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Abstract: For precise wave-based room acoustics modeling, an accurate extended-reaction (ER)
sound absorber model must be formulated to assess frequency and incident-angle dependences of a
sound absorber. Two novel efficient time-marching schemes with implicit time-domain FEM (TD-
FEM) are presented to model the extended reacting boundary of microperforated panel (MPP) sound
absorbers. Generally, MPP absorbers (MPPAs) have an air cavity behind them, which causes ER
behavior. Formulating the ER behavior of MPPAs is necessary for simulating room acoustics. A
hindrance to the time-domain modeling of the ER of MPPAs is the need to treat its complex
impedance on the microperforations. The proposed schemes model MPPs as interior boundary
conditions and deal with the complex transfer impedance with auxiliary differential equations (ADEs),
producing stable schemes after the Crank–Nicolson solver is applied. For scheme verification, the
impedance tube model with a single-leaf MPPA is analyzed. Additionally, the effectiveness of the
proposed schemes is assessed by practical room acoustics modeling involving MPPAs and comparison
with a frequency-domain FEM solver, which can address complex transfer impedance exactly. The
results show excellent performance of the proposed methods. The TD-FEMs can model room
acoustics, including the MPPA, O(100) times faster while maintaining accuracy comparable to that of
FD-FEM.

Keywords: Extended reaction, Microperforated panel absorber, Time-domain FEM, Wave-based
room-acoustics simulation

1. INTRODUCTION

Wave-based room acoustics simulation using the finite

element method (FEM) attracts intense interest because of

its high flexibility for boundary shape modeling. Recently,

by virtue of the development of highly efficient solvers

with a sound-absorbing boundary considering the frequen-

cy-dependent complex-valued surface impedance of sound-

absorbing materials, it is becoming possible to apply time-

domain finite element method (TD-FEM)-based numerical

solvers to the broadband acoustic modeling of realistic

rooms [1–7]. However, for more precise simulations of

room acoustics, it is crucially important to use extended-

reaction (ER) sound-absorbing models able to incorporate

both the frequency and incident-angle dependences of

absorbing materials. Generally, constructing TD-ER mod-

els for various sound absorbers is a considerably difficult

task because it requires a solution of additional ordinary

differential equations with complicated frequency-depend-

ent parameters such as complex wavenumbers and complex

effective density.

Frequency-domain FEM (FD-FEM) solvers have great-

er capabilities for using ER models for various sound

absorbers because they can deal naturally with frequency-

dependent parameters. For example, porous materials have

been modeled using absorption finite elements based on the

equivalent fluid model (EFM) [8–14]. Additionally, thin

materials such as permeable membranes and microperfo-

rated panels (MPPs) have been modeled with interior

impedance boundary conditions [15–17]. Nevertheless,

recent work [6] has demonstrated that TD-FEM has

benefits for computational times for large-scale problems

such as real-sized 3D room acoustics simulation. There-

fore, developing a TD-ER model for TD-FEM to realize

high-efficiency wave-based room acoustics simulation is an

attractive topic.

In some recent works, a time-domain ER formulation

on porous absorbers, such as glass wool and thin fabrics,

that is equivalent to the frequency-domain formulations has

been examined. A general formulation of the time-domain

EFM to address porous materials for TD-FEM, which
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solves the TD expression of the Helmholtz equation with a

complex wavenumber, was proposed in earlier work [18].

In this formulation, convolutions involving two frequency-

dependent parameters, complex wavenumber, and complex

effective density were processed efficiently by an auxiliary

differential equation (ADE) method [19]. By the ADE

method, the direct convolution is converted to a bunch of

ordinary differential equations solved with small computa-

tional effort. For the TD discontinuous Galerkin FEM (TD-

DGFEM), EFM is also available with the same concept,

by which a set of first-order partial differential equations

of porous materials is solved by the ADE method [20,21].

For permeable membranes, the TD-ER model was imple-

mented efficiently into implicit and explicit TD-FEMs

[22,23] and TD-DGFEM [21] on the basis of the interior

impedance boundary conditions with frequency-independ-

ent flow resistance and surface density.

However, efficient TD-ER models for resonant absorb-

ers, such as MPP absorbers, have not been developed.

Because resonant absorbers show strong incident-angle-

dependent sound absorption with backing air space, their

development is of crucial importance.

As another approach, a phenomenological ER boun-

dary model assuming sparse reflection conditions has been

reported [24]. This approach can model the ER of any

sound absorber by imposing surface impedance at each

angle upon identifying the incident angle of sound by a

wave-splitting method. However, it is feasible only in early

sound fields in large rooms. Additionally, this modeling

requires the intensive usage of large amounts of memory to

store the surface impedance at numerous incident angles

for assigned materials. Consequently, a robust and efficient

ER model of resonant absorbers must be developed.

