah, Drinfeld, Hitchin, and Manin[22].
The idea is to construct a solution by focusing on the moduli space of ADHM data, which is dual
to the moduli space of instantons and following appropriate procedures. Since there is a one-to-
one correspondence between the moduli spaces of each other, arbitrary instanton solutions can be
constructed using the ADHM construction method.

In this section, we describe the ADHM construction procedure and construct some well-known
instanton solutions as examples.

4.2.1 Notations

In this subsection, we summarize the notation of the symbols used in this chapter.
First, we introduce 2 X 2 matrices

e, = (—ic', 1), &,=(@o', 1) (u=1,2,3,4) 4.2.1)
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4.2. ADHM CONSTRUCTION

where o (i = 1, 2, 3) are Pauli matrices.
Second, the ’t Hooft matrix is defined by

n® = n'So,, (4.2.2)

a(+)

where 1, 18 called the "t Hoot symbol and given by
N = €qoa £ 0uba — 60Gps) (@ =1,2,3). 4.2.3)

These are useful for constructing instanton solutions. Matrices (4.2.1) and the 't Hooft matrix
(4.2.2) satisfy the following relationship.

euey = Oy +iny), €uly = Sy + in), (4.2.4)
eyey + e,e, = 20,y, e.e, +ee, =20,, 4.2.5)
e.eve, = —2e,, e.ee, = —2e,. 4.2.6)

Some useful relations satisfied by the ’t Hooft matrix nl(fv) are

77;(4?)77(;;) = (6/1/151/,0 - 6,11p5w1 * Epv/lp) -1

+ i (G = Sy + Sy = Suan's)). 42.7)

()15 | = 20 (8 = Gty + 0, = ,m5)) (4.2.8)

Eyv/lpng—_'—p) == (6;10'775;) + 5/10'77;? + 61/0'77(/12)) ’ (429)

Trnne) = 2(8ua6vp = GuoBor & €uvay) (4.2.10)

Tr s = 66y, 42.11)

Tr )0 = 24. (4.2.12)

The relations satisfied by the "t Hooft symbol nz(f) are
Uﬁf)ﬂﬁ(ﬂi) = (6;1/15\/;) - 5;tp5v/1 * Eyvﬂp)éij
1 + + + +

+ e (Suamy? = ol + 0y’ = Suanfy”) (4.2.13)

el = 6,0, + €S, 4.2.14)

My = —%Tr aleey, (4.2.15)

) = -5Tro%e,2,. (4.2.16)

To specify the size of an m X n matrix M, we write M|, x,) With [...] as a subscript.

4.2.2 Procedures for the ADHM construction

We explain the construction of SU(N) anti-self dual instanton solutions for the instanton number
—k using the ADHM construction method. If one wants to construct self-dual instanton solutions
instead of anti-self dual, e, is replaced to e, in the following procedures.

28



4.2. ADHM CONSTRUCTION

First, we introduce the following matrix called the Od Dirac operator:

S [NIx[24] )
Alx = , 4.2.17
(X) V42611241 (e# ® (ool — (T)isr) ( )
AT @Opivean = (S hiny 8 ® Cule = T - (4.2.18)

where x, (u = 1,2,3,4) are the coordinates of the 4d Euclid spacetime, the matrix S is defined by

S INx24) = (I;N]X[k] J[N]X[k]) 4.2.19)

with N X k complex constant matrices / f, J, and T, is k X k constant Hermitian matrix. We will
see later that the matrix sizes k and N correspond to the instanton number and the size of the gauge
group, respectively. The matrices /, J, T, are not arbitrary and must satisfy the ADHM equations

[T, T>]+ [T5, T4] - %(m -J'n=0, (4.2.20)
1

(71, T3] = [T, Ta] = 51 - J'T =0, (4.2.21)

[T).T4] + [T». Ts] - é(u +7H I = 0. (4.2.22)

In addition, ATA must be invertible. This invertibility implies that the 2k column vectors in

-

A(x) = (51,&2, e ,sz) ;A= B (4.2.23)

are linearly independent of each other.
In the second step, we find the normalized solution V' that satisfies the equation

A (O pxivs2a Viveakxany = 0, VIV = 1y, (4.2.24)

In the final step, using the derivative d, with respect to the coordinate x, in 4d Euclid space, we
can compute
(A = V',V (4.2.25)

to obtain the desired instanton configuration.
See Appendix B for a more detailed description of the ADHM construction method.

4.2.3 Some concrete examples

We show how the ADHM construction method works through specific examples. In the follow-
ing, SU(2) BPST instanton, SU(N) one-instanton, and SU(2) 't Hooft instanton are presented as
examples.

4.2.3.1 SU(2) BPST instanton

We construct SU(2) Belavin—Polyakov—Schwartz—Tyupkin (BPST) instanton [41] by the ADHM
construction. This is an SU(2) anti-self dual instanton solution with instanton number —1.
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First, we determine the constant complex matrices I[TN]X[H, Jinxir and the constant Hermitian

matrix (7,)pxp that satisfy the ADHM Egs. (4.2.20)-(4.2.22). Since k = 1, T}, is a real constant
rather than a Hermitian matrix. And I7, J are two dimensional complex vectors because of N = 2.
Therefore, Eqs. (4.2.20)-(4.2.22) break down to

_é(m -J'n=0, (4.2.26)
—%(IJ -J'r=o, (4.2.27)
AT+ T =0, (42.28)
The general two dimensional complex vectors I7, J satisfying the above equations are given by
I = (2) J= (_’fl) (i1, > € C). (4.2.29)

To simplify the computation, we transform the matrices I' and J using the ADHM transformation

as follows:
, . 2 42
I' > QI'R = (V“l' * 1i2 ) = (p), (4.2.30)

0 0

0 (0
o o)) w2

where p is a real constant and Q, R are given by

0= _ (ff b ) eSUQ), R=e™cU(). (4.2.32)

0P+ 1P 2 —h
See Appendix B.2 for a detailed description of ADHM trasnformation. The real constants 7, are
denoted by
T,=b,eR u=12734). (4.2.33)

Next, we consider the 0d Dirac operator (4.2.24) and construct its solution Viy.zxn;. In this
case, the 0d Dirac operator is given by

t p 0
Aapea) = (((1 )(J))[ZZ)]X[Z]) = [ 0 p ] (4.2.34)
€% = by e (X, — by)
AN (e = ( 8 2 e, (x, — b,,)), (4.2.35)

so the normalized solution can be obtained as

| eu(x, —by,)
Vo= | 70
iX3—ib3+X4—b4 ixy—iby—xy— by

_ 1 ixi—ibi—xy+ by —ixg+iby+ x4 — by (4.2.36)

o brig| 0

0 —-p
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from Eq. (4.2.24).
Finally, by computing (4.2.25), we can obtain

(A = V6,V

_ (x —b), 1 _

= _(x— bR + p? + G_byR +pzeve“(x— b),

- _ (x=D)y 1 N -

B (x — b)2 + p2 + (x — b)2 + p2 (6/1‘/ + ”7;41/ ) (X b)v ( . (424))

=i (4.2.37)

124 (x_b)z +p2

This solution is the SU(2) BPST instanton, where b, is the position of the instanton and p is the
parameter corresponding to its size of it.

4.2.3.2 SU(N) one-instanton

SU(N) one-instanton is the solution with SU(2) BPST instantons in the 2 x 2 part of the N X N
matrix.

First, we determine the complex constant matrices I;N]X[k], Jinixir and the constant Hermitian
matrix (T,)pxx that satisfy the ADHM equations (4.2.20)-(4.2.22). Since k = 1, the I, J are
complex constant vectors and as general solutions given by

Iy J1
; :

=", J:‘é, I'r=o0, |17 =~ (4.2.38)
IN N

To simplify the computation, we transform the vectors I' and J using the ADHM transformation
as follows:

VIR + - +1inP?) (P
. 0 0
I = _ =1 (4.2.39)
0 0
0 0
'2+...+'2
J | Vil e (4.2.40)
0 0

where p is real constant. The real constant T, are represented by
T,=b,eR u=1,234 (4.2.41)

as the previous example.
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Next, we consider the 0d Dirac operator (4.2.24) and construct its solution Vy.ojxn;. In this
case, the 0d Dirac operator is given by

p 0
0
A N21x121 = g g , (4.2.42)
e (X, — by)
¥ 00"
A" (X)pixv21 = g . G eu(x, — bﬂ)], (4.2.43)

so the normalized solution can be obtained

1

Vins2ixivy = T Lo
Vx=b)y*+p 0 0

clyos ,

c= V(x—-b)?+p?, (4.2.44)

Finally, by computing (4.2.25), we can obtain

ﬂS U(Q)

0 -
ﬂ _ " [Z]X[N 2] )’ 4245
(Avixiv (O[N—Z]X[Z] Ov-21xv-2] ( )

(ﬂsvm _ o (x=Db)

H )[2]><[2]_ Mo (x—by2+p% (4.2.46)

This solution is a SU(N) one-instanton with the SU(2) BPST instanton solution in the 2 X 2 part of
the N X N matrix.

4.2.3.3 SU(2) ’t Hooft instanton

The ’t Hooft instanton is the SU(2) anti-self dual instanton with instanton number —k. Therefore,
we consider the case N = 2 and k > 1 and apply the ADHM construction.
To simplify the solution of the ADHM equation, we restrict 7, to be of the form

! 0
blzl 2 k
(T i) = (L B2, bE e R, k> 1), (4.2.47)
k
0 b

Under this restriction, we determine the complex constant matrices I[IZ]X[k]’ Jx that satisfy the
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ADHM equations

The general solutions of I[szk]’ Jixik)

F:(’:“ ’:12 l:”‘), J:(J:“ ]:12 J:”‘), I'7=0, |P=JpF=1.
J21 J2 o J%

Iy I - I

-%(m —Jn =0,
1

_5(” - J'M=o,

—%(u + I = 0.

satisfying these equations are given by

(4.2.48)
(4.2.49)

(4.2.50)

4.2.51)

To simplify the computation, we transform the matrices I™ and J using the ADHM transformation

I - QI'R,

J— QJR (Q e SUQ), R e UKk)).

(4.2.52)

First, the R transformation sets the lower component to 0, leaving one component, and then the Q
transformation transforms the remaining vertical vector into the form (i/,,0)".

11°

.. ) Y ., vy .,
N U NN A T T I £ 7 I L PR T R 47
R =) =
iy iy - in i, 0 - 0 0O 0 --- 0

Therefore, we can obtain

I' _)(pol [2)2 [())k)’ ‘]_>( ) (pl’pQ"" 7pk€R)’

P P2 Pk

where the transformation of J is obtained from Eq. (4.2.51).
Next, we consider the Od Dirac operator (4.2.24) and construct its solution Vz,zx2;. In this

case, the 0d Dirac operator is given by

A(x) [2+2k]x[2k]

AT(X) [2kIX[2+2k] =

where S 2)x21) = ((1 Hy ))[2]><[2k]

Viosanxiz) =

S 21x124] ]
(eﬂ ® [xf‘l" - (T/’)["]X[k]])[zk]x[zk]
ot o opr 0 .- ())
0 0 o b Jopn |,
(e# ® [xﬂlk - (T/‘)[k]x[k]])[Zk]x[Zk]
(St (& ® 5l = Twan]))

. Therefore the normalized solution can be obtained

1 1,
o (— (. ® (xu1e - Tu))_l ST)’
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where
x— 1
Ex—ll;;g 0
» (=),
(Eu®(xli-T,)) =e,® (ebt® , (4.2.58)
(x=bb)
0 (x—b")g [K]X[]
k pg
o=1+ : - (4.2.59)
Z} (x= by

Finally, by computing (4.2.25), we can obtain

(A = Vo,V

ko 2 (x=b)”
Zi:l p,‘ (x_bl.)z

(4.2.60)

See the Appendix A for details of calculations. This is nothing but the ’t Hooft instanton solution.

4.3 Application to quantum graph extra dimensional model

We consider a 5d Dirac fermion on the 5d spacetime with a quantum graph as an extra dimension.
In such the case, the 5d Dirac fermion expanded as the KK expansion and mode functions on the
quantum graph direction depend on boundary condition of the quantum graph. Now, it is possible
to compute the non-Abelian Berry’s connection for the parameter space of boundary conditions. In
this Section, the setup is summarized again to illustrate the application of the ADHM construction
method.

4.3.1 Setup

The same setup is considered throughout Chap. 3, 4 and 5 in this dissertation. In this Subsection,
we brief summarize the setup again. See Chap. 3 for more details.

We consider the quantum graph shown in Fig.4.1, which consists of N loops and a vertex.
At the vertex, 2N lines are connected with appropriate boundary conditions for the current to be
conserved.

The Dirac zero modes on the quantum graph satisfy the eigenequations

@y + M) (y) = 0, 4.3.1)
(=8, + M)gd(y) = 0, (4.3.2)

and the general solution is given by

N
‘ . 1
)y — D My _
fo' ) = E 6(y — Lo_1)0(L, — y)AVC,e™™ (Ca = \/e—ZM(La_|+s) " e—zM(La—@J’ (4.3.3)

a=1

N
- . 1
)] _ () My ’
gP(y) = Zl 0(y — La-1)6(L, — y)BY'Cle™” [Ca = \/ ST T T ) (4.3.4)
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Ly<y<lL;

Ly<y<l,
Figure 4.1: Rose graph consisting of N edges and single vertex.

where A, BY are determined by boundary conditions. The boundary conditions are given by

(Ly —Ug) F? =0, (Ly+ Up)GY =0, (4.3.5)
(Up = 1oy, UL =Usp), (4.3.6)

where F ,(,i), Gﬁf are defined by

(Lo + &) g (Lo + &)
9w, -e —g (L, - &)
FO = : ., GY= : : 4.3.7)
DLy_y +€) gLy + &)
SOy~ ) ~8gn (Ly — &)

Since the matrix Uy is a 2N X 2N Hermitian matrix with eigenvalues of +1, it can be diagonalized
into the form

Type@N —k,k) : Ug =V by 0
0 -1

)V* (k=0,1,---,2N) (4.3.8)

using the unitary matrix V.
We introduce a new orthonormal basis in which the number of independent zero-modes can be
easily counted.

Foo = Cl(0,...,0,e MLaite) MLime) (.. )T (4.3.9)
2(a-1)
G.=C0,...,0,eM L1+ _MLio) (... ()T (4.3.10)
e
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In these bases, boundary vectors F (()i) and C?éj) are expanded as
N

FY =) AT, (4.3.11)
a=1
- N -
GY = Z BYG,. (4.3.12)
a=1

Also, the unitary matrix V in Eq. (4.3.8) is expressed using column vectors as
V:(vlavz"” ’VZN)? ‘7;‘72] :6pq (p7q: 172"” ’2N)’ (4‘3'13)

and 7V, are expanded as follows

N N
= D @puFat D BraGa (=12, ,2N). (4.3.14)
a=1 a=1
Therefore, the boundary conditions (4.3.5) are also rewritten as
A" =0 (g=2N-k+1,---,2N), (4.3.15)
BBV =0 (p=1,2,---,2N k), (4.3.16)
Where aq = (aq,l’ aq,27 Tt aq,N)T7 /Bp = (ﬁp,l,ﬂp,Z’ e ’ﬁp,N)T'

From the discussion in Subsec.3.2.2, if [ of {ay | ¢ = 2N —k +1,--- ,2N} are linearly indepen-
dent, we obtain N — [ right-handed chiral zero modes and k — [/ left-handed chiral zero modes. The
chiral zero modes obtained in the case of Type(2N — k, k) boundary conditions are summarized in
the Table 4.1.

4.3.2 Berry’s connection in our model

We consider Berry’s connections in the parameter space of the boundary conditions. Since the mode
functions f(;i) (v) and gé’ ) (v) are not mixed with each other under changing boundary conditions, the
Berry’s connection for each can be computed independently. In this study, we focus only on the
Berry’s connection for zero modes, for which the solution can be easily obtained.
Throughout the boundary conditions (4.3.15), (4.3.16), the mode functions £\"(y) (i = 1,2, -+ , N—

[) and géj)(y) (j = 1,2,--- ,k — 1) depend on the parameters o,(q = 2N —k + 1,--- ,2N) and
B,(p =1,---,2N — k), respectively. Therefore, to express the parameter dependence, we write
féi)(y, o) and ggj)(y, 3,). Here, we consider the situation that the parameters of the boundary con-
dition o, (¢ = 2N —k +1,--- ,2N)and B,(p = 1,--- ,2N — k) in the type(2N - k, k) boundary
condition with / fixed are time-dependent, and externally driven along a closed path. Let 0 <7 <1
be the parameter along the closed path, then the final state ]”()(i)(y, a,(t = 1)) (ggj)(y, B,(t = 1)) are
given as linear combinations of the degenerate initial states fo",)(y, a,(t = 0)) (géj/)(y, B,(t = 0))
@,j=12,---,N=1I)

N-l

D(y, oyt = 1)) = Z L0, eyt = 0)) (rf[cf])l_,l_ (i=1,2,---,N-D, (4.3.17)
i'=1
k=1

8Byt =1)= 3 8 0.8, =) (TIC), (F=1.2- N =D, (4.3.18)
i=1
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4.3. APPLICATION TO QUANTUM GRAPH EXTRA DIMENSIONAL MODEL

Table 4.1: The number of the zero mode solutions of féi)(y) and gf)j )(y) for the type(2N — k, k) BC.
The [ denotes the maximal number of the linearly independent vectors o, (g = 2N —k+1,--- ,2N)
in Eq. (4.3.15). Ny, (N,,) is the number of the zero mode solutions of féi)(y) (ggj)(y)). We can find
that Ny, — N,, is independent of /, though both of Ny and N, depend of /.

k ! Ny, Ny, Ny, = Ny,
0 N k N -k
1 N-1 k-1 N -k
0<k<N : : : :
k-1 N-k+1 1 N -k
k N -k 0 N -k
k—N 2N —k N N -k
k—=N+1 2N-k-1 N-1 N -k
N <k <2N : : : :
N-1 1 k—-N+1 N-k
N 0 k—N N -k
where C; and C, are closed paths on the parameter spaces of o, (¢ = 2N —k + 1,--- ,2N) and

B,(p =1,---,2N — k) with [ fixed, respectively. The matrices I'/[C/] and I';[C,] are called the
non-Abelian Berry’s phases and given as the path-ordered exponential

[/[Cs] = Pexp (—95 A<f>), (4.3.19)
Cy
I,[C,] = Pexp (—95 A<g>). (4.3.20)
Cé’
AY) and A® are anti-Hermitian matrices of 1-forms defined by
(A = f dy £, a)df (v, ) G = 1,2, N =), 4.3.21)
(A®);; = f dy g (v, B,)dgd v, By) G = 1,2, k=1 (4.3.22)

with the exterior derivative d for the parameter space of the boundary condition Type(2N — k, k)
with [ fixed. These 1-forms are transformed as connections. On the other hand, the non-Abelian
Berry’s phase is transformed as the Wilson line. Indeed, AY) and A® or I';[C/] and [,[C,] are
transformed as

AV - AV = U'AVU, + USdU, (U e UWN - 1)), (4.3.23)
A® - AW = U 'A®U, + U dU, (U, € Uk - 1)), (4.3.24)
[/[Cs] - T4[Cs] = US'T4ICf1Uy, (4.3.25)
[,[Cel = T[C,] = U, 'T[C,1U,, (4.3.26)
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4.3. APPLICATION TO QUANTUM GRAPH EXTRA DIMENSIONAL MODEL

under the unitary transformation for the zero-modes

N-I
e = > 10U (=1,2,- ,N =), (43.27)
=1
- k_l By
8508 = > 8 0. B)Uey; (=12, k=D (4.3.28)
j=1

Note that AY) and A® are regarded as non-abelian gauge filed from the transformations (4.3.23),
(4.3.24).

For later convenience, we denote the Berry’s connection by the expression which is integrated
with respect to y. To obtain this expression, we introduce the normalized matrices

F(aq) = (NIX(I)a NZX(Z)a e 7NN—l14_)(N_l)) s 5(/6[7) = (NIB)(I)’ NZE(Z)a U ’Nk—lB)(k_l)) ) (4329)

N, = \/tanh M(L, — L,_)
oM

(a=1,2,--), (4.3.30)

where A and BY are N dimensional vectors composed of the coefficients of zero mode functions
(4.3.3), (4.3.4), respectively. Then, AY) and A® can be rewritten as

AV = F'(a)dF(av,), (4.3.31)
A® = G'(B,)dG(3,). (4.3.32)

These are matrix forms of the non-Abelian Berry’s connection in our setup. In the following, this
form is used as the Berry’s connection in our setup.

4.3.3 How to apply

The ADHM construction requires a Dirac operator A(x) consisting of a matrix satisfying the
ADHM equations and its solution V(x). In this Subsection, we identify counterparts in our setup
and explain how to apply the ADHM construction to our model.

We consider the boundary condition Type(2N — k, k) with [ is fixed and the case that all the
edges in the rose graph have the same length, ie., Ly — Ly = --- = Ly — Ly_; = L'. In this case,
Fi () and 5([3,7) introduced above have parameters dependent through boundary conditions

§ —
a[[]X[N]F(aq)[N]X[N—l] = 0’ (4333)
i = _
ﬁ[N_k_,.[]X[N]G(ﬁp)[N]x[k—l] - O, (4334)
"For simplicity, we imposed L; — Lo = --- = Ly — Ly_; = L in the dissertation and the paper [29]. However, there

are looser conditions. The minimum condition that must be satisfied is that there exists a matrix Ky satisfying

N 0

anixin = Anxin K-

0 Ny
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4.3. APPLICATION TO QUANTUM GRAPH EXTRA DIMENSIONAL MODEL

where @y i1s an N X [ matrix whose column vectors are given by linear combinations of the
vectors {a, | ¢ = 2N — k + 1,--- ,2N} and independent with each other, and Biy_ixn; 18 also
an N X (N — k + ) matrix whose column vectors are given by linear combinations of the vectors
{B,Ip=1,---,2N — k} and independent of each other.

Here, comparing (4.3.16) and (4.3.33),(4.3.34), we see the following correspondence

T 1l
AX) 2k x v +2k] & Q[1x(N) AX) 2 x v 426 € ,B[N_k]X[N], (4.3.35)

Vi sarxn (X) F(a)[N]x[N—IJ, Vinrsaknxn (X) &= é(ﬁ)[NJx[k—lJ- (4.3.36)

Furthermore, the Berry’s connections calculated using F and G are given by (4.3.31), (4.3.32),
which also corresponds to the instanton configuration that can be constructed using the ADHM
construction (4.2.25).

While the ADHM construction method focuses on a 4d Euclidean spacetime E*, our system
focuses on a parameter space of boundary conditions. Therefore, three things should be noted
when applying the ADHM construction to our model. First, the correspondence revealed above is
well-defined when / is even. Second, the parameter space of boundary conditions is generally larger
than S* or E*. This means that when applying the ADHM construction method, it is necessary to
fix all but the x* (u = 1, 2, 3, 4) degrees of freedom as

AINIx[] = A(x)[N]x[l] or ﬁ[N—k]x[N] = A(x)[N—k]x[N]- (4.3.37)

Third, the nontrivial solution constructed by applying the ADHM construction is that it reflects the
topological structure of the parameter space, rather than the instantons usually treated in a quantum
field theory.

In the following discussion, [ is restricted to even numbers. In addition, we will discuss only
féi)(y) in detail, but the same can apply to gé’)(y). We summarize the procedure of applying the
ADHM construction method to our model to construct the instanton coordination as Berry’s con-

nection. The first step, from the correspondence in (4.3.35), we focus on the boundary condition
T Fi —_—
i F (@wixin-1y = 0.

At this time, the boundary condition is parameterized to display A™(xX)jx(w corresponding to the
instanton solution to be constructed. The second step, we find the normalized solution F(cx) that
satisfies the above boundary condition. Finally, computing

AD(x) = F(a))d,F (o) (4.3.38)

yields the instanton solution, where 9, is the derivative with respect to 4d Euclidean spacetime.
This solution has an instanton number //2 and the gauge group is SU(N — ).
Summarizing the above discussion, the following correspondences were obtained:

Boundary condition Zero mode equation
¥y F(@ixnv-n =0 = A" Opmt Vingin-n = 0

Normalization condition Normalization condition
FTF: 1N—l — V?V: 1N—l

Berry’s connection Instanton solution

AY = Fl(a)dF (o) = A=V'(x)dV(x)
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4.4. RESULTS

In the following, by applying the ADHM construction method, we specifically construct the
instanton solution as the Berry’s connection in the parameter space of boundary conditions.

4.4 Results

Our results are shown in Table 4.2. Some specific derivations are given below. Other cases can be
calculated in the same way.

4.4.1 Thecaseof (N, k,[)=(4,2,2)

We consider the boundary conditions specified by (N, k, ) = (4,2,2). In this case, the number of
independent zero modes for féi)(y) and gg )(y) is 2 and 0, respectively (see Table 4.1). Therefore,
we apply the ADHM construction method to construct SU(2) instanton with the topological charge
QO = =+1 as the Berry’s connections (4.3.38).

