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ROBUSTNESS OF POLYNOMIAL STABILITY WITH RESPECT TO
SAMPLING*

MASASHI WAKAIKI*

Abstract. We provide a partially affirmative answer to the following question on robustness of poly-
nomial stability with respect to sampling: “Suppose that a continuous-time state-feedback controller
achieves the polynomial stability of the infinite-dimensional linear system. We apply an idealized sam-
pler and a zero-order hold to a feedback loop around the controller. Then, is the sampled-data system
strongly stable for all sufficiently small sampling periods? Furthermore, is the polynomial decay of
the continuous-time system transferred to the sampled-data system under sufficiently fast sampling?”
The generator of the open-loop system is assumed to be a Riesz-spectral operator whose eigenvalues
are not on the imaginary axis but may approach it asymptotically. We provide conditions for strong
stability to be preserved under fast sampling. Moreover, we estimate the decay rate of the state of the
sampled-data system with a smooth initial state and a sufficiently small sampling period.
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1. INTRODUCTION

We study the robustness of polynomial stability with respect to sampling. To state our problem precisely, we
consider the following sampled-data system with sampling period 7 > 0:

Az(t) + Bu(t), t>0; z(0)=2"€c X (1.1a)
Fa(kt), kr <t<(k+1)r, ke NU{0}, (1.1b)
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where A with domain D(A) is the generator of a Cy-semigroup (T'(t));>0 on a Hilbert space X, and the
control operator B: C — X and the feedback operator F': X — C are bounded linear operators. We assume
that the Cyp-semigroup (Tgp(t))i>0 generated by A + BF is polynomially stable with parameter o > 0, which
means that sup,~q [|TBr(t)|| < oo, the spectrum of A + BF is contained in the open left half-plane, and for all

x € D(A+ BF) = D(A), |Tpr(t)z|| = o(t='/*) as t — oo, i.e., for any £ > 0, there exists to > 0 such that for
all t > to,
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2 MASASHI WAKATKT
By density of D(A) in X, we see that under this assumption, (Tpr(t))i>0 is strongly stable, that is,

. oy _
A ([ Tpr )z = 0

for all 2 € X. Intuitively, as the sampling period 7 > 0 goes to zero, the sampled-data control input (1.1b)
becomes closer to the continuous-time control input given by u(t) = Fx(t) for ¢t > 0. Therefore, the following
two questions arise:

a) Is the sampled-data system (1.1) with sufficiently small sampling period 7 > 0 strongly stable in the sense
that

lim z(t) =0

t—o0

for every initial state 20 € X?
b) Does the state x of the sampled-data system (1.1) decay polynomially for ° € D(A) and sufficiently small
7 > 0 as the orbit Tp(t)z"?

We provide a partially affirmative answer to these questions in this paper. The effect of sampling on systems can
be regarded as a kind of structured perturbation. In this sense, the issue in the questions above is robustness
analysis of polynomial stability with respect to sampling.

For finite-dimensional linear systems, it is well known that the closed-loop stability is preserved under fast
sampling. However, the robustness of stability with respect to sampling is not guaranteed for all infinite-
dimensional linear systems; see [30]. It has been shown in [18, 31] that if (Tr(t))i>0 is exponentially stable,
that is, there exist constants M > 1 and w > 0 such that [|[Tsr(t)|| < Me ! for all ¢ > 0, then the sampled-
data system also has the same property of exponential stability for a sufficiently small sampling period 7 > 0.
Exponential stability is a strong property, which can be seen from the fact that exponential stability is robust
under small bounded perturbations and even some classes of unbounded perturbations as shown, e.g., in [21, 28].
Exploiting the advantages of exponential stability, the robustness analysis developed in [18, 31] allows unbounded
control operators mapping the input space into a space larger than the state space, called an extrapolation space.
On the other hand, the robustness of strong stability with respect to sampling has been studied in [38], where
the control operator needs an extra boundedness property related to the continuous spectrum of A. The reason
for imposing this boundedness property is that strong stability is a rather delicate property that is highly
sensitive to perturbations; see [26, 27, 29] for the robustness of strong stability of Cp-semigroups (in the absence
of polynomial stability).

Exponential stability leads to uniformly quantified asymptotic behaviors of semigroup orbits for all initial
values from the unit ball of the state space. This is a desirable property from the viewpoint of many appli-
cations. Nevertheless, exponential stability may be unachievable in control problems, for example, involving
wave equations or beam equations. Although strong stability can be achieved in some of those problems, it is a
qualitative notion of stability unlike exponential stability, and we do not obtain any information on decay rates
of semigroup orbits from strong stability itself. Polynomial stability is an important subclass of semi-uniform
stability, which lies between the above two extreme types of semigroup stability, exponential stability and strong
stability, and guarantees semi-uniform decay rates for semigroup orbits with initial values in the domain of the
generator. Various results on polynomial stability, and more generally semi-uniform stability, have been obtained
such as characterizations of decay rates by resolvent estimates on the imaginary axis iR [3, 4, 6, 17, 32] and
robustness to perturbations [22-25, 29]. We also refer to [7] for an overview of semi-uniform stability. A discrete
version of semi-uniform stability has been investigated in the context of the quantified Katznelson-Tzafriri the-
orem [8, 20, 33, 34] (see also the survey article [5]) and the Cayley transform of a semigroup generator [39].
However, to the author’s knowledge, robustness analysis with respect to sampling has not been well established
for polynomial stability.
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(A) Set Q. considered in this paper. (B) Set Q, considered in [38].

F1GURE 1. Comparison of sets that contain only finitely many eigenvalues.

To study the robustness of polynomial stability with respect to sampling, this paper continues and expands
the robustness analysis developed in [38]. We assume as in [38] that A is a Riesz-spactral operator given by

o0

Az =" An(@, ) én

n=1
with domain
D(A) = {x €X ) Al [, vn)? < oo} ,
n=1

where (A)nen are distinct complex numbers not on iR, (¢, )nen forms a Riesz basis in X, and (¢, )nen i a
biorthogonal sequence to (¢, )nen; see Section 2.2 for the details of Riesz-spactral operators. We restrict our
attention to the situation where only a finite number of the eigenvalues (A, )nen are in the set

Qa:z{/\e(C:Re)\>—w}m<(C\{)‘€C\R:RG/\S |Ir;1§|a})

for some w,a, T > 0. In contrast, it is assumed in [38] that the set
M, ={AeC\{0}:ReA > —w, |argA| < 7/2 + ¥}

contains only finitely many eigenvalues for some w > 0 and 0 < ¢ < w/2. Figure 1 illustrates the sets Q, and
Q. In our setting, the continuous spectrum of A has empty intersection with iR unlike the setting of [38], but
the spectrum of A may approach iR asymptotically. In other words, the resolvent of A has a singularity at
zero in [38], whereas, loosely speaking, the resolvent restricted to iR has a singularity at infinity in this study
because the resolvent grows to infinity on iR. Therefore, the type of non-exponential stability we consider in
this paper is different from that in [38]. It has been shown in [38] that only strong stability is preserved under
fast sampling. Here we investigate the quantitative behavior of the state of the sampled-data system in addition
to strong stability.
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Another important difference from [38] is an assumption on the control operator B and the feedback operator
F.Let b, f € X and let B, F be written as Bu = bu for all w € C and Fz = (z, f) for all x € X. In this paper,
we assume that

beDP = {IL' €eX: Z \)\n|26|<$a¢n>|2 < OO}

n=1

feDy= { € X3 Nl [ 60 < oo},

n=1

where 3, > 0 satisfy one of the following conditions: (i) 8 and ~ are integers and S+ v > «; or (ii) 4+ > «.
On the other hand, it is assumed in [38] that

bED(A_l):{xGX:iW<OO}

and f € X. Under the assumption we make in this paper, B and F have the parameters g and -y for design
flexibility, which increases the applicability of the proposed robustness analysis.
The bounded linear operator A(7) on X defined by

A(r) =T(1) + /OT T(s)BFds

plays a key role in the analysis of robustness with respect to sampling. In fact, the sampled-data system (1.1)
is strongly stable if and only if the discrete semigroup (A(7)*)xen is strongly stable, i.e.,

lim ||A(T)kl'0H =0
k—o0

for all z° € X. In [38], the sufficient condition for strong stability obtained in the Arendt-Batty-Lyubich-Vi
theorem [1, 19] is used in order to show that (A(7)¥)ren is strongly stable. This sufficient condition requires
that the intersection of the spectrum of A(7) and the unit circle be countable, but the system we consider
does not have this property in general. Instead of the Arendt-Batty-Lyubich-Vu theorem, we here employ the
characterization of strong stability by an integral condition on resolvents developed in [36].

Let 0 < § < /2, where o > 0 is the constant for the set 2,. We give an integral condition on resolvents
under which the orbit A(7)*20 with 2° € D° satisfies

o(k=%/e) if0<6<a/2
1A() 20| = < log k
o

> if 6 =a/2

as k — oo. Using this integral condition, we show that the state z of the sampled-data system (1.1) with
sufficiently small sampling period 7 > 0 satisfies

o(t=9/) if0<d<a/2

()]l = O( /btgt> 6= a2 (1.2)
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as t — oo for every initial state z° € D%, provided that § < 1 or 8 > «. Considering the open-loop case F' = 0, we
see that t =%/ in the estimate (1.2) cannot be replaced by functions with better decay rates. It is still unknown
whether the logarithmic factor v/logt in the case § = «/2 may be removed.

The paper is organized as follows. Section 2 contains preliminaries on polynomial stability of Cy-semigroups
and Riesz-spectral operators. In Section 3, we present the main result and introduce the discretized system for
its proof. Section 4 is devoted to resolvent conditions for stability. To apply these conditions to the discretized
system, we investigate the spectrum of A(7) in Section 5. Section 6 completes the proof of the main result with
the help of the resolvent conditions for stability. To illustrate the theoretical result, we study a wave equation
in Section 7. The conclusion is given in Section 8.

Notation and terminology

We denote by Ny the set of non-negative integers. For w € R and r > 0, we write

Co ={Ae€C:Re>w}
D, ={AeC: |\ <}
E,={xeC:|\>r}

Note that we denote the open right half-plane by Cy, while C* and C, are commonly used in the literature.
For a, T > 0, define

-1
= : < — 5.
Qar {)\EC\R Re)\_um/\'a}

The closure of a subset € of C and the complex conjugate of A € C are denoted by Q and ), respectively. For
real-valued functions f,g on J C R, we write

f#)=0(g(t))  (t—00)

if there exist M > 0 and ¢y € J such that f(¢t) < Mg(t) for all t > ¢, and similarly,

fly=o(g(t))  (t—o00)

if for any ¢ > 0, there exists ¢y € J such that f(t) < eg(t) for all t > tg.

Let X and Y be Banach spaces. For a linear operator A: X — Y, we denote by D(A) and ran(A) the domain
and the range of A, respectively. The space of all bounded linear operators from X to Y is denoted by £L(X,Y),
and we write £(X) = L(X,X). For a linear operator A: D(A) C X — X, we denote by o(A) and p(A) the
spectrum and the resolvent set of A, respectively. We write R(\, A) := (A — A)~! for A\ € p(A). For a subset
S of X and a linear operator A: D(A) C X — Y, we denote by A|g the restriction of 4 to S, i.e., A|sz = Ax
with domain D(A|g) = D(A)NS.

