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Abstract

Direct numerical simulations (DNSs) of incompressible turbulence have been

performed since the late 1960s, but simulations that reproduce strongly nonlin-

ear turbulent flows as in the real-world have not been realized.

A DNS code was parallelized by the pencil decomposition and optimized for

the vector-type supercomputer SX-Aurora TSUBASA. Applying a loop blocking

technique to optimize the code, it is found that some loops of three-dimensional

fast Fourier Transforms have the optimal loop blocking size with which the DNS

code exhibits good performance. 3.3-fold speedup is obtained by the optimized

DNS code compared to the time for the original code. A computation time

estimation model for large-scale DNS is also constructed based on the measured

throughput data of all-to-all communication on SX-Aurora TSUBASA. A step

of the Runge-Kutta time integration needs a minute for the DNS with 18, 4323

grid points on 16,384 VEs of SX-Aurora TSUBASA.
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1. Introduction

It is extremely important to elucidate real fluid flows because those exists

everywhere around us in scientific and engineering field. In particular, prop-

erties and statistics of turbulent flows has been explored for a long time. The

Navier-Stokes equation is well-known to represent fluid flows, but its analytical5

solution are not clarified except for very simple flows. Direct numerical simu-

lations (DNSs) of the Navier-Stokes equation are only solutions to tackle this

difficult problem. Among these simulations, DNS for incompressible isotropic

homogeneous turbulent flows is considered as a canonical problem and many

studies on these flows have been performed since the late 1960s [1, 2].10

With the recent remarkable development of supercomputers in terms of ca-

pacities and capabilities, large-scale DNSs with appropriate implementation to

supercomputers having special architecture are possible to carry out. The DNS

with 12, 2883 grid points of which the Taylor scale Reynolds number is ap-

proximately 2,300 was performed on the K computer at RIKEN Center for15

Computational Sciences [3]. The DNS using GPUs with 18, 4323 grid points

on the Summit at Oak Ridge National Laboratory was reported [4]. How-

ever, those DNSs that reproduce strongly nonlinear turbulent flows as in the

real-world have not been realized even with such cutting-edge supercomputer

systems. Recently announced supercomputer SX-Aurora TSUBASA inheriting20

vector operation architectures has many attractive functions and is expected to

make larger scale DNSs.

We have developed a parallel Fourier spectral DNS code applying a two-

dimensional domain decomposition for twenty years, in which an original three-

dimensional Fast Fourier Transforms (3D-FFT) library written in Fortran is25

incorporated so that the code can be modified freely to achieve high performance

on various supercomputer systems.

In this study, the DNS code are optimized on the SX-Aurora TSUBASA.

Firstly, a parallel DNS code implementation is presented, followed by optimiza-

tion of the code and its performance evaluation. A computation time estimation30
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model for larger size DNS constructed from measurement results for data com-

munication on the SX-Aurora TSUBASA is also given.

2. Basic Equations and Their Discretization

We consider homogeneous isotropic turbulent flows that obey the incom-

pressible Navier-Stokes equation and the continuum equation

∂u

∂t
+ (u · ∇)u = −∇p+ ν∇2u + f , and (1)

∇ · u = 0, (2)

in a periodic box of the side length 2π. Here u = (u1, u2, u3), p, ν, and

f = (f1, f2, f3) denote velocity, pressure, kinematic viscosity, and external force,35

respectively (see [5] for details of the external force). Since the boundary condi-

tion is periodic, the Fourier spectral method can be applied for discretization.

Then, equations (1) are written as(
d

dt
+ ν|k|2

)
ûi(k) =

(
δij −

kikj
|k|2

)
ĥj(k) + f̂i(k), (3)

where equation (2) is used to eliminate the pressure term. In equation (3),

k = (k1, k2, k3)(−N
2 ≤ ki ≤ N

2 − 1, i = 1, 2, 3) is the wavenumber vector, N is

the number of grid points in each of the Cartesian coordinates in the physical40

space, ĥj(k) =
√
−1 kl ûjul is the nonlinear term, and the hat symbol ˆ denotes

the Fourier coefficients. The ordinary differential equations (ODEs) in terms of

ûi(k) are integrated by the fourth-order Runge-Kutta-Gill (RKG) method.

In calculating the nonlinear term ĥj(k) which is expressed as a convolution

sum in the wave vector space, the fast Fourier transform (FFT) can be efficiently45

used to reduce computational time. Aliasing errors induced by the spectral

transform method are removed by a phase shift method (Fig. 1) and a cutoff of

the modes k satisfying |k| > (
√

2/3)N .

2.1. Code Parallelization

In DNS by the spectral method, most of the computation time is associated50

with evaluating the alias-free nonlinear terms, and the three-dimensional fast
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(b) Phase shift series(a) Normal series

Figure 1: Phase shift method

Figure 2: Schematic diagram of 3D-FFT procedure parallelized by the pencil decomposition.

