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Abstract:

We investigate the dissipative structure for the system of Moore—Gibson—Thompson
thermoelasticity in the whole space. To analyze the dissipative structure, it is very
useful to rewrite the equations into a symmetric hyperbolic system and apply the so-
called stability condition. When we rewrite our system into the symmetric hyperbolic
form in the multi-dimensional case, it is important to take the constraint conditions
into account. Indeed, the stability condition with the constraint conditions guarantees
the dissipative property for our system in some cases. In this paper, we introduce the
stability condition with constraints for the general problem and apply this argument
to the system of Moore-Gibson—-Thompson thermoelasticity. Furthermore, we discuss
the optimality of the decay estimates we obtain, together with the no regularity-loss
phenomenon.

1. INTRODUCTION

It is well known that the Moore-Gibson-Thompson equation was proposed in the
context of fluid mechanics (see [28]). This equation has been the subject of intense
studies in the last fifteen years (see, for instance, [5, 13, 14, 15, 20]). Recently, it has
been proposed to describe heat conduction ([21]). Indeed, since Green and Naghdi’s
type III heat equation ([9, 10]) allows instantaneous propagation of waves (see [25]),
it is natural to introduce a relaxation time that would lead us to a hyperbolic type
heat equation, and that, therefore, it is compatible with the principle of causality.
This equation has given rise to the possibility of obtaining an integro-differential heat
equation different from those known as Gurtin or Gurtin and Pipkin type (see [4]).

IThis idea is similar to the one introduced by Maxwell and Cattaneo with respect to the classical
Fourier theory which, as it is well known, also allows the instantaneous propagation of waves.
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We can also remember that the linear theories of viscoelasticity lead us back to
incompatibility with the principle of causality. A procedure similar to the one previ-
ously mentioned can be developed, but now in a mechanical context (see [7]). This
allows us to recover the theory of viscoelasticity proposed by Zener in [8, 24, 33| and,
therefore, we obtain again the Moore-Gibson-Thompson equation in a mechanical
context.

Once the heat equation has been obtained, we can consider the corresponding
thermoelastic theory (see, for instance, [3, 21]). This problem has been intensively
studied in the last four years in works such as [27]. Several different results have
been obtained in the case that we consider bounded domains. It is appropriate to
highlight the existence and uniqueness results in the general case when the elasticity
tensor is positive definite, as well as the exponential decay of the solutions in the
one-dimensional casem, or the existence of radial solutions (see [2]). Uniqueness and
instability of solutions have also been tested when the elasticity tensor is not positive
definite using the logarithmic convexity [16] method.

We can also recall some recent contributions in which the authors study different
systems that are similar (from a mathematical point of view) to the system of ther-
moelasticity of the Moore-Gibson-Thompson type (such as [1, 6, 18, 19, 32]). These
systems have been considered either in the case of bounded or unbounded domains.

However, we are not aware of any contribution that studies the Moore-Gibson-
Thompson thermoelasticity system in the case of unbounded domains. The objective
of this article is to make a first contribution in this line, so we aim at studying this
thermoelastic theory in the case that the material is defined in the whole space.
Therefore, our objective is the study the so-called Cauchy problem for the thermoe-
lasticity of the MGT type.

We consider the system of the Moore-Gibson-Thompson thermoelasticity.

puy — aAu — (a + «)Vdivu + (VO + 7VEly,) = 0,

1.1
liQtt + liT@ttt + ﬂdivut — WAQt — 7*A6’ = O ( )

for t > 0 and = = (x1,---,2,) € R". That is, we consider the displacement of
an elastic material coupled with heat conduction of MGT type (see [21]). Here,
w=u(t,z) = (u', -, u")(t,x) and 6 = O(¢,z) are unknown functions representing

the velocity and temperature of the material. The parameters p, o, o, 3, K, v, ¥*
and 7 are constitutive coefficients which satisfy

pya, Ky, Y >0, B#0,
and
v —T1v" > 0. (1.2)
The study of problems about regions that occupy the whole space is very common
from a mathematical point of view, but at the same time it is useful from a realistic
point of view since it describes the case of domains whose extension is so large that
it is difficult to delimit.
The condition (1.2) is called the dissipative condition in this article. The parameter
7 denotes the relaxation parameter in the heat coupling of MGT type. That is, if

7 = 0, we would obtain a system modeling an elastic material coupled with heat
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conduction of the Green-Naghdi type III. Formally, letting 7 = 0 in (1.1), yields the
system

puy — aAu — (o + o) Vdivu + V0, = 0,
KBy + Bdivu; — yAlO, — v A0 = 0.

