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(Datskovsky-Wright

,
[43], [44])

GA orbit

local
global

2. : Contour integral

1990

ζ(s, L) =
∑

T∈SLn(Z))\L+

1

|SO(T,Z)| det(T )s

Sn(R) := Symn(R) R n
Sn(Q) := Symn(Q) GLn(Q) T → AT tA

Ln = Sn(Z) = Symn(Z)
L∗
n = {T = (tij) ∈ Sn(Q); tii ∈ Z, 2tij ∈ Z}

Sn(Q) L L+ L
T ∈ L+

Aut(T ) = SO(T,Z) = {A ∈ SLn(Z);AT tA = T}
( SLn(Z)

SLn(Z) GLn(Z) GLn(Z)
1/2
ζ(s, L∗,+

n ) s

3
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contour integral (
([86], [1] ).

(1972, ) (1974)

(1975)

(
1n x
0n 1n

)
Q

n
ζ(r−n, L∗

r) (r = rank(x) )
ζ(r − n, L∗

r)
n = 2 (1990

2.1. . (contour integral)
C

� > 0
C

(1) ∞ �
(2) (�, 0) C(�)
(3) (�, 0) ∞

ζ(s) ζ(1 −m) (m ≥ 1

Γ(s) Re(s) > 0

Γ(s) =

∫ ∞

0

e−xxsdx

x

(1985
Γ(s) Re(s) > 0 x nx
dx/x

Γ(s) =

∫ ∞

0

e−nx(nx)s
dx

x

Γ(s)
∞∑
n=1

1

ns
=

∞∑
n=1

∫ ∞

0

e−nsxsdx

x
4
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∫ ∞

0

e−xxsdx

x

(1985
Γ(s) Re(s) > 0 x nx
dx/x

Γ(s) =

∫ ∞

0

e−nx(nx)s
dx

x

Γ(s)
∞∑
n=1

1

ns
=

∞∑
n=1

∫ ∞

0

e−nsxsdx

x
4

Re(s) > 1

ζ(s) =
1

Γ(s)

∫ ∞

0

e−x

1− e−x
xs−1dx

s C∫

C

1

ex − 1
xs−1dx

C (1), (2), (3) path

log(t) = log |t|+ i arg t (0 < arg t < 2π)

ts es log t x = �eiθ∫

C

1

ex − 1
xs−1dx =

∫

C(�)

1

ex − 1
xs−1dx+ (e2πis − 1)

∫ ∞

�

1

ex − 1
xs−1dx.

C(�) xs es log x+2πis log x = ex+2πis

∣∣∣∣
∫

C(�)

1

ex − 1
xs−1dx

∣∣∣∣ = �Re(s)

∫ 2π

0

∣∣∣∣
eisθ

e�eiθ − 1

∣∣∣∣dθ

� → 0 0 ζ(s)

ζ(s) =
1

Γ(s)(e2πis − 1)

∫

C

1

ex − 1
xs−1dx

s
m s = 1−m

1

ex − 1
x−m =

x

ex − 1
x−m−1 =

∞∑
n=0

(−1)n
Bnx

n−m−1

n!

1

Γ(s)
=

s

Γ(s+ 1)
= · · · = s(s+ 1) · · · (s+m− 1)

Γ(s+m)

e2πis − 1 = 2πi(s+m− 1) +O((s+m− 1)2)

lim
s→1−m

s+m− 1

Γ(s)(e2πis − 1)
= (−1)m−1(m− 1)!/2πi.

m ≥ 1, m ∈ Z

(1) ζ(1−m) = (−1)m−1+mBm

m
= −Bm

m

χ modulo f > 0
Bn,χ

f∑
a=1

χ(a)teat

eft − 1
=

∞∑
n=0

Bn,χ

n!
tn

5
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Dirichle L

(2) L(1−m,χ) = −Bm,χ

m

3. 1970–1980 Contour integral

3.1. (1943–1980) .

Theorem 3.1 (Siegel, Klingen, Shintani). F ζF (s)
F
(1) Siegel, Klingen) F n n Strahl Klass (=ray
class) c

ζn(s, c) =
∑

integral ideal a∈c

1

N(a)s

m ≥ 1 ζn(1−m, c) ∈ Q
(2) (Shintani) ζF (1−m) Rn

+

(R+)
n =

m∐
j=1

∐
�∈E

�Cj(vj1, . . . , vjr(j))

simplicial cones Cj(vj1, . . . , cjrj) contour
integral

[86], [1]

3.2. (1927–2014) .
0

cone [71]
[72]
symmetric cone (=self dual homogeneous cone)

,

[70], [73],
[74], [60] cone

0 Hilbert
modular, SU(n, n)

6
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0

cone [71]
[72]
symmetric cone (=self dual homogeneous cone)

,

[70], [73],
[74], [60] cone

0 Hilbert
modular, SU(n, n)

6

[2]

3.3. . Kurihara [52] (1, n− 1)

SO(2, n)
[26]

S (1, n−1) {x ∈ Rn : xS tx >
0} cone S = diag(s1,−s2. . . . ,−sn)
(si > 0) D = {x1 > 0, xS tx > 0} x ∈ D

Γx = {γ ∈ SO(S); γx = x} SO(n− 1)
Q(x) = xS tx

ζ(s,Q) =
∑

x∈SO(S,Z)\D

1

|Γx|Q(x)s

ζ(s,Q) , D cone
Q(x) = 0 x ∈ Qn

n ≥ 5
Qn , Hasse

n ≤ 4 n = 3
n = 4 Q(x) = 0 x ∈ Q4

contour integral

D (rational
open simplicial cones

∞∑
m1,...,ml=0

Q(
l∑

i=1

(ξi +mi)vi))
−s

ζ(s,Q)

(open simplicial cones
cone

s = 1−m
n ≥ 4

Theorem 3.2 (Kurihara [52]). Q(x) = x2
1 − 7x2

2 − 7x2
3 − 7x2

4

7
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ζ(0, Q)

Proof.
cone m1 logm2

A. Baker
m1 logm2

�

[31] [31]

3.4. (1949–2003) : . [3]

70

p T ∈ L∗+
2 = (1/2)S+

2 (Z)e (
L∗+
2 ψ

rank(T mod p) �= 1 ψ(T ) = 0. rank(T mod p) =
1

UT tU ≡
(
t 0
0 0

)
mod p

U ∈ GL2(Fp)

ψ(T ) =

(
t

p

)
,

(∗
p

)

L(s, L∗
2, ψ) =

∑

SL2(Z)\L∗+
2

ψ(T )

|SO(T,Z)| det(T )s

Re(s) > 3/2
L(1−m,L∗

2, ψ) L
[14]

L ψH

H Hashimoto H

ψ
8
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70
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2 = (1/2)S+

2 (Z)e (
L∗+
2 ψ

rank(T mod p) �= 1 ψ(T ) = 0. rank(T mod p) =
1

UT tU ≡
(
t 0
0 0

)
mod p

U ∈ GL2(Fp)

ψ(T ) =

(
t

p

)
,

(∗
p

)

L(s, L∗
2, ψ) =

∑

SL2(Z)\L∗+
2

ψ(T )

|SO(T,Z)| det(T )s

Re(s) > 3/2
L(1−m,L∗

2, ψ) L
[14]

L ψH

H Hashimoto H

ψ
8

(genus character)
[18], [4]

[64] ψ
Siegel modular form twisting operator

L
[18], [20] III
L(0, L∗

2, ψ)

cone
symmetric cone (Symmetric tube domain

self-dual homogeneous cone)
([12]). , Y = (yij), T ∈ S+

2 (R)

det(T )−s =
1

Γ2(s)

∫

Y >0

det(Y )s−3/2e−tr(TY )
∏

1≤i≤j≤2

dyij

Γ2(s) = π1/2Γ(s)Γ(s− 1/2)

Y > 0 SL2(Z)
Minkowski

R2 =

{(
y1 y12
y12 y2

)
; 0 ≤ 2y12 ≤ y1 ≤ y2, 0 < y1}

cone

V1 =

(
1 0
0 1

)
, V2 =

(
1 1/2
1/2 1

)
V3 =

(
0 0
0 1

)

Wi ∈ S2(Z)≥0 ( )

C(W1, . . . ,Wr) = {
r∑

j=1

λjWj;λj > 0}

C123 = C(V1, V2, V3), Cij = C(Vi, Vj) (i �= j), Cj =
C(Vj) (j = 1, 2)

R2 = C123 ∪ C12 ∪ C13 ∪ C23 ∪ C1 ∪ C2

cone
Voronoi perfect lattice

[77]

Duke-Imamoglu-Toth
[9] [20] I

9
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C C Y ∈ C
|O(Y,Z)| , C ∪ L∗+

2

ξ = (ξ1, . . . , ξr) ∈ Rn
+

ζ(s,W1, . . . ,Wr, ξ) =
∞∑

m1,...,mr=0

det(
r∑

j=1

(ξj +mj)Wj)
−s

ξ L2(s, L
∗
2.ψ)

([3] (2,4,1), (2,4,2)) ζ(s,W1, . . . ,Wr, ξ) contour
integral Y > 0 k ∈ SO(2)

kY tk =

(
y1 0
0 y2

)
y1 > 0 y2 > 0

r = 3, W3 = V3

V3 S+
2 (R) y1

y2

[3]

n = 2 n = 3
Brad Isaacson

L
[18]

L n
[20] III III

Brad Isaacson
contour integral

1991 L(s, L∗
2, ψ)

4.

[20] I, II, III

R-orbit
R-orbit

misleading

10
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n = 2 n = 3
Brad Isaacson

L
[18]

L n
[20] III III

Brad Isaacson
contour integral

1991 L(s, L∗
2, ψ)

4.

[20] I, II, III

R-orbit
R-orbit

misleading

10

4.1. . R R Qp

d ∈ Z, d �= 0

Sn(R): R n
Sn(R)e; Sn(R) 2R .
Sn(R, d); x ∈ Sn(R) det(x) = d
Sn(R, d)e = Sn(R, d) ∩ Sn(R)e.

R = R (

Si,n−i
n (R, d) = {x ∈ Sn(R, d) : x R (i, n− i)}

Ln = Sn(Z), L∗
n = 1

2
Sn(Z)e Sn(Q)

SLn(Z) n ≥ 3 Ln

L∗
n ([20] I Lemma 1.1) (n = 2

[18] )
L+ L L SLn(Z)

ζ(s, L+) := ζn(s, L) =
∑

SL2(Z)\L+

1

|SO(T,Z)| det(T )s

n (n, 0)
L = Ln L∗

n

Ln L∗
n Tr(xy) (x, y ∈ Sn(Q)) dual lattice
ζn(s, Ln) =

∑
d>0 a(d)d

−s d−s

a(d) =
∑

T∈SLn(Z)\S+(Z,d)

1

|SO(T,Z)|

Zv = R (if v = ∞), Zv = Zq (q (if v = prime q)
T1, T2 ∈ Ln v

Uv ∈ GLn(Zv)
tUvT1Uv = T2 T1

T2 (genus) L T
det(T ) d(L) det(L)

S+(Z, d)
S+
n (Z, d) Ln L∗

n

S(Z)2 = 2L∗
n d = det(2T )

M(L) =
∑

T∈GLn(Z)\L

1

|O(T,Z)|
Mass T ∈ L

Theorem 4.1 (Siegel and Minkowski). n ≥ 2

M(L) = 2

∏n
i=1 Γ(

i
2
)

πn(n+1)/4
det(L)(n+1)/2 × 1∏

p αp(L,L)
.

