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ABSTRACT: 

Visualization of layered materials with atomic-scale thickness by optical interference with a low-

reflection substrate has been widely used to identify the exfoliated thin flakes. However, the 

identification of optically transparent films with an atomic-scale thickness, such as hexagonal 

boron nitride (hBN), requires a substrate with reflectance lower than a few percent. Although 

several types of multilayer antireflection (AR) substrates for identification have been developed, 

the lack of established optical design limits the layer structure of AR coatings. In this study, the 

reflection circle diagram-based design of AR coatings with a layer of arbitrary materials on top is 

proposed. AR substrates with diverse materials on top would visualize the various organic 

monolayers formed on substrates with chemical bonding. As an experimental demonstration, Si 

substrates with optically designed double-layer AR coating of SiNx and SiO2 were assessed by 

reflection spectroscopy and employed to visualize exfoliated monolayer hBN film. As a result, the 

presence of the monolayer films on Si/SiNx (50 nm)/SiO2 (25 nm) was directly identified in the 

image photographed by the commercial camera without an optional optical filter and image 

processing. Additionally, the use of a narrow band-pass filter enhanced the optical contrast of the 

monolayer hBN up to 17% at 470 nm and enabled easy determination of the number of layers in 

few-layer hBN flakes. 

 

KEYWORDS:  hBN, 2D materials, organic monolayers, antireflection substrate, circle diagram, 

optical interferometry. 
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1. INTRODUCTION 

Functional organic and inorganic films with an atomic-scale thickness have been applied 

in electronic devices, where ultra-thin films are chemically or mechanically formed on a substrate 

at desired positions. However, a problem associated with the process is the detection of ultra-thin 

films. They are usually difficult to directly observe with an optical microscope because of poor 

visibility. Therefore, they have been characterized by X-ray or infrared spectroscopy,1 X-ray 

reflectivity,2 ellipsometry,3 and measurement of physical change of the surface properties, such as 

contact angle4 and work function5 for the formation of the ultra-thin films.  

Recently, the visualization of ultra-thin films by interference with an optically designed 

substrate with antireflection (AR) coating has been studied.6−18 Optically transparent ultra-thin 

films on the AR substrate are easily identified in the microscopic image photographed at 

atmospheric pressure by a commercial digital camera, where an imaging camera detects the 

difference in reflection at the front surface between the film on the substrate (Rf) and the bare 

substrate without the film (Rsub). The ultra-thin films are visualized in the image with the optical 

contrast (C) defined as (Rf/Rsub − 1).6, 7 Therefore, the use of a substrate with a low Rsub increases 

visibility. Si substrates with a SiO2 film with an optically designed thickness, which has a 

minimum R of ~10% at a certain wavelength (λ), have been widely used for visualizing monolayer 

graphene and other layered materials.8, 9 However, a substrate with a smaller Rsub (less than a few 

percent) is needed to visualize optically transparent films with an atomic-scale thickness, such as 

hexagonal boron nitride (hBN),6, 7graphene oxide10 and organic monolayer films.11,12 Since the 

technique principally detects optical surface changes on substrates, it can be applied not only to 

the visualization of ultra-thin films, but also to the detection of several kinds of proteins12 and the 

analysis of oxidation-reduction reactions.13 
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The optical design and fabrication of a substrate with low Rsub are the essential parts of the 

visualization technique. One of the proposed substrates has triple-layer AR coatings with an Au 

surface.6, 11, 13−15 In this configuration, a thin Au film is deposited on a thermally oxidized Si 

substrate with an adhesive layer of Cr,6, 13 Ti,14, 15 or MoO3
11. The typical optimized thickness of 

the Au layer, adhesive layer, and SiO2 layer in the AR coatings are ∼10 nm, ∼1 nm, and ∼90 nm, 

respectively.6, 11, 13−15 We have demonstrated the visualization of exfoliated monolayer hBN flakes6, 

7 and organic alkanethiol monolayer on the substrate,11 where the optimum thickness of each layer 

was determined by calculating the theoretical Rsub for various thickness combinations using the 

well-known transfer matrix method.19, 20 Through these studies, we have empirically found that 

the thickness and optical properties of an ultra-thin adhesive layer have a great effect on Rsub. 

However, little study focusing on the adhesive layer has been conducted. 

Desired in the visualization technique are stability and flatness of the top layer of the AR 

coatings. To improve the flatness of the triple-layer AR coatings, it is effective to increase the 

thickness of the top Au layer. This is due to the surface roughness of such thin Au films with a 

thickness of less than 10 nm being larger than that of thicker films due to nucleation in the initial 

stage of growth.6, 21−23 However, increasing the thickness of the top Au film in the triple-layer 

coatings results in increased Rsub, even if the thickness of the adhesive layer and SiO2 are adjusted. 

Therefore, precise thickness control of both the Au layer and the adhesive layer is currently 

required for the AR coating.  

