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Abstract: One of the neuron models that simulate the electrical activity of neurons, the multi-

compartment model, has spatial electrical properties that control nonlinear spatiotemporal

dynamics and can reproduce nonlinear electrical responses with high accuracy. However, it

is difficult to determine the model parameters in multi-compartment models from membrane

potentials, since unknown high dimensional parameters for spatial electrical property should be

estimated using incomplete observation data. In this paper, we propose a data-driven method

to estimate the spatial electrical properties in the multi-compartment model from membrane

potentials observed incompletely. The proposed method employs the replica exchange method

using prior information considering morphological smoothness to solve problems of the local

optima in the solution space and incompleteness of observation data. We further verify the

effectiveness of the proposed method by using simulation data obtained from realistic neuron

models.
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1. Introduction
Extracting nonlinear spatiotemporal dynamics in neurons is one of the most important issues for un-

derstanding information processing in the brain. From recent researches, it is known to that spatial

structure of dendrites plays an important role in information processing in single neurons and local

neural circuits [1, 2]. For example, the apical dendrites in the hippocampal CA1 pyramidal neurons

receive synaptic inputs from adjacent area called the hippocampal CA3, whereas its distal dendrites

receive synaptic inputs from more distinct area called the entorhinal cortex [3]. Moreover, in addi-

tion to spatial structure of dendrites, it is known that spatial characteristics of electrical properties

in dendrites affect nonlinear spatiotemporal dynamics in neurons. For example, multiple types of

voltage-gated ion channels in Purkinje cells make complex spikes in neurons [4]. Recent research sug-

gests that neurons perform complex computation such as detecting synchronized inputs [5], selecting

inputs [6] and calculating expected values [7] by applying nonlinear spatiotemporal transformations

to synaptic inputs in dendrites. Therefore, it is important to estimate spatial electrical properties of

neurons for understanding information processing in the brain.

Due to developments in imaging technology, nonlinear spatiotemporal dynamics in neurons has

been recorded as imaging data extensively [8–10]. By using fluorescence imaging, membrane poten-

tials within dendrites can be measured from multiple points at the same time. However, membrane

potentials are partially observable because of limitations of spatial resolution for neural imaging.

Moreover, membrane potentials are noisy because of observation noise.

In order to extract spatiotemporal neuronal dynamics, it is necessary to establish data-driven

framework for estimating spatial electrical properties from membrane potentials. Prior works have

proposed framework for estimating parameters of neuron models that ignore spatial structure of

neurons [11–13], such as the Hodgkin-Huxley model [14] and Izhikevich model [15]. In contrast,

estimating spatial electrical properties that reproduce nonlinear spatiotemporal electrical activity in

neurons has been difficult due to 1) morphological characteristics, where dendrites of neurons have

complicated shapes; 2) complex energy structure, where incorrect properties are estimated because of

being stuck in local optima; 3) incomplete observation data, where membrane potentials are partially

observable and noisy.

In this paper, we propose a data-driven method based on the replica exchange method [16, 17] to

estimate spatial electrical properties in the multi-compartment model from membrane potentials ob-

served incompletely. The multi-compartment model [18], one of the neuron models, is known to have

spatial electrical properties and reproduce nonlinear dynamics in neurons with high accuracy. We also

formulate a data-driven framework based on replica exchange method with prior distribution consider-

ing morphological smoothness for estimating the spatial electrical properties in the multi-compartment

model. Furthermore, we evaluate the proposed method through numerical experiments using simu-

lated data generated from realistic neuron models.

2. Method
In this section, we propose the data-driven framework for estimating spatial electrical properties of a

neuron model from incomplete observation data. First, we explain the multi-compartment model that

represents the nonlinear spatiotemporal dynamics of electrical activity in neurons. Next, we formu-

late posterior probability for estimating model parameters, and propose the data-driven framework

based on replica exchange Monte Carlo method with prior information considering morphological for

estimating model parameters. Finally, we show the algorithm for estimating spatial electrical prop-

erties in the situation that the membrane potentials are incompletely observed.