In this article, we focus on the Cauchy problems defined by the systems (1.1) and
(1.3) with the initial data

u(0,2) = up(x), u(0,2) = uy(x),
0(0,z) = bp(x), 6,(0,2) =061(x), 04(0,2)=0s(x)

(1.3)

and
u(0,2) = ug(x), u(0,z) =wuy(x), 6(0,2)=0p(z), 6,0,2)=0(x)

for € R", respectively, where uy = ug(z), uy = ui(z), Oy = 0o(z), 61 = 61(z) and
0y = 05(x) are given scalar functions. Then our purpose is to analyze the dissipative
structure and the dependence on 7 and the limit 7 — 0 in (1.1) both in the one-
dimensional and the multi-dimensional cases.

This paper is organized as follows. In Section 2 we consider a general linear system
with constraints and review the stability condition to derive the decay estimate of the
corresponding solutions. As an application of this stability condition, in Section 3 we
study the decay rate of the one-dimensional problem of the MGT-thermoelasticity
and the type III Green-Naghdi thermoelasticity equations (1.1) and (1.3), respec-
tively. Furthermore, in Section 4, we focus on the multi-dimensional problem of the
previous two equations and obtain their decay estimates. In both cases, we can ob-
serve no regularity-loss of the initial conditions in obtaining the corresponding decay
rate estimates. Finally, we analyze the asymptotic expansion of the corresponding
eigenvalue of the MGT-thermoelasticity equation, and discuss the optimality of the
decay estimate in Section 5.

2. REVIEW OF A DECAY RATE RESULT IN A GENERAL CONSTRAINED LINEAR
SYSTEM

In this section, we review the so-called stability condition for a general linear system
with constraints. This result allows us to obtain the decay rate of the solution of a
constrained system that satisfies certain conditions. The following can be found in the
references [26, 29, 30], but we include the main results here for a better comprehension
of the present work.

Let us consider a general linear system with constraints such as the following one

AU+ AU, = > B, + LU =0, (2.1)
j=1 k=1
> QU =0, (2.2)
j=1
with initial data
U(0,z) = Up(x). (2.3)
3



Here, U is an unknown vector function, and A°, A7, B* [ and @’ are constant
coefficient matrices, and Uy = Up(x) is a given vector function.
Applying the Fourier transform to (2.1), (2.2), and (2.3) we obtain

AU, + €| A(w)U + [€*B(w)U + LU =0, (2.4)
il€]Q(w)U =0, (2.5)

and
U(0,&) = Us(9), (2.6)

where ¢ € R™ is the Fourier variable, w = £/[£| € S™! is the unit vector for £ # 0,
and we define

AW =3 Wy B)= 3 Bluw, Q)= @,
j=1 J=1

k=1
where w = (wy, -+ ,w,) € S" 1. The eigenvalue problem corresponding to (2.4) is
given by

AAp + (il€|A(w) + [E]°B(w) + L) = 0. (2.7)

In order to fulfill the constraint conditions (2.5), the corresponding eigenvector ¢
must be in Ker(Q(w)) for w € S"'. We note that the solution of (2.4) can be
written as U(t, &) = !0 (€), where

(i€) == —(A") ' (il¢|Aw) + [€FB(w) + L) (2.8)

and e/ denotes the matrix exponential.
We now introduce the following conditions for the coefficient matrices of (2.1)-(2.2):

Condition (A):
A0 = (AT, A= (A)T, B = (BT, [ =1L
A">0, Bw)>0, L>0,
Ker(B(w)) N Ker(L) # {0}

73013

for j,k = 1,---n and w € S"! (that is, (2.1) is a symmetric hyperbolic-parabolic
system).

Using a standard argument, we can obtain the well-posedness for the problem
(2.1),(2.3) under Condition (A) (see [23] for details).

In this article, we focus on the dissipative structures of the solution of (2.1)-(2.3)
with the constraint condition (2.2). That is, for the constraint condition, we suppose
the following condition.

Condition (C):
QW)(A)AW) =0, QW)A")'Bw) =0, QW)(A)'L=0
for w e S"L.

Condition (C) implies the fact that the equation (2.2) holds at an arbitrary time
t > 0 for the solution of (2.2) if it holds initially. Therefore, it is reasonable for the

Cauchy problem to assign the constraint condition (2.2) which satisfies Condition (C).
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We refer the reader to [29, 30] for details. For this problem, the following stability
condition (also called the Kawashima-Shizuta Condition) was derived in [26].

