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There exists observational evidence to believe in the existence of primordial magnetic fields generated
during inflation. We study primordial gravitational waves (PGWs) during inflation in the presence of
magnetic fields sustained by a gauge kinetic coupling. In the model, not only gravitons as excitations of
PGWs, but also photons as excitations of electromagnetic fields are highly squeezed. They become
entangled with each other through graviton to photon conversion and vice versa. We derive the reduced
density matrix for the gravitons and calculate their entanglement entropy. It turns out that the state of the
gravitons is not a squeezed state but a mixed state. Although witnessing such an entanglement is not
feasible at present, it would be an important experimental challenge.
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I. INTRODUCTION

The inflationary cosmology predicts the existence of
primordial gravitational waves (PGWs) that stems from
quantum fluctuations. Hence, the detection of PGWs gives
strong evidence of inflationary cosmology. In particular,
if we could observe the quantum nature of PGWs, it
would imply a discovery of gravitons. Therefore, there are
several experimental projects for detecting PGWs [1-4].
Remarkably, the quantum state of gravitons gets squeezed
during inflation [5-9]. Hence, one way to prove the
quantum nature of PGWs would be to find evidence of
the squeezed state of gravitons. However, it has still been a
challenge to detect PGWs by laser interferometers through
the statistical property of the squeezed state [10,11]. Some
other ideas for detecting nonclassical PGWs using their
squeezed state are proposed. One is to use the Hanbury
Brown-Twiss interferometry, which can distinguish non-
classical particles from classical ones by measuring
intensity-intensity correlations [12,13]. Another idea is to
detect primordial gravitons indirectly by measuring their
noise in the interferometers [14—17] or by measuring the
decoherence time of a quantum object caused by the
surrounding primordial gravitons [18].

We expect that the gravitons that went through inflation
keep their squeezed states until today unless the environ-
mental effects on them are considered. However, if the
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gravitons were surrounded by matter fields during inflation,
they may not be able to keep their squeezed states anymore.
We can think of a scalar field (inflaton) and a vector field
as the matter field during inflation. Since the inflaton field
couples with PGWs in the form of the gradient, the
coupling with the vector field would be more effective.
From the point of view of observations, primordial
magnetic fields may have existed during inflation. In fact,
there are observations that cannot be explained without
the presence of primordial magnetic fields [19-24].
Furthermore, if a coherence length of magnetic fields
in megaparsec scales were found, we need to consider
magnetic fields generated during inflation [25,26]. Hence,
in this paper, we investigate whether gravitons sur-
rounded by primordial magnetic fields can keep their
squeezed states.

The presence of background magnetic fields causes
the conversion of gravitons into photons and vice versa
[27,28]. These photons could be the dark photon [29].
Therefore, we need to investigate the effect of the con-
version process on the squeezed state of gravitons. In our
previous paper, we assumed the presence of primordial
magnetic fields at the beginning of inflation and examined
the evolution of the squeezing parameters of gravitons and
photons in the process of graviton to photon conversion
mediated by the background magnetic field [30]. There, it
turned out that the squeezing of gravitons was robust
against the conversion process. This was because the
background magnetic field rapidly decays due to inflation.
Then we concluded that gravitons keep their squeezed
states even in the presence of the background magnetic
fields. However, if magnetic fields decay slowly during
inflation, gravitons may lose their squeezed states. In this

Published by the American Physical Society
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case, graviton to photon conversion never ends as long as
magnetic fields survive during inflation. Hence, in this
paper, we study the conversion process of gravitons in the
presence of magnetic fields that decay slowly during
inflation and see if the gravitons can keep their squeezed
states until today. Remarkably, we find that the magnetic
fields generate the maximal entanglement between grav-
itons and photons. As a consequence, the quantum state of
gravitons becomes a mixed state instead of the squeezed
(pure) state. We note that it is a challenge to detect such
entanglement directly. However, it would be worth pursu-
ing the endeavor to find evidence of the quantum nature of
primordial GWs.

The organization of the paper is as follows. In Sec. I, we
introduce a model describing the situation where magnetic
fields are persistently generated. Then, we review the
graviton-photon conversion during inflation. In Sec. III,
we solve the dynamics and calculate Bogoliubov coeffi-
cients describing the time evolution of the quantum state.
We obtain the four-mode squeezed state as a consequence
of graviton to photon conversion. In Sec. IV, we calculate
entanglement entropy between gravitons and photons. We
discuss the quantum state at present in the presence of the
entanglement.