Among resonant absorbers, the analyses presented in

this paper explicitly address an ER model for MPP

absorbers, which consist of the local-reaction perforated

panel and ER back structure. The MPP absorbers are highly

attractive because of their prominent designability and

sound absorptivity derived from micro sized holes. The

proposed ER model is based on interior impedance

boundary conditions with frequency-dependent transfer

admittance, a time-domain counterpart of the frequency-

domain model proposed in an earlier report [16], and an

extension of the TD-ER model of permeable membranes

[22]. We also describe the specific implementation proce-

dure of the present time-domain ER model of MPP

absorbers into an implicit TD-FEM formulation [3–6] for

room-acoustics simulation. The point of novelty of the

present work is that this report is the first to propose a

general formulation of the implicit TD-FEM dealing with

a time-domain ER model of MPP absorbers. Any finite

element type for spatial discretization can be used for the

formulation. Moreover, if the ADE method performs well,

the present ER model will be useful for other resonant

absorbers with different transfer impedance models.

In this paper, we first present two novel formulations

of implicit TD-FEM schemes for acoustics simulation,

including MPP sound absorbers. Assisted by the ADE

method, the new schemes address the frequency-dependent

transfer impedance of a rigid or limp MPP. Our proposals

have high stability owing to the use of the Crank–Nicolson

method to solve a set of first-order ordinary differential

equations in the ADE method. Firstly, the two proposed

schemes are verified via impedance tube problems with a

single-leaf MPP absorber. Then, the higher efficiency of

the proposed schemes against existing frequency-domain

solvers is demonstrated via small-room acoustics simula-

tion including single-leaf MPP absorbers.

2. GENERAL FORMULATION OF TD-FEM
INCORPORATED WITH A TIME-DOMAIN

ER MODEL OF MPP ABSORBERS

In this section, we present two possible general

formulations to address the ER of MPP sound absorbers

in TD-FEM [3,4,6] for acoustics simulation. For simplicity,

we describe only the relevant theory with the ER of MPP

sound absorbers. Earlier reports [3,4,6] include detailed

formulations of TD-FEM.

2.1. Interior Impedance Boundary Conditions for

MPP

In this study, we model the ER of MPP absorbers with

interior impedance boundary conditions. With the boun-

dary conditions, the MPP leaf itself is modeled by a thin

and limp membrane having transfer admittance YLM as a

local-reaction material, but it can couple with a sound field

behind the MPP leaf. The conditions enable the modeling

of the incident-angle dependence of the specific acoustic

impedance of MPP absorbers relevant to acoustic wave

propagation inside MPP absorbers. The transfer admittance

Yt is defined as [25]

Yt ¼
1

j!MM

þ YM

� �
; ð1Þ

where MM is the MPP surface density and YM is the transfer

admittance for a rigid MPP. j and ! respectively denote

the imaginary unit
ffiffiffiffiffiffiffi
�1
p

and the angular frequency. The

analyses presented herein use Maa’s [26] transfer admit-

tance model of MPPs as

YM ¼
�

R0 þ jI0
; ð2Þ

where

R0 ¼
32�t

d2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

K2

32

r
þ

ffiffiffi
2
p

8
K
d

t

 !
; ð3Þ
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I0 ¼ �0!t 1þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ K2=2
p þ 0:85

d

t

 !
; ð4Þ

K ¼ d

ffiffiffiffiffiffiffiffiffi
!�0

4�

r
: ð5Þ

Therein, �, t, d, and � respectively signify the perforation

rate, the MPP thickness, the hole diameter, and the

dynamic viscosity of air (17.9mPa s). Also, �0 represents

the air density. Other impedance models of MPP are

available to YM for use instead of the classical Maa model.

With transfer admittance, an interior impedance boun-

dary condition is imposed for both sides of an MPP, �MPP,a

and �MPP,b, as

@p

@n
¼
�YLM�p on �MPP,a,

YLM�p on �MPP,b,

�
ð6Þ

with

YLM ¼ j!Yt; ð7Þ

where �p represents the sound pressure difference between

the two sides of an MPP. In FD-FEM formulation [16,17],

incorporating the interior impedance boundary condition

above into the Helmholtz equation yields the following

discretized matrix equation:

ðc2
0K� !

2Mpþ �0c
2
0YLMSÞp ¼ f : ð8Þ

Therein, M and K respectively denote the global mass

and the global stiffness matrices. Furthermore, S stands for

the global matrix to the contribution of an MPP. p and f

respectively represent the sound pressure and external force

vectors. As shown later, both YM and YLM are complex

frequency-dependent functions (see Fig. 1). Consequently,

the TD form of Eq. (8) involves convolution integrals. The

analyses described herein cope efficiently with the con-

volution by the ADE method.

2.2. Time-Marching Schemes

Two possible time-marching schemes of the implicit

TD-FEM with MPP absorbers are formulated here because

it remains unclear which formulation is more accurate and

efficient. Two possible time-domain forms of Eq. (8) exist,

as obtained from an inverse Fourier transformation with a

time factor of expðj!tÞ:

M €pþ c2
0Kpþ

�0c
2
0

MM

Spþ �0c
2
0S½ŶM � _p� ¼ f ; ð9Þ

and

M €pþ c2
0Kpþ �0c

2
0S½ŶLM � p� ¼ f : ð10Þ

Therein, ŶM and ŶLM respectively denote the inverse

Fourier-transformed values of YM and YLM. The difference

between them is that Eq. (10) involves the mass reactance

term of MPPs in Eq. (9) in the convolution integrals. The

second time-domain expression of Eq. (10) is beneficial

because the fully explicit formulation is possible using the

explicit TD-FEM formulation [5,7]. Hereinafter, the time-

marching schemes based on Eqs. (9) and (10) are desig-

nated as Schemes 1 and 2, respectively.