Stability Condition (SC): For each y € R and w € S™™1,
Ker(uA® + A(w)) NKer(B(w)) N Ker(L) N Ker(Q(w)) = {0}.
Then we have the following equivalence.

Theorem 2.1. ([26, 31]) Suppose that the coefficient matrices of the system (2.1)
satisfy Condition (A). Then the following assertions are equivalent.

(i) Condition (SC) holds.

(ii) Any pair of eigenvalue and eigenvector (X, ) of (2.7) satisfies that

. £J?
1+ €2

for (|¢|,w) € Ry x 8™ (that is, system (2.1),(2.3) is uniformly dissipative of
type (1,1) or, in other words, the system is the standard type, see [29]) and

¢ € Ker(Q(w)),

where ¢ is a certain positive constant.

Re (A(i€)) <

Corollary 2.2. Suppose that the coefficient matrices of (2.1) and (2.2) satisfy Con-
ditions (A), (C), and (SC). Then, from property (ii) in Theorem 2.1, the solution to
(2.4), (2.6) satisfies the following pointwise estimate:

2
0(t,6)| < ClOu(E)]e ", .
UL, 6)] < ClUs(€)] n(é) uTEE
where (2.5) is assigned to the corresponding initial data. Furthermore, this estimate
gives the following decay estimate of the solution.

105U ()| 2@ny < C(1+ )42 Ug|| 1 amy + Ce™ 105Ul 2@y (2:9)
for k> 0. Here, ¢ and C' are certain positive constants.

Remark 2.3. Typically, in a uniformly dissipative system of type (1,1) (as in (ii)),
the high-frequency part decays exponentially, and the low-frequency part decays poly-
nomially with the rate of the heat kernel (see [29]). This is exactly what we have seen
in Corollary 2.2.

Remark 2.4. Theorem 2.1 tells that there is no reqularity loss phenomenon. Pre-
cisely, (ii) in Theorem 2.1 means that the real parts of the corresponding eigenvalues
are strictly negative in the high-frequency region.

The proofs of Theorem 2.1 and Corollary 2.2 are omitted here. We refer the reader
to [31, 26, 29] for details. This approach was used previously to study the porous-

elasticity in [22] and is valid for our problem.
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3. DISSIPATIVE STRUCTURE IN THE 1-DIMENSIONAL CASE

In this section, we consider problems (1.1) and (1.3) in R. In both cases, we will
see that they satisfy conditions (A), and (SC) discussed in Section 2. This will allow
us to obtain the decay estimate of the corresponding solutions given in (2.9).

We start with the MGT-thermoelasticity equation (1.1) in R, that is, we consider
the following system:

Pl — &uzx + ﬁ(etx + Tett:v) = 07

3.1
KOy + KT + By — VWize — 7 0ze = 0, (3:1)

with the corresponding initial conditions and € R. In (3.1), & := 2a + o.
We rewrite these equations as a first order symmetric system. We introduce the
new functions that

Y=y, 2= Uy, Q=0+ 704, = (')/915 + ’Y*e)x, b= 7(’7 - T'Y*)etz,

(3.1) is rewritten by
PYr — Qzy + B, =0,

az —ay, =0,

/€¢t+5yx _'l/}x = O,

(3.2)
1 )
—*W - bt — ¢z =0,
v v
1 ) 1
—pi— U+ —p=0,
Y Y Y
where 0 := /(7 — 77*)/v is positive, which comes from the dissipative condition
(1.2). For the system (3.2), we suppose the following initial data
y(0,2) =yo(x), 2(0,7)=2z9(x),
(0,2) = yo(x), 2(0,2) = z(x) (3.3)

¢<07 ZB) = ¢0(1’), w(O, x) = @Do(x), p<0>$) = po(x),
where

Yo 1= Uy, 20 = Uoe, Po =01+ 70y o= (V01 +700)z, Po =YY — TY) 0
Namely, the system (3.2) can be formulated as (2.1),(2.3), where U := (y, 2, ¢, ¥, p)7,

Us == (Yo, 20, $0, 0, p0)” and
p00 0 0 0 —apf 00
0G0 0 0 -0 0 00
A=100k 0 0 , A=| B 0 0 —10 |,
000 1/ —5/y* 0 0-100
000 =/ 1/ 00 0 00 (3.4)
0000 0
0000 0
B =0, L=10000 0
0000 0
00001/y



We observe that under the dissipative condition we have 0 < § < 1, these coefficient
matrices satisfy Condition (A). Furthermore, as we do not have any constraints, we
have

Q=0 (3.5)

for this system. Using the Stability Condition (SC) with the previous matrices, we
derive the following result.