II. GRAVITON-PHOTON CONVERSION

We begin with the Einstein-Hilbert action and the action
for a U(1) gauge field coupled to a scalar field:

S =S, +5,+ S
M2, 1
= [asv=a R 0p09)

V@) - POPE], 2.

where M) = 1/v/87G is the Planck mass. The gauge field
A, represents photons and the field strength is defined
by F,, = 9,A, —0,A,.

The background inflationary dynamics is determined by
the metric

ds* = a*(n)[—dn* + 5;;dx'dx’], (2.2)

and the inflaton ¢ (). Once the background is given, the
coupling function can be regarded as a function of the
conformal time #; f = f(n). We also assume the presence
of constant magnetic fields B; = constant. It should be
emphasized that the physical magnetic fields are not B; but
fB;. In the next section, we consider the quantum evolution
of gravitons and photons in the above background.

A. Primordial gravitational waves

We consider gravitons in a spatially flat expanding
background represented by tensor mode perturbations in
the three-dimensional metric /;;,

ds* = a*(n)[—dn® + (8; + hyj)dx'dx’],  (2.3)

where h;; satisfies the transverse traceless conditions
hi/ = h'; = 0. The spatial indices i,j,k,--- are raised
and lowered by 6/ and §;,. In the case of de Sitter space,
the scale factor is given by a(n) = —1/(Hn) where
—o0 < <0.

Expanding the Einstein-Hilbert action up to the second
order in perturbations £;;, we have

M ) y
68y = Tpl / d*xa®[hV'hj; — h Ry, (2.4)

where a prime denotes the derivative with respect to the
conformal time. At this quadratic order of the action, it is
convenient to expand #; j(’?,xi) in Fourier modes,

hij(n, x7) ZMiZﬁ/d%hf(n)ef}(k)eik*, (2.5)

plp

where three-vectors are denoted by bold math type and

ef}(k) are the polarization tensors for the £ mode normal-

ized as eijP(k)ein(k) = 6% with P, Q = +, x. Then the
action (2.4) in the Fourier modes becomes

1
35, =53 [ dkanalf'P IR (26)
P

B. Primordial magnetic fields

Next, we consider the action for the photon up to the
second order in perturbations A;, which is given by

1
mAzi/d%ﬂM?—ﬁA, 2.7)
where the photon field satisfies the Coulomb gauge A = 0
and A'; = 0.

If we expand the A;(n, x') in the Fourier modes, we find

+i

M) =Y 5 S [ et met. 2s)

where ef (k) are the polarization vectors for the k mode
normalized as e’ (k)e? (k) = 672 with P, Q = +, x. The
sign of i corresponds to the P, Q = +, x. The action (2.7)
in the Fourier modes is

1
— 3 2 Pr|2 21AP|2
3, =53 [ AP IALE AR 09
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C. Graviton-photon interaction

The action for the interaction between the graviton and

the photon up to second order in perturbations #;;, Alis
found to be
N /d“x[g,fmszmh"f(ajAg —0/A;)]. (2.10)

Note that B,, = ¢,,;,0,A, is a constant background mag-
netic field that we assumed the presence at the beginning of
inflation.

In the Fourier mode defined in Egs. (2.5) and (2.8),

oS = /d*kdnfz[ EirmBm h A (k)
My, P.Q

X {ik,gejQ(—k) - ikjef;’(—k)}], (2.11)
where k = |k|. Polarization vectors e'*, ¢™ and a vector
ki/k constitute an orthonormal basis. Without loss of
generality, we assume the constant background magnetic
field is in the (k’, e)-plane as depicted in Fig. 1.

The polarization tensors can be written in terms of
polarization vectors et and e™ as

e;(k) = (k)ej (k) — e (k)ef (k)},  (2.12)

vl

eji(k) = i (K)e;

¥(k) + e (k)e; (k)}. (2.13)

5

Below, we assume e} (—k) =
then written as

—e; (k). The action (2.11) is

88 = 8S, + 8S, + 58S,

=5 [ @anfinP = (2= () Joul =S 0w+ v-000)
+;/d3kdi1[|x;¢|2 ( 6) )kal —*(xkx k+x_kxk)} +/d3kd;7 Eﬂ(k)ykx_k}

The variation of the actions (2.16) with respect to the
graviton and the photon fields gives

"

o (o™
a a
1

!+ <k2 —a—)xk = —af k.
a a

We assume the gauge kinetic function in the form

(2.17)

(2.18)

Direction

of k/|k|

propagation

o

FIG. 1. Configuration of the polarization vector e”(k), wave
number k, and background magnetic field B.