Regarding the thickness of the top Au layer in AR substrates, Syahir et al. have 

demonstrated the optical detection of the organic monolayer of 1-Amino-8-octanethiol on an Au 

film with a thickness of 30 nm, where a substrate with low Rsub was prepared by applying the 
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double-layer AR coatings of Au and poly(methyl methacrylate) films to sufficiently thick Ag film 

on a substrate.12  However, the reason why a thick Au film can be formed in the structure has not 

been discussed enough.  

In addition, the surface material of the AR substrate for the visualization is currently limited 

to Au,6, 11, 13−15 SiNx,
7, 10, 16, 17 hBN,18 and graphite.18 Therefore, there has been little study on 

visualizing organic monolayer other than thiol monolayer on Au film with Au-S chemical bonds. 

11, 12 Since organic monolayer are formed on a substrate with chemical bonding, there is potential 

to detect a variety of organic monolayers through the development of substrates with diverse 

materials on top. For instance, AR coatings with a SiO2 surface could be utilized to detect an 

organosilicon monolayer that has been applied to electronic devices.24, 25 Therefore, the 

development of a design technique for AR substrates with a layer of arbitrary materials on top is 

crucial for expanding the applications within surface science. 

In contrast to the AR coatings for non-transparent substrates discussed above, multilayer 

AR coatings designed for transparent glass substrates are widely employed in various optical 

elements. Although the AR coatings are often constructed by stacking various transparent layers 

with different refractive indices and thicknesses, the theories and design techniques established for 

the AR coatings could offer valuable insights for the visualization study. The multilayer AR 

coatings have been developed using several theoretical approaches with the assistance of computer 

software.26 One design approach involves the utilization of the reflection circle diagram, which 

visualizes the change in the complex reflection coefficient (ρ) at the front surface of the multilayer. 

In the method, each layer was assumed to build up on a previous layer in the final incident medium, 

and gradually grow in thickness from zero. In the process, the complex reflection coefficient 

continuously changed from the value of a base substrate (ρb) to the value of the final layer (ρsub) in 
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the multilayer. For visualizing the locus in the diagram, ρ at each stage of growth was individually 

calculated and plotted on a complex plane. The termination of the locus corresponds to ρsub. As 

Rsub of the designed multilayer is calculated as |ρsub|
2, ρsub = 0 is required for an ideal AR substrate. 

Therefore, AR coatings were designed by considering the visualized locus so that |ρsub| became 

small. 

Herein, we report the optical design of multilayer AR coatings using a reflection circle 

diagram. First, AR coatings that have been experimentally demonstrated for visualization were 

analyzed using the reflection circle diagram. Then, the design of AR coating with Au thin film on 

top and Cr adhesive layer underneath was discussed for depositing the ideal flat film. Furthermore, 

the graphical design of AR coatings with a layer of arbitrary materials on top was proposed, where 

the loci of examples are depicted in the circle diagram. Finally, the designed AR substrates with 

SiNx and SiO2 layers were experimentally fabricated, assessed by reflection spectroscopy, and used 

for visualizing monolayer and few-layer hBN flakes.  

 

2. EXPERIMENTAL METHODS 

2.1 Preparation 

Si substrates coated with a 51 nm layer of SiNx (Fuleda Technology) were cleaned by 

sonication in acetone and 2-propanol for 5 min in each. After treating the substrate with UV/ozone 

for 10 min for clearing, the SiO2 film with a thickness of more than 100 nm was deposited at room 

temperature by radio-frequency sputtering at 400 W using a SiO2 target. Then, the thickness of 

SiO2 was adjusted to 20–60 nm by chemical etching of its surface with dilute HF at room 
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temperature. The bulk hBN crystals grown using a temperature-gradient method under a high-

pressure and high-temperature atmosphere were used.27 Ultra-thin hBN films were prepared by 

mechanical exfoliation with scotch tape and were immediately transferred to the substrate. 

 

2.2 Characterization 

The hBN flakes were identified through the 50× lens with NA of 0.8 (LU Plan 50×, Nikon) 

with a halogen lamp in an optical microscope (LV150, Nikon) and imaged using a monochrome 

12 bit camera (CS-63M, Bitran) cooled to 10°C or a color 8 bit camera (EOS Kiss X4, Canon). To 

obtain superior images, the aperture stop was adjusted so that the light disk at the back focal plane 

of the lens was ~80% of that for fully open, which corresponds to a substantial reduction in NA. 

The reflectance spectra were measured using an optical microscope with a spectroscope (BTC-

110S, B&W Tek) equipped at the trinocular head of the microscope. In contrast, the wavelength 

dependence was investigated with a narrow band-pass filter inserted in the optical path. The 

FWHM of the narrow band-pass filters was 10 nm. The morphology was studied using atomic 

force microscopy (AFM, NanoNavi, SII) in the tapping mode at room temperature in ambient air 

(50% relative humidity, ~20°C) with a Si cantilever (SI-DF3-R, SII Nano-Technology). The 

typical root-mean-square roughness of the SiO2 surface was 0.2 nm. The thicknesses of SiNx and 

SiO2 film were determined based on spectra obtained by ellipsometry (Auto SE, Horiba) and/or 

reflectance spectroscopy.  
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3. CALCULATION MODEL 

3.1 Calculation of reflection circle diagram. 

Figure 1(a) shows the schematic of a multilayer substrate with p layers. N = n − ik and d 

of each layer are complex refractive index and thickness, respectively, where i is an imaginary unit. 

