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TaisHI KURAHASHI Some Observations on the
FGH Theorem

Abstract. We investigate the Friedman—Goldfarb—Harrington theorem from two per-
spectives. Firstly, in the frameworks of classical and modal propositional logics, we study
the forms of sentences whose existence is guaranteed by the FGH theorem. Secondly, we
prove some variations of the FGH theorem with respect to Rosser provability predicates.
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1. Introduction

The notion of the weak representability of computably enumerable (c.e.) sets
plays an important role in a proof of Godel’s first incompleteness theorem.
We say that a set X of natural numbers is weakly representable in a theory
T if there exists a formula ¢ x (v) such that for any natural number n, n € X
if and only if T F px (7). If a set X, which is c.e. but not computable, is
weakly representable in a c.e. theory T, then it is shown that there exists a
natural number n such that T'¥ ¢ x (i) and T ¥ —¢x (7). Therefore, such a
theory T is incomplete.

It is easily shown that every c.e. set is weakly representable in every ;-
sound c.e. extension of PA because of Yi-soundness and ¥;-completeness.
Furthermore, Ehrenfeucht and Feferman [3] proved the weak representability
of c.e. sets in every consistent c.e. extension of PA (see also Shepherdson
[14)).

THEOREM 1.1. (Ehrenfeucht and Feferman) Let T' be any consistent c.e. ex-
tension of PA. Then, every c.e. set of natural numbers is weakly representable
m T

Ehrenfeucht and Feferman’s theorem is a metamathematical result, but
is formalizable and also provable in PA. This fact is called the FGH theorem
(see Smorynski [15, p.366], Visser [17, Theorem 4.1], [18, Section 3] and
Lindstrom [11, Exercise 2.26 (a)]).
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THEOREM 1.2. (The FGH theorem) Let T' be any consistent c.e. extension
of PA. Then, for any ¥, sentence o, there exists a sentence ¢ such that

PA + Conr =0 < Prp(T¢™).

Here Prp(z) is a natural ¥; provability predicate of 7" which expresses
the provability of 7', and Conr is the II; sentence =Prp ("0 = 17) expressing
the consistency of T'. “FGH” stands for Friedman, Goldfarb and Harrington.
Harrington and Friedman pointed out that ¢ in the statement is found as
IT; and ¥, respectively. For a history of the FGH theorem, see Visser [18].
The FGH theorem has been used in the literature (for example, in papers
by the author, it appears in [8,10]).

A version of the FGH theorem with a parameter is also proved. That
is, by modifying the usual proof of the FGH theorem, it is proved that for
any Y formula o(v) with the only free variable v, there exists a formula
¢(v) such that PA + Cong proves Vv (o(v) < Prr(T¢(0)7)). Here Tp(0) ™ is
a primitive recursive term corresponding to a primitive recursive function
calculating the Godel number of ¢(7) from n. If T is consistent, then the
theory PA 4 Conr is sound, and hence the weak representability of c.e. sets
in T follows from this parameterized version of the FGH theorem.

In the present paper, we analyze the FGH theorem from two perspectives.
The first perspective is the “form” of the sentence ¢ in the statement of the
FGH theorem. Let Truey, (v) be a partial truth definition for ¥; sentences,
that is, Truey, (v) is a 3 formula such that for any X; sentence o, PA proves
o < Truey, ("o ™) (cf. Lindstrom [11, Fact 10]). By the parameterized version
of the FGH theorem, there exists a formula £(v) such that PA 4+ Cong
Vo (Trues, (v) < Prp(T€(0)7)). Then, for any ¥ sentence o, PA + Conr
o < Prp(T¢(To™) 7). Therefore, ¢ in the FGH theorem can be taken in the
form £(-) uniformly regardless of o.

From the above observation, we consider the following question: What
form of the sentence ¢ in the FGH theorem can we find? In Section 2, we
investigate this question in the framework of classical propositional logic.
Specifically, we study the following rephrased question: What is a proposi-
tional formula A such that ¢ in the FGH theorem can be taken uniformly in
the form A regardless of ¢? In Section 3, we investigate this rephrased ques-
tion in the framework of modal propositional logic. However, unlike the case
of classical propositional logic, the formula A may contain the modal oper-
ator [. Therefore, the interpretation of [J in arithmetic should be clearly
defined. As is usually done in the study of provability logic, in the present
paper, [ is interpreted by Pry(x). Then, our proofs of theorems in Section 3
are modifications of that of Solovay’s arithmetical completeness theorem [16]
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which is one of the most remarkable theorems in the research of provability
logic.

The second perspective is the choice of provability predicates. Joosten
[7] generalized the FGH theorem by proving similar statements concerning
several nonstandard provability predicates such as a formula expressing the
provability in T together with all true X,, 2 sentences. In the last section, we
study some variations of the FGH theorem with respect to Rosser provability
predicates.

Sections 2, 3, and 4 can be read independently. We close the introduction
with common preparations for reading these sections. Let £ denote the
language of first-order arithmetic containing the symbols 0, .5, +, x, <. We
do not specify what exactly L4 is, but it may be assumed to have as many
function symbols for primitive recursive functions as necessary. Throughout
the present paper, we fix a consistent c.e. extension T of Peano Arithmetic
PA in the language £ 4. Let w denote the set of all natural numbers. For each
n € w, let @ denote the numeral S(S(---S(0)---)) (n times applications of S)
for n. We fix a primitive recursive formula Proofr(x,y) naturally expressing
that “y is a T-proof of z”. Our 3; provability predicate Prr(xz) of T is
defined by Jy Proofr(z,y), saying that “z is T-provable”. Then, we may
assume that the provability predicate Prr(x) satisfies the following clauses
(see Boolos [2]):

o If T+ ¢, then PAF Prp(T¢™),
e PAFPrp(Tp —¢7) — (PI“T('_CP—') — PI“T('_TW))’
e If p is a ¥; sentence, then PAF ¢ — Prp(T™).

We may also assume that PA verifies that every theorem of T' has infinitely
many proofs, that is, PA F VaVy (PI‘OOfT(l', y) — 3z >y Proofp(z, z))

We introduce witness comparison notation (cf. Lindstrém [11, Lemma
1.3]).

DEFINITION 1.3. (Witness comparison notation) Suppose that £ 4-formulas
¢ and 1) are of the forms 3z ¢'(z) and Jy ' (y), respectively.

e © < 1 is an abbreviation for 3z (¢'(z) A Vy <z ' (y)).
e ¢ <1 is an abbreviation for 3z (¢'(z) A Vy <z —¢'(y)).

It is easily verified that PA proves the formulas (¢ < ¥ A Y < @) and
eV — (e <YV <o)
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2. On the Form of a Sentence in the FGH Theorem — the Case of
Classical Propositional Logic

In this section, we investigate the following question mentioned in the intro-
duction: What is a propositional formula A such that ¢ in the FGH theorem
can be taken uniformly in the form A regardless of o?

The language of classical propositional logic consists of countably many
propositional variables pi,po,...,q1,q2,..., propositional constants T, _L,
and propositional connectives A, V, =, —, «<». For each propositional formula
A, let = A mean that A is a tautology. We say A is unsatisfiable if = —A.
We say that a propositional formula is contingent if it is neither a tautology
nor unsatisfiable.

For any propositional formula A(p1,...,p,) containing only the indicated
propositional variables and any £ a-sentences ¢1,...,¢n, let A(@1,...,0n)
denote the L 4-sentence obtained by simultaneously replacing all the occur-
rences of p; in A by ¢;, for each i € {1,...,n}.

We introduce the following sets in order to simplify our descriptions.