2.1 Multi-compartment model
The multi-compartment model is one of the neuron models that represents the nonlinear spatiotem-

poral dynamics of electrical activity in neurons. Neuron models described by using the multi-

compartment model are divided into small segments called compartments as shown in Fig. 1. In

contrast to other neuron models, the multi-compartment model has nonlinear response property at

each position called compartment and forms spatial electrical properties, thus we can consider the
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Fig. 1. Neuron described by using the multi-compartment model. (a) The
multi-compartment model divides neurons into small segments called compart-
ments. (b) Membrane potential at each compartment is governed by membrane
currents and intracellular currents between neighboring compartments.

shape of neurons. Nonlinear response in each compartment propagates to other compartments along

dendrites as electrical response. Therefore, the multi-compartment neuron model can reproduce the

nonlinear spatiotemporal electrical response of neurons with high accuracy.

The membrane potential of the kth compartment Vk is represented by the following differential

equation:

C
dVk

dt
=− g

(k)
L (Vk − E

(k)
L )− g

(k)
Nam

3
khk(Vk − E

(k)
Na)− g

(k)
K n4

k(Vk − E
(k)
K )

−
∑

k′∈Nk

1

R(k,k′)
(Vk − Vk′) + Ik(t)

(1)

where C is membrane capacity, g
(k)
L , g

(k)
Na and g

(k)
K are leak, Na+ and K+ maximal electrical conduc-

tances and E
(k)
L , E

(k)
Na and E

(k)
K are leak, Na+ and K+ reversal potentials. The first, second, and

third terms represent leakage current and membrane currents with sodium-ion and potassium-ion
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concentration. Here, mk, hk, nk in Eq. (1) are channel variables given by the following differential

equations:

dmk

dt
= αm(Vk)(1−mk)− βm(Vk)mk (2)

dhk

dt
= αh(Vk)(1− hk)− βh(Vk)hk (3)

dnk

dt
= αn(Vk)(1− nk)− βn(Vk)nk (4)

where αx(Vk) and βx(Vk) (x ∈ {m,h, n}) are nonlinear functions. The fourth term of Eq. (1) represents

the intracellular currents due to the influence of adjacent compartments. Nk denotes the set of

compartments adjacent to the kth compartment and R(k,k′) denotes the internal resistance between

kth and k′th compartments. Ik(t) is the external input current. There are seven parameters θ =

{g(k)L , E
(k)
L , g

(k)
Na, E

(k)
Na, g

(k)
K , E

(k)
K , R(k,k′)} in the multi-compartment model, and the multi-compartment

models with different values of parameters θ can represent various nonlinear spatiotemporal electrical

responses of neurons by adjusting these parameters. Therefore, by using the multi-compartment

model, we can consider complicated shape of neurons and nonlinear spatiotemporal dynamics in

neurons.

In this study, membrane potentials are assumed to be partially observable and noisy. Here, we

assume that observation data D1:L is given by the following equation through noisy observation as

follows:

D1:L = {Vk + εk; k ∈ O} (5)

where εk is observation noise andO is a subset of compartments. We assume that membrane potentials

at limited compartments can be observed at discretized time steps (t = 1, 2, · · · , L).

2.2 Data-driven framework for estimating spatial electrical properties by using

replica exchange method with the prior distribution considering morpho-

logical smoothness
We propose data-driven framework for estimating the model parameters θ = {g(k)L , E

(k)
L , g

(k)
Na, E

(k)
Na,

g
(k)
K , E

(k)
K , R(k,k′)} in the multi-compartment model from spatiotemporal observed electrical activity by

replica exchange method. Figure 2 shows the diagram of estimation framework. As shown in Fig. 2,

the proposed method estimates spatial electrical properties θ from membrane potentials observed

incompletely D1:L by generating samples following posterior distribution p(θ|D1:L).

The replica exchange method is one of the Markov chain Monte Carlo methods, and can obtain

samples from the joint posterior distribution:

p(θT1 , ...,θTM
|D1:L) =

M∏
m=1

p(θTm |D1:L, Tm) (6)

where T1, ..., TM are temperatures that characterize the posterior distribution p(θTm |D1:L, Tm) and

D1:L denotes observation data of spatiotemporal membrane potentials. By using replica exchange

method, we can search globally in the parameter space in the high temperature, whereas we can

search locally for the parameter space in low temperature. In our study, we estimate the posterior

probability p(θT1
|D1:L, T1) at lowest temperature T1 = 1 by collecting samples obtained by the replica

exchange method.