2.2.1. Scheme 1

In the first time-marching scheme, the convolution

integral ŶM � _p in Eq. (9) is approximated to the following

rational function form of YM according to the ADE method

[19]:

Fig. 1 Theoretical values of YM and YLM, and the
rational function values of ~YM and ~YLM. (a) MPP 1: YM

vs. ~YM, (b) MPP 2: YM vs. ~YM, (c) MPP 1: YLM vs. ~YLM,
and (d) MPP 2: YLM vs. ~YLM.
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YMð!Þ � ~YMð!Þ ¼ YM1 þ
Xnrp

i¼1

Ai

�i þ j!

þ
Xncp

i¼1

Bi � jCi

�i � j�i þ j!
þ

Bi þ jCi

�i þ j�i þ j!

� �
: ð11Þ

In those expressions, nrp and ncp represent the quantities of

real poles �i and pairs of complex conjugate poles �i � �i.
YM1, Ai, Bi and Ci are real parameters. To maintain

causality, �i � 0 and �i � 0 is demanded. In addition,

Reð ~YMð!ÞÞ � 0 is kept for ensuring passivity. Then, with

the rational function form, the convolution in Eq. (9) is

approximated as

ŶM � _p � YM1 _pþ
Xnrp

i¼1

Ai�i þ 2
Xncp

i¼1

ðBi 
ð1Þ
i þ Ci 

ð2Þ
i Þ; ð12Þ

where �,  ð1Þ, and  ð2Þ are accumulator vectors, which are

represented as

_�i þ �i�i ¼ _p;

_ 
ð1Þ
i þ �i 

ð1Þ
i þ �i 

ð2Þ
i ¼ _p;

_ 
ð2Þ
i þ �i 

ð2Þ
i � �i 

ð1Þ
i ¼ 0: ð13Þ

In the rational function model, the conjugate complex pole

pair term models the resonance in admittance. However,

both YM and YLM have no resonance, as shown in Fig. 1.

Eventually, ~YM can be approximated with only real poles.

Hereinafter, we omit from the formulation those terms

associated with complex poles. This is also true for

Scheme 2 using ŶLM. With Eq. (12), Eq. (9) is transformed

into

M €pþ c2
0 Kþ

�0

MM

S

� �
pþ �0c

2
0YM1S _p

þ �0c
2
0S
Xnrp

i¼1

Ai� ¼ f : ð14Þ

To solve the above semidiscrete equation in the temporal

domain, we apply the fourth-order accurate Fox–Goodwin

method to Eq. (14) and the unconditionally stable Crank–

Nicolson method to Eq. (13). That time discretization

yields the following time-marching scheme presented as

Scheme 1:

M þ
c2
0�t2

12
Kþ

�0

MM

S

� �
þ

�t

2
�0c

2
0YM1S

� �
€pnþ1

¼ f nþ1 � c2
0 Kþ

�0

MM

S

� �
Qn

� �0c
2
0YM1SP

n � �0c
2
0S
Xnrp

i¼1

Ai�
nþ1
i ; ð15Þ

pnþ1 ¼ pn þ�t _pn þ�t2
5

12
€pn þ

1

12
€pnþ1

� �
; ð16Þ

_pnþ1 ¼ _pn þ
�t

2
ð €pn þ €pnþ1Þ; ð17Þ

with

Pn ¼ _pn þ
�t

2
€pn; ð18Þ

Qn ¼ pn þ�t _pn þ
5�t2

12
€pn; ð19Þ

�nþ1
i ¼

�t

2þ �i�t

�t

2
€pnþ1 þ Pn

� �
þXnþ1; ð20Þ

Xnþ1 ¼
ð2� �i�tÞ�ni þ�t _pn

2þ �i�t
: ð21Þ

As the linear equation solver of Eq. (15), the conjugate

gradient (CG) solver with a diagonal scaling precondition-

ing is used with a convergence tolerance of 10�4. In

comparison with the case without MPPs, the scheme has an

additional memory requirement for storing the matrix S

and the accumulator vectors, and an additive computational

complexity per iteration for the matrix-vector products in

the third and fourth terms of the right-hand side of Eq. (15)

and the time-marching computation of the accumulators.

However, those differences are generally small because the

surface area of installed MPPs is much less than the room

volume.

2.2.2. Scheme 2

The second time-marching scheme uses the following

rational function form of YLM as

YLMð!Þ � ~YLMð!Þ ¼ YL1 þ
Xnrp

i¼1

A0i
� 0i þ j!

