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' polynomial decay of semigroup orbits is characterized by the resolvent behavior
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in the open right half-plane. A similar characterization based on LP-infinite-time
admissibility is provided for multiplication semigroups on L9-spaces with 1 < ¢ <

gjii;ﬁéi;up p < oo. For polynomially stable Cy-semigroups on Hilbert spaces, we also give a
Infinite-dimensional system sufficient condition for L2-infinite-time admissibility.

Infinite-time admissibility © 2024 The Author(s). Published by Elsevier Inc. This is an open access article
Polynomial stability under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction
Consider the abstract Cauchy problem

u(t) = Au(t), t=0,
u(0) = x, z e X,

where A is the generator of a bounded Cy-semigroup (7'(t));>0 on a Banach space X. Throughout this
paper, we consider the domain D(A) of A to be equipped with the graph norm of A. Let us assume that
A is invertible. Then the domain of A coincides with the range of A~'. To obtain uniform decay rates
of classical solutions, we study the quantitative behavior of the operator norm | T'(t)A~!| as t — co. We
concentrate mainly on the situation where ||7(t)A~!|| decays polynomially, i.e., |T(t)A™|| = O(t~1/*) as
t — oo for some o > 0.

The relation between polynomial rates of decay of ||T(t)A~!| and growth of [|(in] — A)~!|| on the
imaginary axis iR was studied, e.g., in [4,5,7,30]. In particular, it was shown in [7] that ||T(t)A~}|| =
O(t=/*) as t — oo is equivalent to || (inI — A)~!|| = O(|n|®) as |n| — oo in the Hilbert space setting. We
refer to [5,6,12,35] for more general transference between semigroup decay and resolvent growth on iR.
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The long-time asymptotic behavior of semigroup orbits is related to the resolvent of A on the open right
half-plane C; as well. For example, the Gearhart-Priiss theorem (see, e.g., [1, Theorem 5.2.1] and [16,
Theorem V.1.11]) shows that exponential stability of a Cy-semigroup on a Hilbert space is equivalent to
uniform boundedness of the resolvent on C. Moreover, it was proved in [39] that density of the set

{x €X: lim \/E((f—l—in)l— A)_lx =0forallne R}
£—0+

is sufficient for strong stability of the bounded Cy-semigroup when X is a Hilbert space. See the survey papers
[11,12] for further references and recent developments on stability of Cp-semigroups. In [2,3,14,15,22,34,45],
the generator A of a (not necessarily bounded) Cy-semigroup (7'(t));>o was considered, and upper bounds for
non-exponential growth rates of ||T'(¢)|| were obtained from the so-called a-Kreiss condition: The spectrum
o(A) of A is contained in the closed left half-plane C_ and there exist K > 1 and 0 < o < oo such that
(A — A)7Y] < K((ReA)™@ + 1) for all A € C,. Some variations of these results were reported in [8,41].
The estimate ||T(¢t)|] = O(t/+/Iogt), proved in [2], is the best obtained so far from the 1-Kreiss condition
for Hilbert space semigroups.

For a bounded Cy-semigroup (T'(t))s>0 on a Hilbert space such that o(A)NiR = 0, |T(t) A~ = Ot~ /)
if and only if supycc, (A —A)7'(=A4)7*|| < oo; see [7]. In this equivalence, the fractional power (—A)~*
plays a role of a smoothing factor that cancels resolvent growth. When we replace it with a weaker smoothing
factor (—A)~*T¢ 0 < & < a, the resulting norm [[(A\] — A)~1(—A)~2"¢|| may grow to infinity as Re A\ — 0+.
Then it is natural to ask whether this kind of resolvent growth on C, also characterizes the decay of
|IT(t)A™]| as t — oo.

We study a resolvent estimate on C,, sometimes called the p-Weiss condition in the community of
infinite-dimensional systems. Let Y be another Banach space, and consider C' € £(D(A),Y), i.e., a linear
bounded operator C' from D(A) to Y. The p-Weiss condition on C is defined as follows.

Definition 1.1. Let X and Y be Banach spaces, let A be the generator of a bounded Cy-semigroup (7'(t))¢>0
on X, and let 1 < p < oco. An operator C € L(D(A),Y) satisfies the p-Weiss condition for A if there exists
K > 0 such that for all A € C,

K
CRMA)| < ——m—
ICRO.A)] < =
where 1/p =0 for p = oco.

Following [42], we introduce the notion of admissibility. The p-Weiss condition was derived as a necessary
condition for this notion by Weiss [43].

Definition 1.2. Let X and Y be Banach spaces, let A be the generator of a Cy-semigroup (T'(t))¢>0 on X,
and let 1 <p < co.

o An operator C € L(D(A),Y) is LP-infinite-time admissible for A if there exists M > 0 such that
[lcTaipa < sl 1)
0

for all z € D(A).
e An operator C € L(D(A),Y) is L>-infinite-time admissible for A if there exists M > 0 such that
sup;>g [[CT(t)z|| < M||z|| for all z € D(A).



M. Wakaiki / J. Math. Anal. Appl. 538 (2024) 128445 3

Weiss conjectured in [43,44] that the 2-Weiss condition and L2-infinite-time admissibility are equivalent
when X and Y are Hilbert spaces. This conjecture was resolved negatively. Counterexamples can be found
in [26,27,48]. However, positive results on the equivalence were obtained in several situations: a) (T'(t));>0 is
an exponentially stable and right-invertible Cp-semigroup [43]; b) (T'(¢)):>0 is a contraction Cp-semigroup
and Y is a finite-dimensional space [24]; and ¢) (T'(¢))¢>0 is a bounded analytic Cp-semigroup such that
(—A)'/2 is L*-infinite-time admissible for A [29]. While X and Y are Hilbert spaces in the results a) and
b), they are Banach spaces in the result c). Moreover, the result ¢) was extended from the L?-case to the
LP-case for 1 < p < oo in [9,18] and to Orlitz spaces in [23]. For more information on admissibility and
related resolvent conditions, we refer to the survey article [25] and the books [38,40].

For C € L£L(D(A),Y), the relation of the p-Weiss condition and LP-infinite-time admissibility to the decay
rate of the form

ICT ()] < tl% as t — oo for some M >0 (2)
was studied in [9,17,23,47], where CT(t) extends an operator in £(X,Y) (again denoted by CT'(¢)) for all
t > 0. For bounded analytic semigroups on Banach spaces, the decay estimate in (2) with 1 < p < co holds
if and only if the p-Weiss condition is satisfied [9,17]. This was extended to decay rates of a more general
class of functions in [23]. It was shown in [47] that if a bounded Cy-semigroup (T'(¢)):>0 on a Hilbert space
commutes with C for all t > 0, then L2-infinite-time admissibility implies the decay rate in (2) with p = 2.