55, = / Pkdnfa06) [l (A (1) + B A% ().
(2.14)

where we defined the coupling between graviton and
photon as

V2
)“(k) = M—elfme?kan1'

pl

(2.15)

Here, the conditions for the graviton and photon to be real
read, i (n) = 7 (n) and AT (n) = —A; " (). In the
following, we focus on the plus polarization and omit the
index P unless there may be any confusion.

D. Total action in canonical variables

If we use the canonical variable y (i) = ahl () and
x¥(n) = fAL (n), the total action of Egs. (2.6), (2.9), and
(2.14) are written as

(2.16)
fn) = a(n)=, (2.19)
where ¢ is a constant parameter. We take ¢ = —1/2 to make

the analysis easier. For this parameter, the power spectrum
of the electromagnetic fields A, is scale-invariant [31]. We
have a choice of taking ¢ = —1 in order to have a scale-
invariant primordial magnetic field. However, we will see
¢ = —1/2 is sufficient to get a significant modification of
the quantum state of gravitons.

063503-3
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III. TIME EVOLUTION OF QUANTUM STATE

Using the basic equations presented in the previous
section, we solve the time evolution of the quantum
state in de Sitter space in this section. We assume the
effect of the coupling A instantaneously appears at 7;,
namely, A(n) = 20(n — n;).

When we define the Lagrangian in the actions (2.16) by
8S = [dnL, the conjugate momenta of graviton p; and
photon 7, are respectively given by

P = 5 =) . B
nl) = =5+ ox. (62

Now we promote variables yy (1), x () and their momenta
pr(n), mx(n) into operators. Annihilation operators for the
graviton and photon are respectively expressed by canoni-
cal variables as

ay(n.k) = \/%k(’?) + \/Lz—kf?k(ﬂ), (3.3)
a,(n.k) = éﬁk(n) + \/Lz_kfzk(n). (3.4)

The commutation relations [a,(n.k),a}(n, —k')] =
S(k+K') and [a,(n.k).al(n.—k')] = 6(k + k') guarantee
the canonical commutation relations [4(n), pr(n)] =
i6(k —k') and [%;(n), Zx(n)] = i6(k —k'). Note that the
annihilation operator becomes time-dependent through the
time dependence of canonical variables. Thus, the vacuum
defined by a(n,k)|0) =0 is time dependent as well,
and the vacuum in this formalism turns out to be defined
at every moment. Our aim is to find the formula for
Bogoliubov coefficients relating a,(n.k),a.(n.k) and

ay(n;, k), ax(n;, k).

A. Boundary conditions

In this subsection, we specify boundary conditions of
solutions of Egs. (2.17) and (2.18). Notice that A = 0 before
the initial time ;.

Let us first consider Eqgs. (2.17) and (2.18) of the form

2
" (sl <o (3
A (0) s 2\ .0 _
4|k 7 % =0, (3.6)

where the superscript (0) denotes 4 = 0. Since Egs. (3.5)
and (3.6) are the same form, the mode function for the

graviton and the photon at the zeroth order becomes
identical. Then the solutions of the above equations can
be written as

50 (n) = u(n)e + u (e’ (3.7)
5 (n) = u(n)d + ug(n)d", (3.8)

where &(d) and its conjugate &'(d") are constant operators
of integration. We choose the properly normalized positive
frequency mode in the remote past as a basis, which is
expressed as

() = \/Lz_k (1 - k-’ﬂ) eikn, (3.9)

Thus, annihilation operators at the initial time are expressed
by the zeroth order variables

ay(ni k) = (1 —2];7) e~iknip 4 len_eik”féj, (3.10)
i U A

a. (k)= (1——— e *nigd 4 —ekngt — (3.11

ax(r]l ) < 2k7]l>e +2k7he ( )

Combining Egs. (3.10) and (3.11) with their complex

conjugate, we can express the ¢ and the d by the initial
creation and annihilation operators as

A i ikn: ~ i ikn. AT
c= <1 +2k17,»)e “iay (n;, k) —%e “iay (n;, —k), (3.12)

i

e*nal(n,—k). (3.13)

A i ) l
d=1[1 knigy (n.,k) ———
<+2km>e AT

Thus, we have obtained the boundary conditions. By
solving Egs. (2.17) and (2.18) with f = a analytically,
we will take into account the effect of interaction between
gravitons and photons in the next subsection.