Nm and Nb are refractive indices of an incident medium and base substrate, respectively, where Nm 

is 1.0 for air in the study; ρp corresponds to ρsub for substrate with p layers. In the construction, ρ 

continually changes from ρb to ρp. The changes at a growth stage are calculated sequentially. First, 

ρb is calculated by 

 𝜌b =
𝑁m−𝑁b

𝑁m+𝑁b
 .                       (1) 

Figure 1(b) shows the layer schematic in the middle of the deposition of the first layer, which 

corresponds to a single film with a thickness of d (0 < d ≤ d1). In this case, ρ is expressed as  

𝜌1(𝑑) =
𝜌1

T+𝜌1
B𝑒𝑥𝑝(−2𝑖𝛿1)

1+𝜌1
T𝜌1

B𝑒𝑥𝑝(−2𝑖𝛿1)
,      (2) 

where δ1 = 2πN1d1/λ, ρ1
T = (Nm−N1)/(Nm+N1) and ρ1

B = (N1−Nb)/(N1+Nb) are the reflection 

coefficients at the top and bottom boundaries, respectively.19 The locus of ρ in the first layer is 

calculated by changing d. Similarly, the change in ρ for subsequent films is considered. Figure 

1(c) is the layer schematic in the middle of qth-layer deposition with 0 < d ≤ dq, where q is 1 < q 

< p, and ρq(d) is calculated using the transfer matrix method.19, 20 The changes in the construction 

are calculated and plotted in the complex plane.28 Although the above explanations are for normal 

incidence, ρ for oblique incidence is calculated similarly.19, 20 
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In the present study, ρ of the multilayer is discussed mainly at λ = 530 nm. The refractive 

indices of the employed materials at λ = 530 nm are listed in Table 1.29–36 The refractive indices 

of SiO2 and SiNx were measured using the ellipsometer, whose wavelength dependence is shown 

in Fig. S1. The refractive index of hBN was assumed to be wavelength-independent, and the 

thickness of the hBN monolayer was set to 0.333 nm.9  

 

3.2 Calculations of the locus of the final layer.  

The Rsub of the completed multilayer substrate is given by |ρp(dp)|
2, where ρp(dp) is the end 

of the locus of ρ for the final layer that corresponds to ρsub. As the locus of the final pth layer 

determines Rsub, the locus of ρp(d) is important to consider for AR coatings. If the locus of the final 

layer passes through the origin of the diagram, a substrate with Rsub = 0 is obtained by adjusting 

dp. This is performed by assuming a single layer on a virtual substrate with Nv that includes a (p–

1) multilayer, as shown in Fig. 1(d). Because this model contains a single coating, ρp(d) is 

calculated by  

𝜌p(𝑑) =
𝜌p

T+𝜌p
Bexp(−2𝑖𝛿p)

1+𝜌p
T𝜌p

Bexp(−2𝑖𝛿p)
                  (3) 

as in Eq. (2), where δp = 2πNpdp/λ, ρp
T = (Nm−Np)/(Nm+Np) and ρp

B = (Np−Nv)/(Np+Nv) are the 

reflection coefficients at the top and bottom boundaries, respectively. Thus, the condition of ρp(dp) 

= 0 for AR coating is 

𝜌p
T + 𝜌p

B exp(−2𝑖𝛿p) = 0.       (4) 

If Eq. (4) is rearranged, Nv may be expressed as 
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𝑁v =
(𝑁p+1)exp(−2𝑖𝛿p)+(1−𝑁p)

(𝑁p+1)exp(−2𝑖𝛿p)−(1−𝑁p)
𝑁p,   (5) 

indicating that Nv giving ρ = 0 is uniquely determined for the multilayer substrate with the top 

layer of a certain dp. In this case, the reflectance of the virtual base substrate (ρv) corresponds to 

ρp(d), where ρv is calculated by (Nm−Nv)/(Nm+Nv) similar to Eq. (1). The locus of ρp(d) = ρv is 

depicted in the circle diagram by changing dp in |ρ| ≤ 1. 

 

3.3 Calculation of the reflectance spectra and contrast.  

As the experimental reflectance spectra and photographs were acquired through the 

objective lens, the oblique incidence was taken into consideration in the calculation for comparison. 

