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Abstract: Recently, to simulate sound propagation inside architectural spaces at high frequencies,
the application of computationally expensive wave-based numerical methods to room acoustics
simulation is increasing gradually. Generally, standard room acoustics simulations in the frequency
domain are performed based on the lossless Helmholtz equation. However, for acoustics simulation
at high frequencies, consideration of the sound attenuation effect caused by air absorption is an aspect
to increase the reliability of predictions. Although a simple approach based on the lossy Helmholtz
equation is available to include the air absorption effect in the frequency domain, its accuracy and
efficiency are still not discussed well. This paper presents an accuracy and efficiency estimation
of FEM based on the lossy Helmholtz equation via two numerical problems in two dimensions:
a plane wave propagation problem up to 20 kHz in a long duct with 1 km length and a sound
propagation problem in a real-scale office up to 6 kHz. Results revealed that the lossy Helmholtz
equation-based FEM can include the air absorption effect accurately up to 20 kHz. Moreover, a
possibility of providing a higher computational efficiency at higher frequencies is suggested when
the magnitude of the pure-tone sound attenuation coefficient is large.

Keywords: air absorption; complex wave number; finite element method; lossy Helmholtz equation;
frequency domain; room acoustics simulation

1. Introduction

Computational acoustics simulation methods [1] are indispensable tools for designing
room acoustics in various architectural spaces and acoustic virtual reality applications [2].
Two simulation methods, called geometrical acoustic methods and wave-based numerical
methods, are available, and they have unique strengths and shortcomings. The former is al-
ready a general-purpose method, and the latter is gradually gaining interest thanks to recent
developments in computer technology. Geometrical acoustic methods [3], such as acoustic
ray tracing [4], beam tracing, and the image source method [5], are widely used practical
acoustic simulation tools with high computational efficiency. The geometrical acoustic
methods model, sound propagation as ray propagation, and wave phenomena such as
diffraction and interference are not addressed accurately. Therefore, efforts to improve the
accuracy have been undertaken. For example, the phase beam tracing method [6-9] can
include phase information essential for dealing with the interference effect and phase shift
on reflection at boundaries.

On the other hand, room acoustic simulations with wave-based numerical methods,
such as the finite difference time-domain (FDTD) method [10-14], finite element method
(FEM) [15-20], and boundary element method (BEM) [21-25], have become applicable
for the accurate prediction of indoor sound environments. Compared to practical ge-
ometrical room acoustic simulations using ray tracing methods [3], wave-based room
acoustic simulations have attractive benefits, providing a reliable prediction by solving
the partial differential equations of wave phenomena, such as the wave equation in the
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time-domain analysis and the Helmholtz equation in the frequency-domain analysis. How-
ever, because wave-based room acoustics simulation requires vast computational times for
practical-sized rooms, many researchers have been striving to develop computationally
efficient wave-based methods. Through outcomes established from their studies, some
recent works [18-20] have demonstrated that recently developed wave-based room acoustic
solvers with FEM in the time domain can predict indoor acoustics up to 6 kHz in small
room spaces, such as classrooms and meeting rooms, within practical computational times.
Moreover, they have shown a fundamental effectiveness as a virtual indoor sound environ-
ment creation tool for virtual reality applications. It is also worth mentioning that a hybrid
technique [26,27] that tries to combine the strength of geometrical acoustic methods and
wave-based numerical methods is an attractive direction for room acoustics simulation. It
can enhance accuracy at low frequencies while keeping computational efficiency. Among
the above three directions on room acoustics simulation, i.e., the use of geometrical acoustic
methods, wave-based numerical methods, and their hybrid techniques, the present paper
specifically focuses on wave-based numerical methods using FEM.

Apart from developing highly efficient methods on wave-based numerical methods,
an essential key to reliable room acoustics prediction is the use of accurate sound attenua-
tion models for acoustic materials installed in spaces and sound wave propagation in the
air. Acoustic materials such as porous and resonant absorbers [28,29], which are common
sound-absorbing materials for room acoustics control, have frequency-dependent and
incident-angle-dependent sound absorption characteristics. Impedance boundary condi-
tions, which use theoretically computed or measured complex-valued specific acoustic
impedance of materials, are used to describe the frequency dependence of acoustic proper-
ties of local-reaction materials. Impedance tube measurements described in ISO 10534-2 [30]
and in-situ measurements [31] are available as measurement-based approaches for this
purpose. The transfer matrix method [32] is a theoretical method of computing the specific
acoustic impedance of materials. Extended-reaction models that solve the partial differen-
tial equations of materials are used to describe the incident-angle-dependent absorption
characteristics. A simple equivalent fluid model based on the lossy Helmholtz equation
and the poroelastic material model based on the Biot theory have been used [33-35]. By
contrast, standard room acoustics simulation usually solves the lossless wave equation and
Helmholtz equation for sound propagation in the air inside rooms. Their lossless equations
do not address the sound attenuation effects of air absorption caused by viscothermal
effects and relaxation processes. However, considering the current situation in the appli-
cable range of wave-based room-acoustics simulation to high frequencies, wave-based
room acoustics simulation including air absorption might be an aspect for increasing their
predictive reliability.