While most previous studies on admissibility focus on C' € L(D(A),Y), we sometimes deal with C' €
L(X,Y) in this paper. This might seem unconventional, because C € £(X,Y) is infinite-time admissible
for any generator of an exponentially stable Cy-semigroup. However, it is not trivial that when the Cjy-
semigroup have weaker stability properties, C' € L(X,Y’) satisfies LP-infinite-time admissibility and the
p-Weiss condition with 1 < p < oo. In particular, we are interested in the case where C' is a fractional
power (—A)~? for some § > 0, which is not only bounded on X but also has a certain smoothing effect.
This is in contrast to the situation of the above-mentioned previous studies [9,18,23,29], which discussed
the infinite-time admissibility of (—A)? with § > 0 as a condition for the Weiss conjecture to be true for
bounded analytic Cy-semigroups.

For fixed o > 0 and 1 < p < 0o, we prove that (—A)~*/P satisfies the p-Weiss condition for A if and only
if |[T(t)A™Y| = O(t~'/*) as t — oo, where (T(t))¢>0 is a bounded Cp-semigroup on a Hilbert space such
that 0 ¢ o(A). Note that the p-Weiss condition on (—A)~®/? gives an upper bound for the rate of growth
of ||(AI — A)~1(—=A)=*/P|| as Re A — 0+. Since (—A)~*/? is bounded, the Hille-Yosida theorem guarantees
a faster decay rate ||(A — A)~1(—=A4)~%/?|| = O(1/Re \) as Re A — oo than the p-Weiss condition. We also
show that non-polynomial decay of the form ||T(¢)(—A)~%|| = O(t~#(logt)~™7), where a > 0, 0 < 3 < 1,
and v > 0, can be characterized by resolvent growth on C.. Following [6,10,31,35,37], we obtain analogous
characterizations of rates of decay for ||T'(t)A(I — A)~!|| and || T(t)A(I — A)~2||. They are motivated by
the problem of quantifying uniform rates of decay of orbits starting in the range ran(A4) of A and in
D(A) Nran(A), respectively.

In the Banach space setting, we can easily see that for a bounded Cy-semigroup (T'(¢))¢>0, the decay
property ||T(t)A7Y| = O(t~*/®) is almost equivalent to the LP-infinite-time admissibility of (—A)~®/?.
More precisely, if (—A)~*/P is LP-infinite-time admissible for A, then ||T'(t)A~Y| = O(t~Y/%) as t — oc.
Conversely, if this decay estimate is satisfied, then (—A)~%/P=¢ with & > 0 is LP-infinite-time admissible for
A. We do not know whether the latter implication with € = 0 is true for general bounded Cp-semigroups.
However, for multiplication semigroups on L9-spaces with 1 < ¢ < p < o0, it is true and hence we obtain
an equivalence result.

Let X and Y be Hilbert spaces, and consider a bounded Cp-semigroup (T'(t));>o on X such that
|T(t)A~1]| decays polynomially. The next objective is to obtain a sufficient condition for C € L(D(A),Y)
to be L2-infinite-time admissible for A. One of the motivations is that the dual notion of L2-infinite-time
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admissibility in Definition 1.1 is closely related to input-to-state stability with respect to squared integrable
inputs; see [42] for duality results on admissibility. A survey on input-to-state stability of infinite-dimensional
systems is given in [32]. A crucial part of the sufficient condition is that there exists a > 0 such that C(—A)®
extends to an operator in £(D(A),Y) and its extension satisfies the 2-Weiss condition for A, which is called
the strong 2- Weiss condition for A in this paper. We show that C' is L2-infinite-time admissible if C satisfies
the strong 2-Weiss condition and is L2-finite-time admissible, in whose definition the integral over [0, c0)
in (1) is replaced by an integral over some finite interval [0,%;). We also examine the relation between the
strong 2-Weiss condition and the decay rate of the form ||CT(t)|| = O(1/Vt'+#) for some § > 0 when
Y = X and T'(¢) commutes with C for all ¢ > 0.

The paper is organized as follows. In Section 2, we recall some basics on the polynomial decay of
semigroup orbits and Plancherel’s theorem. In Section 3, polynomial rates of orbit decay are charac-
terized by the Weiss condition in the Hilbert space setting and by infinite-time admissibility in the
Banach space setting. In Section 4, we establish an analogous resolvent characterization of the property
I1T#)(—A)=|| = Ot (logt)~"), where a > 0, 0 < 3 < 1, and > 0. In Section 5, we obtain a sufficient
condition for L2-infinite-time admissibility by using the decay estimate of | T(¢)(—A)~¢]|.

Notation

Let C4, C_, and iR denote the open right half-plane {\ € C : ReX > 0}, the open left half-plane
{A € C : Re\ < 0}, and the imaginary axis {in : n € R}, respectively. Let X and Y be Banach spaces. The
space of all bounded linear operators from X to Y is denoted by L(X,Y"). We write £(X) := L(X, X). The
domain and the range of a linear operator A: X — Y are denoted by D(A) and ran(A), respectively. When
A is closed, D(A) is seen as a Banach space with the graph norm ||z||4 := ||z|| + || Ax||. We denote by o(A)
and o(A) the spectrum and the resolvent set of a linear operator A: D(A) C X — X, respectively. We write
R(\, A) == (M — A)~! for A € o(A). For linear operators A: D(A) C X — X and B: D(B) C X — X,
we write A C B if D(A) C D(B) and Az = Bux for all z € D(A), and the composite BA is defined by
BAz = B(Azx) with domain D(BA) := {z € D(A) : Az € D(B)}. Let (-,-) denote the inner product in a
Hilbert space.

2. Preliminaries
2.1. Fractional powers and polynomial decay

Let X be a Banach space. For a linear operator A: D(A) C X — X and T € L(X), we say that
T commutes with A if TA C AT. We say that a densely defined, linear operator A on X is sectorial if
(—00,0) C o(A) and if there exists K > 0 such that [|A(A+ A)7!| < K for all X > 0. We refer to [19,
Section 2.1] for background information on sectorial operators.

Let (T'(t))1>0 be a bounded Cy-semigroup on a Banach space X with generator A. The negative generator
—A is sectorial, and the fractional power (—A)® is well defined for each o > 0. If 0 € o(A), then —A~!
is also sectorial and for all & > 0, (—A)~® is well defined and satisfies (—A4)™® = (=A71)* = ((—A)*)~L.
Since R(A, A) and T'(t) commute with A for all A € p(A4) and ¢ > 0, they also commute with (—A)* for all
a € R; see, e.g., Propositions 3.1.1.f) and 3.2.1.a) of [19]. We shall use this commutative property frequently
without comment. Most properties of fractional powers of sectorial operators needed in this paper can be
found in [19, Chapter 3].

For a fixed o > 0, the decay rate of ||T(t)(—A)~]|| is linked to that of || T()A~!|| in the Banach space
setting as shown in [4, Proposition 3.1]. We here present it in a general form. The proof can be found in [6,
Lemma 4.2].
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Proposition 2.1. Let (T(t))i>0 be a bounded Cy-semigroup on a Banach space X, and let B € L(X) be a
sectorial operator such that T'(t) commutes with B for allt > 0. For fized o, 5 > 0, the following statements
are equivalent:

() |T@®)B| = Ot V) as t — co.
(i) |T()B?| = O(t=#/%) as t — .

