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Pulsar timing arrays (PTAs) provide a way to detect gravitational waves (GWs) at nanohertz
frequencies. To ensure the detection of GWs, observational data must exhibit the Hellings-Downs
angular correlation. It is also known that PTAs can probe ultralight dark matter. This paper considers

possible contamination of the Hellings-Downs angular correlation by the ultralight dark matter. We

find that ultralight vector dark matter can give rise to the deformation of the Hellings-Downs correlation

curve. Thus, the Hellings-Downs correlation curve could contain information on ultralight dark matter

with a spin.

DOI: 10.1103/PhysRevD.108.104006

I. INTRODUCTION

The first direct detection of gravitational waves (GWs)
by LIGO [1] has initiated GW astronomy. To further
develop GW astronomy, observing GWs in a different
frequency range is crucial. Intriguingly, pulsar timing
arrays (PTAs) provide a way to detect gravitational waves
(GWs) at nanohertz frequencies [2]. A requirement for
claiming the detection of GWs [3] is to verify Hellings-
Downs angular correlation [4]. Recently, evidence of
stochastic GWs has been reported [5-9]. In particular,
the angular correlation seems to follow the Hellings-Downs
pattern.

Curiously, PTAs can also explore the ultralight dark
matter. Ultralight dark matter is a model of dark matter
realized by the coherent oscillation of an ultralight bosonic
field, with its frequency given by the mass of the field. This
coherent oscillation will then lead to fluctuations of the
gravitational potential, which cause the timing residual of
the pulses from the pulsar [10]. Since PTAs are sensitive to
the nanohertz frequency band, the mass around 1072* eV <
i < 10722 eV can be explored. Indeed, the energy density
of axion dark matter has been constrained by pulsar timing
observations [11-13].

Although the axion dark matter is more popular for its
simplicity, there is a possibility of ultralight vector dark
matter [14,15]. The interesting feature of vector dark matter
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is introducing a particular direction determined by the local
direction of the vector field. Remarkably, it turns out that
signals of ultralight vector dark matter in PTAs are strongly
anisotropic due to this feature [16,17].

Observationally, it is true that GWs and dark matter
coexist. Hence, it is important to clarify the effect of
ultralight dark matter on the Hellings-Downs correlation.
However, the axion dark matter cannot produce a feature in
angular correlation due to its scalar nature. On the other
hand, the vector dark matter has the potential to induce a
nontrivial angular correlation pattern since a coherently
oscillating vector field defines a specific direction. Thus,
the Hellings-Downs curve might be contaminated by the
vector dark matter.

For this purpose, we examine the angular correlation of
PTAs in the coexistence of GWs and vector dark matter. By
calculating the cross-correlation signal from the pulsars, we
find that the vector dark matter induces the mixture of the
monopole and the quadrupole angular correlation pattern.
Therefore, the Hellings-Downs correlation is deformed by
the vector dark matter. It is expected that the same happens
for any dark matter with spin. Hence, the Hellings-Downs
correlation tells us not only the existence of GWs but also
that of ultralight dark matter.

The organization of the paper is as follows. In Sec. II, we
evaluate pulsar timing residual induced by ultralight vector
dark matter. In Sec. III, we calculate the angular correlation
of pulsar timing signals and show that the Hellings-Downs
curve will be deformed by the vector dark matter. In
Sec. IV, we summarize this paper. We fix our units to ¢ =
7 =1 in the following.

© 2023 American Physical Society
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I1. PULSAR TIMING RESIDUAL INDUCED
BY VECTOR DARK MATTER

In this paper, we focus on the ultralight vector dark
matter denoted by A,. The coherence length of the vector
field is estimated to be

2 10722 eV 1073
7 ~0.4kpc< 0" >< 0 ) (1)
HUpm H UpMm

where y is the mass of the ultralight field and vy is the
typical velocity of the dark matter particle in the unit of the
speed of light. Another important number is the occupation
number of the dark matter particle, which is roughly
calculated to be