: ð22Þ

The parameter � 0i is the real pole. In that equation, YL1 and

A0i are the real-valued coefficients. Using the rational

function form ~YLM, the convolution in Eq. (10) is approxi-

mated as

ŶLM � p � YL1pþ
Xnrp

i¼1

A0i�
0
i: ð23Þ

The accumulator �0 is given as

_�
0
i þ �

0
i�
0
i ¼ p: ð24Þ

Using Eq. (23), the semidiscrete equation of Eq. (10) is

approximated as

M €pþ c2
0Kpþ �0c

2
0YL1Spþ �0c

2
0S
Xnrp

i¼1

A0i�
0 ¼ f : ð25Þ

Similarly to Scheme 1, time discretization using the

Fox–Goodwin method and the Crank–Nicolson method

yields
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M þ
c2
0�t2

12
ðKþ �0YL1SÞ

� �
€pnþ1 ¼ f nþ1

� c2
0ðKþ �0YL1SÞQn � �0c

2
0S
Xnrp

i¼1

A0i�
0nþ1
i ; ð26Þ

with

�0nþ1
i ¼

�t

2þ � 0i�t

�t2

12
€pnþ1 þQn

� �
þX0nþ1; ð27Þ

X0nþ1 ¼
ð2� � 0i�tÞ�0ni þ�tpn

2þ � 0i�t
: ð28Þ

The vectors pnþ1 and _pnþ1 are computed using Eqs. (16)

and (17). The linear system equation of Eq. (26) is solved

by the diagonal scaling preconditioned CG solver with a

convergence tolerance of 10�4. Scheme 2 has the same

memory requirement as Scheme 1 but with a lower

computational complexity per iteration because Eq. (26)

does not have the matrix-vector product equivalent to the

third term of the right-hand side of Eq. (15). Regarding

spatial discretization, the two proposed schemes can use

any type of finite element (FE), but in the work described

by this paper, linear hexahedral elements with modified

integration rules [27] are used for dispersion error

reduction.

3. VERIFICATION WITH IMPEDANCE
TUBE PROBLEM

We verify the two proposed schemes with a theoretical

solution from the transfer matrix method (TMM) [28]. To

this end, the sound absorption characteristics of single-leaf

MPP absorbers at normal incidence were computed using

Schemes 1 and 2, adopting an impedance tube problem.

The results were compared with the theoretical results

obtained from TMM [6]. Four MPP materials (MPP 1–

MPP 4), each with different geometrical parameters, were

tested. Table 1 shows four material parameters of MPPs:

surface density, perforation ratio, plate thickness, and hole

diameter. The backing air cavity depth of single-leaf MPP

absorbers was 0.05 m. For Scheme 1, the respective trans-

fer admittance ~YM values of MPP 1–MPP 4 were approxi-

mated by the rational function form with real poles nrp ¼
11, 11, 11, and 14, respectively. By contrast, Scheme 2

uses the rational function form ~YLM with real poles

nrp ¼ 11, 16, 16, and 18 for MPP 1–MPP 4, respectively.

To achieve passively rational approximation, vector fitting

[29] with passivity enforcement [30] was applied. The

minimum number of poles was used to ensure that the root

mean square error between the theoretical TMM and

rational function approximation values does not decrease

when the number of poles is varied. As a reference, Fig. 1

shows how the rational function forms ~YM and ~YLM fit the

theoretical values of YM and YLM in Eqs. (2) and (7) for

MPP 1 and MPP 2. The rational function forms ~YM for

Scheme 1 show good agreement with theoretical transfer

admittance at 100 Hz–10 kHz frequencies. Although ~YLM

for Scheme 2 also generally shows good agreement with

the theoretical values, some discrepancies are observed at

low frequencies.

3.1. Simulation Outline

Figure 2 shows the impedance tube with a cross-

sectional area of 0:01m� 0:01m to compute the complex

reflection coefficient R, using Schemes 1 and 2. R was

computed by the transfer function method [31]. Four

single-leaf MPP absorbers with the four MPPs listed in

Table 1 were mounted at a tube outlet with a rigid

termination. The tube inlet was assigned two boundary

conditions: a vibration boundary to emit the plane wave

and an absorbing boundary with the characteristic impe-

dance of air, �0c0, for absorbing the reflected wave. A

Gaussian pulse with an upper-limit frequency of 10 kHz

was assigned to the vibration boundary as the vibration

acceleration waveform. The tube model was spatially

discretized with cubic FEs of 0.005 m element size, having

a spatial resolution of 6.9 elements per wavelength at

10 kHz. Two microphones were placed at ðx; y; zÞ ¼
ð0:44; 0:005; 0:005Þ and ð0:45; 0:005; 0:005Þ. Sound pres-

sures up to 1.0 s were assessed under a time interval of

1/125,328 s, which was a 0.95 times stability limit value

for acoustics simulation in lossless air domains. As pres-

ented in earlier work [22], the interior impedance boundary

Table 1 Geometrical parameters of four MPPs: surface
density MM, perforation ratio �, plate thickness t, and
hole diameter d.

MPP MM, kg/m2 �, % t, mm d, mm

1 1.13 0.785 1 0.5
2 0.565 0.970 0.5 1
3 2.7 0.785 1 0.5
4 1.35 0.970 0.5 1 Fig. 2 Impedance tube model with a single-leaf MPP

absorber.
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condition introduces slightly worse stability, which is also

true for the proposed schemes. However, because of the

unconditionally stable Crank–Nicolson solver, our two

proposed schemes do not introduce any additional stability

reduction in the accumulator computations.