Some approaches can be used to include the air absorption effect. A recent report of
the literature [36] proposes a low pass filter-based post-processing approach that uses a
cascade of three time-varying IIR filters, approximating the air absorption model described
in ISO 9613-1 [37]. The air absorption effect is added by filtering impulse responses without
air absorption with time-varying IIR filters. For one earlier study [38], FIR filter-based
approximation of air absorption was used to study the audibility of the dispersion error in
a room acoustic FDTD solver. As a physically based approach for time-domain analysis,
an acoustic FDTD solver discretized on Stokes’ equation has been used to include the
air absorption effect caused by relaxation absorption from oxygen molecules, which has
a dominant role in sound attenuation at high frequencies within the audible frequency
range [39]. A time-domain wave-based room acoustics model, including viscothermal and
relaxation effects in air, has also been proposed with corresponding FDTD discretization
schemes [40]. Stokes” equation can be reduced to the lossy Helmholtz equation with a
complex-valued wave number assuming time-harmonic sound pressure [41]. Therefore,
for frequency-domain analysis, a simple approach that solves the lossy Helmholtz equation
with the pure-tone attenuation coefficient describing sound attenuation because of classical
absorption and molecular relaxation absorption is available to implement air absorption ef-
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fects. The study described herein specifically examines the simple lossy Helmholtz equation
approach in the frequency domain. As described previously, the lossy Helmholtz equation
with a complex wave number has been used to model viscothermal dissipation of sound-
absorbing materials such as porous and resonator absorbers as equivalent fluids [42-49].
Nevertheless, how the lossy Helmholtz equation approach models air absorption effects ac-
curately and efficiently has not been discussed adequately in earlier reports of the relevant
literature.

This report of our study is intended to demonstrate, via two numerical problems,
the accuracy and computational efficiency of the lossy Helmholtz equation-based FEM
to include air absorption effects. One problem is long-range plane wave propagation in
a long duct for an accuracy assessment up to 20 kHz. Another is a sound propagation
problem in a real-scale 2D office for computational efficiency estimation. As a salient
contribution of this study, we will reveal empirically that lossy Helmholtz equation-based
FEM in the frequency domain has attractive features in terms of computational efficiency
for room acoustics simulation at high frequencies. The structure of this paper is as follows.
Section 2 presents the lossy Helmholtz equation approach, with the pure-tone attenuation
coefficient based on the ISO 9613-1 model to add air absorption effects to FEM in the
frequency domain. Then, Section 3 presents accuracy assessment results obtained for the
lossy Helmholtz equation-based FEM via the long-range plane wave propagation problem
in a long duct. In Section 4, the computational efficiency of the lossy Helmholtz equation-
based FEM is demonstrated via a real-scale 2D office problem. Section 5 concludes the
discussion presented herein.

2. Theory
2.1. Lossy Helmholtz Equation Approach

We consider the following plane wave propagation model with the air absorption
effect described in ISO 9613-1 [37] as

p(x 1) = pie”™, ©)

where the pure-tone sound pressure at time ¢ and at distance x is represented by p(x, t).
In this model, a plane wave p; exponentially attenuates against the propagation distance
according to the pure-tone sound attenuation coefficient « [Np], which describes the
attenuation per unit length attributable to the classical absorption and molecular re-
laxation absorption. Note that Np represents a unit called neper, which has a relation
1 [Np] = 20/In(10) [dB]. Plane wave p; takes the form of

pi = efj(koxfwt), (2)

with the wave number of lossless air kg = w/cg, where w is the angular frequency, and
where ¢y is the speed of sound. With the plane wave form, Equation (1) can be expressed as

p(x,t) = e e, 3)

where k denotes the complex wavenumber given as k = ko —ja. Based on this plane
wave propagation model with k, the air absorption effect is incorporated into the acoustic
simulation in the frequency domain as the lossy Helmholtz equation approach, which
solves the following equation as

(V2 + ) p(r,w) = —jwpod(w)s(r —1s), (4)

where p(r, w) stands for the complex-valued sound pressure at the position r in the Carte-
sian coordinate system, py represents the air density, §(w) signifies the volume source
strength density, and J expresses the delta function. The position vector at a source point is
represented by .
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2.2. Calculation of the Pure-Tone Sound Attenuation Coefficient

The pure-tone sound attenuation coefficient « is a frequency-dependent value deter-
mined by four variables: the sound frequency, air temperature, air humidity, and atmo-
spheric pressure. As physical mechanisms of air absorption, &, which is defined by a unit
[dB/m], includes four absorption mechanisms as

& = o + Aot + Xyib,0 + Xyib, N+ (5)

where a represents the classical absorption by the transport processes of classical physics,
Aot signifies the molecular absorption by rotational relaxation, and &, 0 and ayp, N, respec-
tively, denote the molecular absorption by vibrational relaxation of oxygen and nitrogen.
All numerical experiments conducted for this study use the calculation procedure described
in Annex A in ISO 9613-1 [37] to compute the four terms in Equation (5).