DEFINITION 2.1. For each X; sentence o, let FGHr (o) be the set of all
L a-sentences ¢ such that PA 4+ Conp o < Prp(T¢™).

Then, the FGH theorem states that for any X; sentence o, the set
FGHr(o) is non-empty. We show that the set FGH(o) is closed under the
T-provable equivalence.

PROPOSITION 2.2. For any 1 sentence o and any L a-sentences ¢ and 1,
if p € FGHp(o) and T+ ¢ < 1, then ¢ € FGHp(0).

PROOF. Suppose ¢ € FGHr(o) and T + ¢ < 1. Then, the equivalence
Prr(T¢™) < Pry(Te7) is provable in PA. Since PA+ Cony - o < Prp(Tp™),
we obtain PA 4+ Cony o < Prp("¢7), and hence ¢ € FGH7 (o). |

First, we prove the following introductory theorem.

THEOREM 2.3. Let A(p1,...,pn) be any propositional formula with only the
indicated propositional variables. Then, the following are equivalent:

1. A(p1,...,pn) is contingent.
2. For any Y1 sentence o, there exist La-sentences o1,...,¢n such that
A(p1, ..., pn) € FGHr(0).

For each formula A, let A and A' be =A and A, respectively. Theorem 2.3
follows from the following lemma.
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LEMMA 2.4. Let A(pi,...,pn) be any propositional formula with only the
indicated propositional variables and let v be any propositional variable not
contained in A. If A(p1,...,ppn) is contingent, then there exist propositional
formulas By(r), ..., By(r) such that =r < A(B1(r),...,Bu(r)).

PROOF. Suppose that A(py,...,pn) is contingent. Let f and g be mappings
from {1,...,n} to {0,1} such that = A(T/M ... T/™) and
= —A(TIW . T9M), For each i (1 < i < n), let B;(r) be the propo-
sitional formula (r A TF@) v (= ATID). Then, | r — (B;(r) < T7®) and
= =1 — (B;(r) < T9) hold. Thus, we have

= — (A(Bi(r),..., Ba(r)) < A(T/W . TI00))
and
= — (ABL(7), ..., Ba(r)) « ATID . T9M)),
Since |= A(TID, . T/} and = =A(TID, ..., T90). we obtain
=1 — A(Bi(r),...,By(r)) and = —r — —A(By(r),. .., Bu(r)).
|

Proof of Theorem 2.3. (1 = 2): Suppose that A(p1,...,pn) is contingent
and let o be any ¥; sentence. Then, by Lemma 2.4, there exist propositional
formulas Bi(r),..., By, (r) such that

=7 A(By(r),...,Bn(r)). @

By the FGH theorem, there exists an £4-sentence ¢ € FGHp (o). For each
i (1 <i < n),let p; be the La-sentence B;(p). Then, by the equivalence
(I), we obtain

PAE ¢ — A(e1,...,¢n)-

By Proposition 2.2, we conclude A(y1,...,¢,) € FGHr(o) by Proposi-
tion 2.2.

(2 = 1): Suppose that A(p,...,ps) is not contingent. Then, for any £ 4-
sentences 1, ..., pn,, either A(p1,...,¢n) or 2A(p1,...,¢n) is provable in
PA. Let o be any 3, sentence independent of PA+Cony. Then, A(¢1,...,¢n)
is not in FGHr (o) for all £ 4-sentences ¢1, ..., @n. [

As mentioned in the introduction, the FGH theorem and the weak rep-
resentability theorem are related to each other. In particular, we can also
prove the following theorem by a similar proof.

THEOREM 2.5. Let A(p1,...,pn) be any propositional formula with only the
indicated propositional variables. Then, the following are equivalent:



754 T. Kurahashi

1. A(p1,...,pn) is contingent.

2. For any c.e. set X, there exist L-formulas ©1(v),...,on(v) such that
A(p1(v), ..., pn(v)) weakly represents X in T.

Theorem 2.3 will be extended to the framework of modal propositional
logic in the next section. In this section, we further improve Theorem 2.3 in
the framework of classical propositional logic. For any propositional formula
A(p1y--+yPnsq1s - - - Gm) with the only indicated propositional variables, let
FGHr[A;q1,...,qm] denote the metamathematical statement “for any £ -
sentences 1, ..., 1Y, and for any ¥; sentence o, there exist L 4-sentences
©1, .-, pn such that A(e1,...,0n,U1,..., ) € FGHp(0)”, and we pro-
vide a necessary and sufficient condition for FGH7[A4; ¢, . .., ¢n). From this,
we obtain more detailed information about the elements of FGH(¢) and the
first incompleteness theorem (see Corollary 2.8).

Let F,, denote the set of all functions f : {1,...,m} — {0,1}. We prove
the following theorem which is one of main theorems of the present paper.

THEOREM 2.6. For any propositional formula A(p1,...,Pn,q1,---,qm), the
following are equivalent:
1. For all f € Fy,, Ap1, ... pn, T/D, .. TIM)) are contingent.
2. FGHr[A;q1, ..., qm] holds.
Theorem 2.6 also follows from the following lemma that is an improve-

ment of Lemma 2.4. For the sake of simplicity, we sometimes abbreviate the
tuples p1,...,p, and q1,...,q¢n, as p and ¢, respectively.

LEMMA 2.7. Let A(p,q) be any propositional formula with only the indicated
propositional variables and let v be any propositional variable not contained
in A. If A(p, T/ ..., TF0)) s contingent for all f € F,,, then there exist
propositional formulas Bi(r,q), ..., Bn(r,q) such that

Fre ABi(r,Q), ..., Ba(r, 4), Q).
PROOF. For each f € F,,, let Q(§) denote the formula q{(l) ARERW qfn(m).
Notice that for each distinct elements f, g of ., = —(Q7(q) AQ9(q)). Also
= Vier, Q1 (D).
Suppose that A(p, T/, ... T/(™) is contingent for all f € F,,. For
each g € F,,, there exist propositional formulas C{(r),...,C9(r) such that
e A(C(r),...,Co(r), T9W .. T9(m) (I1)

by Lemma 2.4. For each i (1 < i < n), let B;(r,q) be the propositional
formla \/ ;.7 (sz(r) AQI(D). Then, = Q(q) — (Bi(r,q) < C{(r)) and
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= Q9(q) — (¢ — T9%). By the equivalence (II), we obtain

= QU@ — (r = ABLr, @), Bu(r.0),)-
Then,

=\ QU@ — (re AB(G),..., Bul(r.), ).

fE€EFm
Since = Ve x| Q' (q), we conclude

,: r A(Bl(?”,(j),... ,Bn(r,q_'),(j)-
|

Proof of Theorem 2.6. (1 = 2): Suppose that A(F, T ... TF0™) is con-
tingent for all f € F,,,. Let ¥, ...,%,, be any L s-sentences and let ¢ be any
Y1 sentence. By Lemma 2.7, there exist propositional formulas By(r,q), ...,
B,,(r,q) such that

= o ABi(r,Q), ..., Bu(r, ), d). (I11)

By the FGH theorem, there exists an £ 4-sentence ¢ € FGHr (o). For each
i (1 <i < n),let ¢; be the L-sentence B;(p,11,...,%y). Then, by the
equivalence (IIT),

PA"‘PHA(901a~--a§0n7¢17--~7'¢m)-

By Proposition 2.2, we have A(p1,...,0n,Y1,...,%n) € FGHp (o). There-
fore, we conclude that FGHr[A; ¢] holds.