Fourier Transforms (3D-FFTs) are used in the evaluation that require data

transfer among all processes in the parallel computation.

We have developed a parallel DNS code in Fortran 90 using the Message

Passing Interface (MPI) and OpenMP for parallel processing. Two-directional55

domain decomposition or pencil decomposition for MPI parallelization is applied

for the data distribution.

Figure 2 shows a parallel 3D-FFT procedure used in the code. The complex

valuable data in the wavenumber space are partitioned among MPI processes in

y- and z-directions first. After executing the one-dimensional FFTs (1D-FFTs)60

in the x-direction, the domain decomposition changes to the z- and x-directions
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by performing all-to-all communications among the x-y plane processes. After

executing the 1D-FFTs in the y-direction, the domain decomposition changes

to the x- and y-directions by performing all-to-all communications among the

y-z plane processes in the same manner. Finally, the 1D-FFTs are executed for65

the data in the z-direction.

2.2. Data transposition in 3D-FFT

Figure 3 describes a schematic calculation sequence of 3D-FFT in detail.

After 1D-FFTs are applied to multiple x-directional data that are located in

memory of a process, the data in the y- and z-directions are distributed over70

processes. Therefore, the data on a process should be rearranged so that the

data in the y-direction are gathered in a process and 1D-FFTs are applied to

the data in y-direction. Firstly, the data are re-ordered on memory in a process

so that a bunch of data to be transferred to an appropriate destination process

by an MPI function become contiguous on memory, then data transposition in75

x-y slab among processes are carried out, and then the transferred data are re-

ordered in a process so that data in y-direction to be contiguous on memory. The

same operation should be taken in applying 1D-FFTs to data in the z-direction.

X-direction FFT

Y-direction FFT

Z-direction FFT

Data re-arrangement in a process

Data transposition in x-y plane among processes

Data re-arrangement in a process

Data re-arrangement in a process

Data transposition in y-z plane among processes

Data re-arrangement in a process

Figure 3: Flowchart of parallel 3D-FFT calculation
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Figure 4: Configuration of SX-Aurora TSUBASA B401-8 model

In the implementation, we created two sub-communicators, com1 and com2,80

each of which contains several x-y or y-z planes or slabs, using the MPI function

MPI Comm split so that all-to-all communication can be confined in each slab

in each sub-communicator. Note that an allocation of MPI processes to the

compute nodes is quite important, because, in some cases, processes in the

same communicator are assigned to distant nodes from the viewpoint of intra-85

network configuration and all-to-all data transposition time differs between two

communicators.

3. Code Optimization to SX-Aurora TSUBASA

3.1. Overview of SX-Aurora TSUBASA

The SX-Aurora TSUBASA is a vector-type supercomputer that has a distin-90

guished system architecture compared to previous SX-series supercomputers[6,

7]. The base unit called the vector host island (VH island) consists primarily of

a vector host (VH) and one or more vector engines (VEs). The VH is a stan-

dard server with one or two x86 architecture processors on which a standard

Linux operating system (OS) is operated. A VE is implemented as a Periph-95

eral Component Interconnect Express (PCIe) card, on which a vector processor

is mounted with six high-bandwidth memory (HBM2) modules. The vector

processor consists of eight vector cores, a 16 MB last-level-cache (LLC), and a

VE direct memory access (DMA) engine. The LLC is connected to each core

through a two-dimensional (2D) intra-network with a total cache bandwidth of100
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Figure 5: Calculation time of 3D-FFT

3.0 TB/s. The system consisting of multiple VH islands can be built by con-

necting them with the InfiniBand (IB) network via IB host channel adapters

(IB-HCA) that are attached to the VH through PCIe Gen4 and has 12GB/s

bandwidth. Legacy programs developed on the conventional vector system can

be utilized as they are and can be carried out with high performance. In this105

study, SX-Aurora TSUBASA model B401-8 is taken as the VH island for per-

formance evaluation into consideration (Fig. 4).

3.2. Performance of the original code

Most of the calculation time of the spectral DNS code is consumed in the

3D-FFT to compute non-linear terms of the Navier-Stokes equation. It is crucial110

to reduce 3D-FFT computation time to make long time steps RKG integration

so that flow fields reach stationary states statistically.