For the quantification of the accuracy of numerical

results, we evaluated the relative L2-norm errors of the

amplitude and the phase vectors of R at frequencies [100,

10,000] Hz against the theoretical TMM and numerical

results as

ea ¼
kRa � ~Rak2
kRak2

; ep ¼
kRp � ~Rpk2
kRpk2

; ð29Þ

where Ra and Rp respectively represent the amplitude and

phase vectors of the R calculated using TMM. ~Ra and ~Rp

are those obtained using Schemes 1 and 2.

3.2. Results

Figure 3 shows the amplitudes of R of single-leaf MPP

absorbers with MPP 1 and MPP 2 for theoretical TMM,

TMM with the rational function values, and Schemes 1 and

2. We found that TMM with the rational function values

matches well with theoretical TMM except for dip

frequencies in some cases. For example, we can see slight

discrepancies at the first resonant frequency in Figs. 3(b)

and 3(d). This result suggests the necessity of a better

fitting method. Schemes 1 and 2 qualitatively agree with

theoretical TMM and agree better with TMM with the

rational function values, demonstrating that the two

schemes can at least capture the rational function values.

MPP 3 and MPP 4 respectively showed the same tenden-

cies as MPP 1 and MPP 2.

Figure 4 shows the phases of R for MPP 1 and MPP 2

using theoretical TMM, TMM with the rational function

values, and the two schemes. We can find that the results

of TMM with the rational function values and the two

schemes generally agree with those of theoretical TMM,

suggesting the validity of two proposed schemes. In

Fig. 4(b), TMM with the rational function values shows a

slight discrepancy from theoretical TMM at the third

resonant frequency. This result also suggests the necessity

of a better fitting method.

For a quantitative evaluation, Table 2 shows ea and ep

in Schemes 1 and 2 for MPP 1–MPP 4. For the amplitude,

Scheme 2 exhibits a slightly smaller error than Scheme 1,

but they have almost the same level of accuracy. Also,

ea values of MPP 2 and 4 are larger than those of MPP 1

and 3, as expected. It might be expected that the proposed

schemes have a larger error for MPP sound absorbers with

R of larger value in magnitude at the first resonant

frequency. On the other hand, Schemes 1 and 2 show

almost the same degree of error in the phase, except for

MPP 1. Scheme 1 shows much a lower ep for MPP 1 than

Scheme 2, but this is because the difference in phase

between TMM and TMM with ~YM is very small. As a

reference, ea and ep between TMM and TMMs with ~YM or
~YLM are shown in Table 3. The error level are comparable

to those of the two schemes.

4. PERFORMANCE COMPARISON
WITH FD-FEM SOLVER

In this section, we present the examination of the

performance of the two proposed schemes compared with

an existing FD-FEM solver [16] for a real-scale small-room

acoustics problem. We test whether the two schemes

produce a level of accuracy similar to that obtained by FD-

FEM under using the same FE mesh while maintaining a

Fig. 3 Amplitudes of R for TMM, TMMs with ~YM or
~YLM, and Schemes 1 or 2: (a) MPP 1 (Scheme 1),
(b) MPP 2 (Scheme 1), (c) MPP 1 (Scheme 2), and (d)
MPP 2 (Scheme 2).
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higher computational efficiency. Earlier work [6] included

a similar test, showing the higher efficiency of the baseline

implicit TD-FEM without the interior impedance boundary

conditions of MPPs. We compare the transfer functions

and four room-acoustics parameters for examinations of

accuracy.

Figure 5 presents a meeting room model of 68 m3 for

acoustics simulation, including a single-leaf MPP absorber

in front of a window with 0.2 m air space and a glass wool

(GW) ceiling absorber of 25 mm thickness. We consider

MPP 1 and MPP 2 in Table 1. For this study, we used a

supercomputer system at Kyushu University: ITO, Sub-

system A, Fujitsu Primergy CX2550/CX2560M4 (Xeon

Gold 6154 (3.0 GHz) �2 per node; Intel Corp.) and Fortran

compiler (ver. 2020; Intel Corp.). Only a single node with

36 cores was used to perform parallel computations using

OpenMP.

4.1. Simulation Outline

We computed an impulse response or a transfer

function at frequencies up to the upper-limit frequency of

the 1 kHz octave band using FD-FEM, Scheme 1, and

Scheme 2. The meeting room was spatially discretized

using cubic elements of 0.05 m edge size, such that the

resulting mesh has a spatial resolution of 4.91 elements per

wavelength at 1.4 kHz.

The GW ceiling absorber was modeled using a

frequency-dependent impedance boundary condition with

surface impedance computed using TMM. A one-param-

eter model called the Miki model [32] was used to compute

the fluid properties of GW with a flow resistivity of

55,000 Pa s/m2. The rational function form is presented in

Table A3 of [4], where eight real poles and three complex

Fig. 4 Phases of R for TMM, TMMs with ~YM or ~YLM,
and Schemes 1 or 2: (a) MPP 1 (Scheme 1), (b) MPP 2
(Scheme 1), (c) MPP 1 (Scheme 2), and (d) MPP 2
(Scheme 2).