A Cy-semigroup (T'(t)):>0 on a Banach space X is called uniformly bounded if sup,~ [|T'(t)|| < oo and strongly
stable if lim;_, o, T(t)z = 0 for all z € X. By a discrete semigroup on X, we mean a family (A¥)pen of operators,
where A € £(X). A discrete semigroup (AF)zen on X is called power bounded if sup,ey ||AF|| < oo and strongly
stable if limy_,oo AFz =0 fo all z € X.

An inner product on a Hilbert space is denoted by (-,-). For Hilbert spaces Z and W, let A* denote the
Hilbert space adjoint of a densely defined linear operator A: D(A) C Z — W.
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2. PRELIMINARIES

In this section, we review the definition and some important properties of polynomially stable Cp-semigroups
and Riesz-spectral operators.

2.1. Polynomially stable Cy-semigroups

We start by recalling the definition of polynomially stable Cy-semigroups. In Definition 3.2 of [3], polynomial
stability of Cy-semigroups does not include uniform boundedness, but here we define polynomial stability to
include uniform boundedness as in Definition 1.2 of semi-uniform stability in [4].

Definition 2.1. A Cj-semigroup (7'(¢)):>0 on a Banach space X generated by A is polynomially stable with
parameter o > 0 if the following three conditions are satisfied:

a) (T'(t))e>o0 is uniformly bounded,;

b) iR C p(A); and

c) |TH)A™Y| = O@t /*) as t — oo.

Let A be the generator of a uniformly bounded Cy-semigroup (7'(t));>o on a Hilbert space. Then —A and —A*
are sectorial in the sense of Chapter 2 of [15]. In particular, if (T'(¢))¢>0 is a polynomially stable Cy-semigroup
on a Hilbert space, then A and A* are invertible, and hence the fractional powers (—A)% and (—A*)“ are well
defined for all & € R. We refer, e.g., to Chapter 3 of [15] and Section IL1.5.3 of [11] for the details of fractional
powers.

We use the following characterizations for polynomial decay of a Cy-semigroup on a Hilbert space. The proof
can be found in Lemma 2.3 and Theorem 2.4 of [6]. See also Lemma 2.3 of [39] for the result on the decay rate
of an individual orbit.

Theorem 2.2. Let (T'(t))i>0 be a uniformly bounded Cy-semigroup on a Hilbert space X with generator A such
that iR C p(A). For fixed o, § > 0, the following statements are equivalent:

a) |[TH)A™Y| = Ot *) ast — co.

a’) |T(t)(=A)7| = O(t=%*) as t — oo.

b) |T()(—A) x| = o(t=°/*) as t — oo for allz € X.

c) ||R(is, A)|| = O(|s]%) as |s| = oc.

d) sup [|[R(A, A)(—A)%| < occ.

AeCo
The following estimate given in Lemma 4 of [25] is useful in the robustness analysis of polynomial stability.

Lemma 2.3. Let A be the generator of a polynomially stable Cy-semigroup with parameter o > 0 on a Hilbert
space X. Let B,y > 0 satisfy B+~ > « and let U be a Banach space. There exists a constant M > 1 such that
if B€ L(U,X) and F € L(X,U) satisfy ran(B) C D((—A)?) and ran(F*) C D((—A*)"), then

IFR(A, A)B| < M|(=A)’ B/ [|(=A*)"F*|
for all X € Cy.

2.2. Riesz-spectral operators

Next we recall the definition of Riesz-spectral operators and briefly state their most relevant properties. We
refer the reader to Section 3.2 of [9], Section 2.4 of [37], and Chapter 2 of [14] for more details.

Definition 2.4 (Def. 3.2.6 of [9]). Let X be a Hilbert space and let A: D(A) C X — X be a closed linear
operator with simple eigenvalues (A, )nen and corresponding eigenvectors (¢, )nen. We say that A is a Riesz-
spectral operator if the following two conditions are satisfied:
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a) (¢n)nen is a Riesz basis; and
b) The set of eigenvalues {\,, : » € N} has at most finitely many accumulation points.

Let A be a Riesz-spectral operator on a Hilbert space X with simple eigenvalues (A, )nen and corresponding
eigenvectors (¢n)nen. Let (¥n)nen be the eigenvectors of the adjoint A* corresponding to the eigenvalues
(An)nen. Then (¢,)nen can be suitable scaled so that (¢,,)nen and (¥, )nen are biorthogonal, i.e.,

1 ifn=m

<¢n»wm> = {

0 otherwise.

A sequence biorthogonal to a Riesz basis in X is unique and also forms a Riesz basis in X. Throughout this
paper, we set the sequence (¢, )nen of the eigenvectors of the adjoint A* so that (¢, )nen are biorthogonal to
(¢n)nen- Every x € X can be represented uniquely by

T=) (@ Pu)bn =Y (T, 0n)tn-
n=1 n=1

Moreover, there exist constants M,, My, > 0 such that for all z € X,

MY )| < lal® < My Y [, )P
n=1

n=1

1 9] 1 &S]
L Dz gn)? < l2)f* < ZI , ¢n) |
n=1 n=1

a

We shall frequently use these inequalities without comment.
The Riesz-spectral operator A has the following representation:

Az = Z_:l M@, Un)bn, x € D(A) (2.3)

with domain

D(A):{xeX ZM 1? | (z |<oo}

The spectrum of the Riesz-spectral operator A is the closure of its point spectrum, that is, o(A4) = {\,, : n € N}.
For A € p(A), the resolvent R(A, A) is given by

oo

R\ Az =

wn>¢n7 z e X. (24)

The Riesz-spectral operator A generates a Cp-semigroup on X if and only if sup,cyReA, < oo, and the
Co-semigroup (T'(t));>0 generated by A can be written as

Bz = e (z,4n)dn
n=1
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forall x € X and t > 0.
The adjoint A* is also a Riesz-spectral operator and is represented as

n=1
with domain
D(A*) = {x X ) Al [{a,én)]” < oo} .
n=1

Moreover, the Cy-semigroup generated by A* is given by (T'(¢)*):>o0.
To make assumptions on the ranges of the control operator B € L(C, X) and the adjoint of the feedback
operator F' € L(X,C), we use the following subsets with parameters 3,y > 0:

D= {x € X: Z Al 22 (2, ) < oo}

n=1

D) = {x €X: Z IAnl®Y (2, )| < oo}.

n=1

3. STABILITY OF SAMPLED-DATA SYSTEMS

In this section, we present the system under consideration and state the main result. We also introduce the
discretized system as the first step of its proof.

3.1. Main result

Let X be a Hilbert space, and consider the following sampled-data system with state space X and input
space C:

&(t) = Ax(t) + Bu(t), t>0; z(0)=2"€ X (3.5a)
u(t) = Fa(kr), kr<t<(k+1)7, k€ N, (3.5b)

where x(t) € X is the state, u(t) € C is the control input, 7 > 0 is the sampling period, A: D(A) C X — X is
the generator of a Cy-semigroup (T'(t));>0 on X, B € £(C, X) is the control operator, and F' € £(X,C) is the
feedback operator.

Definition 3.1. The sampled-data system (3.5) is called strongly stable if

lim |lz(¢)|| =0

t—o00

for every initial state z° € X.
To state the main result, we make the following assumption on the sampled-data system (3.5).

Assumption 3.2. Let A be a Riesz-spectral operator on a Hilbert space X with simple eigenvalues (A, )nen
and corresponding eigenvectors (¢, )nen. Let (¢, )nen be the eigenvectors of A* such that (¢n)nen and (¥ )nen
are biorthogonal. Let the control operator B € £(C, X) and the feedback operator F' € L(X,C) be represented
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as
Bu=bu, wueC; Fr={(zf), z€X (3.6)

for some b, f € X. Assume that the operators A, B, and F satisfy the following conditions:

(A1) There exist constants w, o, T > 0 such that C_,, N (C\ £, ) has only finite elements of (\,,)nen-
(A2) {\, :neN}NIR =0.
(A3) A+ BF generates a polynomially stable Cy-semigroup (T'pr(t))i>0 with parameter o on X.
(A4) There exist constants 3,7 > 0 such that b € D%, f € D], and one of the following conditions holds:
(i) B,7y€Ngand 8 +7v > a.
(ii) B+~ > a.

By (A1), the Riesz-spectral operator A generates a Cop-semigroup (T'(¢));>0. Since o(A) = {\, : n € N}, it
follows that o(A) NiR = @ under (A1) and (A2). The eigenvalues (\,)neny may approach iR asymptotically,
and an upper bound of the asymptotic rate is represented by the parameter « given in (A1). Note that when
limy_,oc Re Ay, = 0 for some subsequence (A, )ren, there does not exist a feedback operator F' € £L(X,C) such
that the Cy-semigroup (Tsr(t))i>0 generated by A + BF' is exponentially stable; see, e.g., Theorem 8.2.3 of
[9]. We assume by (A4) that B and F have stronger boundedness properties related to the parameter a than
the standard boundedness properties B € £(C, X) and F' € £L(X,C). Assumptions similar to (A4) are placed
to perturbation operators in the robustness analysis of polynomial stability developed in [22-24]. Note that not
all of (A1)—(A4) are imposed in every result. In fact, (A2) is not used in Section 5 except for Lemma 5.2, while
(A3) is not imposed in Sections 6.1 and 6.2.

The following theorem is the main result of this paper, which shows that polynomial stability is robust with
respect to sampling.

Theorem 3.3. If Assumption 3.2 is satisfied, then there exists 7* > 0 such that the following statements hold
for all T € (0,7*):

a) The sampled-data system (3.5) is strongly stable.
b) Let 0 < 6 < /2, and assume that § <1 or B > «. Then, for every initial state 2° € DY, the state x of
the sampled-data system (3.5) satisfies

o(t=9/) if0<d<a/2
lz(6)]| = log ¢ (3.7)
0 % if 6 = a2
as t — o0.
Let «,0 > 0 and consider the case F = 0 and A\, = —1/n®* + in for n € N. Then Assumption 3.2

holds for all B € £(C, X), where the constants 8 and 7 in (A4) are chosen such that 5 =0 and v > «.
We also have ||T(t)(—A)7%|| = O(t~%/®) as t — oo, and this decay rate is optimal in the sense that
liminf;_, o t%/%||T(t)(—A)~?|| > 0. Therefore, one cannot replace t =%/ in the estimate (3.7) by functions with
better decay rates. Whether the logarithmic correction term /log ¢ for the case § = /2 may be omitted remains
open.

The assumption 6 < 1 implies D(A) C D°. On the other hand, the assumption 3 > « leads to the uniform
boundedness of ||R(z, T(7))S(7)|| on an annulus {z € C: 1 < |z| < 1 + ¢} with some sufficiently small € > 0 for
a fixed 7 > 0, where S(7) € L(C, X) is defined by

S(T)u = /OT T(s)Buds, wue€C. (3.8)
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We will employ these assumptions in Section 6.2.