Polynomial rates of decay of bounded Cy-semigroups on Hilbert spaces can be characterized by uniform
boundedness of the resolvent on C; see Lemma 2.3 and Theorem 2.4 of [7] for the proof.

Theorem 2.2. Let (T'(t))t>0 be a bounded Co-semigroup on a Hilbert space X with generator A such that
iR C o(A). For a fized o > 0, the following statements are equivalent:

(i) ITH) A | =0 ) as t — oco.
(ii) There exists M > 0 such that ||R(A, A)(—A)~*|| < M for all X\ € Cy.

2.2. Plancherel’s theorem

Let X and Y be Hilbert spaces. Let (T(t))¢>0 be a bounded Cp-semigroup on X with generator A, and
let C € L(D(A),Y). For fixed x € X, y € D(A), and £ > 0, define the functions f: R - X and g: R - Y
by

i) = {e—stT(t)x, t>0, 0 {te—étCT(t)y’ >0,

0, t <0, 0, t < 0.

Their Fourier transforms Ff and Fg are given by (Ff)(n) = R(€ + in, A)x and (Fg)(n) = CR({ +
in)%y for n € R. Applying Hilbert-space-valued Plancherel’s theorem (see, e.g., [1, Theorem 1.8.2] and [16,
Theorem C.14]) to f and g, we obtain the next result, which is also called Plancherel’s theorem throughout
this paper.

Theorem 2.3. Let X and Y be Hilbert spaces. Let (T'(t))i>0 be a bounded Cy-semigroup on a Hilbert space
X with generator A, and let C € L(D(A),Y). Forallz € X, y € D(A), and £ > 0,

s i .
Jlle szl =5 [ IR+ in Ayal?dn
0 — 00

o0 1 oo
[t scplPa= o [ 1CR(E+in a2
0 —o0

3. Polynomial decay of semigroup orbits

In this section, we study the relation of the Weiss condition and infinite-time admissibility to polynomial
rates of decay of semigroup orbits.
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3.1. Decay of Hilbert space semigroups and the Weiss condition

The p-Weiss condition on (—A)~®/? characterizes the decay of ||T'(t)A~"|| in the Hilbert space context,
which is the main result of this section. The case p = 1 was obtained in Lemma 2.3 and Theorem 2.4 of [7],
which is stated as Theorem 2.2 in this paper.

Theorem 3.1. Let (T'(t))t>0 be a bounded Co-semigroup on a Hilbert space X with generator A such that
0 € o(A). For firxed > 0 and 1 < p < oo, the following statements are equivalent:

Q) |IT®)AY| =0t 1*) ast — occ.
(i) (—A)~/? satisfies the p-Weiss condition for A.

Before proving Theorem 3.1, we present related results. As a corollary of Theorem 3.1, we separately
state an interpolation property for the generator of a bounded Cy-semigroup on a Hilbert space, which is
the resolvent analogue of Proposition 2.1 with B := (—A)~1.

Corollary 3.2. Let (T'(t))i>0 be a bounded Cy-semigroup on a Hilbert space X with generator A such that
0 € o(A). For fixed o > B > 0, the following statements are equivalent:

(i) There exists Mo > 0 such that |R(A, A)(—A)~%|| < M, for all X € C,.
(ii) There exists My, g > 0 such that

Mo, s

IR\ A)(=A) 7 < (Re ) -A/a

forallXe C,.

Theorem 3.1 provides a resolvent characterization of rates of decay for the orbits T'(t)z with € D(A).
We will give analogous results on decay rates for the orbits T'(t)z with z € ran(A4) and = € D(A) Nran(A).
We begin by presenting some background materials on these orbits.

In the case x € ran(A), we are interested in the orbits of the form T'(t) Ay for y € D(A) and hence study
the decay rate of ||T(t)A(I — A)~1||. Since D(A) Nran(A) = ran(A(I — A)~2) by [6, Proposition 3.10], the
problem we address in the case € D(A) Nran(A) is to quantify the decay of ||T(t)A(I — A)~2|. By [6,
Lemma 3.2], —A(I — A)~! and —A(I — A)~? are sectorial. Therefore, the fractional powers (—A(I — A)~1)*
and (—A(I — A)=2)® are well defined for all @ > 0. Using the product and composition rules (see, e.g.,
Theorem 3.7 (iv) and Remark 3.8 (iv) of [6]), we obtain

(A= ) = (AL - 4y

for each o > 0 and k € {1,2}.

When 0 € o(A), the decay of || T(t)A(I — A)~!|| to zero is equivalent to exponential stability of (T'(¢))>o,
and the decay rate of ||T(t)A(I — A)~2|| is the same as that of ||T(t)A~!||. Therefore, we assume that
0 € o(A). Moreover, we concentrate on the situation where || T(t)A(I — A)~}|| and ||T(t)A(I — A)~2|| decay
no faster than ¢t=% as ¢t — oo. If not, 0 is the eigenvalue of A and an isolated point of o(A), which is not in
our interest; see Theorem 6.9 and a paragraph before Theorem 8.1 of [6] for details.

We provide a characterization of decay rates for | T(t)A(I — A)~!|| and ||T(t)A(I — A)~2|| by the p-Weiss
condition. This characterization in the case p = 1 was obtained in Corollary 7.5 and Theorem 7.6 of [6] for
|T(t)A(I — A)~!|| and in Theorem 8.4 and its proof of [6] for | T'(t)A(I — A)~2||. The proof will be given
after that of Theorem 3.1.



M. Wakaiki / J. Math. Anal. Appl. 538 (2024) 128445 7

Theorem 3.3. Let (T(t))i>0 be a bounded Cy-semigroup on a Hilbert space X with generator A such that
0 € o(A). For fited > 1,1 < p < o0, and k € {1,2}, the following statements are equivalent:

() ITHAT - A)~F| =0t ) ast — oo.
(i) (—A)*/P(I — A)~ke/P satisfies the p-Weiss condition for A.

Let us now turn to the proof of Theorem 3.1. First we describe how polynomial rates of decay of Cy-
semigroups can be transferred to resolvent growth on C in the Banach space setting. The following result
is obtained by a slight modification of the proof of the implication (ii) = (i) of [9, Lemma 2.3]. Although
analyticity of Cy-semigroups is assumed in [9, Lemma 2.3], the implication (ii) = (i) there can be proved
only under a suitable boundedness condition. Recall that 1/p := 0 for p = co.

Lemma 3.4. Let X and Y be Banach spaces. Let (T'(t))i>0 be a bounded Cy-semigroup on X with generator
A, and let C € L(D(A),Y) be such that CT(t) extends to an operator (also denoted by CT'(t)) in L(X,Y)
for allt > 0. If there exist M >0 and 1 < p < oo such that

M
[CT®)| < a7
for allt > 0, then C satisfies the p-Weiss condition for A.