(2 = 1): Suppose that A(p1,...,pn, T/W, ..., TF0M)) is either a tautol-
ogy or unsatisfiable for some f € F,,. For i € {1,...,m}, let ¥; be the L4-
sentence 0 = 07(). Then, for any £ s-sentences @1, ..., ¢y, the £ s-sentence
A(Q1y oy Pns 1, ..., 1) is either provable or refutable in PA. Let o be any
Y1 sentence independent of PA + Conp. Then, A(p1,...,¢n, Y1, Um) &
FGHy (o). Therefore FGHr[A; ¢, . .., ¢m] does not hold. ]

For example, let A(p,q) be the propositional formula p < ¢. Since both
p < T and p < L are contingent, FGHr[A; ¢| holds by Theorem 2.6. That is,
for any L 4-sentence ¢ and any 31 sentence o, there exists an £ 4-sentence ¢
such that ¢ < 9 € FGHp(0). Another interesting corollary to Theorem 2.6
is the following version of the first incompleteness theorem.

COROLLARY 2.8. Let A(p1,.--,Dnsq1s---,qm) be any propositional formula.
If A(p1, ... ,pn, TID . TIM)) are contingent for all f € F,, then for
any L a-sentences 1, ..., U, there exist L A-sentences o1, ..., py, such that

A(Q1y ey Py 1y U) is independent of T
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PROOF. Let o be a ¥ sentence independent of PA + Conp and %1, ..., %,
be any L 4-sentences. By Theorem 2.6, there exist L 4-sentences ¢, ..., oy
such that

PA + Conp o < Prr(TA(@1, -« oy 0ny U1y ooy Um) 7).

Then, it is easy to show that A(pi1,...,¢n,%1,...,%y) is independent
of T. [

Notice that we can also prove the parameterized version and the weak
representability version of Theorem 2.6.

3. On the Form of a Sentence in the FGH Theorem — the Case of
Modal Propositional Logic

In this section, we extend Theorem 2.3 to the framework of modal proposi-
tional logic. This section consists of three subsections. First, we give some
preparations which are needed for our arguments. In the second subsection,
we prove our modal version of Theorem 2.3. Finally, we also investigate our
modal version for £ 4-theories with finite heights.

Here we define the height of theories. The sequence (Cong),e, of La-
sentences is recursively defined as follows: Con{. is 0 = 0; and Con%Jrl is
—Pry("=Con’. 7). Notice that Con} is PA-provably equivalent to Cong. If
there exists a natural number & > 1 such that 7" I ﬂConl}, then the least
such a number k is called the height of T'. If not, we say that the height of
T is oo.

3.1. Preparations

The language of modal propositional logic is that of classical propositional
logic equipped with the unary modal operation [J1. For each modal formula
A, let Sub(A) be the set of all subformulas of A. Let ¢(A) be the cardinality
of the set {B € Sub(A) | B is of the form [JC}. The modal formula (0" A is
recursively defined as follows: [1°A is A; and (0"t A is OO"A. The formula
O™ A is an abbreviation for —=(J"—A.

The base logic of our investigations in this section is the Gédel-L6b logic
GL which is known as the logic of provability. The axioms of GL are as
follows:

1. All propositional tautologies in the language of modal propositional
logic,

2. O(p — q) — (Op — Og),
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3. O(p — p) — Op.

The inference rules of GL are modus ponens, necessitation, and uniform
substitution.

A GL-frame is a tuple (W, C,r) where W is a nonempty finite set, [ is
a transitive irreflexive binary relation on W and r is an element of W with
r C x for all 2 € W\ {r}. Such an element r is called the root of the frame.
A GL-model is a tuple M = (W,C,r,IF) where (W,C,r) is a GL-frame,
and IF is a binary relation between W and the set of all modal formulas
satisfying the usual conditions for satisfaction and the following condition:
a |F OA if and only if for all b € W, bI- A if a C b. It is known that GL is
sound and complete with respect to the class of all GL-frames (cf. Segerberg
[12]). Moreover, the proof of the Kripke completeness of GL given in the
textbook [2] by Boolos shows that the following theorem holds.

THEOREM 3.1. For any modal formula A, if GL ¥ A, then there exists a
GL-model (W,C,7,IF) such that r - O L and r I A.

For each set I' of modal formulas, let GL 4 I' denote the logic whose ax-
ioms are all theorems of GL and all elements of I', and whose inference rules
are modus ponens and uniform substitution. We identify each axiomatic
system of modal propositional logic with the set of all its theorems. We
introduce the following two extensions of GL which are studied in the con-
text of the classification of propositional provability logics (cf. Artemov and
Beklemishev [1]).

e GL, :=GL+ {0"T | n € w}.
e S:=GL+ {Up — p}.
Notice GL € GL, C S. To connect these logics with arithmetic, we

introduce the notion of arithmetical interpretation.

DEFINITION 3.2. (Arithmetical interpretations) A mapping from the set of
all propositional variables to a set of L 4-sentences is called an arithmetical
interpretation. Each arithmetical interpretation f is uniquely extended to
the mapping fr from the set of all modal formulas to a set of £ 4-sentences
by the following clauses:

1. fr(L)is 0= 1,

2. fr(mA) is = fr(4),

3. fr(AoB)is fr(A)o fr(B) for o € {A,V,—, <},
4. fr(OA) is Prp(" fr(A)7).
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The logics GL, GL,, and S are sound with respect to arithmetical inter-
pretations. Let N denote the standard model of arithmetic.

Fact 3.3. (Arithmetical soundness (cf. Artemov and Beklemishev [1])) Let
A be any modal formula.

1. If GL+ A, then PAF fr(A) for any arithmetical interpretation f.

2. If the height of T is oo and GL, - A, then N |= fr(A) for any arith-
metical interpretation f.

3. If T is sound and S+ A, then N |= fr(A) for any arithmetical interpre-
tation f.

We show some interrelationships between these logics. For each modal
formula A, let Rfn(A) denote the set {IB — B | OB € Sub(A)}. Notice
that the cardinality of the set Rfn(A) is exactly c¢(A).

Fact 3.4. (Solovay [16]) For any modal formula A, the following are equiv-
alent:

1. SFA.
2. GLF ARfn(A) — A.
The following fact is a kind of folklore which is proved through arithmeti-
cal interpretations.
Fact 3.5. For any modal formula A, the following are equivalent:
1. GLF A.
2. GL, - 0OA.
3. SEOA.

LEMMA 3.6. For any modal formula A, the following are equivalent:

1. GL F ARfn(0A) — —~0A.

2. GLF OsWHT — —~0A.

3. GL, - -0OA.

4. SF -A.

PrOOF. (1 = 2): Suppose GL F A Rfn(JA) — —0OA. It is known that GL
proves O{(HDT — ARM(OA) v O ARfn(0A) (cf. [1, Lemma 26]). Then,
GL + O:EYT  —OA v 0—-0A. Since GL + 0—-A — —A, we have

GL F 0<U4AT - —0A. Hence, GL + OcW+1T — <A because ¢(JA) =
¢(A) + 1.
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(2 =-3) and (3 = 4): Obvious.
(4 = 1): By Fact 3.4 and Rfn(JA) = Rfn(-0A). |

The conditions “GL F A” and “GL, + —[JA” are also characterized by
provability in other extensions of GL.

DEFINITION 3.7. Let F, be the modal formula O5T1 1 — % 1.

LEMMA 3.8. For any modal formula A and any natural number s with s >
¢(A), the following are equivalent:

1. GLF A.
2. GL + {—F,} + DA.
PROOF. (1 = 2): Obvious.

(2 = 1): If GL ¥ A, then there exists a GL-model (W,,r,IF) such
that » IF O+ A =A by Theorem 3.1. Let (W', C’,+,IF) be a GL-
model obtained from (W, L, r,IF) by adding a chain of new elements below

r so that r/ I 0T 1L A O°T. Such a model exists because s > ¢(A). Since
r’ I —=0A, we obtain GL + {—F} ¥ DA. |

LEMMA 3.9. For any modal formula A and any natural number s with s >
¢(A), the following are equivalent:

1. GL, - -OA.

2. GL + {—F,} + -0A.

PrOOF. (1 = 2): If GL,, - =A, then by Lemma 3.6, 01T — -4 is
proved in GL, and thus GL + {—F,} - —-[JA because s > ¢(A) + 1.