In this study, the likelihood function P (D1:L|θTm
, Tm) is determined by using the discrepancy

between observation data D1:L and simulation data V̂ (θTm). The likelihood function at temperature

Tm is expressed by the following equation:

P (D1:L|θTm
, Tm) =

1

(
√
2π)nσn

exp

(
−α1

(D1:L − V̂ (θTm
))T (D1:L − V̂ (θTm

))

LTm

)
∝ exp(−α1E(θTm))

(7)
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Fig. 2. Framework of the proposed method. We propose data-driven frame-
work for estimating spatial electrical properties θ in the multi-compartment
model from the membrane potentials observed incompletely D1:L.

where α1(> 0) is the hyperparameter that controls how large we evaluate discrepancy. Simulation data

V̂ (θTm
) is obtained by calculating the discretized differential equation Eqs. (1)–(4). By using multi-

compartment model, we can obtain more accurate spatiotemporal electrical activity in neurons. In

this study, we use NEURON simulator in order to obtain membrane potentials of multi-compartment

models for realistic neurons as simulation data [19].

We consider the prior distribution p(θ) by assuming the smoothness of the parameters θ(k) and

θ(k′) of neighboring compartments. The prior distribution p(θ) is expressed by the following equation:

p(θ) ∝ exp

(
−α2

K∑
k=1

K∑
k′=1

G(θ(k),θ(k′))

)
= exp(−α2F (θ))

(8)

G(θ(k),θ(k′)) =

{
|θ(k) − θ(k′)| if k′ ∈ Nk

0 otherwise
(9)

where α2(> 0) is the hyperparameter that controls how strong we impose constrains of prior informa-

tion. Equation (8) corresponds to prior information for the spatial smoothness of parameters between

neighboring compartments, allowing accurate model parameter estimation when complete observation

data are not observable. In other words, prior considering morphological smoothness can compensate

lack of observed information.

From Bayes’ theorem, the posterior probability p(θTm |D1:L, Tm) of the parameters expressed by

the following equation:

p(θTm |D1:L, Tm) =
exp (− (α1E(θTm

) + α2F (θTm
)))

p(D1:L)
(10)

where p(D1:L) is the marginal distribution.

We derive two types of Markov chain whose samples follow posterior distribution p(θ|D1:L, Tm).

Here we consider a set of parameters Θ = {θT1
, · · · ,θTi

, · · · ,θTj
, · · · ,θTM

} at different temperatures

T = {T1, · · · , Ti, · · · , Tj , · · · , TM}, and changes of samples within the same temperature and exchange

of samples between different temperatures from the detailed balance [20, 21]:

p(Θ|D1:L, T )w(Θ→ Θ′|D1:L, T ) = p(Θ′|D1:L, T )w(Θ′ → Θ|D1:L, T ) (11)

where p(Θ|D1:L, T ) is the joint posterior probability and w(Θ→ Θ′|D1:L, T ) is the transition proba-

bility from Θ to Θ′ conditioned on observation dataD1:L and the set of temperatures T . Hereafter, we
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omit D1:L and T in w(·) for simplicity. In order to sample from p(Θ|D1:L, T ), transition probability

w(·) must satisfy Eq. (11).

First, we consider sample changes within the same temperature. From Eq. (11), the detailed balance

of sample changes within the same temperature Ti is expressed by the following equation:

p(θTi |D1:L, Ti)w(θTi → θ′
Ti
) = p(θ′

Ti
|D1:L, Ti)w(θ

′
Ti
→ θTi) (12)

where w(θTi
→ θ′

Ti
) is the transition probability of parameter at temperature Ti. Here, we consider

sampling of parameters θ′
Ti

using the probability ρ(θ′
Ti
|θTi

) that corresponds to the probability that

parameters θ′
Ti

are picked up. The transition probability w(θTi → θ′
Ti
) is expressed by the following

equation:

w(θTi → θ′
Ti
) =

1 · ρ(θ′
Ti
|θTi

) if p(θTi
|D1:L, Ti) < p(θ′

Ti
|D1:L, Ti)

p(θ′
Ti

|D1:L,Ti)ρ(θTi
|θ′

Ti
)

p(θTi
|D1:L,Ti)ρ(θ′

Ti
|θTi

) · ρ(θ
′
Ti
|θTi) otherwise

(13)

Here, we assume that we definitely accept sample changes θTi
→ θ′

Ti
if θ′

Ti
is better samples than θTi

.