2.3. Spatial Discretization with Finite Elements

The inhomogeneous lossy Helmholtz equation of Equation (4) is solved numerically
with standard Galerkin FEM discretization to compute the complex-valued sound pressure,
including the air absorption effect. The weak form of Equation (4) is

M. - .
v VATM)—/‘A—M?—F/)Adﬂz i/ 5(r — 1r)dQ), 6
A; x(Vp) e P jwpoq Qx(r rs) (6)

where () denotes the domain, I' stands for the boundary of (), and x is the weight function.
In FEM, sound pressure p(r) at point » within element (), is approximated by a linear
combination of two vectors N and p, as p(r) = Np,, where N and p,, respectively, denote
the shape function vector and nodal sound pressure vector. The following Lagrange
polynomials are used for N:

p§m+1 m __ xm
Wem = 1 gm_gz )

b=1,(b#a)

where [, (™) is the Lagrange polynomial for the {™ direction in the local coordinate system.
Subscript a denotes the node location, & is the corresponding local coordinate, p¢" + 1
is the node number used for FE approximation, and p¢" is the order of the polynomial.
This study specifically addresses 2D room acoustics simulation discretized using four-node
linear quadrilateral elements (Q4s) with p51 = pgz = 1. In this case, the shape function
vector N;(i = 1,2,3,4) components are given as

Ni(81,6%) = 1a(E)1a(@). (8)
With Q4s, N and p. are given, respectively, as N = [Ny, Ny, N3, Ny and p. = [p1, P2, P3, ﬁ4]T.
The same function form as p(r) is applied to the weight function for the spatial discretiza-
tion of Equation (6). Using sound field approximation within (), and inserting three
boundary conditions (rigid boundary I';, vibration boundary I',, and impedance boundary
I'; conditions) to Equation (6) leads to the following linear system of equations as

(K —k*M +ijwC)p = f, 9)

where K, M, and C, respectively, represent the stiffness, mass, and dissipation matrices,
and where f is the external force vector. Sound pressure vector p composed of complex-
valued sound pressure at all nodes is computed by solving Equation (9) using a linear
system solver, such as a direct solver [50] or iterative solver [51]. Since the coefficient
matrix of Equation (9) becomes a complex-valued sparse symmetric matrix with many zero
components, the use of sparse linear system solvers is helpful to conserve memory when
predicting a large-scale sound field with vastly numerous degrees of freedom (DOF). This
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report uses two sparse linear system solvers. For the accuracy assessment in Section 3, a
sparse direct solver called PARDISO (included in the Intel Math Kernel Library) is used
because sparse direct solvers produce accurate solutions. Additionally, an iterative solver
called the CSQMOR method [52] with a diagonal scaling preconditioning is used as a linear
system solver for the office problem in Section 4 for efficiency estimations because iterative
solvers can have the potential to solve large-scale problems with lower memory usage and
with less computational time than direct solvers. The convergence tolerance is set as 107%.
In iterative solvers, the setup of an arbitrary initial value affects their convergence to some
degree (Section 52 of the Supplemental Material in [20] provides additional details.). The
study described herein uses a zero initial value for the first pure-tone sound analysis and
the previous frequency’s solution value for the remaining pure-tone sound analyses.

3. Accuracy Assessment with 2D Long Duct Problem
3.1. Outline of the Problem

This section presents an examination of the accuracy of lossy Helmholtz equation-
based FEM to include the air absorption effect. To this end, as a benchmark problem, we
propose a plane wave propagation problem in a 2D long duct with a 1000 m length. Figure 1
portrays the geometry of the 2D duct. Multi-frequency analyses using the lossy Helmholtz
equation-based FEM and lossless Helmholtz equation-based FEM were performed, respec-
tively, to calculate frequency responses at ten receiving points placed at x = [100, 1000] with
100 m intervals in the duct. The calculation was performed at 1 Hz to 20 kHz with 1 Hz
intervals. The lossless Helmholtz equation approach solves the Helmholtz equation with
real-valued wave number kg to compute frequency responses without the air absorption

effects. Attenuation levels L{f? attributable to air absorption were computed further as the
difference of frequency responses between the lossy and the lossless Helmholtz equation
approaches:

ngﬁ (r/a)) - ‘Llossy(rrw) — Liossless (r’a))| [dB}' (10)