When the incident light is tilted from the surface normal at an angle (θ), the measured R(λ) is 

calculated as11, 37 

𝑅(𝜆) =
1

(sin𝜃0)2 ∫ (|𝜌P(𝜆, 𝜃)|2 + |𝜌S(𝜆, 𝜃)|2)sin𝜃cos𝜃𝑑𝜃
𝜃0

0
,   (6) 

where ρP(λ, θ) and ρS(λ, θ) are the complex reflection coefficients for the P and S components of 

light, respectively, and θ0 is defined by sinθ0 = NA. The NA (numerical aperture) was set to 0.7 

for all calculations, although the nominal NA of the objective used in the experiment is 0.8. This 

is because the aperture stop in the microscope limits the range of incident angle. The ρP (λ, θ) and 

ρS(λ, θ) were calculated based on the multilayer model using the transfer matrix method described 

in Sec. 3.1.19, 20 

The reflectance 𝑅̅(𝜆) of the ultra-thin hBN film detected by photographing with a narrow 

band-pass filter corresponds to the averaged reflectance for λ in the range of λ’− λFWHM/2 to λ’+ 
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λFWHM/2, where λ′ is a central wavelength of the filter, and λFWHM is the full width at half maximum 

(FWHM). The value of 𝑅̅(𝜆) was calculated by 

𝑅̅(𝜆) =
1

𝜆FWHM
∫ 𝑅(𝜆)𝑑𝜆

𝜆′+𝜆FWHM/2

𝜆′−𝜆FWHM/2
.             (7) 

The contrast of the flake with the substrate is defined by  𝐶(𝜆) = 𝑅̅f(𝜆)/𝑅̅sub(𝜆) − 1 . It is 

compared with the experimental contrast, which was calculated from the digital values in the image 

photographed by the monochrome camera6, 7 

 

4. RESULTS AND DISCUSSION 

4.1 Analysis of AR coatings by the reflection circle diagram 

Figure 2 shows the reflection circle diagrams for five AR coatings that have been 

previously reported for visualizing ultra-thin films.6, 7, 12, 18 The material and thickness of each 

layer are listed at the bottom of Fig. 2, with materials listed in the order from the substrate to the 

surface. Although the previous studies on the visualization technique were performed using AR 

coatings optimized for various wavelengths with objectives with different magnifications, the 

thickness of each film in Fig. 2 was optimized so that Rsub for normal incidence became zero or 

minimum at 530 nm as initial analysis. 

The AR films of (1) are composed of two insulating films.18 The analytical studies for 

antireflection coatings with two insulator films on a non-transparent substrate have been 

reported.38 The locus of ρ for (1) is a-b-o and starts from point a, which corresponds to ρsub of Si 

base substrate. Upon the deposition of the SiO2 film, ρ goes to point b for the 19.4 nm deposition. 
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The termination of the first layer becomes the initial ρ for the following layer. The locus of ρ for 

the second hBN film starts continuously from point b and moves to the final point o for |ρ| = 0, i.e., 

R = 0. The circle, square, and triangle markers in Fig. 2 indicate the movement of ρ in the circle 

diagram per unit thickness of 10, 5, and 1 nm for each layer, respectively. 

When an insulating film is deposited on multilayer films, ρ moves along the circle whose 

center is on the real axis.28 Then, it returns to the initial point by the deposition of the half-wave 

optical thickness film (181.1 nm and 120.5 nm for SiO2 and hBN, respectively). The movement of 

ρ depends on N and the initial point of the locus.28 The locus for an insulating film is analytically 

expressed in Note S1. Thus, the loci of a-b and b-o are parts of each circle.  

AR coatings (2) and (3) are composed of an insulating film and an absorbing film with k ≠ 

0.12, 18 The locus of ρ for an absorbing layer generally becomes complicated compared with a non-

absorbing layer with k = 0.28 In the case of (2), the locus of ρ starts from point a for the Si base 

substrate as in case (1) and goes through point b to point c for a 76.3 nm SiO2 film. The arc is 

longer than in case (1) because of additional deposition. Then, for a 6.0 nm graphite film, ρ moves 

to point o. The movement of ρ for graphite per unit thickness is larger than SiO2 or hBN layer. 

Generally, the movement of an absorbing film is larger than that of a non-absorbing film, 

suggesting that strict thickness control is required for AR coating. The locus of ρ for (3) is e-f-o. 

The locus starts from point e for the Ag-based substrate. The |ρ| of point e is larger than that of 

point a. This is because R for the Ag-based substrate is higher than that for the Si-based substrate 

at 530 nm. As a result, a large circle is observed in the circle diagram for an insulating film on the 

Ag substrate.  



 13 

AR coating (4) includes Cr adhesive layer for Au film.6 The locus can be understood that 

the adhesive layer was added to cases (2) or (3). Point g for Si/SiO2 (112.2 nm)/Cr (0.5 nm) is on 

the locus of f-o for (3). Then, they reach o point on the same locus upon the deposition of the Au 

film of appropriate thickness.  

AR coating (5) is a single-layer coating.7, 16, 17 Theoretically, the deposition of a single film 

with N, which optically matches a non-transparent substrate makes R zero at a certain λ.39, 40 The 

refractive index of SiNx is close to the ideal value for Si.7 Therefore, the termination point h in the 

locus corresponds to R = 0.28%, which is suitable for the visualization of ultra-thin films.7  

 

4.2 Effect of adhesive layer for top Au layer in multilayer AR coatings 

The reflection circle diagram is useful for investigating the effect of the adhesive layer for 

the top Au layer, particularly in the substrate/non-absorbing layer/adhesive layer/Au structure. 