Equation (13) below is derived to satisfy Eq. (12) when parameters θ′
Ti

are picked up with probability

ρ(θ′
Ti
|θTi

). Here, the probability that sample changes of parameters θ′
Ti

are accepted pAC is expressed

by the following equation:

pAC = min(1, RAC) (14)

RAC =
p(θ′

Ti
|D1:L, Ti)ρ(θTi |θ′

Ti
)

p(θTi
|D1:L, Ti)ρ(θ′

Ti
|θTi

)
(15)

Namely, we generate candidate samples from the probability ρ(θ′
Ti
|θTi

) and adopt candidate samples

with probability pAC . As expressed in Eqs. (14) and (15), we definitely adopt better candidate

samples, whereas we adopt worse candidate samples with probability determined by using the ratio

of the posterior probabilities at temperature Ti.

Next, we consider exchange of samples between different temperatures. From Eq. (11), the detailed

balance of sample exchange between different temperatures Ti and Tj is expressed by the following

equation:

p({θTi
,θTj
}|D1:L, {Ti, Tj})w({θTi

,θTj
} → {θTj

,θTi
})

= p({θTj
,θTi
}|D1:L, {Ti, Tj})w({θTj

,θTi
} → {θTi

,θTj
})

(16)

where w({θTi
,θTj
} → {θTj

,θTi
}) is the transition probability from θTi

to θTj
at temperature Ti and

from θTj
to θTi

at temperature Tj . Here, we consider exchange of parameters θTi
and θTj

using

the probability ρ({θTj ,θTi}|{θTi ,θTj}) conditioned on parameters θTi and θTj . We assume that

ρ({θTj
,θTi
}|{θTi

,θTj
}) is the probability that parameters θTi and θTj are picked up as a candidate

for exchange. The transition probability w({θTi
,θTj
} → {θTj

,θTi
}) is expressed by the following

equation:

w({θTi ,θTj} → {θTj ,θTi})

=

1 · ρ({θTj ,θTi}|{θTi ,θTj}) if p({θTiθTj}|D1:L, {Ti, Tj}) < p({θTj ,θTi}|D1:L, {Ti, Tj})
p({θTj

,θTi
}|D1:L,{Ti,Tj})ρ({θTi

,θTj
}|{θTj

,θTi
})

p({θTi
,θTj

}|D1:L,{Ti,Tj})ρ({θTj
,θTi

}|{θTi
,θTj

}) · ρ({θTj
,θTi
}|{θTi

,θTj
}) otherwise

(17)

Here, we assume that we definitely accept exchange of samples {θTi
,θTj
} → {θTj

,θTi
} if {θTj

,θTi
}

is better samples than {θTi ,θTj}. Equation (17) below is derived to satisfy Eq. (16) when parameters

θTi
and θTj

are picked up as a candidate for exchange with probability ρ({θTj
,θTi
}|{θTi

,θTj
}). The

probability that the sample exchange of parameters θTi
and θTj

is accepted pEX is expressed by the

following equation:
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pEX = min(1, REX) (18)

REX =
p({θTj

,θTi
}|D1:L, {Ti, Tj})ρ({θTi

,θTj
}|{θTj

,θTi
})

p({θTi
,θTj
}|D1:L, {Ti, Tj})ρ({θTj

,θTi
}|{θTi

,θTj
})

=
p(θTj

|D1:L, Ti)p(θTi
|D1:L, Tj)ρ({θTi

,θTj
}|{θTj

,θTi})
p(θTi

|D1:L, Ti)p(θTj
|D1:L, Tj)ρ({θTj

,θTi
}|{θTi

,θTj
})

(19)

Here, in the proposed method ρ({θTj
,θTi
}|{θTi

,θTj
}) is set to be unity. As expressed by Eq. (18),

we exchange samples θTi
and θTj

within different temperatures Ti and Tj with probability pEX . We

definitely exchange samples when a sample at high temperature is better than a sample at low

temperature. On the other hand, we accept exchange of samples that samples at low temperature

get worse with probability determined by using the ratio of the joint posterior probabilities of two

temperatures.