B. Bogoliubov coefficients

To properly take into account the boundary conditions at
n;, it is convenient to diagonalize equations of motion
(2.17), (2.18) as

2
Yy + <k2—’72+/1>Yk:0, (3.14)
" 2 2
X, + |k —F—/I X, =0, (3.15)

where we defined Yy = (x;+yx)/2 and X = (xx — yi)/2.
The solutions of Egs. (3.14) and (3.15) are written as

063503-4
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Yi(n.2) = 1 Yi(n.2) + c2Y;(n. 2). (3.16)

Xi(n,2) = e Xi(n,2) + X (0, 2),  (3.17)

where ¢; and ¢, are constants of integration. We defined

1 i 2
Yi(gd) =—————= (1 ——— | eV (3.18
) NW( mn> (19)
1 i 2
Xy (n.2 :7<1—7)e—'“ M (3.19)
) v\ Ve |

Note that we take the same constants of integration for ¥
and X so that Y;(n,4) and X, (i, A) are interchanged by
switching 4 to —A. Then we can construct the odd and even
solution with respect to A as

A0 =5 (W) - Xans)). - (320

Fl(teven)(rl’ /1) _ % (f/k(’/l’ ,1) + Xvk(l’], /1)) s (321)

respectively. Here, we call Eq. (3.20) odd solution because
a minus sign comes out by switching 4 to —A. The
coefficients ¢ and ¢, are given by the junction condition
atn =n;.

Let us solve the dynamics with the boundary conditions

S0 W) y<y, = (), (3.22)

%501 4, = 141) (3.23)
where we assumed that the positive frequency mode of de
Sitter space is realized before the time #;. After the time 7;,
the gravitons and photons start to interact each other.
Taking into account the relations Y; = (x; + y;)/2 and
X = (xx — yx)/2, we can deduce the graviton field and its
conjugate momentum as

Sk(n.2) = F" (g, 2)e + F (. 2)d + He.,  (3.24)
p(n.2) = FOV' (.02 + FYY' (. A)d

+% ( FE™ (. )6 + F (5, 2) 3)

+He., (3.25)

where we used Eq. (3.1) and H.c. represents Hermitian
conjugate. We see that the operator of photon d comes into

the graviton y; and p; together with F ,(COdd). For the photon,

the field and its conjugate momentum become

&e(n) = FV (. 2)d + F™Y (0. 2)¢ + He.,  (3.26)
~ even S odd A
#(n) = FV (g, 2)d + F (n, 2)2
1 even 5 (o] N
+ <F,<c V(g A)d + F\™(n, A)c>
+ H.c., (3-27)

where we used Eq. (3.2). We see that the operator of

graviton ¢ comes into the photon X and 7, together with

F ;C(’dd). Then the annihilation operators for the graviton and

photon are obtained by using Egs. (3.3) and (3.4) such as

&y (fl,k) _ ll/gjeven)e + wE:ven)*6+ + wgodd)d" + l//gr(z)dd>*dAT,
(3.28)
@x(ﬂ,k) _ l//gjeven)d" + ws;ven)*dﬂ- + l//E,Odd)e‘ + WSr?dd)*e'T.

(3.29)

Here, we defined new variables

() k() I )y 1)
—F F —F
Yp —\/; v (n,A) + /_2k< k (’7’/1)4']1 k (’7’/1)>»
(3.30)

() k() i Gy 1)
W — JZED 0 ) = —— [ FY . ) +=FV (. 1) ).
(3.31)

where (j) = (even), (odd) denotes the even mode and odd
mode with respect to the coupling 4, respectively.