Therein, Ligssy (7, @) and Ligssless (1, w), respectively, denote the sound pressure levels
computed using the lossy and lossless Helmholtz equation approaches. Then, the numerical
attenuation levels Lg’ff were compared with the theoretical ones L;ﬁf " computed using
the pure-tone sound attenuation coefficient in ISO 9613-1. For a quantitative evaluation of

accuracy, we define the relative error ea, in the attenuation levels as

fem
eatt. (1, W) = # % 100 [%]. 11)
La. ()

This study evaluated the e, at the most distant receiver r = (1000,0). Regarding
the boundary conditions, the duct inlet I';, in Figure 1 has a vibration boundary I', with
vibration velocity of 1.0 m/s, radiating a plane wave. To consider only the progressive
wave in the positive x direction, the duct inlet I';, and outlet I,y were assigned perfectly
absorbing boundary conditions I'; with the characteristic impedance of the air. The side
walls of the duct I'y;4. were assumed as a rigid boundary I';. Spatial discretization of the
air domain () is performed using a dispersion-reduced version of Q4s [53] with the size of
0.0025 m x 0.0025 m. The resulting mesh has 800,002 DOF with a spatial resolution of ap-
proximately 6.8 elements per wavelength at 20 kHz. The dispersion-reduced FEMs [20,47]
have fourth-order accuracy. They can therefore produce more accurate solutions for the
used mesh than the mesh created using standard linear elements with a spatial resolution
of ten elements per wavelength.

For the accuracy estimation, we considered three atmospheric conditions (a)-(c) at
standard atmospheric pressure 101.325 kPa: (a) temperature T = 10 °C, relative humidity
hr =15%, (b) T =20 °C, hr = 50%, and (c) T = 30 °C, hr = 70%. Figure 2 shows the pure-tone
sound attenuation coefficient [dB/m] computed according to ISO 9613-1 for atmospheric
conditions (a)—(c). Overall, the degree of air absorption is greater in the order of conditions
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0.0025
in

=T,+T,

(a), (b), and (c). However, condition (c) has a stronger air absorption effect at frequencies of
500 Hz to 3 kHz than condition (b) has.

Ay
1—‘side = Fr
(V2 + ];2)p(r) =0in Q o Ten sound receivers are placed in x =[100, 1000] at 100 m intervals
o @) @) o@. @) o o o o @) =T,
Q4s for spatial discretization R
T T T T T T T T T —> X
0 100 200 300 400 500 600 700 800 900 1000

Figure 1. Plane wave propagation problem in 2D long duct.
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Figure 2. Pure-tone sound attenuation coefficient for three atmospheric conditions (a)—(c).

3.2. Results and Discussion
To facilitate intuitive understanding in the agreement between the theory and FEM,

Figure 3a,b presents the attenuation levels, L;}Ef Y and Lgftm , at two receivers x = 100 m and

1000 m, computed using the ISO 9613-1 model (theory) and the lossy Helmholtz equation

approach (FEM) for condition (a). Apparently, Lja[f? agrees well with L;ﬁwy at the two

receivers and at frequencies up to 20 kHz. The result is also true for other receivers and con-
ditions (b) and (c). Regarding the error level associated with the lossy Helmholtz equation
approach, Figure 4 shows e, at the most distant receiver r = (1000, 0) for atmospheric
conditions (a)—(c). The relative errors become larger for higher frequencies. The error
magnitudes are almost equal, irrespective of the atmospheric conditions. For conditions
(a)—(c), the maximum values of the relative errors caused at 20 kHz are, respectively, 0.84%,
0.77%, and 0.72%. The results demonstrated that the FEM based on the lossy Helmholtz
equation approach can include the air absorption effect accurately at audible frequen-
cies up to 20 kHz using the pure-tone sound attenuation coefficient described in the ISO
9613-1 model.

The error increase over frequencies is attributable to the dispersion error—an inherent
error deriving from spatial discretization of the space with FEM. The dispersion error
becomes large at higher frequencies for a given FE mesh. A simple strategy to reduce the
dispersion error is to use a mesh with higher spatial resolution. Here, we show further
how the error magnitude increases or decreases using a mesh with a coarser or higher
spatial resolution. Figure 5 shows the ea. at the most distant receiver r = (1000, 0) for the
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Attenuation level, dB

101k

100k

—
o
A

atmospheric conditions (a) when using FE meshes with a spatial resolution of 3.4 (Mesh1)
and 13.6 (Mesh3) elements per wavelength at 20 kHz. The two FE meshes have a half spatial
resolution of 400,002 DOF and a two times higher spatial resolution of 2,400,003 DOF. In
the figure, Mesh2 represents the baseline mesh with a spatial resolution of 6.8 elements
per wavelength. Since the used FEM has fourth-order accuracy, the relative errors of
Meshl1 increase to about one-sixteenth compared to those of the baseline Mesh2. The
error magnitude exceeds 2% at frequencies above about 12 kHz. However, it is important
that the error magnitude becomes less than 0.84% at frequencies below 10 kHz, where
the spatial resolution of 6.8 elements per wavelength is satisfied. On the other hand, the
relative errors of Mesh3 decrease to about one-sixteenth compared to those of Mesh2. The
maximum error at 20 kHz is 0.05% for the two-times-higher resolution mesh. Note that we
limit our discussion to the idealized case with a mesh discretized by rectangular elements.
However, the proposed problem is also helpful in estimating the error characteristics for
finite elements with different shape functions and a mesh discretized with irregularly
shaped elements.