By iterating two types of state changes, we samples from posterior distribution p(θ|D1:L, Tm) at

each temperature. Here, we discard initial samples in the burn-in period, the interval that samples

depend on initial distribution [22].

Algorithm 1 summarizes the algorithm of the replica exchange method with prior considering mor-

phological smoothness for estimating parameters of multi-compartment model. The proposed method

employs two techniques: replica exchange and prior considering morphological smoothness.

First technique, replica exchange, contributes to efficient search in solution space. Effectiveness of

replica exchange can be explained from two points: escaping from local minimum and efficient search

of the parameter space. Firstly, as shown in Fig. 2, replicas at higher temperatures are more likely

to accept samples with worse results than replicas at lower temperatures, and thus can be expected

to escape from local minimum. The replica exchange method allows efficient search while avoiding

being stuck in a local optima by exchanging samples within different temperatures [17]. Secondly,

replicas at higher temperatures search the parameter space globally, and provide better candidate

parameter space for replicas at lower temperatures by exchanging samples. Therefore, we can search

the parameter space locally in low temperature in contrast to global search of the parameter space in

high temperature. The replica exchange method allows efficient search while exchanging candidate

parameter space between high and low temperatures.

Second technique, prior considering morphological smoothness constrains parameters to be spatially

smooth. By using prior considering morphological smoothness, we can compensate incompleteness of

observation data, and accurate model parameter can be estimated even if complete observation data

are not observable.

In summary, the proposed method employs two techniques, replica exchange and prior considering

morphological smoothness contribute to estimate accurate spatial electrical properties in the multi-

compartment model efficiently in situation where membrane potentials are observed incompletely. In

addition, the parallel computation of sample changes at different temperatures can contribute to the

reduction of computation time.

3. Results
In this section, we verify the effectiveness of the proposed method: replica exchange method with the

prior considering morphological smoothness. We estimate spatial electrical properties for the single

branch neuron model and realistic neuron model by using simulation data. We assume that only noisy

membrane potentials are partially observable.

3.1 Neuron model with single branch point
First, we estimate spatial electrical properties for conductance of leak channels θ = {g(1)L , ..., g

(30)
L } by

using the proposed method on simulation data obtained from the neuron model with the single branch

point. We use the neuron described by using multi-compartment model with 30 compartments. We

assume that the correct neuron model has different spatial electrical properties for different positions:

following by distance from the soma at the branch as shown in Fig. 4. In one branch, the conductance

of the leak channel increases as the distance from the branch point increases. In other branch, the
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Algorithm 1 Data-driven framework for estimating spatial electrical properties in multi-

compartment models by using replica exchange method with prior considering morphological smooth-

ness

1: generate initial samples of parameters θTj
[0] = [θ

(1)
Tj

, ..., θ
(K)
Tj

] at each temperature T1, ..., TM

2: for i = 1, ..., N (N is the iterations of sample update) do

3: for j = 1, ...,M (M is the number of temperatures) do

4: for k = 1, ...,K (K is the number of parameters) do

5: generate candidate samples of parameters θ
(k)
Tj

[∗] with Eq. (20)

6: obtain simulation data of spatiotemporal electrical activity V̂ (θTm
) by using multi-

compartment model

7: calculate acceptance probability pAC with Eq. (14)

8: draw a uniform random number αAC with range [0, 1)

9: if αAC ≤ pAC then

10: θ
(k)
Tj

[i+ 1]← θ
(k)
Tj

[∗]
11: else

12: θ
(k)
Tj

[i+ 1]← θ
(k)
Tj

[i]

13: end if

14: end for

15: end for

16: if samples are updated NEX times then

17: pick up replica numbers for exchange

18: calculate exchange probability pEX with Eq. (18)

19: draw a uniform random number αEX with range [0, 1)

20: if αEX ≤ pEX then

21: θTm
[i]← θTm′ [i]

22: θTm′ [i]← θTm [i]

23: end if

24: end if

25: end for

26: discard burn-in period samples θT0
[1], ...,θT0

[t0]

Fig. 3. External input current and observed membrane potentials. In the
graph, external input current into the 10th compartment I10(t) (top) and ob-
served membrane potentials in 1st compartment D1:L[1] (bottom) are shown.