Inserting the above back into Egs. (3.28) and (3.29),
the time evolution of the annihilation operator of the
graviton is described by the Bogoliubov transformation
in the form

063503-5



KANNO, MUKUNO, SODA, and UEDA

PHYS. REV. D 107, 063503 (2023)

(even)
p

N

a

y(1,k)

v

i )
1 o ikn;
< - 2k’7i> v

(even)s i —ikn; | ~
m %e '7’:|Cly(77i,k>

_ (even) [ i ikn; (even) 1 - i —ikn: | 5T (4. -k
+ -l//p ( 2k7”],')e +¥m ( 20, e ay(nl, )

[ (0dd) 1 N\ i, (odd)e L il ~ o k
| (1 gy ) i etk

I (odd) _L ikn; (odd) 1— i —ikn; | AT (5. —k 3.32
A < 2km~>e Y ( ka)e ac{ni. k). (3:32)

and the time evolution of annihilation operator of photon is

i )

ac(n.k) = |:l//§7even) (1 + %> ™ 4y
1

_ ; '

+ Wﬁ)even) (_ %) etk +
[ (odd) 1 I ikn;

+ _l//p < +2k77i>€ +y

[ i )
+ l//g)dd) <_ ﬂ) elkm +yn

We see that the Bogoliubov transformations for grav-
iton and photon are symmetric each other. The
Bogoliubov transformations show the particle produc-
tion during inflation and the mixing between graviton
and photon.

Let us introduce a matrix form of the Bogoliubov trans-
formations for the calculations below. The Bogoliubov
transformation (3.32) and (3.33) and their conjugate can
be accommodated into the simple 4 x 4 matrix form M

ay(n) ay(n;) ay(n;)
aym) | | aim) | (A B\| ai(m)
o |~ am) _<B A> am) | O
ai(;y) ajc(’?i) al('h)

Here, the M consists of 2 x 2 matrices A and B. The A is
written by the even-order solutions,

K;ven _szen
Ae\’en N _Leven Keven ’ (335)
where we defined
(even)x i —ikn: (even) ! ikn.
K = I —— T — Y i,
even p ( ka) e ka e
(3.36)

expressed by the Bogoliubov transformation such as

(even)s

i .
Y e_lkni:| ax (77[’ k)
i

2kn;
) e_ik"i] &i (n;, k)

i
1=
( 2kn;

(odd)x i —ikn; | ~
" %e k’?l:|ay(’7[’k)

i )
1= — Ve | ai(n.. —k).
( zk’/ll)e :|a}(’715 k)

(even)x

(odd)x (333)

(even)

_Wm

—ikn;
Leyen = — e

i )
1 - tkqi_
( - 2k’7i> ‘

(3.37)

The B comes from the first order solution expressed as

pe((Fon ) 538
_Lodd Kodd
where we defined
(odd)+ L\ ity (0dd) ik,
K. 4= 1]——— =y ——e™i, 3.39
(odd)= —ikn; (odd) i ikn:
Logg=— — i — ym 14+— i,
odd Yp 20, e 7% ( + ka) e
(3.40)

C. Inversion of the Bogoliubov transformation
In the previous subsection, we obtained the Bogoliubov
transformation that mix the operators a,(1, k), a,(n. k) and
their Hermitian conjugates &, (n, —k), a;(n, —k). Then the
initial state is defined by

a,(1;.k)[BD) = a,(n,. K)[BD) = 0. (3.41)

063503-6
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Here, [BD) is a vacuum deviated from the Bunch-Davies
vacuum due to the presence of the constant background
magnetic field. In order to impose these conditions, we
need to invert the Bogoliubov transformations (3.32) and
(3.33) into the form

a,(n;. k) = aa,(n.k) + paj(n. —k) + ya,(n.k)

+ a5 (n, —k), (3.42)
a.(n;.k) = ya,(n.k) + 6a5(n. ~k) + ad(n.k)
+ pal(n, —k), (3.43)

where a, 3, y, 6 are the Bogoliubov coefficients. In order to
find these coefficients, we need the inverse of the matrix M,
which is calculated as

o ( (A—BA~'B)!
—(AB~'A - B)~!

—(AB"'A - B)"!

4 — BA-1 ) ) (3.44)

From Egs. (3.42) and (3.43), the M~! is also written as

a p y 0O

~ ﬂ* a* (S* },*
M = S5 o (3.45)

6* }’* ﬂ* a*

By comparing Eq. (3.44) with (3.45), we can obtain the
Bogoliubov coefficients a, f, y, 6 numerically.