Figure 3(a) shows the reflection circle diagram for a SiO2/Cr/Au AR coating on different 

substrates at 530 nm. The thickness of the Cr layer was fixed at 0.5 nm, whereas the thickness of 

the Au layer was optimized. The blue solid line corresponds to case (4) in Fig. 2. The loci start 

from ρsub of each base substrate. For comparison, ρsub of various base substrates is plotted with 

black dots. The locus of the SiO2 film becomes a circular arc, with the radius increasing with 

substrate R, as explained in case (3) in Fig. 2. The locus of Au film for the three substrates is on 

the broken ochre-colored curve. As described in Sec. 2.2, the locus of Au film which passes 

through ρ = 0 is uniquely determined irrespective of the substrate before Au deposition (here, the 

substrate is named p−1 substrate). In other words, designing an AR coating with an Au surface 

requires the terminating point of the previous layer (Cr layer in the case) to be on the curve. In the 
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case of a base substrate with SiO2/Cr coatings, this requirement is satisfied by adjusting the 

thickness of the SiO2 film. Once ρ of a p−1 substrate is on the curve, AR coating with ρ = 0 can 

be obtained by depositing an Au film with appropriate thickness. The thickness of the Au film for 

ρ = 0 is 8.3, 14.8, and 23.4 nm for Ag, Cu, and Si base substrates, respectively. The thickness of 

the Au film for ρ = 0 increases with |ρ| of a p−1 substrate. This becomes a practical advantage for 

depositing a homogeneous, flat, and stable Au thin film.21−23   

Figure 3(b) shows the Ag/SiO2/Cr/Au substrate with different thicknesses of the Cr 

adhesive layer. The blue, red, and black solid lines correspond to the Cr layer thickness of 3.0, 1.5, 

and 0.5 nm, respectively. Numerically, the thickness of the Au film for ρ = 0 is 7.6, 16.7, and 23.4 

nm, respectively. Therefore, a thin Cr adhesive layer is preferred from the point of view of 

depositing a continuous and flat Au film.  

The broken curve in Fig. 3(a) represents the additional Au deposition on the AR substrates. 

The reflectance increased along the curve and finally corresponded to ρ of the base Au substrate. 

This corresponds to an increase of dp for the Au layer in Eq. (3). The δp in Eq. (3) can be expanded 

as δp = 2πNpdp/λ = 2π(np − ikp)dp/λ = 2πnpdp/λ − i2πkpdp/λ. Here, the first term represents the phase 

change, while the second term represents attenuation due to the absorption of light. Since light 

decays exponentially in absorbing layers, an increase of thickness in an absorbing layer sensitively 

changes ρ in the circular diagram toward the bulk value of ρb. Consequently, ρp(d) for a sufficiently 

thick Au film is equal to ρp
T in Eq. (3) due to the complex Np, corresponding to Eq. (1) for a bulk 

Au substrate. 
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4.3 Oblique incidence in multilayer AR coatings 

When ultra-thin films are photographed through a high-magnification objective with large 

NA, oblique incidence in multilayer AR coatings must be considered. The locus of reflectance in 

the circle diagram varies with incidence angle and polarization. 19 The black solid line in Fig. 4 

corresponds to the locus of the case (4) in Fig. 2. The red and blue solid line indicates the locus of 

S- and P-polarized incidence at an incidence angle of 44° at λ = 530 nm. Numerically, the incidence 

angle corresponds to θ0, where sinθ0 = 0.7 is the NA of the objective. The broken gray circles 

indicate |ρ| = 0.7, 0.5, 0.3, and 0.1. Although the behavior of ρ for polarization is similar to the 

normal incidence, the loci are terminated not in the origin. Therefore, the reflection light for the 

AR coating which is experimentally detected through the lens does not become zero numerically, 

resulting in the reduction of visibility.7, 15, 20 The circular diagram can graphically explain the 

effects of oblique incidence and evaluate the AR coatings. 

The optical design of AR coatings for microscopic observation of ultra-thin films requires 

a substrate with low reflectance regardless of the incident angle. Research into the effect of 

variations in incidence angle on AR coatings has been conducted.41−45 The AR coatings for an 

oblique incident can be designed in the same way as for normal light with the circle diagram by 

including the effect of the incident angle in the refractive index of each layer, where the phase 

change attributed to the incidence angle is corrected.19, 41  

Although the AR coating design proposed in this study can be adapted to polarized oblique 

incidence with a certain angle, it is difficult to design the AR coating considering the sum of 

reflections from various incident angles collected by the objective. Further analytical studies are 

needed to improve the visibility of microscopic observations. However, AR substrates optimized 
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for normal incidence have been practically applied to microscopic observation with objectives with 

high NA.6−10, 14−18, 20 Therefore, the present study primarily focused on normal incidence.  