The proof of Theorem 3.3 is divided into several steps. In the next subsection, we prove the equivalence
between the stability of the sampled-data system (3.5) and that of the discretized system. Section 4 is devoted
to resolvent conditions for the stability of discrete semigroups on Hilbert spaces. To apply these resolvent
conditions, in Section 5, we investigate the spectrum of the operator that represents the dynamics of the
discretized system. In Section 6, we complete the proof of Theorem 3.3, by using the resolvent conditions
presented in Section 4.

3.2. Discretized system

For t > 0, define A(t) € L(X) by
A(t) =T(t)+ S(t)F.
Then the state = of the sampled-data system (3.5) satisfies
z((k+1)7) = A(r)z(kT) (3.9)

for all k € Ny, which we call the discretized system.
To prove Theorem 3.3, it suffices by the next result to investigate the discrete semigroup (A(7)*)xen-

Proposition 3.4. Let A be the generator of a Cy-semigroup (T'(t))¢>0 on a Banach space X. Let B € L(C, X)
and F € L(X,C). The following statements hold for a fized T > 0:

a) The sampled-data system (3.5) is strongly stable if and only if the discrete semigroup (A(T)¥)ren is strongly
stable.

b) Let g: (0,00) — R, and suppose that there exist constants ko € N and My, My > 0 such that for all k € N
with k > ko and all s € [0,7),

Mig(kt) < g(k) < Mag(kT + 5). (3.10)
Then the state x of the sampled-data system (3.5) with initial state 2° € X satisfies
lz@®)] =o(g(t))  (t—o0) (3.11)
if and only if z° satisfies
|A(T)*2% = o(g(K)) (k — o). (3.12)
Proof. The statement a) has been proved in Proposition 2.2 in [38], and therefore we show only the statement b).

Assume that (3.11) holds for the state = of the sampled-data system (3.5) with initial state 2° € X. Take € > 0.
There exists t; > 0 such that for all ¢ > ¢q,

9

=)l < 57

g(t).
Choose k1 € N so that k1 > ko and k17 > ¢;. By (3.9) and (3.10), we have that
€
[A(7)*2%) = [lz(kr)|| < Mg(kT) <eg(k)

for all k > k. Hence, (3.12) holds.
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Conversely, assume that 20 € X satisfies (3.12), and take € > 0. We have that

1< K:= sup [|A(s)]| < 0.
0<s<T

Then ||z(kT + s)|| < K||z(kT)| for all k € Ny and s € [0, 7). By assumption, there exists k2 € N such that for
all k > ko,

£
[A(r)F2° < mg(k)-

Combining this estimate and (3.9), we obtain
lahr + ) < 579(k)
T <57
for all k > ko and s € [0, 7). It follows from (3.10) that

|z (kT + s)|| < eg(kT + s)

for all k > max{ko, k2} and s € [0, 7). Thus, we obtain (3.11). O
We immediately see that the condition (3.10) holds for g(t) := t=% with § > 0. The function g defined by

g(t) = \/@

also satisfies the condition (3.10). In fact, we obtain

log(kt)  log(kt) logk

kT Tlogk k
log k log k
logk _ Toglhres) 108(kT +5) _ Tog(kr)  10g(kT + 5)
= - . < 2=
k e kT +s SV kT +s

for all kK € N with & > max{1,1/7} and all s € [0, 7). Therefore, there exists kg € N such that for all &k > k¢ and
s €[0,7),

ﬁ\/log(kT) \/10g k log(kT + s)
_— < <2 _—.
2 kr  — k— VT kt+s

4. RESOLVENT CONDITIONS FOR STABILITY OF DISCRETE SEMIGROUPS

First, we review resolvent characterizations of power boundedness and strong stability of discrete semigroups
on Hilbert spaces. A resolvent characterization of power bounded discrete semigroups has been obtained in
Theorem I1.1.12 of [10], which is an analogue of the characterization of uniformly bounded Cp-semigroups due
to [13, 35]. Moreover, a resolvent characterization of strongly stable discrete semigroups has been developed in
Theorem 3.11 of [36]; see also Theorem 11.2.23 of [10].

Theorem 4.1. Let X be a Hilbert space and let A € L(X) satisfy E1 C p(A). Then the following statements
hold:
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a) The discrete semigroup (A¥) ey is power bounded if and only if

2m
lim sup (r — 1)/ |R(re', A)z||?df < oo for all x € X and
0

rll

2m
lim sup (r — 1)/ [R(re?, A)*y|?dd < oo for ally € X.
rll 0

b) The discrete semigroup (AF)pen is strongly stable if and only if
2m )
hfll (r— 1)/ |R(re®, A)z||?’d0 =0 for all z € X and
T 0

2m
lim sup (r — 1)/ |R(re??, A)*y||?df < oo for ally € X.
rl 0

Next, we investigate a resolvent condition on the rate of decay for discrete semigroups on Hilbert spaces. To
this end, the following equalities given in Lemma II.1.11 of [10] are useful.

Lemma 4.2. Let X be a Banach space and let A € L(X) with spectral radius r(A). Then

rk+1 k+2

27
Ak = / ?FFD R(re?® A)df =
2 0

2
r i0(k+1) 0 A)240
27T(k+1)/0 e R(re*, A)

for all k € N and r > 1(A).
We state the discrete analogue of Lemma 3.2 in [39].

Proposition 4.3. Let (A*)ren be a power bounded discrete semigroup on a Hilbert space X. The following
statements hold for a fized x € X :

a) If |AFz| = o(k~°) as k — oo for some 0 < § < 1/2, then
27 )
hﬁlAé(T)/ |R(re®, A)z||>do = 0, (4.13)
r 0

where

=1t if0<d<1/2
Aslr) = {log(r —1 ifs=1/2.

b) If (4.13) holds for some 0 < § < 1/2, then ||A*x|| = o(k~?) as k — co. On the other hand, if (4.13) holds
for 6 =1/2, then

log k
AR :0< Oi ) (k — o0).
Proof. a) Assume that x € X satisfies |AFz|| = O(k™°) as k — oo for some 0 < § < 1/2. Take £ > 0 and

1 < r < 2. There exists ky € N such that

€
1A%z < 725 (4.14)
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for all k > ky. We obtain

1 2m ] oo 1 2w )
/. |R(re', A)z||?df = ZOOHQW/O ™ R(re', A)zdd

21
k=—

(4.15)

by Parseval’s equality for vector-valued functions, which can be proved by the scalar-valued Parseval’s equality
as done for Plancherel’s theorem in Section 1.8 of [2]. Noting that the first equality in Lemma 4.2 is true also
for k = 0, we have for each positive integer k,

[, i AF1y
by e* R(re? A)zdf = e

On the other hand, Cauchy’s integral theorem implies that for each non-positive integer k,

27
/ ™ R(re? A)zdd = fir*k/ 2RI - 2A)tadz = 0.
0 Ty,
Therefore, we have from the equality (4.15) that

1 0 [A*z]?
% HR( ' A) 33|| do = Z r2(k+1)

Since (A¥)gen is power bounded, it follows that M := sup,cy, [|A¥|| < co. Hence

S 1Ak
2(k+1
P r2(k+1)

< ko M?||z||%.

First suppose that 0 < § < 1/2. Then the estimate (4.14) yields

l1AaR=]? <1
Z Py Z k25r2k = r2 ; 125,200t

k=ko

We have that

XL [Terteer  T(-2))
0 t26T2t - 0 t26 - (210gr>1—25’

where I' is the Gamma, function. Since
log(v+1) - 1
v -2
for all 0 < v < 1, it follows that

AFgl? I'(1—26
Z A || el( )

7“2 (k+1) — 2(7" _ 1)1—26 '

k=ko
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Hence

eT(1 — 26)

5 < eD(1-20).

Qk];”2
hm su 1 20 ” < hm su r—1 1 25,1{3 M2 X 2 + hm su
L p(r §: r2(k+1) = i1 p( ) 0 [Eal i P

Since & > 0 was arbitrary, the desired conclusion (4.13) holds for 0 < 6 < 1/2.
Next we consider the case § = 1/2. By the well-known formula for the first polylogarithm (see, e.g., p. 3 of
[16]), we obtain

kz_: kr% = log r2—1’

Moreover,

log = log ! + log r <log ! = logr + | log(r — 1)|.
r—1 r r—1

r
r2 —1 +1

Therefore, the estimate (4.14) gives

At _ i
Z 2kt = r2 Z k‘r?’f = ?(IOgTJr |log(r — 1)]).
k=Fo —
-1

Since |log(r — 1)|7" — 0 as r | 1, we have

2 . _ elogr
hnTlJ/sup |log(r — 1)|~* Z ”2(k+|1‘ < hn:lslup | log(r — 1)|~* (kJOMQHmQ 2 ) —|—hnrlislup T— <e.

This proves that (4.13) holds for 6 = 1/2.
b) By Lemma 4.2 and the Cauchy-Schwartz inequality, we have that for all ,y € X, r > 1, and k € N,

k+2

(k)| < g [ KRG A0

2m(k+1) Jo
rk+2

2
- 760 —10 *
i (R e R A% a0

Tk+2 27 1/2 27 1/2
< 160 2 160 * 2 )
MHDMIWmMW@ @HW%MM@

Take r; > 1. Since (A¥)pen is power bounded, Theorem 4.1.a) and the uniform boundedness principle imply
that there exists a constant M; > 0 such that

27
(r— 1)/0 [R(re’, A%)y?d6 < M7 |y|

for all y € X and r € (1,r1). Hence

rk+2 r— m 4
Iakal < 3 e [ (M) [ R, el )

1/2
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forallz € X and r € (1,71). Put r:==1+ k%i-l Then

pkt2 1 k+2
(k+1)(r—1)<1+k+1) —e (k — 00).
Moreover, we obtain
_q (k+1)72° if0<é<1/2
m ) loetk+ 1) if 6 =1/2.

E+1

Hence, there exists k1 € N such that for all & > kq,

k2 P 2ek ifo0<d<1/2
<
B+ D=1\ As(r) = |9 lolfk if 5 =1/2.

Combining this estimate with (4.13), we obtain |AFz| = o(k=°) as k — oo for 0 < § < 1/2 and

log k
AFg|| = —
kg ( k)

as k — oo for § = 1/2. O

5. SPECTRUM AND SAMPLING

To apply Theorem 4.1 to the discretized system (3.9), we have to show that E; C p(A(7)) is satisfied. The
aim of this section is to prove the following theorem.

Theorem 5.1. If (Al), (A3), and (A4) hold, then there exists 7 > 0 such that By C p(A(7)) for all T € (0,7%).

First, we apply a spectral decomposition for A. Next, we prove the inclusion D? € D((—A — BF)?) for all
3 € [0,/). Using this inclusion, we also show that |1 — F(A — A)~'B| is bounded from below by a positive
constant on p(A) N Cy. This estimate for the continuous-time system leads to an analogous estimate for the
discretized system, i.e., a lower bound of |1 — F(zI —T'(7))~*S(7)| on p(T(7)) NE,. Finally, the desired inclusion
E; C p(A(7)) is proved.