11
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αp(T, T ) Siegel

αp(T, T ) = 2−1 lim
r→∞

(pr)n(n+1)/2−n2

Apr(T, T ).

Apr(T, T ) = {X ∈ Mn(Zp/p
rZp);T [X] ≡ T mod pr(Sn(Zp))}

αp(T, T ) r
r

T T
local density αp(T, T )

[45] [45] p. 108 Theorem 5.6.3 βp(T, T )
[45] p. 98

αp(T, T ) = 2nδ2,p−1βp(T, T )

αp(T, T ) Theorem 5.6.3

p det(T ) ∈ Z×
p (local unimodular)

αp(T, T ) ∼
[n/2]∏
ν=1

(1− p−2ν)

{
1, n

1 + p−n/2
(

(−1)n/2 det(T )
p

)
, n

n local density

T [X] ≡ T T T
S T [X] ≡ S T S local density

T �= S S T
local density αp(T, S)

[76], Tonghai Yang [103](p odd), Tonghai Yang [104](p = 2)

4.2. GLn(Z) SLn(Z) .
SLn(Z)

Mass formula GLn(Z)
[GLn(Z) : SOn(Z)] = 2

O(T,Z) = {g ∈ GLn(Z) := gT tg = T} [O(T,Z) : SO(T,Z)] ≤
2 [O(T,Z) : SO(T,Z)] = 2 T GLn(Z)

SLn(Z)
2

|O(T,Z)| =
1

|SO(T,Z)|
O(T,Z) = SO(T,Z) gT tg = hT th (g, h ∈ GLn(Z),

det(g) = −1, det(h) = 1) gh−1 �∈ SO(T,Z)
12
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2

|O(T,Z)| =
1

|SO(T,Z)|
O(T,Z) = SO(T,Z) gT tg = hT th (g, h ∈ GLn(Z),

det(g) = −1, det(h) = 1) gh−1 �∈ SO(T,Z)
12

T GLn(Z) SLn(Z)

1

SO(T,Z)
+

1

SO(gT tg,Z)
=

2

|O(T,Z)|
SL2(Z) mass GLn(Z)

Mass Siegel and Minkowski
SLn(Z)

cn = 2π−n(n+1)/4

n∏
i=1

Γ(i/2)

∑
T∈SLn(Z)\L

= 2cn det(L)
(n+1)/2

∏
p

αp(T, T ).

4.3. .

T ∈ Sn(Z) (i, n−i) (i n−i
i(n−i) �= 0 SO(T,Z)

|SO(T,Z)|
μ(T ) = vol(SO(T, Z)\SO(T,R))

T n = 2. i = 1 (
− det(T )

[85], [75], [20] II
( Degeneration for n = 2

n ≥ 3 S
S

[20] I [31] section 3.3
[85], [20] .

x ∈ S
(i,n−i)
n (Z) μ(x) GLn(R)

g = (gij) ∈ GLn(R) dg = det(g)−n
∏

i,j dgij, S
(i,n−i)
n (R)

y = (yij) =
ty dy = | det(y)|−(n+1)/2

∏
1≤i≤j≤n dyij

K S
(i,n−i)
n (R) x ∈ S

(i,n−i
n (R)

K0 GL+
n (R) = {g ∈ GLn(R); det(g) > 0} g → gx t ∈

K Γx = {x ∈ SLn(Z) : γx tγ = x}
Γx Y

Y0

μ(s) =

∫

Y0

dg\
∫

K

| det(y)|−(n+1)/2dy.

x ∈ S
(n,0)
n (Z)

13
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cnμ(x) =
1

|SO(x,Z)|
( [31]

(i, n− i) S
(i,n−i)
n (Z)

ζi(s, L) = cn
∑

x∈SLn(Z)\L∩S(i,n−i)
n (R)

μ(x)

det(x)s

Minkowski Siegel Mass formula

Theorem 4.2 (Siegel formula). L S
(i,n−i)
n (Z, d)

∑
x∈SLn(Z)\L

μ(x) = 2|d|(n+1)/2
∏
p

αp(x)
−1

αp(x, x) = αp(x) cnμ(x) =
1/|SO(x, Z)| cn

4.4. .

4.4.1. (global vs local).
local global

Sn(Z, d)

Sn(Zp, d) = {x ∈ Sn(Zp); det(x) = d}
Sn(Z, d) Sn(d,Z)/ ∼

(3) Sn(Z, d)/ ∼→
∏
p

(GLn(Zp)\Sn(Zp, d))

x ∈ Sym(Zp) det(x) �= 0 x Hasse invariant
x GLn(Q) (i.e. x → Ux tU)

x diag(a1, . . . , an)
Q place v = ∞ or prime

�v(x) := invv(x) =
∏

1≤i≤j≤n

(ai, aj)v

(ai, aj)v v aix
2 + ajy

2 = 1
(x.y) ∈ Q2

v +1, −1
O’Meara [62] Serre [79]

14
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Theorem 4.2 (Siegel formula). L S
(i,n−i)
n (Z, d)

∑
x∈SLn(Z)\L

μ(x) = 2|d|(n+1)/2
∏
p

αp(x)
−1

αp(x, x) = αp(x) cnμ(x) =
1/|SO(x, Z)| cn

4.4. .

4.4.1. (global vs local).
local global

Sn(Z, d)

Sn(Zp, d) = {x ∈ Sn(Zp); det(x) = d}
Sn(Z, d) Sn(d,Z)/ ∼

(3) Sn(Z, d)/ ∼→
∏
p

(GLn(Zp)\Sn(Zp, d))

x ∈ Sym(Zp) det(x) �= 0 x Hasse invariant
x GLn(Q) (i.e. x → Ux tU)

x diag(a1, . . . , an)
Q place v = ∞ or prime

�v(x) := invv(x) =
∏

1≤i≤j≤n

(ai, aj)v

(ai, aj)v v aix
2 + ajy

2 = 1
(x.y) ∈ Q2

v +1, −1
O’Meara [62] Serre [79]

14

Hasse invariant

∏
v

�v(x) =
∏
v

invv(x) = 1

(3)

S
(i,n−i)
n (Z, d) d, R

(i, n−i) i n−i

x ∈ S
(i,n−i)
n (Z, d) (1, 1)∞ = (1,−1)∞ =

1, (−1,−1)∞ = −1 �∞(x) = inv∞(x) = (−1)(n−i)(n−i+1)/2

Proposition 4.3.

(4) S(i,n−i)
n (Z, d)/ ∼� x −→

{(xp) ∈
∏

p:prime

(GLn(Zp)\Sn(Zp, d));
∏
p

�p(xp) = (−1)(n−i)(n−i+1)/2}

det = d xv v =
∞ ∏

v �v(xv) =
∏

v inv(xv) = 1
global v = ∞

Hasse invariant (i, n− i) (−1)(n−i)(n−i+1)/2

(i, n − i)

Proof. [20] I

local GLn(Qp) d, n, Hasse
invariant int(xv) (O’Meara [62]). x

n = 1 invp(xp) =
(det(xp),−1)p n = 2 −1 ∈ det(x)(Q×

p )
2

, (det(x),−1)v = invv(xv) ( < 1 >⊥< −1 >
n ≥ 3 ([62]

Theorem 63.23)
(xv) ∈

∏
v Symn(Qv) det(xv) = d

, x ∈ Symn(Q) x ∼ xv (GLn(Qv) x
O’Meara [62] Theorem 72.1

(1) d ∈ Q× place v det(xv) = d.
(2) v invv(xv) = 1.
(3)

∏
v invv(xv) = 1.

(xv) ∈
∏

v Sn(Qv) Q
x ∈ Sn(Q) , v Qv xv

(2)
15
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xp ∈ Sn(Zp, d)
p �= 2 xp GLn(Zp) d ∈ Z

p � d �p(xp) = 1 2d
�p(xp) = 1 (1), (3)

global
Sn(Q) x local Qv xv

(xv) x ∈ Sn(Z) v
GLn(Zv) x∞ = diag(1i,−1n−i)

(4) (xv)
Q y ∈ Si,n−i

n (Q) p
gp ∈ GLn(Qp) xp = gpy

tgp Zp

p y ∈ S(Zp)
p � 2d

det(y) = det(xp) p y, xp ∈ GLn(Zp)
unimodular p unimodular

GLn(Zp) (
1n−1 0
0 d

)

[45] Theorem 5.2.4, [31] p.301
7.6). y xp p GLn(Zp)

(gp) ∈ GLn(QAf
) (QAf

) Mn(Q)
1 (gp) = (γp)γ,(γp ∈ GLn(Zp), γ ∈ GLn(Q))

x = γy tγ x ∈ Sn(Q) xp = gpy
tgp = γp(x)

tγp
γp ∈ GLn(Zp) x ∈ ∩pSn(Zp) = Sn(Z) y

∞ diag(1i,−1n−i) x ∈ S
(i,n−i)
n (R)

SLn(Z)\S(i,n−i)(Z, d) (xv) ∈
∏

v GLn(Zp)\Sn(Zp, d)
with

∏
v �v(xv) = 1 �
(4) Mass formula

αp(x, x) = αp(xv) �v(xv) = invv(xv)

∑
xp∈Sn(Zp,d)/∼

αp(xp)
−1

∏
p �v(xp) = (−1)(n−i)(n−i+1)/2 p

|d|s

ζi(s, L) ∞ Hasse in-
variant � = (−1)(n−i)(n−i+1)/2 d δ = (−1)n−i

ζi(s, L) = ζ(s, L, δ, �)

[20]

T ∈ S
(i,n−i)
n (Z) −T ∈ S

(n−i,i)
n (Z)

16
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∞ diag(1i,−1n−i) x ∈ S
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∏

v GLn(Zp)\Sn(Zp, d)
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∏
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αp(x, x) = αp(xv) �v(xv) = invv(xv)
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xp∈Sn(Zp,d)/∼
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∏
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T ∈ S
(i,n−i)
n (Z) −T ∈ S

(n−i,i)
n (Z)

16

ζi(s, L) = ζn−i(s, L)
n + 1

[20] II

f test function

4.5. 1
∏

v �v(xv) = 1 .