 

4.4 Design of an AR coating 

The discussion of AR coating with Au surface can be generalized to the design of an AR 

coating with a layer of an arbitrary material on top. First, the design of AR coating with a surface 

of absorbing material is elaborated on. The light-gray, dark-gray, orange, ochre, and red curves in 

Fig. 5(a) indicate the loci of Cr, Ti, Cu, Au, and Al passing through ρ = 0, respectively. The broken 

curves represent the additional deposition on the AR coatings. The broken black circle indicates 

|ρ| = 1. For an AR coating, the termination of ρ of a p−1 substrate must be on the curve of the 

desired metallic material. Once the termination is on the line, ρ = 0 can be achieved by adjusting 

the thickness of the final metallic film. Thus, the position control of the termination of the (p−1) 

substrate is the key to the design of AR coatings. Here let us focus on the single-layer coating of 

non-absorbing material on an absorbing base substrate. The structure has already been discussed 

in Fig. 3(a) for a thin layer of SiO2 on various substrates. The termination point of the SiO2 layer 

can be freely controlled in a wide range in the circle diagram by adjusting the SiO2 thickness and 

selecting the R of the base substrate (details are explained in Note S1 and Fig. S4). Therefore, a 

substrate with a single-layer coating of non-absorbing material is useful for the (p−1) substrate. 

Specific examples for the AR substrate with Ti and Cu on the surface are represented with red and 

blue solid lines in Fig. 5(b), respectively, where AR coating can be designed by optimizing the 

thickness of the non-absorbing layer and the metallic film. 
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The described method may be applied to the design of AR coatings with a non-absorbing 

material on the surface. The blue, purple, pink, and green markers in Fig. 5(a) indicate the loci of 

TiO2, Al2O3, polymethyl methacrylate (PMMA), and SiO2 passing through ρ = 0, respectively. 

Deposition of a non-absorbing film with a half-wave optical thickness traces a complete circle 

clockwise.28 The depicted loci of the five metals (Cr, Ti, Cu, Au, and Al) pass through the four 

circles and intersect at ρ ≠ 0. Several arrangements can be considered using the loci of absorbing 

materials. As the circle of non-absorbing materials intersects with the curves at ρ = 0, AR coatings 

can be obtained by the deposition of a non-absorbing film with a half-wave optical thickness on a 

substrate with AR coating with ρ = 0. An example of AR coating of Ni/SiO2/Cr/PMMA is shown 

in Fig. 5(b) with the orange solid line, where the Ni substrate with SiO2/Cr coatings was used as a 

p−1substrate. The locus of PMMA starts from the origin and traces the circle clockwise. It then 

returns to the origin at a half-wave optical thickness.  

The other intersections of the locus of an absorbing material at ρ ≠ 0 are useful. AR coating 

is also obtained by depositing a non-absorbing film with a thickness that corresponds to the 

intersection of the p−1 substrate with ρ. An example Si/PMMA/Cr/Al2O3 AR coating is shown in 

Fig. 5(b) with the green solid line. Although the locus of Cr intersects with the circle of Al2O3 at 

ρ = 0, the thickness of Cr film is additionally increased until the next intersection. Then, Al2O3 

film with a thickness that satisfies ρ = 0 is deposited on the p−1substrate.  

The other arrangement that does not use the loci of absorbing materials can be considered. 

The solid black line in Fig. 5(b) corresponds to Al/Al2O3/Ti/TiO2. The locus of the Ti layer does 

not pass through the origin. By adjusting the thickness of Al2O3 and Ti, the termination of the locus 

of Ti may be positioned on the circle of TiO2. Then, the deposition of TiO2 film with an appropriate 

thickness on the (p−1) substrate affords ρ = 0. Because the loci of metals, which do not pass 
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through the origin, are generally complicated, the assistance of computer software is required.28 

As shown in the examples, the device structure of metal substrate/insulator/metal/insulator has 

been applied to an infrared absorber for solar thermophotovoltaic systems.46 

 

4.5 Demonstration 

The demonstration was performed on the double-layer SiNx and SiO2 film, where SiO2 film 

was sputtered on a Si substrate with a SiNx film. The black solid line in Fig. 6(a) shows the locus 

of the AR coating of Si/SiNx/SiO2 for normal incidence at 530 nm. Theoretically, the perfect AR 

coating can be obtained with the two layers.38 The broken black line in Fig. 6(a) indicates the locus 

of Si/SiNx without the SiO2 layer for comparison, which corresponds to the locus of the case (5) 

in Fig. 2. It is considered that part of the SiNx film is replaced with SiO2 film. The substrate with 

the double-layer AR coatings with lower R is expected to improve the visualization of ultra-thin 

films. The red and blue solid line in Fig. 6(a) shows the circle diagram for S- and P-polarized 

incidence at an incidence angle of 44° at λ = 530 nm, similar to Fig. 4. Figure 6(b) shows the 

reflection spectra of the AR coatings with different SiO2 thicknesses measured through the 50× 

objective lens. The calculations indicated by the broken line for NA = 0.7 roughly reproduce the 

experimental spectra in both cases. Microscopic observation with high visibility is expected from 

the reflection spectra of low reflectance even with a high-magnification objective. 