5.1. Spectral decomposition

We start by applying a spectral decomposition for A under (Al). A more general version of spectral
decompositions for unbounded operators can be found in Lemma 2.4.7 of [9] and Proposition IV.1.16 of [11].

Since only finite elements of (Ay)nen are in C_,, N (C\ Q4. v), there exists a smooth, positively oriented,
and simple closed curve ® in p(A) containing o(A) N Cy in its interior and o(A) N (C\ Cyp) in its exterior. The
operator

1
= I—A)~tdx 1
3t LA = 4) (5.16)
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is a projection on X and yields the decomposition
X=Xt X",
where
Xt =1IX, X =({I-1I)X.
We have that dim X+ < oo. Moreover, Xt and X~ are T'(¢)-invariant for all ¢ > 0. Define
At = Alxs, A =Alx-.
Then
o(AT) =0(A)NCy, (A7) =0(A)N(C\Cy).
Let N,, Ny, € N satisfy

Dn:1<n<N,—1}={\,:neN}NCy=0c(A") (5.17)
A i1<n< N, =1} ={A :neNIN(C_y,N(C\ D y)) (5.18)

by changing the order of (A, )nen if necessary. By construction, we obtain Ny, > N,. The series expansions of
AT and A~ are given by

Z T )¢, forallz™ € D(AT) = XT
2 Anla unidn forallfeD(A‘):{feX‘r > An|2|<x-,wn>2<oo}.

n=N, n=N,
For all A € p(A), X* and X~ are (A — A)~!-invariant and
N =AY =N -A) Yy, W—-A) = -A4)" %,
For t > 0, we define

TH(t) =TM)|x+, T (1) =T()|x--

Then (T (t))t>0 and (T~ (t))s>0 are Cop-semigroups with generators AT and A~, respectively. The adjoint IT*
is also a projection on X and yields a spectral decomposition for A*. We define

X =1I'X, X :=(I-I"X.

The restriction A := A*| - of the adjoint A* is the generator of a Cy-semigroup (7, (t)):>0, where




ROBUSTNESS OF POLYNOMIAL STABILITY WITH RESPECT TO SAMPLING 17
for t > 0. Define
Bt =1IB, B ==({I-I)B, F":=F|x+, F =F|x.
From (3.6), we have that

BTu=b"u, B u=0bu forallueC
Frat = (zt f*) forallzt e Xt
F o7 ={x7,f7) forallz™ € X,
where b :=1Ib, b~ = (I — )b, f+ :=1*f, and f~ = (I — II*)f.

The polynomial stability of (7'~ (t))¢>0 and (T, (¢))¢>0 under (Al) and (A2) is an immediate consequence of
the equivalence between a) and c) in Theorem 2.2.

Lemma 5.2. If (Al) and (A2) hold, then the Cy-semigroups (T~ (t))i>0 and (T, (t))i>0 constructed as above
are polynomially stable with parameter o.

5.2. Inclusion D? C D((—A — BF)E) for 0 <3< p3

Let a Riesz-spectral operator A on a Hilbert space X generate a Cyp-semigroup. Let B € £(C, X) and F €
L(X,C) be such that A+ BF is the generator of a uniformly bounded Cp-semigroup. Then, the fractional
power (—A — BF)? is well defined for every 8 > 0. We will show that if ran(B) C D? for some 3 > 0, then

DP c D((—A — BF)P) holds for all 3 € [0, 3). To this end, the following result is useful; see Lemma 5.4 of [39]
for the proof.

Lemma 5.3. Let X be a Banach space and let V € L(X). Suppose that A and A+ V are the generators
of exponentially stable Cy-semigroups on X. Then D((—A)**) C D((—A — V)*2) for all aq, a0 € (0,1) with
g < 0.

We investigate the relation between D(A™) and D((A + BF)™) for n € N.

Lemma 5.4. Let A be a linear operator on a Banach space X and let F' € L(X,C). Define B € L(C, X)
by Bu = bu for u € C, where b € X. Then the following assertion holds for all n € N: If x € D(A™) and
be D(A™Y), then x € D((A+ BF)™) and

(A4+BF)"z = A"z + ¢ 1 A" b+ -+ 4 qob, (5.19)

where ¢, = F(A+ BF)" ™ lx € C form=0,...,n— 1.
Proof. We prove the assertion by induction. In the case n = 1, x € D(A) satisfies z € D(A + BF) and (A +
BF)x = Az + (Fz)b. Now, assume that the assertion holds for some n € N. Let € D(A"*1) and b € D(A™).
Then A"z € D(A) and
A™b e D(A)

for all m =0,...,n — 1. This and the inductive assumption imply

(A+ BF)'x € D(A) = D(A+ BF),
and hence x € D((A + BF)"*1). Moreover,

(A+ BF)""'g = A(A"z + (F2)A" b+ - + (F(A+ BF)" '2)b) + BF(A+ BF)"x
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= A"y + (Fr)A"b + - + (F(A+ BF)" '2)Ab + (F(A + BF)"z)b.
Thus, (5.19) holds when n is replaced by n + 1. O

Combining Lemmas 5.3 and 5.4, we obtain the following result.

Lemma 5.5. Let A be a Riesz-spectral operator on a Hilbert space X with simple eigenvalues (A )nen such that
sup, ey Re A, < 00 and 0 is not an accumulation point of the set {\, : n € N}. Define B € L(C,X) by Bu = bu
for u € C, where b € DP for some B > 0. Let F € L(X,C) be such that A~+ BF generates a uniformly bounded

Cy-semigroup on X. Then for all B € [0, 8), one has D? C D((—A — BF)P); in particular b € D((—A — BF)B).

Proof. There exists h > 0 such that A, := A — hl generates an exponentially stable Cy-semigroup on X. To
prove that D = D((—Ap)?), we take r > 0 so that D, has a finite number of the eigenvalues (A, )nen. Let
N, € N satisfy

{A:1<n< N, -1} ={\,:neN}ND,

by changing the order of (A, )nen if necessary. We decompose = € X into

N,.—1 0o
T = Z (@, ¥n)Pn + Z (T, %) Pn =t 21 + T2
n=1 n=N,

By construction, z; € D% N D((—Ah)ﬂ). Since inf,>n, [An| > 7 > 0, the equivalence between xo € DB and
x5 € D((—Ay)P) follows as in the proof of Lemma 3.2.11.c of [9]. Therefore, we obtain D? = D((—A4)").
Since

D((-4n)") € D((=Aw)), D((-A- BF)%) ¢ D((~A~ BF)’)

for every E € [0, B), it suffices to consider the case where n < 5 < B < n+1for somen € Ny. Put 5y .= 8 —n and
By = B —n. Take x € D = D((—Ap)?). We have from the first law of exponents (see, e.g., Proposition 3.1.1.c)
of [15]) that

D((—Ap)P) = {z € D(A}) : Az € D((—An)™)} (5.20)
D((—Ah - BF)/§> = {x € D((An + BF)") : (A + BF)"z € D((—Ah - BF)EO)} . (5.21)

Since z,b € D(A}), Lemma 5.4 implies that € D((A, + BF)") and
(Ap + BE)"z = Az + ¢ 1 A7 'b+ -+ + qob (5.22)
for some g, ...,qn—1 € C. By b € D(A}),
A"b € D(Ap) € D((—An)™)
for all m = 0,...,n — 1. Moreover, we have from x € D((—A)”) and (5.20) that

ny e D((—Ap)™).
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Hence (A}, + BF)"x € D((—A)%) by (5.22). Lemma 5.3 yields
D((=A™) € D((~An - BE)™),
and therefore
(Ap + BF)"z € D((—Ah - BF)E‘J).
This and (5.21) give x € D((—Ap — BF)E). Since D((—Ap — BF)E) =D((-A—- BF)E) by Proposition 3.1.9.a)
of [15], we conclude that D? ¢ D((—A — BF)#). O

5.3. Lower bound of |1 — FR(z,T(7))S(7)|

In this subsection, we complete the proof of Theorem 5.1, by showing that |1 — FR(z,T(7))S(7)| is bounded
from below by a positive constant on p(T(7)) NE;. First, we estimate |FR(\, A + BF)B| with the help of
Lemma 5.5.

Lemma 5.6. If (A1), (A3), and (A4) hold, then there exist constants M > 1, B € [0, 8], and 5 € [0,7] such
that

be D((—A - BF)E), fe D((—A* - F*B*ﬁ) (5.23)
and
|IFR(\, A+ BF)B| < M|(—A — BF)%b|| ||(—A* = F*B*)7f|| (5.24)

for all X € Cy.

Proof. If 8,7 € Ny, then we have from Lemma 5.4 that b € D((A+ BF)”) and f € D((A* + F*B*)"). Therefore,
(5.23) holds with 8 = 8 and ¥ =~. If 8+ v > «, then Lemma 5.5 implies that (5.23) and 8 +7 > « hold for
some S € [0, ) and 4 € [0,7). For such 8 and ¥, the inequality (5.24) immediately follows from Lemma 2.3. O

Using Lemma 5.6, we next obtain an estimate of |1 — FR(A, A)B|.
Lemma 5.7. If (A1), (A3), and (A4) hold, then there exists € > 0 such that

11— FR(\, A)B| > ¢

for all X\ € p(A) N Cy.
Proof. Let A € p(A). Then

A —A—BF =\ — A)(I — (M — A)~'BF).
Since o((AM — A)"IBF)\ {0} = o(F(M — A)7'B) \ {0} (see, e.g., (3) in Section II1.2 of [12]), we obtain
ANep(A+BF) & 1€p((AM[—A)7'BF) & 1€p(F(\—A)"'B).

Moreover, a simple calculation shows that

1
1— F(M — A)

5 =F(M -A-BF)"'B+1 (5.25)
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for all A € p(A) N p(A + BF). Hence Lemma 5.6 implies that there exists ¢ > 0 such that |1 — FR(\, A)B| > ¢
for all A € p(A) N C. O

The estimate on the continuous-time system obtained in Lemma 5.7 leads to an analogous estimate on the
discretized system as in the robustness analysis of exponential stability [31] and strong stability [38]. To show
this, we use the series expansion of R(z,T(7))S(7) under (A1), where S(7) is defined by (3.8). If 0 € p(A), then
S(7) is written as

S(r) = AN(T(r) ~ )B = Z (b, )b,

and hence the series expansion of R(z,T(7))S(7) is given by

et =1 (b )

z—e A\,

R(z,T(7))S(7) =

én (5.26)

n=1

for z € p(T(1)). If 0 & p(A), then 0 is a simple eigenvalue of A under (Al). Let ng € N satisfy A\,, =0
Analogously, we obtain

T 1 n
Rz, T(1)S(7) = —— (b:1x,,)0r,, + Z — ;ﬁ >¢n (5.27)

n#ngo

for z € p(T'(7)).