Boundary conditions of féi) (v, o) are given by

7§

0= 0‘[2]x[4]F[4]><[2] - (o/") (N1A N>,A )
2 7 2]x[4]

Xl (4.4.1)

where {a], )} are generally given by a linear combination of «; and «g, but for simplicity, we
chose
o) < o7, Q) xQg. 4.4.2)

Here we parameterize them as

@iz = (VPP + (r=bPa;  \p?+ (r = bPew)
0

ol
0

p
X =b—ix* -0 —(x*-b)-i(x' =-bhH
X=b—ix'=bH K =-b*+i(x¥ -0

p 0
= 0 p ], (4.4.3)

where b* (u = 1,2, 3,4) and p are real constants. Then, the matrix F, [4]x[2] 1S given by

. 1 eZ(x”—b“)
F)upp = ———==| —» O (4.4.4)
==y ey I >

through the boundary condition (4.4.1). If we explicitly calculate the Berry’s connection that can
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4.4. RESULTS

Table 4.2: The gauge groups of instantons and topological charges in the case of N = 4,5,6. The

symbol “~” indicates that the instanton does not exist. The cases without the instantons for both
AY) and A® are not listed in this table.
for £"() for g5 (v)
gauge group topological charge | gauge group topological charge
N k 1| SUN-) |0l =1/2 SUkK-0) 10l=(N-k+1D)/2
20 - - SU2) 1
2 2 SU2) 1 - -
3 1 - - SU2) 1
3 2 SU2) 1 - -
4 4 2 SU2) 1 SU2) 1
5 2 SU2) 1 - -
5 3 - - SU2) 1
6 2 SU2) 1 - -
6 4 - - SU2) 1
2 2 SU3) 1 - -
3 0 - - SU@3) 1
3 2 SU3) 1 - -
4 1 - - SU3) 1
4 2 SU3) 1 — —
5 5 2 SU3) 1 SU3) 1
6 2 SU@3) 1 - -
6 3 - - SU3) 1
7 2 SU3) 1 - -
7 4 - - SU(3) 1
8 5 - - SU(3) 1
2 0 - - SU2) 2
2 2 SU4) 1 - -
3 1 - - SU2) 2
3 2 SU4) 1 - -
4 0 - - SU4) 1
4 2 SU4) 1 SU2) 2
6 4 4 SU2) 2 - -
5 1 - - SU4) 1
5 2 SU4) 1 - -
5 3 - - SU2) 2
5 4 SU2) 2 - -
6 2 SU4) 1 SU4) 1
6 4 SU2) 2 SU2) 2
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be computed using F (X)[41x[2], We obtain

A 2121 = F )@ F (D)

R G 1 o

T (x—bR+p? + G — D) +pzeve#(x b),

— _ (.X - b)ﬂ 1 " )

CEDEYS ’ (x —b)* +p? (5;” T, ) (x—b),
(x —b),

_ )

by 445
v P>+ (x — b)? ( )

This connection is well known as the SU(2) BPST instanton and has the topological charge —1.

4.4.2 The case of (N,k, 1) =(5,2,2)

We consider the boundary conditions spec;iﬁed by (N, k,l) = (5,2,2). In this case, the number of
independent zero modes for fé’)(y) and g(()”(y) is 3 and 0, respectively (see Table 4.1). Therefore,
SU(3) one-instanton solution can be obtained as the Berry’s connection by the ADHM construction.

Boundary conditions of ]‘éi)(y, o) are given by

rt

_ - _ (& ORI ORVE)

O—Q’[Z]X[S]F[S]XB]—( ,T) (NlA N,A™¥™ N3;A )
2 /121x[5]

iG] (4.4.6)

where {a], o)} are generally given by a linear combination of ay and a, but for simplicity, we
chose
a’l < (o, a'2 < Xqp. (447)

Here we parameterize them as

A[s5x2) = (ma9 maw)
0

P
0 Io
- 0 0

X =br =i -0 (-0 —ix' -bhH
=0 —ix'=bH A =-b+i(x* -1
p 0

_ 0 p
=l o0 | (4.4.8)

e (x* — b)

where b* (u = 1,2,3,4) and p are real constants. Then, the matrix | [5]x[3] 1S glven by

1 2.x,—b,)| 0 .

~ 0 0 |1 .

Fowy = — . 0= 44.9

O G br a2 e O |0 (0) (349
0 -p 0
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through the boundary condition (4.4.6). If we explicitly calculate the Berry’s connection that can
be computed using F(x)(s)x[2], we obtain

A = F (00, F (s = (

(X - b)v

ASUD) _ .
u W (x = b)? + p?

_ iﬂ(_)

73 6}

6‘r

0

(4.4.10)

(4.4.11)

This connection is well known as the SU(3) one-instanton and has the topological charge —1.

4.4.3 The case of (N,k,[) =(6,4,4)
We consider the boundary conditions specified by (N, k,l) = (6,4,4). In this case, the number of

independent zero modes for féi) (y) and g;

(@)

(v)1s 2 and 0O, respectively (see Table 4.1). Therefore, we

apply the ADHM construction method to construct the SU(2) instanton with the topological charge
Q = +2 as the Berry’s connections (4.3.3).
Boundary conditions of fé’)(y, «) are given by

0= a/[T4]x[6]F[6]><[2] ol P

where {a], @), - -
for simplicity, we chose

4l
OzIT

’
@,

3
7§

(NIA_’(I) NZA"(2))

Xy ) 414161

Here we parameterize them as

1
Qg =
\/P% +(x = by)?
1
ap =
\/P% +(x = by)?

o) <oy, Q) a,
P1
0
xt=bl —i(x - b))
() b
X2 - b% —i(x' - bi)
0
0
P1
—(x* = b)) —i(x' = b))
0
X - b‘lt +i(x® - b%)
0

7
a5 X gy,

a0 =

b
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1

[61x[21°

o < Q.

(3

1

x4 -
\JP3 + (x = by)? 0

2

VP% +(x = by)?

xX° —

(4.4.12)

-, oy} are generally given by a linear combination of oy, oo, aq; and o, but

(4.4.13)

P2
0

0
bi— i - b)) |’

b2 — i(x' - bY)

(4.4.14)
0
P2
0
—(x* = b3) —i(x' = b))
0
xt = by +i(x - b3)
(4.4.15)
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4.5. SUMMARY AND DISCUSSION

where p;, ¥ = (b}, b7, b, b}) (i = 1,2) are real constants. And we take

\/P% +(x = by)? 0
asixe) = (g ap o o) - |1, ®
0 \/,0% +(x = by)?

pr p2 0 0
=l 0 0 p p | (4.4.16)
eﬂ ® (.X‘ul - Tﬂ)[z]x[z]

where T

bixz) = diag (B}, b5). Then, the matrix Flejx2) is given by

— 1 1,
F(X)6x21 = —= [ x—b W x—by T] , 4.4.17)
" Vé (-, ® (p 1 (x—(bnix)—bo’ P2 (x—(bz)ix)—bz))
2 p2
=1+ j 4.4.18
b= ) by, (“.4.18)

through the boundary condition (4.4.12). If we explicitly calculate the Berry’s connection that can
be computed using F(x)(¢)x[2], We obtain

P 107 (X_Zi;;y
= = . i=1 Pi b
A1 = F (DpxiedF (Orsixizr = —in, p (4.4.19)

2 Py
I+ 2 o

This connection is well known as the SU(2) ’t Hooft instanton and has the topological charge —2.

4.5 Summary and discussion

In this chapter, we have considered the Dirac zero modes on the quantum graph and revealed the
parameter space which gives the SU(N) instantons as the Berry’s connections due to the structure
of the ADHM construction. The constructions for the O(N) and Sp(N) instantons are known and
will be applied to this system in the same manner. The reason we were able to construct various
instanton solutions is that the parameter space in which the boundary conditions of the quantum
graph are very rich.

Higher dimensional extension of ADHM construction is proposed [42—44]. This method can
construct instantons on more than 4d spacetime. We are interested in applying these construction
to our models.

While there have been several studies that monopole solutions are constructed as Berry’s con-
nection in a simple quantum graph system [10—12, 21], this study is the first to construct instanton
solutions as Berry’s connections. Since we have restricted the parameter space, other topological
configurations such as monopoles, vortices and so on may appear in the other parameter spaces.
Especially, the method for constructing general Bogomolny—Prasad—Sommerfield (BPS) monopole
solutions is known as the Nahm construction and applied to the Berry’s connection of SU(2)
monopoles in various models, e.g., supersymmetric quantum mechanics [45], Weyl semimetal [46]
and furthermore, 1d quantum mechanics with point interactions which belongs to a class of the
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4.5. SUMMARY AND DISCUSSION

quantum graph [11]. The systematic construction of such a Berry’s connection is also discussed in
[12]. Since the general quantum graph has a wide parameter space, we can expect that the structure
of the Nahm construction is also hidden and other BPS monopoles appear as the Berry’s connection
on the boundary condition.
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Chapter 5

Correspondence between quantum graph
extra dimension and AZ classes

A gapped free-fermion system is known to be classified by symmetry, and classes with nontrivial
topological numbers are considered to correspond to topological insulators and superconductors.
A. Altland and M. R. Zirnbauer have shown that the gapped free-fermion system can be classified
into 10 symmetries classes by considering time-reversal symmetry, particle-hole symmetry and
chiral symmetry [47]. This is known as the Altland—Zirnbauer (AZ) classification.

In this chapter, we show nontrivial correspondence between the AZ classification of (1 + 0)-d
gapped free-fermion system and a classification of boundary conditions on quantum graphs. Sim-
ilar to the previous chapters, the quantum graph is the rose graph with N segments, and the Dirac
fermions on it are considered.

This chapter is organized as follows: In the next Section, we summarize our setup. In Sec. 5.2
and Sec. 5.3, we briefly review the AZ classification and show the counterpart of (1 + 0)-d gapped
free-fermion Hamiltonian in our model. In Sec. 5.4-Sec. 5.8, by corresponding to the time-reversal
symmetry, particle-hole symmetry, and chiral symmetry in the AZ classification, we construct three
transformations in our model. The AZ classification gives a topological number for each of the 10
classes. In Sec. 5.9, we identify its counterparts.

5.1 Setup

The same setup is considered throughout Chap. 3, 4 and 5 in this dissertation. In this Section, we
briefly summarize the setup again. See Chap. 3 for more details.

We consider a Dirac fermion on a 5-dimensional (5d) spacetime with 1d extra dimension of the
quantum graph. The action is given by

N L, .
S = fd“xz f dy Y(x, y)iy"0, + iy’0, + M]¥(x,y). (5.1.1)
a=1 YLa1

After separating the variables in the 4d part and the quantum graph direction, the function in the
quantum graph direction is expanded in the complete set of the mass eigenstates of the 4d field:
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Yy = >0 [ve,f20) + v (gl 0)| (5.12)
i n=0
This expansion is called the Kaluza—Klein (KK) expansion. The eigenfunctions to be satisfied by
the mode function are

(=32 + MOFO ) = m2f00), (5.1.3)
(=35 + M*)g,)(y) = m8,(v), (5.1.4)

where f,f”(y) and gﬁf)(y) are related each other through the supersymmetric relations
@y + M) = mag,) (), (5.1.5)
(=0, + Mg (y) = m, [ (). (5.1.6)

In the y-direction, appropriate boundary conditions

(lay — Up)F =0, (5.1.7)
(loy + Up)GY =0, (5.1.8)
Ug = loy, Ul = Us, (5.1.9)

are imposed. Let Type(2N — k, k) denote the boundary condition where the number of —1 eigen-
values of Up is k. In this class, the number of chiral zero modes and the Witten index are given
by

Ny=N—-1, Ny=k-I, (5.1.10)
Aw =Ny = Ngy = N =k, (5.1.11)

respectively.

5.2 Topological classification of gapped free-fermion system

In this Section, we review well-known topological classifications in condensed matter systems. For
gapped free-fermion systems, since the second quantized Hamiltonian can be written in a quadratic
form as H = i WiH; jt/A/ j» this system can be described by the matrix H. The Altland—Zirnbauer
(AZ) symmetries determine the space of H based on the symmetry of the system. However, if
a unitary symmetry exists and there exists a unitary matrix commutative with H, then H is block
diagonalized and one block is considered to be H. In other words, we assume that no matrix is com-
mutative with H. Then, the matrix H is allowed to have discrete anti-unitary and chiral symmetries
and is classified into 10 symmetry classes corresponding to its existence or absence [47]. These
symmetry classes are composed of three symmetries, time-reversal symmetry (TRS), particle-hole
symmetry (PHS), and chiral symmetry (CS). If each symmetry exists, then the Hamiltonian matrix
H satisfies

TRS : TH(k)T™' = H(-k) (T? = 1), (5.2.1)
PHS : CH(k)C™' = H(-k) (C? = +1), (5.2.2)
CS:THk)I ' =H(k) I2=1), (5.2.3)
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where k is momentum taking values in the Brillouin zone. Since the system is invariant when TRS
or PHS acts twice, we know that 72 = +1 and C?> = +1. On the other hand, CS is given by the
product I' = TC up to a phase and taken as I'> = 1. Furthermore, when discussing the topological
classification of Hamiltonians, it is convenient to consider the following normalized form called
flatted Hamiltonian:

H*(k)=1, H'(k)=H(k). (5.2.4)

The use of a flatted Hamiltonian simplifies the analysis of H(k) because the eigenvalues can be set
to 1. Since the normalizing can be performed in a continuous deformation without closing the
energy gap, the flatted Hamiltonian fully preserves the topological structure of the original H(k).

The results of the classification of AZ symmetric classes are known to be as shown in Table
5.1. For each class, the squared value of 7', C and I is listed if present, or O if not present. V, refers
to the classifying space of H(k) (see Table 5.2 for details). my(V,) describe the zeroth homotopy
groups of the classifying space obtained for each class, which are called topological number. In
condensed matter physics, classes with nontrivial topological numbers are considered to correspond
to superconductors or topological insulators.

Table 5.1: Tenfold classification of topological insulators and superconductors. The class A, Alll,
Al, BDI, - - - represent the ten AZ symmetry classes of the Hamiltonian. The signs +1 in the
chiral symmetry I and +1 in the time-reversal T and the particle-hole C mean the presence of those
symmetries and also they denote the squares of corresponding symmetries, while O indicates the
absence of the symmetries. d is the spatial dimension of the system and V,; denotes the classifying
space in each class for the d dimensional space given in Table 5.4. Z, Z,, 2Z and 0 in the other
entries mean the presence or absence of nontrivial topological insulators or superconductors. The
class A and AIII are called the complex AZ symmetry classes and have twofold periodicity, while
the other classes are referred to the real AZ symmetry classes and have eightfold periodicity. These
periodicities are known as the Bott periodicity, which are related to the structure of the K-theory
and Clifford algebra.

class T C I' V; mVo) mo(Vi) mo(Va) mo(Va) mo(Ve) mo(Vs) mo(Ve) mo(V7)
A 0 0 0 Coug Z 0 Z 0 Z 0 Z 0
ATll 0 0 1 Ciu 0 Z 0 Z 0 Z 0 Z
Al +1 0 0 Rosa Z 0 0 0 27 0 Zy Zy
BDI +1 +1 1 Ru, Z» z 0 0 0 27 0 7,
D 0 +1 0 Ryy Zs Zy Z 0 0 0 27 0
DI -1 +1 1 R34 0 Zy Zn Z 0 0 0 27
All -1 0 O Ruy 27 0 Zn Zn Z 0 0 0
CH -1 -1 1 Rey O 27 0 7, 2 z 0 0
C 0 -1 0 Ray O 0 27 0 7, 7 z 0
CI +1 -1 1 Ry 0 0 0 27, 0 Zo Zy Z
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5.3. CORRESPONDENCE TO ZERO-DIMENSIONAL HAMILTONIAN

Table 5.2: Classifying spaces and Oth homotopy groups. The integers p and g are related to the
number of empty bands and occupied bands, respectively. Here, taking the limit of p means that
there are an infinite number of empty bands and we focus on the stable classification which is
independent of the addition of empty bands. From the viewpoint of the K-theory, this limit results
from the property of the so-called stable equivalence.

¢{mod 2 Complex classifying space C, my(Cy) {mod8 Real cla551fy1ngos(1;aieq) ToRe)
Up+qg £=0 RO—UI vi
=0 lim Z -0 O(p) X O
U p Ulp) X U(@) el o
=1 Cl—th(p) 0 = 1= fm (127) >
p—>0 0
(=2 Ry =1im 222 Z,
oo IS]((ZP))
£=3 Rs=lim —2 0
p=e Sp(p)

. Sp(p+q)
=4 R, = lim ——————— 27,
! QH‘; SP(p) X Sp(g)

t=5 Rs= lim Sp(p) 0

£=6 Rg=lim 2P 0
" Gy

£=7 R =lim 22 0
po O(p)

5.3 Correspondence to zero-dimensional Hamiltonian

Let us focus on the zero-dimensional Hamiltonian, which has no momentum dependence. In this
case, it consists of only a mass term and is given by a constant Hermitian matrix. Now we can
aware that this condition is the same as Eq.(5.1.9) and the flattened Hamiltonian correspond to
boundary matrix Ug:

H'=1, H=He Us=1, U] =Us. (5.3.1)

Thus, it is expected that the classification of the zero-dimensional Hamiltonian can be applied to
that of the boundary conditions in our model.

To show the correspondence of the classification, we need symmetries which correspond to the
TRS, PHS and CS in the zero-dimensional gapped free Hamiltonian. In the following Sections, we
introduce the time-reversal and charge conjugation symmetries combined with some extra-spatial
symmetries in our model and show that these provide restrictions for the boundary matrix Ug
consistent with the conditions (5.2.1)—(5.2.3).

5.4 Transformations in the y-direction
First of all, we introduce transformations that act only in the extra dimensional direction, i.e., y-

direction. Specifically, we consider permutation, half-reflection, and their combination, and parity
transformation in the y-direction.
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5.4. TRANSFORMATIONS IN THE Y-DIRECTION

For later convenience, we introduce
Dy={ylLi1 <y<Ls, (a=12,---,N) (5.4.1)

to denote the region representing the a-th interval.

5.4.1 Permutation S,

We first introduce a permutation S, that exchanges the a-segments to the (N/2 + a)-segments (a =
1,2,---,N/2). This permutation is well-defined when the a-segment and the (N/2 + a)-segment
have the same length

Li— Lot = Lownp — Lactinyy (@=1,2,---,NJ/2)

and the number of segment N is even. The mode functions ¢(y) = {£\’(y)org"(y)} on D, are
transformed as

¢(}7+La—l+N/2_La—l) (,ye Da’ a = 192"" ’N/Z)a

(5.4.2)
o(y+Liv-np—List) (yED4, a=N/2+1,---,N).

Syp)(y) = {
As can be seen from this transformation, S is Hermitian operator, and it can also be regarded as
a transformation that translates N/2 intervals rather than a permutation. The S, transformation is
shown in Fig. 5.1.
Under the S, transformation, the boundary vectors are transformed as

Ly + ©) Si(Lo + &)
f;z(l)(LN/z_,.l — 8) zil)(Ll - 8)
f,fiszN_l +¢) féiszN/z—l + &)
= S,V fnl (LN - 8) O 1N f;1[ (LN/2 B 8) (i
jal , - . = (o1 ® Iy)FY, 543
n —> frfl)(LO T 8) (IN O f;.gl)(LN/z + 8) (0-1 N) n ( )
DL, — &) frgl)(LN/2+1 - £)
f,gi)(LN/z_l + 8) f(l)(LN 1+ 8)
(l)(LN/z - 8) l)(L )
(/)(LN/Z + 8) (/)(LO + 8)
_gm (LN/2+1 - 8) _gn{)(Ll - 8)
(J)(LN L+ &) (J)(LN/Z 1 +€)
o8 | = (L ) 0 1 —g(])(LN/z - &) 2
g > gy (Ly /21 _ N m = (0 ® 1y)GY. 544
m (])(L +¢) 1y O (J)(LN/Z +¢) @1 v " ( :
(J)(L €) g (LN/2+1 - &)
(])(LN/Z 1+ 8) (J)(LN 1t 8)
—¢P(Lyps - ©) —g(Ly — &)
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5.4. TRANSFORMATIONS IN THE Y-DIRECTION

Ly<y<L,

N-1 <Y < Lyp

Lyp <y < Lypiy

Figure 5.1: Permutation §, that exchanges the a-th edge for the (N/2 + a)-th edge (a =
1,2,-++,N/2).

5.4.2 Half-reflection R,

Next, we introduce a half-reflection R, that multiplies the mode function on D,(a = N/2 +
1,---,2N) by —1. The name "half-reflection" comes from the fact that the coefficients of the
mode function on half D, (a = N/2+ 1,--- ,2N) of the N intervals are inverted like a mirror. This
transformation is well-defined only if the number of intervals is even.

The mode function ¢(y) = { f,,fi) (y) or gﬁ,i)(y)} onD,(a=1,2,---,N) are transformed as

_JeO»  (€Dsa=1,2,---,N/2),
Rep)) = {—go(y) (y€Dg a=N/2+1,---,N). 642

Half-reflection R, is a Hermitian operator. Since this transformation changes the coefficients of the
mode function, the boundary vector is also transformed as

oo Ry .

FY = (03 ® 1y)FY, (5.4.6)
=2(i Rv =2(i
GY — (03 ® 1y)GY. (5.4.7)

Fig.5.2 schematically shows the R, transformation. In the Figure, the coeflicients of the mode
function are not changed in the interval marked +, and only the sign of the mode function in the
interval marked — is multiplied by —1.

5.4.3 Composite transformation O, = —iR,S

Furthermore, we define the transformation Q, which is given by the product of §, and R,

0, = —-iR,S,, (5.4.8)
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5.4. TRANSFORMATIONS IN THE Y-DIRECTION

Ly<y<L,

<)’<LN/2

Lyp <y < Lypiy

Figure 5.2: Half-reflection R, that multiplies the mode functions on D, (a = N/2 +1,--- ,2N) by
-1.

where we suppose that S, acts on the mode function first, and then R, acts on it'. R, and S,
are anticommuting but by adding an imaginary unit i to the whole, Q, is defined as a Hermitian
operator.

The mode functions ¢(y) = { ,fi)(y) or gﬁf)(y)} onD,(a=1,2,---,N) are transformed as

_i‘ip(y-i_Lll— _La—) (yeDa,a:LZ,"',N/z),
(OOERS frvgz e (5.4.9)
ip(y+ Loy-np—Last) €Dy a=N/2+1,---,N).
In addition, the boundary vector also transforms as in
o Oy =
FY = (0, ® 1y)FY, (5.4.10)
=2(i Qy =2( 7
GY — (0, ® 1y)GY. (5.4.11)

5.4.4 Parity in the y-direction P,

Finally, we introduce the parity P, that inverts the coordinates in each segment described in Fig. 5.3.
Under this transformation, the mode functions ¢(y) = { f,f’)(y) or gif)(y)} onD,(a=1,2,--- ,N) are

transformed as

Pyp)y) =¢@(La —y+Lo-1) (y€Dg a=1,2,---,N). (5.4.12)
We find that the P, is a Hermitian operator and the boundary vectors are transformed as
. Py 5
FO 25 (1y®0)FY, (5.4.13)
L. Py Ny
GY — —~(1y®0)GY. (5.4.14)

Tt is worth noting that the operators Q,, R, and S, form the SU(2) algebra and that operators (O;,0,,03) =
(0y, Ry, S ) satisfy the following relations:

{01,0;} = 26;5, 10:,0,] =20 (,j=1,2,3),

where €, is a completely antisymmetric tensor.
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5.5. CORRESPONDENCE TO TIME-REVERSAL SYMMETRY

Ly<y<lL

Ly <y<Ly

L3<'y<L4

Figure 5.3: Parity in the y-direction Py that inverts the coordinates in each edge.

5.5 Correspondence to time-reversal symmetry

We construct a transformation corresponding to the time-reversal symmetry (TRS) of AZ symmetry
in our model. The time-reversal that appears in ordinary quantum field theory corresponds to 7,
but we can construct a transformation corresponding to 7_ by combining the Q, transformations.

5.5.1 Time-reversal 7,

First, we define the time-reversal transformation 7 and derive the boundary conditions for the
system to be invariant under this transformation.
The time-reversal transformation 7, is acted on the 5d Dirac fermion as

W(x,y) = P (x,y) = UrKW(—2, X', y) = UrP (2", x', y), (5.5.1)
where K is a complex conjugate operator that acts like KzK~! = z* on the complex number z and

Ur is given by a 4 X 4 unitary matrix that satisfies the equations

Y (A=0),
Ur(yY'U;' ={—y (A=i=1,273), (5.5.2)
-y (A=y).

The action is invariant under the time-reversal 7. Indeed, the action can be transformed as

N L,
S KEN d*x Z f dyW¥7+(x,y) [iy"é?ﬂ +iy’0, + M] ¥+ (x,y)
a=1 YLa1
N L{l
= fd4xz f dy ¥ (—=x°, X, y) KUY [iy“@,l + 1y’ 0, + M] UrKP(-x", x',y)
a=1 v Lo
N L,
= fd4xz f dy ¥ (=", ¥,y 'K Uy [iyoao +iy'0; + iy’0, + M] UrKP(-2°, x', y)
a=1 YLa
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5.5. CORRESPONDENCE TO TIME-REVERSAL SYMMETRY

(o (552), K'O) =y"K"

N L(l
= f d'x ). f dy W' (0, y K U Uy (i) (=00) = i/ 0 = i7" 0, + M| KOO, 2 )
a=1 YLa-1 T

. (5.5.2), X -5 =19

N L, .
- f d'x ) f dy P (x,y) [iy"d, + iy’ 0y + M| ¥(x,y)
a=1 Y La-1

C: (YK = Ky, iK = -Ki)
=S. (5.5.3)

In the case of free Dirac fermions on an ordinary flat 4d spacetime, we conclude from this invariance
that they have the time-reversal symmetry. On the other hand, the boundary conditions are generally
not invariant under the time-reversal. This is because the transformed 5d Dirac fermion W7+ (x, y)
generally does not satisfy the same boundary conditions for ¥'(x, y) on the quantum graph.