AdB =

DM
Npm ~ 73313

]0—22 Vv 4 10—3 3
~10%3 (DM ¢ . @)
0.4 GeVem™ H UpM
This huge occupation number allows us to treat the ultra-

light field as a classical field.
The action of the vector dark matter A, is given by

1 1
S = / d*x, /_—g<—ZFm,F”” —EyzAﬂAl‘), (3)

with

F,=V,A -VA, (4)
Taking variation of the action, we obtain the equation of
motion for A, as

V, i — A =0, (5)

Since F,, is antisymmetric, the divergence of Eq. (5)
leads to

V, A" =0, (6)
which immediately gives

A~ gt 7)
HAdB

Here we utilized the fact that the typical scale of the spatial
variation of the field is ~Aqg, and the vector field is
coherently oscillating with frequency p. Since ulgg =
27/vpm > 1, we can neglect the zeroth component of
the vector field.

To summarize, we can approximate the vector field
configuration to be

A1.%) = Q4 (0)A(x) cos (ut +a(x)),  (8)

where A(x) is the amplitude of the field, which is related to
the dark matter density as

# o
oM~ A (x), 9)
€, (x) is a unit vector pointing to the direction of the vector
field, and a(x) describes the spatial dependence of the field.
Note that the spatial gradient of the field is on the scale of
27/Agg = Hvpy, Which is much smaller than p. In the
following, we assume

ax)=k-x (10)

with |k| << u. Here, we treated the field as completely
monochromatic since the expected width of the frequency
should be much smaller than the frequency resolution of
pulsar timing observations [5-9]. We also emphasize that
we are neglecting the stochastic nature of the ultralight dark
matter.

The coherent oscillation of the vector dark matter
produces the fluctuations of the metric. Solving Einstein
equations in the weak field limit, we obtain [18]

ds? = —(1 =2¥(t,x))dr?
(1 +2%(1.x))8, + vy (r.x))dxidy . (11)

with
Y(t,x) = Wose(x) cos (2ut + 2k - x), (12)

Vij(1.X) = Roge (X) (8;; — 3Q4 ;(x)Q4 ;(x)) cos(2ut + 2k - x),

(13)
Vo) = = A2) (14)
hese() = 20 A2(x) = ¥ x). (15)

Here we only considered the time-dependent parts, which
affect the observed periodicity of pulses from pulsars. The
details of deriving Eq. (11) can be found in [16].

The metric fluctuations induce a redshift of the observed
pulses from pulsars. The observed redshift of pulses at time
t from the pulsar a is defined by

Za(t) _ Doq — C00bs,a<t> , (16)

wO,a

where @, is the intrinsic angular frequency of pulses
emitted from the pulsar a, and wy, () is the observed
angular frequency of pulses which are affected by metric
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perturbations. Because of the metric perturbations (11), the
redshift is given by [19]

‘ 0
74(1) :/ dr | ¥(7.x)
t_Lu at x:x,,(t’)

1 . ! 0
+ —uu) / dr {—yi- /x } , 17
> o j(7,%) _ (17)

where x,(f') = (t — ' )u, + xg with xg being the position

of the Earth, and L, is the distance to the pulsar a from the

Earth. Here, u, is a unit vector pointing to the pulsar a.
By substituting Eq. (11) into Eq. (17), we obtain [16]

Za(t) ~ lIlcvsc(xE) COS(2,ul‘ + 2k - xE)
- LIJosc(xa) COS(Z/” - 2/”La + 2k - xa)

1
+ zhosc(xE)(l - 3(”0 : QA,E)Z) COS(Z/’” + 2k - xE)
1
- Ehosc(xa)(l - 3(“1/1 : QA,u)z)
x cos(2ut —2uL, + 2k - x,)
= F]z?,l]\i/hyosc(xE) COS(2/,tt + 2k 'xE)
— FO¥Wou(x,) cos(2ut = 2uL, + 2k -x,),  (18)

where xg is the position of the Earth, x, is the position of
the pulsar a, and Q, p = Q,(xg) and Q, , = Q,(x,) are
the directions of the vector field at the Earth and the pulsar
a, respectively. Here, we introduced the beam pattern
functions in the presence of the vector dark matter as

FOM = —3(1 - 4(u, - Qu5)%).
FOM = —3(1 —4(u, - Q4,)%). (19)

The beam pattern functions are functions of the angle
between the direction to the pulsar u#, and the direction of
the vector field Q, g/,. We show the angular dependence of
FPYp in Fig. 1. We observe that the beam pattern functions
of the dark matter show a quadrupole pattern.