Recall that Ny, € N is chosen so that (5.18) holds. Therefore, A,, # 0 for all n > Ny,. For each n > Ny, the nth
term of the series expansion of R(z, T(7))S(7) satisfies the following estimate, which is obtained from arguments
similar to those in the proofs of Theorem 2.1 in [31] and Lemma 3.8 in [38].

Lemma 5.8. Suppose that (A1) holds. Let & > a and let Ny, € N be such that (5.18) holds. Then there exist
constants Y1, T > 0 such that

1-— eT)\" &
T o I < max {T1, To|An|*} (5.28)

forallT >0, z€ Eq, andn > Ny,.

Proof. Take 7 > 0 and z € E;. Let N, € N be as in (5.18). For n > Ny, we divide the proof into three cases:
(i) TRe A, < —1; (ii) TRe A, > —1 and Re A, < —w; and (iii) 7TRe A, > —1 and A, € Q4 v. For all cases, the
following inequality is useful:

Il_r/\nl
B - Y 50
s | S 1o T e [Rea|

for all n > Ny
First we consider the case (i) T Re A, < —1. By (5.18), we obtain |A,| > & for all n > N}, and some & > 0.
Therefore, the estimate (5.29) gives

1—e™n

z—eTAn

|1 —e™n
S 1ieTRe)\n

- (5.30)

‘ 1

1 ‘ 2
<

M| = (I—e Vi
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Next we examine the case (ii) 7 Re A\, > —1 and Re A\, < —w. The function

1—et

if A\ £ 0
g(A) =
1 ifA=0

is holomorphic on C. Therefore, there exists M7 > 0 such that |g(\)| < M; for all A € C satisfying —1 < Re A <0
and |ImA| <. For all A € C with [ImA| <7 and all ¢ € N, we obtain

1—¢e?

A £ 20mi)| =
9O\ 2| = | g T T n = 20

) <lgN)I-

Hence |g(A\)| < My if =1 <Re A < 0. This estimate on g shows that

1— e'r/\n

Poe] g, (5.31)
7[An]

Moreover, applying the mean value theorem to the function ¢ — e’ on [—1,0], we obtain

1—¢t

>e !
2]

for all ¢ € [—1,0]. This and the substitution ¢ = 7 Re A,, imply

1—e” Re A\, L
—_— > . 5.32
Rex,| =€ (5-32)
From the estimates (5.29), (5.31), and (5.32), we have
1-— e'r)‘" 1 €M1 6M1
|| < < . 5.33
z—e™n ‘)\n “|ReA,| T w (5:33)

Finally, we study the case (iii) 7Re A,, > —1 and A,, € Qq . It follow from A, € Q, v that

T

[Tm A, |

|Re Ay | >

Using the fact that |[A,| > & > 0 for all n > Ny, we have that for @ > a,

(5.34)

The estimates (5.31) and (5.32) hold also in the case (iii). Applying the estimates (5.31), (5.32), and (5.34) to
(5.29) yields

1— TAn _
© Anl®. (5.35)

‘1‘ €M1
<

z—emn | [\, | = YTre—o
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Define the constants T1, T > 0 by

2 M M
lezmax{ ¢ 1}, To i

(1—eHr' w T Yraa’

which are independent of 7 > 0 and z € E;. From the estimates (5.30), (5.33), and (5.35), we conclude that
(5.28) holds for all N > Ny,. O

Lemma 5.9. Suppose that (A1) holds. Let b € D? and f € D] for some 3, > 0 satisfying 3+~ > . If there
exists €. € (0,1) such that

11— FR(\ A)B| > e. (5.36)
for all X € p(A) N Cy, then, for any eq € (0,¢.), there exists 7* > 0 such that
|1 = FR(2,T(7))S(7)| > ea (5.37)

for all T € (0,7*) and z € p(T (7)) NE;.

The proof of Lemma 5.9 is based on the approximation approach developed in the proof of Theorem 2.1 of
[31] for the preservation of exponential stability under sampling. We decompose the transfer functions G(\) =
F(\I — A)7'B and H,(2) := F(2I — T(7))~1S(7) into finite-dimensional truncations and infinite-dimensional
tails with approximation order N € N:

N— 1 00
_ ¢n7 Z (bfmf>7 )\G[)(A)
n=1 n=N
N-1 x, 1 b e T)\-,L -1 n s
H,(z) = j_eﬂ,“" +Zz_eﬂ O Ond) ¢ i),
n=1 n

where, for simplicity of notation, we assume that 0 € {\,, : n € N}. The main idea of the approximation approach
in [31] is twofold. First, we prove that the infinite-dimensional tails become arbitrarily small as N increases.
Next, we show that if 7 > 0 is sufficiently small, then the finite-dimensional truncations with a fixed N € N are
close (except near the unstable poles) under the relationship z = e of the variable \ in the continuous-time
setting and the variable z in the discrete-time setting. For the infinite-dimensional tails, a treatment different
from the previous studies [31, 38] is required due to the geometric property of the eigenvalues of the generator
A and the conditions on the control operator B and the feedback operator F. On the other hand, the analysis
of the finite-dimensional truncations has no difficulty arising from polynomial stability. Hence, to the finite-
dimensional truncations, one can apply the arguments developed in the proof of Theorem 2.1 of [31] with only
minor modifications; see also the proof of Lemma 3.8 of [38].

Proof of Lemma 5.9. Step 1: Let N € N be such that (5.18) holds. We show that for all € > 0, there exists
Ng§ > Ny, such that

< .
e (5.38)

sup
AeCo

n=N

for all N > N§.
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As in the spectral decomposition described in Section 5.1, there exists a smooth, positively oriented, and
simple closed curve @y, in p(A) containing {\,, : 1 <n < Ny — 1} in its interior and o(A) \ {A\, : 1 <n < N, — 1}
in its exterior. Define the projection II;, on X by

1
Hb =

= M — A)7HA
2777; ‘bb( ) ’

and put X, = (I —II)X. For t > 0, define T} (t) == T(t)\Xb_. As in Lemma 5.2, (T}, (t))s>0 is a polynomially

stable Co-semigroup with parameter o on X . We denote by A, the generator of (T} (t)):>0-
Theorem 2.2 implies that

M = sup |[R(\ Ap)(—Ap) 7| < o
)\E(Co

For all n > Ny, and X € Cy,

M,

——— < NAD)(=AD) %12
|>\_>\n‘2‘/\n|2a —HR( ’ b)( b) ¢ ||

< RO A (=A5) = l|6nll®
< M?M,,.

Therefore,

1 My,
sup ————————— < M/ —
reTy 1A = Anl [An]® M,

for all n > Ny,. By (5.18), there exists a constant & > 0 such that [\,| > & for all n > N},. The Cauchy-Schwartz
inequality implies that for all N > Ny, and A € Cy,

S 1 Al 2T [(b, ) (P, £
LR R

M M oo (o)
< e\ 1L (Z IAnl2ﬂ|<b,wn>|2> (Z [An? |<¢n,f>|2>-
& \n=N n=N

A=A
n=N

> b7 n ns
5 (b, ) (¢ f>’

Since b € D and f € D], we obtain

o0 oo

S TP )P <00, DT AP [, I < 0. (5.39)

n=1 n=1

Hence, for all € > 0, there exists N§ > Ny, such that (5.38) holds.
Step 2: We shall show that for all € > 0, there exists Ng > N}, such that

i 1 _eT)\" . <b7wn><¢n7f> <

sup <
z—emn An

2€E1 |p=N

3 (5.40)

for all 7 > 0 and N > N§. Note that N is independent of 7.
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By Lemma 5.8 with & := 8 + +, there are constants Yy, To > 0 such that

1 —e™n . <b7 ’(/)n><¢n7 f>

z —eTn A

\ < (T3 + Lol P9 1B, 0] | (D .

for all 7 > 0, z € E{, and n > Ny,. Using the Cauchy-Schwartz inequality, we obtain

b

¢n H ¢na |+T2 Z |>\ ‘5+'y ¢n>||<¢naf>|

n=N n=N

) Emr)

L—e™ (b4 ><¢>m ‘ i

2 —eTrn

(Z [Anl?7 [(D, |2> (Z /\n|2”|<¢mf>2) (5.41)

n=N

for all N > Ny. As in Step 1, it follows from (5.39) and

Z ,Wn)|? < 00, Z|¢>m 2 < oo

that for all € > 0, there exists N§' > Ny, such that (5.40) holds.
Step 3: Let e, € (0,1) satisfy (5.36), and choose € € (0,e./3) arbitrarily. We have shown in Steps 1 and 2
that there exists Ng > Ny, such that for all N > Ny and 7 > 0,

sup Z W <e and (5.42a)
A€Co [p=N n

G 1- eT)\n b7 n >y
sup | > RS W 0. ;(0# f) <e. (5.42b)
2€E1 |p=N n

Let N > Ny. For simplicity of notation, we assume that A, is non-zero for all 1 <n < N — 1. When A, =0
for some 1 <n < N — 1, the corresponding term,

eT/\n -1 . <b7 wn><¢n, f>

z—emn

n

is just replaced by

7(b, ¥n){(Pn; f)
z—1

as in (5.27). We investigate the finite-dimensional truncation

eTA" -1 . <b, ¢n><¢naf>
N .
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This finite sum has no difficulty arising from polynomial stability, and hence we can apply the result on
exponential stability developed in [31], which is outlined for completeness.
For 7,7m,a > 0, define the sets g, 21, Q, and Q3 by

Qo={z=e":ReXA >0, [T\ <n}={z=¢":Rep>0, |yl <n}
Q={z=e¢?: A=A,/ >aforalll1 <n<N -1}

U{z=¢?:0<|\—A,| <aand (b,,) (¢, f) =0 for some 1 <n < N —1}
Qyi={z=e:0<|X\=\,| <aand (b,9,){pn, f) #0 for some 1 <n < N — 1}
Q3 :=E; \ Q.

Take 0 < < m. Then, for each z € €, there uniquely exists A € Cy such that z = e™ and |7\| < 1. This A
is the complex variable in the continuous-time setting corresponding to the complex variable z in the discrete-
time setting. Put a* := min{|\, — An|/2:1 <n,m < N — 1}. Then there is no A € C such that one has both
A= An] < a* and |A — A\p| < a* for some 1 < n,m < N — 1 with n # m. By Steps 3) and 4) of the proof of
Theorem 2.1 in [31], there exist 7* > 0, n € (0,7), and a € (0,a*) such that the following three statements hold
for all 7 € (0,7%):

a) ForalllgngN—l,onehase”“E(C\Qg. o
b) For all z € Qp Ny = Q4 and the corresponding A € Cy satisfying z = e and |TA| < 7,

N-1

(b, dm ¢n7 C1—e™n (b, ) (s f)
321 + E s . <e. (5.43)
c¢) For all z € (N Q) U3 = Qs,
_ TAn
1+ Z i ~ Zm (b, w”;fjb”’ Dl .. (5.44)

In what follows, 7,7, a > 0 are chosen so that the above statements a)-c) hold.
Suppose that z € p(T(7)) Ny, and let A € Cy satisfy z = ™ and |7A| < 5. Then \ € p(A). Combining the
estimates (5.42a), (5.42b), and (5.43) with the assumption (5.36), i.e

c- )(@n; f)
1-F\—-A)"'B o
1o =[5 el
we obtain
1—e” (b, V) (P, f)
1+Zz_en\n - > e — 3€.
On the other hand, if z € p(T'(7)) N Qs, then (5.42b) and (5.44) yield
1+Z Kbi\fjﬁn,f) >e.— €.
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Step 4: It remains to show that

(p(T()) N Q) U (p(T(1)) NQs) = p(T(7)) NEs. (5.45)
By definition,
(QoNQ)U(QNQ) =N UD) =\ {e™:1<n< N1}
Moreover, the statement a) above shows that
Q3n{e™ :1<n< N1} =0.
Hence

QU =(Q\{e™ :1<n<N-1H)UuQs
:(QQUQ3)\{GT>\"21§W/§N—1}
=E; \{e™":1<n<N-1}.