(a)100 m (b)1000 m
— ITY B —
=
>
2
=
S}
2
T 100}
g
5 m Theory —-—- FEM
N Na) Q Q Q Q Q Q Q
N VRS S &
Frequency, Hz Frequency, Hz

Figure 3. Attenuation levels at two receivers for atmospheric conditions (a) computed using the ISO
9613-1 model (theory) and the Helmholtz equation approach (FEM): (a) x = 100 m, and (b) x = 1000 m.

10! = . . . . . . .
100 b = (@)10°C15% =-—- (b)20°C50%
- - (¢)30°CT70%
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—_
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Figure 4. Relative errors in attenuation levels for three atmospheric conditions (a)-(c) when using the
FE mesh with a spatial resolution of 6.8 elements per wavelength.
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Relative error, %
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Figure 5. Relative errors in attenuation levels for atmospheric condition (a) when using Mesh1-3,
respectively, with a spatial resolution of 3.4, 6.8, and 13.6 elements per wavelength.

4. Computational Efficiency Assessment with a 2D Office Problem
4.1. Outline of the Problem

This section presents an evaluation of the computational efficiency of 2D room acous-
tics simulation using the lossy Helmholtz equation-based FEM when using the iterative
solver as a linear system solution via a real-scale 2D office problem. The computational
efficiency was evaluated by a comparison with the standard lossless Helmholtz equation
approach. We also present how room frequency responses change with the air absorption
effect. Iterative solvers are well known to be efficient linear system solvers for large-scale
problems with vast DOF when they converge rapidly with few iteration numbers. How-
ever, the convergence characteristics in the frequency-domain room acoustics simulation,
which usually solves the lossless Helmholtz equation, become worse at higher frequen-
cies [54,55]. Therefore, obtaining faster convergence of iterative solvers when solving
the lossy Helmholtz equation has a marked effect on computational efficiency in a multi-
frequency analysis. It is noteworthy that the present 2D office problem has been used to
assess the performance of the dispersion-reduced time-domain FEM, including frequency-
dependent impedance boundary conditions and a plane-wave-enriched partition of unity
FEM in earlier works [56,57].

Figure 6 presents the 2D office problem, including weakly absorbing impedance
boundary Iy ;.. and a rigid-backed porous sound absorber represented by a frequency-
dependent local-reaction impedance boundary I's porous- I's,wear has a real-valued specific
acoustic impedance corresponding to the normal-incidence sound absorption coefficient
ag =0.1. For I' porous, three glass wools with different densities of 24 kg/ m> (GW24K),
32kg/ m3 (GW32K), and 96 kg/ m3 (GW96K) were assumed with a thickness L of 25 mm.
The surface impedance of the glass wool absorbers Z,,s was computed using the transfer
matrix method as Zg,f = —jZc cot(keL) using the equivalent fluid model. Here, Z. and
ke, respectively, denote the characteristic impedance and the complex wave number of
the equivalent fluid. The Miki model [58], which uses flow resistivity R; as a material
property, was used to describe the fluid properties of the glass wool. The R; values
for GW24K, GW32K, and GW96K are, respectively, 6900 Pa s/m?, 13,900 Pa s/m?, and
55,000 Pa s/m?. The loudspeaker radiating sound wave is modeled by the vibration
boundary T', with the vibration acceleration of 1 m3/s?. We computed the room’s frequency
response from 1 Hz to 6 kHz with 1 Hz intervals. The three atmospheric conditions
(a)—(c) used in the preceding section were considered, respectively, for the three sound
absorbing conditions with GW24K, GW32K, and GW96K: nine acoustic simulations were
performed in all. Spatial discretization was also performed with the dispersion-reduced
Q4s with element sizes of 0.01 m x 0.01 m. The resulting mesh has 400,720 DOF with a
spatial resolution of 5.7 elements per wavelength. All simulations were conducted using
a computer (PRIMERGY CX2550/CX2560 M4; Fujitsu Co. Ltd., TYO, JPN) that has two
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processors (Xeon Gold 6154 3.0 GHz, 18 core; Intel Corp., Santa Clara, CA, USA). The
computational code was compiled using a Fortran compiler included in the Intel oneAPI
HPC Toolkit (Ver. 2021; Intel Corp.). Parallel computation using OpenMP was conducted
with 24 threads.