(5)
1

2

(∏
p

∑
xp∈GLn(Zp)\Sn(Zp,d)

αp(xp)
−1+

(−1)(n−i)(n−i+1)/2
∏
p

∑
xp∈Sn(Zp,d)/∼

�p(xp)αp(xp)
−1

)

∏
p �(xp) = (−1)(n−i)(n−i+1)/2

unknown case n = 3
GLn(Zp)\Sn(Zp, d) [49] n = 3 Mass
formula

(

ζ3(s, L
∗
3) =

22s

24

(
ζ(s− 1)ζ(2s− 1)− ζ(s)ζ(2s− 2)

)

4.6. GLn(Zp)\Sn(Zp, d) .
p

p αp(x)
[45] [49]).

p = 2 p = 2 GLn(Z2)
O’Meara [62]).

local density det(xp) = d
17
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Siegel Minkowski

Rν = Zp/p
νZp R

GLd
n(R) = {g ∈ GLn(R); (det g)2d = d}

R = Rν d
det(g)2 = 1

ν

GLd
n(Rν)\Sn(Rν , d) ∼= GLd

n(Zp)\Sn(Zp, d)

Rν

n = n1+· · ·+nm (ni ∈ Z>0) n partition, 0 ≤ t1 < t2 < · · · < tm

S0
n(Rν , d, {ni}, {ti}) Sn(Rν , d)

x =

⎛
⎜⎜⎝

pt1x1 0 · · · 0
0 pt2x2 · · · 0

0 0
. . . 0

0 · · · 0 ptmxm

⎞
⎟⎟⎠

xi ∈ Sni
(Rν) unimodular, det(x) = d

Sn(Rν , d, {ni}, {ti})
S0
n(Rν , d, {ni}, {ti}) GLn(Rν) Sn(Rν , d)

x ∈ Sn(Rν , d) S0
n(Rν , d, {ni}, {ti}) GLn(Rν)

4.7. Igusa local zeta.
local Igusa local zeta

Igusa local zeta K
local field, R K f(x1, . . . , xn)

�

Rn

|f(x1, . . . , xn)|sdx1 · · · dxn

Sn(Qp) Igusa local zeta
Hasse symbol local zeta

Igusa local zeta
(Igusa character

[34]

Igusa zeta

18
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�

Rn
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Sn(Qp) Igusa local zeta
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Igusa zeta

18

Q

[66], [67], [68], [69]

4.7.1. . ω ω = ι ( 1) �v

λν(d, ω) := p(n(n−1)ν/2
∑

x∈GLd
n(Rν)\Sn(Rν ,d)

ω(x)

|O(x)|

Sn(Rν , d) ω

λν(d, ω) =
2

|GLd
n(Rν)|p

(n(n−1)ν/2
∑

x∈Sn(Rν ,d)

ω(x)

=
2−δ2,ppv(d)+(n(n−1)ν/2

|SLn(Rν)|
∑

x∈Sn(Rν ,d)

ω(x)

Sn(Rν , d) Sn(Rν , d, {ni}, {ti})

4.7.2. . Sn(Rν , d, {ni}, {ti}) S0
n(Rν , d, {ni}, {ti})

Lemma 4.4. S G ω G
S S S0 S G

s0 ∈ S0

Hs0 = {g ∈ G : gx0 ∈ S0}
|Hs0 | s0 ∈ S0

1

|S|
∑
x∈S

ω(x) =
1

|S0|
∑
x∈S0

ω(x)

S = Sn(Rν , d, {ni}, {ti}), S0 = S0
n(Rν , d, {ni}, {ti}),

G = GLd
n(Rν)
|Hs0 | m

(m
19
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4.7.3. .

λν(d, ω, {ni}, {ti}) = 2−δ2,pp−v(d)+n(n−1)ν/2|SLn(Rν)|−1
∑

x∈Sn(Rν ,d,ni,ti)

ω(x)

(v(d) =
∑m

i=1 niti) (2)
p p = 2
Partition {ni} ni

{ni} even, odd ni {ni} odd

ω = ι, t =
∑m

i=1 niti. d = ptd0. (d0 ∈ R×
ν−t). p

λ(d, ι, {ni}, {ti}) = pQ({ni},{ti})
m∏
i=1

(p−2)−1
[ni/2]

×
{

1 if {ni} is odd
1 + ((−1)n/2d0, p)p

−n/2 if {ni} is even.

Q({ni}, {ti}) = −
m∑
i=1

ni(ni + 1)

2
ti −

∑
1≤j<i≤m

ninjtj

(p−2)n =
n∏

i=1

(1− p−2i) n = 0 1

p odd ω = �v, p = 2 ω = ι or �v {ni}
odd even [20] I

,

4.8. : .

Local

Zn(u, ω, d0) =
∑
{ni}

∑
0≤t1<t2<···<tm

λ�(ptd0, ω, {ni}, {ti})p(n(n+1)/2)tut

t =
∑

i niti, λ� , ω = �p λ
modify

1

(1− p−2)(1− p−4) · · · (1− p−ni)

n
20
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ω(x)

(v(d) =
∑m
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Partition {ni} ni

{ni} even, odd ni {ni} odd

ω = ι, t =
∑m

i=1 niti. d = ptd0. (d0 ∈ R×
ν−t). p

λ(d, ι, {ni}, {ti}) = pQ({ni},{ti})
m∏
i=1

(p−2)−1
[ni/2]

×
{

1 if {ni} is odd
1 + ((−1)n/2d0, p)p

−n/2 if {ni} is even.

Q({ni}, {ti}) = −
m∑
i=1

ni(ni + 1)

2
ti −

∑
1≤j<i≤m

ninjtj

(p−2)n =
n∏

i=1

(1− p−2i) n = 0 1

p odd ω = �v, p = 2 ω = ι or �v {ni}
odd even [20] I

,

4.8. : .

Local

Zn(u, ω, d0) =
∑
{ni}

∑
0≤t1<t2<···<tm

λ�(ptd0, ω, {ni}, {ti})p(n(n+1)/2)tut

t =
∑

i niti, λ� , ω = �p λ
modify

1

(1− p−2)(1− p−4) · · · (1− p−ni)

n
20

Zn(u, t, d0) = 2−δ2,p

(n−1)/2∏
i=1

(1− p−2i)−1

× (1− p(n−1)/2u)−1

(n−1)/2∏
i=1

(1− p2i−1u2)

q series (q analogue q

(U, q)m; =
m∏
i=1

(1− qi−1U) m = 0 1 .

(q)m := (q, q)m = (1− q)(1− q2) · · · (1− qm),

(
m

r

)

q

=
(q)m

(q)r(q)m−r

q 1 − qn (1 − qn)/(1 − q)) n =
limq→1(1− qn)/(1− q) (q)m m!

Lemma 4.5.
m∑
r=0

(
m

r

)

q

Um−r(U, q)r = 1.

(U, q)r (1− x)r

m∑
r=0

(
m

r

)
xm−r(1− x)r = 1

4.9. . δ = (−1)n−i, � = (−1)(n−i)(n−i+1)/2

Theorem 4.6. n ≥ 3 odd

ζ(s, L∗
n, δ, �) = bn2

(n−1)s

(
ζ(s− n− 1

2
)

(n−1)/2∏
i=1

ζ(2s− 2i+ 1)

+ �δ(n+1)/2(−1)(n
2−1)/8ζ(s)

(n−1)/2∏
i=1

ζ(2s− 2i)

)

n ≥ 4, even

ζ(s, L∗
n, δ, �) = bn2

ns

(
(−1)[n/4]D∗

n(s, δ)

n/2−1∏
i=1

ζ(2s− 2i)

+ �δn(−1)n(n+2)/8
2|B�

n/2|
n

n/2∏
i=1

ζ(2s− 2i+ 1)

)
.

21
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D∗
n(s, δ) = const

∑
(−1)n/2δDK>0

|dK |(n−1)/2−sL(
n

2
, χK)

ζ(2s)ζ(2s− n+ 1)

L(2s− n
2
+ 1, χK)

const
[20]I, II

4.10. .
n

,
n
δ = (−1)n−i n ≥ 3

∑
(−1)n/2δdK>0

|dK |(n−1)/2L(
n

2
, χK)

ζ(2s)ζ(2s− n+ 1)

L(2s− n
2
+ 1, χK)

|dK |−s

Cohen
(δ = 1 δ = −1

Cohen

n = 2
k = 3/2

k = 3/2
k ≥ 5/2

, Cohen [8]
r ≥ 2 r + 1/2 Cohen

Er+1/2 ([8] p. 273.
r, N

(−1)rN ≡ 0 or 1 mod 4 (−1)fN = Df 2

D D = 1

H(r,N) = L(1− r, χD)
∑
d|f

μ(d)χD(d)d
r−1σ2r−1(f/d)

χD Q(
√
D)/Q (D = 1

μ σ2r−1(n) =
∑

m|n m
2r−1

H(r, 0) = ζ(1− 2r) = −B2r/(2r) ( , N
H(r,N) = 0 H1

Hr+1/2 =
∑
N≥0

H(r,N)qN q = e2πiτ , τ ∈ H1

22
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∑
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H(r,N) = 0 H1

Hr+1/2 =
∑
N≥0

H(r,N)qN q = e2πiτ , τ ∈ H1

22

r ≥ 2 Γ0(4) r+1/2
Kohnen plus

space D∗
n(s, 1) H(n+1)/2

r = 1
[85] n = 2 r = 1

3/2

r = 1 (3/2 = (2 + 1)/2 n
r + 1/2 = (n+ 1)/2

Mass formula

D∗
n(s.− 1)

1.

4.11. .

[20]II (2012)
MPI 1997

MPI

θ(z) =
∑
n∈Z

e(n2z) e(z) = e2πiz

γ =

(
a b
4c d

)
∈ Γ0(4)

j(γ, z) = θ(γz)/θ(z)

j(γ, z) = �−1
d

(
4c

d

)
(cz + d)1/2

(cτ + d)α = eα log(cτ+d), −π < log(cτ + d) < π
p ≡ 1 mod 4 3 mod 4 �d = 1 i(

4c
d

)
[81]

23
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p.442 k −k/2 Γ0(4)
E(k, σ, z)

E(k, σ, z) = yσ/2
∑

Γ∞\Γ0(4)

j(γ, z)k/2|j(γ, z)|−σ

[81],
[83] Cohen [8] 1975

σ = 0, k < −4 Γ0(4)

L
Hr Kohnen

[50] 1980 Kohnen plus space
Cohen Kohnen 1980

Kohnen
1

Cohen

E∗(k, σ, z) = E(k, σ,− 1

4z
)(−2iz)k/2

F (k, σ, z) = E(k, σ, z) + 2k/2−σ(e(k/8) + e(−k/8))E∗(k, σ, z)

e(±k/8) := e±2πik/8 F (k, σ, z)

Re(σ) − k/2 > 2
σ [83]

z = x + iy e(nx) (n ∈ Z)
e(nz)

e(nx) n
y Wittacker

[81], [94]
[20] II

(1) F (σ, k, z) z
F (σ, k, iy) F (σ, k, i/y)

s
σ

[20] II p. 291 Proposition 3.7
[85]

[85] p. 35
(2) F (σ, k,−(4z)−1) Kohnen plus space

F (σ, k, z)
24
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[20] II p. 291 Proposition 3.7
[85]

[85] p. 35
(2) F (σ, k,−(4z)−1) Kohnen plus space

F (σ, k, z)
24

(σ, k) Dn(s,±1)

(3) Wittaker function (
I(s, (σ−

k)/2, σ/2) σ = 0, k = −n − 1, σ = 2,
k = −n+ 3 (n ≥ 4)

(4) μ(x)/| det(x)|s
σ k μ(x) = ∞

σ
σ = 2 Laurent Laurent

s
σ = 2 Laurent

μ(x)/| det(x)|s

H1 f(z)

f |U4 =
1

4

3∑
ν=0

f
(z + ν

4

)

g(z) = y−σ/2F (k, σ, z)

h(z) = (y−σ/2F (k, σ, z))|U4

g(z) =
∞∑

d=−∞
cd(y)e(dx)

h(z) =
∞∑

d=−∞
cd(y/4)e(dx)

G(y) = g(iy), H(y) = h(iy) G(1/4y) =

(−1)(k
2−1)/8

√
2yσ−k/2H(y)

Φσ,k(s) =

∫ ∞

0

(G(y)− c0(y))y
s−1dy

Ψσ,k(s) =

∫ ∞

0

(H(y)− c0(y/4))y
s−1dy

25
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Proposition 4.7 ([20] Proposition 3.2).