(2 = 1): Suppose GL + {=F,} F —-0A, then GL - JA — Fj, that is,
GL F0OA — (Ot 1 — 0% 1). Then, GL - 00JA — O(OT L — O51).
By Lob’s principle, we get GL + O0JA — O%t! 1. Then, GL - A —
Ot 1, and hence GL - {571 T — —=JA. We obtain GL,, + -0A. ]

Here we introduce a notion that will be central in this section.

DEFINITION 3.10. A modal formula A is said to be nontrifling if GL,, ¥
00A — OA.

Then, this notion is characterized in many ways as follows.

PROPOSITION 3.11. For any modal formula A and any number s > ¢(A),
the following are equivalent:

1. A is nontrifling.
2. GL, ¥ OA and GL,, ¥ -A.
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ro¥ /A Rfn(0A) A DA
1
2

/r*

Figure 1. The GL-model M*

3. SFOA and S ¥ —0OA.
4. GL+ {—Fs} ¥ OA and GL + {-F,} ¥ -0A.
5. GL¥ A and GL ¥ A\ Rf(0OA) — -0A.

PROOF. (1 = 2): We prove the contrapositive. If GL,, - A, then GL,, F
OOA — OA is obvious. Suppose GL, + —[JA. By Lemma 3.6, we have
GL + 0*W+IT — —JA. Then, GL + O<+2T — —O0OA. We obtain
GL,, - —-00A, and hence GL,, - OOA — OA.

(2 < 3 <4< 5): By Fact 3.5 and Lemmas 3.6, 3.8, and 3.9.

(5 = 1): Suppose GL ¥ A and GL ¥ A Rfn(JA) — —-OA. Then, GL ¥
OA — A. By Theorem 3.1, there exist GL-models M = (W,C,r,IF) and
My = (Wy, Co, 1o, ko) such that r IF JAA—-A and rg IFo Rin(0JA) ACA. We
merge these two models M and M into one model M*, which is illustrated in
Fig 1. We give the precise definition of the GL-model M* = (W*, C*, r*, IF*)
as follows:

o W*=WUWoU{r; |i>1}U{r*},
e [ * is the transitive closure of

CUCoU{(ri,rj) |i>3U{(r",m)|icwtu{(r®, )},

o for a € W, alF* p if and only if a I p,
for a € Wy, a IF* p if and only if a I¢ p, and
fora € {r; |i> 1} U{r*}, aIF* pif and only if ro IFq p.

It is easy to show that r IF* A A =A and ro IF* Rfn(CJA) A OA. Since
r* |IF* O™T for all n € w, every theorem of GLy, is true in r*. Thus, it suffices
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to show that »* ¥¥* OOJA — OA. For this purpose, we prove the following
lemma.

LEMMA 3.12. For any i € w and any subformula B of LA, r; IF* B if and
only if ro IF* B.

PROOF. We prove the lemma by induction on ¢. For ¢ = 0, the lemma is
trivial. Suppose that the lemma holds for 7, and we prove the case of i + 1
by induction on the construction of the subformula B of [JA. The case that
B is a propositional variable is obvious from the definition of I-*. The cases
for propositional connectives are easily proved by the induction hypothesis.
We only give a proof of the case that B is of the form LIC', that is, we prove
rix1 IF* OC if and only if ro IF* OC.

(=): Suppose 7,11 IF* OC, then r;11 IF* OOC because C* is transitive.
Since ;1.1 C* rp, we obtain 7y IF* OC.

(«<): Suppose ;41 ¥* OC. Then, a ¥* C for some a € W* with ;1 C*
a. We distinguish the following three cases:

e 79 C* a.

Then, ro ¥* OC trivially holds.
e a=ry.

We have r¢ IF* OC — C because ro IF* Rfn(TA). Thus, ro ¥#* OC.
ea=rjfor0<y<i+l.

By the induction hypothesis for j, we have 7o ¥* C. Then, r; ¥* OC. By
the induction hypothesis for j again, we obtain rq ¥* OC. [ |

We are ready to prove r* ¥¥* JJA — A. Let a € W* be any element
such that r* C* a. If a € W, then a IF* A because r IF* A. If a € Wy,
then a IF* OA because ro IF* OA. If a € {r; | ¢ > 1}, then a IF* OA by
Lemma 3.12. Therefore, we obtain r* IF* OOA. Since r* C* r and r ¥* A,
we get r* W¥* JA. Thus, we conclude r* ¥¥* 0OOJA — A, and hence A is
nontrifling. ]

If a formula A does not contain [, then the following proposition holds.

PRroPOSITION 3.13. A propositional formula A is contingent if and only if
A is nontrifling.

PROOF. (=): Let vp be a truth assignment in classical propositional logic
such that vo(A) is false. Let (Wy, Co, ro, IFo) be a GL-model satisfying Wy =
{ro}, Co= @, and rq IFg p if and only if vo(p) is true. Then ro ¥y A, and
hence GL ¥ A.
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Let vy be a truth assignment such that vy (A) is true. Let (W1, Cq,71,1F1)
be a GL-model satisfying W1 = {ry,a}, 1 C; a, and for each w € Wy, w Ik
p if and only if v (p) is true. Then, ry IF; 0T AOA. Since ¢(A) = 0, we have
GL ¥ O¢+1T — —0A. By Lemma 3.6, GL,, ¥ —-A. By Proposition 3.11,
A is nontrifling.

(«<): If A is a tautology, then GL - A. If A is unsatisfiable, then GL I
-A, and GL + 0T — —[JA. Hence, GL,, F —JA. In either case, A is not
nontrifling by Proposition 3.11. [

3.2. A modal version of the FGH Theorem

We are ready to prove an extension of Theorem 2.3.

THEOREM 3.14. For any modal formula A, if A is nontrifling, then for any
Y1 sentence o, there exists an arithmetical interpretation f such that

(a) PAF o — fr(dA), and

(b) PA+ Coni™™ k- £r(04) — 0.

PROOF. Suppose that A is nontrifling and let ¢ be any 7 sentence. We may
assume that o is of the form 3z 6(z) for some Ay formula d(x). By Proposi-
tion 3.11, we have GL ¥ A and GL ¥ A Rfn(OJA) — —OA. By Theorem 3.1,
there exist GL-models My = (Wy, Co, ro,lFo) and My = (W1,Cq,71,1F1)
such that rq kg O*1 1L A =4 and 7 IF; A Rfn(0A) A DA.

Let (-,-) be a natural injective mapping from w? to w. Also let m and
71 be natural mappings such that 7o ((i, j)) =i and 71 ({7, j)) = j. We may
assume that 0 is not in the range of the mapping (-,-) and is not in the
domain of the mappings mg and 1. Let ng and ny be the cardinalities of Wy
and W7y, respectively. Without loss of generality, we may assume

o Wy =1{(0,1),(0,2),...,(0,n0)}, ro = (0,1), and

o Wy ={(1,1),(1,2),...,(1,ny)}, ry = (1,1).
We merge the two models My and M; into one GL-model M, which is
visualized in Fig.2. The definition of M = (W', ', 0,IF) is as follows:

o W =WyUW;U{0,(0,0),(1,0)},

o C'=CoULC; U{(0,a) | ae WN\{0}}U{((,0),a) |i€{0,1},a € W;},

e For (i,5) € W;, (i,4) IF p if and only if (i, j) IF; p.