Rigid-backed
X _ porous absorber
Unit: m * Zsurf -
! 3.8 —j P
Q4s discretization iZ. cot(keL) mZIﬁfiil

3,10 3,8 3,6 3,4 32 POl
- 06.10) 0G.9) 6.9 6.4 06.2)
a,weak
N 0,

Q. 10) 0@2.8) 0Q. 6) Q@4 o2y | 10N
FV
6,=0
k. Z

O, 10) O(.8) O(Lé)/ O.4) 0.2

c

y O (V2 +)p@) =0in Q :
s g2 74 4 0.0 P O——
0 L
Fa,porous
Figure 6. Sound propagation problem in a 2D office. A total of 15 sound receivers represented by
gray circles are placed inside the room. The rigid-backed porous sound absorber is modeled with
surface impedance Zg,, as a local-reaction material in which a plane wave with incidence angle 6;

propagates inside materials as the transmission angle 6; = 0.

4.2. Results and Discussion

First, as an example to demonstrate how a room’s frequency response changes with
the consideration of the air absorption effect, Figure 7 presents a comparison of frequency
responses computed using FEMs based on the lossy and lossless Helmholtz equation
approaches for the case with the atmospheric condition (a) and with GW24K. Condition
(a) is the highest air absorption case, as shown in Figure 2. It can be found that SPL
reduction because of the air absorption is especially pronounced at higher frequencies, as
expected. Additionally, the air absorption does not influence SPL at frequencies lower than
2 kHz. The magnitude of the pure-tone sound attenuation coefficient is 0.044-0.1 [dB/m]
at 2 kHz-6 kHz. Although the GW24K sound absorber has ag > 0.6 at frequencies higher
than 2 kHz, consideration of the air absorption still leads to SPL reduction in this case.
To measure the degree of the SPL reduction by considering the air absorption, we define
the following mean SPL difference D in a 1/3 octave band level over 15 sound receivers,
calculated using the FEMs based on the lossy and lossless Helmholtz equations as

1 & —
D= ni E[Llossless(rir wC) - Lloss(rir wC)] [dB]/ (12)
Ti=1

where Liggsiess (i, We) and Liggs (7i, wc) represent the 1/3 octave band SPL at receiver r; and
at the center frequency w,. computed, respectively, by the FEMs based on the lossless and
lossy Helmholtz equations. The 1, (= 15) is the number of sound receivers. The positive
value in D expresses the magnitude of SPL reduction by the air absorption. Figure 8
presents the mean SPL difference D at the three atmospheric conditions (a)—(c) for cases
with GW24K, GW32K, and GW96K sound absorbers. Results showed that the order of SPL
reduction is consistent with the order of air absorption magnitude, as shown in Figure 2.
For the atmospheric conditions (b) and (c), the air absorption effect shows a small impact
on the 1/3 octave band SPL with D < 0.5 dB for all frequency bands up to 5 kHz. For
the atmospheric condition (a), the air absorption effect is also small, with D < 0.6 dB at
frequencies below 2 kHz. We can find an SPL reduction with D values of around 1.0 dB
at 4 and 5 kHz. This order of the mean SPL difference may lead to uncertainty in room
acoustics prediction, considering the standard deviation of 0.26~0.36 dB.
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Figure 7. Comparison of room frequency responses at ¥ = (1,2) computed using FEMs based on
the lossy and lossless Helmholtz equation approaches for the case with atmospheric condition (a)
and with GW24K: (upper) frequency response at 1 Hz to 3000 Hz and (lower) frequency response at
3 kHz-6 kHz.
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Figure 8. Comparison of mean SPL reduction D at three atmospheric conditions for cases with
(a) GW24K, (b) GW32K, and (c) GW96K.

The computational efficiency of the FEMs based on the lossy and lossless Helmholtz
equations is evaluated by comparing the iteration numbers of both approaches. Results
demonstrate that including the air absorption effect has an additional benefit on the com-
putational efficiency at high frequencies. In this evaluation, a smaller iteration number
represents higher computational speed. As a quantitative measure, we define the reduction
rate Rjier Of the iteration numbers as

Mossless (a’ ) — Moss (co )
Rirer(w) = 100[% 1
ter ( ) Mossless (w> <100 [ " ]’ 13

where 11pggless (W) and nyo65(w), respectively, denote iteration numbers of the CSQMOR
method at frequency w. It is noteworthy that we used the iteration number required for
convergence as a measure to evaluate the computational efficiency because the iteration
process of iterative solvers is the most time-consuming part of FEM in the frequency
domain. In the presented simulation cases, the process consumes more than 95% of the
computational time.