conductance decreases as the distance from the branch point increases. Figure 3 shows the example

of observation data. We obtain membrane potentials by simulation that the four compartments are

stimulated separately by Ik(t) = 6.0 [nA] for 100 [ms] within 300 [ms]. We assume that membrane

potentials only at odd-numbered compartments can be observable as D1:L. As mentioned above,
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Fig. 4. Comparison of estimation results of electrical properties θ =

[g
(1)
L , ..., g

(30)
L ] in the single branch neuron model. The graph shows the multi-

compartment model with a branching point where distance from the soma is
10. In the graph, the correct electrical properties (red solid line), the electrical
properties estimated by the MCMC (conventional method, black dotted line),
the electrical properties estimated by the replica exchange method with prior
considering morphological smoothness (proposed method, blue dashed line) are
shown.

we estimate the conductance of the leakage channel θ = [g
(1)
L , ..., g

(30)
L ] from membrane potentials

observed incompletely. In the proposed method, the iterations N is 2000 and the hyperparameters

are set as α1 = 100, α2 = 100. Furthermore, we generate candidate samples by applying the following

proposal distribution:

ρ(θ′
Ti
|θTi

) = N (θTi
,Σ) (20)

where Σ is the variance-covariance matrix of the normal distribution. The variance-covariance

matrix of the proposal distribution Σ is set as the diagonal matrix with diagonal elements all

1.0. In addition, the initial values of the replica exchange method are set as uniform distribution

θ[0] = [1.0 × 10−3, ..., 1.0 × 10−3]. Finally, initial samples are discarded as the burn-in period and

the estimated parameters is calculated by the expected value of remaining samples. Furthermore,

the multi-compartment model parameters estimated by the proposed method are compared with

the model parameters estimated by conventional method, the Markov chain Monte Carlo method

(MCMC) without replica exchange [23–25]. In the conventional method, we use the same numbers

of iterations as the proposed method. Furthermore, the conventional method does not have exchange

of samples between different temperatures and prior information about parameters θ. Namely, in the

conventional method, we assume that parameters θ follow a uniform distribution.

Figure 4 shows the estimation results of the spatial electrical properties by using the proposed

method. It can be verified the proposed method is accurate in estimating the spatial electrical prop-

erties. We compared the estimation results with the results estimated by conventional method. The

results by the conventional method (Fig. 4, black dotted line) shows more fluctuating electrical prop-

erties compared with true spatial profile of electrical property. For k ≥ 10, electrical properties are

sometimes reversed compared with true ones. On the other hand, the proposed replica exchange

method with prior considering morphological smoothness (Fig. 4, blue dashed line) accurately esti-

mates the correct spatial properties. Especially for k ≥ 10, there is the branch in the true electrical

property, but the proposed method can accurately estimate the branch: properties at one branch

increase, properties at the other branch decrease as the distance from the soma increases. Therefore,

spatial electrical properties in the neuron model with the single branch point is estimated accurately

by using membrane potentials observed incompletely.

Next, we verify generality of electrical property estimated by the proposed method. Figure 5

shows reconstruction of membrane potentials by using correct properties and estimated properties.
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Fig. 5. Reconstructed membrane potentials simulated by using the current
inputs that are not used for parameter estimation. In the graph, external input
currents I10(t) (top) and membrane potentials calculated by using discretized
differential equation in Eqs. (1)–(4) (bottom) are shown. The graph below
shows reconstructed membrane potentials of correct electrical properties (red
solid line) and estimated electrical properties (blue dashed line).

Fig. 6. Robustness to the observation noise. The mean squared error (MSE)
between true and estimated electrical properties with respect to the observa-
tion noise is shown. In the graph, errors calculated by the MCMC method (the
conventional method, green dashed line) and errors calculated by the replica
exchange method with prior considering morphological smoothness (the pro-
posed method, blue solid line) are shown.

We reproduce membrane potentials (Fig. 5, (c) and (d)) for correct properties and the expected

value of properties estimated by the proposed method by using the current inputs Ik = 5.0 [nA]

(Fig. 5, (a)) and Ik = 10.0 [nA] (Fig. 5, (b)) that are different from the one (Ik = 6.0 [nA]) used

for parameter estimation. Reconstructed membrane potentials of estimated properties by using the

proposed replica exchange method with prior considering morphological smoothness (Fig. 5, blue

dashed line) accurately matches membrane potentials of correct properties (Fig. 5, red solid line).