Theorem 3.1. The matrices (3.4) and (3.5) satisfies Conditions (A) and (SC).
Therefore, the solution of (3.2), (3.3) satisfies the decay estimate (2.9).

Proof. Let 1 € R and ¢ = (1, 02, ¢3, 04, ¢5)T € R5. Then Condition (SC) in this
case reads Ker(uA® + A(w)) NKer(L) = {0}, that is

(upp1 — s + Bz = 0,
uéz(pz — 0~6<P1 - Oa
_ — 1
wrps + B — pq = 0, and Zp5 =0. (3.6)
Y

%(904 — 0p5) — @3 =0,

ﬂ*(905 - 5904) = 07
\ v

Therefore, separating the cases = 0 and p # 0 leads to ¢ = 0, and we complete the
proof. O

Similarly, as before, we now would like to study the one-dimensional version of
problem (1.3), which reads

pPut — dua}x + ﬁetz - Oa

3.7
Hett + Butm - f)/et:m: - 7*0:1::1: - 07 ( )

with the corresponding initial conditions, € R and, again, & := 2a + a*. Observe
that we cannot use the previous argument, now with 7 = 0 as, in this case, § = 1.
Hence, condition (A) would not be satisfied.

Now, putting v := uy, w := u,, ¢ := 6; and ¥ := 0,, then (3.7) is rewritten by

pYr — Qzp + /B¢x =0,

5[2} - dya: = 07

'Lﬂbt + ﬂyx - 7¢zx - ’Y*% = 07
Y =79 =0,

(3.8)

and the initial data is assigned by

y(oa (ﬂ) = yO(x>7 Z<O’ :L‘) = Zo(l’), ¢(O’ "L‘) = ¢0($)7 ¢(O’ :E) = ¢0(x)’ (39)
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where yg := uy, 20 := Uy, ¢o = 01 and ¥y = Op,. Then, system (3.8) can be
formulated in the form of (2.1), where U := (y, 2, ¢,¥)T, Uy := (yo, 20, ¢0, %)’ and

p00 0 0 —a B8 0 0000
0a0 0 ~&0 0 0 0000
0 __ _ _ _ _
A=1looro "= 5 0 0 = | B= o040 | £79 Q=0
000~* 0 0 —* 0 0000

(3.10)
We observe that these coefficient matrices also satisfy Condition (A). Using Stability
Condition (SC) for this system, we obtain the following result.

Theorem 3.2. The matrices (3.10) satisfy Conditions (A) and (SC). Therefore, the
solution of (3.8), (3.9) satisfies the decay estimate (2.9).

Proof. Let u € R and ¢ = (o1, 02, @3, 04)7 € RY Then Condition (SC) gives
ppp1 — Qpa + s =0,

iy — apy = 0,

pkps + Bt — 7 pa = 0,

1y ps — 7 3 =0,

and v3 = 0. (3.11)

Therefore, we obtain ¢3 = 0, and (3.11) is reduced to

pppr — oo =0, s —1 =0, Bor =704 =0, pps=0.
Thus, it is not difficult to conclude that ¢ = 0, and we complete the proof. 0

Remark 3.3. We observe that Theorems 3.1 and 3.2 do not give the decay rate of
the solution itself, but the decay rate of a certain energy of the solution. In Section 5
we will complete these results using the eigenvalues expansion method.

4. DISSIPATIVE STRUCTURE IN THE MULTI-DIMENSIONAL CASE

In this section, we study the dissipative structure of problems (1.1) and (1.3) in R",
for n > 1. In the multi-dimensional case, problem (1.1) has not enough dissipative
structure to get the decay estimate (2.9). The reason is the following. We introduce

the new function '
. ouw ouP

o 6% 8I‘j
for j,k =1,---n. Using the first equation of (1.1), we can see that the function w’*
(which means the rotational effect of u) satisfies the wave equation pw?; —aAw’* = 0.
As the energy of the wave equation does not decay, we conclude that problem (1.1)
does not have enough dissipative structure, as we said.
We now proceed to rewrite (1.1) in a more convenient form. We introduce v := divu
and using (1.1) we obtain