Table 2 ea and ep in Schemes 1 and 2 for each MPP.

MPP
ea ep

Scheme 1 Scheme 2 Scheme 1 Scheme 2

1 0.0058 0.0042 0.0372 0.2772
2 0.0117 0.0062 0.2545 0.2778
3 0.0052 0.0051 0.2545 0.2778
4 0.0136 0.0073 0.2545 0.2778

Table 3 ea and ep between TMM and TMM with ~YM or
~YLM.

MPP
ea ep

~YM
~YLM

~YM
~YLM

1 0.0048 0.0034 0.0276 0.2765
2 0.0116 0.0055 0.2328 0.2220
3 0.0043 0.0048 0.1666 0.3466
4 0.0131 0.0066 0.2951 0.2624

Fig. 5 Meeting room model with single-leaf MPP
absorber and glass wool ceiling absorber.
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poles were used. As a reference, the statistical absorption

coefficients of the GW ceiling absorber and the two single-

leaf MPP absorbers with MPP 1 and 2 are shown in Fig. 6.

The two MPP absorbers have a peak sound absorption of

approximately 250 Hz–500 Hz. Actually, MPP 1 shows the

largest sound absorption below 500 Hz among the three

sound absorbers and the primary sound absorber for low-

frequency sound absorption. MPP 2 has an almost identical

sound absorption below 350 Hz as the GW ceiling, which is

the main absorber at frequencies higher than 500 Hz. The

doors and the window were modeled using a frequency-

independent impedance boundary condition with the real-

valued acoustic admittance corresponding to a random

incidence absorption coefficient of 0.05. Other boundaries

were modeled using real-valued acoustic admittance

corresponding to a random incidence absorption coefficient

of 0.08. A source point was located at ðx; y; zÞ ¼
ð2:5; 5:8; 1:5Þ. Eight receivers (R1–R8) were placed at the

locations shown in Table 4.

As a sound source signal for time-domain simulation,

Schemes 1 and 2 used the impulse response of an

optimized FIR filter designed with the Parks–McClellan

algorithm; it has a flat spectrum at 70 Hz–1.5 kHz. The

impulse responses were calculated at the eight receivers

with �t ¼ 1=13;000 s. The results were converted to the

transfer function via the discrete Fourier transformation,

canceling the sound source’s characteristic. The FD-FEM

computes transfer functions at 1 Hz–1.6 kHz with a 1 Hz

interval using a volume acceleration of 1 m3/s2 for source

excitation. The wider frequency range than the time-

domain simulations is for causal inverse Fourier trans-

formation. Two linear equation solvers were tested to solve

Eq. (8): a sparse direct solver called PARDISO and an

iterative solver called CSQMOR [33] with a convergence

tolerance of 10�4. As in earlier works [4,6], we examined

the two solver’s performance characteristics because an

efficient solver in FD-FEM may depend on the problem.

The computed transfer functions were converted to impulse

responses using discrete inverse Fourier transformation

after multiplying the frequency characteristic of the source

signal used for time-domain simulation.

4.2. Measuring Accuracy and Efficiency

Next, we evaluate the accuracies of Schemes 1 and 2 in

frequency and time domains in terms of different aspects.

We use the FD-FEM with PARDISO as a reference

solution because sparse direct solvers produce a more

accurate solution than iterative solvers do. In the frequency

domain, the absolute error in the sound pressure level

(SPL) between the two proposed schemes and the FD-FEM

is computed as

eSPLð fcÞ ¼
1

NR

XNR

i¼1

jLFDð fc; riÞ � LTDð fc; riÞj; ð30Þ

where NR represents the number of receiving points.

LFDð fc; riÞ and LTDð fc; riÞ are respectively the 1/3 and 1/96

octave band levels at the i-th receiver position at center

frequency fc, as calculated respectively using FD-FEM and

Schemes 1 and 2. Additionally, we calculate the frequency

response assurance criterion (FRAC) [34], which is a

similarity measure between two complex frequency re-

sponses. FRAC is defined as

FRAC

¼

Xfu
i¼fl

�pFDð fi; rÞ 	 pTDð fi; rÞ

�����
�����
2

Xfu
i¼fl

�pFDð fi; rÞpFDð fi; rÞ

" # Xfu
i¼fl

�pTDð fi; rÞpTDð fi; rÞ

" # ;

ð31Þ

where pFDð fi; rÞ and pTDð fi; rÞ are respectively the complex

sound pressures at frequency fi and receiver r calculated

using FD-FEM and the proposed schemes. The overline

means the complex conjugate. fl and fu are lower- and

upper-limit frequencies of 80 Hz and 1.4 kHz, respectively.

FRAC takes a value in the range of [0, 1]. A larger value

represents a higher similarity.

In the time domain, from practical aspects, the relative

or absolute errors in four room acoustic parameters (T20,

EDT , C50, and G) between the two proposed schemes and

the FD-FEM were assessed respectively as
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Fig. 6 Statistical absorption coefficients for the GW
ceiling, MPP 1 with 0.2 m air space, and MPP 2 with
0.2 m air space.