Especially in terms of resting membrane potential and spike timing, reconstructed membrane poten-

tials accurately reproduce membrane potentials simulated by using correct properties. From these

results, it is verified that the proposed method can accurately estimate spatial electrical properties

that satisfy generality.

Furthermore, we verify robustness of the proposed method to the observation noise. Figure 6 shows

mean squared error (MSE) between true and estimated electrical properties changes for different levels

σ of observation noise. The results by the conventional method (Fig. 6, green dashed line) shows worse
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Fig. 7. Comparison of estimation results of electrical properties θ =

[g
(1)
L , ..., g

(30)
L ] in the single branch neuron model. (a) and (b): Results by

the conventional method. Electrical properties estimated by the conventional
method in the situation where 10% of total compartments are observable ((a),
MSE: 1.3 × 10−3) and 50% of total compartments are observable ((b), MSE:
6.6 × 10−4)). (c) and (d): Results by the proposed method. Electrical prop-
erties estimated by the proposed method in the situation where 10% of total
compartments are observable ((c), MSE: 2.5 × 10−4) and 50% of total com-
partments are observable ((d), MSE: 1.4× 10−4)).

estimation compared with the results by the proposed method (Fig. 6, blue solid line) in range of all

noise intensity. For strong noise level (σ ≥ 5), the estimation results of the conventional method are

sharply worse than results for weak and moderate noise level (σ < 5). On the other hand, changes

in estimation results of the proposed method due to the increase of noise level are more gradual than

changes in estimation results of the conventional method. In particular, the worst estimation result

of the proposed method (Fig. 6, blue solid line, σ=10) is better than the best estimation result of the

conventional method (Fig. 6, green dashed line, σ=1), while the former condition of noise (σ = 10) for

the proposed method is more challenging than latter condition of noise (σ = 1) for the conventional

method. Therefore, the proposed method has robustness to the observation noise.

Moreover, we verify robustness of the proposed method to the number of observable compartments.

Figure 7 shows comparison of estimated electrical properties in the single branch neuron model. We

consider the situation where the number of observable compartments decreases. The results by the

conventional method (Fig. 7(a) and (b), green solid line) shows more fluctuating electrical properties

compared with true spatial profile of electrical property. On the other hand, the proposed method

(Fig. 7(c) and (d), blue solid line) accurately estimates the spatial properties more accurately. In

particular, the proposed method can accurately estimate the branch (Fig. 7(c), k > 10) even if

10% of compartments are observable. Moreover, the worst estimation result of the proposed method

(Fig. 7(c)) is better than the best estimation result of the conventional method (Fig. 7(b)), while

the condition of observable compartments in Fig. 7(c) is more challenging than the condition of

observable compartments in Fig. 7(d). Therefore, the proposed method has robustness to the number

of observable compartments.

3.2 Realistic neuron model
Finally, we estimate spatial electrical properties for conductance of leak channels θ = {g(1)L , ..., g

(164)
L }

by using the proposed method on simulation data obtained from the realistic neuron model [26]. We

employ multi-compartment model with 164 compartments proposed for cortical layer 5 pyramidal

neurons. As mentioned above, pyramidal cells play an important role in information transfer in the

brain [3]. Therefore, it is important challenge to estimate spatial electrical property of pyramidal cells.

We assume that correct spatial electrical properties of the neuron depend on the distance from soma:

conductance of the leak channel sigmoidally increases. We obtain membrane potentials by simulation
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Fig. 8. Comparison of estimation results of electrical properties θ =

[g
(1)
L , ..., g

(164)
L ] in the cortical layer 5 pyramidal neuron model. The graph

shows the pyramidal cell described by using the multi-compartment model.
In the figures (a) and (b), the correct electrical properties (a) and electrical
properties estimated by the replica exchange method with prior considering
morphological smoothness (proposed method, (b)) are shown. Color shows
values of electrical properties.

that the four compartments are stimulated separately by Ik(t) = 10.0 [nA] for 25 [ms] within 50 [ms].

We assume that membrane potentials only at odd-numbered compartments can be observable asD1:L.