To obtain additional conditions for the BCs to be invariant under the time-reversal 7., we
substitute the KK expansion (5.1.2) into (5.5.1) to obtain

>3 008000 + 0, 00
- Z 2, Undis (= 0 + Z D Urin (=3, g ). (5.5.4)

Then, taking account of the chirality in four dimensions, we obtain the transformations for the 4d

fields wg)/L’n(x) and the mode functions ﬁi)(y), g,(f)(y) as

i T+ iy i i To o i)+ i T+ (i)
U () = Urggn (=202, fO0) = [ ). gP() — g (). (5.5.5)

Focusing only on the 4d part, it is a time-reversal of the usual 4d Dirac fermions, which are al-
ways symmetric in a system of free Dirac fermions. On the other hand, the requirement that the
transformed field W7+ (x, y) satisfies the original boundary conditions yields

(loy — Ug)F* = 0, (5.5.6)
(Loy + Ug)GY* = 0. (5.5.7)

To rewrite the condition for Uy, comparing these relations with the complex conjugate of the
original boundary conditions leads to

T.UsT.'=Ug, T.=%K. (5.5.8)

Since T, is anti-unitary and satisfies
T2 =1, (5.5.9)

Eq. (5.5.8) implies that T, corresponds to the TRS with 72 = 1 in the AZ symmetry classes.
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5.5. CORRESPONDENCE TO TIME-REVERSAL SYMMETRY

5.5.2 Time-reversal 7_

Next, we define the time-reversal transformation 7_ and derive the boundary conditions for the
system to be invariant under this transformation.

Let us consider a symmetry which leads to the restriction corresponds to the TRS with 72 = —1
in the AZ symmetry classes. This symmetry can be achieved by combining the transformation of
0, to T, introduced above. The 5d Dirac fermion is transformed as

¥(x,y) (1) = QU (=x°, ¥, y) = QUrKY(=x’, x', y), (5.5.10)

under the 7_ transformation. Q, acts as in (5.4.9) for the mode functions in the y direction and Uy is
a unitary matrix satisfying (5.5.2). The transformation by Q, does not affect the 5d Dirac equation
described on each edge and then the 5d Dirac equation is also invariant for the transformation.
However, the transformed field should satisfy the same boundary condition as the original one in
order for 7_ to be a symmetry.

To obtain additional conditions, we substitute the KK expansion (5.1.2) into (5.5.10) to obtain

2. 2 R @A) + ), (080 0]
= D D UL QST 0) + 3 3 U2 )0 ). (5.5.11)

If we compare the 4d chirality in the same way, we obtain the transformation 7, for the 4d fields,
and the mode functions as

i 7- iy i i 7- i) i 7- i)
U () = Urtgn (=202, f20) = O f (). g0 — 0,8 (). (5512

Then, in order for our model to have the time-reversal symmetry 7_, we obtain the relations

(Loy — U)o, ® 1) FP* = 0, (5.5.13)
(Loy + Up)(02 ® 13)GP* = 0. (5.5.14)

To rewrite the condition for Ug, comparing these relations with the complex conjugate of the
original boundary conditions leads to

T_-UgTZ' = Up, T-=(io® 1y)K. (5.5.15)
Note that 7 is defined by inserting the imaginary number i. Since 7_ is anti-unitary and satisfies
T2 = -1, (5.5.16)

Eq. (5.5.15) implies that T_ corresponds to the TRS with T? = —1 in the AZ symmetry classes. In
the AZ symmetry classes, the T2 = —1 symmetry causes a double degeneracy in the ground state,
called the Kramers degeneracy. Surprisingly, we will see later that the above restricted matrix Ug
induces a double degeneracy in the chiral zero modes.

As can be seen from the present discussion, Q, inverts the positive and negative of the square of
the transformation. In other words, 7, combined with Q, results in a transformation whose square
is negative, 7_. This property will be used in the next Section.
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5.6. CORRESPONDENCE TO PARTICLE-HOLE SYMMETRY

5.6 Correspondence to particle-hole symmetry

The AZ symmetry classes include particle-hole symmetry. This symmetry restricts the gapped
free-fermion Hamiltonian as CHC™! = —H. In this Section, we construct two types of charge
conjugations with extra-spatial transformations similar to the time-reversal symmetries and show
those provide the restrictions for Ug.

5.6.1 Charge conjugation C_

First, we define the charge conjugation C_ and derive the boundary conditions for the system to be
invariant under this transformation.

We introduce a transformation that combined usual the charge conjugation on the 4d Minkowski
spacetime and the parity in the y-direction Py. The 5d Dirac fermion is transformed as

Wx,y) = PO (x,y) = PLUCE (1)) = P,Uc(y") T K¥(x, y), (5.6.1)
where U¢ is the usual 4d charge conjugation matrix defined by
Uc(y)'Uc' = =", U =-Uc. (5.6.2)
From the above relations, the gamma matrix y” (= —iy°) satisfies
Uc(¥) UG =" (5.6.3)

This definition of the charge conjugation is different from a usual the 5d charge conjugation in 5d
Minkowski spacetime. Indeed, a 5d massless free Dirac fermion is transformed as

¥(x,y) = Ue¥ (x,) (5.6.4)
by the 5d charge conjugation, where the matrix U satisfies
Uc(y)' Ue =", Ui =-Uc. (5.6.5)

For the purpose that constructs a symmetry corresponding to a particle-hole symmetry, we choose
the former definition.
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5.6. CORRESPONDENCE TO PARTICLE-HOLE SYMMETRY

Now, the action is invariant under C_:
o Nl —
S = d4xz f dy¥C-(x,y) [iy”@,l +iy"0y + M] Y- (x,y)
a=1 Lo
N L{l
= f d'x ) f dyWT(x,y) () Ue' Py’ |0, + iy’ 8, + M| P UCG) ¥ (x, )
a=1 YLa1 —
==Uz' ")
N L{l
= f d'x ) f dy¥" (x,y)(~U) [iy"8, + iy (=9,) + M| Uc(y") 9" (x. )
a=1 YLa1
(7 0Py = =Py, V) =9°, P =1
N L,
= f d'x ). f dy ¥ (x,y) [i") 0 + i(y) 0y — M| ()W (x,)
a=1 YLa1
(. (5.6.2),(5.6.3))
N L
4 ¢ o a5 N
:fd fo dy‘P(x,y)[—zy”(?H—zy}8y+M]‘P(x,y)
a=1 v La-1
(. overall transposition)
N L, .
- f d*x Z f dy P (x.y) [iy"d, + iy'dy + M| ¥(x,y)
a=1 Y La-1

(" integration by parts)
=5. (5.6.6)

Even if the action is invariant, the transformed field does not always satisfy the some boundary
conditions as the original field.
To obtain additional conditions, we substitute the KK expansion (5.1.2) into (5.6.1) to obtain

2. 2 R @00 + ), (08 0]
= Z 2 UC??"T(X)P W) + Z du c@T(X)Pygff)*(y). (5.6.7)

Comparing the chirality in four dimensions, we obtain the transformation C_ for the 4d fields and
the mode functions as

i C- n i C- i) i C- iy
U () = Ucye s ), fO0) = Py ), gP() = Pof (). (5.6.8)

—T . :
Note that the overall chirality of 1&81{’,’ is R/L, respectively. This is because g)/L’n (: (’}/O)Tlﬁg)/:n)

contains y° and thus is anti-commutative with the chiral projection operator. It can be seen that
as the chirality of the 4d field is inverted, the mode functions _f,f’) and gﬁl’) are also interchanged.
Therefore, if there exist zero mode functions f, (’), zero modes gf)’) should also exist and they can be
given by

V) = P fO(y). (5.6.9)
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5.6. CORRESPONDENCE TO PARTICLE-HOLE SYMMETRY

By this property, a class with C_ symmetry has an equal number of fo and g(') i.e., the Witten

index is zero. For massive modes (n # 0), since the SUSY relations connect f,, with gﬁ,i) and vice
versa, P,gt* (P,f.") should be given by linear combinations of f.” (g\).
The boundary vectors are transformed as

FO 5 _(1y ® ioy) GO, (5.6.10)
G 55 (1y ® ior) FO”, (5.6.11)
under the charge conjugation C_ and the following relations must hold:

(Iay — Up)(1y ® ioc5)G?* = 0, (5.6.12)
(loy + Up)(1y ® ioy) F9* = 0, (5.6.13)

To rewrite the condition for Ug, comparing these relations with the complex conjugate of the
original boundary conditions leads to

C_UgCZ' = -Us, C_=(y®ic)K. (5.6.14)

Since C_ is anti-unitary and satisfies
C? =-1, (5.6.15)
then we can construct the symmetry that corresponds to PHS with C?> = -1 in the AZ symmetry

classes.

5.6.2 Charge conjugation C.

Next, we define the charge conjugation C, and derive the boundary conditions for the system to be
invariant under this transformation.

We construct a transformation C, which correspond to PHS with C?> = 1 in the AZ symmetry
classes. To do this, we can follow the same procedure as the construction of 7_ from 7. Consider
a transformation that combines C_ with the Q, transformation. This transformation acts on the 5d
Dirac fermion as

W(x,y) =5 W (x,y) = O,P,Uc(y") KW(x, y), (5.6.16)

where U¢ is defined by Egs. (5.6.2), (5.6.3). Since the action is invariant under the transformation
of Q, alone, it is also invariant under the transformation of C,.

The matrix Ug must satisfy an additional condition for the C, symmetry to hold. Now, the
transformations for the 4d fields and the mode functions are given by

VR = Ut (0. £00) =5 QP 800) <> QA D). (5617)

The only difference from the C_ case is the insertion of the Q, transformation for the mode func-
tions. As a result, the boundary vectors F ,(,'), 62) are transformed as

-,

F(l) = ~(02® Iy ® id2)GY", (5.6.18)
G Z5 (0 ® Lyja ® i) PO, (5.6.19)
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5.7. CORRESPONDENCE TO CHIRAL SYMMETRY

Therefore, the following relations must hold:

(Ioy — Up)(02 ® 1y ® io5)GP* = 0, (5.6.20)
(Loy + Up)(02 ® Ly ® io) F9* = 0. (5.6.21)

To rewrite the condition for Ug, comparing these relations with the original boundary conditions
leads to

C.UgC;' = -Ug, C, =(io28 lyn®io)K. (5.6.22)

Note the additional insertion of the imaginary number i. From the direct computation, C, is found
to satisfy
Cc?=1. (5.6.23)

Thus, we can find that C, corresponds to the PHS with C?> = 1 in the AZ symmetry classes.

5.7 Correspondence to chiral symmetry

There exists a symmetry under the transformation defined as the product of TRS and PHS in the
AZ symmetries, called chiral symmetry (CS). A system with both TRS and PHS symmetry au-
tomatically has CS as well. However, even when both symmetries are broken, only the CS can
exist.

Here we construct the transformation of the product of the time-reversal and the charge-conjugation
constructed above, corresponding to the definition of the CS in the AZ symmetry class. In addition,
we show that these symmetries lead to same restriction for Ug and correspond to the CS in the AZ
symmetry classes.

5.7.1 Chiral symmetry I,

First, we define the chiral symmetry I', and derive the boundary conditions for the system to be
invariant under this transformation.

We consider the transformation of the product 7,.C, or 7_C_. The order of the two transfor-
mations is such that C. acts first, then 7. From Eqgs. (5.5.1), (5.6.16) or Egs. (5.5.10), (5.6.1), the
5d Dirac fermion is transformed as

T+Cy

P(x,y) — (P (x,y))" = —Q,P,Ur Uy" (-2, X', y), (5.7.1)
T-C- * i
P(x,y) — (P (x5, )7 = +O,P,Ur Uty ¥(-x", X', y), (5.7.2)

under 7.C. transformations. As can be seen from the above transformations, 7.C, and 7_C_
transformations are equivalent up to the sign. Since the action is invariant under both 7. and C.
transformations, it is also invariant under the transformation of their product. However, additional
conditions are derived for the matrix Uy since the transformed fields do not in general satisfy the
boundary conditions.
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5.7. CORRESPONDENCE TO CHIRAL SYMMETRY

We substitute the KK expansion (5.1.2) into (5.7.1) and (5.7.2) to obtain

Z Z L) + 9y, (0800
T +C+

Z Z UrUey ¥, (=" HEDQPS )

+ Z Z UrUey ", (=3, )F1)Q, Py ). (5.7.3)

Comparing the chirality in 4d, we obtain the transformations for the 4d fields and the mode func-
tions as

VINE: R UrUqy ) (—x°, x5, (5.7.4)
£00) 2% %0,P,00), (5.7.5)
2P() == 70,P, [O(). (5.7.6)

Note that the mode functions f.” and g are interchanged since the chirality of the entire 4d field
;i =2
is reversed. As a result, the boundary vectors F f,’), GE,’) are transformed as

-,

FO 25 (0 ® 1y ® i) G, (5.7.7)

-,

G L% 20 ® Ly ® i) FY. (5.7.8)

m
Therefore, these indicate that the relations

(loy — U)(02 ® Lyp ® i0)GY = 0, (5.7.9)
(Loy + Up) (02 ® 1y ® i) FYP = 0 (5.7.10)

must hold in order for 7.C. to be symmetry.
To rewrite the condition for Uy, comparing these relations with the original boundary conditions
leads to

TLUT' = -Up, T,=ioy®ly,®ios. (5.7.11)

Note the additional insertion of the imaginary number i in order to make the sign of the square
positive. From the direct computation, I', is unitary and we can find that I', corresponds to the CS
in the AZ symmetry classes. In terms of operators that act on Ug, we can confirm the relation

Iy =T.C.. (5.7.12)
5.7.2 Chiral symmetry ['_

Next, we define the chiral symmetry I'_ and derive the boundary conditions for the system to be
invariant under this transformation.
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We consider the transformation of the product 7,.C_ or 7_C,. The order of the two transfor-
mations is such that C- acts first, then 7.

Y(x, y) T, owCr(y, W= = +P,Ur Uty P(-2°, ¥, y) (5.7.13)

From Egs. (5.5.1), (5.6.1) and Egs. (5.5.10), (5.6.16), the 5d Dirac fermion is transformed as

a0 = UrUy i (=2, ), (5714
£O0) Z55 2P ), (5.7.15)
g(y) RESR +(pyf(l>)(y)_ (5.7.16)

Therefore, the boundary vectors F ,(f) and (75,{) are transformed as

o T:Cx )

F? =5 7(1y ® i02)GY, (5.7.17)
G 5 w1y @ ioy) FY, (5.7.18)
and the following relations should be satisfied in order for 7.C+ to be a symmetry:
(Ioy = Us)(Iy ® i02)G = 0, (5.7.19)
(Loy + Up)(1y ® i) FY = 0. (5.7.20)
Comparing these relations with the original boundary conditions leads to
[Ul' =-Up, T_=1y®0,. (5.7.21)

Note that I'_ is defined without the imaginary unit i to make the sign of the square positive. From
the direct computation, I'_ is unitary and we can find that I'_ corresponds to the CS in the AZ
symmetry classes. We can also confirm that I'_ can be given by

I_=-iT,C. or T_=iT.C,. (5.7.22)

5.8 Summary of correspondence to AZ symmetry class

Table 5.3 summarizes the transformations in our model corresponding to the AZ symmetry. It also
shows how the matrix Ug, which specifies the boundary conditions, is restricted.

It should be noted that we assume only one of the same type symmetries such as 7, and 7_
can be present so far. If both symmetries are present, Q, also becomes the symmetry independently
since Q, can be given by their product. In this case, we consider the identification of the (a + N/2)-
edge to a-edge (a = 1,2,--- ,N/2) by the symmetry Q, with the eigenvalues Q, = +1 or Q, = —
and then classify the boundary conditions of this reduced system. This identification effectively
reduces the rose graph with N edges to the one with N/2 edges, then the same type symmetries
such as 7 and 7_ are trivially related with each other. For example, it is the same as regarding
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Table 5.3: The transformation in our model and the correspondence to the AZ symmetries.

AZ symmetry Transformation for W(x,y) Restriction for Ug
Time-reversal Y(x,y) KEN UrKP(—x°, x,y) T,UgT;' = Ug
(T? = +1) T, =K
Time-reversal Y(x,y) KEN QyUﬂ(‘P(—xo, x,y) T_-UgT~!' = Ug
(T2 = —1) T_ = (l0'2 ® IN)7<
Particle-hole  W(x,y) —> O,P,UP (x,) C.UsC- = —Up
(C2:+1) C+:(i0'2®11v/2®i0'2)7(
Particle-hole  W(x,y) — P,UCF (x,) C_UsC-! = —Ug
(C*=-1) C_.=y®io)K
Chiral W(x,y) 25 £Q,PUr Uy (-2, xly) T Ul = Uy
F+ = i0'2® lN/2®iO'2
Chiral P(x,y) =5 +PUr Uy (2", x,y)  T_Usl~! = —Us
I_.=1 N® 0

the S! as the interval by identifying it with the symmetry of Z,. Under the Q, transformation, the
boundary vectors are transformed as (5.4.10) and (5.4.11), so the Up can be written as
_ 1, + 0> 1, —0»

® Ug- (5.8.1)

in the present case, where ug, are N X N Hermitian unitary matrices. This ug, (ug_) specifies
the boundary condition for the reduced rose graph with N/2 edges with Q, = +1 (Q, = 1)
and corresponds to the irreducible blocks in the Hamiltonian for the gapped free-fermion system
discussed in Sec. 5.2.

5.9 Index and zero modes in each symmetry class

The gapped free-fermion system is classified into 10 symmetric classes, each of which is charac-
terized by nontrivial topological numbers of Z, Z, and 2Z or a trivial topological number 0. The
non-trivial topological number is the number of gapless modes that appear at the boundary of the
system.

In the previous Section, we constructed the transformation corresponding to the AZ symmetric
class in the case of our model. Unlike the original AZ classification, our model considers a clas-
sification of the matrix Up that characterizes the boundary conditions. Here, we investigate what
quantities can be obtained as topological numbers in our case of different classification objects.
As a result, Table 5.4 is obtained. By comparing with the AZ classification of d = 0 we find the
following:

e The topological numbers Z and 27Z are related to the Witten index.

e The topological number Z, is related to even/odd parity of Dirac zero mode. This means that

62



5.9. INDEX AND ZERO MODES IN EACH SYMMETRY CLASS

Table 5.4: Tenfold classification of the boundary conditions in our model. The sign +1 in the
column of T and C denote the presence of T, and C., respectively and also 1 in I indicates the
presence of the chiral symmetry I', or I'_, while O means the absence of corresponding symmetries.
We also describe the Witten index for the type(2N — k, k) BC in each symmetry class, which is
equivalent to the number of the chiral zero modes in our model. In addition, Z, in the column
of the Z, index indicates that the number of massless 4d Dirac fields in module 2 is topologically
nontrivial, while 0 means topologically trivial and the number of massless 4d Dirac fields can be
zero by continuous deformations of parameters. These correspond to the topological numbers in
Table 5.2 for the d = 0 case.

Class T C T Classifying space of Ug d=0 Ay Z,index
2N
UQ2N)
A 0 0 0 C= Z N-k 0
0 LJOU(2N—I<)><U(k)
Al 0 0 1 C =UWN) 0 0 0
2N
O(2N)
Al +1 0 0 Ry= Z N-k 0
* 7 OQN - k) x O(k)
BDI +1 +1 1 R, =O0W©) Z, 0 Z,
2
D 0 +1 O Rzzw Zy 0 Zy
YN
DII -1 +1 1 Ry= &) 0 0 0
g;;(N/Z)
Sp(N)
Al -1 0 0 Ry= N -k 0
! kL:JOSp(N—k/mxSp(k/z)
CI -1 -1 1 Rs=Sp(N/2) 0 0 0
C 0O -1 0 R6:M 0
U(N)
U(N)

CI 1 -1 1 Ry=2V
M 7= 0N

there are an even number of Dirac zero modes and an odd number of classes, and they do not
transfer to each other.

In the following, we discuss specifically for each class.

5.9.1 Witten index and classifying space

Here, let us discuss the Witten index and the classifying space for each symmetry class in our
model. Furthermore we show the correspondence to the topological numbers Z, 2Z and the clas-
sifying spaces in the gapped free-fermion system. The Z, index will be discussed in detail in the
next Subsection.
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5.9.1.1 Class A

Since the class A has no symmetries, there are no additional conditions for Ug. In general, a
Hermitian matrix whose square equals 1 can be diagonalized by a unitary matrix and is shown in

Ug = v(lzg‘k ? )VT, VeUQR2N) (k=0,1,---,2N). (5.9.1)
=1

The Witten index is obtained once the matrix Uy is determined. Indeed, as discussed in Chap. 3, it

can be obtained by subtracting the number of eigenvalues —1 from the number of intervals in the

rose graph, N, i.e.,
Aw=N-k (k=0,1,---,2N). (5.9.2)

The matrix Ug in Eq. (5.9.1) is invariant under the transformation

U O
V > ( 0 Uk) Vv, (5.9.3)

where Upy_x is 2N — k dimensional unitary matrix and Uy is k dimensional unitary matrix. Thus,
the parameter space of Ug in the case of type(2N —k, k) boundary condition is given by the complex
Grassmannian

U(2N)
k=0,1,---,2N), 594
UQ2N —k) x U(k) ( ) ( )
and the classifying space is given by
2N
UQ2N
Cy = (2N) (5.9.5)

UGN -k x Uk)’

These result are shown in Table 5.4. This is also identical to the one for the O0d Hamiltonian in the
gapped free-fermion system.

5.9.1.2 Class AIII

The class AIII has only the chiral symmetry which denotes I'y. or I'_ given in Sec.5.7.1 and 5.7.2.
These operators satisfy

{Up, T} =0, T2 = l,y. (5.9.6)
The anti-commutation relation implies that the boundary vectors of the zero mode functions with
the chiral operator I'. F, (()’) (Fiéz)] )) satisfy the boundary condition of Gg) (F (()’)). Therefore, in this

class, F' g) and @gj) have the same degrees of degeneracy, i.e., the equal degrees of freedom for i and
Jj. For this reason, the number of +1 and —1 eigenvalues of Uy is equal and diagonalized as

Ug =U Iy 0 U' UeUQ2N). (5.9.7)
0 -1y

Once the diagonalized form is obtained, the Witten index can be calculated in the same way as for

the class A, and the result is
Aw = 0. (5.9.8)
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As can be seen from the above discussion, the Witten index for a class with chiral symmetry is
always zero.

Let us discuss the classifying space of Ug. To discuss I'y and I'_ simultaneously, we will drop
the subscripts of the chiral symmetry operator and denote it by I'. By changing to the appropriate
basis, such as

Ug — Ug = VUV, (5.9.9)
r-r=Vvry, (5.9.10)
FO - VIFD, (5.9.11)
GP - V'GY (VeUQN), (5.9.12)

the I" can be taken to the diagonal form of r= 03 ® 1. In this basis, ﬁB 1S written as

i@:(% “y ug € U(N) (5.9.13)
ug 0

from Eq. (5.9.6) and the conditions Uﬁ = 1,5 and U]; = Upg. As aresult, it can be found that the
parameter space of Uy is specified by ug and then the classifying space is given by

C,=UNN). (5.9.14)

These result are shown in Table 5.4.

5.9.1.3 Class Al
The class Al has only the 7. symmetry and the additional condition for Ug is

T.UgT;' =Us, T.=%XK. (5.9.15)
This request implies that Uy is an orthogonal and symmetric matrix. Thus, in general, Uy can be

diagonalized as

UB:RC%* ?)Ri ReO@2N) (k=0,1,---,2N). (5.9.16)
—li
The Witten index in this class is immediately computed as
Aw=N-k (k=0,1,---,2N). (5.9.17)

Since the matrix Uy in Eq. (5.9.15) is invariant under the transformation

R (OZN—k 0

)R (O2v-k € OQ2N = k), Oy € O(k)), (5.9.18)
0 O

the classifying space of Ug is given by

2N

~ O(2N)
) OQN — k) x O(k)’

Ry (5.9.19)

These result are shown in Table 5.4.
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5.9.1.4 Class BDI

The class BDI has the three symmetries 7, C, and 7,C,, and the additional conditions for Uy are

T, UgT;' = Us, T, =%K, (5.9.20)
C+UBC;1 = —UB, C+ = (10'2 ® 11\//2 ® i0'2)7<, (5921)
[ Ugl',' = —Us, [, =ioy®1yp®ios. (5.9.22)

From the same discussion in the class Alll, the degeneracies of F (()i) and ﬁg ) are equal to each other
due to I'; and the Witten index is given by

Aw = 0. (5.9.23)

As we will discuss in the next Subsection, the quantity corresponding to the topological number of
this class is not the Witten index but the even/odd parity of the number of Dirac zero modes.