Next we provide a converse result, i.e., transference from resolvents to semigroups, in the Hilbert space
setting. A key technique for the proof is contained in the proof of [6, Theorem 4.7] and the paragraph after
[6, Remark 4.8], which considered the case F(§) = K > 0 in the proposition below.

Proposition 3.5. Let (T'(t))i>0 be a bounded Cy-semigroup on a Hilbert space X with generator A. Let
C € L(D(A), X) be such that T(t) commute with C' for allt > 0. Assume that F: (0,00) — [0,00) satisfies

ICR(A A)l| < F(Re ) 3)

for all X € C1. Then the operator CT(t) extends to a bounded linear operator (also denoted by CT(t)) on
X for allt > 0, and there exists M > 0 such that

lor(ey) < a0
for allt > 0.

Proof. Let x € D(A) be given. Using Plancherel’s theorem, we obtain
o0 - 1 o0 .
[t ecraiie = o [ 1CR(E +in Aoy (@
0 —o0

for all £ > 0. By the resolvent estimate (3),

ICR(\, A)%x|* < [CR, A RO, A)z|?
< F(ReA)?|R(X, A)z|®

for all A € C,.. Therefore,



8 M. Wakaiki / J. Math. Anal. Appl. 538 (2024) 128445

[ e+ in APalPan < @2 [ I+ in AyelPan
for all £ > 0. Using Plancherel’s theorem again, we have

[ 1r(E +in, Ayaldn = 2x [ et
oo 0

7T02
< —

RS

=]
for all £ > 0, where ¢ := sup;> [|T'()||. Combining (4)—-(6), we obtain

T _ 2F(¢)?
[ eesor@era < SO
0

for all £ > 0. Since
e 2tCT(t)x|? < ||te”/"CT(t)x|?

for 0 <t < 7, the estimate (7) with £ := 1/7 yields

/||tCT(t)x||2dt < e2/||te*t/TCT(t)x||2dt
0 0

e2c?

< TTF(l/T)2H9€||2

for all = > 0.
Fix 7 > 0. Since

CT(1)x = 2 /tT(T —t)CT(t)zdt,
0

T2

the Cauchy-Schwarz inequality implies that for all y € X,

{CT(T)x,y)| = % </tT(T — t)CT(t)xdt,y>
0

T

_ 2 / (tOT(#)x, T(r — t)*y) dt

0

2 T T
<2 | [er@aipa | [ 16—z
0 0
F(l/7
< vae T a1,

T
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where T'(t)* is the Hilbert space adjoint of T'(¢) for ¢t > 0. Since D(A) is dense in X, it follows that CT(r)
extends to a bounded linear operator on X with norm at most v/2ec?F(1/7)/7. O

Let K > 0 and 1 < p < oo. If the function F' in Proposition 3.5 is defined by

O ®)

for &€ > 0, then the resolvent estimate (3) coincides with that in the p-Weiss condition on C. Since

F(/t) K

t /e

Proposition 3.5 shows that if C' satisfies the p-Weiss condition, then

M

|CT@)| < s

for all ¢t > 0 and some M > 0.

Proof of Theorem 3.1. If the statement (i) holds, then we see from [5, Theorem 1.1] that iR C p(4), and
therefore the implication (i) = (ii) is true in the case p = 1 by Theorem 2.2. By Proposition 2.1, the
statement (i) is true if and only if | T'(t)(—A)~*/?|| = O(t~'/P) as t — oo. Hence, the implication (i) = (ii)
in the case 1 < p < oo and the implication (ii) = (i) follow immediately from Lemma 3.4 and Proposition 3.5
with C := (—A)~/? respectively. O

Proof of Theorem 3.3. For each k € {1, 2}, if the statement (i) holds, then o(A4) NiR = {0} by [6, Corol-
lary 6.2]. Hence the implication (i) = (ii) in the case p = 1 is true for k = 1 by Corollary 7.5 and Theorem 7.6
of [6] and for k = 2 by Theorem 8.4 and its proof of [6]. Since Proposition 2.1 shows that the statement (i)
is equivalent to

1

) ast — o0

for each k € {1,2}, the rest follows from Lemma 3.4 and Proposition 3.5 with
C = (—A)/P(I — A)~help

as in the proof of Theorem 3.1. O

3.2. Decay of Banach space semigroups and infinite-time admissibility

Next, we study the relation between polynomial decay and LP-infinite-time admissibility. We have seen in
Proposition 3.5 that the p-Weiss condition on C € L(D(A), X) implies [|CT(t)|| = O(t~'/?) in the Hilbert
space setting if T'(t) commutes with C for all ¢ > 0. We obtain a similar result from the LP-infinite-time
admissibility of C', which is a stronger property than the p-Weiss condition, in the Banach space setting.
This follows from the technique used in the proof given in [33] for Datko’s theorem. Parts of the next result
was proved in a slightly less general form (and with a slightly different proof) in [47, Theorem 2.5].

Proposition 3.6. Let (T'(t))i>0 be a Co-semigroup on a Banach space X with generator A, and let C €
L(D(A),X) be such that T(t) commutes with C for allt > 0. Let 1 < p < oo and assume that C is
LP-infinite-time admissible for A. Then the following statements are true:
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a) For allt >0, CT(t) extends to a bounded linear operator (also denoted by CT(t)) on X. Moreover, for
all tg > 0, there exists M > 0 such that

ICT@) <M

for all t > tg.
b) If (T'(t))i>0 s a bounded Cy-semigroup, then there exists M > 0 such that

ICT ()] < s
for allt > 0.

Proof. By the LP-infinite-time admissibility of C', there exists a constant M; > 0 such that
[lcTairar < el
0

for all x € D(A).
a) There exists My > 1 and w > 0 such that

IT@) < Mae™*

for all t > 0. We have

t
/ e PUTdr||CT () ||P < [ e PYT|T(1)CT(t — 7)x||Pdr
0

o _

t
< Mg/ ICT(t — 7)alPdr
0

< My M3 |a|?

for all t > 0 and © € D(A). Therefore,

1/p
pw
joTsl < (255 ) " Ml

for all t > 0 and = € D(A). For all ¢ > 0, the density of D(A) implies that CT(t) extends to a bounded
linear operator on X, again denoted by CT'(¢). We also have

1/p
pw
ICT ()] < (m) My M,

for all t > tg > 0.
b) By assumption, we have

c=sup||T(t)| < oo.
>0
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For all t > 0 and = € D(A),
t
t|CT (t)x||P = / Tt —7)CT(7)x||Pdr
0

< cp/||C’T(T)x||pdT
0

< @M |al?.
From the density of D(A), it follows that CT(t) satisfies

CM1
leTel < 552

forallt > 0. O
We obtain the following proposition from a simple argument.

Proposition 3.7. Let (T'(t))i>0 be a bounded Cy-semigroup on a Banach space X with generator A such that
0 € 0(A). For fizxed a > 0 and 1 < p < oo, the following statements are true:

a) If (—A)=/? s LP-infinite-time admissible for A, then |T(t)A~Y| = O(t~'/*) as t — occ.
b) If |T(H) A | = O(t=/*) as t — oo, then (—A)~*/P=¢ with € > 0 is LP-infinite-time admissible for A.