Φσ,k(σ − k

2
− s) = 22s−2σ+k+1/2(−1)(k

2−1)/8Ψσ,k(s).

dK 1

Z∗(k, σ, s, dK) = |dK |σ−k/2−1−sL(σ − (k + 1)/2, χK)ζ(2s)ζ(2s− 2σ + k + 2)

ζ(2σ − k − 1)L(2s− σ + (k + 3)/2, χK)
.

Z∗(k, σ, s, dK) =
∑∞

n=1 a(n)n
−s

Z(k, σ, s, dK) =
∞∑
n=1

a(4n)

ns

Cσ,k

Ck,σ = (−1)(k
2−1)/8 2k/2−σ+3/2+σ−k/2

Γ((σ − k)/2)Γ(σ/2)

Whittaker function α,
β ∈ C

I(s, α, β) =

∫ ∞

0

(1 + u)α−1uβ−1

(1 + 2u)s
du.

Re(β) > 0, Re(s) > Re(α)+
Re(β) − 1

α, β

Φσ,k(s) = (2π)−sΓ(s)Cσ,k

(
I(s,

σ − k

2
,
σ

2
)

∑
(−1)k+1/2·dK>0

Z∗(k, σ, s, dK)

+ I(s,
σ

2
,
σ − k

2
)

∑
(−1)(k+1)/2dK<0

Z∗(k, σ, s, dK),
)

Ψσ,k(s) = (2π)−sΓ(s)Cσ,k

(
I(s,

σ − k

2
,
σ

2
)

∑
(−1)(k+1)/2dK>0

Z(k, σ, s, dK)

+ I(s,
σ

2
,
σ − k

2
)

∑
(−1)(k+1)/2dK<0

Z(k, σ, s, dk)

)

I(s, ∗, ∗)
Z(k, σ, s, dK), Z

∗(k, σ, s, dk)
k − 2σ
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∑∞
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−s
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∞∑
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ns
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Whittaker function α,
β ∈ C

I(s, α, β) =

∫ ∞

0

(1 + u)α−1uβ−1

(1 + 2u)s
du.

Re(β) > 0, Re(s) > Re(α)+
Re(β) − 1

α, β

Φσ,k(s) = (2π)−sΓ(s)Cσ,k

(
I(s,

σ − k

2
,
σ

2
)

∑
(−1)k+1/2·dK>0

Z∗(k, σ, s, dK)

+ I(s,
σ

2
,
σ − k

2
)

∑
(−1)(k+1)/2dK<0

Z∗(k, σ, s, dK),
)

Ψσ,k(s) = (2π)−sΓ(s)Cσ,k

(
I(s,

σ − k

2
,
σ

2
)

∑
(−1)(k+1)/2dK>0

Z(k, σ, s, dK)

+ I(s,
σ

2
,
σ − k

2
)

∑
(−1)(k+1)/2dK<0

Z(k, σ, s, dk)

)

I(s, ∗, ∗)
Z(k, σ, s, dK), Z

∗(k, σ, s, dk)
k − 2σ

26

k σ I(s, ∗, ∗)
σ, k

c�n = (−1)n(n+2)8+[n/4]πn+1/2 × Γ(
n+ 1

2
)−1/2Γ(

n

2
)−1ζ(n)−1

Lemma 4.8. (1) I(s, σ
2
, σ−k

2
) σ = 0

Γ(σ/2)−1I(s, σ
2
, σ−k

2
) σ = 0 0

(2) Γ(σ/2)−1I(s, σ−k
2
, σ
2
) σ = 0 1

n Dn(s, δ), D
∗
n(s, δ)

Φ0,−n−1(s) = c�n(2π)
−sΓ(s)D∗

n(s, 1),

Ψ0,−n−1(s) = c�n(2π)
−sΓ(s)Dn(s, 1).

(σ, k) = (2,−n+ 3)

Φ2,−n+3(s) = c�n(2π)
−sΓ(s)

(
D∗

n(s, 1)I(s,
n− 1

2
, 1) +D∗

n(s,−1)I(s, 1,
n− 1

2
)

)

Ψ2,−n+3(s) = c�n(2π)
−sΓ(s)

(
Dn(s, 1)I(s,

n− 1

2
, 1) +Dn(s,−1)I(s, 1,

n− 1

2
)

)
.

I(s, ∗, ∗)

Proposition 4.9 ([20] II Prop 3.3). n n ≥ 4

D∗
n(
n+ 1

2
− s, 1) = (−1)n(n−2)/82−n/2π−2s+(n−1)/2

× Γ(s)Γ(s− n− 1

2
) cos(πs)Dn(s, 1)

D∗
n(
n+ 1

2
− s,−1) = 2−n/2(−1)n(n+2)/8+1π−2s+(n−1)/2

× ((sin πs)Dn(s,−1) + (−1)n/2+1Dn(s, 1))

Sturm [94] 2
[81], [82], [94] plus space

4.12. .
[85]
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m, n A(m,n) x2 ≡ n mod m x mod m

ξi(s1, s2) =
∞∑

m,n=1

A(4m, (−1)i−1)m−s1n−s2

ξ∗i (s1, s2) =
∞∑

m,n=1

A(m, (−1)i−1)m−s1(4n)−s2 .

η∗i (σ, s) =
∑

(−1)i−1dK>0

Z∗(k + σ +
k + 1

2
, s, dK)

ηi(σ, s) =
∑

(−1)i−1dK>0

Z(k, σ +
k + 1

2
, s, dK)

k

η∗i (σ, s) = ζ(σ)−1ξi(σ, s+
1

2
− σ)

ηi(σ, s) = 22sζ(σ)−1ξ∗i (σ, s+
1

2
− σ)

Φσ,k, Ψσ,k

Proposition 4.10 ([20] II Proposition 3.7).
(
η∗1(σ, σ + 1

2
− s)

η∗2(σ, σ + 1
2
− s)

)
=

Γ(s)Γ(s+ 1
2
− σ)

2σπ2s−σ+1/2
M(s)

(
η1(σ, s)
η2(σ, s)

)

M(s) =

(
cos π(s− σ

2
) sin(πσ

2
)

cos πσ
2

− sin π(s− σ
2
)

)
.

4.13. Degeneration for n = 2. D∗
2(s, 1) D2(s, 1)

D∗
2(s,−1). D2(s,−1)

Proposition 4.11 ([20] II p.287 Proposition 3.4).

D∗
2(
3

2
− s, 1) = 2−1π1/2−2sΓ(s)Γ(s− 1

2
)
(
cos(πs)D2(s, 1)− ζ(2s− 1)

)

D∗
2(s, 1) D2(s, 1) s = 1, 3/2
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2
) sin(πσ

2
)
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2

− sin π(s− σ
2
)

)
.

4.13. Degeneration for n = 2. D∗
2(s, 1) D2(s, 1)

D∗
2(s,−1). D2(s,−1)

Proposition 4.11 ([20] II p.287 Proposition 3.4).

D∗
2(
3

2
− s, 1) = 2−1π1/2−2sΓ(s)Γ(s− 1

2
)
(
cos(πs)D2(s, 1)− ζ(2s− 1)

)

D∗
2(s, 1) D2(s, 1) s = 1, 3/2

28

[87], [85]
D∗

2(s,−1), D2(s,−1)
[85]

Φσ,1(s) Ψσ,1(s) ”Main term”

ξM+ (s) = ζ(2s)
∞∑
d=1

h(d) log(�d)d
−s

ξ∗,M+ = ζ(2s)

( ∞∑
d=1

h(4d) log(�4d)

(4d)s
+ 2−2s

∞∑
d=1

h(4d+ 1) log(�4d+1)

(4d+ 1)s

)

ξ−(s) = 2ζ(2s)
∞∑
d=1

h(−d)w−1
−dd

−s

ξ∗−(s) = 2ζ(2s)

( ∞∑
d=1

h(−4d)

w−4d(4d)−s
+ 2−2

∞∑
d=1

h(−4d+ 1)

w−4d+1(4d− 1)−s

)

μ(x)
Φσ,1(σ− s− 1

2
) Ψσ,1(s) σ

σ = 2 σ = 2

A(σ, s) + B(σ, s)ζ(σ − 1)

A(σ, s) B(σ, s) σ = 2
ζ(σ− 1) σ = 2 Φ Ψ

σ = 2 (σ− 2)−1

σ = 2
A(2, s)

B(σ, s) σ = 2 A
μ(x) < ∞ x

s

[20] II )
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[20] II section
3, 4, 5

2. (σ − 2)
e ≥ 1 (σ − 2)e

4.14. .

ζ(s, L∗
n, 1, 1) = ζ(s, L∗,+

n )

s = 1−m (m 1

n ≥ 3 n

n ≥ 4 n
D∗

n(s, 1) D∗
n(s, 1)

(n+ 1)/2 Hecke
s = 0, (n+1)/2 s D∗

n(s, 1)

An(s) =

n/2−1∏
i=1

ζ(2s− 2i)

n ≥ 4 ζ(2s− 2) An(s)
s = 1−m ζ(−2m) = 0

D∗
n(1−m, 1)

n = 1

n = 2
Proposition 4.11

Proposition 4.12. ζ(0, L∗
2, 1, 1) =

1
48

m ≥ 2

ζ(1−m,L∗
2, 1, 1) =

(−1)mB2m

22m(2m)

[20] II p.310 Theorem 6 n ≥ 3
n = 2

ζ(s, L∗
2, 1, 1) = 22s−1D∗

2(s, 1)

[20] II p. 270 line 1) D∗
2(s, 1)

Proposition 4.11 s = 0
Proposition 4.11 s = 3/2
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[20] II section
3, 4, 5

2. (σ − 2)
e ≥ 1 (σ − 2)e

4.14. .

ζ(s, L∗
n, 1, 1) = ζ(s, L∗,+
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s = 1−m (m 1

n ≥ 3 n

n ≥ 4 n
D∗

n(s, 1) D∗
n(s, 1)

(n+ 1)/2 Hecke
s = 0, (n+1)/2 s D∗

n(s, 1)

An(s) =

n/2−1∏
i=1

ζ(2s− 2i)

n ≥ 4 ζ(2s− 2) An(s)
s = 1−m ζ(−2m) = 0

D∗
n(1−m, 1)

n = 1

n = 2
Proposition 4.11

Proposition 4.12. ζ(0, L∗
2, 1, 1) =

1
48

m ≥ 2

ζ(1−m,L∗
2, 1, 1) =

(−1)mB2m

22m(2m)

[20] II p.310 Theorem 6 n ≥ 3
n = 2

ζ(s, L∗
2, 1, 1) = 22s−1D∗

2(s, 1)

[20] II p. 270 line 1) D∗
2(s, 1)

Proposition 4.11 s = 0
Proposition 4.11 s = 3/2

30

D2(s, 1) s = 3/2 π/3

cos(πs) = π(s− 3

2
) + c2(s− 3

2
)2 + · · ·

ζ(2) = π2/6

D∗
2(0, 1) = 2−1π−5/2Γ(3/2)(π2/3− π2/6) =

1

24
.

ζ(0, L∗
2, 1, 1) =

1
48

m ≥ 2 ζ(1−m,L∗
2, 1, 1)

Proposition 4.11 , s = m+1/2 cos(π(m+
1/2)) = 0 D2(s.1) s = m + 1/2

D∗
2(1−m, 1) = −2−1π−2m−1/2Γ(m+ 1/2)Γ(m)ζ(2m)

ζ(2m) =
(−1)m−1(2π)2mB2m

2(2m)!