pvtt — &AU + ﬁ(AQt + TAQtt) = 0,

/{ett + /-iTQm + th — ’yA@t — ’y*Aé’ = 0,
8
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where & is also defined by & := 2a + o*. Our purpose for this section is to apply the
stability condition to this new system (4.1) and obtain the desired decay estimate for
this one. To this end, we introduce the following new functions

y:=v, z:=Vu, ¢:=V(0,+710y),

. (4.2)
V= A0 +0), p:=/y(y—T17")Ab,.
Then, (4.1) is rewritten as
py: — adivz + fdive = 0,
&Zt — dVy = 0,
+ fVy — V¢ =0,
1 Kt f ) (0 (4.3)
— Uy — —pr — divep = 0,
Y Y
1 ) 1
—pt— U+ —p=0,
v Y Y
where 6 := /(v — 77*)/7, and the initial data is assigned by
0,2) =1yo(x), =2(0,2)=2(x),
y(0,2) = yo(z) (0, z) o(z) (4.4)

¢(O,$) = (;50(1:)7 1/J<07I) = 1/J0<Z‘), p(07*r) = po(l’),

where

Yo 1= v1, 20 := Vg, ¢o 1= V(01+702), ¥ := A(v01+7"00), po := /(v — 77*)Ab;.
Furthermore, because of (4.2), observe that z and ¢ should satisfy
Oy, 2" = 052 =0, 0y,0" — 0y’ =0 (4.5)

for 1 < j < k <n, where 2/ and ¢’ denote the jth components of the vectors z and
¢. Thus, we assign the constraint condition (4.5) to the problem (4.3)-(4.4) (which,
then, is equivalent to (4.1)). We remark that the constraint condition (4.5) is the
same as rot z = 0 and rot ¢ = 0 in R3.

The system (4.3) can be formulated in the form (2.1), with U := (y, 2z, ¢,v,p)7,

UO = (y07 20, ¢07 ¢07P0>T and

p 0 0 0 0 0 —awpw 0 0
0Oal, 0 O 0 —aw” 0 0 0 0
A=100 wI, O0 0 , Aw)=| BT 0 0 -wTo|,
00 0 1/y° —5/y* 0 0 —w 0 0
00 0 —§/v 1/y 0 0 0 0 0 (46)
0000 0
0000 0
B(w) = 0, L=10000 0
0000 0
00001/y

Observe that A%, A7) L, B are matrices of dimension (2n + 3) x (2n + 3).
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We can see that these coefficient matrices satisfy Condition (A). Also, the con-
straint condition (4.5) can be expressed in the form (2.2) with

0Q.(w) 0 00
o= (% 05000 ) @)

where @, (w) is a n(n — 1)/2 x n matrix defined by induction by Qs(w) = (—ws wy)
and

0 0 0 —WniWn_1
0 0 —wp 0 \Wnoo
. . . | .
le = : : ! : 48
Qn(w) 0 —w, 00w (4.8)
wn 0 e 0 0w
Qn—l(w) -0

for w e S» ! and n > 3.

As Q,(w)w? = 0, it is not difficult to check that Q(w) satisfies Condition (C) that
tells that the solution satisfies the constraint condition if the initial data satisfy the
constraint condition. Also, we can check the Condition (SC), for this problem and
we obtain the following result.

Theorem 4.1. The matrices (4.6) and (4.7) with (4.8) satisfy Conditions (A), (C)
and (SC). Therefore, the solution of (4.3)-(4.4), whose initial data hold the constraint
condition (4.5), satisfies the decay estimate (2.9).

pTOOf' Let JURS R and ¥ = (9017902790379047905)T € R?+3 with P2 = (90217 e a902n) €
R™ and @3 = (¢3,," -, ¢3,) € R". Then Condition (SC) gives

(pppr — a(w - p2) + B(w - p3) = 0,
fiéipy — aprw’ =0,
pkps + Bow’ — paw” =0, 1

%(904 —0p5) — (w - p3) =0,

%(@5 - 5904) = 07
Y

and
Wjpa, — Wiz, =0, Wjps, — wrps; =0 (4.10)

for 1 < j < k < n. Therefore, we obtain p5 = 0 and (w-3) = 0, and (4.9) is reduced
to

pppr — aw - ) =0, s —prw’ =0, Bpr —ps =0, wps=0. (4.11)
10



Furthermore, the second equation in (4.10) and (w - ¢3) = 0 give

n

s> = ) wils, |

k=1
= WCles P+ > wllps,
j=1 jk=1,j#k
=Y e, P+ D (wips,) (weps,)
j=1 jk=1,j#k
= |(w- )] =0.
Then, (4.11) lead to 1 = o = s =01if u # 0, and 1 = p, =0 and (w - ¢3) = 0 if
p = 0. Using the same arguments before, we also obtain |¢s| = |(w - ¢2)| = 0 under
(4.10). Therefore, it is not difficult to conclude that ¢ = 0, and we complete the
proof. O