This yields

(p(T(7)) NQ) U (p(T(7)) NQs) = p(T(7)) N (2 UQs)

p
p(T(7)) N (Eq1\ {e™":1<n<N - 13}).

Since o(T'(7)) = {e™» : n € N}, we have that
p(T(7)) N (Ex \ {e™:1<n<N-— 1}) = p(T(7)) NE;.
Thus, (5.45) holds. O

The following result can be obtained by a slight modification of the proof of Lemma 4.6 in [38].

Lemma 5.10. Let A be a Riesz-spectral operator on a Hilbert space X with simple eigenvalues (A )nen. Let
Be L(C,X) and F € L(X,C) be such that A+ BF generates a uniformly bounded Cy-semigroup on X . Suppose
that only finite elements of (A\n)nen are contained in Co. If T > 0 satisfies

a) T(An — Am) # 20mi for all € € Z\ {0} and n,m € N with Ay, Ap, € Co; and
b) FR(z,T(1))S(r) # 1 for all z € p(T(7)) N Eq,

then E1 C p(A(T)).
The desired inclusion E; C p(A(7)) follows from Lemmas 5.7, 5.9, and 5.10.

Proof of Theorem 5.1: Lemmas 5.7 and 5.9, together with (A1), show that there exist € > 0 and 7* > 0 such
that for all 7 € (0,7%),

a) T(An — Am) # 2¢mi for all £ € Z\ {0} and n,m € N with 1 <n,m < N, —1; and
b) |1 = FR(z,T(7))S(r)| > € for all z € p(T(1)) NE;.

Hence we obtain E; C p(A(r)) for all 7 € (0,7*) by Lemma 5.10. O
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6. APPLICATION OF RESOLVENT CONDITIONS TO DISCRETIZED SYSTEM

In this section, we complete the proof of the main result, Theorem 3.3. To do so, we prove that for a sufficiently
small sampling period 7 > 0, the operator A(7) = T'(7) + S(7)F satisfies the integral conditions on resolvents
given in Theorem 4.1 and Proposition 4.3. We divide the resolvent R(z, A(7)) into two terms, by applying the
well-known Sherman-Morrison-Woodbury formula presented in the next lemma. This formula can be obtained
from a straightforward calculation.

Lemma 6.1. Let X and U be Banach spaces and let A: D(A) C X — X be a closed linear operator. Take
Be L(UX), Fe L(X,U), and A € p(A). If 1 € p(FR(X, A)B), then A € p(A+ BF) and

R(A\, A+ BF) = R(\, A) + R(\, A)B(I — FR(\, A)B)"'FR(, A).

Suppose that Assumption 3.2 hold. By Lemmas 5.7 and 5.9, if the sampling period 7 > 0 is sufficiently small,
then for all z € p(T'(7)) NEq, one has 1 € p(FR(z,T(7))S(7)). Hence the Sherman-Morrison-Woodbury formula
presented in Lemma 6.1 yields

R(z, T(T))S(T)FR(Z, T(T)) .

R(z,T(r) + S(1)F) = R(2,T(1)) + 1— FR(z,T(r))S(r)

In what follows, we separately investigate the integrals of ||R(z,T(7))||? and |R(z, T(7))S(7)FR(z, T(7))| >

6.1. Integral of ||R(z,T(7))||?
We obtain the following result on the integral of ||R(z,T(7))||? on circles in C.

Lemma 6.2. If (Al) and (A2) hold, then the Cy-semigroup (T'(t))i>0 satisfies the following properties for a
fized 7 > 0:

a) One has
2m ) 9
h?ll (r— 1)/ HR(re’e, T(r))z||"d0 =0 for allz € X and (6.46a)
T 0
2m
nﬁl (r — 1)/ ||R(re“’,T(r)*)y||2d9 =0 foralyecX. (6.46b)
r 0

b) Let 0 < 6 < /2. Then
2 ) 9
h?ll A(;/a(r)/ HR(rew,T(T))mH df =0 for allz € D° and (6.47a)
r 0
2m
nﬁlA&/a(r)/ HR(rew,T(T)*)yHQdH =0 forallye DS, (6.47b)
r 0

where Ns ;o is defined as in Proposition 4.3.

Proof. a) Take 7 > 0. To obtain (6.46a), we apply the spectral decomposition by the projection II given in
(5.16). Let x € X, and define 2+ :=Tlx € X+ and 2~ := (I —II)x € X . Since (d; + d2)? < 2(d? + d3) for every
dy,dy > 0, it follows that in order to show (6.46a), it suffices to show that

2m 27
hfll (r— 1)/ ’|R(7’ew,T(7')):c+H2d9 =0 and liﬁl (r— 1)/ ||R(7'ei0,T(7')):177H2d9 = 0.
r 0 r 0
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There exist constants 79 > 1 and cg > 0 such that |re® — e ™| > ¢y for all r € (1,79), 6 € [0,27), and
1<n < N,—1, where N, € N satisfies (5.17). We have that for all r € (1,79),

N,—1

27 . 2 2 1
/0 |R(re'?, T(r))a™*||"do < M, ; |<ac+,wn>l2/0 mde

N,—1
271’Mb =
<=2 Z:l (@, ). (6.48)

Therefore,

2m
liirll (r— 1)/ ||R(rei0,T(T))x+||2d9 =0.
T 0

Since the discrete semigroup (7~ (7)¥)ey is strongly stable by Lemma 5.2, we see from Theorem 4.1 that

2m
liﬁl (r—l)/ HR(rem,T_(T))x_HZdQ=O.
r 0

Hence (6.46a) holds. Applying the spectral decomposition for A* as in the case of A, we obtain (6.46D).
b) Take x € D°, and define 2+ =z € Xt and v~ := (I — II)z € X . From the estimate (6.48), we obtain

2m
hirll A(;/a(r)/ ’|R(rei9,T(T))x+H2d9 =0.
r 0

By Lemma 5.2, (T~ (t));>0 is polynomially stable with parameter a. Since 2~ € D((—A7)?%), it follows from
Theorem 2.2 that

1
L R e e ) I !

Proposition 4.3.a) implies that

27
h?ll A(g/a(r)/ HR(reiG,T* (1))~ H2d9 =0.
T 0
Therefore, (6.47a) holds. Analogously, we obtain (6.47b) by the spectral decomposition for A*. O

6.2. Integral of |R(z,T(7))S(T)FR(z,T(1))||?
Next, we study the integral of |R(z,T(7))S(1)FR(z,T(7))|?* on circles in C.

Proposition 6.3. Suppose that (A1) and (A2) hold. Let b € D? and f € D] for some B,y > 0 satisfying
B+ v > a. Then the following statements hold for a fized T > 0:

a) One has

2
lim. (7 — 1)/ |R(re®, T(r))S(r)||* | FR(re®, T(r)) ||d0 = 0. (6.49)
r 0



ROBUSTNESS OF POLYNOMIAL STABILITY WITH RESPECT TO SAMPLING 29

b) Let 0 <6 < af2. If 6 <1 orif B> «, then

2
ggAg/a(r)/o |R(re?®, () S(0)||* || F* R(re®, T*(r))|*d0 = 0 and (6.50a)
lim Ao (7 )/O "R, () S| | F R(re®, T~ (1)) (~ A7)~ a0 = 0, (6.50b)

where As ;o is defined as in Proposition 4.5.

To prove Proposition 6.3, we start with a simple result. Recall that b, b=, f*, and f~ were defined as
bt ==1Ib, b~ := (I — )b, f+ :=1*f, and f~ = (I — II*)f in Section 5.1.

Lemma 6.4. Suppose that (A1) holds. Let 7 > 0 and z € p(T(7)). Under the spectral decomposition described
in Section 5.1, the following inequalities hold for a fixed § > 0:

o) [|[FTR(z, TH ()l < [|R(Z, T(7)") S|
b) |IF~R(z, T~ (r)(=A7)°|| < [|IREZ T(r))(=A) 7 f~ |l
Proof. Let 7 > 0 and z € p(T'(7)) be given. The inequality in a) follows from

[ R (= T (7))

sup {|[FtR(z, T+ (7))at | : 2t € XT with [|2F]| = 1}
= sup {|[(R(z,T(n))a™, fF)| : 2 € X* with [l2*| = 1}
sup { [ (2, R(Z,T(r)*) f*)] - 2+ € X T with [l2”]| = 1}
|R(zT(r)") .

IN

In order to obtain the inequality in b), we again use

|F~R(2, T~ (7)) (—A7)"°

= sup {|(R(z,T(7))(=A7) 2™, f )| 12~ € X~ with [l27|| = 1}.

A routine calculation shows that

(R(zT(1)) (— A7), ) Z ’% D7) _ 0 Rz, 1)) (—AD) 0 )

n:Nd Z — e)\nT)

for all = € X, where N, € N satisfies (5.17). Therefore,
||F_R(Z7T_(T))(—A_)_6|| = sup {<$_7R(E,T(T)*)(—A:)_éf_> cx” € X7 with |27 = 1}
<|[RETE)=AD
is obtained. O

We divide the proof of (6.49) and (6.50) into three cases: (i) 8 > «; (ii) v > «; and (iii) 8,7 < «, as in the
proof of Lemma 19 in [26]. For the proof, we introduce some constants. Take 7 > 0, and let N}, € N be such
that (5.18) holds. Under (A2), there exist constants 7y > 1 and ¢; > 0 such that

|z —e™"| > ¢ (6.51)

forall zeD,, NE; and 1 <n < N, — 1.
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6.2.1. Case B> «
First, we consider the case 8 > a.

Lemma 6.5. Suppose that (A1) and (A2) hold. Let b € D? for some B> a and f € X. Then (6.49) holds for
a fized T > 0. Moreover, if 0 < 6 < /2, then (6.50) holds for a fized T > 0.