Γ(m+ 1/2) =
(2m− 1)!!

2m
√
π, Γ(m) = (m− 1)!

Γ(m+ 1/2)Γ(m) =
(2m− 1)!!(m− 1)!

2m
√
π =

(2m− 1)!
√
π

22m−1

D∗
2(1−m, 1) =

(−1)m22mB2m

22(2m) ∗ 22m−1

ζ(1−m,L∗
2, 1, 1) = 21−2mD∗

2(1−m, 1) =
(−1)mB2m

22m · 2m
|B1| = 1/2

(−1)m|B1|B2m

22m ·m
[20] p. 310 Theorem 6

5.

5.1. . N

Γn(N) = {g ∈ Sp(n,Z); g ≡ 12n mod N}
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Theorem 5.1 (Shintani [85](1975)). (n− r)(n− r + 1)/2
maximal parabolic Pn−r unipotent radical

unipotent elements u rank(12n−u) = r
dimSk(Γn(N)) Selberg-Godement

(k (n− r)(n− r + 1)/2 ) ×ζ(r − n, , L∗+
r )

n = 2 ([58], 1974 )

n = 2

(1972) Riemann Roch Christian

Christian ([7])

Theorem 5.2 (Yamazaki[102], Morita [58], Christian [6]).
k ≥ 4, N ≥ 3

dimSk(Γ2(N)) = N10
∏
p|N

(1− p−2)(1− p−4)×
{

1

210 · 33 · 5(2k − 2)(2k − 3)(2k − 4)− 1

26 · 32 ·N2
(2k − 3) +

1

25 · 3 ·N3

}

Theorem 5.3 (Tsushima [97]). k ≥ 5, N ≥ 3

dimSk(Γ3(N)) = N21
∏

p|N,p:prime

(1− p−2)(1− p−4)(1− p−6)

×
(

1

216 · 36 · 52 · 7(2k − 2)(2k − 3)(2k − 4)2(2k − 5)(2k − 6)

− 1

210 · 32 · 5 ·N5
(2k − 4) +

1

28 · 33 ·N15

)

n = 3 k

ζ(s, L∗,+
3 ) =

22s

24

(
ζ(s− 1)ζ(2s− 1)− ζ(s)ζ(2s− 2)

)

ζ2(s, L
∗,+
2 ) = complicated

ζ1(s, L
∗,+
1 ) = ζ(s).

r = 1, n = 3 r − n = −2

ζ(−2) = 0
32
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1
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n = 3 k

ζ(s, L∗,+
3 ) =

22s

24

(
ζ(s− 1)ζ(2s− 1)− ζ(s)ζ(2s− 2)

)

ζ2(s, L
∗,+
2 ) = complicated

ζ1(s, L
∗,+
1 ) = ζ(s).

r = 1, n = 3 r − n = −2

ζ(−2) = 0
32

ζ(r − n, L∗
r)

n n − (r − 1)/2
ζ(r − n, L∗

r) = 0 n = 5, r = 1
dimSk(Γ5(N)) ζ(−4, L∗

1) = 0 k 10

Theorem 5.4 (Ibukiyama-Saito [16], [20] II). dimSk(Γn(N))

In(Πr, k,N)
n N ≥ 3

Cn−r := Cn−r(k,N)

= [Sp(n,Z) : Γn(N)]N−r(n− r−1
2

)

n−r∏
t=1

t!

(2t− 1)!!

(
k − 1− n−t

2

t

)
.

r

In(Πr, k,N) = Cn−r

(−1)[
n+1
2

]|Bn− r−1
2
B2B4 · · ·Br−1B2B4 · · ·B2n−r−1|

2n+
r−1
2 (n− r−1

2
)!( r−1

2
)!

r

In(Πr, k,N) = Cn−r

(−1)r(1+δnr)/2|B2 · · ·Br−2Br/2| · |B2B4 · · ·B2n−r|
22n−

r
2 ( r

2
)!(n− r

2
)!

Conjecture 5.5 ([16], [20] II). N ≥ 3 k > 2n

dimSk(Γn(N)) =
n∑

r=0

In(Πr, k,N)

( k > n+ 1

Theorem 5.6 ( [101]).
±12n Πr In(Πr, k,N)

n = 2 [58]
n

5.2. Tube domain .
[26] [19]
Margaret Robinson review
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Γn(N) k > 2n

±12n

(
1n S
0 1n

)

k > n+ 1

tube domain Q
unipotent radical rank

1982

D G Q
G Q root D tube domain

C G maximal Q parabolic Pr

unipotent radical center Ur U1 ⊂ U2 ⊂ · · ·
Ur Ur−1

unipotent elements
Ur

(

[26]
[26]

V Ω V
symmetric cone, T = V +

√−1Ω
[12]

V
r = rank(V ), n = dimV ,

{ei}ri=1 V ei : V � x → eix ∈ V
0, 1, 1/2 V (ei, λ) λ (V

Vij = V (ei, 1/2)∩V (ej, 1/2) d = dimVij

n = r +
dr(r − 1)

2
.

V det, tr ([12]) V
det(x) = Δ(x) cone

ΓΩ(s) =

∫

Ω

e−tr(x)Δ(s)s−
n
r dx.

(dx V

Hν(T ) = {F (z) : holomorphic on T , ||F (z)||2 < ∞}.
34
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det(x) = Δ(x) cone

ΓΩ(s) =

∫

Ω

e−tr(x)Δ(s)s−
n
r dx.

(dx V

Hν(T ) = {F (z) : holomorphic on T , ||F (z)||2 < ∞}.
34

||F ||2 =
∫

T

|F (z)|2Δ(y)ν−
2n
r dxdy

z = x+ iy

Theorem 5.7. ν > 1 + d(r − 1) T × T

K(z, w) =
ΓΩ(ν)

(4π)nΓ(ν − n/r)
Δ

(
z − w

2i

)−ν

Hν(T )

Godement
Γ G(R) covolume finite Z(Γ) Γ

KΓ(z, w) =
1

|Z(Γ)|
∑

γ∈Γ/Z(Γ)

K(γz, w)J(γ, z)−1

J(γ, z) G× T
j(g, z)

|j(g, z)|2n/r = det(Jac(g, z))

Jac(g, z) z → gz
J(g, z) = j(g, z)ν ν

Theorem 5.8 ([26]). ν > 2+2d(r−1)

dimSν(Γ) =

∫

Γ\T
KΓ(z, z)Δ(y)ν−

2n
r dxdy

Godement [11] Theorem 8
[12]

[80] I SL2(R)

central unipotent

[26]

V G0 = {g ∈
GL(V ); gΩ = Ω} (G0, V )

L V

L∗ = {x ∈ V ; y ∈ L tr(xy) ∈ Z}
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G0 V Ω Γ0 L
G0

ζ(s, L+) =
∑

x∈L∩Γ0\Ω

μ(x)

Δ(x)s

μ(x) = vol(G0,x/Γx)
tube domain G G/Z(G) =

Aut(T ) Q
T = V + iΩ

P G maximal Q parabolic VP

P unipotent radical VP

T = V + iΩ V Γ
G covolume finite γ ∈ Γ

γ G(Q) maximal Q parabolic unipotent
radical VP ⊂ V

P

G(Q) =
v∐

i=1

ΓκiP (disjoint)

P
κi

: P Q Levi P = A · B
κ−1
i Γκi = (κ−1

1 Γκ1 ∩ A) · (κ−1
i Γκi ∩ B)

Theorem 5.9. m G real rank ν > 2 + 2d(r − 1)
Γ rank b

dimSν(Γ)

cκ(Γ)
m−b∏
j=1

Γ(ν − (j+b−1)d
2

)

Γ(ν − d(j−1)
2

− 1− d(m−1)
2

)
ζ(d(b− r), L∗

κ)

κ P cκ(Γ) κ ν

Lκ = VP ∩ k−1
κ Γkκ

Γκ := Γ∩κAκ−1 Lκ

(m− b)(1+ d(m− b− 1)/2)
ζ(s, L∗,+

κ ) VP

V
( I

36
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2
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2
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2
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ζ(d(b− r), L∗
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κ P cκ(Γ) κ ν
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κ Γkκ

Γκ := Γ∩κAκ−1 Lκ

(m− b)(1+ d(m− b− 1)/2)
ζ(s, L∗,+

κ ) VP

V
( I

36

[26]

maximal rank

Lemma 5.10 (Ibukiyama [32]). Z ∈ T = V + iΩ α ∈ C
Re(α) > d(r − 1) + 1 L V

∑
T∈L∗∩Ω

e2πiTr(TZ) det(T )α−n/r = vol(L∗)−1(2π)−rαΓΩ(α)
∑
S∈L

det

(
Z + S

i

)−α

e V
(M,V, ρ) S = {x ∈

V ; Δ(x) = 0}
λ x ∈ V

f = fr(x, λ) =

{
Δ(s)λ−n/rexp(−2πtr(x)) if x ∈ Ω
0 otherwise

f ∗ = f ∗
r (x.λ) = Δ(e−√−1x)−λ

M+ M(R) 1 real topology
g ∈ M+

∑
x∈L

f ∗(ρ(g)x, λ) = vol(L∗)(2π)rλΓΩ(λ)
−1χ(g)−n/r

∑
x∈L∗∩Ω

f(tρ(g)−1, λ)

s λ

Φ(f, s) =

∫

Ω

f(x, λ)| det(x)|sdx = (2π)−r(s+λ)ΓΩ(s+ λ),

V h

Z(h, s, L) =

∫

M+/Γ

χ(g)s
∑

x∈L−S

h(gx)dg

Z(h, s, L) =
∑
i

ξi(s, L)Φi(h, s− n

r
)

ξi(s, L) :=
∑

x∈L∩Vi/Γ

μ(x)

Δ(x)s
.

Z(f ∗
r (x, λ), L,

n

r
− s) = vol(L∗)−1(2π)rλΓΩ(λ)Z(fr(x, λ), L, s).

37
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Z x ∈ L−S ( rank
L

Z(f ∗
r (x, λ), L, s) = Z+(f

∗
r (x, λ), L, s)

+ vol(L∗)(2π)rλΓΩ(λ)
−1Z+(

n

r
− s, fr(x, λ), L

∗)

−
∑
l

1

s− dl/2

u�∑
i=1

c�,i(Γ)Z(f
∗
l (x, λ), ρ(hi)

−1L(l) ∩ V (l),
dr

2
)

V = Sym(Q)
V (l) V rank l

Z+ χ(g) ≥ 1

6.

binary
cubic zeta

binary cubic
binary cubic zeta Dirichlet

Davenport

Amer. J. Math.

[105]

b

Mathematica

Eisenstein Koecher Maass

38
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r
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∑
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[105]

b

Mathematica

Eisenstein Koecher Maass
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7. Koecher-Maass series

7.1. Koecher version for theta series. S m
X m× n X2 = X1U (U ∈ GLn(Z))

X1 X2 X1 ∼ X2

ζ(s, S) =
∑

X∈Mm,n(Z)/GLn(Z);rank(X)=n

1

det(tXSX)s

(Koecher [47], [48])

7.2. Maass version for Siegel modular forms. Γ = Sp(n,Z)
F ∈ Ak(Sp(n,Z)) k

F (Z) =
∑
T∈L∗

n

a(T )e(Tr(TZ)) Z ∈ Hn, e(x) = e2πix

k

L(s, F ) =
∑

GLn(Z)\L∗,+
n

a(T )

det(T )s|O(T,Z)|

T1 ∼ T2 UT2
tU = T1 for some U ∈ GLn(Z)

Aut(T ) = {U ∈ GLn(Z) : UT tU = T}
a(UT tU) = det(U)ka(T ) k a(UT tU) =
a(T ) GLn(Z) SLn(Z) k

L(s, F ) = 0
k

L ([56]).