We measured the parallel 3D-FFT calculation time by dividing it into three

parts that are so-called butterfly operations time (referred to as CALC), data

re-arrangement time on memory in a process (referred to as TRANS), and all-115

to-all data transpose time among parallel processes (referred to as COMM) for

20483 grid data. Computation time of 3D-FFT by changing the total number

of processes of 64, 128, and 256 is shown in Fig. 5. Each color denotes the
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Table 1: Averaged vector length and vectorization ratio of CALC and LLC hit ratio of

TRANS for n = 20483

Number of processes (p1, p2)

CALC TRANS

Averaged Vectorization LLC hit

vector length ratio (%) ratio (%)

64 (8, 8) 256 99.49 29.9

128 (16, 8) 256 99.48 25.3

256 (16, 16) 256 99.48 16.8

time for one of the three measurement parts. The numbers (p1, p2) in the

bottom of the figure stands for the numbers of parallel processes in y- and z-120

directions, respectively, i.e. each process in the sub-communicator com1 has the

rank number from 0 to p1−1, and so on. FFT-F and FFT-B stands for the forward

FFT and backward FFT, respectively. It is found that the computational time

is decreased linearly as the number of processes increases, and the TRANS

part is the most time-consuming part of the three.125

Execution profiles for the different number of processes obtained by the per-

formance analyzer ”ftrace” are summarized in Table 1. Averaged vector length

and vectorization ratio of CALC is 256 and approximately 99.5 %, respectively,

in all cases and that appears to be well computation. It is found, however, that

LLC hit ratio of TRANS is pretty low, i.e. less than 20 % for 256 processes.130

And the LLC hit ratio decreases as the number of processes increases and this

is possible to cause the computation time of TRANS large.

3.3. Optimization of 3D-FFT

Cache blocking technique is applied to the TRANS part to improve the LLC

hit ratio. Figure 6 denotes the loop blocking scheme whose size is expressed by135

the variable bl. By this modification, LLC hit ratio is expected to improve, but

in general the vector length becomes shorter and the performance degrades in

some situation.

Computation time of the modified TRANS part was measured by changing

the blocking size bl as 2, 4, 8, 16, 32, 64, 128, and 256. Figure 7 is the compu-140
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do k = ks, ke
do j = js, je
do i = 0, n‐1
f(i,j,k) = g(j,i,k)

end do
end do

end do

do kk = ks, ke, bl
do jj = js, je, bl
do ii = 0, n‐1, bl
do k = kk, min(ke,kk+bl‐1)
do j = jj, min(je,jj+bl‐1)
do i = ii, min(n‐1,ii+bl‐1)
f(i,j,k) = g(j,i,k)

end do
end do

end do
end do
end do
end do

Figure 6: Code modification by loop blocking in TRANS

tation time of different eight portions named TRANSn[FB] of TRANS, where

”F” and ”B” stand for the forward FFT and the backward FFT, respectively,

and n stands for the different part of data re-ordering part on memory corre-

sponding to the blue shaded boxes in Fig. 3. Averaged vector length and LLC

hit ratio according to the blocking size bl of the modified TRANS are shown145

in Table 2. The shortest computation time is obtained as bl is 16. LLC hit

ratio is high for the smaller blocking sizes of 2, 4, and 8, but computation time

is not shorter than that at bl of 16, because latency of vector operations with

short averaged vector length affects. The optimal blocking size for each portion

is different for eight different portions. It is found that the optimal blocking size150

for TRANS1F and TRANS3B is 16. As for the other potions, it is optimal

for bl to be 256 rather than the LLC hit ratio is high.

The computation time of the revised 3D-FFT with the data size 20483 is

shown in Fig. 8. Calculation time of TRANS was 9.2 times faster than that

of the original TRANS and 3.3 times faster in the 3D-FFT calculations. It is155

found that the loop blocking works well.

3.4. An Estimation Model of Computation Time

It is important to carry out quite larger scale DNS of turbulent flows to

make statistics of turbulence clear as long as a computer system can manage

large DNS size in terms of resource capacity. Here, an estimation model of160

computation time of DNS with grid point more than 10, 0003 is constructed
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Figure 7: Calculation time of TRANS part. Eight different parts of TRANS are measured

for the size of 20483

Table 2: Averaged vector length and LLC hit ratio for n = 20483 for the modified TRANS

blocking size bl Averaged vector length LLC hit ratio (%)

2 2.0 66.0

4 4.0 76.1

8 8.0 66.5

16 16.1 34.6

32 32.2 19.1

64 64.0 20.9

128 123.7 32.6

256 213.2 36.7
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Figure 8: Improvement of calculation time of 3D-FFT for the size of 20483

based on measured communication performance of MPI functions among the

nodes of SX-Aurora TSUBASA.

There are four kinds of routes for MPI communication on SX-Aurora TSUB-

ASA model B401-8 (Fig. 4); (a) MPI communication route by memory copy165

operations between processes launched on cores on a VE, (b) MPI communi-

cation route between two VEs that are connected to the same PCIe switch,

.e.g. VE #0 and VE #1, (c) MPI communication between two VEs that are

connected to the different PCIe switches but those PCIe switches are connected

to the same VH, .e.g. VE #0 and VE #2, and (d) MPI communication between170

two VEs, each of which is under the different VH and data are passed through

IB switches, .e.g. VE #0 of VH #0 and VE #0 of the VH #1. These four routes

of data communication have different latencies and throughputs, and note that

parallel 3D-FFT computation time differs according to assignment of parallel

processes to VEs.175

Communication time for all-to-all communication functions on these routes

is measured by changing message sizes from 8 bytes (B) to 64 mega bytes (MiB).