Proof. Let 7 > 0 be given. Since

)

|FR(=T(M)| = [|R(=T()7)f

for all z € p(T'(7)), it follows from Lemma 6.2.a) that

2
lim (r — 1)/0 |FR(re, T(r))||d8 = 0.

rll
In order to prove (6.49), it suffices to verify that

sup  ||R(z,T(1))S(7)|| < <. (6.52)

2€Dr; NEy

Take z € D, NE;. Recalling the series expansion (5.26) for R(z,T(7))S(7), we obtain

L—e™ (b ) |

eTAn )\n

IR(z,T())S(7)||”

By (A1) and (A2), there is a constant £ > 0 such that |[A,| > & for all n € N. By the estimate (6.51),

Np—1 T\, 2 T su ReAn\2 No—1
1—e™n (b,4y,) (14 e75UPnen e An) 2
. < b, V). 6.53
D e v I = 3 1086 (653)
Lemma 5.8 with a := 3 shows that

Nl i < n) <T2 12 " 2 (b 6.54
P S T3S Il 15, )] (6.54)

n=~Ny, n=Ny, n=Ny

for some constants Y1, Ty > 0 independent of 2. Since b € D?, the inequalities (6.53) and (6.54) yield (6.52).
Let 0 < 6 < a/2. To show the second assertion (6.50), we observe from the estimate (6.51) that

1

W, on)

e‘r)\

2
_ My
- Ma c

IR < g 3 [

for all y* € X and z € D,, N E;. By this inequality and Lemma 6.4.a),

2m 2m
lim sup A(g/a(r)/ HF+R( O T (r )H do < hmsup Asjal(r )/ ||R(rei0,T(T)*)f+||2d9
ril 0 0

=0.
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Combining Lemmas 6.2.b) and 6.4.b), we also obtain
27 ] 9
lim sup A(g/a<’l")/ HF‘R(re“g,T_(T))(—A_)_‘SH dé
rll 0

2
< lim sup A(;/a(r)/ HR(rew,T(T)*)(fA;)f‘sff||2d9
rll 0
=0.
The second assertion (6.50) then follows from the estimate (6.52). O

6.2.2. Case v > «

For the case v > « and the case 3,7 < a, we need a preliminary lemma. Note that a constant Y in the next
lemma depends on the sampling period 7 unlike the constants Y; and Y5 in Lemma 5.8, because we consider
the situation r | 1 for a fixed 7 > 0 in Proposition 6.3.

Lemma 6.6. Suppose that (Al) and (A2) hold. Fiz 7 > 0 and let r1 > 1 satisfy (6.51) for all z € D, NEy,
1<n < N, —1and some c; > 0. Then there exists a constant Yo > 0 such that for all z € D, NE; and n € N,

1
< Yo. (6.55)

|2 —emAn ] [An]™ T

Proof. Tf (A1) and (A2) hold, then we have a constant > 0 satisfying |\,| > & for all n € N. Since r; > 1 and
c1 > 0 are chosen so that (6.51) holds, it follows that

1 1

An|® T 1k®

|z —e™n

for all z € D,, NE; and 1 <n < N — 1. Let n > Ny, and z € E;. We consider the following three cases:
(i) TRe A, < —1; (ii) TRe A, > —1 and Re \,, < —w; and (iii) TRe A, > —1 and A, € Q, v, as in the proof of
Lemma 5.8. Moreover, we use the estimate

1 - 1 o 1
e eIl = (Lo Rl | T | TRe ] Pl
In the case (i) 7 Re A\, < —1, we have that
1 1

< .
[T — e ReXn[[Ap]e = (1—e 1)re

We next consider the case (ii) 7 Re A, > —1 and Re \,, < —w. The mean value theorem for the function ¢ — e
on [—1,0] shows that

for all ¢ € [—1,0]. Substituting ¢ = 7 Re A,,, we obtain

1 7eTRe/\n

- >e L :
7| Re A\, | =¢ (6.56)
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Hence
1 1 < e
o | TReA T < s

Finally, we study the case (iii) 7Re\,, > —1 and A, € Q4 v. Note that the estimate (6.56) holds also in the
case (iii). Since A, € Q, v implies

1 | Tm A, |
< )
Rern| = T
we obtain
1 1 < & [Im A, [ _ e
e | r[Reda|Aal® = 7T Aa]t T 7T

Define a constant Yo > 0 by

T 1 1 e e
= ma ) , , == ¢
0 * ak® (1—e )k Twke’ 7Y

Then (6.55) holds for all z € D,, NE; and n € N. O
We are now in a position to examine the case 7 > «.

Lemma 6.7. Suppose that (A1) and (A2) hold. Let b € X and f € DI for some v > . Then (6.49) holds for
a fized T > 0. Moreover, if 0 < 6 < min{l, a/2}, then (6.50) holds for a fized T > 0.

bo ::/ T(s)bds.
0

Proof. Take T > 0 arbitrarily, and define

Lemma 6.2.a) implies that

2w
lim (r — 1)/0 | R(re", T(7))bo||*d6 = 0.

rll
To obtain (6.49), it suffices to show that

sup  ||FR(z,T(7))|| < oo. (6.57)
2€D,, NEq

Under (A1) and (A2), there exists a constant £ > 0 such that |A,| > « for all n € N. Hence

IFRET@)]" = [[RE 70

[ Anl Y (£, &)
<
>~ MHQ(’Y ) Z |Z—6T/\" I)\n|2a
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for all z € D,, NE;. By Lemma 6.6, there exists a constant Yo > 0 such that for all z € D,, N E4,

Ml 02 o :
253|Z__67A Ewe R rD DI T

n=1

Therefore, we obtain (6.57) from f € D.
Let 0 < 0 < min{1, a/2}. Then by € D(A) C D°. Lemma 6.2.b) shows that

27
I%MMﬂ/HMMUWMWMza
r 0

Moreover, for all z € p(T(7)),

1P R(: T ()| = | FR(T() - | < [FRE 1))
and
1P~ Rz T (1) (~A7) || < ||FR(: T() |- || (=47 72| < [FR @) | [|(=47) ]|
Combining these estimates with (6.57) yields (6.50). O

6.2.3. Case B,v < «

Finally, we consider the case 3,7 < a. For this case, we use the following simplified version of the moment
inequality. We refer to Proposition 6.6.4 of [15] and Theorem I1.5.34 of [11] for the proof of the moment inequality.

Proposition 6.8. Let A be the generator of a uniformly bounded Cy-semigroup on a Banach space X such that
0 € p(A). Let 0 < 5 < a. Then there ezists a constant ¢ > 0 such that

I(=A) || < cllal'=7/= [[(-4) x| ¥/

forallx € X.
In the case (8,7 < a, we prove (6.49) and (6.50) separately.

Lemma 6.9. Suppose that (A1) and (A2) hold. Let 0 < B,y < a and B+~ > . If b€ D? and f € DI, then
(6.49) holds for a fixed T > 0.

Proof. By assumption, we obtain 3,7 > 0. There exist 0 < 87 < 8 and 0 < 7; < v such that 5; +v; = «. Since
be DP and f € DI, we obtain b~ € D((—A7)%) and f~ € D((—A7)™).
Take 7> 0 and z € D, NE; C p(T(7)), where 71 > 1 is chosen so that (6.51) holds for some ¢; > 0. Define

by = /T T(s)(—A7)Pb~ds e X~ (6.58)
0

Since the resolvent R(z, T~ (7)) and the operator on X~

zr—>/ s)x~ds
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commute with (—A~) by Proposition 3.1.1.f) of [15], it follows that

(—A_)’BIR(Z,T_(T))/ T~ (s)b~ds = R(z, T~ (1))b1. (6.59)
0
By the moment inequality given in Proposition 6.8, there exists ¢; > 0 such that

I(=A7) e || < qulla |/ || (= A7) "B/

for all = € X~. Applying this inequality to = = R(z,7 (7))b1, we have from (6.59) that

= [[(=A7) P R(= T ()b

HR(Z,T(T)) /OT T(s)b~ds
< a||R(zTE) by || (A7) R (2, T (7)) b |

Hence

T

1R (= T(1)S(r)|| < HR(z,T(T))/O T(s)b*ds
< HR(Z,T(T)) /OT T(s)b*ds

+ HR(Z,T<T)) OTT(s)b_ds

+ a1 |R(z, T@)ba || 7 |[(= A7) R (2, T (7)) ||
(6.60)

Using Lemma 6.6, we obtain

A-)—@ b b1,¢n>|2
|4 =R T @)l < M, Z e P

M,
< 7T0”61”2

for some YTg > 0. Therefore,

B1/c
(=47 R(z T ()| < (x/ ﬁ:mw) = @1. (6.61)

Combining the estimates (6.60) and (6.61), we obtain
+qw ||R(z, T()b |77 (6.62)

|R(z,T(7))S(r)|| < HR(z,T(T)) /OT T(s)b*ds

Define f; = (—A;)"f~ € X, . Then

R(EaT(T)*)fi = (7A;)7’Y1R<27 T;(T))fl

By the moment inequality given in Proposition 6.8, there exists ¢ > 0 such that

IRETE) | < @ |RETE AT (-4 RE T (@) A
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Then
[FR(= T()|| < [|[RETE) ]+ [RETE))

< [RETE) |+ |RETE AT A0 RET @) A

As in (6.61), we obtain
Y1/
||(7A;)*(¥R(E,T;(T))le’Yl/a < < /%ZTOHfﬂ) = ws.

Hence

IFR(z, T(7)|| < |RE T()) ]| + soms |R(E T()*) A ]| (6.63)

Define

Then we have from 31 + v, = «a that 1/p + 1/q = 1. Since (d; + d2)? < 2(d? + d3) for all dy,dy > 0, it follows
from the estimates (6.62) and (6.63) that

1R (= T(1) S|P [|FR(= ()| < 4 (HR(z,T(T)) /OTT(s)bers
< (1R 7)) 7P + (2 | BETE) A

2
+ (am)? R T MM“)

By Holder’s inequality and Lemma 6.2.a),

27
limsup(rfl)/ [R(re®, T(r))ou || | R(re=, T()") ]|/ a0
rll 0

27 _ ) 1/p 27 _ ) 1/q
< lim sup <(r — 1)/ ||R(rew,T(7'))b1H d0> - lim sup <(r — 1)/ ||R(rew,T(7')*)f1|| d@)
rll 0 rll 0
=0.

Since the estimate (6.51) yields

atn) _ My 2t
zt L et 1
|R(z, ()2 ||* < M, Z EoeMES AL 2 (6.64)

for all T € X, it follows that

2p
dg = 0.

R(reie,T(T)) /OT T(s)b*ds

2m
limsup (r — 1)/
0

rll
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Using Holder’s inequality and Lemma 6.2.a) again, we obtain

2
[ R(re=i, T(r)*) ]|/ “d6

2p 1/p
)

27
lim sup (r — 1)/
0

rll

2m
<limsup [ (r — 1)/
rll 0

« limsup ((r -y | T RGe, 7)) f1||2d9) v

R(reia,T(T)) /OT T(s)b"ds

R(rew,T(T)) /OT T(s)b*ds

rll

=0.

Similarly,
27
lim sup (r — 1)/ HR(rew,T(T))lnHQ/p HR(re_w,T(T)*)f"’HQdG =0
rll 0
and
2m T 2
lim sup (r — 1)/ R(re®, (1)) / T(s)bTds HR(re_ie,T(T)*)fﬂFdQ =0.
rll 0 0

Thus, the desired conclusion (6.49) is obtained. O

Lemma 6.10. Suppose that (A1) and (A2) hold. Let b € DP and f € D] for some 0 < B,v < a satisfying
B+v>a. If0<d<min{l, a/2}, then (6.50) holds for a fized T > 0.