ξ(s, F ) = (2π)−ns

n−1∏
i=0

Γ(s− i

2
)L(s, F )

ξ(k − s, F ) = (−1)nk/2ξ(s, F )

([56]) Maass
Maass

Maass
[56] [54] Koecher Maass

L
1950

Selberg Harish Chandra
39
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7.3. Koecher Maass
.

[25]

tube domain

symmetric tube domain
[12]
V R R

x◦y (i) x◦y = y◦x,
(ii) x2 ◦ (x ◦ y) = x ◦ (x2 ◦ y), (iii) x2 + y2 = 0 x = y = 0

I n x ◦ y = (xy + yx)/2
V symmetric cone Ω

, Ω = {x2; x ∈ V ×} V m = V × · · · × V
Ωm V

symmetric tube domain)

T = (V +
√−1Ω)m

Maass [56]
symmetric tube domain

G0 = {g ∈ GL(V ); gΩ = Ω}
(G0 ∩ SL(V ))m Γ0

D(Ωm) Ωm

Ω C∞

f g ∈ G0 (τ(g)f)(x) = f(g−1x)
D τ(g)D = Dτ(g) (ρ,W ) Gm

Ωm W C∞ u(Y1, . . . , Ym)
Γ

(1) u(γ(Y1, . . . , Ym)) = ρ(γ)u(Y1, . . . , Ym) γ ∈ Γ0

(2) Du = λ(D)u for some constant λ(D),
(3) u(cY1, . . . , cYm) = u(Y1, . . . , Ym) for any constant c
(4) ||u(Y1, . . . , Ym)||

( [25] p. 14)
( ρ trivial

Maass Mellin
det(Y )s det(Y ) = t t = 0 ∼ ∞
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x◦y (i) x◦y = y◦x,
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, Ω = {x2; x ∈ V ×} V m = V × · · · × V
Ωm V

symmetric tube domain)

T = (V +
√−1Ω)m

Maass [56]
symmetric tube domain

G0 = {g ∈ GL(V ); gΩ = Ω}
(G0 ∩ SL(V ))m Γ0

D(Ωm) Ωm

Ω C∞

f g ∈ G0 (τ(g)f)(x) = f(g−1x)
D τ(g)D = Dτ(g) (ρ,W ) Gm

Ωm W C∞ u(Y1, . . . , Ym)
Γ

(1) u(γ(Y1, . . . , Ym)) = ρ(γ)u(Y1, . . . , Ym) γ ∈ Γ0

(2) Du = λ(D)u for some constant λ(D),
(3) u(cY1, . . . , cYm) = u(Y1, . . . , Ym) for any constant c
(4) ||u(Y1, . . . , Ym)||

( [25] p. 14)
( ρ trivial

Maass Mellin
det(Y )s det(Y ) = t t = 0 ∼ ∞

40

(Robert Hjarmar Mellin

t
det(Y ) = 1

det(Y ) = 1

[35], [95]

Bump [5] Hilbert modular

T Koecher
Maass

Aut(T ) G(R) G(R)0
G(R) Q G R valued points
G

: G/Q Q P 0

G covolume finite Γ Γ

(Z1, . . . , Zm) → (−Z−1
1 , . . . ,−Z−1

m ).

T Γ k f(Z)
0

unipotent radical U abelian
U ∩Γ = L U ( U(R)

V m Γ Z → Z+u (u ∈ L)

f(Z) =
∑
T∈L

a(T )e2πi(T,Z)

(T, Z) = tr(TZ)
T Z . G(R)

Koecher T �∈ Ω
m
(Ω Ω

a(T ) = 0 P Levi Ωm

Γ Γ0 u(Y ) W = C,
ρ = detk Γ0

7.1.

D(s, F, u) =
∑

T∈Γ0\L∩Ωm

a(T )u(T )

|O(T, Z)| det(T )s
41
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u F Koecher Maass
u = 1 Koecher Maass

D(s, F, u)
Koecher-Maass

Kohnen

Koecher
Maass

[54], [47], [48], [56]
Siegel

[56] Selberg
Selberg

Selberg
Selberg tube domain

r V V
(x ∈ V

d ei �= ej
1/2 V (ei, 1/2) Vij = V (ei, 1/2) ∩ V (ej.1/2)

dimVij d û(Y ) = u(Y −1)
Ω [12] Prop XIV.1.4

(Dsf)(x) = det(x)s+1 det(
∂

∂x
) det(x)−sf(x)

Djd/2 (j = 0, . . . , r−1) D(Ω) D̂s(Yi) =
(−1)rDd(r−1)/2−s(Yi)

(
m∏
i=1

D̂s(Yi)û)(Y ) = (−1)rm
rm∏
i=1

Γ(s− αj)û(Y )

Theorem 7.2 ([25]). u F

ξ(s, F, u) = (2π)rms

( rm∏
j=1

Γ(s− αj)

)
D(s, F, u)

ξ(k − s, F, u) = (−1)rmk/2ξ(s, û)

D(s, u) s = αj + k − d(r − 1)/2

Lemma 7.3. dv
∫

Ωm

u(Y )e−tr(TY ) det(Y )sdv

42
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(−1)rDd(r−1)/2−s(Yi)
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Theorem 7.2 ([25]). u F

ξ(s, F, u) = (2π)rms

( rm∏
j=1

Γ(s− αj)

)
D(s, F, u)

ξ(k − s, F, u) = (−1)rmk/2ξ(s, û)

D(s, u) s = αj + k − d(r − 1)/2

Lemma 7.3. dv
∫

Ωm

u(Y )e−tr(TY ) det(Y )sdv

42

= (2π)(n−r)m/2 det(T )−su(T−1
1 , . . . , T−1

m )
rm∏
i=1

Γ(s− αi).

Selberg

Faraut and Koranyi [12]

[56]
Selberg

Maass Selberg
[25] Koecher-Maass

Re(s)
[25]

7.4. Sp(n,Z) Eisenstein Koecher-Maass . k > n+1
Sp(n,Z)

E(k)
n (Z) =

∑
g∈Γ∞\Sp(n,Z)

J(g, Z)−k.

Γ∞ =

{(
A B
0 D

)
∈ Sp(n,Z)

}

J(g, Z) = det(CZ +D) for g =

(
A B
C D

)
∈ Sp(n,R).

E(k)
n (Z) =

∑
T∈L∗

n

a(T )e(Tr(TZ))

(e(x) := e2πix.)

Hk =

(
0k 1k
1k 0k

)

m = 2k, T ∈ L∗
n, rank(T ) = r (0 < r ≤ n)

T1 det(T1) �= 0, T = tOT1O (O (r, n) )

ρm :=
m∏
j=1

πj/2

Γ(j/2)

Lemma 7.4 (Siegel [91]).

a(T ) = (−1)kr2
ρ2k
ρ2k−r

det(2T1)
(2k−r−1)/2

∏
p

αp(Hk, 2T1)

43
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αp(Hk, 2T1) local density

Aq(Hk, T1) = {K ∈ M2k,r(Z/qZ); tKSK ≡ 2T1 mod q}
(q p

αp(S, 2T1) = lim
q→∞

qr(r+1)/2−2krAq(S, 2T1)

( q

Theorem 7.5 ( [29], [21]). n ≥ 3

L(s, E(k)
n ) = (−1)nk/22(n−1)s ×

∏(n−1)/2
i=0 (k − i)

((n− 1)/2)!
×

∏(n−1)/2
i=1 |B2i|

|Bk|
∏(n−1)/2

i=1 |B2k−2i|

×
{
ζ(s)ζ(s− k + 1)

(n−1)/2∏
i=1

ζ(2s− 2i)ζ(2s− 2k + 2i+ 1)

+ (−1)(n
2−1)/8(−1)n(n+1)/2ζ(s− n− 1

2
)ζ(s− k +

n+ 1

2
)

×
(n−1)/2∏

i=1

ζ(2s− 2i+ 1)ζ(2s− 2k + 2i)

}

n ≥ 4

L(s, E(k)
n ) = 2ns

∏n/2−1
i=1 ζ(1− 2i)

ζ(1− k)
∏n/2

i=1 ζ(1− 2k + 2i)

×
{
D∗

n(s, 1)⊗D∗
2k−n(s, 1)

n/2−1∏
i=1

ζ(2s− 2i)ζ(2s− 2k + 2i+ 1)

+
1 + (−1)n/2

2
(−1)n(n+2)/8 |Bn/2Bk−n/2|

(n/2)(k − n/2)
×

n/2∏
i=1

ζ(2s− 2i+ 1)ζ(2s− 2k + 2i)

}

κ (1/2)Z− Z

D∗
2κ−1(s, 1) =

∑
(−1)κ−1/2dK>0

|dK |−sL(
3

2
− κ, χK)

ζ(2s)ζ(2s− 2κ+ 2)

L(2s− κ+ 3
2
, χK)

dK K K = Q⊕Q
dK = 1 χK Q(

√
dK)

ζ(s), L(s, χK)
L D∗

2κ−1(s, 1) κ
(Cohen Eisenstein series

κ

4.11 ([21], [20] II
44
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D∗
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n/2−1∏
i=1

ζ(2s− 2i)ζ(2s− 2k + 2i+ 1)

+
1 + (−1)n/2
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κ (1/2)Z− Z

D∗
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∑
(−1)κ−1/2dK>0

|dK |−sL(
3

2
− κ, χK)

ζ(2s)ζ(2s− 2κ+ 2)

L(2s− κ+ 3
2
, χK)

dK K K = Q⊕Q
dK = 1 χK Q(

√
dK)

ζ(s), L(s, χK)
L D∗

2κ−1(s, 1) κ
(Cohen Eisenstein series

κ

4.11 ([21], [20] II
44

⊗ convolution

D∗
2κi−1(s, 1) =

∞∑
m=1

ai(m)

ms

D∗
2κ1−1(s, 1)⊕D∗

2κ2−1(s, 1) = ζ(2s− κ1 − κ2 + s)
∞∑

m=1

a1(m)a2(m)

ms

n = 3
[41]

n = 3

n

n n
Duke-Imamoglu standard

L

(1) D∗
2k−n(s, 1) k− (n− 1)/2

k− (n− 1)/2
2k − n

(2) ζ(s)ζ(s − (2k − n) + 1) 2k − n
f 2k − n

L(s, f) n

n/2−1∏
i=1

ζ(2s− 2i)ζ(2s− 2k + 2i+ 1) →
n/2−1∏
i=1

L(2s− 2i, f)

n/2∏
i=1

ζ(2s− 2i+ 1)ζ(2s− 2k + 2i) →
n/2∏
i=1

L(2s− 2i+ 1, f)

Duke-Imamoglu-Ikeda lift
version 1996

Koecher-Maass
1998

Kohnen Duke
Imamoglu standard zeta

45
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Koecher-Maass

Kohnen L
Koecher Maass

Mass formula [20] I

Ikeda lift

Klingen Eisenstein Ikeda
lift Koecher Maass

( [27], [28])

7.5. .
n = 3 closed [41]).