Also 0 IH p, and (i,0) IF p if and only if (i, 1) IF; p.
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Wo Wl

O+ A4 (1L, DHYARM(-O0A) ADA

(1,0

Figure 2. The GL-model M’

Then, it is easy to show that (0,1) IF O+ A=A and (1,1) IH
ARfn(-0A) A OA. As in the usual proof of Solovay’s arithmetical com-
pleteness theorem, we recursively define a primitive recursive function h :
w — W' by referring to T-proofs. In the definition of h, we use the formula
AMz) = JyVz>y (h(z) = z) and the sentence fr(A) for the arithmetical in-

terpretation f defined by f(p) = V,ew’ A(@). This is done by the aid of the
alF'p
Fixed Point Lemma or the recursion theorem as in the proof of Solovay’s

theorem because such A(z) and fr(A) are effectively computable from h
(see Boolos [2]).

Here we give the definition of the function h. Let h(0) := 0. Suppose that
the value of h(x) has already been defined. We define the value of h(x + 1).
If Vy <x—0(y) holds and there exists no T-proof of fr(A) smaller than or
equal to z, let h(z + 1) := 0. That is, the output of A remains 0 unless the
smallest witness of d(x) or the smallest T-proof of fr(A) appears.

After such a witness appears, h changes its value. At the first stage when
the smallest witness x of §(x) or the smallest T-proof x of fr(A) appears,
we distinguish the following two cases:

e Case 1: Vy <z —d(y) holds and z is the smallest T-proof of fr(A).
Let h(z +1) :=(0,0).

e Case 2: Vy <x—d(y) and d(x) hold and there is no proof of fr(A) less
than or equal to x.
Let h(xz + 1) := (1,0).

That is, Cases 1 and 2 correspond to the situations Pry (" fr(A)7) < o and
o < Prp(" fr(A)7), respectively.
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After that, we define the value of h(z + 1) as follows:

a if h(z) =’ a & x is a T-proof of =\ (a);
h(z) otherwise.

h(z+1):= {

The definition of h is hereby completed.

We introduce three lemmas. The first lemma concerns the general prop-
erties of the function h(x), the formula A(z), and the arithmetical interpre-
tation fr.

LEMMA 3.15. Let a,be W'.
1. Ifa #b, then PA+ A(*) — =\(D),
2. PAEh(z)=a— X@) Vv \/ @),

alC’c
3. PAEPrr(Tfr(A)) g0\ A
o (c)=0
4. PAF o <Pro(Tfr(A)7) = \/ A
71'0(0) 1

5. Ifa' b, then PAF \@) — —Prp(T=A(b)7),
6. If m1(a) > 1, then PAt+ A(a) — Prp("=A(a)™),
7. If mi(a) > 1, then PAE X@) — Pro("V 0. AM©)7).

PROOF. Except the implications « in Clauses 3 and 4, these statements
are proved in a similar way as in the usual proof of Solovay’s arithmetical
completeness theorem (cf. [1,2,6,16]).

For the implication < in Clause 3, we argue in PA: Suppose that \(¢)
holds and 7 (c) = 0. Then, h(k) = ¢ for some k. If =0 and =Prp(" fr(A)7)
hold, then Va h(xz) = 0 holds, a contradiction. Hence, Prp (" fr(A)™) < o or
o < Prp(" fr(A)7) holds. By Clause 1, we have =\/_ ), A(d). Then, by
the implication — in Clause 4, o < Prp (" f7(A)7) does not hold. Therefore,
PI"T(I_fT(A)_I) < o holds.

The implication < in Clause 4 is also proved similarly. [

The second lemma states that the satisfaction relation for a € W’ with
mi(a) > 1 is embedded into PA.

LEMMA 3.16. Let a € W’ with m1(a) > 1 and let B be a modal formula.
1. If a IV B, then PAF X(a) — fr(B).
2. If a ¥ B, then PAF \@) — —fr(B).
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Proor. Clauses 1 and 2 are proved by induction on the construction of B
simultaneously as in the usual proof of Solovay’s theorem. [

The third lemma concerns the satisfaction relation for the element (1,1).

LEMMA 3.17. Let B be any subformula of TJA.

1 If(1,1) IF B, then PAF A({L,0)) — fr(B),
2. If B is OC and (1,1) I OC, then PAF o < Prp(" fr(A)") — fr(3C),

3. If (1,1) ¥' B, then PA+ A((1,0)) — —fr(B).

PRrOOF. We prove Clauses 1, 2 and 3 by induction on the construction of
B € Sub(JA) simultaneously. We only give a proof of the case that B is
acC.

1 and 2: Suppose (1,1) IF' OC. Since OC € Sub(0OJA), we have (1,1) IF
0C — C because (1,1) IF ARfn(CA). Then, (1,1) I C. Hence, for all
a € W' with mp(a) = 1 and m1(a) > 1, we have a I C. By Lemma 3.16.1,
PA F Viy@=1A@) — fr(C). Also, by the induction hypothesis, PA

m1(a)>1

A((1,0)) — fr(C). Thus,
PAE \/ @) — fr(0).

7'('0((1):1

By Lemma 3.15.4,
PAF o < Prp("fr(A)7) — fr(C).
Then,
PAF Prp("o < Prp("fr(A)™M)7) — fr(BC).
Since o < Prp(" fr(A)7) is a ¥; sentence, we have
PALE o < Prr("fr(A)7) — fr(0C).

This completes the proof of Clause 2. PA - A((1,0)) — o < Prp(" fr(A)7)
by Lemma 3.15.4, and hence Clause 1 also holds.

3: Suppose (1, 1) ¥ OC. Then, a ¥’ C for some a € W' with (1,1) ' a.
By Lemma 3.16.2, we have

PAF X@) — —fr(C).

Then,
PAE —Prp("=A(@)") — —f7(3C).
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Since (1,0) ' a, by Lemma 3.15.5,

PA F A((1,0)) — =Prp(T-A(@) 7).
Therefore, PA - A((1,0)) — = fr(0C). o

We are ready to show the required two statements: (a) PAF o — fp(0A)
and (b) PA 4+ Coni\™V™ F f7(04) — 0.

(a): Since (1,1) I OA, by Lemma 3.17.2,

PAF o < Prp("fr(A)7) — fr(DA).
Since
PAE o A~fr(HA) — o < Pro(" fr(A)7),
we have
PAF o A~fr(0A) — fr(0A),

and hence we obtain PA+ o — fp(OA).
(b): Since (0,1) IF O+ for all a € W’ with mo(a) = 0 and 7 (a) >
1, we have a IF O+ 1 By Lemma 3.16.1,

PAF \/ A(@ — —Con{iV™,

mo(a)=0
m1(a)>1
and thus
PA+ Conf{™V ™ = A —a(@). (IV)
mo(a)=0
71(a)>1
Since

PAE fr(LA) A—o — Prr("fr(4)7) < o,
by Lemma 3.15.3, we have
PAL fr(dA)A-o— \/ Xa).
70(a)=0
By combining this with (IV), we obtain
PA + ConS™*! + fr(0A) A o — A((0,0)). (V)

Since (0,1) ¥ A, by Lemma 3.16.2, PA+ A((0,1)) — = fr(A). Then,
PA = =Prp("=A((0,1))7) — —fp(OA).



Some Observations on the FGH Theorem 767

Since (0,0) =’ (0,1), by Lemma 3.15.5,

PA F A({0,0)) — =Prp("=A((0,1))7),

and hence we have PA + A((0,0)) — —fr(0A). From this with (V), we
obtain PA + Con;(A)Jrl F fr(0A) A —o — —fr(0A). We conclude PA +
ConS™ ™+ fp(04) - 0. =

If the height of T is larger than ¢(A), then the converse of Theorem 3.14
also holds.