Next, let us discuss the classifying space of Ug. Since C, is automatically symmetric if the
conditions 7, and I'; are satisfied, we focus on 7T, and I', here. From Eq. (5.9.22), ', is the real
symmetric matrix, thus, this can be diagonalized by a real orthogonal matrix. In particular, we
consider the following basis

Ug — Ug = VUV, (5.9.24)
r,-TI,=VT,V, (5.9.25)
FO - VTFO, (5.9.26)
GV — VTGY, (5.9.27)

where V is the real orthogonal matrix given by

fned 1 IN 11\//2@0’1
V=— . . 5.9.28
\/z(—le@lO'z 1N/2®O'3 ( )

In this basis, I', and T, can be written as

r,=V'T,V
_ 1 1y 1N/2®i0'2 0 1N/2®i0'2
(\/5)2 IN/2®O'1 IN/2®O'3 —IN/2®i0'2 O
9 1y 1N/2®0-1
—lN/2®iO'2 1N/2®0'3
:l lN/2®12 IN/2®iO'2 1y 1N/2®0'1
2 _1N/2®0-1 —1N/2®O'3 —IN/2®iO'2 1N/2®0-3
_(Iv 0 _
‘(o —1N)‘“3®1N’ (5.9.29)
T,=V'T,V
= V'KV
=KVTV) =K. (5.9.30)
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In addition, U = VTURV is given by the real matrix and restricted to the form

Uy = (MOT ”(f), ug € O(N) (5.9.31)
B

by the conditions (5.9.20), (5.9.22) and U; = Uy and Ug = Ug. As aresult, it can be found that
the parameter space of Uy is specified by ug € O(N) and then the classifying space is given by

R, = O(N). (5.9.32)

These result are shown in Table 5.4.

5.9.1.5 ClassD

The class D has only the C, symmetry, and the additional condition for Uy is
C.UgC;' = -Up, C,=(ic,® lyn®ir)K. (5.9.33)

For the convenience of analysis, we chose the following basis:

Ug — U = VUV, (5.9.34)
FO S VIFD, G — ViIGY, (5.9.35)
where V is defined by
veL( v lw@in) (5.9.36)
\/5 —1N/2®i0'2 1N/2®i0'3
In this basis, C, can be written into a simple form such as
C.=Vic,v
1 lN IN/2®iO'2 0 IN/2®i0'2 7( 1N 1N/2®i0'1
(\/5)2 lN/2®i0'1 lN/2®iO'3 —IN/2®iO'2 0 —1N/2®i0'2 lN/2®iO'3
:1 1N/2®12 lN/2®i0'2 1N —11\//2®i0'1 7(
2 —1N/2®i0'1 —IN/2®iO'3 —1N/2®i0'2 —IN/2®iO'3
— 1y K. (5.9.37)

From the conditions (5.9.33) and U]; = Us, ﬁB (= Vi UBV) can be of the form
U =iA, AT =-A, (5.9.38)

where A is a 2N X 2N antisymmetric real matrix. Since any pure imaginary antisymmetric matrix
has the same number of positive and negative eigenvalues, the Witten index is given by

Aw = 0. (5.9.39)

Alternatively, since this class satisfies {Ug, C.} = 0, we can also conclude that the Witten index is
zero by repeating the same argument as for the class AIlIl. As we will discuss later, the quantity
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corresponding to the topological number of this class is the even/odd parity of the number of Dirac
zero modes.

Let us calculate the classifying space in this class. From a general discussion of linear algebra,
using a real orthogonal matrix R, we can bring the real antisymmetric matrix A satisfying A2 = —1,y
into a block off-diagonal form:

0 1y

A =R(_1N 0

)RT, R € O(2N). (5.9.40)
We want to find a transformation that keeps Eq. (5.9.40) invariant. Denoting this transformation by
R — RR’, then R’ must be a subgroup of O(2N) and satisfy

’ 0 1N T 0 1N
P[0 o0 1) 5o

From Eq. (5.9.41), the matrix R also belongs to the symplectic group. Therefore, the determinant
of R’ should be +1, i.e., R’ is at least an element of SO(2N). Indeed, we obtain

’ 0 1N 2 / 0 1N
Pf(R (_1N O)R)_det(R)-Pf(_lN o) (5.9.42)

from the properties of the Pfaffian. Furthermore, substituting Eq. (5.9.41) into the left-hand side of
the above equation, we can confirm that detR” = +1. In general, the element of SO(2N) can be
expressed as

R = exp{12 RXy+0,® Xz}, (5943)

where X is an antisymmetric real matrix and X, is a symmetric pure imaginary matrix. Since by
using the unitary matrix

L
G:= (} l.’), GiG, = G,G = 1,, (5.9.44)

o, can be replaced by G§0'3G2, the matrixR’ is rewritten as

R = (Gl®1y)exp{la® Xo + 03 ® X2}(G2 ® 1y)

_ + exp(XO + Xz) 0
- (Gl 1N)( 0 xp(Xo — o)) @28 1)
= (G; ® lN) (6 2) (G, ® 1x) (r= exp(Xo + X5)). (5945)

Here, r is a unitary matrix because it satisfies 7' = 1y. Now we have obtained the redundancy of
Eq. (5.9.40), and we can divide them and find that the classifying space is

_ 02N)
R = T (5.9.46)

These result are shown in Table 5.4.
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5.9.1.6 Class DIII

The class DIII has the three symmetries 7_, C, and 7_C,, and the additional conditions for Uy are

T_UgT~' = Us, T_ = (ion @ 1)K, (5.9.47)
C+UBCJ:1 = —UB, C+ = (10'2 ® 1N/2 ® i0'2)7(, (5948)
T_Ugl'”' = —Usg, I_=1yQo,. (5.9.49)

If CS is preserved, the degeneracy of F g) and (?f)j ) are equal to each other, i.e., the Witten index in

this class is
Aw = 0. (5.9.50)

Since C, is automatically symmetric if the conditions 7_ and I'_ (= T_C,) are satisfied, we focus
on 7_ and I'_ in the following.

Let us calculate the classifying space in this class. For the convenience of analysis, we chose
the following basis:

Ug — Ug = VUV, (5.9.51)
FO 5 VIFO  GY - ViGY, (5.9.52)
= 1 (1y 1y

V= WN%% (Z.IN _l.lN), (5.9.53)

where W, ., is a real orthogonal matrix which exchanges the order of the direct product of an
n, X n, matrix A and an n, X n, matrix B such that

W, o (A®BYW, c.n, = B®A, (5.9.54)
Wo,om, = ) (@& ® E)(E; ®&)), (5.9.55)
e =(0,---,0,1,0,--- ,0)7, (5.9.56)
—1
E;:(O’"'90’1709"'30)T (izl,"',na,(lzl,"',l’lb). (5.9.57)
N———

In this basis, T_ and T_ are written as

r_=VT.V
1 1N ilN . Iy 1y
=0®1y
l —llN —ilN IN lN
2 llN llN 0 llN —ilN
l —llN 1N 1N
2 —ily/\ily —ily

=03® 1N, (5.9.58)
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F VT
1 (1y —ily
(\/5)2 lN llN
=(12Qio>®1n/2)K

_l —ily i0'2®1N/2 0 Iy Iy XK
2 llN 0 i0'2®1N/2 —ilN llN

_ (10-2®1N/2 O'2®1N/2)( 1N 1N)7(
2 . .

. 1 1
Wyvon [(i02 ® 1y ® 1)K] Wy [ 1 Y
llN llN

2@ Iy =02 ® IypJ\=ily ily
_ 0 (i ® 1y)K
B ((io'z ® In2)K 0 : (5.9.59)

From the conditions (5.9.47), (5.9.49), Uﬁ = 1,y and Ul; = Ug, we can obtain the block off-
diagonalized form

~ 0 u
B

Since ug is an N X N unitary matrix, it can be diagonalized as

eial 0
ug = vTudv, Ug = >
0 el
veUWN), a€R (=12,---,N). (5.9.61)

Substituting the first equation in (5.9.61) into the third equation in (5.9.60) with J, = 0 ® 1y/2, we
can obtain the relation
I Dug = ug(wJv’), (5.9.62)
or equivalently
I )ij(ua) j; = Wa)a(WJIpw"); (G, j=1,2,---,N), (5.9.63)

where i and j denote the indices of the matrix elements and are not summed up. If (vJ,v");; # 0,
one can obtain (ug); = (uq);; from the above equations. By dividing both sides of the Eq. (5.9.63)
by ul/ 2 we can also obtain the following relation:

Wi V) = Vwa)a(ww". (5.9.64)
With this relation, ug can be rewritten as

ug = JyugJ,
=, ug)"J,

J vTu 1/2 u;/ZV*J

vTu (vJvT)
T.1/2 T 1/2_ %
=viuv- Jy-v ugv -Jy
=w'Jwl,, (5.9.65)
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where w is defined by w = vTu(li/ 2y*. By definition, w is an N X N unitary matrix and specifies the

parameter space of ug. We can find that ugp is invariant by the transformation
w-ogw (gg=1y, g Jg=J). (5.9.66)

Now, since g is an element of the symplectic group Sp(N/2) itself, the classifying space of Uy is
obtained by excluding the degrees of freedom of this transformation and becomes

U(N)
3= Sp(N/2) (5.9.67)
These result are shown in Table 5.4.
5.9.1.7 Class All
The class All has only the 7_ symmetry. The restriction for Ug is
T_UgT~' = U, T- = (ion® 1y)K. (5.9.68)
Let £ and GY (i, j = 1,2,- - -) be orthonormal eigenvectors with Ug = +1 and Uy = —1, respec-

tively. From the above condition, the vectors £® and T_F® (with the same index i) have the same
eigenvalues Ug = +1. Furthermore, they are orthogonal to each other from the direct calculation,

F’(i)T(T_ﬁ(i))
fi(Lo + &)
). ). " 0 1y K\|ALi-9
= (f;’il) (LO+8)7frEl) (Ll _8)’.” ’f;’fl)l(LN_g))(_lN'q( NO ) .1

fé“(L}v ~ &)

2 (Lo + ©)
()
) P)x )% i) n (L - 8)
= (/"W + 8, =[P L = &) | [ (Lo + &), [ (Lo = ©)) ¥
2 (Ly — &)
=[S Wnpp + O (Lo +8) = -+ = [ (L = &) [ (Lnyp = )| K
|0 Lo+ " (Lnjp + ) + - + [ (Lnp = ) (Ly — 8)| K
=0. (5.9.69)

If we have a boundary vector F (j # i) which is orthogonal with £ and T_F®, T_F is also
orthogonal with them. Therefore, the number of the eigenvalue Ug = +1 is even in this class. The
same is true for the case of GV and T_(f(f), and the number of the eigenvalue Ug = —1 is also even.
Therefore, in the type(2N —k, k) BC, the number k should be even. It should be noted that N is also
even for the Q, transformation in 7 to be well-defied. Thus, the Witten index in this class is given
by an even number:

Aw=N-k (k=0,2,4,---,N, N :even). (5.9.70)

This corresponds to the topological number 27Z.
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For the convenience of calculating the parameter space of Ug, we rewrite Ug as
Lon-k2 0

Ug =V ~l . Vi, (5.9.71)
(2N-k)/2

0 —1ip
where the 2N X 2N matrix V is a unitary matrix defined by
V= (B0, B GO GO, ST RO, 1 B GO T ). (5.9.72)
The matrix V is divided into N X N submatrices and denoted as

A -B
V:(B A*). (5.9.73)

Note that since V'V = 1,y and VV' = 1,y, A and B must satisfy

ATA+B'B =1y, —A'B*+ B'A* =0,
B'B*+ATA* = 1y, —-B'A+A"B=0, 5074
AAT + B*'BT = 1y, AB" - B*'AT =0, (5974
BB' + A*AT = 1y, BAT—A*BT = 0.
Now, the matrix V satisfies
T 0 1NV: AT BT\[ 0 1y\[A -B*
—1y O -B" AT|\-1y 0]/)\B A*
_(-BT AT\(A -B*
“\-At -Bf/\B A*
_(-BTA+A™B BTB*+ATA*
“\-ATA-B'B A'B* - BiA*
- —(I)N 1(?). (5.9.75)

Thus V is an element of the symplectic group Sp(N). However, there is redundancy in this V. Let

A -B
g = ( B A ) (5.9.76)

be an element of Sp(i) and we consider the 2N X 2N matrix g which belongs to Sp((2N - k)/2) X
Sp(k/2) such as

Aov-bz 0 =By 0

0 Apn O -B, 2k - N (k
= . €S X Spl=]1. 5.9.77
&= | Bov-ip O Aoyap 0 P\ P\2 ( )
0 By 0 AL,
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Then we find that Up is invariant by the replacement V — Vg. Indeed, one can get a relation

Lon-n2 0
=Lk §
8 1 8
(@N-k)/2
0 _1k/2
A(ZN—k)/Z 0 _B?ZN—k)Z 0 1(2N—k)/2 0
= 0 Arp 0 —Bi) 12
Bov-nz 0 | ALy 0 Lon-i2
0 Bk/2 0 AZ 2 0 _lk/2
T 1
Aon- ? By ?
y 0 A, n 0 B,
-B], 0 |A] 0
Boni (2N-k)2
0 —B,I/z 0 A/I/z
’ P i
Aen-n/2 0 _B(ZN—k)Z 0 A(ZN—k)/2 0 B(2N—k)2 0
_ 0  —Amp 0 B}, 0 Al 0 B,
Ban-p2 0 Aln-in 0 _B(TzN—k)/z 0 A(TzN—k)z 0
0 =By 0 —Al) 0 -B|, 0 Al
_(Un O
=10 U22)’ (5.9.78)
where
T i
Uy = Aan-02Aon_n T B2 Bon-u) _ 0 _ (1(2N—k)/2 0 (5.9.79)
0 ~AwpAL, — B ,B], 0 -1
T *
Uy, = [B(ZN—k)/ZB(zN—k)z + A(ZN—k)ZA(TZN—k)Z . 0 ] — (1<2N—k)/2 0 ) (5.9.80)
0 ~BipBy, = ApAin 0 ~ L
Therefore, the classifying space of Uy is given by the coset space
2N
Sp(N)
Ry = (N, k : even). (5.9.81)
) EJO Sp(N = k/2) x Sp(k/2)

These result are shown in Table 5.4.

5.9.1.8 Class CII

The class CII has the three symmetries, 7_, C_ and 7_C_. The conditions which Uy should satisfy
are

T UgT~' = Ug, T_ = (io, ® 1)K, (5.9.82)
C_UgC~' = —Usg, C_=(lyQicm)K, (5.9.83)
[ Ul = -Us, [, =iocy® Ly, ®io). (5.9.84)
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Since the CS is present, the Witten index in this class is
Aw = 0. (5.9.85)

Since C_ is automatically symmetric if the conditions 7_ and I', (= T_C_) are satisfied, we focus
on 7_ and I'; in the following.
For the convenience in analyzing the classifying space, we change the basis as

Ug — Ug = VT URV, (5.9.86)
FO 5 VIFO, GY - VTGY, (5.9.87)
~ 1 Iy, ®03 —1y»nQioc

' (112 o Iy 2) (128 Wijpo2), (5.9.88)

where the matrix Wy, is defined by (5.9.54)—(5.9.57), which exchanges the order of the direct
product of an (N/2) X (N/2) matrix A and an 2 X 2 matrix B. In this basis, F and T_ are rewritten
as

r,=V'T,V
_ 1 T 11\//2@0’3 lN/2®O'1 0 1N/2®i0'2
B (\/5)2(12®WN/2H2)(1N/2®Z'0'2 lN —1N/2®i0'2 0
11\//2@0’3 —1N/2®i0'2
X L, ® Wyaes
(1N/2®O-1 1N ( 2 N/2 2)
= (L, ® Wy )03 ® Iy ® 15)(1, ® Wyjaen)
— o ® 1y, (5.9.89)
T_=V'T.V
_ 1 T 1N/2®O'3 1N/2®0-1 0 1vK
B (\/5)2(12®WN/2H2)(1N/2®1'0'2 lN —IN(]( 0
1N/2®0-3 —1N/2®i0'2
X I, ® Wy
(1N/2®U1 Iy (12 ® Wypaes2)

= (128 Wy o) (12 ® Ly ®io2)(12 ® Wyppon)K
=Lhe® [W;/sz(lN/z ® iO'z)WN/zﬁz] K

=io2®1N)2

_ (o2 ® 1)K 0

From the conditions (5.9.82), (5.9.84) and U]23 = 1,5, matrix 173 is given by

-~ 0 ug
Ug = (u; 0) (5.9.91)
with the conditions
upuy = 1y, uf(02® Lypup = 02 ® Lypa. (5.9.92)

74



5.9. INDEX AND ZERO MODES IN EACH SYMMETRY CLASS

These relations means that the matrix ug is an element of the symplectic group Sp(N/2). Therefore,
the classifying space of Ug is obtained by

Rs = Sp(N/2). (5.9.93)
These result are shown in Table 5.4.
5.9.1.9 Class C
The class C has only the C_ symmetry. The restriction for Ug is
C_.UgC' = -Up, C_=(y®ic)K. (5.9.94)

Since the anticommutation relation {Ug, C_} = 0 is satisfied, there are as many eigenvectors C_FO
. . . = . .

with eigenvalue —1 as there are eigenvectors F” with eigenvalue +1. As a result, the number of +1

and —1 eigenvalues of Ug is equal. Thus, the Witten index in this class is obtained by

Aw = 0. (5.9.95)

Let us calculate the parameter space of Ug. For convenience, we take the new basis as

Usg — U =V UV, (5.9.96)
FO VTR0 GO - yTGY, (5.9.97)
V = Wyoo. (5.9.98)
In this basis, C_ is rewritten as

C_.=V'C.V

= W;Hz [(1y ® io2)K] Wyen

= W;\l/—(_)z(lj\] ® iO'z)WNHz 7(

=i ®ly
= (o, R 1y)K. (5.9.99)

On the other hand, by using the redundancy of V, the matrix can be taken as
V=(VF®,... . VEV -C_VFV,... -C_VFV), (5.9.100)

then we can diagonalized the matrix 173 (= VT UBV) as

I"J'B:VIN Oy, (5.9.101)
0 -1y

As in the class All, the matrix V is divided into the N X N submatrices and denoted as

A -B*
V= (B A ), (5.9.102)
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where A and B satisfy

ATA+B'B =1y, —A'"B*+ B'A* = 0,
B'B"+ATA" = 1y, —-B"A+A'B=0,

: - . - (5.9.103)
AA'+ B'B' = 1y, AB' — B*A" =0,
BBT + A*AT = 1y, BA" — A*BT = 0.

Now, the matrix V satisfies
0 1 0 1
T N _ N
\% (_1N O)V_(—lN 0), (5.9.104)

thus V is an element of the symplectic group Sp(N). Furthermore, Eq. (5.9.101) is invariant under
the transformation

VoV v 0* , UeU(N). (5.9.105)
0 U
Therefore, the classifying space of Uy is given by
Sp(N)
R = 5.9.106
= T ( )
with this degree of freedom removed. These result are shown in Table 5.4.
5.9.1.10 Class CI
The class CI has the three symmetries, 7., C_ and 7, C_. The restrictions for Uy are
T, UgT;' = Us, T, =%, (5.9.107)
C_UgCZ' = -Us, C_ =(ly®ior)K, (5.9.108)
[_Ugl'Z! = -Us, I_=1y®o,. (5.9.109)

If the CS is preserved, the degeneracy of F (()i) and C?gj) are equal to each other, i.e., the Witten index
in this class is
Ay = 0. (5.9.110)

Let us calculate the classifying space in this class. For the convenience of analysis, we chose
the following basis:

Ug — Ug = ViUV, (5.9.111)
FO - VIFD, G9 - VIGY, (5.9.112)
- 1 Iy 1y

V= $WNH2 (Z.IN _l.lN), (5.9.113)
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where Wy, is a real orthogonal matrix that exchange the order of the direct product of an N X N
matrix A and a 2 X 2 matrix B. In this basis, I'_ and T, are rewritten as

r_=Vvr.v

=03® 1y (. (5.9.60)), (5.9.114)
T,=V'T,V

1 1y =ity or Iy 1y

_(\/5)2(11\, ilN)\WN‘*q(WNH% ily —ily

=K

1y =iy Iy 1y

‘5(1N ilN)(—ilN i)

:(1N97( 1N67(), (5.9.115)

From the conditions (5.9.107), (5.9.109), Ulz3 = 1,y and Ug = Ug, we can obtain the block off-
diagonalized form:

Us = (0T ”B), upil, = 1y, Ul = up. (5.9.116)
ug 0
Since ugp is a unitary matrix, it can be diagonalized, using the unitary matrix v, as
el 0
ug = Vviugy, ug= ,
0 e’
veUWNN), aeR (@=12,---,N) (5.9.117)

We repeat the same analysis as for the class DIII. Substituting the first equation in (5.9.117) into
the third equation in (5.9.116) and multiplying v from the left of both sides by v from the right of
both sides, we can obtain

(g = ug(wv"). (5.9.118)
Or, if expressed in terms of components, we can obtain
(wh)ij(ua)j; = (ua)i(vwh)ij, (5.9.119)

where i, j denote the indices of the matrix elements and are not summed up. If (vJva)i i # 0, one

can obtain (uq);; = (ug);; from the above equations. By dividing both sides of the Eq. (5.9.119) by

u(ll/ ?, we can also obtain the following relation:

(VVT)ij \/(Md)jj = \/(ud)ii(va)ij. (5.9.120)

With this relation, ug can be rewritten as

ug = ug
= (V'ugv)"

_ T2 12
=vou ulv

=w'w, (5.9.121)
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where w is defined by w = vTul/ 2)* and satisfies wiw = 1 ~. Thus, we find that ug can be character-

ized by U(N). However, Eq. (5 9.121) is invariant under the transformation
w— gw, geON). (5.9.122)

Therefore, we can obtain the classifying space of Uy as

_UWN)
Rs = 5y (5.9.123)

These result are shown in Table 5.4.

5.9.2 7, index

The topological number of the class BDI and class D is known as Z, in the AZ symmetry class. In
this Subsection, we show that Z, index is given by the even/odd parity of the number of Dirac zero
modes, not the Witten index in our model.

The key to understand this index is the existence of C, symmetry. Under the C, transformation,
the mode functions are transformed as

£O) D (S0 = 0,P,g™"(y), (5.9.124)
2P(y) 2 g O(y) = O,P, £ (y). (5.9.125)

For the convenience of discussion, we introduce the two-component vector DV (y) = ( 9y, g7
and denote the C. transformation as

0,P,Kg\ ()
O,P, K1)

The eigenequations and supersymmetric relations can be written in this notation as

<fo)(y) Cs (DC+(1)(y) — ( ) =0 Q},P},‘]((Dg)(y), (5.9.126)

= i : ~  (6? + M? 0
(@) — 122p® =Yy
HO,'(y) = m,®,’(y), H= ( 0 &+ Mz), (5.9.127)
S ; —~ 0 -0y +M
(@) — (@) — y
Q0,’(y) = my®,’(y), Q= (ay M 0 ) (5.9.128)
Now we can show that ®S+(i) and CI)S) have in the same eigenvalue with respect to Q:
Q0 "(y) = 01 QP KD ()
= 010,P,KODY(y)
( [Q’ O-IPy] = [Q’ Py] = [Q’ (](] = 0)
= 010, Py K - m, ®,)(y)
= m, @50 (y). (5.9.129)
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On the other hand, it can also be shown that these are mutually orthogonal vectors, i.e., ((Dﬁf)l(bf*(i)> =
0. Indeed, it can be shown from direct calculations such that

(D105 D) = (D)o Oy Py KDL
= (P,0,0 OV |KD?Y) (.- Q,, P, : Hermitian op.)
= <crleP OYIKDY) (. [Qy, P)]=0)

- Z f dy (010, P, @) 0"
1t+€
L,—¢ ) ]
- Zf dy (_0-1 QyPy(D;(;)*)T(DS)* ( Q; = _Qy)
—1t€

= Z f dy @V (= 0, P,®"*) (. overall transposition)
1t+€

- _ <(D(l)|(DC+(l)>
= (O |d¢y = 0. (5.9.130)

From the above calculation, we can find that for every (I)Ef) (i =12,--+), the C,.-transformed
5V (i = -) is degenerate as an independent eigenstate with the same eigenvalue. This
implies that @C*(’) must satisfy the same boundary conditions as @Y. The above discussion is also
true for 0'3(1)( )(y) which has —m,, as the eigenvalues of Q Hence, we conclude that the massive
modes (m, # 0) are degenerated by a factor of 4 due to the C, symmetry.

In general, moving the parameters of the boundary conditions changes the mass spectrum. The
even/odd parity of the number of Dirac zero modes is invariant because a massive mode must have
degeneracy in multiples of 4. Fig. 5.4 illustrates this situation.

It should be emphasized that Q, in the C, symmetry essentially contributes to the degeneracy,
while it does not occur in other symmetries 7_ or chiral transformations involving Q. This is
because the 7_ symmetry leads to the twofold degeneracy of not only the massive modes but also
massless modes (is known as the Kramers degeneracy). In other words, the Kramers degeneracy
breaks Z, index. As a result, only classes with the C, symmetry without 7_, i.e., the class BDI and
the class D, can obtain a nontrivial Z, index.

In the following, we specifically confirm that the Z, index is topologically invariant in the case
of class D and class BDI, and that Z, is obtained as a discontinuity in the classification space. In
addition, we explain in detail that the Z, index is trivial due to the symmetry of 7_.

5.9.21 ClassD

The class D has only the C, symmetry. In this class, from the discussion in Subsec.5.9.1.5, the
matrix Ug can be written as follows:

Ug = \7R( i01 lBN)RTT/*, R € O2N), (5.9.131)
—lly
where .
fd 1N 1N/2®i0'1
V=— ) i . 5.9.132
\/z(—lN/z(X)lO'z 1N/2®l0'3) ( )
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Figure 5.4: The Figures represent the change in the number of zero modes under continuous de-
formations of parameters with the symmetry C,. Comparing the top three Figures with the bottom
three Figures, we can see that the number of massless Dirac fields Np (= (Ny + N,)/2) mod 2 is
invariant.