[42]
closed

Siegel local density
det(T ) �= 0 T = T1 local density 2T

(genus) L T0

v T0 =t g(2T )g g ∈ GLn(Zv)
2T genus L 2T T

T ∈ L det(T ) d(L)
T ∈ L a(T )

∑
T∈GLn(Z)\L

1

|O(T,Z)|

ξ(s, E(k)
n ) = (−1)nk/22ns+1 ρ2k

ρnρ2k−n

∑
L

∏
p<∞

αp(Hk,L)

αp(L,L)
d(L)k−s

[21] [29]

3. (i) a(T ) T genus

(ii) Koecher-Maass , genus
(genus

(iii) Koecher
Maass
(iv) tube domain Koecher- Maass

46
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∑
L

∏
p<∞
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d(L)k−s

[21] [29]

3. (i) a(T ) T genus

(ii) Koecher-Maass , genus
(genus

(iii) Koecher
Maass
(iv) tube domain Koecher- Maass

46

8. Siegel

8.1. . S m
T n

n < m S[X] = tXSX

A(S, T ) = {X ∈ Mm,n(Z) : S[X] = T}
A(S, T )

Siegel 1930

Theorem 8.1 (Siegel [87]). (1) S A(S, T )
(local density)

(2) S Hn

θS(Z) =
∑

X∈Mmn(Z)

e(Tr(S[X]Z)) e(∗) = e2πi∗, Z ∈ Hn

S

Siegel

S
{S �} Q v ≤ ∞ gv ∈ GLm(Zv)

S � = S[gv] Z∞ = R, Zv = Zp

(v = p S S � GLm(Z) g S � = S[g]
S S �

S
(2) E8

det = 1
m ≡ 0 mod 8 m = 8

1 E8

z ∈ H1

θS(z) = E4(z)

( A(S, t)
E4(z) E4(z)

E4(z)

ζ(s)ζ(s− 3)

n = 1

Lynne Walling [100]
47
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2000
Kohnen

Kohnen Böcherer
Cris Poor, David Yuen

Cris Walling

Walling A(S, T )
Walling

Koecher
Maass

S T local density
[76], [104], [103]

Koecher Maass

local density

4. Siegel
(Walling

Eisenstein Koecher Maass
local density

[76]

8.2. .
n = 1
S m, target T n
n > 1 Klingen [46]

Siegel S
S[X] = T X
S majorant

A(S, T )
Klingen mathscinet

reviewer A. Weil
48
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Kohnen Böcherer
Cris Poor, David Yuen

Cris Walling

Walling A(S, T )
Walling

Koecher
Maass

S T local density
[76], [104], [103]

Koecher Maass

local density

4. Siegel
(Walling

Eisenstein Koecher Maass
local density

[76]

8.2. .
n = 1
S m, target T n
n > 1 Klingen [46]

Siegel S
S[X] = T X
S majorant

A(S, T )
Klingen mathscinet

reviewer A. Weil
48

S (1, n− 1) S
ζ(s, S) SO(n, 2) IV

ζ(1−m,S)

∞∑
t=1

(∏
v≤∞

αv(S, t)

)
t−s

local density [76], [103], [104]
Siegel

[89]
m n = 1 [31]

[55]

m m
ζ(s, S)

S

[31] p. 329 7.22
7.22

m S (p, q) q [88] II

ξ(s, S) = π−sΓ(s)ζ(s, S)

ξ(s, S) = (−1)m−n det(2S)−1/2ξ(
m

2
− s, S−1)

s = 1 − r ζ(s, S) s = m/2
r ≥ 2 Γ(1 − r)−1 = 0

ζ(1− r, S) = 0 ζ(0, S) ζ(s, S) s = m/2
Siegel ζ(1− r, S)

5. Symmetric tube domain
torsion free

tube domain

9.

9.1. .
Selberg

49
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Riemann-Roch-Hirzebruch Lefschetz fixed
point theorem

Hilbert modular
[63]

[106]
k ≥ 4

.
k = 2

[63]
k

[30]
[63] k = 2 1

6. [63] .

[99] [24],
[4] [98]

[4]

50
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Riemann-Roch-Hirzebruch Lefschetz fixed
point theorem

Hilbert modular
[63]

[106]
k ≥ 4

.
k = 2

[63]
k

[30]
[63] k = 2 1

6. [63] .

[99] [24],
[4] [98]

[4]

50

7.

[4]
Lee-Weintraub

sporadic

Brad Isaacson
([36], [37], [38], [39], [40]

9.2. Hecke . SL2(Z) p
Γ(p) SL2(Z)/Γ(p) ∼= SL2(Z/pZ)

Γ(p) k Ak(Γ(p))
PSL2(Fp)

Fundamentalproblem
(p SL2(Fp)/{±1}

p, p+ 1, p− 1, (p+ 1)/2, (p− 1)/2

degree Gq G
(1)
(q+1)/2 G

(1)
(q+1)/2 G

(1)
(q−1)/2 G

(2)
(q−1)/2 G

(i)
q+1 G

(i)
q−1

χ(U) 0
1+

√
�q

2

1−√
�q

2

−1+
√
�q

2
−1+

√
�q

2
1 −1

χ(Uν) 0
1−√

�q

2

1+
√
�q

2

−1−√
�q

2

−1+
√
�q

2
1 −1

χ(Ra) 1 (−1)a (−1)a 0 0 ρia + ρ−ia 0

ν U =

(
1 1
0 1

)
, R =

(
g−1 0
0 g

)
g

(Z/pZ)× � = (−1)(p−1)/2. ρ = e2πi/(ρ−1). G
(i)
q−1 q + 1

1 character i G
(i)
(q+1)/2, G

(i)
(q−1)/2

zweiter Art) Gq+1 (q− 3)/2 Gq−1 (q− 1)/2

q(q2 − 1)

2
= 1 + q2 + 2

(
1 + q

2

)2

+ 2

(
q − 1

2

)2

+ (q − 1)2
q − 1

2
+ (q + 1)2

q − 3

2
51
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(Hecke [15] p. 699. [51] III
8.33)

Ak(Γ(p)) SL2(Fp)/{±12} G
(i)
(q+1)/2 yi, G

(i)
(q−1)/2

wi

Proposition 9.1 (Hecke, p.704, p.893). k even y1 − y2 =
h(
√−p), k odd w1 − w2 = h(

√−p).

9.3. Hecke (Hilbert case and Siegel case).
1970

Hecke

Hilbert modular F SL2(OF )
SL2(Fq)

[63] [106]
[106]

Siegel modular Lee and Weintraub [53] [14]
[98] (

L
[3]

B. Srinivasan [93] Sp(2, q)

1968

2 [10] (1972)
[93] Symplectic
⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎞
⎟⎟⎠

2 3 2 3

J =

�
01 12
−12 02

�
Sp(2, p)

Aij

A21 =

⎛
⎜⎜⎝
1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ A�

21 = −A21

52
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h(
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9.3. Hecke (Hilbert case and Siegel case).
1970

Hecke

Hilbert modular F SL2(OF )
SL2(Fq)

[63] [106]
[106]

Siegel modular Lee and Weintraub [53] [14]
[98] (

L
[3]

B. Srinivasan [93] Sp(2, q)

1968

2 [10] (1972)
[93] Symplectic
⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎞
⎟⎟⎠

2 3 2 3

J =

�
01 12
−12 02

�
Sp(2, p)

Aij

A21 =

⎛
⎜⎜⎝
1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ A�

21 = −A21

52

A22 =

⎛
⎜⎜⎝
1 0 ν 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ A�

22 = −A22

ν (ν/p) = −1 (quadratic non-residue)
Sp(2,Q) ψ12, ψ22, ψ31,

ψ32 A21 A22, A41 A42

g ∈ Sp(2,Fp)

L(g) =
3�

i=0

(−1)iTrace[g|H3−i,0((H3/Γ(p))
∗,C)]

(∗ Igusa compact

Proposition 9.2 (Lee and Weintraub [53]). p p ≡
3 mod 4

Im(L(A21)) =
p(p2 − 1)

8

��1
8
h(−p)− 1

12
B3,χ

�√−p

+
1

2

p−1�
a=1

p−2�
j=1

χ(a)

(1− ζ−j)(1− ζj+1)(1− ζj(j+1))

�
.

L(A41) = 0.

Srinivasan A21 A22

ψ21, ψ31

p�̃ = p
−1 +

√−p

2

ψ22, ψ32

p�̃� = p
−1−√−p

2

Proposition 9.3 ( [3] Theorem 3.4 ). α ∈ Sp(2,Z)
Γ(p)α Sk(Γ(p)) Tr(α) A21, A22

Selberg

Tr(A21)− Tr(A22) = −p2(p2 − 1)
√−pL(0, L∗

2, ψ)

( [14], [98] )
Lee-Weintraub [53]

−p2(p2 − 1)
√−pL(0, L∗

2, ψ) =
p(p2 − 1)

4

��1
8
h(−p)− 1

12
B3,χ

�
h(
√−p)

+
1

2

p−1�
a=1

p−2�
j=1

χ(a)

(1− ζ−j)(1− ζj+1)(1− ζj(j+1))

�
.

53
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L(s, L+
2 , φ) section 3.4

χ f
Bn,χ

p∑
a=1

χ(a)teat

ept − 1
=

∞∑
n=0

Bn,χ

n!
tn.

([4])

B1,χ =
1

f

f∑
a=1

χ(a)a

B3,χ =
1

f

f∑
a=1

χ(a)a3 − 3

2

f∑
a=1

χ(a)a2 +
f

2

f∑
a=1

χ(a)a

B1(x) = x− 1

2
B2(x) = x2 − x+

1

6

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!

([4]) x ∈ R �x� x−�x� ∈ Z, 0 < �x� ≤ 1
x x 1

A = −
∑�

α,γ

B1(�α
2 − 2αγ

p
�)B1(�2αγ

p
�)B1(�γ

2 − α2

p
�)+ 1

12
(3+δp,3)B1,ψ

α, γ (α, γ) ∈ Z/pZ × Z/pZ α2 �≡ 2αγ mod p, αγ �≡
0 mod p, α2 �≡ γ2 mod p

B = −1

3

∑��

α,γ

B2(�α
2 − 2αγ

p
�)B2(�γ

2 − α2

p
�)

(α, γ) ∈ (Z/pZ)2 α2 �≡ γ2 mod p

Theorem 9.4 ( [3]). p ≡ 1 mod 4
L(0, L∗

2, ψ) = 0. p ≡ 3 mod 4

L(0, L∗
2, ψ) = A+ B +

11

36p
B3,ψ − 1

24p
B1,ψ

54
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χ(a)a
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B2(x) = x2 − x+

1

6
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et − 1
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∞∑
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Bn(x)
tn

n!

([4]) x ∈ R �x� x−�x� ∈ Z, 0 < �x� ≤ 1
x x 1

A = −
∑�

α,γ

B1(�α
2 − 2αγ

p
�)B1(�2αγ

p
�)B1(�γ

2 − α2

p
�)+ 1

12
(3+δp,3)B1,ψ

α, γ (α, γ) ∈ Z/pZ × Z/pZ α2 �≡ 2αγ mod p, αγ �≡
0 mod p, α2 �≡ γ2 mod p

B = −1

3

∑��

α,γ

B2(�α
2 − 2αγ

p
�)B2(�γ

2 − α2

p
�)

(α, γ) ∈ (Z/pZ)2 α2 �≡ γ2 mod p

Theorem 9.4 ( [3]). p ≡ 1 mod 4
L(0, L∗

2, ψ) = 0. p ≡ 3 mod 4

L(0, L∗
2, ψ) = A+ B +

11

36p
B3,ψ − 1

24p
B1,ψ

54

Theorem 9.5 ( [18]). p ≡ 3 mod 4, p > 3

L(s, L∗
2, ψ) = −22s−1B1,ψ

ps
ζ(2s− 1).

s = 0 ζ(−1) = −B2

2
= −1/24

L(0, L∗
2, ψ) =

1

24
B1,ψ.

m 1

L(1−m,L∗
2, ψ) =

pm−1

22mm
B2mB1.ψ.