D. Squeezed state

In the previous subsection, we obtained the Bogoliubov
coefficients of Egs. (3.42) and (3.43). If we apply the
Egs. (3.42) and (3.43) to the definition of the initial state
(3.41) and wuse the relations [a,(n.k), al(n, —k')) =
S(k +K), [a.(n.k).ai(n.—K')] = 5(k +K') and [a,(n. k),
a.(n,—k")] = 0, the initial state can be written by using
squeezing parameters A and E of the form

D) = [ exp| 305100} 1.4+ 2al ()L

k=—00

A
+altnkjalin—0) o) (3.46)
where |0) is the instantaneous vacuum defined by
ay(n.k)[0) = a(n,k)[0) = 0. (3.47)

Note that A and E are complex parameters. The squeezing
parameter of a graviton-graviton pair and a photon-photon
pair is written by the same A. This is because the
Bogoliubov transformations (3.32) and (3.33) are symmet-
ric. The squeezing of graviton-photon pair is expressed by

the E. This describes a four mode squeezed state of pairs of
graviton y and photon x. In a different context, a four-mode
squeezed state of two free massive scalar fields is discussed
in [32,33]. If we expand the exponential function in Taylor
series, we find

00 APTrEa

IBD) :H Z W|P+Q>vk® P)yk @)k
k p.q.r=0
®|lg+r). s (3.48)

This is a four-mode squeezed state which consists of an
infinite number of entangled particles in the H,; ®
Hyk ® Hyx ® H, _x space. In particular, in the highly
squeezing limit A,Z — 1, the Bunch-Davies vacuum
becomes the maximally entangled state from the point of
view of the instantaneous vacuum.

Now we find the squeezing parameters = and A. The
condition &,(n;, k)BD) = 0 of Eq. (3.41) yields

aA+p+yE =0, aE+yA+06=0, (3.49)

and another condition a,(n;,k)[BD) = 0 gives the same
equations. Then, we obtain the two squeezing parameters A
and E of the form

Py — ad

@7

o — fa

(3.50)

The results of numerical calculations for the squeezing
parameters A and E versus a(n) with different values of
k are plotted in Figs. 2 and 3, respectively, where we
normalized the scale factor at the end of the inflation
as a(n;) = 1. We note that the coupling Eq. (2.15) is
expressed as

Horizon exit for each k Inflation end

Ll |

100 L
10—3 L
~—~
3
N—
_< 10—6 L |B| = 1.7x10'8Gev?
A =10'GeV?, k = 10" GeV
——— 1=10%GeV?, k =102 GeV
——— 1=10%GeV?, k =103 GeV
9 ——— 1=10%GeV?, k = 10* GeV
1077 —— 1=105GeV?, k = 10° GeV

10713 10712 107 1076 1073 10°
a

FIG. 2. The squeezing parameter of gravitons or photons
as a function of the scale factor of a(n). Other parameters are
set as H =10" GeV, n; = -1 GeV™!, n; =-10""* GeV~!,

a(n;) = 107", a(n;) = 1.

063503-7



KANNO, MUKUNO, SODA, and UEDA

PHYS. REV. D 107, 063503 (2023)

Horizon exit for each k Inflation end

T |

0F
10 |B| = 1.7x10'8GeV?
_ 21=10'GeV?, k =10 GeV
1072 ——— 2=10%GeV?, k = 10 GeV
—— 2=10%GeV?, k = 103 GeV
1041 ——— 1=10%GeV?, k = 10* GeV
JE— T A =105GeV?, k =10° GeV,
—
S 10
o
10—8 L
10—10 L
10712¢ ‘ ‘ i ‘ i
10713 10712 10~° 106 1073 10°
a
FIG. 3. The squeezing parameter of graviton and photon pair as

a function of a(n). Other parameters are set as H = 10'* GeV,
n=—1GeV™", n; = -107" GeV~, a(y;) = 107", a(n,) = 1.

)
k) = M£k|B sin 6,
pl

(3.51)
where 6 is the angle between the magnetic field and
the wave number vectors depicted in Fig. 1. Apparently,
the magnitude of the A(k) depends on the 6. Therefore, the
squeezing parameters depend on the direction of the wave-
number vector of gravitons for the fixed magnetic field.
For simplicity, we take § = z/2 in the following.