PROPOSITION 3.18. Let A be any modal formula. Suppose that the height
of T is larger than ¢(A) and, for any X1 sentence o, there exists an arith-
metical interpretation f such that PA+ o — fr(CA) and PA+ Con;SA)Jrl F
fr(0A) — o. Then, A is nontrifling.

PROOF. Since 0 = 1 is a Y sentence, there exists an arithmetical interpre-
tation f such that PA+ConS™™ k f7(0A) — 0 = 1. Since N = Con{™ !,
we have N = = fr(0A). Thus, T ¥ fr(A). By Fact 3.3.1, GL ¥ A.

Also, since 0 = 0 is a X; sentence, there exists an arithmetical inter-
pretation g such that PA - 0 = 0 — gp(0A). Then, PA - gr(0A). Since
N = ConCT(A)H, PA ¥ —ConcT(A)H, and thus PA F ConcT(A)le — —gp(0A).
By Fact 3.3.1, GL ¥ O+ T — —0JA. By Lemma 3.6, GL,, ¥ —-JA. Then,
by Proposition 3.11, A is nontrifling. ]

For any classical propositional formula A, we have ¢(A) = 0. So Proposi-
tion 3.13 shows that Theorem 3.14 is actually an extension of Theorem 2.3.

For a variable v of first-order logic, an v-arithmetical interpretation f is
a mapping where for each propositional variable p, f(p) is an £ 4-formula
©(v) with only the free variable v. Each v-arithmetical interpretation f is
uniquely extended to the mapping fr from the set of all modal formulas to a
set of L 4-formulas with at most the free variable v as the usual arithmetical
interpretations with the clause fr(0A)(v) = Pro (" fr(A)(0)7). By tracing
the proof of Theorem 3.14 entirely using the function h(z,v) and the formula
Az, v), the following parameterized version of Theorem 3.14 is also proved.

THEOREM 3.19. For any modal formula A, if A is nontrifling, then for any
Y1 formula o(v), there exists an v-arithmetical interpretation f such that

1. PAEYv (o(v) — fr(0A)(v)), and
2. PA+ ConS™ ™ o (f(0A) (v) — o(v)).

From Theorem 3.19, we obtain an extension of Theorem 2.5 to the frame-
work of modal logic.
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THEOREM 3.20. Let A be any modal formula A. If A is nontrifling and the
height of T is larger than c¢(A), then for any c.e. set X, there exists an
v-arithmetical interpretation f such that fr(A)(v) weakly represents X in
T.

PROOF. Let o(v) be a ¥; formula defining X over N. By Theorem 3.19,
there exists an v-arithmetical interpretation f such that

1. PAE Yo (o(v) — fr(OA)(v)), and
2. PA + ConS™™ b v (f(004) (v) — o(v)).

Since N |= Con;SA)+1, we have N |= Vv (0(v) < fr(0A)(v)). Then, for any

k€ w, ke X ifand only if T+ fr(A)(k). This means that fr(A)(v) weakly
represents X in 7T [

3.3. A modal version of the FGH Theorem for Theories with Finite Heights

Notice that Theorem 3.20 requires the assumption that the height of T
is larger than c(A). In this subsection, we investigate variations of Theo-
rems 3.14 and 3.20, keeping in mind theories with finite heights.

It is already proved in Proposition 3.11 that for any natural number
s with s > ¢(A), A is nontrifling if and only if GL + {~Fs} ¥ OA and
GL + {—F} ¥ -0A. On the other hand, even for a natural number s with
s < ¢(A), we prove the following version of the FGH theorem concerning
the condition “GL + {—F,} ¥ OA and GL + {—F,} ¥ -00A".

THEOREM 3.21. For any modal formula A, if GL+{-Fs} ¥ OA and GL+
{=F} ¥ -0OA, then for any ¥ sentence o, there exists an arithmetical
interpretation f such that

PA + =Con3t! + Cong - o« fr(OA).

PrOOF. Suppose GL + {-F,} ¥ OA and GL + {—Fs} ¥ —0OA, that is,
GL ¥ O L A QT — OA and GL ¥ O 1L A QT — —-0A. By the
Kripke completeness of GL, there exist GL-models My = (Wy, Co, 70, 1Fo)
and Ml = <W1, |:1,7“1,H_1> such that To “_O |:|3+1J_ VAN <>8T A=A and 1 ”‘1
Ot L A OST A OA. Let ng and n; be the cardinalities of Wy and W;
respectively, and we may assume that

e Wy =1{(0,1),(0,2),...,(0,n0)}, ro = (0,1), and
o Wy ={(1,1),(1,2),...,(1,n)}, ry = (1,1).
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Let M’ = (W’,’,0,IF) be the GL-model obtained from M, and M; as
in the proof of Theorem 3.14. Then, (0,1) IF O*T' L A 0T A =0A and
(1,1) IF O L A OST ADA.

We can define a function h, a formula A(z), and an arithmetical inter-
pretation f from the GL-model M’ in the same way as in the proof of
Theorem 3.14. Then, the same results as Lemmas 3.15, 3.16 and 3.17 can
also be proved.

For each a € W’ with 71(a) > 1, since a I’ [0° L, we have that PA proves
A(@) — —Con, and thus

PA+ Cony A
m1(a)>1
Also, since (i,1) IF" O°T, we have PA = A\((i, 1)) — Conj. Then, PA proves
=Pry("=A((i,1))7) — Conft'. Also, PA = A((3,0)) — —Prp("=A((i,1))7)
because (i,0) C’ (i,1), and hence PA = \((i,0)) — Con3t'. Therefore, we
obtain

PA + =Con3t + Cons - /\ . (VI)
w1 (a)#1

We prove PA + —Con’" + Con} - o < fr(0A).
(—): Since PA o < Pro("fr(A)7) = V. ()21 A(@), from (VI), we have
PA + =Con3t! + Cond - o < Prp (" fr(A)7) — A((1, 1)).
Since (1,1) IF" OA, we have PA F A((1,1)) — fr(CJA). Hence,
PA 4+ —~Coni™ + Con% - o < Prp("fr(A)7) — fr(DA).
Here PAF o A =fr(0A) — o < Prp(" fr(A)7), and thus
PA + =Con3t + Cong - o A = fr(0A) — fr(OA).

We obtain PA + ~Con! 4 Cons - o — fr(0A).
(«): Since PAE Pry(" fr(A)7) < 0 = Vo ()20 AM@), from (VI),

PA + =Con3t! + Con - Pro (T f7(A)7) < o — A((0,1)).
Since (0,1) ¥ OA, PAF A((0,1)) — —fp(0A). Therefore,
PA + =Coni™ + Cong F Pro (T fr(A)7) < 0 — - fr(0A),

and hence

PA + =Conit! + Cond: - fr(0A) A~ — - fr(0A).
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We conclude PA + —~Cons! + Conf. - fr(0A) — o. n

If the height of T is larger than or equal to s, then the converse of
Theorem 3.21 also holds.

PROPOSITION 3.22. Suppose that the height of T is larger than or equal
to s. For any modal formula A, if for any 31 sentence o, there exists an
arithmetical interpretation f such that PA—l——'ConsH—i—ConT o« fr(0A4),

then GL + {—F,} ¥ OA and GL + {—~F,} ¥ -UA.