ψ order
genus character

[4] 10

1991 12
Pia Bauer

L(s, L∗
2, ψ)

p

1990
1991

SL2(Z)

Proposition 9.6. p ≡ 3 mod 4, p > 3 yij ψij Sk(Γ(p))
Sp(2, p)

y21 − y22 − y31 + y32 =
p(p2 − 1)

24
h(
√−p)

8.
Sk(Γ(p))

Hecke

[53] 9.3
55
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Proposition 9.7 ([18]). p p ≡ 3 mod 4 p > 3
ψ quadratic residue symbol

∑
(a,b,c)∈S

ψ(abc)

(1− ζa)(1− ζb)(1− ζc)
= −√−p

(
p+ 1

4
B1,ψ +

1

6
B3,ψ

)
.

S = {(a, b, c); 1 ≤ a, b, c ≤ p− 1, ab+ bc+ ca ≡ − mod p}

p > 3 p ≡ 3 mod 4 B1,ψ = −h(
√−p)

9.7

Pia Bauer Wigner

9.4. Arakawa identity and Tsukano conjecture. p ≡ 3 mod
4 h

Sh = {(a, b, c); 1 ≤ a, b, c ≤ p− 1, ab+ bc+ hca ≡ 0 mod p}

I(h, p) =
∑

(a,b,c)∈Sh

ψ(abc)

(1− ζa)(1− ζb)(1− ζc)
,

J(h, p) =
∑

(a,b,c)∈Sh

ψ(abc)abc.

I(1, p) [18] Proposition 9.7
g(ψ) ψ

g(ψ) :=

p−1∑
a=1

ψ(a)e2πia/p =
√−p

ζ 1 f

1

1− ζa
= −1

p

f−1∑
c=1

ζac

[4] I(h, p)

dual

56
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g(ψ) :=
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ψ(a)e2πia/p =
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ζ 1 f

1

1− ζa
= −1

p

f−1∑
c=1

ζac

[4] I(h, p)

dual
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Conjecture 9.8 ( [96]). ζ = e2πi/p p ≡ 3 mod 4

I(1, p)/g(ψ) = −
�
p+ 1

4
B1.ψ +

1

6
B3,ψ

�
,(6)

I(p− 1, p)/g(ψ) = −
�
p− 3

4
B1,ψ +

1

6
B3,ψ

�
,

(7)

I(2, p)/g(ψ) =

⎧⎪⎨
⎪⎩

−1

6
B3,ψ if p ≡ 3 mod 8,

−
�
p+ 1

6
B1,ψ +

5

18
B3,ψ

�
if p ≡ 7 mod 8,

(8)

I(
p− 1

2
, p)/g(ψ) =

⎧⎪⎨
⎪⎩

p− 4

4
B1,ψ +

5

24
B3,ψ if p ≡ 3 mod 8,

−
�
p− 5

6
B1,ψ +

17

72
B3,ψ

�
if p ≡ 7 mod 8,

(9)

I((p+ 1)/2, p)/g(ψ) =

⎧⎪⎨
⎪⎩

p

4
B1,ψ +

5

24
B3,ψ if p ≡ 3 mod 8,

−
�
p+ 1

6
B1,ψ +

17

72
B3,ψ

�
if p ≡ 7 mod 8,

(10)

I(p− 2, p)/g(ψ) =

⎧⎪⎪⎨
⎪⎪⎩

−
�
B1,ψ +

1

6
B3,ψ

�
if p ≡ 3 mod 8,

−
�
p− 5

6
B1,ψ +

5

18
B3,ψ

�
if p ≡ 7 mod 8,

(11)

J(1, p)/p2 =
p+ 1

2
B1,ψ − 1

6
B3,ψ,(12)

J(2, p)/p2 =

⎧⎪⎨
⎪⎩

−1

2
B1,ψ +

1

12
B3,ψ if p ≡ 3 mod 8,

2(p+ 1)

3
B1,ψ − 5

36
B3,ψ if p ≡ 7 mod 8,

(13)

J(
p− 1

2
, p)/p2 =

⎧⎪⎨
⎪⎩

3p+ 1

4
B1,ψ +

1

12
B3,ψ if p ≡ 3 mod 8,

−p− 3

4
B1,ψ − 1

12
B3,ψ if p ≡ 7 mod 8,

(14)

57
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J(
p+ 1

2
, p)/p2 =

⎧⎪⎨
⎪⎩

−p− 1

4
B1,ψ +

1

12
B3,ψ if p ≡ 3 mod 8,

3(p+ 1)

4
B1,ψ − 1

12
B3,ψ if p ≡ 7 mod 8,

(15)

J(p− 2, p)/p2 =

⎧⎪⎨
⎪⎩

2p− 1

2
B1,ψ +

1

12
B3,ψ if p ≡ 3 mod 8,

−p− 2

3
B1,ψ − 5

36
B3,ψ if p ≡ 7 mod 8,

(16)

J(p− 1, p)/p2 = −p− 1

2
B1,ψ − 1

6
B3,ψ.

(17)

Isaacson B. Isaacson

Brad Isaacson Rutgers, Newark Robert Sczech
Sczech Zagier Sczech

50

Isaacson
Jugentraum

Sczech
Isaacson

Arakawa
L(0, L∗

2, ψ) inspirational

Isaacson contour integral L(0, L∗
2, ψ)

B1({x}) Theorem 9.4
Theorem 9.5

Proposition 9.9 (B.Isaacson [40]).

Isaacson ad hoc

9. (i)

58
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2
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1

12
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3
B1,ψ − 5

36
B3,ψ if p ≡ 7 mod 8,

(16)

J(p− 1, p)/p2 = −p− 1

2
B1,ψ − 1

6
B3,ψ.

(17)
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Brad Isaacson Rutgers, Newark Robert Sczech
Sczech Zagier Sczech

50

Isaacson
Jugentraum

Sczech
Isaacson

Arakawa
L(0, L∗

2, ψ) inspirational

Isaacson contour integral L(0, L∗
2, ψ)

B1({x}) Theorem 9.4
Theorem 9.5

Proposition 9.9 (B.Isaacson [40]).

Isaacson ad hoc

9. (i)

58

(ii) h

(iii)

det ≡ 0 mod p

(iv) Isaacson

10.

[45] p. 71, [62], [31]

(V,Q) Qp B(x, y) = 1
2
(Q(x + y) − Q(x) −

Q(y)) B(x, x) = Q(x) L V Zp-lattice
s(L) = B(L,L) scale

n(L) = {
�
i

aiQ(xi); ai ∈ Zp, xi ∈ L}

p �= 2 n(L) = s(L) p = 2 n(L) =
2s(L) s(L) {vi}ni=1 L Zp

A = (B(ei, ej)) a ∈ Q×
p a−1A ∈ GLn(Zp) L

(a) modular L (a) modular i. j
B(vi, vj) ∈ aZp s(L) ⊂ aZp aZp �= s(L)

B(vi, vj) apZp a−1A ∈ GLn(Zp)
L (a) modular

s(L) = aZp

A

A = ptA0 A0 ∈ GLn(Zp)

a ∈ Z×
p (a) modular uni-

modular det(A) ∈ Z×
p A ∈ GLn(Zp)

Zp L

L = L1 ⊥ L2 ⊥ · · · ⊥ Lm

Li s(Li) modular s(L1) ⊃ s(L2) ⊃ · · · ⊃ s(Lm)
s(Li) �= s(Li+1)

0 ≤ t1 < t2 < · · · < tm 1

A ∼

⎛
⎜⎜⎝

pt1A1 0 · · · 0
0 pt2A2 0 0
... 0

. . .
...

0 · · · 0 ptmAm

⎞
⎟⎟⎠

59
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det(Ai) ∈ Z×
p

Theorem 10.1 (O’Meara [62], Kitaoka [45]). L Jordan

L = L1 ⊥ · · · ⊥ Lt = K1 ⊥ · · · ⊥ Ku

(1) t = u.
(2) s(Li) = s(Ki), rank(Li) = rank(Ki) (1 ≤ i ≤ t)
(3) n(Li) = n(Ki) (1 ≤ i ≤ t).

p �= 2 Li
∼= Ki

p unimodular A�
1n−1 0
0 det(A)

�

([45] Theorem 5.2.4). p n
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[91] C. L. Siegel, Über die Fourierschen Koeffizienten der Eisensteinschen Reihen.
Mat.-Fys. Medd. Danske Vid. Selsk. 34 (1964), no. 6, 20 pp.

[92] C. L. Siegel, Über die Fourierschen Koeffizienten von Eisensteinschen Reihen
der Stufe T, Math. Z. 105 (1968), 257–266.

[93] B. Srinivasan, The characters of the finite symplectic group Sp(4, q), Trans.
Amer. Math. Soc. 131 (1968), 488–525.

[94] J. Sturm, Special values of zeta functions, and Eisenstein series of half integral
weight, Amer. J. Math. 102,(1980), 219-240.

[95] Weissauer’s converse theorem,
Koecher-Maass (1998), 81–98.

http://http://www4.math.sci.osaka-u.ac.jp/~ibukiyam/proceedings.html

[96] Bernoulli 1999
(

[97] R. Tsushima, A formula for the dimension of spaces of Siegel cusp forms of
degree three. Amer. J. Math. 102 (1980), no. 5, 937–977.

[98] R. Tsushima, The spaces of Siegel cusp forms of degree two and the repre-
sentation of Sp(2,Fp), Proc. Japan Acad. Ser. A Math. Sci. 60(6) (1984),
209–211.

[99] R. Tsushima, Dimension formula for the spaces of Siegel cusp and a certain
exponential sum, Mem. Inst. Sci. Tech. Meiji Univ. 36 (1997), 1–56.

[100] L. Walling, Explicitly realizing average Siegel theta series as linear combina-
tions of Eisenstein series, Ramanujan J.47 (2018), 475–499.

[101] S. Wakatsuki, The dimensions of spaces of Siegel cusp forms of general degree.
Adv. Math. 340 (2018), 1012–1066.

[102] T. Yamazaki, On Siegel modular forms of degree two. Amer. J. Math. 98
(1976), no. 1, 39–53.

[103] T. Yang, An explicit formula for local densities of quadratic forms, J. Number
Theory 72 (1998), 309–356

[104] T. Yang, Local densities of 2-adic quadratic forms. J. Number Theory 108
(2004), no. 2, 287–345.

[105] Poitou-Tate

[106] H. Yoshida, On the representations of the Galois groups obtained from Hilbert
modular forms, Thesis, Princeton University(1973) (

Department of Mathematics, Graduate School of Mathematics, Os-
aka University, Machikaneyama 1-1, Toyonaka,Osaka, 560-0043 Japan

E-mail address : ibukiyam@math.sci.osaka-u.ac.jp

66

338