We now want to study the dissipative structure of (1.3) in the multidimensional
case. Formally, we substitute 7 = 0 into (4.1) and obtain

PUH — aAv + BAet = 0,

4.12
Ii@tt + B'Ut — ’}/Aet — ’Y*AQ = 07 ( )

where v := divu. As before, it is convenient to rewrite (4.12) in the following new
variables and derive the decay estimate of solutions. We consider

y:=wv, z:=Vuv, ¢:=Vb, ¢:=A0, (4.13)
and, then, (4.12) is rewritten by

pyr — adivz + Bdive = 0,

aze —aVy =0,

ko + BVy —yAp — 4"V =0,
Yy — vy divg = 0.

(4.14)

The initial data is assigned by

y(07x> - yo(l’), Z(Ov J]) = Zﬂ(x)v ¢(07 J]) = ¢0<m>7 ¢(07 ZL’) = 77/)0(:)3), (415>

where yg := vy, 29 := Vg, ¢g := Vb and ¢y := Aby. Furthermore, because of (4.13),
z and ¢ should satisfy

Op, 2" =052 =0, 0y,0" — 0y’ =0 (4.16)
for 1 < j < k < n, where 2/ and ¢’/ denote the jth components of the vectors z and

¢. Thus, we also assign the constraint condition (4.16) to the problem (4.14)-(4.15).
11



We write system (4.14) in the form (2.1), with U := (y, 2, ¢, )T, Uy := (o, 20, do, o) T
and

p 0 0 O 0 —ow Pw 0
Oal, 0 O —aw? 0 0 0

0 _ n _

A=lo0 w0 | A= g 0 0 |
00 0~ 0 0 —vw 0

! K (4.17)

0000
0000

B(w) = 00~0 | L=0.
0000

We remark that these coefficients also satisfy Condition (A). Also, the constraint
condition (4.16) can be expressed (2.2) with

Qw) = (8 Q”O(w) Qﬂm 8) , (4.18)

where @, (w) is defined by (4.8). In this situation, using Stability Condition (SC) for
this system, we also obtain the following result.

Theorem 4.2. The matrices (4.17) and (4.18) with (4.8) satisfy Conditions (A),
(C) and (SC). Therefore, the solution of (4.14)-(4.15), whose initial data hold the
constraint condition (4.16), satisfies the decay estimate (2.9).

Proof. Let € R and ¢ = (1, 02, 93, 04)7 € R*"2 with oy = (09, - ¢2,) € R"
and o3 = (¢3,, - ¢3,) € R". Then Condition (SC) gives

ppp1 — a(w - p2) + Bw - ¢3) = 0,

[y — duprw’ = 0,

s 4 B — o — O, and ve3 =0, (4.19)
py s — 7" (w - p3) =0,
and
Wi, — Wiz, =0, wjps, — wrps; =0 (4.20)

for 1 < j < k < n. Therefore, we obtain ¢3 = 0, and (4.19) is reduced that

pppr — W - o) =0, pps — 1w’ =0, Por =701 =0, pps=0
Hence, it is not difficult to conclude that ¢ = 0, and we complete the proof. 0

Remark 4.3. We observe that Theorems 4.1 and 4.2 do not give the decay rate of
the solution itself, but the decay rate of a certain energy of the solution. In Section 5
we will complete these results using the eigenvalues expansion method.