The timing residual AT,(¢) of the pulsar a can be
obtained from the redshift as

t
AT, (1) = / dr'z,(1). (20)
0
After performing the integral in Eq. (20), we obtain
1
ATa(t) = T(Fgl]\idlposc(xE) Sin(2ﬂ1+ 2k 'xE)
PR

- F]a).ll\;[lposc(xa) Sin(zﬂt —2ulL,+2k 'xa))' (21)

Note that the origin of time can be taken arbitrarily. We see
that the ultralight vector field will induce a timing residual
oscillating with a frequency 2.

QA,E/G,

FIG. 1. The angular dependence of the beam pattern functions
FD}Y)p is depicted. The direction of the vector field Q, g/, is taken
to be along the vertical axis, and the angle u,, - Q, g/, is measured
from the vertical axis.

III. DEFORMATION OF HELLINGS-DOWNS
ANGULAR CORRELATION

The essential ingredient to detect the GW background is
taking the cross-correlation between the noise-independent
data [2,4,20,21]. By taking the cross-correlation, the signal
is enhanced relative to the noise. The cross-correlation
between the timing residuals of the pulsar a and b can be
calculated through

Cap(7) = (AT ()AT, (1 + 7)) — (AT, (1))(AT,(1 +7)).
(22)

Here, (- --) means a time average or an ensemble average.
We start with briefly reviewing the angular correlation
produced by the gravitational wave background, which is
known as the Hellings-Downs curve in Sec. Il A. Then, in
Sec. III B, we give the derivation of the angular correlation
from the vector dark matter. Finally, in Sec. III C, we show
how the Hellings-Downs are deformed in the case when the
gravitational wave background and the vector dark matter
coexist.

A. Angular correlation by the
gravitational wave background

For the stationary, isotropic, unpolarized, and Gaussian
GW background, the cross-correlation can be computed
analytically [4]. The result is

104006-3
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CSoVB(7) = ZFHD<§)‘I)GW(f ;)cos2xnfir,  (23)

with

1 1

(I)GW (fl)

Note that we discretized the frequency integral into the sum
of the frequency bins determined by the observation time
Tys, as in [5]. Here, I'yp is the Hellings-Downs curve
given by

-2 (752 e (252)

()

with £ being the angular separation between pulsar a and b,
and £, is the characteristic strain amplitude of the stochastic
GW background defined by

2
“Nﬁﬂwwﬂﬂw—fég

5(f = £)5ppo(Q ).
(26)

The characteristic strain is related to the energy density
spectrum normalized by the critical density of the universe

QGW(f) as [22]

272

= 3—H(2)f2h3(f)’ (27)

QGW (f )

where H, denotes the Hubble constant. It is conventional to
parametrize the characteristic strain as

he(f) = Agw ( -~ f) ' (28)

with a reference frequency f,.;. Then, Eq. (24) is rewritten
as

2 N -
chw(fi)—AGW : <f> 12, (29)

1272 T ops ref

where y = —2a + 3.

B. Angular correlation by the
ultralight vector dark matter

Now let us proceed to calculate the cross-correlation
signal of the vector dark matter. When taking the time
average, one should note that y=! < 10 yr for the dark matter
with the mass ¢ > 1072* eV. This means that after the time
average over the observational period (7, ~ 10 yr),

oscillating terms such as cos(2ut) vanish. We also take
an average over the observed pulsars. This operation
effectively makes our analysis parallel to the case of the
stochastic background, despite our focus on the determin-
istic fluctuation of the vector dark matter (see Refs. [23-25]
for the case of black hole binaries which produces the
deterministic signal).