PRrROOF. If the height of T is larger than s, then 7' ¥ —Con%. By Ldb’s
theorem, T ¥ ~Conf:™ — —Con$.. Thus, the theory T +—Coni-" " + Cons. is
consistent. Also, if the height of T" is exactly s, then N |= ﬁConngl A Conip.
Thus, PA + ﬂConS'H + Cony is consistent. In either case, the theory PA +
ﬂComs+1 + Con7 is consistent.

Let o be any ¥ sentence independent of PA + —Cong'H + Con7. Then,
we have an arithmetical interpretation f such that

PA + =Con3t! + Cong - o < fr(OA).

Then, PA + —Coni™" + Con. proves neither fr(CJA) nor —fr(00A). By
Fact 3.3.1, GL proves neither =F; — A nor —-F, — —[JA. [

In the same way as in the proof of Theorem 3.21, the parameterized ver-
sion of Theorem 3.21 can also be proved, and hence we obtain the following
theorem.

THEOREM 3.23. Suppose that the height of T is s. For any modal formula
A, if GL + {=Fs} ¥ OA and GL + {-F,} ¥ -0A, then for any c.e. set
X, there exists an v-arithmetical interpretation f such that fr(A)(v) weakly
represents X in T

PRrROOF. Let o(v) be a ¥; formula defining X over N. Then, from the pa-
rameterized version of Theorem 3.21, there exists an v-arithmetical inter-
pretation f such that

PA + =Con3"' + Conf Vo (0(v) < fr(0A)(v)).

Since the height of T is s, N = =Coni" A Con%. Then, we have that
N E Vo (o(v) < fr(OA)(v)). It follows that fr(A)(v) weakly represents X
inT. [

We close this section with two problems. In Section 2, we proved Theo-
rem 2.3 by using Lemma 2.4. On the other hand, in this section, we proved
Theorem 3.14 that is a modal extension of Theorem 2.3 without using modal
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version of Lemma 2.4. If a modal version of Lemma 2.4 is proved, then a
proof of Theorem 3.14, as well as the proof of our Theorem 2.3 in Section
2, would be substantially simplified.

PrROBLEM 3.24. Can we prove a modal version of Lemma 2.47

In Section 2, we proved Theorem 2.6 that is an improvement of Theo-
rem 2.3. Then, it is natural to ask the following problem.

PRrROBLEM 3.25. Can we extend Theorem 2.6 to the framework of modal
propositional logic?

4. Rosser-Type FGH Theorems

In this section, we investigate some variations of Rosser-type FGH theorems.
Recall that Proofr(z,y) is a natural formula saying that y is a T-proof
of z and Prp(x) is of the form JyProofr(x,y). Besides Proofr(z,y), we
consider formulas that witness Prp(z). We say a formula Prip(z,y) is a
proof predicate of T if Prfr(x,y) satisfies the following conditions:

1. Prfp(z,y) is a primitive recursive formula,
2. PA+Vz (Pry(z) < 3y Prir(z,y)),
3. PAFVzVa' Yy (Prr(z,y) A Prip(2,y) — x = 2/).

For each proof predicate Prfz(z,y) of T, the ¥, formula Pri(z) defined
by

Prii(z) := Jy (Prfr(z,y) AVz <y —Prfr(-z,z))

is called the Rosser provability predicate of Prfr(x,y) or a Rosser provability
predicate of T. Here -z is a primitive recursive term corresponding to a
primitive recursive function calculating the Godel number of = from the
Godel number of an £ 4-formula ¢ such that PA proves ="' = ") for
each La-formula . In view of witness comparison, we also introduce an
auxiliary ¥; formula Pri(-z) as follows:

Pri () := 3y (Priyp (S, y) AVz <y -Prfr(z,z)).
Then, for any L4-formula ¢, PA proves ﬁ(PrPT{(rgoj) A Pr%(r—mpj)) and
Prr(T) V Prr(Tmp™) — Prip(Te™) V Pr (T ).
In a study of Rosser-type Henkin sentences, the following result was
proved.
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Fact 4.1. (Kurahashi [9, Theorem 3.5)]) For any ¥, sentence o, the fol-
lowing are equivalent:

1. There exists a %1 sentence o' such that PA + —(oc A o') and PA +
Prp("o) VPrp(To’') - o Vo'

2. There exists a Rosser provability predicate Pri(z) of T such that PA +
o — Pr(To?).
This fact can be seen as a kind of the FGH theorem for Rosser provability

predicates because it deals with the equivalence o < Prix(Tp™) where ¢ is
in particular o. Inspired by this fact, we prove the following theorem.

THEOREM 4.2. For any Y1 sentences oo and o1, the following are equiva-
lent:

1. PAF =(0g Aoy1) and PAE =Conp — oo V 07.

2. There are a Rosser provability predicate Pr?(z) of T and an L 4-sentence
 such that

PAF oy < Pri(Tp") and PAF oy « Prit(T—p).
PROOF. (2 = 1): This implication follows from the properties of witness
comparison formulas.
(1 = 2): We may assume that oy and o are of the forms 3z 79(x) and

Jz 71 (z) for some Ag formulas 79(z) and 71 (z), respectively. By the Fixed
Point Lemma, let ¢ be a ¥ sentence satisfying the following equivalence:

PA ¢ < Ty [(Proofr(T—¢™,y) V 10(y)) A Vz <y (=Proofr ("¢, 2) A =71 (2))].
Also, let ¢* be the ¥; sentence
3z [(Proofr ("™, 2) V 71(2)) A Vy < z (=Proofr ("¢, y) A =70(y))].
LEMMA 4.3. PAFPrp (") VPrp(T—¢™) — o¢ V oy.

PROOF. Let Provii(z) be the Rosser provability predicate of Proofr(z,y).
Then, PA F Prp(Tp™) V Pro(T=¢7) — Provir(Te ™) V Provi(T—¢7). By the
definition of *,

PA - Provis(To ) A —ag — ¢
Then,
PA I Provi (") A mag — Prp(Te*7)
because p* is a ¥ sentence. Since PA - —(p A ¢*), we have

PA - Provii(Tp™) A =0y — ~Conr. (VII)
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By the choice of ¢,
PA F Provi ("= ™) A —o1 — ¢,
and we also obtain
PA I Provi("=¢7) A~y — =Conr.
From this with (VII),
PA + Cong F Provi (") V Provil(T—p™) — o V a;.
Thus,
PA + Cong - Prp(T¢™") V Prp(T—¢ ™) — 09 V 01.
Since PA + —Conr F 0g V 01, we conclude
PA + PI‘T(I—QD—I) vV PI‘T('__\(,O—l) — 0Q V o1q.
|

We proceed with the main proof. We recursively define a primitive re-
cursive function h and an increasing sequence (k;);c,, of natural numbers
simultaneously by referring to T-proofs in stages. The function A will be
defined to output all theorems of T" and the Rosser predicate of the proof
predicate = = h(y) will be a required one. At the beginning of Stage m, the
values of ko, ..., kmn—_1,km and h(0), ..., h(k;,—1) have already been defined.

Here we give our definition of the function h. In the definition, we identify

each £ 4-formula with its Godel number. First, let kg = 0.
At Stage m,

e If m is not a T-proof of any L 4-formula, then let k,,4+1 := k,,, and go to
Stage m + 1.

e If m is a T-proof of an L 4-formula ¢ which is neither ¢ nor —p, then let
km+1 :=km + 1 and h(k,,) := &, and go to the next stage.

o If m is a T-proof of an L4-sentence £ which is either ¢ or —p, and
h already outputs at least one of ¢ or —p before Stage m, then let
km+1 =k + 1 and h(k,,) := &, and go to Stage m + 1.

e If m is a T-proof of either ¢ or -y, and f does not output ¢ and —p
before Stage m, then we distinguish the following three cases:
(a) If 32 < mp(z) holds, then let ky,11 := ky, + 1 and h(k,,) = ¢.
(b) If 32< mi(z) holds, then let ky,t1 := ky, + 1 and h(ky,) := —p.
(c¢) Otherwise, let kp,+1 := k.
Go to the next Stage m + 1.
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This completes our definition the function h. Since PA = —=(og A 01), we
have that PA proves that there is no m satisfying both 3z <m7y(z) and
Jz<mi(z). Thus Cases (a) and (b) in the definition of h are mutually
exclusive.