Table 4 Locations of eight receivers (R1–R8).

Receiver ðx; y; zÞ Receiver ðx; y; zÞ

R1 ð0:7; 1:45; 1:2Þ R5 ð2:8; 1:45; 1:2Þ
R2 ð0:7; 2:35; 1:2Þ R6 ð2:8; 2:35; 1:2Þ
R3 ð0:7; 3:25; 1:2Þ R7 ð2:8; 3:25; 1:2Þ
R4 ð0:7; 4:15; 1:2Þ R8 ð2:8; 4:15; 1:2Þ
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eT20ð fcÞ ¼
1

NR

XNR

i¼1

jTFDð fc; riÞ � TTDð fc; riÞj
TFDð fc; riÞ

; ð32Þ

eEDTð fcÞ ¼
1

NR

XNR

i¼1

jEDTFDð fc; riÞ � EDTTDð fc; riÞj
EDTFDð fc; riÞ

; ð33Þ

eC50ð fcÞ ¼
1

NR

XNR

i¼1

jCFDð fc; riÞ � CTDð fc; riÞj; ð34Þ

eGð fcÞ ¼
1

NR

XNR

i¼1

jGFDð fc; riÞ � GTDð fc; riÞj; ð35Þ

where TFDð fc; riÞ, EDTFDð fc; riÞ, CFDð fc; riÞ, and GFDð fc; riÞ
respectively denote T20, EDT , C50, and G at central

frequency fc and the i-th receiver position, calculated using

FD-FEM. TTDð fc; riÞ, EDTTDð fc; riÞ, CTDð fc; riÞ, and

GTDð fc; riÞ are assessed using the proposed schemes.

The computational efficiency was evaluated by com-

paring the required memories and the computational times

between the two proposed schemes and the FD-FEM. Note

that Scheme 1 has an additional matrix-vector product in

the third term on the right-hand side of Eq. (15) compared

with Scheme 2, but our implementation realizes an

efficient computation of this term by performing the

computation only on the degrees of freedom related to

MPPs. The degrees of freedom relevant to MPPs is lower

than 0.5% of those in the entire system, indicating that

the additional computational costs associated with extend-

ed-reaction MPP absorber modeling are not expensive.

Additionally, computation times were evaluated in the

frequency range of 1 Hz to 1.4 kHz for FD-FEM.

4.3. Results

First, Figs. 7 and 8 show SPLs at R1 for FD-FEM,

Scheme 1, and Scheme 2 with MPP 1 and MPP 2, respec-

tively. The two proposed schemes agree well with the FD-

FEM results at all frequencies in both cases. For quanti-

tative evaluation, Fig. 9 shows eSPL values at the 1/3 and

1/96 octave band levels in the cases with MPP 1 and

MPP 2. The two schemes show errors of less than 1 dB,

except for the 1/96 octave band level for MPP 2 at

frequencies lower than 110 Hz. The slightly large error at

Fig. 7 SPLs at R1 in the meeting room with MPP 1: FD-FEM vs. Scheme 1 (upper); FD-FEM vs. Scheme 2 (lower).

Fig. 8 SPLs at R1 in the meeting room with MPP 2: FD-FEM vs. Scheme 1 (upper); FD-FEM vs. Scheme 2 (lower).

T. YOSHIDA et al.: TIME-DOMAIN MPP MODEL FOR FEM

65



low frequencies is attributable to the inadequate rational

function approximation of YM and YLM, as presented in

Fig. 1. Figure 10 shows how this inadequate approxima-

tion leads to effects at the 1/96 octave band level at

receiver R1 in the case with MPP 2. Results show that the

two proposed schemes slightly overestimate the peaks of

SPL compared with the FD-FEM result. This meeting room

problem has little absorption at all boundaries at low

frequencies. Consequently, a slight error in the rational

function approximation results is apparent in those visible

differences for SPL. The values of the similarity measure

FRAC were also larger than 0.99 at all receivers for both

schemes. These results clearly indicate that the two

proposed schemes can produce almost the same frequency

response as FD-FEM.

Tables 5–8 respectively show errors in the four room

acoustics parameters eT20, eEDT, eC50, and eG in Schemes 1

and 2 in cases with MPP 1 and MPP 2. Except for the

relative error eEDT at 1 kHz of Scheme 1, all errors in both

schemes were smaller than the just notable differences

(JNDs) of each parameter (5% for reverberation parameters

[35], 1.1 dB for C50 [36] and 1 dB for G [35]). Those results

demonstrate the excellent capability of the proposed

schemes for room acoustics modeling, including extend-

ed-reacting MPP sound absorbers. These results also
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Fig. 10 Details of 1/96 octave band levels at R1
calculated using FD-FEM, Scheme 1, and Scheme 2.

Fig. 9 eSPL values at 1/3 and 1/96 octave band levels in
cases with MPP 1 (upper) and MPP 2 (lower).