In Fig. 2, we plotted the squeezing parameter A as a
function of the scale factor a(n7). We see that the amplitude
of A goes to unity after the horizon exit and graviton and
photon pair production become maximum during inflation.
That is, the maximum entangled pairs of graviton and
photon are produced. Figure 3 shows that graviton-photon
pair production occurs but the production keeps decreasing
after the horizon exit.

IV. GRAVITON STATE AT PRESENT

The standard lore about PGWs is that the quantum state
of PGWs (gravitons) becomes squeezed during inflation
due to the mechanism we discussed in the previous section.
Hence, it is believed that finding the squeezed gravitons
turns out to prove inflation. In this section, we see the
quantum state of gravitons can be a mixed state in the
presence of magnetic fields. This result tells us that we have
to reconsider how to estimate the nonclassicality of the
primordial gravitational waves.

A. Schmidt decomposition

In the previous section, we found that the squeezing of
the graviton-photon pair is produced but eventually dis-
appears during inflation. In this subsection, we reveal the
entanglement between the graviton-photon pairs. We com-
pute the entanglement entropy between gravitons and

photons by tracing over the photons using the method
developed in [34,35].

The initial state expressed in Eq. (3.46) and it is difficult
to trace over the photon degree of freedom. Thus, we
perform the following Bogoliubov transformation

Cyx=Pay +Va)_.  Cox=Ta+Qa._,. (4.1)
where |®> = P2 =1, |Y|* = |Q> =1 so that the state
IBD) becomes in the Schmidt form

BD) = [ exploCl,Cl_J10),410)), & (4.2)

k=—

Note that we consider different Bogoliubov coefficients
between (@,¥) and (Y,Q) because the A and E in
Eq. (3.46) are complex parameters. Here new vacuum
states are defined by
é‘y,k|0l>y,k =0, éx.k|0,>x.k =0. (43)
Performing the new operators C . and C.x onEq. (4.2),
we obtain the following relations,

C,x|BD) = Pél,—k|@>’ (4.4)

C.4lBD) = o' _,[BD). (4.5)

By using Eq. (4.1), the above relations lead to the equations
for the Bogoliubov coefficients as

A1 0 —pE\ /D
E 0 —p —pA|| W
por —0.  (4.6)
0 —pz A 1 /) \e

In order to find a nontrivial solution, the determinant of the
above 4 by 4 matrix has to be zero. That is, |p|* satisfies

pP=0-V0*-1. (4.7)
where we have defined
A2 = 1)2 + |B|* — 2Re(E2A*2
o (AP =12 +[Ef —2Re(zA)

ER

In Fig. 4, we plotted |p|? versus a(z) for various values of
k under a fixed value of |B|. Here, A is automatically
determined once & is fixed because of Eq. (3.51) where we
take @ = /2. We see that |p|?> goes to unity irrespective of
the value of k after the horizon exit if the value of |B| is
fixed. Hence, the squeezing of graviton-photon pair in the
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Horizon exit for each k Inflation end

L1l |

100 L
10—3 L
a
= 107}
~—
— |B| = 1.7x10'8GeV? |
10—9 L A =10'GeV?, k = 10' GeV
—— 1 =10%GeV?, k = 10? GeV
——— 1=10GeV?, k =10° GeV
——— 1 =10%GeV?, k = 10* GeV
10712+ —— A=105GeV?, k = 105 GeV
05 102 10°  10° 107 10°

a

FIG. 4. Plots of the parameter |p(a)|* as a function of a(z).
Other parameters are set as H = 10'* GeV, 5; = —1 GeV~!,
np=—10"" GeV~', 1 =10 GeV?, a(n;) = 107", a(n;) = 1.

basis [0'), £|0), _ turns out to be almost maximum, while
E in the basis of |0) eventually vanishes as shown in Fig. 3.

B. Entanglement entropy

Since gravitons and photons are coupled to each other
through 4 as in Egs. (2.17) and (2.18), they are expected to
get entangled eventually. In the previous subsection, we
find the squeezing of the graviton-photon pair becomes
almost maximum in the basis of [0),;|0"), _ but even-
tually vanish in the basis of |0). In order to clarify whether
they get entangled or not, we compute the entanglement
entropy as a measure of entanglement. The entanglement
entropy is basis independent.