Proof. a) This follows immediately from Proposition 3.6.b) with C' := (—A)~%/? and Proposition 2.1.
b) Let 8 > a/p. By Proposition 2.1, there exists a constant M > 0 such that

M

IT(E) (=47 < (EDEG

for all ¢t > 0. Since p3/a > 1, it follows that for all z € X,

[ [ _MP|al”

— B P
ST dtg/(H_t)pB/adt
0 0

MP||z||?
T pBla—-1

Hence (—A)~# is infinite-time admissible for A. O

It remains open whether ||T(t)A~!| = O(t~'/*) implies the LP-infinite-time admissibility of (—A)*/? for
all bounded Cy-semigroups (T'(t))¢>o on Banach spaces. However, it is true for multiplication Cy-semigroups
on L7-spaces with 1 < ¢ < p < 0.

Theorem 3.8. Let i1 be a o-finite regular Borel measure on a locally compact Hausdorff space Q2. Let ¢: @ — C
be measurable with essential range gess() in C_. Assume that A is the multiplication operator induced by ¢
on L1(Q, p) for a fired1 < g < o0, i.e., Af = ¢f with domain D(A) == {f € LY, pn) : ¢f € LYQ, n)}, and
let (T'(t))i>0 be the Cy-semigroup on L1(Q, 1) generated by A. Then the following statements are equivalent
for fixed a > 0 and p € [g,0):
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Q) |T(HA™Y| = Ot Y*) as t — oo.
(ii) (—=A)~*/P is LP-infinite-time admissible for A.

Proof. We first note that ¢(z) € ¢ess(€2) for almost all z € Q; see, e.g., Exercise 19 of Chapter VII of [28].
Since ¢ess(2) C C_ by assumption, it follows that (T'(t));>0 is a bounded Cp-semigroup. The implication

(ii) = (i) has been shown in Proposition 3.7. Therefore, we here prove the implication (i) = (ii).
For all t > 0 and f € L1(Q, u),

IT()(=A) P fIP = [ (=¢)~ /P f|IP

r/q
et Re ¢(2)

= [ e ()1 2)
J TG

Since p > g, Jensen’s inequality (see, e.g., Theorem 3.3 of [36]) implies that

p/q

T RO |f(2)]f (eqtRe¢<z> )”/q ()1
d d
J T T ) < [ (o) T4

Q

ePtRed(2) | £(2)|4
L[y,
lo(z)[* (£l
Q
By the assumption ¢ess(€2) C C_, we obtain

7 eptRe b(z) 1

/ dt =

) lp(2)]* plRe d(2)[ |o(2)[

(11)

for almost all z € €. Since | T(t)A~%|| = O(t~!) as t — oo by Proposition 2.1, it follows from [4, Proposi-

tion 4.2] that there exist Y, x > 0 such that

<7T|I .
[Re | — [ m A

for all A € o(A) satisfying | Re A\| < . Therefore, if A € 0(A) satisfies | Re A| < &, then

1 Y| Im A|* <
IReA[[A]* = [\l =

If A € 0(A) satisfies | Re A\| > &, then

1 1
< .
|Re Al [A|® = glte

Define

1
M = max {T, W}

Since ¢ess(2) = 0(A4) by [16, Proposition 1.4.10], we have that ¢(z) € o(A) for almost all z € 2. Hence
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1
ReoNo@N = M

for almost all z € €. This estimate and (11) yield

[ [ e e <[4

Q

oIz

Combining Fubini’s theorem with (9), (10), and (12), we derive

/MT “”ﬂ?ﬁ<i—wfw

Thus, (—A)~®/? is LP-infinite-time admissible for A. O
3.3. Example
We present a simple example, for which the estimates for | T(¢)A~!| in the statement (i) of Theo-

rems 3.1 and 3.8 are optimal in the sense that the rate of decay cannot be improved.
Let X = ¢%(N) and define an operator A: D(A) C X — X by

Ax = ((—l + m) xn>
n neN

& = (¢n)nen € D(A) = {¢ = (Ca)nen € L2(N) 1 (nGa) € £(N)}.

for

The semigroup (T'(t)):>0 generated by A is given by

T(t)xr = (e(f%ri”)txn)

neN

for all t > 0 and 2 = (2, )nen € (?(N). Let a > 0.

3.3.1. Weiss condition
For all A € Cy4,

VReA[(—A)"“R(\, A = sup VReA . (13)

neN |1/n—in|® A+ 1/n — in]

Moreover,

VRe < VReA
[1/n—in|*|A+1/n—in| — n*(ReX+ 1/n)

for all A € C4 and n € N. Fix ¢ > 0, and define
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for £ > 0. Then

/ - c—¢§

Therefore, f(§) < f(c¢) =1/(2y/c) for all £ > 0. Combining this with the estimate (14), we obtain

vRe A < nl/2—a

15
[1/n—in|*| A+ 1/n—in| = 2 (15)
for all A € C; and n € N. On the other hand, since
11/n —in|® < 2%/2p2,
it follows that for each n € N the case Re A = 1/n and Im A = n gives
1/2—a
' vRe A s n . (16)
11/n —in|® A+ 1/n —in| = 21+a/2

Substituting the estimates (15) and (16) into (13), we see that (—A)~“ satisfies the 2-Weiss condition for
A if and only if o > 1/2.

8.3.2. Infinite-time admissibility

We directly obtain a similar result on L2-infinite-time admissibility. Indeed, using the monotone conver-
gence theorem, we have that for all z = (z,,),en € (?(N),

[ee) oo 2
_ —a 2 _ = _l - - (7%+in)t
O/||( A)TT (t)x||*dt = O/nZ:l ( - —|—m) e T

1 o nl+20¢
2

dt

2
(1+nt)> [l

n=1

Therefore, (—A)~® is L2-infinite-time admissible for A if and only if o > 1/2.

8.8.3. Polynomial decay rate
Fix ¢ > 0. Then g(t) := te™ /¢ < g(c) = ce™! for t > 0. From this inequality, we obtain

nte w e 1n?
t|T(H) A = sup —— < sup —— < e *
I7(® | neN V1+nt 7 neN V1 +nt

for all + > 0. Therefore, ||T(t)A~Y| = O(1/t) as t — oo. We also have

e 1n?

n||T(M)A™| > ——
T A~ > S

for all n € N, and hence
liminft|T(t) A~ > et
t—o0

This demonstrates the optimality of the rates of decay when the statement (ii) of Theorem 3.1 or 3.8 holds
for p = 2.
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4. Non-polynomial decay of Hilbert space semigroups

Let X and Y be Hilbert spaces, and let (T'(¢))¢>0 be a bounded Cy-semigroup on X with generator A. By
modifying [46, Theorem 4.3] slightly, we have that if C' € L(D(A),Y") satisfies sup, cg [|[CR(1+in, A)|| < oo
and
Kk
VRe A |logRe \|

for all A € C, with ReX # 1 and some K > 0, then C is L*-infinite-time admissible for A. We see from
Proposition 3.5 that if Y = X and if T'(¢) commutes with C' for all ¢ > 0, then the estimate (17) implies

[CR(A Al < (17)

M

0T <z (13)
for all ¢ > 0 with ¢ # 1 and some M > 0. Note that the estimate (17) contains the condition on the
decay rate of |CR(A, A)|| as ReA — oo in addition to the growth rate of ||[CR(A, A)|| as ReA — 0+,
since C' may not belong to L(X,Y). Similarly, the estimate (18) includes the condition on the growth
rate of ||CT(t)|| as t — 0+. In this section, we assume that C' € £(X,Y), and then show how the decay
estimate ||CT(t)|| = O(t?(logt)™") as t — oo can be transferred to the growth estimate of ||CR(\, A)| as
Re A — 0+.