Each MPI process is assigned to the core of SX-Aurora TSUBASA. Sustained

data throughputs are shown in Fig. 9, where np stands for the number of MPI

processes. The sustained throughputs gradually decreased as the number of180
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processes increases, and sustained throughputs in the case that np is larger

than 128 appears to saturate to approximately 0.5 GiB/s for more than 1 MiB

message data.
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Figure 9: Data throughputs for all-to-all communications

As explained in section 2.2, all-to-all communications in y- and z- direc-

tions are carried out using all MPI processes, but those communications in

each direction are grouped into several bunches by sub-communicators com1

and com2 and are restricted on some MPI processes that have the same sub-

communicator. Distributions of MPI processes with the same communicator for

y-direction (com1) and z-direction (com2) are different. For example, in the case

that the total number of processes np = 256 is divided into 16 (p1) × 16 (p2)

processes in y- and z-directions and the processes are assigned to all cores of

four VH islands of SX-Aurora TSUBASA in order, 16 groups of adjacent two

VEs, e.g. VEs #0 and #1, each of which has 16 processes and is bundled with

the same sub-communicator com1, and carry out all-to-all communications con-

currently. On the other hand, the 16 MPI processes with the same value of a

fomula

(rank number in MPI COMM WORLD) mod 16 (4)

are grouped into 16 bunches in the sub-communicator com2 and execute all-to-all
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communications in z-direction.185

Sustained throughput Beff can be calculated by the equation

Beff =
m× np
T

(5)

where m message size, np the number of MPI processes, and T measured com-

munication time. Sustained throughputs for two communicators are measured

on the four VH islands and are drawn by solid line in Fig. 10. The throughput

for the communicator com1 depicted blue solid line is approximately the same

as the throughput of np = 16, because the communication are restricted in two190

adjacent VEs connected to the same PCIe switch and are not affected from

other all-to-all communications at all. On the other hand, the throughput for

the communicator com2 that is drawn by red solid line is quite low compared

to that for com1 and appears to saturate to 0.45 GiB/s on more than 16 VEs

as the message size becomes larger.195
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Figure 10: Data throughputs for all-to-all communications in different communicators

It is stated before that the communication time for 3D-FFT is dominant on

large-scale supercomputers, because recent supercomputers are constructed as

interconnect network performance is low compared to CPU performance. The
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communication time for 3D-FFT is estimated by the equations

tcomm [sec.] =
8× n3

Beff · p1 · p2
(6)

where n is the number of grid points in each Cartesian direction, p1 and p2 are

the number of processes in two-axes parallelization, and Beff is the sustained

bandwidth calculated by the equation 5. If the DNS with 18, 4323 grid points is

carried out with 131,072 processes or (p1,p2)=(512, 256) on 16,384 VEs of SX-

Aurora TSUBASA, the size of which is estimated in terms of memory capacity200

and throughputs are kept for this large configuration, tcomm is estimated as 0.76

seconds for one 3D-FFT calculation and time for an Runge-Kutta integration

step is approximately 1 minute.

4. Concluding Remarks

It is quite important to elucidate properly statistics of turbulent flows based205

on the famous Navier-Stokes equation that has been a great concern for a long

time and still be the unsolved problem in physics. It is considered that direct

numerical simulations (DNS) of turbulent flows using cutting-edge supercom-

puters is only a solution to solve the problem. Authors have been developed

DNS codes optimized for the newly developed supercomputers at that time for210

over twenty years.

In this paper, the DNS code was parallelized by the pencil decomposition and

optimized for the vector-type supercomputer SX-Aurora TSUBASA. Applying

a loop blocking technique to optimized the code, it is found that some part

of 3D-FFT have the optimal loop blocking size is determined to reduce the215

computational time by giving up long vector length, with which the system

exhibits good performance. 3.3-fold speedup is obtained by the modified 3D-

FFT code compared to the time for the original code.

A computation time estimation model for large-scale DNS was also con-

structed by using the measured throughput data of all-to-all communication on220

SX-Aurora TSUBASA. A step of the RKG time integration needs a minute for
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the DNS with 18, 4323 grid points, that is, to our best knowledge, the largest

grid points so far, on 16,384 VEs of SX-Aurora TSUBASA. However, a config-

uration of such numbers of VEs is extremely difficult to construct. We can, of

course, use the largest supercomputer FUGAKU in japan, but even using the225

system, the DNS with 18, 4323 grid points is difficult to execute. Therefore, a

DNS code with reduced memory capacity should be developed for the future.
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