We show that the formula = = h(y) is a proof predicate of T'. It suffices
to show the following lemma:;:

LEMMA 4.4. PAF Vz (Prp(z) < 3y (z = h(y))).

PrROOF. We argue in PA.
(—): Suppose that ¢ is provable in T
If £ is neither ¢ nor -y, then for a T-proof m of &, h(k,,) = &.
If £ is either ¢ or =, then by Lemma 4.3, g9 V o1 holds. However, o

and oy cannot be true at the same time. We show that £ is output by h. We
distinguish the following two cases:

e Case 1: og holds.

Let n be the least number such that 79(n) holds, and let m be the least
number such that m > n and m is a T-proof of either ¢ or —p. Then,
h(km) = ¢ by the definition of h. If £ is ¢, we are done. If £ is -,
then let m’ > m be a T-proof of —p. Such an m’ exists because - has
infinitely many T-proofs. Since h already outputs ¢ before Stage m’, by
the definition of h, h(ky,) = —p.

e Case 2: 01 holds.

It is proved that h outputs £ as in the proof of Case 1 by considering the
least number n such that 7 (n) holds.

(«): Suppose that & is output by h. If £ is neither ¢ nor —p, then h(k,,) =
¢ implies that m is a T-proof of &, and so £ is provable in T'.

If £ is ¢ or =, then let m be the least number such that h(k,,) is either
 or ~p. We show that & is provable in 7. We distinguish the following four
cases:

e Case 1: £ is ¢ and h(k,,) = ¢.

By the definition of h, 32 <m7y(z) holds. Then, oy and —o; hold. Sup-
pose that ¢ is not provable in 7', then ¢ holds by the definition. Since
 is a X7 sentence, it is provable in T', a contradiction. Therefore, ¢ is
provable in T'.

e Case 2: £ is ¢ and h(ky,) = —p.
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Then, h(kn) = ¢ for some m’ > m. Since - is already output before
Stage m/, we find that m’ is a T-proof of ¢, and hence ¢ is provable in
T.

e Case 3: £ is —p and h(k,,) = ¢.
Then, for some T-proof m’ > m of =, h(k,,') = —p. Thus, —p is provable
inT.

e Case 4: £ is —p and h(ky,) = —p.
Then, 3z <m7(2) holds, and so o1 and —o( hold. Suppose that - is
not provable in 7'. Then, ¢* holds, and is provable in T'. Since ¢* — -

is T-provable, —¢ is also T-provable. This is a contradiction. Therefore,
- is provable in T ]

We resume the main proof. Let Prg”(m) be the Rosser provability predicate
of the proof predicate x = h(y) of T. Finally, we show that PA proves
o0 < Pri¥(Tp7). A proof of PA o1 < Pri(T=¢7) is similar, and we omit
it. We argue in PA.

(—): Suppose that o holds. Let n be the least number such that 79(n)
holds. Then, either ¢ or ¢* holds, and hence either one of them is provable
in T'. Then, either ¢ or —p is T-provable. Let m be the least number such
that m > n and m is a T-proof of ¢ or —p. Then, h does not output —p
before Stage m, and h(k,,) = ¢. This means Pr;¥("7) holds.

(«): Suppose that h(k,,) = ¢ and before Stage m, h does not output
—. For the least such an m, 3z <m7y(z) holds, and thus oy holds. |

COROLLARY 4.5. For any X1 sentence o, the following are equivalent:

1. There exists a X1 sentence o' such that PA = —(oc A o') and PA +
-Cont — o Vo'.

2. There exists a Rosser provability predicate Pr?(:r) of T and an La-
sentence ¢ such that PAF o — Pri(T¢7).

PrOOF. (1 = 2): Immediate from Theorem 4.2.

(2 = 1): This implication is derived by letting ¢’ be the ¥; sentence
Pri(T=7). =

The (PA + Cony)-provable equivalence in the statement of the FGH the-
orem is equivalent to PA = (o V =Cony) < Prp("¢ ™). In this viewpoint, the
following corollary seems to be a natural counterpart of the FGH theorem
in terms of Rosser provability predicates.
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COROLLARY 4.6. For any Y1 sentence o, there exist a Rosser provability
predicate Prit(z) of T and an L -sentence o such that

PAt (o vV =Cong) < Priv(Tp?).

PROOF. For the ¥ sentences oV —Conr and 0 = 1, we have that PA proves
=((0v=Conz)A0 = 1) and =Cony — (0V—Conz)V0 = 1. By Corollary 4.5,
there exist a Rosser provability predicate Pr%(x) of T" and an L 4-sentence
¢ such that PA F (o0 vV =Cong) < Pris(Tp?). |

Since PA + Cong F Prp(T¢7) < Pri(T¢7), the FGH theorem directly
follows from Corollary 4.6.

We show a version of the FGH theorem with respect to Rosser provability
predicates corresponding to the representability of computable sets.

COROLLARY 4.7. For any A1(PA) sentence §, there exist a Rosser provabil-
ity predicate Pr?(x) of T and an L s-sentence ¢ such that

PAF & < Prif(Tp7) and PAF =8 « Prii(T—¢7).

PROOF. Since § is A1(PA), there exist ¥; sentences oy and o7 such that
PAF 6 < op and PA F =6 < o;. Then, we have PA + —(0og A 01) and
PA F o¢ V o1. By Theorem 4.2, there exists a Rosser provability predicate
Pr(x) of T and an £ 4-sentence ¢ such that

PAF 0o < Priv(T¢™) and PA - oy < Pri(T—¢?).
|

Corollary 4.7 says that if a ¥; sentence o is Aj(PA), then there exist a
Rosser provability predicate Priv(z) of T and an £ 4-sentence ¢ such that
PA ¢ < Pri("¢7). Does this hold for all 3; sentences? By Corollary 4.5,
this question is rephrased as follows: For any ¥ sentence o, does there exists
a X sentence ¢’ such that PAF —(o A ¢’) and PA - =Cony — o V 0’7 We
show that this is not the case.

PROPOSITION 4.8. There exists a 1 sentence o such that for all 31 sen-
tences o', neither PA + —=(o A ¢’) nor PA + —Cony — o V o'. That is,
for all Rosser provability predicates Pr%(m) of T and all L A-sentences @,
PAF o« Priv(Tp).

PROOF. Let o be a X1 sentence which is II;-conservative over PA such that
PA + =Conp ¥ o. The existence of such a sentence is proved by Guaspari
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[4, Theorem 2.4] (see also Lindstrom [11, Exercise 5.5 (b)]). Suppose that
for some ¥; sentence o/, PA+ —(o A¢’) and PA + =Cony — o V o’. Then,
PA+o = =o', and hence PA = =g’ by II;-conservativity. Thus, PA+—=Cony
o. This is a contradiction. [

Guaspari and Solovay [5] introduced the logic R of witness comparison
formulas, and also Shavrukov [13] introduced the bimodal logic GR of usual
and Rosser provability predicates. As in our observations in Section 3, it
may also be possible to extend Theorem 4.2 to the framework of modal
logic via these logics. For example, for R, we expect that the condition
R+ {0"T |new} ¥ OOA — OA works well.
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