Figure 9a,c presents the results of the iteration number comparison in both approaches
for the cases with three atmospheric conditions (a)-(c) and with the GW24K absorber. The
lower part of the figure shows the reduction rate of the iteration number Rijt,. Overall, it is
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apparent that there are fewer iteration numbers in the lossy Helmholtz equation approach
at a higher frequency range for the three atmospheric conditions. We can find that the
reduction rate differs for three atmospheric conditions. The atmospheric condition (a) has
the highest iteration number reduction. The reduction rate reaches approximately 60% for
high frequencies. In addition, higher reduction can be found at lower frequencies than in
either condition (b) or (c). In fact, condition (c) shows the lowest iteration number reduction,
but the reduction rate reaches 40% at high frequencies.
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Figure 9. Comparison of iteration numbers in FEMs based on the lossy and lossless Helmholtz equa-
tion approaches for cases with the GW24K sound absorber: (left) atmospheric condition (a), (center)
atmospheric condition (b), (right) atmospheric condition (c). Lower figures show the reduction
rate Rjer-

To explain further how atmospheric conditions influence the reduction rate,
Figure 10a and 10c, respectively, show a 1/3 octave band averaged reduction rate at three
atmospheric conditions for cases with GW24K, GW32K, and GW96K sound absorbers.
In the figure, the error bar represents the standard deviation values. The reduction rates
are related clearly to the magnitude of the pure-tone sound attenuation coefficient for
frequencies higher than 1 kHz. For frequencies of 1 kHz-2 kHz, the values of pure-tone
sound attenuation coefficients are larger in the order of atmospheric conditions (a), (c), and
(b) as in Figure 2. This order corresponds to the reduction rate in the iteration number as
in Figure 10a,c: higher air absorption engenders fewer iteration quantities of the iterative
solver. At 4 kHz, the order in the magnitude of the air absorption changes for conditions
(b) and (c), at which the atmospheric condition (b) has larger pure-tone sound attenua-
tion coefficients than those in condition (c). As in Figure 10a,c, the reduction rates in the
iteration number are larger for condition (b) than for condition (c). Apparently, the value
of the pure-tone sound attenuation coefficient larger than 0.03 has a notable effect on the
convergence speed of the iterative solver. In the presented cases, the averaged reduction
rate at the 4 kHz band shows a 33-36% computational time reduction for atmospheric
condition (a). The computational time reductions for atmospheric conditions (b) and (c),
respectively, reached 16-17% and 12-14%.
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Figure 10. Comparison of the 1/3 octave band averaged reduction rate on the FEM based on the lossy
Helmholtz equation approach at three atmospheric conditions for cases with (a) GW24K, (b) GW32K,
and (c) GW96K sound absorbers. The error bars represents the standard deviation values.

As a reference, Figure 11 presents the convergence history of the iterative solver in
FEMs based on the lossy and lossless Helmholtz equations at 4704 Hz for the atmospheric
conditions (a) with the GW32K absorber. At the frequency, the maximum reduction rate
of 66% is achieved. The convergence speed changed around at the value of the relative
residual 2-norm of 10~3. The lossy Helmholtz equation-based FEM shows faster decreases
in the residual norm.
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Figure 11. Comparison of convergence history of the iterative solver at 4704 Hz in FEMs based on
lossy and lossless Helmholtz equations. Results are shown for atmospheric conditions (a) with the
GW32K absorber.

Finally, we further show whether or not the faster convergence holds when using a
higher spatial resolution mesh for the atmospheric conditions (a) with the GW24K absorber.
We tested the convergence property of the iterative solver at four pure tones, 3 kHz, 4 kHz,
5kHz, and 6 kHz, for a mesh with an element size of 0.005 m x 0.005 m, having a spatial
resolution of 11.5 elements per wavelength. The resulting mesh has 1,599,840 DOF. Table 1
lists the iteration number and CPU time fcpy for FEMs based on the lossy and lossless
Helmholtz equations. The reduction rates of iteration number and CPU time are also
shown as Rjter and Repy. Results showed fewer iteration numbers for the FEM based on
the lossy Helmholtz equation. Therefore, faster convergence still holds for the higher
spatial resolution mesh. The iteration number and CPU time reductions, respectively,
reached 27.7-38.8% and 27.5-39.2%. To show how efficiency changes with different spatial
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resolution meshes, Table 2 presents the ratio of iteration number over DOF denoted as
M10ss/ DOF x 100 [%] and the iteration number increase rate denoted as n%\ggsm/ n%\gsshl
for the four frequencies. Here, Meshl and Mesh2 represent, respectively, the baseline
mesh with 400,720 DOF and the two-times-higher resolution mesh with 1,599,840 DOF.
Additionally, nfgsfhl and n%\ggsm, respectively, present 1,558 for Meshl and Mesh2. It can
be found that Mesh2 with a higher spatial resolution shows fewer iteration numbers
over DOF at the four frequencies. The 145 are only 1.0-1.8% against the DOF, which
is about 1/10 of Meshl. The iteration number increase rate at the four frequencies is
frequency-independent and shows an almost constant value of 1.5-1.8. This indicates that
the convergence trend of the lossy Helmholtz equation-based FEM does not change even
with the use of a higher resolution mesh, but the iteration number increase is smaller than
the increase of DOF. As a reference, the memory requirement of FEMs based on the lossy
and lossless Helmholtz equations are the same. They are 151 MByte and 600 MByte for
Mesh1 and Mesh?2, respectively. Therefore, the lossy Helmholtz equation-based FEM does