Furthermore, the classifying space is given by R, = O(2N)/U(N) and has two connected regions

labeled by det R = +1. The symmetry of C, requires the massive modes to degenerate to a multiple

of 4, and the resulting even/odd parity in the number of Dirac zero modes is a topological invariant.
In the following, we show that the equation

detR = (-1 (5.9.133)

can be obtained, where Np is defined by Np = (N + N,)/2. This relation implies that Np =
0 (mod 2) for the parameter space of the boundary condition with detR = +1 and Np = 1 (mod 2)

for the parameter space of the boundary condition with detR = —1. Therefore, we can find that
this index corresponds to the topological number Z, of the 0-th homotopy group of the classifying
space.

To confirm the result (5.9.133), it is enough to calculate a simple example since this index is
invariant by continuous deformations of parameters. As an example, we take the matrix R as
1,, ® 03
Iy-
R= N=2m (m=0,1,--- ,N/2). (5.9.134)

12m
1N72m
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Note that det R = (—1)". Substituting (5.9.134) into Eq. (5.9.131), Ug is written as

02m 12m

Inj2-m ® 04

O . (5.9.135)

1 2m 02m
0N—2m

Inj2-m ® 0y

Then the boundary conditions for zero modes are given by

A(i) e~M(Lo+e)
1
Lo —lom A(li)e—M(LI—S)
Ivom® (1) — 0 On_
m m AD p=M(Ly-1+e)
On-2m Iyp-m® (12 —0p) N L
AN e (Ly+e)
B(j)eM(L0+s)
1
12m 12m _B(lj)eM(Ll—a)
Ivoem ® (12 + o On_

- N2-m ® (12 +07) - N-2m : _0, (5.9.137)

m n ()  M(Ly_+¢)

On-2m Inp-m ® (12 +01) By e

_ B(J) eM(Ly+e)

N
where the AS), ng) (a = 1,2,---,N) are the coefficients of zero modes f(i), ggj). Rewriting the
above boundary conditions, we obtain
A(li) — Ag\i])/ZHeM(Lo—LN/z), ... ,A’(Z) — Ag\l;)/2+meM(Lm—l_LN/2+liz—l), (5.9.138)
(J) (J) -M(Lo-L, i (J) —M(Ly—1—LN/2+m—

B = By, e Mt o B = _By, e Mtz (5.9.139)
For M # 0, the independent coefficients are A(i),Agi), e ,A,(,? and B(li), Bg’), e ,Bf,?, so we found

that there are m independent zero-mode functions, respectively. Therefore, Np = m for the case of
M # 0 and we can find that the result (5.9.133) is satisfied. We also mention that for M = 0 case
we obtain Np = N — m Dirac zero modes. Consequently, the result (5.9.133) is also satisfied since
N is even in this class.

5.9.2.2 Class BDI

The class BDI has the three symmetries 7, C, and chiral 7,.C,. In this class, from the discussion
in Subsec. 5.9.1.5, the matrix Uy can be written as follows:

— 0 un\—
Ug = Vapr (ug 63) Vips us € O(N), (5.9.140)

where to avoid confusion with Eq. (5.9.132), we denote

1 ( 1y 1N/2®0-1)

@ —1N/2®i0'2 1N/2®0'3 (5.9.141)

VBDI =
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with the subscript BDI. Now, if we restrict R as

R:(”B O), us € O(N) (5.9.142)
0 1y
in Eq. (5.9.131) and , Uy is written
_~ O ilN T~T
Up = VR(_Z.lN 0 )R v
_)L lN 1N/2®i0'1 ug 0 0 llN I/tg 0
\/5 —1N/2®i0'2 1N/2®i0'3 0 lN —ilN 0 0 1N
XL 1N lN/2®iO'2
\/z —lN/2®i0'1 —1N/2®i0'3
_L 1y lN/2®iO'1 0 iug L 1y 1N/2®i0'2
B \/E —1N/2®i0'2 1N/2®i0'3 —mg 0 \/§ —1N/2®i0'1 —1N/2®i0'3

_L 1N 1N/2®i0'1 _ 1 0 0 up 1 0 L 1N IN/2®iO'2
B \/E —1N/2®i0'2 1N/2®i0'3 0 i I/t]—lg— 0/J\0 —i \/z —IN/2®iO'] —IN/2®iO'3

— 0 —
= —Vapy (MT ‘83) Vi (5.9.143)
B

Therefore, repeating the argument below Eq. (5.9.131), we can obtain the relation
(=" = det(-up)
= (-D" detug
=detug (. N =even). (5.9.144)

In other words, the classifying space in this class is O(N) specified by the matrix ug and divided
into two spaces by detug = +1 and detug = —1 disconnected with each other. Indeed, we can
see that the number of Dirac zero modes also corresponds to the topological number Z, of the O-th
homotopy group of the classifying space in the class BDI.

5.10 Summary and discussion

In this chapter, we studied a Dirac fermion on a 5-dimensional (5d) spacetime with 1d extra dimen-
sion of the quantum graph. A unique feature of this model is that the extra-dimensional directions
can generally take on a variety of boundary conditions. We showed that the boundary conditions of
the quantum graphs are classified into ten symmetry classes according to the presence or absence
of time-reversal, charge conjugation, and extra-spatial symmetries of 5d fermions. These classifi-
cations were based on the similarity to AZ symmetries for (1 + 0)-d gapped free-fermion system,
which is classified according to time-reversal, particle-hole symmetry and chiral symmetry. A Her-
mitian matrix Ug specifying the boundary conditions corresponds to a 0d Hamiltonian H of gapped
free fermion systems. The Od Hamiltonian means that H has no dependence of momentum k and
is a constant Hermitian matrix. We also showed that the constraints for Uy originating from sym-
metries of 5d fermions are the same as those for the Od Hamiltonian with AZ symmetries. As a
result, we could introduce topological numbers for the boundary conditions in the same manner as
those of 0d topological insulators and superconductors such that
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e The topological numbers Z and 2Z are related to the Witten index;

e The topological number Z, is related to even/odd parity of Dirac zero mode.

The topological numbers is known as the number of edge modes from bulk-boundary correspon-
dence in the condensed matter physics. Importantly, the topological numbers in our model coincide
with the number of KK 4d chiral or Dirac fermions localized at the vertex of quantum graphs, which
would be a generalization of the bulk-boundary correspondence for gapped free-fermion systems.

We studied the application of quantum graphs as an extra dimension to the phenomenological
models in Chap.3. In order to explain the flavor structure of the Standard Model, a boundary
condition with the Witten index Aw = +£3 is required. From this, our classification implies that
class A with no symmetries or class Al with the time-reversal symmetry is preferable for realizing
the fermion flavor structure in the Standard Model. However, in order to discuss phenomenological
models quantitatively, it is necessary to add gauge fields and scalar fields as matter contents. Since
the boundary conditions that do not violate gauge symmetry are generally more restrictive than
those of free-fermion systems, it should be discussed whether this study can be applied naively.
This issue will be addressed in further work.

The key point in the classification of the boundary conditions for the 5d fermions is the existence
of chiral spinors in four dimensions. The Hermiticity of the boundary matrix Uy originates from the
independence of the left and right-handed chiral fields under the 4d Lorentz invariance. We expect
that the same discussion works for general odd d-dimensional cases since chiral spinors exist in
d — 1 dimensions. In contrast, for even d-dimensions case, we cannot apply the same discussions.
In fact, the matrix for the boundary conditions is not generally Hermitian in even dimensions (See
e.g.,[29]). We leave the extension of our results to other spacetime dimensions as a future problem.
In particular, the investigations for lower dimensions would be important from the viewpoint of
condensed matter physics.

We are also interested in the correspondence to SPT phases in other dimensions, i.e., the Hamil-
tonian H has momentum dependence. In this dissertation, we have discussed the relation between
the boundary conditions for quantum graphs and (1 + 0)-d SPT phases for gapped free-fermion
systems, assuming that the 4d spacetime and the extra dimension are factorized, and the boundary
conditions on the extra space do not have a 4d momentum dependence. However, if we consider
the boundary conditions depending on the 4d momentum (or equivalently the 4d derivative) such

that
0

_1k

the boundary condition matrix would be regarded as a higher dimensional Hamiltonian, and thus
we may obtain the correspondence to SPT phases in other dimensions.

Another future direction is the effect of interactions. In our study, we have considered free
fermions on quantum graphs. However, by considering interactions and also quantum corrections,
the boundary conditions would be changed, and breakdowns of the topological phases may occur,
which affects low-energy physics. For the topological matter side, it has been known that SPT
phases of gapped free-fermion systems may break down by interactions preserving symmetries
(see e.g., [48-54]). For example, the Z classification of class BDI for 1d topological superconduc-
tor reduces to the Zg classification if quartic interactions are present. We are interested in whether a
similar breakdown occurs in the topological classification of boundary conditions. It is also known
that interacting SPT phases in bulk can be characterized by perturbative and/or non-perturbative

UB<k)=V(k>(1zg"< )Wk) (V(k) € UQN)),
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anomalies on boundary [55-59]. This is described by an anomaly inflow. Thus, it could be inter-
esting to consider the boundary conditions from the viewpoint of anomalies.
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Chapter 6

Summary and discussion

In this dissertation, we consider Dirac fermions on a five-dimensional (5d) spacetime with a quan-
tum graph as a 1d extra dimension and study their boundary dependence. Especially, using a master
graph consisting of N loops and a single vertex (called the rose graph), as a quantum graph, we
investigate the topological structure of the boundary conditions.

The extra-dimensional model is usually decomposed into a 4d part and an extra-dimensional
part. In doing the above, the extra-dimensional direction is expanded by the complete set of mass
eigenfunctions of the 4d field, which is called Kaluza—Klein (KK) expansion or decomposition.
The information on the boundary conditions of quantum graphs appears as a 4d theory through
mode functions in the extra-dimensional direction. The behavior of the zero mass states, or KK
zero modes, then describes a 4d low-energy effective theory.

In Chap. 2, through a simple quantum graph example, we explained how to derive boundary
conditions from current conservation conditions on the graph. An important feature of the resulting
boundary conditions is that they are expressions that include parameter degrees of freedom. Fixing
the parameters determines certain boundary conditions, which can be the well-known Dirichlet BC,
Neumann BC, and periodic BC, but also various other boundary conditions.

In Chap. 3, we derived the boundary conditions that Dirac fermions on a 5d spacetime with
quantum graph as an extra dimension must satisfy by using the computational methods of the
previous Chapter. Furthermore, the degeneracy of the KK zero mode was systematically evaluated
under each of the boundary conditions. The boundary condition can be characterized by a 2N
dimensional unitary Hermitian matrix Ug with Ué = l,y, and it is revealed that the difference
between the number of right- and left-handed chiral fermions is Aw = N — k, which is known as
the Witten index, for boundary conditions of k£ with the number of eigenvalues —1. A remarkable
feature is that Ay is invariant under continuous deformation of boundary conditions that do not
change k, which is a topological quantity in this sense.

We also discussed strategies for applying our model to theories beyond the Standard Model.
There are several clarifications of the flavor structure of fermions using extra-dimensional models.
Our extra-dimensional model has the potential to simultaneously explain the number of generations,
the mass hierarchy of fermions, and the origin of flavor mixing and CP phases. Future work will
involve quantitative evaluations for full setups involving gauge and scalar fields.

In Chap. 4, we focused on zero mode and studied the Berry’s connection in the parameter space
of boundary conditions. It is shown that the structure of the ADHM construction is similar to the
boundary conditions of the quantum graph, which allows us to construct instanton solutions as
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Berry’s connections. The point that zero modes on the quantum graph can in general have multiple
degeneracies and the parameter-dependent nature of the boundary conditions play a major role in
these results.

Instanton solutions as the Berry’s connections are constructible for a restricted parameter space.
We will investigate whether these limitations can become feedback to the phenomenological model
construction. This is also future study. Another future study is to construct monopole solutions as
the Berry’s connections for our model. The Nahm construction method is known as a method for
constructing general monopole solutions. Using this one, it is shown that the SU(2) BPS monopole
can be constructed for simple quantum graphs [12]. The similar strategy is expected to be used
to construct systematic monopole solutions for our setup, which is a more general quantum graph
model.

In Chap. 5, we have identified a nontrivial correspondence between the classification of (1+0)-d
gapped free-fermion systems and the classification of boundary condition Ug. The former classi-
fication is known as the Altland—Zirnbauer symmetry classes, which are classified into 10 classes
corresponding to whether time-reversal symmetry, particle hole symmetry and chiral symmetry
is present or absent. In our model, we found the existence of time-reversal symmetry, charge-
conjugate symmetry, and extra-spatial symmetries of 5d fermions as the corresponding symme-
tries. Furthermore, each class classified in the AZ symmetric class is characterized by a topological
number. The correspondences in our setup are also revealed as follows: (a) the Z and 2Z topolog-
ical numbers corresponds to the Witten index; (b) the Z, topological number corresponds to the
even/odd parity of Dirac zero mode. These quantities would be regarded as a generalization of the
bulk-boundary correspondence.

With reference to the advanced work in topological insulators and superconductors, there are
several things to discuss in the case of our model. For example, we discuss the SPT phase counter-
parts in dimensions different from the (1 + 0)-dimension in our model. Furthermore, we investigate
what our class of boundary conditions corresponding to the SPT phase would be if the interaction
were taken into account. We also investigate whether fermions have a correspondence with the AZ
symmetries in a different dimension of spacetime than 5d.

Through this dissertation, we have studied various aspects of quantum graphs. Boundary con-
ditions are a very important element in physics. The quantum graphs reveal nontrivial relationships
between different fields of physics through the degrees of freedom of their boundary conditions.
Thus, we believe that pushing forward the future study discussed above will have an impact on
physics at various energy scales and reveal new connections between them.
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Appendix A

Details of Calculation

A.1 ’t Hooft instanton

The normalized solution is

1p2ixp2)

1
Vidsomxia) = % _ (éﬂ ® (xﬂl _ Tﬂ))_l gt

where
x—b!
Ex—blzg 0
o (x_bz),u
(e(nl-1,) " =ee P
0 (=0,
S p
=1+ ’
=1+ L Gy
By using the relations
1 1 1

—0— =0, —,
Vo 'V 2
eaep(x — b)*(x — b))’ = (x — b)),

we can calculate as

(A = Vo,V

1 W=D (1 (x=b)
B A AN Zp’(x b)“(

Vo - b)?
1 1 2(x b)¥(x — b’
- g g S
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A.1. T HOOFT INSTANTON

k

. Z (x=b)" (“ ’”ﬁ)

G hy O\ by

2

5 (x = b)) 1 (x=b)
—128u2¢+125“2¢2(x b Ty Zp’ (W@—bf)z

(x=b)* "
Then, using Eq. (A.1.5) again, it can be rewritten as follows

,(x— b)) 1 (x=0b)
12¢6M¢+eaeﬁ¢z T b)zaﬂ(\/_(x b)z)

k
2(]5(9,1 +ea Z Q(X b)* ( Z(X_bi)ﬂ(x_bi)ﬁ)
=1

"(x—b)* (x = b;)?

B —Z 2(x bi)u

- b)*

= 12¢(9# + eae (x b)

Finally, applying e,e, = 6, + in,(;,) and organizing equation, we obtain

1 (x — b,)* d
(ﬂ )2><2 = 12(158 +e,e p2 —
u/[21X12] #2¢ u¢; — b4 Z

i=1 bi )4

1 . (x = b)* 1" ,(x=b)
=12¢8y2¢ (5;«112“'”7( ))¢ZPZX - %Z —

2¢3u z—z 2(x b)y i) — Z 2(x by

“byt e PTGy
W
=—(1/2)0,
k
(x = by)”
= 1= |90~ + =00 | + i) p;
*2 (¢ o7 “‘b) g Zl =)
Y pF
:—lnl(;g#
L+ X0 G
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Appendix B

Structure of the ADHM construction

The ADHM construction method is proposed by Atiyah, Drinfeld, Hitchin and Manin in 1978 [22].
It is possible to construct arbitrary instanton solutions by using a one-to-one correspondence be-
tween the moduli space of instantons and the moduli space of matrices, called ADHM data. In this
Appendix, we review the reasons why instantons can be constructed using the ADHM construction
method and the structure behind them.

This Appendix is organized as follows: In Secs. B.1 and B.2, we explain each settings. These
correspond to the two ends “Instatnon” and “ADHM data” in Fig. B.1. In Sec. B.3, starting from
the ADHM data, we show that the instantons are constructed via the zero-dimensional (0d) Dirac
equation. Conversely, Sec. B.4 shows that the ADHM data is constructed starting from instanton.
In Sec. B.5, to check the completeness of the ADHM construction, we start from the ADHM data,
reconstruct the ADHM data via instantons, and prove that they are consistent. In Sec. B.6, starting
from the instanton, we construct the instanton via the ADHM data to show consistency.

This Appendix refers to I. Ueba’s unpublished note and M. Hamanaka’s review paper in Japanese'.

B.1 Instanton side settings

Instantons are gauge field configurations that make the Yang—Mills action finite, defined on four-
dimension (4d) Euclidean spacetime. This action is given by

1 4 1 4 a ra
S = —ng d XTI'F#VFNV = rgz d xF,quyv’ (Bll)
F, =0,A,—0,A, +[A,, Al (B.1.2)

where the generators of the gauge group are defined by

1
[T T"] = ifp T, TrT°T’ = 55“”, (B.1.3)

and the gauge field A, (x) and the field strength F,,(x) are represented by
F, = F,,GTY), A, = A GTY), (B.1.4)
Fi, = 8,A% — 0,A% — fu AVAS. (B.1.5)

'DOI: https://doi.org/10.24532/soken.106.1_1
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B.1. INSTANTON SIDE SETTINGS

0-dimensional
Dirac equation

i N

Instanton 1:1 ADHM data
(Anti-)Self dual ¢ > ADHM
equation equation

4-dimensional
Dirac equation

Figure B.1: Schematic diagram showing the relationship between the ADHM data and instantons.
The specific one-to-one correspondence is given via the 0- or 4-dimensional massless Dirac equa-
tion.

Under gauge transformations, the gauge field and the field strength are transformed as

Au(x) = AL () = g()AL)E (%) + 808,87 (%), (B.1.6)
Fiu(x) = F[(x) = g0 F,(x)g”" (%), (B.L.7)

where g(x) € SU(N). The Yang—Mills action is invariant under the above gauge transformations.
The equation of motion (called the Yang—Mills equation)

DyFyy = 8,Fu +[AnFul =0 (B.1.8)

that the gauge field must satisfy is derived from the action. Instantons are characterized by a
topological charge called the instanton number:

10l = -

T f d*xTr (F, F,y) € Z, (B.1.9)

where the gauge filed is satisfied the pure gauge A,(x) = g‘l(x)éﬂg(x) (or Fy, = 0) at infinity to
take a finite value. In this appendix, we shall consider anti-instantons whose instanton number is
—k.

4d Dirac operator Here, we define a Dirac operator on the instanton side required for the ADHM
construction method:

D=e"®D, =" ® (0, +A), (B.1.10)
D=¢,9D,=-D, (B.1.11)

where e, is the 2d representation of a quaternion defined as

e}l = (_io-i’ 1)’ éﬂ = (io-h 1) (BIIZ)
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B.1. INSTANTON SIDE SETTINGS

These operators are the off-diagonal components of the Dirac operator y*D,, in the chiral represen-

tation.
Formulas satisfied by e, and &, are obtained

eue, = Oy +iny), €u€y = Sy + in,), (B.1.13)
eye, +e,e, = 20,y, e.e, +ee, =20,, (B.1.14)
eye,e, = —2e,y, e.ee, = —2e,, (B.1.15)
where nfﬁ,) is known as 't Hooft matrix and defined by
e =1, (B.1.16)
My = €yt £ Bu004 = S0ps) (@ =1,2,3). (B.1.17)
The useful formulas that appear in this Appendix can be summarized as shown in
77,%)77(;) = (6/1/16vp - 6,up6v/l * Epv/lp) : 1

+ (8 = Sty + O — 6y (B.1.18)
|05 | = 20 (6,umE) = Suany) + Sy = St (B.1.19)
€l = £ (8u0my + 01l + Syrrl’s)) (B.1.20)
Tr 77,(11;)77(;; =2 (5;1/161//) - 6;1/)61//1 + Eyv/lp) ) (B121)
Tr )y, = 66, (B.1.22)
Tr )nsy) = 24, (B.1.23)

Uffvi)ﬂﬁ(pi) = (6/1/16vp - 6;1;)61//1 = epvﬂp)éij

1 + + + +

+ 6 (6,075 = 8,0 + 6, = 5,41, (B.1.24)
oo = 6,,61; + €y, (B.1.25)
) = —éTr oleue,, (B.1.26)
My = —%Tr oe,l,. (B.1.27)

Anti-self dual equation The anti-self duality of the

gauge field, F w = —F,,, can then be defined

using the Dirac operators. That is, the square DD of the Dirac operator is commutative with the

Pauli matrix o; , which is a necessary and sufficient
dual.
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B.1. INSTANTON SIDE SETTINGS

Indeed, DD is written down as
D = (ee,) ® (D#DV)

=0,y ® (D,D,) + (+) ®[D,,D,] (. eue, =06, + iﬂffv))
=1, ® D + 277(+) ® F (- [D ,D,] = Fuv)

=LeD + 772:,)®Fw+ n<+>®F

4 4

1
=1, ®D*+ 477(” ® Fuy + 7 (zeﬂwng;)) ®Fu (- (1/2)6upot) = 13

=1L,®D*+ 4;7;?’0, ® (Fuy + Fu). (B.1.28)

Therefore, the request to commute with the Pauli matrix leads to

F12:_F34, F13:F24, F14:_F23

& Fu=—Fp. (B.1.29)
We suppose that A, satisfies the pure gauge at infinity.
Invertibility of D> We require that D? (= D,D,) is invertible, or there exists Green’s function

G(x):
DG(x,y) = —-6*(x—y), G(x,y) =0 %) (r— ). (B.1.30)

4d Dirac equation A 4d massless Dirac equation is given by

2,D,0(x) = 0, (B.1.31)

where ¢/(x) is the normalized 2-components spinor. By using the index theorem, it is proofed that
the number of Dirac zero modes is k.
Indeed, let the number of normalized solutions ¥.(x), which are satisfied

2,D.(x) =0, €D (x) =0, (B.1.32)

be defined by n. respectively. Then, by using the index theorem, the relation

f d*xTr F Fy = —Q (= k) (B.1.33)

I’l+—n_:

1672

is satisfied. On the other hand, if the anti-self dual equation is satisfied, from (e,®D,)(e,®D,,) = D?,
we can obtain

0 = (2, ® D,)(e, ® D)y (x) = D*Y_(x)
= 0= f d*x gl (=D (x) = f d*x|Dy_ ()P
= Dy (x) = 0. (B.1.34)
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B.1. INSTANTON SIDE SETTINGS

Since the equation

0=Duw-(x)—Duy-(x) (. (B.1.34))
= [D;u DV]W—(X)
C Fog (0 (B.1.35)

is satisfied from Eq. (B.1.34) and F,,, # 0, the solution of the Eq. (B.1.34) is ¢_(x) = 0. Therefore,
we can conclude that the number of _(x) is zero, i.e., n_ = 0, and n, = k from Eq. (B.1.34).

Normalization condition For the convenience in the following discussion, the 2N X k matrix
with k independent y_; (i = 1,2, --- , k) components is again defined as

Y(x) = Wan Wan, o Wep) (B.1.36)

This matrix is satisfied the normalization condition
f d*x " (OY(x) = 1y, (B.1.37)

where ¢y is assumed to be smooth over the entire region. Note that /(x) behaves asymptotically
asy ~ O(r3)if r — oo [60, 61].

Completeness The completeness is denoted as

YO () = DG (x,)D, = 5*(x - ), (B.138)
where
— — —
D=¢,D,=2,(—0,+A,). (B.1.39)

Yy (x) and —D,G(x, y)gy correspond to the projection operators to the zero mode and the mas-
sive mode, respectively.
We show that the completeness relation is given by Eq. (B.1.38). First, we consider the equation

')/,uD,u\PJ_r,n(x) = /ln\P¢,n(x), (B140)

where ¥, ,(x) is the orthonormal 4-components chiral spinor, n represent the mode label and A, is
anti-seld dual. In the chiral representation, this equation is written as

0 e,D l//+,n _ 0 0 e.D 0 _ l//+,n
(éuDu 0 #)( 0 )_ & (slf_,n)’ (éﬂDﬂ ‘0 #) (./,_,n) = ﬂn( 0 ) (B.1.41)
(e (0
¥, = ( 0 ) ¥, = ( w_’n). (B.1.42)

If we let —y, D, act on the both sides of Eq. (B.1.40), we obtain

— YD) W en(x) = =L, (%) (B.1.43)
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B.1. INSTANTON SIDE SETTINGS

Since y, D, is anti-Hermitian and —(y,D,,)* is Hermitian, the eigenvalue —A? is a real number greater
than or equal to zero.