Proposition 4.1. Let X and Y be Banach spaces, and let (T'(t))i>0 be a bounded Cy-semigroup on X with
generator A. For fired 0 < 8 <1 and v > 0, the following statements hold.

a) If C € L(X,Y) satisfies
loT®) =0 (
B tA(logt)Y
as t — oo, then there exists K > 0 such that

K
Al <
ICRO, A < (ReA)1—=8|log Re A|7

for all x € C4 with Re X < 1.
b) If C € L(X,Y) satisfies

1
T®)| =0 [ ———
et =0 (o)
as t — 0o, then, for all & € (0,e71), there exists K > 0 such that
ICR(N A)|| < KF,(Re))

for all A € C with Re A < &, where

llog&'™, 0<y<1,
Fy(§) = qlog|logé&|, ~=1, (19)
1, v>1

for0< & <e
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The following lemma will be useful in the proof of Proposition 4.1.
Lemma 4.2. For fired 0 < 5 <1 and v > 0, the following statements hold:

a) For all tg > e/ (=8)  there exists M > 0 such that

e~ ¢t J
¢ <
/tﬂ(logt)” ~ 1Pl log €l

to

for all0 < € < 1/to.
b) For all ty > e, there exists M > 0 such that

[} e*ft
| g < 41419

to

for all 0 < & < 1/ty, where F, is defined by (19).

Proof. a) Let to > ¢?/(!=#) and 0 < ¢ < 1/tg. Then

o o

1/¢

We also have

/ e—ét dt < 1 / —ftdt _ L
tBlogt)y " = (1/6)Pogé J © T @-Floge
1/¢

1/¢ 1/¢
/ e ¢t & / 1
tA(logt)y  — J tP(logt)Y
to tO
Integration by parts gives
1/¢ 1/¢
/ (PR (/3 L - W / L
t7(logt) ™ (1—P)[logé|" (1 —pB)(logte)? 13 ) ti(logt)r+
to to
1/¢
/o=F v / L
~ (1= B)[log&|r  (1-pB)logte J tP(logt)?

to

Since to > €7/(1=8) is equivalent to

— < 1,
(1 - B)logto

the estimates (21) and (22) yield
1/€

e~ ¢t 0
/ dt < )
tf(logt)? §1-Fllog &l

to

where

(20)

(21)

(23)
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1 _ Y
Mo=1"5 (1 (1—5)logto>’

17

The assertion with M = My + e~! then follows from the estimates (20) and (23), noting that M is

independent of &.
b) Let top > e and 0 < £ < 1/¢o. Since

1/¢ 1/¢ log(1/¢)
e &t 1 1
——dt < ——dt = —dr,
t(logt)” t(logt)” Ty
to to log to
we obtain
He ot |log '™ — (logto) '™ VA1
/ 7 g< 1 ’ :
t(logt)7 _
to log[log¢| —log(logtg), v =1.
Define
1 1=y
%’ 0 S ¥ < 1’
1—~
Gy(§) = q log|loggl, ~v=1,
logto)' =
(logto) Loy > L
vy—1

Then, instead of the estimate (23), we have

1/¢

e ¢t
/ flogny - < €16

to

On the other hand, estimating as in (20) yields

/ e~ ¢t gt < e 1 _ e 1
t(logt)y "~ |log&|r = (logto)r

1/¢

Since to > e, the function F, defined by (19) satisfies infoeq /¢, F5(§) > 0 for all v > 0. Thus, the desired

estimate is obtained for some M > 0 depending only on ¢ty and v. O

Proof of Proposition 4.1. a) By assumption, there exist My > 0 and to > e?/(1=8) such that

M

T € Gt

forallt > ty. Forallz € X and A € Cg4,

ICR(N, A)e| < / RN | T ()| dt.
0

Define ¢ := sup;~ [[CT(t)|. For all z € X and A € C,
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to

T I Mol||
tRe X tRe A _“HOMI

/e [CT (t)z||dt < /cllwlldH/e tﬁ(logt)vdt

0 0 fo

—tRe A

o0
€
= | ct M, ——dt .
cto-+ Mo [ Gzt | ]

to
Hence by Lemma 4.2.a), there exists Ky > 0 such that

Ky
(Re \)1=P|log Re A|Y

ICR(A, A)|| <

for all A € C; with ReA < 1/tp. Combining this with the Hille-Yosida theorem, we obtain the desired
estimate for all A € C; with Re ) < 1 and some K > 0.

b) By the same argument as above, we have that the statement b) is true, using Lemma 4.2.b) instead
of Lemma 4.2.a). O

Let (T'(t))t>0 be a bounded Cy-semigroup on a Hilbert space with generator A such that iR C o(A),
and let a > 0. From Proposition 2.1 and Theorem 2.2, we already know that ||T°(¢)(—A4)~%|| = O(1/t) as
t — oo if and only if sup,cc, [[R(A, A)(—A)~¢| < oo. However, Proposition 4.1.b) with C' := (—A)™ and
~v = 0 only shows that if || T(¢t)(—A)~| = O(1/t) as t — oo, then ||R(A, A)(—A)~%| = O(]logRe\|) as
Re A — 0+. From this, we see that Proposition 4.1.b) with C' := (—=A)~* does not give a sharp bound of
IR(A, A)(—A)~“|| in the Hilbert space setting. In contrast, Proposition 4.1.a) with C' := (—A)~%, combined
with Proposition 3.5, yields a sharp result on the relation between the rate of decay of ||T'(t)(—A)~%| as
t — oo and the rate of growth of [|[R(A, A)(—A)~ | as Re A — 0+.

Theorem 4.3. Let (T(t))t>0 be a bounded Cy-semigroup on a Hilbert space X with generator A such that
0 € o(A). The following statements are equivalent for fized « >0, 0< g < 1, and v > 0:

@) IT#)(=A)~| = Ot P(logt)™) as t — oo.
(ii) There exists K > 0 such that

K
(Re A)1=P|log Re A|7

IR, A)(=A)~° <
for all X € C4 with Re X < 1.