Finally, the performance of the visualization technique for the AR coating was evaluated 

on ultra-thin hBN flakes. The visibility of the monolayer hBN film has been well known to be poor 

because of its optical transparency and atomic-scale thickness of 0.333 nm.9 Figure 7 is the data 

set for monolayer and few-layer hBN flakes on Si/SiNx (50 nm)/SiO2 (25 nm). Figure 7(a) and 
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(b) shows the photograph taken through the 50× objective lens with monochrome and color 

cameras at λ = 470 nm at the same position, respectively. Figure 7(c) is the photograph in white 

light. Notably, images in Fig. 7(b) and 7(c) were not processed (the contrast was not increased). 

The numbers in Fig. 7(a) indicate the layer number determined by AFM. The monolayer hBN 

flakes on the substrate are recognized in all images even in white light. However, the use of an 

appropriate narrow band-pass filter enhances the contrast of the ultra-thin flakes.  

Figures 7(d) and (e) respectively show the phase and height images obtained via tapping-

mode AFM of the monolayer corresponding to the red square area in Fig. 7(a). Figure 7(f) shows 

the profile of average height along the white solid bold line in Fig. 7(e). The height step of 0.4−0.5 

nm indicates a monolayer film.47, 48 Although the height image does not show a sufficient 

topographical difference for the monolayer, the phase image shows the clear boundary of the 

monolayer flake by the phase difference of ~5 degrees between the hBN and bare substrate. This 

feature is useful for AFM measurements. The lag of the phase difference is independent of the 

layer number, suggesting that the phase shift might be related to the mechanical properties of hBN, 

such as stiffness or elastic modulus.49, 50 The AFM data for different numbers are shown in Fig. 

S3.  

Figure 7(g) shows the contrast spectra of 1–4 layers (L) for the hBN flakes of Fig. 7(a–c). 

Peaks are observed in positive contrast at λ = ~470 nm and negative contrast at λ = ~530 nm for 

all layers. The broken lines represent the calculation results for NA = 0.7, which roughly reproduce 

the experiment. Figure 7(h) shows the contrast depending on the layer number at λ = 450, 470, 

600, and 630 nm, which corresponds to Fig. 7(g). As shown by the calculation results (broken 

lines), the contrast increases almost linearly with increasing layer number from zero.51 The 

experimental contrast is roughly consistent with the calculations for all layers, and the intercept 
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for each layer is near zero. This confirms the determination of the layer number by the optical 

contrast and AFM measurement. The maximum absolute contrast of the monolayer is 17% at 470 

nm. Because the monochrome camera used in the present experimental setup practically detects 

the contrast of 3% for ultra-thin films, the height resolution of the visualization technique is 

calculated to be 59 pm from the estimate of monolayer thickness.  

The effect of the designed double-layer AR coating is further discussed. The maximum 

absolute contrast of an hBN monolayer in the observation with a narrow band-pass filter has been 

reported to be 15% for the Si substrate with a single-layer AR coating of SiNx.
7 The improved 

contrast was attributed to the lower R of the substrate. The reflection and contrast spectra are 

compared in Fig. S4. As shown in Fig. 7(c), the monolayer flakes on the double-layer AR coating 

may be directly identified without an optional optical filter and image processing, which is helpful 

to find monolayer flakes from a large number of flakes with different thicknesses placed randomly 

on the substrate in live-view mode of the camera. At the same time, image processing for 

improving the contrast is required to recognize a monolayer on the single-layer AR coating of SiNx.  

The improvement in contrast contributes to the layer number determination. In the case of 

the substrate with single-layer AR coating of SiNx, a narrow band-pass filter must be carefully 

selected for the observation at an appropriate wavelength because only a limited number of 

wavelengths may be used for detection.7 Furthermore, the suitable wavelength sensitively changes 

with the SiNx thickness because the reflective index of SiNx is higher than that of SiO2. Thus, strict 

control of the SiNx thickness or the use of a large number of narrow band-pass filters with a variety 

of wavelengths is required. However, if the double-layer AR coating is applied, a narrow band-

pass filter for a variety of wavelengths in the visible region may be used for the layer number 

determination, as shown in Fig. 7(h). Compared with the measurements of electrical tunneling 
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current 6, 52, 53 or Raman shift 9, 47, 54, which have been used to determine the number of layers, the 

proposed method can determine the number of layers quickly, accurately, and non-destructively. 

 

5. CONCLUSION 

Research on AR substrates for visualizing ultra-thin films was carried out using the 

reflection circle diagram, which graphically visualizes the continuous change in ρ during the 

construction of multilayer AR coatings. First, the AR coatings that have been developed in 

previous research were analyzed. The loci of the AR coatings with optimized layer thickness for 

normal incidence at λ = 530 nm started from ρ of the base substrate and finished at or near ρ = 0. 

Since the change of ρ with increasing layer thickness in the circle diagram is determined by the 

refractive index of each layer, the behavior of ρ serves as a guideline for optimizing the film 

thickness of each layer. Specifically, the effect of the adhesive layer on the structure of absorbing-

substrate/non-absorbing-layer/Cr/Au was discussed to increase the thickness of the top Au layer. 