We define the density operator of the vacuum |BD) in
Eq. (4.2) by

o = |BD) (BD)

=(1=pDTT D= o™ 10yl | |-
k

—kn' .m'=0

(4.9)

The reduced density operator for the gravitons is obtained
by tracing over the degree of freedom of photons such as

0y = Tr,[BD)(BD| = > _ ;. (i[BD)(BDi),x

1

= (1=1pP) D 1P 1)y ki (] (4.10)
n'=0

The entanglement entropy between the graviton and photon
can be characterized by

Horizon exit for each k Inflation end

[ | |

101 L
107"
10—3 L
S
~— 1075 r
wn
10,7 L |B| = 1.7x10'8GeV? ]
A =10%GeV?, k = 10* GeV
9 ——— 1=10%GeV?, k = 102 GeV
1071 ——— 1 =103GeV?, k = 10° GeV
——— 1=10%GeV?, k = 10* GeV
10711+ T 2=105GeV2 k = 10° GeV)
10715 10712 107° 107 1073 10°
a
FIG. 5. Entanglement entropy between graviton and photon

as a function of a(z). Other parameters are set as H=10'*GeV,
n;=—1GeV~"', n;==10"*GeV~', a(n;) =107, and a(n;) =1.

§ = -Tryo,logo,

== (1= |pP) o (log(1 = |p[2) + n' log|p|?)

n'=0

2
P
= ~tog(1 - o) - 2

4.11
=P 1

log |p[*.

In Fig. 5, we plotted the entanglement entropy for
various values of k under a fixed value of |B|, which
clearly shows that the graviton and photon are highly
entangled during inflation. As well as the result of Fig. 4,
the asymptotic value of S(a) becomes the same irrespective
of the value of k.

In Fig. 6, the entanglement entropy for various values of
A under a fixed value of k is plotted. In this case, the

Horizon exit for each k Inflation end

1 !

k =102 GeV {

1 =10%GeV?, |B| = 1.7x10%GeV? | -
——— 1=10'GeV?, |B| = 1.7x107GeV? | :
——— 1=10%GeV?, |B| = 1.7x10'8GeV? | :

10712 10°° 1076 1073 100
Qa

1075

FIG. 6. The entanglement entropy of graviton and photon
field induced by the coupling of background magnetic field with
a different magnetic field. Each line with a different color
represents a different magnetic field. Other parameters are set
as H=10" GeV, n, =—1 GeV~', and n; = -10""* GeV~!,
a(n;) =107", and a(n,) = 1.
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different A corresponds to different |B| because of
Eq. (3.51) where 0 = /2.

V. CONCLUSION

We studied primordial gravitational waves (PGWs) in
the presence of magnetic fields that survive during infla-
tion. In contrast to conventional inflation, where only
PGWs are highly squeezed, we considered a system that
electromagnetic fields are highly squeezed as well. We
showed that graviton to photon conversion and vice versa
never end as long as inflation lasts, and then gravitons and
photons get highly entangled. We derived a reduced density
matrix of the gravitons and calculated their entanglement
entropy by using the reduced density matrix. We revealed
that quantum states of the primordial gravitons observed
today are not squeezed (pure) states but mixed states.

Our findings have important implications for the quan-
tum state of primordial gravitons. So far, states of primor-
dial gravitons are regarded as squeezed pure states.
However, if magnetic fields had coupled with gravitons
during inflation, the primordial gravitons observed today
would be mixed states. Then the estimation of observables
has to be changed. Our results also open up the possibility

of probing primordial magnetic fields through the obser-
vations of the nonclassicality of primordial gravitational
waves. It is a challenge to witness such entanglement.
However, it would be worth pursuing endeavors to find
evidence of the quantum nature of primordial GWs.

As we mentioned below Eq. (2.19), we considered the
coupling parameter ¢ = —1/2 instead of the scale-invariant
one ¢ =—1. In the case of ¢ = —1/2, the physical
magnetic fields decay as fB o« 1/a, which is slower than
the normal scaling  1/a?. On the other hand, in the case of
¢ = —1, the physical magnetic fields fB does not decay
during inflation. Hence, we would be able to expect more
drastic effects on the quantum state of gravitons. We leave
the analysis of this case for future work.
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