Proof. Let 81,71 > 0 be as in the proof of Lemma 6.9. If 0 < § < min{1, «/2}, then b; defined by (6.58) satisfies
by € D(A™) C D((—A7)?%). By f~ € D((—A;)"), we obtain

o= (AD) (=AD" € D((-AY)Y).
Take 7 > 0 arbitrarily. Since (—A;) ™% f~ = (=A7) ™" fo, it follows that for all z € p(T(7)),
1RE 7)) (=AD" | = [RETE)) (A £
Lemma 6.4 yields
[ R(= TH(m) || < IR T(7)) £
and
17 Rz T (1) (= A7) || < R T(r)) (= 40) " fol |

for all z € p(T'(7)). Therefore, we obtain (6.50) by arguments similar to those proving (6.49), i.e., a combination
of the moment inequality, the Holder’s inequality, and Lemma 6.2.b). O

Proof of Proposition 6.3. The assertion follows immediately from Lemmas 6.5, 6.7, 6.9, and 6.10. O
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6.3. Proof of Theorem 3.3

Now we are able to prove the main result.

Proof of Theorem 3.3. By Theorem 5.1 and the combination of Lemmas 5.7 and 5.9, there exist My > 0 and
7* > 0 such that for all 7 € (0,7*), we obtain E; C p(A(7)) and

1
1— FR(z,T(7))S(7) < Mo

for all z € p(T (7)) NE;. Take 7 € (0,7*). By (A1), there exists 79 > 1 such that re?’ € p(T(7)) for all r € (1,7)
and 0 € [0, 27). By the Sherman-Morrison-Woodbury formula given in Lemma 6.1, we obtain

R(re", T(7))S(r)FR(re", T(7))z

R(re" , T(r) + S(7)F)z = R(re, T . 6.65
(e T(7) 4 S ) = RO, T+ 3 e o s (6.65)

forall z € X, r € (1,r9), and 6 € [0, 27).

a) If we show that
2 ) 9

liJI/rll (r— 1)/ |R(re, A(r))z||"d0 = 0 for all 2 € X and (6.66a)

r 0

2m
lim sup (r — 1)/ ||R(rei9, A(T)*)y||2d9 <oo forallye X, (6.66Db)

rll 0

then the discrete semigroup (A(7)¥)ren is strongly stable by Theorem 4.1, and therefore Proposition 3.4.a)
implies that the sampled-data system (3.5) is strongly stable.
Since (dy + do)? < 2(d? + d3) for all dy,ds > 0, the Sherman-Morrison-Woodbury formula (6.65) yields

/ﬂ||R(rei9,T(7')+S(T)F)x||2d9 < 2/ " |R(re®, T (7)) |26
0 0
+2M02||x\|2/0 |R(re, T())S(r)||* || FR(re®, T(r))||*d6

for all z € X and r € (1,ry). By applying Lemma 6.2.a) and Proposition 6.3.a) to the first and second terms on
the right-hand side of this inequality, respectively, we obtain (6.66a) for all z € X. A similar calculation shows
that (6.66b) holds for all y € Y. In fact, a stronger result than (6.66b),

27
liirll (r— 1)/ HR(rew, A(T)*)yH2d0 =0, ye X,
T 0

is obtained from the following estimate:

* 2

R(rew7 T(T))S’(T)FR(Teig, T(T))
1— FR(rew, T(T))S(T)

R(re”, T(7)) "y + y|| do

/w||R(rew,T(7')+S(T)F)*y||2d9:/ i
0 0

27
< 2/ HR(rei‘g,T(T)*)yH2d9
0

27
+ 2M2||y|? /O |R(re?®, T(r))S()||* || FR(re?, T(7)) || *d6
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forally € X and r € (1,79).

b) Let 0 < § < /2, and assume that § <1 or 8> . Let € D% and define 2 = Ilz and 2~ = (I — )z,
where 1T is the projection operator given in (5.16). Then 2~ € D((—A~)?), and hence = = (—A~)7%¢~ for
some £~ € X~ For all z € p(T (7)),

FR(z,T(7))x = F*R(z,T*(r))a* + F~R(z, T~ (r))(-A")~%¢".

Since (dq + da + d3)? < 3(d? + d3 + d3) for all dy,ds, d3 > 0, the Sherman-Morrison-Woodbury formula (6.65)
yields

2
/ IR(rei®, T(r) + S(r)F)z|2d0
0
2 27
§3/ HR(rei97T(T))x’|2d0+3M§Hx+H2/ |R(re, T(7))S(7)||* || F* R(re®, T (1)) || *d0
0 0

27
+3M§H§*||2/0 |R(re?®, T(r))S()||* || F~ R(re?, T~ (7)) (—A7)~°||"dd.

We apply Lemma 6.2.b) to the first term on the right-hand side and Proposition 6.3.b) to the second and third
terms. Then we obtain

2
liﬁl A(;/a(r)/ HR(rew,A(T))xHQdH =0.
u 0

We have shown in the proof of a) that the discrete semigroup (A(7)*)xen is strongly stable. Therefore, it is
power bounded. Proposition 4.3.b) implies that for all 2 € D?,

o(k=%/e) if0<6<a/2

|A(r) | =
0 lolfk it 6 = a/2

as k — oo. By Proposition 3.4.b) and the subsequent discussion, we conclude that for every initial state 20 € D?,
the state z of the sampled-data system (3.5) satisfies

o(t=0/%) if0<d<a/2

=1 () s

as t — oo. ]
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7. EXAMPLE

Consider the controlled wave equation with Dirichlet boundary conditions

92 92
S () = a%f(&t) Fho()ult), 0<E<1, t>0
w(0,t) =w(l,t) =0, t>0 (7.67)

0
w(€,0) = wo(§), F(6,0) = wi(€), 0<E<,

where by: [0,1] — R is a shaping function around the control point and u(t) € R is the control input at time
t > 0. First, we write the equation (7.67) as an abstract evolution equation; see Example 3.2.16 in [9] and
Example VI.8.3 in [11] for details. Define the operator Ag: D(Ay) C L?(0,1) — L?(0,1) by

d*w
AQU} = TEZ
with domain D(Ag) == H?(0,1) N H}(0,1) = {w € H?*(0,1) : w(0) = w(1) = 0}. The operator —Ag is self-
adjoint and positive definite on L?(0,1). Hence there exists a unique positive definite square root (—Ag)'/?
with domain D((—A¢)'/?) = H}(0,1) = {w € H'(0,1) : w(0) = w(1) = 0}. Define the Hilbert space X :=
D((—Ap)'/?) x L?(0,1) endowed with the inner product

[ 1/2 B 1/2 , _|*1 I 1
(z,y) = <( Ag)Fx, (—Ao) y1>L2+<562,y2>L, x [362] eX,y [yJ € X.

Let by € L%(0,1), and put

0
b= {bo} eX
Define
0 I
=4 o

Then the controlled wave equation (7.67) can be written in the form & = A;x + Bu, where

w(-,t)
z(t) = | dw , t>0.
E("t)

We denote by H~1(0,1) the dual of H}(0,1) with respect to the pivot space L?(0,1). The duality pairing
between H;(0,1) and H~'(0, 1) is denoted by (g, ) g1 g1 for g € Hg(0,1) and v € H='(0,1). Then Ay has a
unique extension such that Ay € L(H(0,1), H=1(0,1)), and this extension is unitary; see Corollary 3.4.6 and
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Proposition 3.5.1 of [37]. Let ¢; € H~1(0,1) and (3,19 € L%(0,1). We now consider the perturbed wave equation

0w B 8%w

0
G (60 = ZE (€0 + b(Oult) + (<w,<1>H57H-1 n <;;<>) w(E), 0<E<T, 120
w(0,t) =w(l,t) =0, t>0 (7.68)

w(E,0) = wo(€). 22(e,0) = wi(€), 0<E<1
Put
[ e e[
and define V € £(X) by
Vo= 001 (e oG] ] €

which is in the form of one-rank perturbations. The perturbed wave equation (7.68) is transformed into the
abstract evolution equation & = Az + Bu, where A := Ay +V with domain D(A) = D(A;). Assume that the
perturbations (i, (2, and 7y are chosen so that A is a Riesz-spectral operator of the form (2.3) and has the
spectral properties (A1) and (A2). Such perturbations (1, (2, and 79 can be constructed with minor modifications
of the proof of Theorem 13 in [22]; see also Theorem 1 in [40].

We apply the spectral decomposition by the projection IT given in (5.16). Let N, € N satisfy (5.17), and
assume that (b,¢,) # 0 for all n = 1,..., N, — 1. This condition on b is satisfied if and only if there exists
f1 € X =TI*X such that the matrix

/\1 0 <ba ¢1>
+ : (o1, f1) - (Ona—1,f1)] (7.69)
0 AN, -1 (0, ¥n,-1)

is Hurwitz; see, e.g., Theorem 8.2.3 of [9]. Choose f; € X such that the matrix given in (7.69) is Hurwitz, and
define Fy € L(X,C) by

le = <:177.f1>a z e X.
Since (T~ (t))¢>0 is polynomially stable with parameter «, the Cy-semigroup (Tsr, (t))i>0 generated by A+ BF}
has the same stability property by Theorem 9 of [25].

Let 8,7 > 0 satisfy 8+~ > a. Assume that b € D?, and take f, € D]. We choose B € [0,8) and ¥ € [0,7)
such that 8475 > a. Since b € D? and f; € D], Lemma 5.5 implies that

be D((—A - BFl)E), fa € D((—A* - Fl*B*)W).

Define the feedback operator F' € L(X,C) by Fz = (z, f1 + f2) for z € X. By Theorem 6 of [26], there exists
¢ > 0 such that A + BF also generates a polynomially stable Cy-semigroup with parameter o whenever

|(—A* = FyB*) fo| < c. (7.70)
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Hence, if fi € X and f» € DY are chosen so that the matrix given in (7.69) is Hurwitz and the norm condition
(7.70) holds, then Assumption 3.2 is satisfied, and by Theorem 3.3, the sampled-data system (3.5) is strongly
stable for all sufficiently small sampling periods. Moreover, let o = 2. Then D%/? = D(A) = D(A;), and therefore
the state = of the sampled-data system (3.5) satisfies

el =o (2] w0

for every initial state 2° € D(A;) = (H?(0,1) N Hg(0,1)) x H3(0,1).

8. CONCLUSION

We have studied the robustness of polynomial stability with respect to sampling. The generator we consider is
a Riesz-spectral operator whose eigenvalues may approach the imaginary axis asymptotically. We have presented
conditions for the preservation of strong stability under fast sampling. Moreover, an estimate for the rate of
decay of the state has been provided for the sampled-data system with a smooth initial state and a sufficiently
small sampling period. Future work will focus on relaxing the assumption on the generator and addressing
systems with multi- and infinite-dimensional input spaces.
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