With this in mind, we substitute Eq. (21) to Eq. (22) and
take the time average to obtain

(AT, (1)AT,(1 + 7))
1
= 27|
x cos(2ut + 2u(L, — Ly) — 2k - (x, —x3))
- <\Posc(xE)lPosc(xb)><F£),1]\54F]l;).11\>/[>
x cos(2ut — 2uL, — 2k - (xg —x3))
- <\Posc(xE)lposc(xa)><F]a:),li>/[F]bD,1]\E/[>
x cos(2ut +2uL, — 2k - (x, —xg))
+ (Posc(xe) ) (FoE FRE ) cos 2ut]. (30)

<\I’osc(xa)lposc(xb)><F]a),ll\>/[F]h),l\1§I>

The first three terms are the pulsar-related terms. Since we
are averaging over the pulsars, we need to take the average
with respect to the distance to the individual pulsar.
Notably, the observed pulsars lie in the range
0.1 kpc £ L <10 kpe, which corresponds to 10 < uL <
10° for u = 1072* eV. Thus, after averaging over distance
to the pulsar, the pulsar-related terms are relatively sup-
pressed to the Earth term. As pointed out in the case of the
gravitational waves from the individual source, the sup-
pressed pulsar terms act as the noise [24]. The resulting
expression after taking the average over the distance to the
pulsar is

(AT, (1)AT,(t + 7))
s Pl (PR cosur. (31

The pulsars we observe are distributed all over the sky;
thus, their relative angle to the direction of the vector field is
completely random. This means that the average of the
cross-correlation signals among many pulsars effectively
takes an average over the direction of the vector field .
This is parallel to the gravitational wave background
originating from the binary black holes (see, for example,
Fig. 2 of [23]). The averaging over the directions of the
pulsars is the crucial step that makes the result analogous to
the stochastic background. One can simulate in a similar
manner as [26] that if we can observe enough number of
pulsars [for example, O(10%), which is easily achieved in
the future [27,28] ], this angular averaging procedure gives
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a good approximation. In the Appendix, we provide the
simulation of the angular correlation.

To calculate the angular dependence of the cross-corre-
lation signal, we choose the coordinate system such that
u, = (0,0,1) and u;, = (sin&, 0, cos&). In this coordinate
system, we can easily perform the integral over €4 to
obtain

dQ
(PR = [ S0 =4l 0
X (1—4(uy-Qug)%)

=20 4160052 = Tou(). (32)

Here,

5 64
——Py(cosé) + 138 P,(cos &) (33)

FDM@) = 138

shows the angular correlation between the pulsars, and we
normalized it such that I'py(0) = 1/2. Equation (33)
shows that the vector field will introduce a mixture of
the monopole and the quadrupole angular correlation
pattern.

The two main differences between the vector dark matter
signal and the gravitational wave signal are the presence of
the monopole pattern and the absence of the multipole
modes beyond the quadrupole. The presence of the
monopole pattern is obvious since the massive vector field
includes the scalar mode. The absence of the higher
multipole modes is due to the standing wave nature of
the vector dark matter. Note that the higher multipole
modes in the gravitational wave signal are induced by the
propagation of the gravitational wave [25].

To summarize, the cross-correlation signal produced by
the ultralight vector field is given by

COYV(7) = Tpm(&)Ppy cos 2ut, (34)
where
69 5
Cpy = 5(2#)2 <lP0sc(xE)>- (35)

In Fig. 2, the Hellings-Downs pattern due to stochastic
GWs, I'yp (&), is drawn by a red solid curve, and the
angular correlation pattern produced by the vector dark
matter, [py(€), is drawn by a blue dashed curve. We
observe the angular correlation produced by the vector dark
matter is dominated by the quadrupole, which is evident
from the expression (33) (see also Fig. 1).