Next, we consider Green’s function S (x,y) of y,D,. If the zero mode exists, S (x,y) is defined
as

VDS (x,3) = =6*(x = ) + D" W o (P (), (B.1.44)

where the summation means adding with respect to the zero mode. The above equation in chiral
representation is

0 ’
S(x,y) = (E(x N s(’g y)), (B.1.45)
0 eD)\ 0  s(xy)_ 2 W00 0
(E’,,Dfl ”0 ﬂ) (i(x’y) 0 ) = —6*(x—vy) +( 0 ol (B.1.46)
Then, writing down each the components, we obtain
D,s(x,y) = =64 (x - y), (B.1.47)
DS0x,y) = =6 x =3) + D W0 1), (B.1.48)

Since DD = D? and D*G(x,y) = —6*(x — y), we show that the relation
s(x,y) = D.G(x,y) (B.1.49)

is satisfied from Eq. (B.1.47). Furthermore, multiplying both sides of Eq. (B.1.47) by [ d*xG'(x,2)
from the left, we obtain

(LHS) = f d*xG'(x, z)@xs(x, y) BL9 f d*xG'(x, z)@xDxG(x, y)
= f d*x[D.D,G(x,2)]'G(x,y) = -G(z,y), (B.1.50)
N’
=—0%(x—2)
(RHS) = — f d*x G (x,2)6"(x - y)
=-G'(y,2). (B.1.51)

Therefore, we find G'(x,y) = G(y, x). On the other hand, multiplying both sides of Eq. (B.1.48) by
f d*x s%(x, z) from the left, we obtain

(LHS) = f d*x 506, 20,505, y) “=” f d*x[D.G(x, )] D,3(x,y)
= - f &' [D.D,G(x, )] 5(x, ) = 5z, ), (B.1.52)
—_——
=—6*(x—2)

RHS) = [ des'(0,2) (<%0 =)+ Y a0 )

(B.1.49)

L =51 0.0+ Y [ dH DG DN a0 0)
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B.2. ADHM DATA SIDE SETTINGS

Table B.1: The correspondence between instanton side and ADHM data side

Instanton side ADHM data side

4d Dirac operator O 0d Dirac operator A

Anti-self dual equation ADHM equation

invertibility of D* (= D,D,) invertibility of ATA

4d Dirac equation e, D, = 0 0d Dirac equation ATV = 0
normalization condition: f d*x T (Ow(x) =1 normalization condition: V'V = 1
completeness: Y(x)y' (x) — D.G(x, y)ﬁy =6*x—y) completeness: VV' + AfA" = 1
moduli space M moduli space MRL™

= —s'(y,2) + Z fd“x G'(x,2) - Dty 0(x) Y 0(y)
=0

= —sT(y, 2). (B.1.53)

Therefore, we find the relation

(B.1.49)

5(x,y) = —s'(y, x) —(D,G(y,x)" = G(x, y)‘Z_)y. (B.1.54)

From the above results, if we substitute Eq. (B.1.54) into Eq. (B.1.48), we obtain

DG D, = =84 =) + ) e oYL (). (B.155)

Expressed using the matrix ¥/(x) = (Y41, -+ ,¥+x)", it is none other than Eq. (B.1.38).

Moduli space The dimension of the moduli space of instantons with instanton number —k is
known to be

(B.1.56)

. inst __
dim M, =

ANk — N> -1 (N <2k)
4k + 1 (N > 2k)

from the index theorem.

B.2 ADHM data side settings

In parallel with the settings on the instanton side, the settings on the ADHM data side are described
in turn. The correspondence is summarized in Table B.1.
In this chapter, the settings on the ADHM data side are described for each of them.

0d Dirac operator First, we introduce the 0d Dirac operator A(x), which is represented by the
matrix without derivatives, as

S v x124]
A(x)=C- (e ®X“)1k—D(x)=( " , (B.2.1)
g €u ® (1 = Tipgiy) [N+2K]x[2k]
ten _ (e _
A ) = (S 2 ® (¥ 1 - T{‘k]x[k]))[zk]xw% : (B.2.2)
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where the matrices C and D(x) are represented by

€= (O[Afxm]) : (B.2.3)
2k IN+2kIX[2K]
I —J
) -S [N]x[k] [NIx[k]
b :(T[N]Xm]) =( g ): T—iT5 ~(T*+iTh|.  (B24)
22K ivsaaxion \0C s/ g2 _ gt 4 i3

The matrix D(x) is called the ADHM data. The matrices I, J are a complex constant matrix and
T is a k X k constant Hermitian matrix. The matrix C can be taken to be a complex matrix in
general, but here it is in what is called the standard form with gauge fixing.

ADHM equation On the instanton side, the requirement that DD be commutative with the Pauli
matrix led to the anti-self dual equation. Correspondingly, we define the ADHM equation by
requiring that ATA be commutative with the Pauli matrix. To simplify the notation, we introduce
the new letters

1 1
I'= 5(JT I'+11, IP= 5(ﬁ 1" - 1J), (B.2.5)
j 1.
P = %(m -J'n, = 5(11' +J7. (B.2.6)
By using these notations, A'A can be rewritten as
ATA=S'S +2,e,® (& = T") (X - T")
= 8'S + (6 + i) ® (X = T*)(x" = T")
(. eyey, =0, + inﬁj{,’)
=S'S + L@ - T +in) @ T'T”
= (i @'+ LI + 1L, (& = T") + iy @) THT”
. 1 . .
= (—io;®I'+ 1, I + 1, @ (¥ = T*)* + io; ® (Ee,-jk[Tf, T + [T, T4])
( U,St)i = €4 + 6i;16v4 - 61'\/6,114)
| . .
=L (I'+ (- T") +ic; ® (—1’ + el T T+ T, T4]). (B.2.7)
Therefore, for the right-hand side of the above equation to exchange with ATA, the relations
1 . : .
€T, T +[T,T1-T'=0 (@, jk=1,23) (B.2.8)

must hold. These equations are called the ADHM equations. If we write down each component
independently, we obtain

(T, T2] + [T3, T*] - %(m —Jtn =0, (B.2.9)
1

[T', 73 - [T, T - 5(1J - J'I =0, (B.2.10)
1

[T, TY + [T, T3] - 5(1] +J' I =0. (B.2.11)
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B.2. ADHM DATA SIDE SETTINGS

In some literature, the ADHM equation in complex representation is used. In such cases, the
coordinates are denoted by

*—ix* (2 +ixh 2~z
¥ ®e, = 2oid +id |7\ o (B.2.12)
and the ADHM data by
It -J _I;le[k] _J[N]x[k]
D=|T*-iT? —(T*+iT")|=| B} -B, |. (B.2.13)
T>—iT"  T*+il? B! B,
The ADHM equation is then written as
(ug =) [B1,BI1+[By, Bl + 11" = J'J =0, (B.2.14)
(uc =) [B1,B]+1J=0. (B.2.15)
The left-hand sides in complex representation are often written as ug, uc, respectively.
If the ADHM equation is satisfied, ATA is written as
ATA =1,® Oxxikr» (B216)
1 +
Opgxig = E(m +JT )+ (T = TFx, + X1, |. (B.2.17)

Invertibility of operator O,y The requirement of the invertibility of Oy for any x is de-
noted as

Opaxiafiaxi = Lo fiaxig ~ O (r = o). (B.2.18)

This requirement is the necessary and sufficient condition of the condition which A is full rank.
We show that the invertibility of Oy« 1s the necessary and sufficient condition of the condition
which A is full rank. First, using the singular value decomposition, A is written as

Aotz = UpvsarxinaiZivs261x120 Vo (B.2.19)

where U is a N + 2k dimensional unitary matrix and V is a 2k dimensional unitary matrix, and X is
the matrix composed by square root of positive eigenvalue of ATA such as

o1
ZIN+2UIX[2K] = A 0 (0 <r<2k). (B.2.20)

o,

0 K

Now, if Oyxqy is invertible, then det ATA # 0 holds. Therefore, all eigenvalues of ATA are nonzero,
and r = 2k, i.e., A must be full rank. Conversely, if A has full rank, then r = 2k holds. Therefore,
all eigenvalues of ATA must be nonzero, and there exists an inverse matrix of ATA.
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B.2. ADHM DATA SIDE SETTINGS

The transformation of ADHM datas Gauge transformations of the ADHM data are introduced
as follows
I > R'IQ", J— QJR, T*— R'THR, (B.2.21)

where Q € SU(N) and R € U(k). Under this transformation, the Od Dirac operator A, the constant
matrix C and the ADHM data D are transformed as

Q[N]X[N] ) Rk .
A— Ry A[N]x[k]( s R ) (B.2.22)
RT kIx[k]
[KIx[K]
Q[N]X[N] R
C- Rl vam( e R ):CL (B.2.23)
RT k]x[k]
[KIx[K]
Q[N]x[N] : R
D - Rigin D[N]X[k]( e R ) (B.2.24)
RT kI1x[k]
[KIx[K]

Note that, the constant matrix C is invariant under the above gauge transformation. Furthermore,
the ADHM equations are also invariant under the gauge transformation:

1 . . .
€ T T+ [T T =T =0

1 . . _
-k (Efijk[T% T+ [T, T% - T’)R =0. (B.2.25)

The gauge transformation of the ADHM data is more generally given as

(Rmx[k]

A = Quaaixivsanl Qe UN +2k), ReGL(kC)). (B.2.26)

R[k]x[k])

In Eq. (B.2.3), using the degrees of freedom of this transformation, we convert the matrix C to the
standard form. In the following, the matrix C will be discussed only in its the standard form, as in
Eq. (B.2.3), but it can also be a general complex matrix by using a gauge transformations (B.2.26).

0d Dirac equation We define the 0d Dirac equation as
Agzk]x[/wzk] Vinsaxin = 0, (B.2.27)

where V is a normalized Dirac zero mode. For the computational convenience, V is represented as

UrN TN UINIXIN]
ViN+2ixivy :( (NIxt ]) = | VikxIN | » (B.2.28)
V[2k]x[N]
V2[kIx[N]
_ T
VI2kIx[N] = C[Zk]x[N+2k] Vin+2tix(ny- (B.2.29)

Normalization condition The Dirac zero mode is satisfied the normalization condition

V[JZV]X[N+2k] Viveakxin = 1y (B.2.30)
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Completeness relation The completeness relation of the Dirac zero mode is given by
VVI+ AFAT = 1y, (B.2.31)
We show that this condition is a completeness relation. First, we introduce Wiy opxv+2k =
(A V). Since A and V are invertible, W has also an inverse matrix W~!. Then, using the invertibility
of ATA and the normalization condition, we can calculate

ATA ATV
via viv] W

Iyvsok = WWW)1wT = W(

+ -1
- W(A A OV) W' (o (B227): ATV =V'A=0)

0o VI
1
w2 ® S O
0 1y
(-~ ATA is invertible, noramalization condition)
= VVT+ AfAT. (B.2.32)

This result is the completeness relation itself.

Moduli space The moduli space of the ADHM data MQ%HM is defined as the set of equivalence
classes that identify the transitions in the gauge transformation. If we specifically compute the
dimension of this space, we find that it coincides with the dimension of instanton’s moduli space:

4Nk—-N?+1 (N <2k),

; (B.2.33)
4K + 1 (N > 2K).

. ADHM _ g: inst __
dim My ;™" = dim My} = {

In the case of N < 2k, we find

dim MS?HM = (Complex DoF) x (Number of D components) — (Hermiticity of 7*)
— (ADHM eq.) — (DoF of Q) — (DoF of R)
=2 X [2k(N + 2k)] — 4k*> = 3k*> — (N> = 1) = k*
= 4Nk — N* + 1. (B.2.34)
On the other hand, in the case of N > 2k, it is not the same as Eq. (B.2.34). We need to add an extra
drawn U(N - 2k) degree of freedom (DoF). Thus, we conclude that the dimension of moduli space
is given by
dim MYY™ = 4Nk — N* + 1) + (N - 2k)’
=4*+1 (N >2Kk). (B.2.35)

In the following, we explain that an extra SU(N — 2k) degrees of freedom are drawn.
We focus on the submatrix S y42xx2¢) 0f the ADHM data

_S [N]x[2k] )
D = . (B.2.36)
(e,, ® Tin
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Since we are considering the case N > 2k, each of the N columns of § can be represented by

2k (< N) linear combinations. Let &; (i = 1,2, --- , 2k) be bases. Then, S is written as
2%
Svixize = (51, 82, , $w), & = Zaijé)j (aij € C). (B.2.37)
=1

Under the gauge transformations, S is transformed as

Rijaxik
S (Nxi2k = Q[N]x[N]S[N]x[Zk]( el R - (B.2.38)
[k]x[k]
Here, for example, Q is decomposed as
St
€oks1
7
Ovixivt = Ovixv i\’ (Qnixw € SU(N), = : appropriate vectors). (B.2.39)
%k
Then, since each column of § is represented by a linear combination of €; (i = 1,2,---,2k), we
obtain
Rpaxix
S (NIx2k) — Q[N]x[N]S[N]x[zk]( . R
[K]x[k]
=t
€okr1
’ é)T - R[k]X[k]
=0 N (S, 82,00, S)
IVPANTY Ritxqn
k
ot
N
0" | (R
=Qf . (B.2.40)
[NIX[N] " R[k]x[k]
%k

This means that the upper left (N — 2k) X (N — 2k) submatrix of Q’ does not contribute to the gauge
transformation. Thus, the intrinsic degrees of freedom of the gauge transformation with matrix Q is
the SU(N) degrees of freedom minus the U(N — 2K) degrees of freedom. We have now confirmed
that the dimension of the moduli space for N > 2k is given by Eq. (B.2.35).
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i O-dimensional
i Dirac equation

— Instanton — ADHM data
(Anti-)Self dual ADHM
equation equation

Figure B.2: Schematic diagram showing the relationship ADHM data — instanton.

B.3 ADHM data — Instanton

In this Section, we proof the relation ADHM data — instanton. In other words, we verify that
A, (= V'9,V) constructed by the ADHM construction method is the expected instanton solutions.
In the following, we use the notations

6# ® 1k — €'u, 12 ®f[k]><[k] 4 f, (B31)

for simplicity.
The gauge field is constructed with the ADHM data as

(A/l)[N]X[N] = V[E\/]X[N+2k]ayV[N+2k]><[N] . (B32)

Form the normalization condition VIV = 1, A, 1s an anti-Hermitian matrix.
Useful formulas:

Ouf = =@/, (B.3.3)
e,A'Ce, = =2C"A, (B.3.4)
DV =V'9,(V'V)=-ViCfe, A, (B.3.5)
D*V' = —4vicfCT, (B.3.6)
D*u’ =0, (B.3.7)
TrFy F, = =079 Indet fiqup- (B.3.8)

e Proof of Eq. (B.3.3): Since f~!f = 1, we can calculate the following

Buf )= 0= @uf ) + 170uf =0 =D F@uf)f +uf = 0. (B.3.9)

e Proof of Eq. (B.3.4): From the equation

0
o= (st 5 " VIx124]
NC=(Shupn % ® 01— Tl )( 1ot )

=2, ® (M1 = Tl ), (B.3.10)
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we can show
e, A Ceyy = (e, ® 1) (2, ® ("1 = T (€4 ® 1)
= eueve, ® (X" 1k — Tiqupy)
=-2¢,®x"1; — T[V,(]X[k]) (. eyl e, = —2e,)
= -2CTA. (B.3.11)

e Proof of Eq. (B.3.5): By direct calculating, we can obtain
D,V =0, +A)V =0, + VoV (A, =V0,V)
= (VW) V + Vi@Vl (- vViv=1)
= V'a,(vV7). (B.3.12)
Furthermore, differentiating both sides of the completeness relation (B.2.31), we obtain
0 (VV') = =9,(AfAT)

= —(0,A)fA" = NS, (fAT)
= —C-e,(0,x,)fA" = Ad,(fA")
= —Ce, fA" — AD,(fAD). (B.3.13)

Therefore, multiplying V' from the left of both sides and using the Dirac equation V'A = 0,
V9, (VVT) = —-ViCfe, AT (B.3.14)
is obtained.
e Proof of Eq. (B.3.6): From Eq. (B.3.5), we can calculate as

D*V' =-D,D,V*
(+(B.3.5)) . N
=" -D,(V'Cfe,A")
=- (D,V") Cfe, A" =V'Ce, (8,f) A" =ViCe,f(d,A")
N—— N—— N——
~ViCfe At —fO(ATAYf &, Ct
=ViCfe, A" - Cfe, A"+ V'Ce, - fO,(ATA)f - AT - ViCe,fe,C"
= -V'[-Cfe,A"Ce, fA" — Ce,f (,A") AfAT — Ce, fAT (3,A) fAT + Cfe,e,CT]
TA e, Ct C
-2C eu €y

= -V'2CfC'AfA" - Cf e.e, CTAfA" - Cfe,ACe, fAT + Cf e,8, CT]
N—— N—— N——

=4 —2CtA =4
= ~V'2CLCAFAT - ACFCAFAT + 2CFCAFAT + ACfCT]
= —4vicyct. (B.3.15)
e Proof of Eq. (B.3.7): Since the matrix u is defined by
u
Vint2kxiv = ( [N]X[N]) , (B.3.16)
V[2k]Ix[N]
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B.3. ADHM DATA — INSTANTON

we can show

1 1
T N — (7 T N o
Y (O[Zk]x[N]) - (M[N]X[N] V[N]X[Z"]) (O[Zk]x[N]) = vy 8.3.17)
1 1
Cn " = Opum 12){, " |=0. (B.3.18)
Op2u1xqvy Op2x1x1v)

Therefore, multiplying (15 Oy, ;)" from the right on both sides of Eq. (B.3.6), we obtain

prvi( v ):—4VTCfCT Iy
Opaix(v) Op2kix(v)

— D*u' =0. (B.3.19)

e Proof of Eq. (B.3.8): See refs [62, 63].

We verify that the A, (= V'8,V) constructed by the ADHM construction method is expected
instanton solutions. In the following, we check in turn that the gauge group is SU(N), that it is the
pure gauge at infinity, that it satisfies the anti-self dual equation, that the instanton number is -k,
and that D? is invertible.

B.3.1 Gauge group

Under the gauge transformations

V - Vg(x) (g(x) € UN)), (B.3.20)
A, is transformed as
A, — A;,z
= (Vg(x))" 8, (Vg(x))

=g OV(3,V)g(0) +g'(x) V'V 8,8(x)
=1

='WV (@,V)g(0) + &' (1)3,8(x)

= &' ()AL8(x) + &' (1)0,8(x). (B.3.21)
Therefore, A, is a gauge field of U(N). Of course, the 0d Dirac equation and the normalization
condition for V are invariant under the gauge transformations.

The A, is not traceless in general, but can be made into a traceless SU(N) gauge field by using
U(1) degrees of freedom. This is confirmed in the following.
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On the ADHM side, the field strength is given by

F=dA+AAA
=d(V'dV) + (VTdV) A (VIdV)
=dVI AdV + (=dV'V) A (VTaV)
=dV' (1 -VV") AdV

N————
AfA"' (-(B.2.31))
=dV (AfAYY AdV
= V' (dA) f A @AV
N—— SN——
Ce eCt
(- 0=d(V'A) = (dVHA + V(dA))

= V'Ce,dx"f A dx"e,C"V
= V'Cdx'f Adx" ese, C'V
N——
Suvtiny)
=iV'Cfn,)CTVdx" A dx, (B.3.22)
or expressed in terms of components
F, =2iViIC)C'V =2ivicH;) ® f)CV. (B.3.23)

It can be verified that Tr F,,, = 0 holds as follows.
TrF,, = 2iTr [VIC(S) ® f)C'V]
= 2iTr (1) ® C’ u C] (. TrAB=TrBA)
1-AfAY
= 2iTr [(1;,) ® /)CT{1 - A(1, ® fHATIC]
=2Tr[n,) ® f - () ® HIC'A(L, ® HATC]
= 2Tr[n,) ® f —n)eid, ® f(x' = THf (& = T)]
("C'A=e,®(-T"), AN'C=¢,® (" —T")
= 2| Teog) o f = Tr G eagy) - Tr{f(e' = TOf( = T}

——
=0

(. TrA®B=TrA-TrB)

= =2iTr (n,)eq2,) - Tr [f(x' = TY) f(x* — T?)]

= —iTr(n,)es2,) - Tr[f(x' = T f(X* = T?) + f(&F = T*)f(x' = T)]
(- TrAB = Tr BA)

= Tl (@28, + 201 Te L = THFP = T9) + F = T = T)]
~— ————
20,0
= =2i o) Tr[f(x' = THf (" = T9)]
=0

~0 (B.3.24)
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B.3.2 Pure gauge condition

We consider the zero mode

u
v = [Hvixavt |
VI2kIX[N]

Now considering the condition A" ~ x#&,C" at r — oo, we can find
0=A"V=0=x¢,C'V = xe,y

1.e.,v~0ifr — oo.
Since V is satisfied the normalization condition

Iy =V'V=uu+v,

we can obtain
wu~1y (r— o).

(B.3.25)

(B.3.20)

(B.3.27)

(B.3.28)

This relation show that u is an element of SU(N). Thus, we can conclude that A, is the pure gauge

at infinity:
A, = VTGﬂV ~ uTaﬂu (r = ).

B.3.3 Anti-self duality of F,,

(B.3.29)

Since the "t Hooft’s 7 symbol is antisymmetric with respect to the subscripts, the field strength

F,=2iViCfy)CV

is also anti-self dual.

B.3.4 Instanton number

Since the relation
((B.3.8))

Tr FyFy = =Tr Fy F,, —# Indet fiup

is satisfied, we can obtain

1 —
0= T f dx* Tr F,,F,,

1
= — 1622 fdx4 (92(92 In det f[k]x[k]

1
= — 62 deﬂ 6,102 Indet fixxx

1

= f dS , 8,0°Tr In figxy - IndetA = Tr In A).

16n2

105

(B.3.30)

(B.3.31)

(B.3.32)
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Now, since f ~ r2 - 1; (r — oo) from Eq. (B.2.18), we can calculate as

1
1672
1
1672

k 2 2
= 62 deué‘H(? Tr Inr

k 3o o0 2
= o2 fer 78#6 Inr

k x, 8x
- dQ P E R
167r2f i

8
( 0,0°Inr* = 9,0, (ZXV) - aﬂ(z(sw - zxy%) 9,2 - _ﬁ)
r?

Q: de aaTrlnfk]x[k]

f dS , 0,0°Tr In(r 1)

r2 r* 72 r*
k
= dQ
on?
~——
=272
= —k, (B.3.33)

where we use the result that the surface area of a 3d sphere of radius 1 is 272, Therefore, it
is confirmed that the instantons constructed by the ADHM construction method have instanton
number —k.

B.3.5 Invertibility of D?

The invertibility of D? is concluded from the existence of the Green’s function

1 ViV,
4n? (x = y)*

G(x,y) = (B.3.34)

We show from the direct calculation that this function is the Green’s function of D?. Calculating
D? acting on G(x,y) , we obtain

1 1 . .
D*G(x, = 5D > VIV, + -D*VIV,
cle) (“(x DRI y)
1 1 1 1 1 1 .
= — - 0—— ViV, + 20— - DyViV, + -D*VV,
42 TF(x —y)? 4m2 TR (x - y)? 4n2 (x -y
N’
—4725*(x—y)
1
= -5'(x-y)ViV, + — -2 -DVIV, + -D*VV,
(x—=y) 472 Hx—y)2 “Hox vt 4712(x—y)2 xTx "y
1 1
= —6*(x - N+ [2 -DXVIV, + -Divjv]
M=y T (x—y)? g
(oM x - y)Vx V, =6 (x = y)ViV, = 8*(x - y)). (B.3.35)
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Furthermore, the terms two and three of the above equation are calculated as

X 1 X
20#()6 7 -DVIV, +(x 7
4(x—y) +
= (x_—y);‘(—vjc fe ANV, +

4 (X = )y

CEDE ViCls | (= y)2 5

_ 4 ( _y),u
T (x—y)p? ViCls =y
(oAl =2,x c"—D = Al -2,(x—y)C")
4 (x_y)y
= C X
S (x—y)2? ViCla| | (x—y)?
4 (x=Yux =y,
= C X

T (x—y)2? Vi f» (x—y)?

4 (x=Yux =y,

= Cx
T f» (x—y)?

=5 4 7 Vicf.[-1+1]1C",

=0. (B.3.36)

DIV,

! (-4VICF.CHV, (. (B.3.5),(B.3.6))
(x —y)?

e, AT+ CT

Vy

eu[A] —2,(x—y)’CT+C"|V,

e, (x—y) +1|C'V, (- AlV, =0)

(6/11/ + ”7/11/)) + 1 C V (',' e‘uév = 6#1/ + ”7/(1:/))

(s,w+1]cfvy oy =-n%)

Therefore, we can show G(x, y) is the Green’s function of D? since relation D2G(x,y) = —6*(x — y)
is satisfied.

B.4 Instanton —» ADHM data

Here, we start with the SU(N) instantons and construct the corresponding ADHM datas S jy)x[24],

Tﬁc]x[k]' Then we check in turn that

e S isa N X2k matrix and T* is a k X k Hermitian matrix,
e § and T* satisfy the ADHM equation,

e ATA is invertible.