5. EIGENVALUE PROBLEM

In this last section, we consider the eigenvalue problem related to our system to
discuss the optimality of the decay estimates and the regularity given in Theorems

3.1, 3.2, 4.1, 4.2. We also recall that, in these theorems, we have not given the decay
12



rate of u, 6, but a certain norm of the solution. The results in the present section will
allow us to state these kind of results for the solution of the corresponding systems.
The characteristic equation of the eigenvalue problem (2.7) is given by

det(A] — ®(i€)) = 0, (5.1)

where ®(i€) is defined by (2.8). For this equation, we have to consider the effect of
the constraint condition. The characteristic equation for the system (4.3) in RY is
rewritten as

N2O=DL 06N + prXt 4 (py + T(ak + 2))[€]2N

5.2
(0 +an 4 BN+ aleA+ arle =0, O

where § is replaced by /(7 — 79%)/7. The equation (5.2) means that ®(i€) has
2(n—1) repeated zero eigenvalues. The eigenspace W of zero eigenvalues is described

as

We = {p = (p1. 92, 93,1, 05) € C"P 02 =0, & 03 =0, o1 = s = g5 = 0},

and the orthogonal complement Vg of W, is characterized by

‘/5 = {SO - (9017@2790379047905) € Czn+3 ‘ 5390? - kaO% = 07 1 S Jak S n, (= 273}7

where @, = (p}, -+ ,p7) for £ = 2,3 (see constraint condition (4.5)). Consequently,
because the initial data of our problem belong to V¢, we conclude that our eigenvalues
are not equal to zero under the constraint condition. Hence, it is enough to focus on
the eigenvalues which satisfy

TN + prA* + (py + 7(ak + 52)|€)°N?

. R . (5.3)
+ (p7* + ar + B2)|EPN + ayl¢)*A + ay*lEt = 0.

The detailed derivation of the characteristic equation under constraint conditions is
described in [22, 29].

We remark that the characteristic equations of (3.2) and
cause the corresponding coefficient matrices (3.4) and (4.6)
(but in (4.3) we also impose the constraint condition (4.5)).

Let \;(i€) be a non-zero eigenvalue of ®(i¢). The asymptotic expansions of \;(i€)
when [¢] — 0 and when [¢| — oo are related to the decay rate of the solutions, and
the regularity-loss phenomenon, respectively. In order to prove the optimality of the
decay rate of the solutions, we first consider the asymptotic expansion for |£| — 0.
That is, we consider the expression

(4.3) are equivalent be-
have the same structure

o0

A(i€) = AP ek
k=0
13



and substitute it into (5.3). After lengthy but straightforward calculations, we obtain
the following leading order terms:

A (i€) = \/2’%{& (m* +ak+ B2 F A/ (pyt +an + f2)? - 4p/<~'6w*)i|€|

i ak — (py* + B?) 2 3
- 1+ o
Ar { \/(m*+&n+52)2_4p,§&7*}‘5’ +O([E]*),

Ao (i€) = —\/2’%{ <,07* +ak+ B2 F A/ (py* + as+ 52)? — 4pm7*)z‘|g| (5.4)

kit ar — (py* +8%) 2 3
- 1+ ;
o { \/(m*+df~@+52)2_4pm7*} €17+ O,

. 1
X(i€) = —+ + O(€f?).
Observe that, under the dissipative condition (1.2), we have
(py* + ak + %) — dpray* = (ak — py* — B%)* + dakp?
and, hence
ar — (py* + %)
V(pve + ak + 52)? — dprary*
Therefore, Re(\;+(i€)) < 0 as [{] — 0 for j =1, 2.

We now study the asymptotic expansion of the eigenvalues for || — oo, which is
related to the regularity-loss phenomenon. That is, we consider the expression

<1 (5.5)

A(i€) = AT Vlel + D AP e
k=0

and substitute it into (5.3). Similar calculation as before leads to the following
expansion:

M (2€) = \/27_1”{ <p7 + 7(ak + B2) F/(py + (ak + 52))2 — 47‘pl€0~4’7>i|§|

il 14 T(ak + %) — py Ol
i { o T ran s PP gy | T OW)

a0 = — 5 (5 + (e 52) 7 /oy + 7l + I — drpnan e

il (@K + B%) — py |
4y {1 - V(py + (@ + 52))? — 4Tp/<ac~w} + O™,

L7 .
As(i€) = 7+O(I£| ).

(5.6)
14



Here, we also remark that
(r(ak + B%) — py)? +ArpyB® = (py + 7(ak + 5%))? — drprary,
and this gives Re();4(i€)) < 0 as [¢] = oo for j =1, 2.