not require additional computational cost to include the air absorption effect.

Table 1. Iteration number and CPU time ¢.py for FEMSs based on the lossy and lossless Helmholtz
equations: reduction rate of the iteration number Rjie; and CPU time Rcpy are also shown in paren-
theses.

FEM (Lossless) FEM (Lossy)
Frequency, Hz Mossless tepu, S Moss (Riter, %) tepu, S (chur %)
3000 40,561 200 29,334 (27.7) 145 (27.5)
4000 36,883 183 24,615 (33.3) 123 (32.7)
5000 24,477 121 16,567 (32.3) 83 (31.1)
6000 37,811 187 23,132 (38.8) 114 (39.2)

Table 2. Ratio of the iteration number over DOF and iteration number increase rate for meshes with a
different spatial resolution.

M10ss/DOF X 100 %

Frequency, Hz Mesh1 Mesh2 nMesh2/y, Meshi
3000 19.1 1.8 1.5
4000 15.2 1.5 1.6
5000 9.3 1.0 1.8
6000 14.4 14 1.6

5. Conclusions

This paper presents the accuracy and computational efficiency assessment results of a
frequency-domain FEM based on the lossy Helmholtz equation approach, which can incor-
porate air absorption effects using the pure-tone sound attenuation coefficient according
to the ISO 9613-1 model. In the approach, air absorption is added as volume absorption
to the spaces. Two numerical problems were used for the assessment. The plane-wave
propagation problem in a long duct with a length of 1 km revealed that the lossy Helmholtz
equation based FEM can include a sound attenuation effect accurately up to 20 kHz with
relative error below 1% from theoretical attenuation levels when using FE meshes hav-
ing spatial resolution of about seven elements per wavelength. As a fundamental error
characteristic, the error in the attenuation levels increases linearly over frequencies in both
logarithmic axis graphs. The error level can be reduced using a mesh with higher spatial res-
olution. Then, the sound propagation problem in a real-scale office revealed that the lossy
Helmholtz equation based FEM is more computationally efficient than the lossless one at
higher frequencies when using CSQMOR iterative solver as a linear system equation solver
at each frequency. The increased effect of computational efficiency is related strongly with
the magnitude of the pure-tone sound attenuation coefficient. The atmospheric condition
with a larger air absorption effect, having a larger pure-tone sound attenuation coefficient
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value, engenders higher computational efficiency with fewer iteration numbers. From
these results, we can infer that the lossy Helmholtz equation-based FEM might be helpful
when one simulates room acoustics at high frequencies of the computational efficiency
aspect. However, our discussion is limited to 2D cases. Therefore, further examination of
three-dimensional room acoustics simulation is crucially important. Although we did not
examine lossy Helmholtz equation-based discretization, it might be beneficial for other
numerical methods, such as a high-order FEM and BEM with iterative solvers. For example,
a recent work [59] focused on solving car interior acoustics up to 20 kHz with the partition
of unity isogeometric analysis.

Finally, as mentioned in the present paper’s introduction, the following three essential
research directions currently exist in room acoustics simulation, each with a different
attractive capability and applicability.

1.  The use of geometrical acoustics simulation methods and presenting methods to
improve accuracy, such as phase beam tracing and the novel scattering algorithm [60].

2. The use of wave-based acoustics simulation methods and presenting methods to
improve their efficiency.

3. The use of hybrid techniques that combine geometrical acoustics simulation and
wave-based acoustics simulation methods.

With the continuous research in the above directions, computational room acoustics
simulation methods will be a further effective tool in a broad range of applications.
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Abbreviations

The following abbreviations are used in this manuscript:

FEM Finite element method

FDTD Finite difference time domain method
BEM Boundary element method

IR Infinite impulse response

FIR Finite impulse response

PARDISO Parallel direct solver
Complex symmetric quasi-minimal residual method based on coupled two-term

CSQMOR biconjugate A-orthonormalization procedure

Qi4s four-node linear quadrilateral elements

DOF Degrees of freedom

2D Two dimensional

GW Glass wool, 24K, 32K, 96K respectively represent material density in kilograms/m3
SPL Sound pressure level
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