B.4.1 Constructing the ADHM data from instanton

First, we construct ADHM datas form instanton. We consider

Uiniizi = Yinan * (€2 ® 1), (B.4.1)

where " means to take the transposition with respect to the spinor subscript. At infinity, the

relation

ZINIxINS (vix(241(€x ® 1) _
lﬁ[N]x[zk] w[N]x[Zk] (e, ® 1)) ~ . :”,4 a 100 (B.4.2)
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— Instanton — ADHM data
(Anti-)Self dual ADHM
equation equation

...........................................

i 4-dimensional
i Dirac equation

Figure B.3: Schematic diagram showing the relationship instanton - ADHM data.

is satisfied, where g is a SU(N) matrix appearing in the gauge field at infinity, A, ~ g,¢" (r > o).
Since § is constructed as the above equation, we find that § is a N X 2k matrix. On the other hand,
T, is constructed as

Ty = fd4x¢§k]x[2N]xﬂw[2N]x[k]' (B43)

Therefore, T), is a k X k Hermitian matrix.
We consider the transformations

g—80, ¥ —yYyR (QeSUN), RecU(k)). (B.4.4)

Under these transformations,

(4d Dirac eq.) : e, D, = 0, (B.4.5)
(Normalization condition) : f dx* l//Tl// =1y, (B.4.6)
(Completeness relation) : y(u' (x) = DG(x, y)<5y =6*(x —y), B.4.7)

are invariant. These transformations are nothing but the transformation of ADHM datas:

I - R'IQ", J— QJR, T"— R'T'R. (B.4.8)

B.4.2 Satisfying the ADHM equation

Next, we show that the ADHM data constructed by the ADHM construction is satisfied the ADHM
equation. Specifically, we show that the constructed S and 7T* satisfy

Tr, (¢ TTT) = Tr, (¢S S) ((=> Tr, (a"(s Al T)) = o). (B.4.9)
i(+)

First, by using the relation Tr (o"'éﬂev) = 2in,, , we can rewritten as

Tr, (0'T'T) = Try (0'2,e,)T*T” = 2in" T T”. (B.4.10)
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Now, TH*T" is given by

T'T” = f d*x Xy (o (x) - f d*y Yy )W (). (B.4.11)

To perform the above integration, we first restrict the integral region to [x| < R,, |[y| < R, and finally
take the limits R, — oo and R, — oo in that order:

T*T” = lim lim d*x X'y ()g(x) - d'yyy OWG)
Ry—00 Ry—00 JI <R, II<Ry
= lim lim d'x f d'y &y -y W) - ). (B.4.12)
Ry—00 Ry—00 |x|<R, [YI<Ry

By using the completeness relation (B.4.7) and integration by parts, we can calculate as

P
THTY = Rlim Rlim d*x f d*y 'y -yt (x) [DXG(x, WD, +6*(x — y)] w(y)
00 Ry—00 |X|<R, |y|§Ry
= lim lim d*x (X)W () (x)
Ry—00 Ry—00 [XI<R
«
+ Rlim Rlim d*x f d*y X'y -yt (x) [DXG(X, y)Dy] w(y)
v = Jix<R, I<R,
LY lim lim d*x (W o)
R,— Ry—>oo ‘X|§Rx
- -
s lim Gim [ d' f d*y (¥4 (0) D.Gx, D, u(y)
Ry—oo Ry <R, <R,
, —
+ lim lim f ds , f d*y ¥y (x) [eAG(x, y)Z)y] Y (). (B.4.13)
Ry=oo Ry J1y<p, I<R,

Then integrating by parts with respect to y, we can obtain

(B.4.13) ' 1im lim d*x (X)W (0w (x)

y—00 Ry—00 [XI<R,

— =
+ lim lim d*x f d'y (¥9"(0)) DG, DG Y ())
[x|<Ry [yI<R,

R,—00 Ry—00

Ry—00 Ry—00

— lim lim d*x f ds, (x“wT(X))ExG(x,y)éa(yvl//(Y))
IXI<Rx yI<Ry

_)
+ lim lim f ds , f d*y ¥y (x) [eﬂG(x,y)Ey] O ())
[x<R [VI<Ry

Ry— o0 Ry—o0

— lim lim ds f ds , ' (x)|e,G(x. )2, |y ¥ (). (B.4.14)
[*|<Rx [YI<Ry

Ry—00 Ry—o0
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Finally, by using the relations Dy = 0 and W% = —(Dy)" = 0, we can obtain

(B4.14) = lim Rhm d*x (X x W () (x) (B.4.15)
Ry—00 —00 |X|SR
— lim lim d*x f d*yy(x)e.e,G(x, y)(y) (B.4.16)
Ry—00 Ry—00 IXI<R, |y|<R
+ lim Rhm f d*x f dS ' (x)e,2,G(x, )y ¥(y) (B.4.17)
R0 Ry—eo J)4<R, yl<Ry
+ lim lim ds , f d*y X'y (x)e e, G(x, V) (y) (B.4.18)
Ry—00 Ry—o0 Ixl<R, |y|<R

+ lim lim ds f ds , ¥y (0)e2,G(x, y)y ¥ (y). (B.4.19)
[x|<Ryx <Ry

Ry—00 Ry—00

Next, evaluate each of Eq. (B.4.15) to Eq. (B.4.19). The first term (B.4.15) eventually vanishes
because it becomes zero when we take the contraction with 7,,, i) From the relation

(D)(+)

i(+) .
r]pv

e,e, = va —(e#év—evé,,)

1/i e
~2 (26‘””'74; )"f(”)
1 i
i(+) (=) i(+) _ i(+)
- _En/lp My ( 26#"/1/)77/1,9 - 77/1: )
= 7l eue, =0, (B.4.20)
the second term (B.4.16) is also vanished by taking the contraction with njf: ) By taking the limit
R, — oo, we obtain

~OR), G(x,y) ~OR?), ¥() ~OR,). (B.4.21)
Consequently, we can calculate as
Rlim ds, G, y)y'y(y) ~ Rlim O(Ry‘l) =0, (B.4.22)

IylﬁRy

i.e., the terms (B.4.17), (B.4.19) are vanished. As a result, we only need to focus on the term
(B.4.18) when we calculate Eq. (B.4.10).
Taking the transpose with respect to the spinor indices, we can write Eq. (B.4.12) as

THTY = lim lim ds , f d*y X'y (x) (e, ® 13)G(x, y)(@, ® 1y)¥(y) + (other terms)
|xI<R [YI<R

Ry—00 Ry—o0

Ry—00 Ry—0c0

= lim lim f ds , f d'y 'Tr, [(e] ® 1)@ T (0) G(x, )T (y)(@] ® 1,)| + (other terms)
[x|<Ry [YI<Ry

= lim lim ds; f d*y x*Tr, [ezeﬂ e - (W ()G, YW (e - ee, ez)] + (other terms)
IXI<R. <R,

R —00 Ry—00

(" exer = erey = =1y, €28y = €265 = 1)

= lim lim ds ; f d*y X'Try 2,0 (X)G(x, Y)W (y)e, | + (other terms)
IXI<R, V<R,

R—)ooR —00

(coaejoy =8y, 028,00 =¢,, Y'es = w) (B.4.23)
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Here, we consider the solution y(x) that satisfies the relation
D (x) = —4mp(x), ¥(x) ~0 (r > o). (B.4.24)

Since this solution is given by

Tx) = 4n f d*y G(x, Yo (y), (B.4.25)
its behavior at infinity is calculated as
_ gSe,x,
X(X) ~ ——— (r — ). (B.4.26)
r

Indeed, we can directly verify this result from the following.

DX(x) = —4mp(x)

r—oo X x —1 X x —1 gS—VxV
~ —(9, + 80,8 )0, +g0,87)

e
72

(- (B.4.2))

_ = i
= —gSeV(?xﬁ

Oy Xy OyuXy + X,0, Xy XXy,
r r 7o

Xy

_ S'V(—Z—

goe A
gSé,,xy)

nrt

~g(x)

X X
102+ 8—V)
4 4

— _4x. (_ (B.4.27)

From the above discussion and the fact that the y-integral is finite, Eq. (B.4.23) can be written by

THT” = lim lim ds f d*y x*Tr, [é[l,/ﬁ(x)G(x,y)'J(y)ev]+(other terms)
[YI<Ry

Ry—00 Ry—0c0 Ix|<R,

1 —
= — lim — f dS , ¥ Try |2y (0X(x)e, | + (other terms)
[*|<Rx

1 XS TeT gSesx
f dSAx"Trz[é,lex g g ﬁﬂev
[x[<R

Il
g
|

+ (other terms)

nrt r2
XaXp
ré

Xo X,

dQ P

47 Ry—>oo |x|<R r

Il
|
5.

Tr, [é 1€.S7S éﬁey] + (other terms)

_ 1 im dQ 22T, [57S 2ge, | + (other terms)
47 Rieo Jiyep. 2l By

(r 216y = 61 +inD)

1
= ST [S7S @ + in3)] + (other terms). (B.4.28)
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Therefore, we conclude that Eq. (B.4.2) is given by
Try (05T T) = 2in O THT”

. 1 .
= 2 ST [STS 0+ ing3)| + 20 - (other terms)

=0

(N .
=~ 0 T, |s7sc|
———

46,'/'

= —Tn, [o’s s . (B.4.29)

This equation means that the ADHM equation is satisfied.

B.4.3 Invertibility of ATA
We confirm that AA is invertible. Since the ADHM equation is satisfied, we can obtain
ATA = 15 ® Opguii» (B.4.30)
Opkxi] = %Tr(DTD) —2T"x, + x*

= %(11"' +JTT) + THT* = 2T"x, + x°. (B.4.31)

Since Opxpig ~ X* (r = oo) is satisfied, there exist the inverse matrix f ~ 1/x? in the region of
r — oo and ATA is invertible.

On the other hand, it can be shown that in a finite region of r, ATA must be invertible in order
to be consistent with the assumption that ¢y is smooth over the entire region. In the following,
we show it using proof by contradiction. Suppose that ATA is not invertible in a finite region of r.
Then, there exists at least the one vector ¢ with zero eigenvalues such that

Opgxa(y) - €=0, £é=1 (B.4.32)

From the relation

¥ 2
9 wa(e)-|o (e
0= AAZ]=|A , B.4.33
(6 ¢) = [Me (8433
if ATA is not invertible at the point x* = y*, we obtain
f) S (VIx(24] Ly v
A(y)( =0, Ay = = v ; (B.4.34)
f eﬂ ® (y#lk — T{Z]X[k]) e,, ® (y“lk - T{;{]X[k])
= [¢=0, JE=0, (F-THE=0. (B.4.35)
In this case, by using the ADHM transformations with &
I - RIQ", J— QJR, T"— R'T'R, (B.4.36)
QeSUWN), R=( x--,%)eUk), (B.4.37)
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the matrices I', J and T* are transformed as

v 0 --- 0
) 0 0 0
I'=|(: =« -« x|, J=|1! % - x|, TH=]| . . x (B.4.38)
0 0 0

where * 1s an appropriate kK component vector. In the basis, Opx 1S given by

1
O = 5(1[* +JN) + THTH = THx, + X°

V=2 +x2 0 -+ 0
0
B : * *
0
(x=yF 0 - 0
0
= ] . e | (B.4.39)
0

Therefore, we conclude that the component (1, 1) of the inverse matrix f is given by f;; = 1/(x— y)?
at a point away from x* = y*, on the other hand, f; ; is singular at the point x* = y* . Now, if formula

. 1
U (O (x) = —mazf[k]x[k] (B.4.40)

used in the Sec. B.3 holds?, then if fix is singular at x* = y*, then /'y is also singular. Conse-
quently, this means the contradiction with the assumption that ¢y is smooth over the entire region.
In other words, we proof that & is not existed and A'A is invertible.

B.S Completeness: ADHM data — Instanton — ADHM data

In this Section, we proof the completeness as follows:

1. We compose a 0d Dirac zero-mode V to the 4d Dirac zero-mode ¢/(x) and check that (x)
satisfies the Dirac equation,

2. check that /(x) is normalized.

3. We confirm that the ADHM data constructed using ¢ is equivalent to the original ADHM
data.

21t is a claim that can be used only when the “uniqueness: instathon — ADHM data — isntanton” is shown.
Therefore, we assume that such uniqueness, which we will prove in the Sec. B.6, holds.
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0-dimensional
Dirac equation

i N

Instanton ADHM data
(Anti-)Self dual ADHM
equation equation

4-dimensional
Dirac equation

Figure B.4: Schematic diagram showing the completeness: ADHM data — instanton - ADHM
data.

B.5.1 Constructing ¥ from V

First, we construct a 4d Dirac zero mode with the ADHM datas. Using the solution V' of the 0d
Dirac equation and the ADHM data f, the 4d Dirac zero mode can be constructed as

W= }TVTCf. (B.5.1)
We verify that this solution actually satisfies the 4d Dirac equation
&,D,(x) = 0. (B.5.2)
Taking the transpose with respect to the spinor in the Dirac equation, we obtain
0=Dy'e, =-Dy'e;-ee,. (B.5.3)
Furthermore, multiplying by e, from the right of both sides yields
0=-D, @ -2, e; = Dyre,. (B.5.4)

——
:w :—ey

Thus, D#Fz,l;el, = 0 is equivalent to the original Dirac equation. By using the formulas (B.3.3)-
(B.3.5), we can show that ¢ constructed as Eq. (B.5.1) is satisfied the Dirac equation:

— 1 .
De, ;Dﬂ(v‘c fe,

1 .
;(D#VTC f+Vica,fe,

}T(—V*c fe AYCfe, + }TV* Cl-f3,(ATA)fle, (- (B.3.5),(B.3.3))

1 1 1
=—=V'Cf e,A"Ce, f-=V'Cfe (8,AN)Af—=V'Cfe, A" (8,A)f
/s —_——— /s —— /s ——

—2CTA((B.3.4)) e,Ct Cey
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2 1. 1
= ZVICfC'Af - =V'Cf ese, C'Af —=V'Cf e,A'Ce, f

T T —— T —_———

=4 —2CTA((B.3.4))

2 o 4 . . 2
= ZVICFCTAf — —VICFCTAf + ZVICFCTAS

T T T
= 0. (B.5.5)

From the above, it is shown that the 4d Dirac zero mode can be constructed as Eq. (B.5.1).

B.5.2 Satisfying the normalization condition

It is shown that the 4d Dirac zero mode constructed above is normalized. First, the relation

vy = _#Zﬁf[k]x[k] (B.5.6)
is satisfied. Indeed, we can calculate as follows:
(RHS) = ¢’y
=T, [y
=Tr, [éz(lﬁT)TlﬁTez]

=Tr, [Wﬂ
1 _
= =T |fctvvics] cu=vics m), (B.5.7)
1
(LHS) = _4_7_(2(92f[k]><[k]
1
= —@92”&2 [12 ® fixixiual
1 =t
=T |fe.CTVVICe,f]|

(8 f =-2fe,C'VV'Ce,f)

1 > i ¥
= 5Tl e, fCvvicyl
=4

1
= 5T |fCTVVics]. (B.5.8)
T
Furthermore, if r — 00, fixxx) behaves as
fuxtal = Oy

1 -1
= (ETrz(DT D) - 2T*x, + xz)

-1
_ 1k (1 _ 2T”X“ + Trz(DTD))

T2 r2 2r2
1 . 2T*x, Try(D'D) . A(T*x,,)
r2 r* 2r4 7o
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T#x,Try(D'D) + Try(DID)T %, (Tro(D' D))
—~ + +
ro 4r6

Therefore, we can proof that ¢ is normalized such that

(B.5.9)

(BSI)
4 A2

1 X
= i rlirg dQ —’ur?’auf[k]x[k]

f d*x " () (x) d*x & fiaa
1 lim r’oy, ( +O(r ))

1 2x
=1 lim [ do 2,3 (—— I + O(r“‘))

= 1. (B.5.10)

B.5.3 [Equivalence to the original ADHM data

We show that the ADHM data constructed using ¢ is regarded as the original ADHM data. T# is
constructed as follows:

T = fd“xw?xﬂw

1
= d*xx,0°f oYy = =0 figxm /47%)

C4n2
1 4
= 4 ) d'x [av(xp vf) vf]
1 Xy 3
= _4_71_2 }1_)1’2 dQ _r [xyavf - 5,uvf]
1 | 1 274 1 274
=-13 lim dQ T3 xﬂﬁy (ﬁ + r4xA + O(r“‘)) — Oy (ﬁ + r4xd + O(r“‘))}
(. (B.5.9))
1 X, 3 [ 2x" 2T 8T'xyx, 1 2T%x,
:_?rh—glo dQ x”( AR T T “olE T T
1 2T x,x, STAX,{X# 2Tlx,1x,J
=1 rh_)rg dQ [—Zxﬂ + 2 T 2 T
1 . 8T/1X/1XM
=73 rlgg dQ [—3)@, | (B.5.11)
Now, considering the transformability under the Lorentz transformation, we obtain
dQx, =0 Q= 5
u =Y, Xy = 5 6,{#7" . (BSIZ)
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Thus, we can obtain

, 1
TH = e Iim | dQ [—3)91 - 2

8T x)1x,
7'[2 r—00

1 2
= = hm( 87" - ﬂ—éﬂ#)

]T2 r—00 2
= TH,

i.e., T™ is consistent with original the ADHM data T*.
Next, we show that S’ is consistent with original S. Firs, if r — oo, ¢ behaves as

g[NJX[NJS{NJXLQkJ(éu ® lk)x/l

- -4
Yinixize ~ g, +0(r™) (r —> o)

from Eq. (B.4.2). On the other hand, the 4d Dirac zero mode ¢ can be written as

J=~vicy
T

(B.5.13)

(B.5.14)

(B.5.15)

from Eq. (B.5.1). Now, multiplying by e, x, from the left of both sides of the Od Dirac equation,

ATV =0, yields

0=ex,AV

= (eyeux,Xx, C'—ex,DYW (-A"= é,v,x#CT - D"

r2

= (r’C" - e,x,D")V.
For the above equation to hold, the equations

cv=5Py i VTDe”x”

(r+0)

2
must satisfy. As a result, J is also written by

- 1 va
J=-vicf=vi=3

f
Now recalling that D is given as

D =S (Vix[24]
[N+2K]x[2k] = T

2

k]X[k])[N+2k]><[2k]

v ~ 0 and u behaves as an element of SU(N) at infinity, we obtain

i T i
V[N]><[N+2k] ( [N]><[N] v[N]x[Zk]) ~ (gN]x[N] O[N]X[Zk]) (l’ - OO)’

£ Lok
XK~ 5
[2Hx124] ~ 3
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0-dimensional
Dirac equation

/ N

Instanton ADHM data
(Anti-)Self dual ADHM
equation equation

4-dimensional
Dirac equation

Figure B.5: Schematic diagram showing the uniqueness: instanton — ADHM data — instanton.

where g € SU(N). Therefore, Eq. (B.5.18) is written as

Dévxv
l// = VT B f
r
=S Vix[24] ) ey
~ (g 0 ( e e
(gvixivy Opvixizer) eﬂ®Tf;<]x[k] art
gS évxv
B | B.5.21
art | |

The S is defined through Eq. (B.4.2), indicating that the above equation is also defined through a
similar expression, i.e., we can show that S’ is consistent with original §.

In the above, it was shown that the ADHM data starting from the ADHM data and reconstructed
via instantons is consistent with the original one. This correspondence is shown as Fig. B.4 .

B.6 Uniqueness: Instaton - ADHM data — Instanton

In this Section, we proof the completeness as follows:
1. We compose the 4d Dirac zero-mode (x) to the 0d Dirac zero-mode V,
2. check that V satisfies the Dirac equation,
3. check that V is normalized.

4. We confirm that the instanton constructed using V' is equivalent to the original instanton.
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B.6.1 Constructing V from

To construct the 0d Dirac zero mode from the 4d Dirac zero mode, we consider the solutions 7 and
Y that satisfy

D7T=0, T~gkx) (r— o), (B.6.1)
gSeux,

DY = ~4np, ¥~ "3

(r > o). (B.6.2)

The y is the same solution introduced in Egs. (B.4.24)—(B.4.26). Note that T consists of a sequence
of N independent column vectors that are covariantly constant at infinity (D, T ~ O(r3) atr — o)
and are newly introduced to correspond to Eq. (B.3.25).

Here, we can construct the Od Dirac zero mode as

F..:’-
V= (/;NJXWJ), (B.6.3)

[2k]x[N]

where each components are satisfied the equations

D7 = -nype,S, (B.6.4)
D,y = —me,,(x, — T,). (B.6.5)

Indeed, these equations are confirmed as follows. From Eq.(B.6.1) and D#Jeﬂ = 0, which is
equivalent to the 4d Dirac equation, there exists a certain constant matrix L xn; satisfying

DT = ye,L. (B.6.6)
Then, multiplying by é#;ﬁ from the left of both sides, we obtain
(RHS) = f d*x e e, L
= f d*x @500 (e )Ly
) f dxSTTPL, ¢ @), = 2655)
2 f d*x Y L

-2 f d*x T, |0y | Ls
=2- lkL(;

[ [[aefa] - 1)

=2L, (B.6.7)
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(LHS) = f d*xe ' DT

_ e 4 - S~ — —
= |dS,ey't+ | dxey'D,t (-D,=-0,+A4,)
~——

=0
= f ds, e 't

1 Ay VS% i
~——5de9ﬁr3-éﬂu-g (. (B.4.2),(B.6.2))
n r nrt

1
=-=5 fdQ (. xux.eue, = r2)
by

= -278" ( f dQ = 2712).

Therefore, we can obtain L = —zS " and conclude that the equation

D7 = JeﬂL = —7T$eﬂST

(B.6.8)

(B.6.9)

is satisfied. The second Eq. (B.6.5) is also confirmed. From Eq.(B.6.2), there exists a certain

constant matrix Mxxp2k satisfying
D,y + ﬂaeuévxv = JeﬂM.
Then, multiplying by éﬂw from the left of both sides, we obtain
(RHS) = 2M,
(LHS) = f d*x éHJT(Dyf + ﬂJeﬂévxv)
- v ‘o 3 DT
= de#ey;l/)(+fd xe ' Dy
4.5 TET L5 -9
+n | dxey'ye,x, (-D,=0,+A,)

= dey éﬂ;jﬁf + 2ne, fd“x W X

(S
TV
X, —)C€SJr - Séﬂx/l
~ [ aatp g, mn 8 T8O | ot
r N r?

(- (B.4.2),(B.6.2),(B.4.3))

_ STS_
= fdeﬂxvxﬂeﬂevme,l +27T"

=0(r~1)~0 (r—0)
=2nT".
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Thus, we obtain M = nT" (= re, T") and conclude
Dy = —ﬂJeﬂéyxy + JeﬂM
= —ﬂAtl;eﬂéyxv + ﬂ@eﬂévTV
= ﬂJeﬂév(xy -T).
Egs. (B.6.4) and (B.6.5) can be written in a single equation such that
D,JVT = —7ral//deﬂAf

by using the 0d Dirac operator

T

_ T = H
A[ijx[N+2kJ(x) - (S [2kIx[N] €u ® (xulk - T[k]x[kj))'

B.6.2 Satisfying the 0d Dirac equation

(B.6.13)

(B.6.14)

(B.6.15)

We show that the constructed V satisfies the 0d Dirac equation. Introducing ® = V'A for conve-

nience, we show from the direct computation that

D,® =D, V' A
——
—mpe, A
= —mpe, ATA + V' Ce,,
D0 = —w Dype, ATA — mpe, 0,(ATA) + D,V Ce,
~—— ——
=0 —mpe, AT
= —mpe,0,(ATA) - 2mpe, A Ce,
= —ﬂJ eue, C'A -2ny eﬂATCeﬂ

—— ——
=4 —-2CTA((B.3.3))
= —4myCTA + dny CTA

=0.
Furthermore, ® behaves as

O =75 +ye x—T),

gSeux,
2

ev(x - T)v (I” - OO)

if r — oo.
For a function p(x), the solution ¢(x) of

D*¢(x) = p(x)
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that goes to zero at infinity is given by

$(x) = f d*x G(x, y)p(y) (B.6.20)

using the Green’s function from the invertibility of D?. Now, from Eq. (B.6.18), ® (= A"V) has the
same property as ¢(x), so it can be expressed as

0= f d*x G(x,y)p(y). (B.6.21)

In addition to, from Eq. (B.6.17) we show that it corresponds to the case where p(x) = 0. Therefore,

we can conclude that
®=0. (B.6.22)

This is nothing but the 0d Dirac equation.

B.6.3 Satisfying the normalization condition

We show that the constructed V satisfies the normalization condition. Introducing & = V'V for
convenience, we show from the direct computation that

D,E=0,E+[A,,E]
=0,(V'V)+ A, V'V - VIVA,
= (D,VHV + VI(D, V"
= —mpe, AV —n VIA 4" (- D,V = —mpe,A")
=0 =0

=0. (B.6.23)

Since Z is an N X N Hermitian matrix, it can be expanded in terms of identity matrix and SU(N)
generators and multiplied as
Z(x) = Z°x) 1y + E* ()T, (B.6.24)

where @ = 1,2,-+- , N> — 1 and Z°, = are real function. Then, multiplying by = from the right of
both sides of Eq. (B.6.23), we obtain

1
Tr (20,) = 0,Tr E2=0

= (E°)? + (E%)? = const. (B.6.25)
— =%, 5% = const., (B.6.26)

i.e., we find that = is a constant matrix. Furthermore, examining the behavior of Z at infinity yields

=TT +Xxx
i 85eux, x.e,S gl
~gg"+ S =
=002
~ 1y. (B.6.27)
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This means that the Od Dirac zero mode V is normalized.