As mentioned above, we estimate the conductance of the leakage channel θ = [g
(1)
L , ..., g

(164)
L ] from

membrane potentials observed incompletely. In the proposed method, the iterations N is 2000, the

variance of the proposal distribution is set as σ2 = 1.0, and the hyperparameters are set as α1 = 1400,

α2 = 600. In addition, the initial values of the replica exchange method are set as uniform distribution

θ[0] = [1.0× 10−3, ..., 1.0× 10−3]. Finally, initial samples are discarded as the burn-in period and the

estimated parameters is calculated by the expected value of remaining samples.

Figure 8 shows the estimation results of the spatial electrical properties by using the proposed

method. The proposed method estimate high conductance properties in the apical dendrite, low

conductance properties in the basal dendrite and intermediate conductance properties in the apical

trunk. We find in Fig. 8 that estimated distribution of spatial electrical properties matches true

distribution. It can be verified that the proposed method is accurate in estimating the spatial electrical

properties. Especially, sigmoidal change of spatial electrical properties that depends on distance from

soma is accurately estimated by using the proposed method. These results show that the proposed

method can estimate correct spatial electrical properties in the realistic neuron model from membrane

potentials observed incompletely.

Next, we verify generality of electrical property estimated by the proposed method. Figure 9

shows reconstruction of membrane potentials by using correct properties and estimated properties.

We reproduce membrane potentials (Fig. 9, bottom) for correct properties and the expected value

of properties estimated by the proposed method by using the current inputs Ik = 6.0 [nA] and

Ik = 12.0 [nA] (Fig. 9, top) that are different from the one (Ik = 10.0 [nA]) used for parameter es-

timation. Reconstructed membrane potentials of estimated properties by using the proposed replica

exchange method with prior considering morphological smoothness (Fig. 9, blue dashed line) accu-

rately matches membrane potentials of correct properties (Fig. 9, red solid line). Especially in terms of

resting membrane potential and spike timing, reconstructed membrane potentials accurately repro-

duce membrane potentials simulated by using correct properties. From these results, it is verified

that the proposed method can accurately estimate spatial electrical properties that satisfy generality

for the realistic neuron model.
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Fig. 9. Reconstructed membrane potentials simulated by using the current
inputs that are not used for parameter estimation. In the graph, external input
currents I1(t) (top) and membrane potentials calculated by using discretized
differential equation Eqs. (1)–(4) (bottom) are shown. The graph below shows
reconstructed membrane potentials of correct electrical properties (red solid
line) and estimated electrical properties (blue dashed line).

4. Conclusion
In this study, we have proposed the data-driven framework for estimating the spatial electrical prop-

erties of neuron from membrane potentials observed incompletely. We have employed the multi-

compartment model to consider shape of neurons and reproduce accurately nonlinear spatiotemporal

electrical activity in neurons. Moreover, we have formulated the replica exchange method with the

prior distribution considering morphological smoothness to solve problems: complex energy structure

and incomplete observation data. The proposed method can estimate posterior distribution of spatial

parameters in the multi-compartment model from observation data that is partially observable and

noisy. In experiments by using simulation data obtained from the single branch neuron model and the

realistic neuron model, we have verified that the proposed method can be used to estimate spatial elec-

trical properties in the multi-compartment model. It has shown that the proposed method can more

accurately estimate spatial electrical properties in multi-compartment model than the Markov chain

Monte Carlo method without the prior and replica exchange. In this study, we assume that observed

membrane potentials have observation noise. In addition to the observation noise, membrane poten-

tials can have system noise due to stochastic properties of neurons that affect the stochastic behavior

of dynamics of ion channels and so on. To estimate spatial electrical properties in the situation where

membrane potentials have system noise and observation noise, it is essential to employ the stochastic

multi-compartment model [27]; the conventional multi-compartment model follows deterministic ion

channel dynamics. On the other hand, the stochastic multi-compartment model follows stochastic

ion channel dynamics: each type of ion channels has multiple unitary ion channels. Each unitary ion

channel follows different kinetics, and the probabilities that the states in each type of ion channels

are open or close are determined by the percentage of open unitary ion channels. Membrane po-

tentials described by the stochastic multi-compartment model can consider system noise. Therefore,

by extending the proposed method to the dynamical system with the stochastic multi-compartment

model, the proposed method may estimate spatial electrical properties in the situation that membrane

potentials have system noise and observation noise. We leave this extension as a future work.
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