Proof. The implication (i) = (ii) has already been proved in Proposition 4.1.a) with C' := (—A)~*. To show
the converse implication (ii) = (i), we define the function F' in Proposition 3.5 by

K
FO = e ogap
for 0 < £ < 1. Then
F(1/t) K
t  tP(logt)”

for all ¢ > 1. Thus, the implication (ii) = (i) holds by Proposition 3.5 with C = (—=A4)~*. O

We also obtain a characterization of the same class of non-polynomial rates of decay for ||T'(¢)(—A)*(I —
A)~9|| with a > 0 and § > 0. The proof is the same as that of Theorem 4.3 and hence is omitted.
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Theorem 4.4. Let (T(t))i>0 be a bounded Cy-semigroup on a Hilbert space X with generator A. The following
statements are equivalent for fited  >0,0< <1, v>0, and 6 > 0:

(i) IT()(=A)*(I = A)=*=°|| = Ot (logt)™) as t — oo.
(ii) There exists K > 0 such that

K

. a _ —a—9 <
RN, A)(—A)* (I — A) | < (ReA\) 5| logRe A\|Y

for all x € C with Re X < 1.

5. Sufficient condition for L>2-infinite-time admissibility

Let X and Y be Hilbert spaces. Let A be the generator of a bounded Cy-semigroup (7'(t))¢>0 on X. In
this section, we derive a sufficient condition for C' € L(D(A,Y) to be L?-infinite-time admissible. Before
proceeding to the details, we recall the definitions of polynomial stability of Cy-semigroups and L?-finite-time
admissibility.

Definition 5.1. A Cy-semigroup (T'(t)):>0 on a Banach space X with generator A is polynomially stable if
the following two conditions are satisfied:

a) (T'(t))s>0 is bounded.
b) There exists a > 0 such that |T(t)(I — A)7| = Ot~ Y*) as t — .

Let A be the generator of a polynomially stable Cyp-semigroup (T'(¢))¢>0 on a Banach space. Then iR N
o(A) = 0 by [5, Theorem 1.1]. Therefore, when || T(t)(I — A)~Y| = O(t~/) as t — oo for some a > 0, the
estimate ||T(t)A~|| = O(t~/) as t — oo is also satisfied.

Definition 5.2. Let X and Y be Banach spaces, and let A be the generator of a Cy-semigroup (7'(t))¢>0 on

X. An operator C € L(D(A),Y) is L2-finite-time admissible for A if there exist M; > 0 and t; > 0 such
that

t1
/ |CT (x|t < M|z
0

for all z € D(A).

From the semigroup property, it follows that if C € £L(D(A),Y) is L2-finite-time admissible for A, then
for each to > 0, there exists M > 0 such that for all x € D(A),

to
JALACH RIS YA
0

By definition, every C' € £L(X,Y) is L?-finite-time admissible.

Let X and Y be Hilbert spaces, and let C, :== {A € C : ReX > a} for a € R. If A is the generator
of a Cy-semigroup on X such that T'(tg) is surjective for some t3 > 0 and if C € L(D(A),Y) satisfies
supyec, [|CR(X, A)|| < oo for some a € R, then C is L*-finite-time admissible for A; see [43, Theorem 4.1]
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and [46, Theorem 2.2]. Other sufficient conditions for L?-finite-time admissibility in the Hilbert space setting
can be found, e.g., in [46, Theorem 3.3] and [13, Lemma 2.6].

Combining L2-finite-time admissibility with the logarithmic decay of ||T(t)(—A)~%|| and the 2-Weiss
condition of C'(—A)%, we obtain a sufficient condition for L?-infinite-time admissibility. It can be proved by
the technique used in the proof of [46, Theorem 4.2]. Note that the extension of C'(—A)* to L(D(A),Y) is
unique if it exists, since D((—A)!*%) is dense in D(A) with respect to the graph norm || - || 4.

Theorem 5.3. Let X andY be Hilbert spaces. Let (T'(t))i>0 be a bounded Cy-semigroup on X with generator
A such that 0 € o(A), and let C € L(D(A),Y). Assume that the following conditions hold for fixzed o > 0
and > 1/2:

a) C is L2-finite-time admissible for A;

b) |T(t)(—A)~%| < O((logt)™?) as t — oo; and

c) C(—A)* extends to an operator in L(D(A),Y), and its extension satisfies the 2- Weiss condition for A.

Then C is L?-infinite-time admissible for A.

Proof. Using Plancherel’s theorem, we have that for all £ > 0 and z € X,
[ 1 i A=) alPd =2 [ e (e)(-a) P (24
—o0 0

By the assumption b), there exist constants My > 0 and to > €27 such that

Mo

T4 < ot

for all ¢ > tg. Lemma 4.2 shows that there exists a constant M; > 0 such that

o0

e~ ¢t
/ dt < L
(logt)?8 " = £|log&|?8

to

for all 0 < & < 1/tg. Put ¢ = sup,5¢ | T'(t)(—A)~*||. Then

00 00 ot
—¢t a2 2 2 2 € 2
[l T -y el < olll + M3 [ ol
0 to
MZM,
< (Pt — 0 2 25
< (04 a1 )

for all 0 < & < 1/(2tp) and = € X. Let the extension of C(—A)® in the assumption c) be also denoted by
C(—A)“. There exists a constant K > 0 such that

|C(—~A)* R\, A)| < % (26)

for all A € C,. From (24)—(26), it follows that for all 0 < £ < 1/(2¢p) and = € X,
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/ ICR(E + in, AYa|Pdy

neR
o K? ( , M2M, ) ,
< cto+ ———m———== x|,
: 2eTog20)? ) 17

Using Plancherel’s theorem again, we obtain that for all £ > 0 and = € D(A),

oo 1 oo
[ltecralie = o [ I1CR(E + i Al
0 —o00

This and (27) show that there exists a constant Ms > 0 such that

T M.
—&tom 2t < 2 2
O/ Jete™<'CT (|t < s ]

for all 0 < £ < 1/(2tp) and = € D(A).
Take 71 < 1 < 79 such that me™™ = 1/(2e) = e~ ™. Set

n—1
T1 T1
Hn = <_> 9 Tp = —.
T2 Hn
Then p, — 0 and 7,, — 0o as n — oco. Moreover, for all n € N,

1
teHnt > —
finte 5

< sup [C(=A)*R(E + in, A)|® / IR(E + in, A)(=A) ™| *dn

21

(27)

(28)

(29)

whenever t € (7, Tnt1). Let m € N satisfy p,, < 1/(2ty). Combining the estimates (28) and (29), we have

that for all x € D(A),

o0 00 Tn+1
/||CT(t)x||2dt: > / |CT (t)x||?dt
o0 Tntl
<@y / et CT (t)z||2dt
n=m

Tn

o0
1
< @) Mal|* 3 roorm s

Since

1 1

|[log(2pn)|  (log(72) —log(71))(n — 1) — log 2

for all n > m, we have from 8 > 1/2 that
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> 1
Ms = (2e)2M. . — )
R 27; ogzun © >
and then
/ |CT (t)Pdt < M| (30)

Tm

for all x € D(A). Combining the estimate (30) with the finite-time admissibility of C' in the assumption a),
we conclude that C' is infinite-time admissible for A. O

The assumption ¢) of Theorem 5.3 leads us to the following strong version of the Weiss condition.