B.6.4 Equivalence to the original ADHM data

Finally, we confirm that the instantons composed using V is consistent with the original ones. This
can be shown from direct calculations as follows:

A =V, V
= V'8,V - VA, + VVA,
=Vi(D, V) +A, (-VV=1)
N——
—mpe, AT
=-n VIA ey’ +A,
=0
= A, (B.6.28)

In the above, it was shown that the instantons starting from the instanton and reconstructed via
the ADHM data are consistent with the original one. This correspondence is shown as Fig. B.5.
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Appendix C

Topological insulator and superconductor

Topological insulators are a type of insulator, which is also called band insulator, described by band
theory. The name is derived from the fact that its state of electron is characterized by a topological
number. A topology of the band insulator is described as follows. A whole set of Hamiltonians
for an electron in the band insulator can be viewed as a space with a corresponding structure once
the symmetry of the system is determined. For a point in this space, the Hamiltonian draws a
closed curve or surface when parameters in the Hamiltonian are varied periodically, e.g., from
—p to p for the electron wavenumber k. A number of windings of this closed curve corresponds
to the topological number for the band insulator. A closed-curved Hamiltonian with a non-zero
topological number gives a topological insulator. This topological number does not change as long
as the band gap does not close, even if the parameters of the system are continuously deformed.

An important feature of topological insulators is that there are always a number of bound states
on their surfaces corresponding to the topological number. Surface bound states appear in the band
gap as shown in Fig. C.1 and have an energy dispersion connecting the valence band and conduc-
tion band. Since the energy dispersion of surface states are nearly linear, the surface states can
be approximately regarded as massless Dirac particles. In general, at the interface between two
insulators with different topological numbers, a number of bound states corresponding to the dif-
ference in topological numbers will appear. Therefore, the surface state of the topological insulator
is considered to be a state of electron bounded at the interface with the vacuum with topological
number zero.

Topological superconductors are superconducting versions of topological insulators. In other
word, topological superconductors (or topological superfluids) are superconductors (or superfluids)
in which the quasiparticle excitation spectrum in the bulk has a full gap, but a gapless Andreev
bound state is stable on the surface.

In this Appendix, we will present a theory that classifies topological insulators and supercon-
ductors based on symmetry. In Chap.5, we have classified the boundary conditions of quantum
graphs based on symmetries, and showed that the classification has some nontrivial correspon-
dences with the Altlatnd—Zirnbauer classification. The purpose of this Appendix is to provide an
understanding of well-known examples of the classification on the condensed matter physics side
through some concrete examples.

We refer to A. Furusaki’s review paper in Japanese' and review paper [64] as references.

'DOLI: https://doi.org/10.1380/jsssj.32.209
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C.1. CLASSIFICATION OF HAMILTONIANS BASED ON SYMMETRY

Energy

surface
states

Wavenumber
Figure C.1: Energy dispersion of a topological insulator.

C.1 Classification of Hamiltonians based on symmetry

C.1.1 Time-reversal symmetry

Time-reversal transformations 7 converts the Hamiltonian to 7-'HT, where T is an anti-unitary
operator and generally satisfies 72> = +1 or T?> = —1. The former corresponds to an integer spin
and the latter to a half-integer spin. For example, the Hamiltonian H for a spin zero particle has
time-reversal symmetry if H can be written in a real symmetric matrix such that

T'HT =H" =H (C.1.1)

with respect to the appropriate basis. In this case, we can write 7 = K using the complex conjugate
operator K, and T? = +1. On the other hand, the time-reversal symmetry for particles of spin-1/2
(generally half-integer) is

iocyH"(—ioy) = H, (C.1.2)
using the Pauli matrix acting in the spin space. This means taking 7 = —io,K and satisfying
T? = —1. The T reverses the spin direction but does not change the energy. Therefore, all energy

eigenstates are doubly degenerate, and the two states are linked by the time reversal. This is called
Kramers degeneracy. Note that, if the system is rotationally symmetric in the spin space, the
Hamiltonian can be block diagonalized for each spin quantum number, even for particles with
non-zero spin. Then, it can be discussed in the same way as for the spin zero particle.

From the above discussion, general systems can be classified into three cases depending on the
transformation of the Hamiltonian concerning for to the time-reversal. (i) Invariant under time-
reversal transformation satisfying 72 = +1, (ii) invariant under time-reversal transformation satis-
fying T? = —1, and (iii) no time-reversal symmetry.

C.1.2 Particle-hole symmetry

Quasiparticle excitations in superconductors are quantum mechanical superpositions of electrons
and holes, which is called Bogoliubov quasiparticles. Topological superconductors are topological
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insulators with respect to Bogoliubov quasiparticles. That is, there is a gap in the excitation spec-
trum of Bogoliubov quasiparticles in the bulk, and a bound state of quasiparticles, which is called
the Andreev bound state, exists on the surface of the superconductor. The Hamiltonian of the BCS
mean-field theory of superconductivity is generally given by

1 1
Hpcs = Z (haﬁC;Cﬁ + EA(Y,BC C + 2AaﬂCﬂC(,)

1 h A C
_ 1 i o Dap | [CB

where £ is a one-electron Hamiltonian and «, S are the lattice points and spin degrees of freedom
collectively, and ¢, (cf,) is a annihilation (creation) operator of the state @. A is the superconducting
order parameter, which satisfies A,z = —Ag, due to the Fermi statistics of the electrons. Let

ho A
H:(_A* _h*) (C.1.4)

denote the Bogoliubov—de Gennes (BdG) Hamiltonian matrix, then

o (0 1\(h A)O 1)_
TxHTx_(l 0)(—A* —h*)(l 0)— H (C.1.5)

holds. We assume that the BAG Hamiltonian has particle-hole symmetry when it is transformed as
C'HC = —H by the particle-hole transformation C, as in the above equation. The particle-hole
transformation exchange electrons and holes and is an anti-unitary transformation, as is the time-
reversal T. The transformation of Eq. (C.1.5) corresponds to taking C = 7K, and C?> = +1. Given
an eigenstate ¢ with eigenvalue E of H, the eigenstate with eigenvalue —F is also immediately
obtained as C~'y = 7,4*, so the eigenvalues of the BdG Hamiltonian appear in pairs (+E, —E). On
the other hand, an interesting possibility arises for the £ = 0 eigenstates. That is, if ¥ and 74"
coincide, the eigenstates of £ = 0 are the so-called Majorana states, in which the electron and the
the hole as an antiparticle of the electron are identical.

If a Cooper pair is spin-singlet and rotationally symmetric in the spin space, the mean-field
Hamiltonian is given by

ﬁBCS = Z I:;l-ab (C TCbT + c, Cbi) + A bC a1 bl + KZaCblcaT]

= 2. lel ( )5 o )(C‘ﬁ), (€.1.6)
—hpa) \Cp,
where Kab = +Zba. Let

H= (ff _é ) (C.1.7)

denote the BAG Hamiltonian matrix, then

(iTy)ﬁ*(—iry):(_ol é)(ﬁf _%T)((l) _01):—1'1“ (C.1.8)
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holds. In this case, the particle-hole symmetry is defined by C = —it,K and satisfied C* = —1.

For the particle-hole transformation, general free-fermion systems can also be classified into
three cases. The three cases are (i) a superconductor (superfluid) with C?> = +1, (ii) a superconduc-
tor (superfluid) with C* = —1, and (iii) a normal conduction state with no particle-hole symmetry.

C.1.3 Chiral symmetry

We consider a time-reversal symmetric superconductor. Then, the composite transformation I" of
the time-reversal transformation 7" and the particle-hole transformation C acts the Hamiltonian as

(TCO)'H(TC) = C'T'HTC
=C'HC
= —H, (C.1.9)

so H is anti-commutate with I'. Thus, a system is regarded as having chiral symmetry when there
exists a unitary matrix that is anti-commuting with the Hamiltonian. A system with 7 and C
symmetry necessarily has the chiral symmetry, but the its inversion does not necessarily hold. For
example, we consider a tight-binding model on a lattice with an AB sublattice structure where only
the jump integral between different sublattice points is nonzero. A Hamiltonian for this model is
given by

(0 hap
= (hZB 0 ) (C.1.10)
Since this H is satisfied
1 0\(0 A\l O0)_ 0 hup
(0 —1)(/&3 0)(0 —1)“(th 0)’ (C.1.11)

this system has the chiral symmetry regardless of whether 7 or C is symmetry. In general, the
Hamiltonian of a chiral symmetric model takes a form where only the off-diagonal blocks have
matrix elements, as in Eq. (C.1.10) on the appropriate basis. As in the case of the particle-hole
transformation, the wave function I'y with eigenvalue —E is immediately obtained from the wave
function ¢ with eigenvalue E of the chiral symmetric Hamiltonian.

C.1.4 Symmetry classes of Hamiltonians

To summarize the above discussion, the free-fermion Hamiltonians can be classified into ten differ-
ent classes depending on the presence or absence of time-reversal symmetry, particle-hole symme-
try, and chiral symmetry. Note that classes with both 7" and C symmetry have I" at the same time,
and conversely there are classes with no 7" and C symmetry but only I' symmetry. The classification
table is summarized in Table C.1.

The symbols A, Al, etc. in Table C.1 are borrowed from the symbols of symmetric spaces iso-
morphic to the set of time evolution operators exp (—iH?/h) consisting of Hamiltonians belonging
to each symmetry class, which are derived from those used by E. Cartan in his classification of
symmetric spaces. The +1 in the T and C columns are the values of 72 and C?, on the other hand, 0
indicates no symmetry. 1 or O in the I' column corresponds to the presence or absence of the chiral
symmetry.
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Table C.1: Symmetry classes of free fermion Hamiltonians. 7', C, T" stand for time-reversal,
particle-hole, and chiral symmetries, respectively. The value of time-reversal operator 7' squared
and that of particle-hole transformation C squared are shown in the third and fourth columns. In
the fifth column “0” and “1” indicate the absence and presence of chiral symmetry, respectively.

Symmetry classes T C T
Wigner— A (unitary) 0O 0 O
Dyson Al (orthogonal) +1 0 O
classes AlI (symplectic) -1 0 O
Chiral AIII (chiral unitary) 0O 0 1
symmetry BDI (chiral orthogonal) +1 +1 1
classes CII (chiral symplectic) -1 -1 1

D 0 +1 O
BdG C 0O -1 0
classes DIII -1 +1 1

CI +1 -1 1

The classification in Table C.1 was completed by A. Altland and M. R. Zirnbauer from their
study of random matrix theory in mesoscopic superconductor systems. The random matrix theory
was originally developed by E. Wigner and F. J. Dyson in the 1950s and 1960s in the study of
highly excited states of atomic nuclei, and at that time, three symmetry classes were discussed (see
the Wigner—Dyson class in Table C.1). Classes A, Al and All are symmetry classes called unitary,
orthogonal, and symplectic classes, respectively, corresponding to what are known as universality
classes in Anderson localization studies of irregular electron systems. The Hamiltonians of class
A and Al are the sets of Hermitian and real symmetric matrices, respectively. In the early 1990s,
in connection with the study of chiral symmetry breaking based on quantum chromodynamics, a
random matrix theory for the Dirac Hamiltonian was conceived and three chiral symmetry classes
were introduced. They are the three symmetry classes of the Wigner—Dyson classes with the chi-
ral symmetry. Later, four classes of superconductivity were added to complete the classification.
Since classes C and CI have C?> = —1 particle-hole symmetry, the systems are symmetry in spin
space, corresponding to a singlet pairing superconducting (superfluid) system. Classes D and DIII
are other superconducting (superfluid) systems, such as triplet-pairing superconductors and super-
conductors without parity symmetry, some of which have been found in recent years. Furthermore,
classes DIII and CI have time-reversal symmetry (the sign of 7 is opposite), but class D and C are
not symmetry in time-reversal.

C.1.5 Classification table for topological insulators and superconductors

For each symmetry class in Table C.1, we summarize whether the band insulator or full-gap super-
conductor is a topological insulator or superconductor (see Table C.2). The d means the dimension
of the space. The symbols “0”, “Z”, and “Z,” in the table indicate that the topological phase cannot
be a topological phase, that there can be a topological phase characterized by an integer topological
number, and that there can be a topological phase characterized by a 0 or 1 topological number,
respectively. Examples of each non-trivial topological insulator or topological superconductor are
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Table C.2: Classification of topological insulators and superconductors for 10 symmetry classes in
spatial dimensions d = 1,2, 3. The symbols Z (Z,) indicate that topological insulators or supercon-
ductors with an integer (binary) topological number can be present. The symbol 0 implies that no
topological state can appear.

Symmetry classes d=1 d=2 d=3
Wigner— A (unitary) 0 Z 0
Dyson Al (orthogonal) 0 0 0
classes Al (symplectic) 0 Zy Zy
Chiral AIII (chiral unitary) Z 0 Z
symmetry BDI (chiral orthogonal) Z 0 0
classes CII (chiral symplectic) Z 0 Z

D Zy Z 0
BdG C 0 Z 0
classes DIII Zy Z Z

CI 0 0 Z

presented in the next section.
Several derivation methods are known, the Anderson delocalization of boundary states [23], the
K-theory method [24], and the Dirac Hamiltonian-based classification method [25].

C.2 Some examples of topological insulators

We briefly review some examples of topological insulators. In particular, examples belonging to
the following classes are presented (see Tables C.1 and C.2).

1. The 1d class AIIIL: only chiral symmetry exists and the topological number is Z.
2. The 2d class A: there is no symmetry and the topological number is Z.

3. The 2d class All: only time-reversal symmetry satisfying 72 = —1 exists and the topological
number is Z,.

C.2.1 The 1d class AIII polyacetylene
We consider a 1d tight-binding model for polyacetylene (see Fig. C.2). A Hamiltonian is given by

H==1 > [(1+6)chcjm+ (1= ), yei +he, (C.2.1)
J

129



C.2. SOME EXAMPLES OF TOPOLOGICAL INSULATORS

Figure C.2: Schematic picture of a 1d tight-binding model with bond dimerization.

where spin degrees of freedom are not considered for simplicity and j is the index of the unit cell.
Fourier transformation for j yields the Hamiltonian matrix in wavenumber space (k-space) as

B 0 1+6+(1—-08)e*
H(k)‘_’(1+5+(1—5)efk 0 )
=—td(k) - o
_ 0 ¢
= —t|d(k)| ( 7 0), (C.2.2)
where d(k) is defined by
dk) = (1 +6—(1=38)cosk, (1—4)sink, o) (C.2.3)

and ¢ is a complex number whose absolute value is one. The Hamiltonian H(k) is satisfied
H*(=k) = H(k), o H(k)o, =—H(k). (C.2.4)

Therefore this system belongs to the class BDI. Since an energy eigenvalue for this system is
+tld(k)|, it is a band insulator if |0| < 1.
We consider a system with a finite length (j = 1,2,--- ,n). When d = 1, the Hamiltonian

H=-1) [(1+6)c] cin+ (1= 0)c,, yci+hc] (C.2.5)

J=1

is isolated at each unit cell and is a trivial insulator occupying a bonding orbital per unit cell. On
the other hand, when d = —1, the lattice points at both ends (A for j = 1 and B for j = n) are
isolated and become zero-energy states. The other lattice points pair up with the A and B lattice
points of the neighboring unit cell to form bonding orbitals. In other words, for d = —1, the bulk
is an insulator and the edges are topological insulators with zero-energy states. Although we have
considered two extreme cases, in fact, when d > 0, it is a trivial insulator, and when d < O, it is a
topological insulator.
The number that characterizes this topological insulator is
I'= L dk o (C.2.6)
2ri J_, q

that the complex number g circumnavigates the origin in the complex plane. In the case of 6 <
0, as the wavenumber varies from —r to «, the trajectory of g circles around the origin k = 0.
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Consequently, we obtain I' = 1 and conclude that this system is regarded as nontrivial topological
insulator. On the other hand, in the case of 6 > 0, the trajectory of g does not enclose the origin in
the complex plane. Therefore, we obtain I' = 0.

C.2.2 2d topological insulators

C.2.2.1 The 2d class A integer quantum Hall system

As an example of a 2d class A (unitary) topological insulator, we consider the Dirac Hamiltonian
H(k) = k.o + kyoy + mo,

B m ky — ik,
= (kx vk, -m ) (C.2.7)

This Hamiltonian is known as a system that shows the integer quantum Hall effect. The system is
transformed as
o H* (-k)oy = ko + kyoy — mo, (C.2.8)

under time-reversal symmetry for a spin-1/2 particle. Therefore, it can be seen that the mass term

breaks the symmetry. It is also an insulator with an energy eigenvalue of £1 = + ([k2 + Kk} +m?

and a band gap of 2|m|.

Let us calculate the topological number of this band insulator. The eigenvector for the eigen-
value —A of the Hamiltonian (C.2.7) is |k). Berry’s connections and Berry’s curvatures are defined
as

Ak, ky) = —ikl0 k) (u = ki, ky), (C.2.9)
0A, 0A
F )= —2 — =% 2.1
(ks ky) o o (C.2.10)

respectively. The topological number N is given by the magnetic flux penetrating the two-dimensional
k-plane and is calculated as

1 m
N = o fdkxdky F(ky, ky) = Sl (C.2.11)
This means that the topological number N depends on the mass m. Furthermore, N is a topological
invariant, which is called the Chern number. Since the Hall conductivity is given by o, = —¢*N/h
from the Kubo formula, it is equal to the topological number in units of quantum conductance e? /7.
This phenomenon is exactly the integer Hall effect.

We consider the case where m < 0 in the region x > 0 and m > 0 in the region x < 0. In this
case, there exists a state of motion in the —y direction, bounded at the boundary (x = 0) where the
sign of the mass m changes. Indeed, the Hamiltonian

H(x,y) = —i(00, + aya-y) + m(x)o, (C.2.12)
in real space representation has eigenstate

exp(in/4) ) (C.2.13)

1 X
lky) = { exp [ikyy — 20y f(; dx’ m(x’)] (exp(—iﬂ/4)
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localized near x = 0, where { is a normalization constant. This state is in the band gap with a linear
energy dispersion E = —k, and corresponds to the edge state of the integer quantum Hall system
moving in one direction. If the sign of the mass is reversed, the direction of motion is in the +y
direction. In other words, the sign of the mass plays a role like the direction of the magnetic field
in the integer quantum Hall effect.

C.2.2.2 The 2d class AIl quantum spin Hall system

In the 2d class All, there exists a topological insulator with topological number Z,. It is known
as the quantum spin Hall insulator. It consists of a combination of an up (T) state and a down
(}) state that exhibit integer quantum Hall effects in a magnetic field. Individually, they break
the time-reversal symmetry, but by combining the two state, the whole system has time-reversal
symmetry. In this case, there are edge states of up-spin electrons and down-spin electrons moving
in opposite directions along the edge of the system, which are called helical edge states. These
states are connected each other under the time-reversal transformation. In particular, it is known
that for k points in the Brillouin zone invariant under time reversal such as k = (0, 0), (,0), the
Kramers degeneracy is stable under arbitrary perturbations without evaporating the degeneracy as
long as the time-reversal symmetry is preserved. Therefore, the helical edge states are stable even
when spin-orbit interactions are applied to flip the spin direction, and a pair of Kramers degenerate
helical edge states always remain when there are an odd number of helical edge states. This fact
implies that quantum spin hall system has Z, topological number. Although we have presented a
2d example here, insulators with Z, topological numbers exist in 3d as well. In that case, an odd
number of massless Dirac particles appear as bound states on the 2d surface.

C.3 Some examples of topological superconductor

We briefly review some examples of topological superconductors. In particular, examples belong-
ing to the following classes are presented (see Tables C.1 and C.2).

1. The 1d class D: only particle-hole symmetry satisfying C> = +1 exists and the topological
number is Z,.

2. The 2d class D: different dimensions, but same as above.

3. The 3d class DIII: there are three symmetries, time-reversal symmetry satisfying 72 = -1,
particle-hole symmetry satisfying C> = +1, and chiral symmetry exists, and the topological
number is Z.

C.3.1 The 1d class D p-wave superconductor

We consider a 1d p-wave superconductor. A Hamiltonian is given by

_ T i T ToF
H = Z [—t(c}ch + Cj+lcj) — pcje; + chchrl + A*cj+1cj]
J

N A —tcosk—(u/2)  iAsink \[a
= f_” dk (Clk a—k)( _iA*sink tcosk + (y/Z)) (aik) ) (C3.D)
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where gy is Fourier transform of the fermion annihilation operator c; at lattice point j. We denote
H(k) for the 2 X 2 matrix of the BdG Hamiltonian in Eq. (C.3.1). Since then H(k) is satisfied

T H*(=k)t, = —H(k), (C.3.2)

this model has particle-hole symmetry satisfying C> = +1. Consequently, this model belongs to
the class D. The energy eigenvalue of the BdG quasiparticle is

E(k) = + \/(t cosk + p1/2)% + |AP sin’ k, (C.3.3)

and the gap is open unless u = 2¢.
Let the operators y;; and 7, of the two Majorana particles be defined as

Yi1 = e_’p/zcj + e’p/zc;, Yo = —ie‘ie/zcj + ieie/zcj (C3.4)
with the fermion creation and annihilation operators ci and c;, where 6 is is the phase of the su-
perconducting order parameter A. From the definition, the Majorana operators are satisfied y" =y
and

Vjar Yivt = 26;i04p- (C.3.5)

By using these facts, BdAG Hamiltonian is written as
i
H=3 Z [—,U)’j,l)’j,z — (Al +Dy1yje12 — (Al = t)?’j,27j+1,1] ~ (C.3.6)
J

For a system of finite length (j = 1,2,---,n) with ends, we consider the following two extreme
cases. (a) When A = ¢ = 0, the ground state of Eq. (C.3.1) is the c;c ; = 1 state and a topologically
trivial insulator with an excitation gap u (> 0). (b) If r = —|A] < O and ¢ = 0, y;; and 7y, are
isolated and a zero-energy Majorana state appears localized at their edge lattice points. This is
a unique phenomenon for topological superconductors. In general, not only in extreme cases, a
p-wave superconductor in Eq. (C.3.1) is a topological superconductor if the chemical potential u is
in the superconducting state in the band when normal conduction, i.e., 2|t| > |u| and |A| > 0.

C.3.2 The 2d class D chiral p-wave superconductor

A typical example of a 2d topological superconductor is a chiral p-wave superconducting state
in which the Cooper pair has p, + ip, symmetry. Note that, chiral here means that all Cooper
pairs rotate in the same direction with orbital angular momentum 1, which has nothing to do with
the chiral symmetry. Neglecting spin degrees of freedom for simplicity, the BdG Hamiltonian in
continuous space is given by

K/2m—p  |Alkg - (ky = iky)

Hk) = (|A| Jkp - (ko iky)  —K2/2m + g (€3.7)

Since the Cooper pair is turning in one direction with orbital angular momentum 1, the time-
reversal symmetry is spontaneously broken. Therefore, this model belongs to the class D. Since
this system is essentially the same as the Hamiltonian (C.2.7), the topological numbers can be
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calculated in the same way as Eq. (C.2.11). Furthermore, at the edge of the superconductor or at the
interface between regions with different signs of m, there exists a gapless edge state corresponding
to Eq. (C.2.13) exist. The field operator for edge states can be expanded as

( Y(x,y) )
¥ (x,y)

where ay, is an annihilation operator for quasiparticles and |k,) is defined by Eq. (C.2.13). Each of
the components can be written as

= f dky (ay, k) + a) . [ky)"). (C.3.8)
ky>0 ’

[ 1 * 1 [ 1 * ,
w(x,y) = f dk, {(ak‘_ exp | ikyy — —O'yf dx' m(x") |+ a,i exp | —ikyy + —O'yf dx’ m(x) )e’”/4,
k>0 ' | ¢ 0 ] ! | ¢ 0 l
(C.3.9)
-{- [ . 1 * ’ ’ ] 'I' [ . 1 ! / / ] —iﬂ/4
Ui(x,y) = dky { | ax, exp |ikyy — =0y dx' m(x')| + a,_exp |-ikyy + -0y dx'm(x")||e ™",
k>0 ' | ¢ 0 ] ! | ¢ 0 l
(C.3.10)

Therefore, edge states are regarded as the Majorana particles since the relation ¥(x,y) = iy/'(x,y)
is satisfied from the above. The direction of moving of the edge state is reversed for the p, — ip,
state.

A system in which the up- and down-spin particles are each in the chiral p-wave superconduct-
ing state is also a topological superconductor, and a similar state is thought to be realized in the
superconducting phase of Sr,RUQ, and in a 2d thin film of *He-A. The system in which an s-wave
superconductor is attached to the 2d surface of a 3d Z, topological insulator and a superconducting
gap is induced in the surface Dirac electrons is equivalent to the Hamiltonian of Eq. (C.3.7), and
Majorana states appear at the edge and in the magnetic flux.

C.3.3 The 3d class DIII *‘He-B

In the context of the B phase of superfluid *He, several 3d class DIII topological superconductors
have been discovered. Here, we consider the Balian—Werthamer state of the B phase of superfluid
3He. The BdG Hamiltonian is given by

1
H=3 Zkl‘PT(k)H(k)‘l’(k)’ W= oyl vy, (C.3.11)

where ¢/ | are annihilation operator for *He and the Hamiltonian matrix H(k) is defined by

A k?
H(k) = (Ag'(flz) _ér((kk))), &(k) = o —u, A(k) = Aoiork - o. (C.3.12)
Since the Hamiltonian H(k) is satisfied
T H' (k)1 = -H(k), o,H (-k)o, = H(k), (C.3.13)

this system belongs to class DIII.
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The topological number for the BAG Hamiltonian (C.3.12) is given by
1
vlgl = E(sgn,u +1). (C.3.14)

Hence, for u > 0 a topological superfluid is realized. When terminated by a surface, topological
superfluids support a topologically stable surface Andreev bound state (Majorana cone).
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