Table 5 Relative error eT20 values [%] of Schemes 1
and 2 in cases with MPP 1 and MPP 2.

fc, Hz
MPP 1 MPP 2

Scheme 1 Scheme 2 Scheme 1 Scheme 2

125 1.07 1.56 3.38 2.90
250 0.49 0.39 3.65 2.53
500 0.47 0.48 3.50 3.31

1,000 1.49 1.34 2.98 2.86

Table 6 Relative error eEDT values [%] of Schemes 1
and 2 in cases with MPP 1 and MPP 2.

fc, Hz
MPP 1 MPP 2

Scheme 1 Scheme 2 Scheme 1 Scheme 2

125 0.88 0.61 2.60 1.63
250 0.97 0.58 1.71 0.75
500 0.36 0.24 1.80 1.35

1,000 5.04 3.96 5.00 4.48

Table 7 Absolute error eC50 values [dB] of Schemes 1
and 2 in cases with MPP 1 and MPP 2.

fc, Hz
MPP 1 MPP 2

Scheme 1 Scheme 2 Scheme 1 Scheme 2

125 0.06 0.08 0.12 0.08
250 0.03 0.04 0.06 0.03
500 0.04 0.02 0.12 0.08

1,000 0.11 0.08 0.18 0.16

Table 8 Absolute error eG values [dB] of Schemes 1
and 2 in cases with MPP 1 and MPP 2.

fc, Hz
MPP 1 MPP 2

Scheme 1 Scheme 2 Scheme 1 Scheme 2

125 0.06 0.04 0.13 0.08
250 0.04 0.02 0.07 0.03
500 0.05 0.02 0.09 0.05

1,000 0.04 0.02 0.05 0.05
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indicate that the slightly large errors at the 1/96 octave

band level at low frequencies in the case with MPP 2 have

only a small effect on room acoustic parameters.

Finally, we show the computational efficiencies of the

two proposed schemes relative to that of FD-FEM with two

linear system solvers in Table 9. The two schemes show

the same memory consumption of 1/33.3 times smaller

than that of FD-FEM with PARDISO and 1.3 times larger

than that of FD-FEM with CSQMOR. FD-FEM with

CSQMOR exhibits the best performance in terms of

memory requirements. However, it can be said that the

two proposed schemes have attractive memory capabilities

even though the rational function form of the MPP transfer

admittance requires more than ten real poles. In fact, the

two proposed schemes show remarkable computational

speed compared with FD-FEMs with two linear system

solvers. Schemes 1 and 2 respectively show 398–433 and

435–442 times shorter computational times than that of

FD-FEM using PARDISO. Moreover, they are 272–300

and 296–306 times shorter than the FD-FEM using

CSQMOR. This notable performance was observed in

earlier work [6] in the case without the present extended-

reaction MPP absorber model. Our formulation does not

pose any computational inefficiency with the present

model. Compared with Scheme 1, Scheme 2 shows a

slightly high computational speed owing to few matrix-

vector products, as described earlier. Note that the

computational times of the two proposed schemes were

about two minutes, indicating their high practicality in

room-acoustics simulation.

5. CONCLUSION

We proposed two novel implicit TD-FEM schemes,

Schemes 1 and 2, to address the ER of MPP sound

absorbers for room-acoustics modeling. They are general

formulations. Any finite element is applicable. Further-

more, the proposed schemes are the time-domain counter-

parts of our previous frequency-domain formulation [16].

In the two proposed schemes, an MPP leaf is modeled as an

interior impedance boundary condition useful for consid-

ering the frequency-dependent transfer impedance of a

rigid or limp MPP. However, note that various transfer

impedance models of MPPs are potentially available. The

convolution that appeared in the interior impedance

boundary conditions is addressed efficiently by the ADE

method. High stability is realized using an unconditionally

stable Crank–Nicolson solver. After presenting a detailed

formulation of the present schemes, their validity was

demonstrated by comparing the sound absorption charac-

teristics of four single-leaf MPP absorbers computed using

the proposed schemes and theoretical TMM. Results

revealed that, although the two proposed schemes can

fundamentally capture the sound absorption characteristics

of MPP absorbers, an error trend of a slight discrepancy of

the reflection coefficient was observed around the resonant

frequency. The error originates from the rational function

approximation model. Therefore, for future work, devel-

oping a more precise fitting technique for the rational

function approximation of the transfer admittance of MPP

or examining other transfer impedance models of MPPs is

expected to be necessary.

The performance characteristics of the proposed

schemes compared with existing FD-FEMs with two linear

equation solvers were examined in a real-scale meeting-

room acoustics problem. Results indicated that the pro-

posed schemes have accuracies comparable to those of the

FD-FEMs, and that the schemes have significantly higher

efficiencies with increase in computational speed of more

than O(100) times. Regarding the performance of the two

schemes in terms of accuracy and efficiency, Scheme 2

outperformed Scheme 1 with slightly higher performance.

Scheme 2 enabled 296–442 times faster computation than

FD-FEM while maintaining accuracy. To conclude, the

proposed schemes were demonstrated to have high poten-

tial as attractive alternatives for room-acoustics simulation

including extended-reacting MPP sound absorbers.
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