On the other hand, using the same previous argument, the characteristic equations
of (4.12) and (4.14) are described by

PR+ py €PN + (7" + aw + B2)IEPN +anlé A+ arlelt = 0. (5.7)

Then, using the same argument, we arrive at the following leading order terms in the
asymptotic expansions of the eigenvalues. When || — 0 we have:

A (i€) = \/2’%{ <m* +ak+ 82TV (py +ak+52)? — 4pf~@5z7*>ilf€|

_ ar — (py* +8%) ) ,
4r {1 8 \/(/)”Y* + ak + (2)2 — 4/)“657*} €17+ O(¢1),
(5.8)
(i) = _\/2,%9 (o + e+ 82 % /(o7 + an + B — dpray” |
_ ar — (py" + %) ) ,
4r {1 8 \/(PW* + ak + 32)2 — 4PI€5W*} §1F + O(&l),
and when || — oo we have
~ . A ] 52 B
Asli€) = i\/im -2 1 oler),
’ i (5.9)

M) =T+ 0, Rali€) = ~Ligf +0(0),

For the same reason as in the MGT eigenvalues (see (5.5)), we have Re(\;.(i€)) < 0
as |¢] — 0 for j = 1,2 in the case |£] — 0. So, the real parts of the leading order
terms of all the eigenvalues are strictly negative, both when (| — 0 and || — oo.

We now see the relation between the eigenvalues coming from the characteristic
equations (5.3) and (5.7) as 7 — 0. In the low-frequency region (|| — 0), it is easy
to check that \;j+(i€) tends to A;.(i€) as 7 — 0 for j = 1,2 (see (5.4) and (5.8)).
And that A\3(i§) blows up when 7 — 0 (so, this eigenvalue disappears). On the other
hand, in the high-frequency region (|| — 00), using the facts that

% (pv +7(an + 5% — /(py + m(aw + 7)) — 47/%&7)

B dprary

 py+rlan+ B2) + /oy + 7(Gk + B2)% — Arprany
15
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and

4=

(\/(/W + T((m + 52))2 — 4T prary + T(@,{ + 52) B /W)

2
_ _ 4pp _ . N 2ﬁ2
V(py + (@K + B2))2 — drprary + py — T(ak + 52)
as 7 — 0, we find that A (i€) and Ay (i€) approach to A, (i€) and A_(i€) as 7 — 0,
respectively (see (5.6) and (5.9)), and that A3(i€) has the same leading terms as
A1 (i€).

However, because of the facts that

% (m +7(an+ 5% + /(py + m(ak + 7)) — 47/)%&7) — 00,

and

% (\/(m +7(ar + 42))? — Arprary — (T(ak + %) — m)) — 00

as 7 — 0, A\;_(i€) and A\y_(i€) blow up as 7 — 0. Thus it is an open question that
Ao (i€) is a limit of some superposition of eigenvalues.

Remark 5.1. The decay rates in Theorems 3.1, 3.2, 4.1 and 4.2 come from the
exponent |E[2/(1 + [£|?) of the real part of the eigenvalue in part (i) in Theorem 2.1.
Observe that this exponent behaves as |€|* when || — 0 and as 1 when |€] — co. This
15 the asymptotic behavior we have obtained in all the previous cases for the slowest
eigenvalues when |§| — 0 and |§| — oo, correspondingly (see (5.4), (5.6), (5.8) and
(5.9)). We recall that the asymptotic expansions of the eigenvalues when || — 0
and when || — oo are related to the decay rate of the solutions and the reqularity-
loss phenomenon, respectively. Consequently, we deduce that the decay estimates in
Theorem 3.1, 3.2, 4.1 and 4.2 are optimal. And so it is the no reqularity loss of the
initial conditions.

6. CONCLUSIONS

In this work we study the asymptotic behavior of two thermoelastic systems in R",
n > 1: the system of Moore-Gibson—Thompson thermoelasticity, and the system of
type III Green—-Naghdi thermoelasticity (that can be seen as a limit of the previous
one). In summary, we have shown that the given systems can be written in a sym-
metric hyperbolic form with constraint conditions, both in the one-dimensional and
multi-dimensional cases. This means that the stability condition with the constraint
condition in Theorem 2.1 can be applied. This allows us to conclude that the solu-
tions to our systems satisfy the decay estimate (2.9) in Corollary 2.2 (a decay of a
certain norm of the solution), and that there is no regularity-loss of the initial condi-
tions. Furthermore, by considering the eigenvalue problem related to our systems, we
have also analyzed that the decay estimate (2.9) and the no regularity-loss phenom-
enon are both optimal. Finally, we have compared the asymptotic expansions of the
eigenvalues for the two problems: while in the low frequency regime the eigenvalues
behave as expected when comparing one problem to the limit one, this remains as an

open problem in the high frequency regime.
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