Definition 5.4. Let X and Y be Banach spaces, and let A be the generator of a bounded Cy-semigroup on
X. An operator C' € L(D(A),Y) satisfies the strong 2-Weiss condition for A if there exists & > 0 such that
C(—A)* extends to an operator in £(D(A),Y") and its extension satisfies the 2-Weiss condition for A.

By Proposition 2.1, if A is the generator of a polynomially stable Cy-semigroup (7'(t))>¢ on a Banach
space, then for all a > 0, there exists 3 > 0 such that || T(¢)(—A)~®|| = O(t=#) as t — oo, which is a faster
decay rate than the one of the assumption b) in Theorem 5.3. Therefore, we obtain the following result as
a direct consequence of Theorem 5.3.

Corollary 5.5. Let X and Y be Hilbert spaces, and let A be the generator of a polynomially stable Cop-
semigroup on X. If C € L(D(A),Y) is L?-finite-time admissible for A and satisfies the strong 2-Weiss
condition for A, then C is L?-infinite-time admissible for A.

The case X =Y = (?(N) is simple but practically important as explained in [21, Remark 2.7]. Consider a
diagonal operator A on ¢?(N). The resolvent condition ||C(—A)*R(A, A)|| < K/vRe A in the strong 2-Weiss
condition is transformed into the operator Carleson measure criterion introduced in [20, Definition 1.1]. To
describe the equivalence more precisely, let (A\,,),en be the eigenvalues of the diagonal operator A on ¢?(N).
We assume that Re A, < 0 for all n € N. Let C € £(D(A),¢*(N)) and put ¢, = Ce,, € (*(N) for n € N,
where e, is the nth unit vector in ¢2(N). Define c}: (>(N) — C by ¢’z = (z,¢,) for z € 2(N). When the

*

» is an infinite matrix

operator C' is represented by an infinite matrix, ¢, is the nth column of C, and ¢,c
of rank one. For h > 0 and w € R, the rectangle Q(h,w) is given by

Qh,w) ={AeC:0<ReA<h, |ImA—w| <h}.

For a fixed o > 0, [21, Proposition 5.3] shows that C(—A)% extends to an operator in £(D(A),*(N)) and
there exists K > 0 such that ||C(—A)*R(\, A)|| < K/VReA for all A € C if and only if there exists M > 0
such that for all h > 0 and w € R,

> alency|| < M,
—An€Q(h,w)

where the norm on the left-hand side is the operator norm on ¢?(N).

We have seen in Lemma 3.4 and Proposition 3.5 that when T'(¢) commutes with C' € L(D(A), X) for all
t > 0, the estimate ||CT(t)|| = O(1/V/t) as t — oo is equivalent to the 2-Weiss condition on C' in the Hilbert
space setting. The next proposition shows that the strong 2-Weiss condition implies a slightly better decay
rate ||CT(t)|| = O(1/Vt1+8) for some 5 > 0 if (T'(t));>0 is polynomially stable.
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Proposition 5.6. Let A be the generator of a polynomially stable Cy-semigroup (T'(t))i>0 on a Hilbert space
X. Let C € L(D(A),X) be such that T(t) commutes with C for all t > 0. If C satisfies the strong 2- Weiss
condition for A, then the operator CT(t) extends to a bounded linear operator (also denoted by CT(t)) on
X for allt > 0, and there exist M > 0 and 8 > 0 such that

M
e

ICT@)]| < (31)

for allt > 0.

Proof. Since C satisfies the strong 2-Weiss condition for A, there exists « > 0 such that C(—A)* extends
to an operator in £(D(A), X) and its extension satisfies the 2-Weiss condition for A. By assumption, T'(t)
commutes C'(—A)* and hence its extension for all ¢ > 0. Then it follows from Proposition 3.5 that there is
My > 0 such that

IC(=A)*T(t)z]| < \[H z| (32)

for all t > 0 and € D((—A)'™®). Since (T(t))s>0 is polynomially stable, Proposition 2.1 shows that there
exist My > 0 and 8 > 0 such that

IT @) (-4)] < y—_ (33)

B

for all ¢ > 0. Combining the inequalities (32) and (33), we obtain

ICT @)z = [C(=A)*T(/2)T(t/2)(=A)" x|

_\/—IITt/2( A)"%||
< V2148 My My
- Vil+8

for all t > 0 and « € D(A). The result follows by the density of D(A4) in X. O

]

We also show that the decay property ||CT(¢)]| = O(1/Vt158) for some 8 > 0 leads to the strong 2-Weiss
condition under some additional assumption on boundedness.

Proposition 5.7. Let A be the generator of a bounded Cy-semigroup (T'(t))i>0 on a Banach space X. Let
C € L(D(A), X) be such that T(t) commutes with C for all t > 0. If there exist constants My, Ma, c, 3 > 0
such that for all t > 0,

[C(—A)T(t)x|| < M|lz|, ze D(—A)'"*) (34)
and
M,
[CT(t)z| < mllzlly z € D(4), (35)

then C satisfies the strong 2-Weiss condition for A.
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Proof. By assumption, C = C(I — A)~! € £(X) commutes with A. Let § > 0. It follows from [19,
Proposition 3.1.1.f)] that C also commutes with (—A)°. For all z € D((—A)**°) = D((I — A)**?), there
exists y € D((—A)%) = D((I — A)?) such that 2 = (I — A)~'y. Then

C(=A)Pz = C(=A)y = (—A)°Cy = (—A)°Cx. (36)

Define v .= af/(1 + 8) € (0,a). The moment inequality (see, e.g., [19, Proposition 6.6.4]) shows that
there exists a constant ¢ > 0 such that for all t > 0 and = € D((—A)1T%).

I(=A)CT(t)a| < el (~A)*CT (#)al| "/ |CT (¢)a]| '~/ (37)
Since
144 7y _ 1
= (-3)=3

we have from (34)—(37) that

v T % T
[C(=A)T ()| < \/iH [ (38)

for all t > 0 and @ € D((—A)1+*), where M; := cM;/* My~ /.
The estimate (38) yields that for all A € Cy and z € D((—A)*+),

|C(= Ay R, A)z]| < / ¢~tRN | (= AT (t) |t
0

T o—tReA |

< Mg/ dt|a
t

| Vi

_ML(1/2)
= Rex ], (39)

where T is the gamma function. By [19, Proposition 3.1.1.h)], D((—A)'*%) is a core for (—A)?, and hence
the estimate (39) holds for all z € D((—A)"). Since D((—A)7) is dense in X, it follows that C(—A)YR(\, A)
extends to a bounded linear operator on X for a fixed A € C. Therefore, C(—A)” extends to an operator
in L(D(A),X). We also see from the estimate (39) that the extension of C(—A)7 satisfies the 2-Weiss
condition for A. Thus, C satisfies the strong 2-Weiss condition for A. O
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