The optimized thickness of the top Au layer increases with increasing Rb of a base substrate and 

decreasing Cr layer thickness. Therefore, the use of a base substrate with a larger Rb and thinner 

Cr adhesive layer is suggested to obtain a flat and stable Au top layer. Furthermore, the reflection 

circle diagram-based design of an AR multilayer substrate was proposed. The design technique 

enables the development of AR substrates with arbitrary materials on top by combining about 3 

layers of non-absorbing-layer and absorbing-layer. These AR substrates might be widely used not 

only for visualization of ultra-thin films, but also for detecting slight changes in surface properties 

and nanostructures. 
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Finally, the experimental demonstration with double-layer AR coating of SiNx and SiO2 

film was performed. The reflection spectra of the designed AR coating measured through the lens 

roughly correspond to the calculation results. The performance of the visualization technique was 

assessed on monolayer and few-layer hBN films. As a result, the monolayer hBN films on Si/SiNx 

(50 nm)/SiO2 (25 nm) were identified in the image with the maximum optical contrast of 17% at 

λ = 470 nm. The AR coating enables direct observation without an optical filter and image 

processing and affords easy determination of the layer number.  
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FIGURES 

 

Figure 1: Multilayer calculation model. (a) Model for multilayer substrate with p layers. (b, c) 

Models of the middle of the first and qth-layer deposition, respectively. (d) Model of a substrate 

with single-layer on the virtual substrate that includes p–1 multilayer for calculating the locus of 

the final layer passing through ρ = 0. 
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Figure 2: Reflection circle diagram of various AR coatings at λ = 530 nm. The structures of AR 

substrates are listed at the bottom of the figure, with layers written in the order from the substrate 

to the surface. Lowercase alphanumeric characters connected by hyphens in the list indicate loci. 

The thickness of each layer is adjusted so that R for normal incidence becomes zero or minimum. 

The round, square, and triangle markers indicate the movement of ρ in the loci associated with 

each deposition per unit thickness of 10, 5, and 1 nm, respectively.  
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Figure 3: (a) Reflection circle diagram of the SiO2/Cr/Au AR coating at λ = 530 nm with different 

base substrates for normal incidence. The black dots indicate the ρsub of various base substrates. 

The broken ochre curve indicates the locus of Au film which passes through ρ = 0. (b) Reflection 

circle diagram of the Ag/SiO2/Cr/Au substrate at λ = 530 nm with different base substrates. A base 

substrate with a large R and a thin Cr layer is preferred for the structure from the viewpoint of 

continuous and flat Au film deposition.  
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Figure 4: Circle diagram of the AR coating of (4) in Fig. 2 for S- and P-polarized incidence at a 

incidence angle of 44° at λ = 530 nm.  
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Figure 5: (a) Loci of various materials in multilayer coating passing through ρ = 0 in the circle 

diagram. (b) Loci of AR substrates with Ti, Cu, PMMA, Al2O3, TiO2 surface as examples for 

designing AR coating with a top layer of arbitrary materials. 
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Figure 6: (a) Circle diagram of the Si/SiNx/SiO2 AR coating for S- and P-polarized incidence at a 

incidence angle of 44° at λ = 530 nm. (b) Reflection spectra of the Si/SiNx/SiO2 AR coatings with 

different SiO2 thicknesses. 
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Figure 7: Characterization of monolayer and few-layer hBN flakes on Si/SiNx (50 nm)/SiO2 (25 

nm). (a) and (b) Monochromatic and color photographs at λ = 530 nm, respectively. (c) Color 

photograph in white light. (d) and (e) Phase and height tapping-mode AFM images of the 

monolayer corresponding to the red square area in (a), respectively. (f) The profile of average 

height along the white solid bold line in (e). The broken white lines in (e) indicate the area of the 

averaged height profile. (g) Contrast spectra of 1−4 layers of hBN film on the substrate. The dots 
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and broken lines indicate experimental and calculation results, respectively. (h) Contrast 

depending on the layer number at λ = 450, 470, 530, and 600 nm.  
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TABLE 

Table 1: List of refractive indices at λ = 530 nm for materials used in the study. 

Materials Refractive indices 

Air 1.000 – i 0.000 

Si 4.159 – i 0.043 29 

SiO2 1.463 – i 0.000 

SiNx 2.156 – i 0.015 

PMMA 1.495 – i 0.000 30 

hBN 2.200 – i 0.000 9 

TiO2 2.176 – i 0.000 31  

Al2O3 1.684 – i 0.000 32 

Au 0.592 – i 2.173 33 

Ag 0.054 – i 3.410 34 

Cr 3.023 – i 3.334 35 

Ti 2.475 – i 3.342 35 

Cu 1.143 – i 2.601 34 

Al 0.540 – i 5.081 36 

Ni 1.871 – i 3.483 35 

Graphite 2.600 – i 1.300 8 
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