C. Total angular correlation

Now let us consider when the gravitational wave back-
ground and the ultralight vector coexist. In this case, the
total timing residual is given as the sum of two signals

'@

—— HD
----- vector DM

00 05 10 15 20 25 30

FIG. 2. The red solid and blue dashed curves correspond to the
angular correlation of the timing residuals induced by the
gravitational wave background (Hellings-Downs curve) and
the ultralight vector dark matter, respectively.

ATtot.a = ATGW,a + ATDM,a + Na‘ (36)

Here, we neglect the noise term, which vanishes when we
take the cross-correlation. The cross-correlation of the total
signal is given by

<ATt0t.a(t)ATtot,b(t =+ T)> = <ATGW,a(t)ATGW,b(t =+ T)>
+ (ATppa (1) AT oy (1 + 7).
(37)

Here, the cross term is dropped since the gravitational wave
background and the vector dark matter should be indepen-
dent. Thus, the total correlation signal is given by the sum
of the signal from GWs and the ultralight vector dark
matter, which is

Cap(7) = Y _Tun(&)Paw(f:) cos 2zf iz
+ I'pm (&) Ppy cos 2uz. (38)

Now, we define the effective overlap reduction function
I at the frequency band which includes 2zf = 2u as

_ Dgw (u/7)
Dgw (u/7) + Ppym

8 (FHD(’:) - @Gi?ff/m

The normalization is chosen so that I'.(0) = 1/2. This
quantity shows how the Hellings-Downs curve is deformed
by the presence of the ultralight vector dark matter.

For Agw introduced in Eq. (28), the NANOGrav
obeservation [5] reported Agw =2.4x 10715 at y =
13/3 with T, ~ 15 yrand f,; = 1 yr~'. Using this value,
through Eq. (29), ®gw at f = u/x is estimated to be

I_‘eff (é:)

Pon(®))- (39)
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————T 7T T T

0.5f
0.4
0.3}
0.2}

Cetr (f)

0.1F

0.0
—0.1F

0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIG. 3. The blue dashed, the black dotted, and the green dot-
dashed curves correspond to (&) for g = 10722,10723, and
107* eV, respectively. Here, we take ppy = 0.4 GeVcm™ and
T s = 15 yr. For reference, we show the Hellings-Downs curve
in the red solid curve.

B U —13/3 15yr
q)Gw(/.l/ﬂ')NSXlO 34yr2<10_226V> TObS . (40)

On the other hand, assuming the dark matter is composed
solely of the ultralight dark matter and neglecting the
stochastic effect [29], we can estimate ®py; as

2/1072eV\©
By ~7 x 10737 yr2 PoM (41
pm e T (0.4(3evcm3 u (41)

In Fig. 3, we show I for several values of the ultralight
dark matter mass u. Our result shows that the presence of
the ultralight vector field will deform the angular correla-
tion pattern from the Helling-Downs curve if the vector
field mass is as light as u ~ 1072% eV. However, for the
heavier vector field mass, the contribution from the dark
matter is negligible, and thus no characteristic feature from
the dark matter can be easily observed.

IV. CONCLUSION

The Hellings-Downs correlation plays a central role in
confirming the existence of stochastic gravitational waves
(GWs). Hence, it is important to clarify possible contami-
nation from other effects. Given that pulsar timing arrays
(PTAs) are sensitive both to GWs and ultralight dark matter
at nanohertz frequencies, it is necessary to examine the
effect of ultralight dark matter on PTA angular correlations.
For this reason, we studied the Hellings-Downs angular
correlation in the presence of GWs and ultralight vector
dark matter.

Our main finding is that a deformation of the Hellings-
Downs correlation curve can be induced by ultralight
vector dark matter at the frequency f = p/z if the dark
matter mass is in the range 1074 eV < u < 10723 eV. This
deformation can be a clear signature of the ultralight vector

dark matter. For the higher dark matter mass, the contami-
nation due to the dark matter is small enough; thus, the
Hellings-Downs curve is maintained.

We should mention that our result is based on neglecting
the stochastic nature of the ultralight dark matter and
assumption on the uniform distribution of the observed
pulsar all over the sky. The stochastic nature has been
extensively discussed for the ultralight scalar dark matter
[29]. For the scalar dark matter, the stochastic effect would
effectively reduce the amplitude from the naive estimation
of the local dark matter density. For the vector dark matter,
in addition to the amplitude, the direction of the vector field
also fluctuates [30]. Since we are effectively averaging over
the direction of the vector field, the fluctuation of the vector
direction should have no effect.

The uniform distribution of the pulsars all over the sky is
a crucial assumption of this work. However, observed
pulsars do not distribute uniformly across the sky. The
average over the nonuniform distribution might result
in deformation of the angular correlation since the inte-
grand in Eq. (32) will be changed. We leave a detailed
investigation on the impacts of the stochastic nature of
the ultralight dark matter and the nonuniform nature of
the observed pulsars on the angular correlation for
future work.

This paper focused on the angular correlation pattern
produced by the vector dark matter. Let us now discuss
possible applications of our findings. The immediate
application is to constrain the vector dark matter by the
angular correlation of PTAs. In the previous literature, the
angular correlation induced by ultralight dark matter has
been ignored. Since the angular correlation would provide
more information, the constraint should be strengthened.
Also, it is possible to consider the prospect of separately
observing the GW background and the dark matter in a
similar way to the decomposition of polarization compo-
nents in the GW background [26,31,32].

Although we have concentrated on the spin-1 matter,
extending the analysis to higher spin matters is straight-
forward. For example, there have been some attempts to
consider the spin-2 matter as dark matter [33-37].
Moreover, the pulsar timing residual has been calculated
with higher spin fields [38-40]. The higher spin fields
should produce different angular correlation patterns,
which can be used to constrain them.

Another simple extension of our work is to consider
anisotropic components of the signal. Since the vector dark
matter naturally introduces the specific direction, there
should be a strong anisotropy in pulsar timing signals. We
leave these issues for future work.
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APPENDIX: SIMULATION OF THE
AVERAGING PROCEDURE

To demonstrate that our averaging procedure is justi-
fied, we simulated the situation by generating 50, 100,
and 200 random pulsars over the sky. The distance to
each pulsar is taken log uniformly in the range
0.1 kpc < L <10 kpc. We also fix our ultralight dark
matter mass to be u = 1072* eV. This corresponds to
10 < uL < 103. The angular correlation is calculated by
taking the mean of

Cab(o) & FE%/IF%/I cos (2:“(La - Lb))
- FE%F‘,Z}‘,’[ cos(2uLy)
- FBII\DAF',ZIE/I cos(2uL,)

+ F EI}E’[F ‘,,311‘5’[ (A1)
Here, we neglected terms involving k, since |k| is
suppressed by » ~ 1073, We normalize the angular corre-
lation such that the mean value of the autocorrelation
becomes unity.

The result is shown in Fig. 4. From Fig. 4, it is obvious
by eye that the correlation pattern follows Eq. (33). Also,
we observe that pulsar-related terms effectively act as
noise terms.

T
0.8 | B
0.6 . ]
[ * ]
[ o ]
—~ 041 . $ < s ]
Mo [ © ]
: 0.2 F g ‘/././/. ]
0.0 \:\.\:\ ‘/. — vector DM
_02F . .' o o 50 pulsar ]

[ 0,0 100 pulsar
-04 E ‘.’ + 200 pulsar E

0.0 0.5 1.0 1.5 2.0 2.5 3.0

3

1.0 L B L B L B R B |
0.8 F ]
06, . . 1
04 :‘0{\ W:
FL o e ‘m o ]
T TR N L
~ 02 .\\ /, o o ]
0.0 F — :\ s 4‘/. . , — veclor DM

—02F . Ceos ‘: : . o 50 pulsars
[ ° .' 100 pulsars ]
-0.4 E + 200 pulsars E

00 05 10 15 20 25 30

FIG. 4. The top and bottom panels show the simulated angular
correlation curve produced by the vector dark matter with and
without the pulsar terms, respectively. The blue circle, orange
square, and green diamond show three different realizations. The
red solid curve shows the correlation given by Eq. (33). We
binned the data with width 5°.
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