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Volterra-Fredholm Integral Equations 

By B.G. PACHPATTE 

Abstract. In this paper we study the problem of existence and 
uniqueness of solutions of nonlinear Volterra-Fredholm integral equations 
of the more general type. The main tool employed in ow, analysis is the 
method of successive approximations based on the general idea of T. 
Wazewski. 

l. INTRODUCTION. In 1960, T. Wazewski [12] has given a general 

method of successive approximations which is very effective and can be 

applied to investigate a sufficiently wide range of problems. In the 

present paper we apply the method of Wazewski [12] to study the problems 

of existence and uniqueness of the solutions of more general Volterra­

Fredholm integral equation of the form 

t T 
(1) x(t) = F(t,x(tJ,f f[t,s,x(s)]ds, f g[t,s,x(s)]ds), 0 ~ t ~ T, 

0 0 

where x(t) is an unknown function. The equation (1) is of more general 

nature and contains as special cases several types of integral equations 

studied by many authors in the literature. The problems of existence 

and uniqueness of solutions of various special forms of equation (1) 

have been investigated by a number of authors by using different techniques 

(see, [l] - [6], [9] - [11]). In section 2 we give our main hypotheses 

and the basic Lemma used in the paper. In section 3 we establish our 
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main results on the existence and uniqueness of solutions of equation 

(1) by using Wazewski's method. Our results for equation (1) in this 

general form will bring the study of a great number of integral equations 

under one proof and the method used in this paper is very effective as 

well as versatile. 

2. PRELIMINARIES. In this section, we first introduce the following 

hypotheses used in our subsequent discussion. 

HYPOTHESIS A. Suppose that: 

l O E be a Banch space with no.rm II . II , I = [ 0, T], t. = 

{(t,s): O~s~t~T} , f, ge:C[llXE,E] , Fe:C[IX~,E] and, if 

xe:C[I,E] and 

t T 
z(t) = F(t,x(t), J f[t,s,x(s)]ds, J g[t,s,x(s)]ds) , 

0 0 

then ze:C[I,E] , 

there exist functions l!7/t,s,r) , w
2
(t,s,r) such that 

+ + + ( ) w1,w2e:C[t.XR ,R], R = 0,m , which are nondecreasing in r 

and fulfil the conditions 

II f[t,s,x] - f[t,s,x] ~ w1(t,s, llx-x II; • 
II g[t,s,x] - g[t,s,x] ~ w

1 
(t, s, llx-x 11; , 

for X, xe:C[I,E] , 

3° there exists a function H(t,r
1
,r2,r3) defined for te:I and 

0 $ r 1, r 2, r 3 < ~ such that 

(a) if ue:C[I,I] and 

t T 
v(t) = H(t,u(t}, J w

1
(t,s,u(s}}ds, J w2(t,s,u(s)Jds) , 

0 0 



then VEC[I,I] ; 

(b) if u, UEC[I,I] and u(t) ~ u(t) for tEI, then 

t T 
H(t,u(t), J w1(t.,s,u(s))ds, J wit,s,u(s))ds) 

0 0 
t T 

~ H(t,u(t}, f wl(t,s,u(s))ds, f w2(t,s,u(s))ds), 
0 0 

for td ; 

(c) if uneC[I,I], un+l ~ un, n=0,1,2, ..... , and 

lim un(t) = u(t), then 
n-><x> 

t 
lim H(t, u (t),J w1(t,s,u (s))ds, 

n-><x> n O n 

t 
= H(t,u(tJ,J w1(t,s,u(s))ds, 

0 

for teI , 

4° the inequality 

T 
J w2(t,s,u (s})ds) 
0 n 
T 

J w2(t,s,u(s))ds), 
0 
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II F(t,xl,x2,x3) - F(t,xl,x2,x3) II ~ II H(t, II xl-xl ll ,11 x2-x2 II ,II X3-X3 II) , 
holds for x.,x. EC[I,E] (i=l,2,3) and teI. 

1, 1, 

HYPOTHESIS 8. Suppose that: 

o - R+ • 1 there exists a nonnegative continuous function u:I-+ being 

the solution of the inequality 

t T 
(2) H(t,u(tJ,f wit,s,u(s))ds, J wit,s.,u(s))ds) + h(t) ~ u(t) ., 

0 0 
where 

t T 
h(t) = sup llF(t,o.,J f[t.,s,o]ds, J g[t,s,o]ds) II, 

hI O 0 

2° in the class of functions satisfying the condition O ~ u(t) ~ u(t), 

t£I, the function u(t) = o, teI, is the only solution of the 

equation 
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t T 
(3) u(t) = H(t,u(t),J w1 (t,s,U(s))ds, J w

2
(t,s,u(s))ds), 

0 0 
for t£I . 

In order to prove the existence of a solution of equation (1), we 

define the sequence 

t T 
(4) xn+l(t) = F(t,xn(t),f f[t,s,x (s)]ds,f g[t,s,x (s)]ds) , 

0 n O n 

for n=0,1,2, ..... 

To prove the convergence of the sequence {xn} to the solution x 
of the equation (1), we define the sequence {un} by the relations 

uo<t) = u(t) , 

t T 
(5) u +l (t) = H(t,u (t),J f[t,s,u (s}]ds,J g[t,s,u (s)]ds) , n n 

O 
n 

O 
n 

for n=0,1,2, ..... , where the function u(t) is from Hypothesis B. 

Now we establish the following basic Lemma needed in our subsequent 

discussion. 

LEMMA. If condition 3° of Hypothesis A and Hypothesis Bare satisfied, 

then 

and the convergence is uniform in each bounded set. 

Proof. From (5) and (2) we have 
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t T 
u1(t) = H(t,u0(tJ,J f[t,s,u 0(sJ]ds, J g[t,s,u0 (s)]ds) 

0 0 
t T 

H(t,u(tJ,f f[t,s,u(s)]ds, f g[t,s,u(s)]ds) + h(t) 
0 0 

for t£I. f.urther, we obtain (6) by induction. But (6) implies the 

convergence of the sequence {un(t)} to some nonnegative function ¢{t) 

for t£I By Lebesgue's theorem and the continuity of H it follows 

that the function ¢,(t) satisfies equation (3). Now from Hypothesis B 

we have ¢(t) = O, t£I. The uniform convergence of the sequence {un} 

in I follows from Dini 1 s theorem. Thus the proof of Lemma is complete. 

3. MAIN RESULTS. In this section we establish our main results 

on the existence and uniqueness of the solutions of equation (1). 

THEOREM l. If Hypotheses A and Bare satisfied, then there exists 

a continuous solution x of equation (1). The sequence {x} 
n 

defined 

by (4) converges uniformly on I to x, and the following estimates 

and 

C8) 11 x<tJ\I ~ u<tJ , t...r , 

hold. The solution x of equation (1) is unique in the class of functions 

satisfying the condition (8). 

Pr>oof. We first prove that the sequence {xn(t)}, t£I, fulfils 

the condition 

(9) llx <tJII ~ u<tJ , t£I, n=o,1,2, .•... • 
n 
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Evidently, we see that 

Further, if we suppose that the inequality (9) is true for n ~ O, then 

t T 
llxn+l (t)II = l]F(t,x (t),J f[t,s,x (s)]ds, f g[t,s,x (s)]ds) n 

O 
n 

O 
n 

t 
- F(t,o,J f[t,s,o]ds, 

0 
t 

+ F(t,o,f f[t,s,o]ds, 
0 

T 
f g[t,s,o]ds) 
0 
T 

f g[t,s,o]ds) II 
0 

t T 
~ H(t,11 xn(t)II, J w1 (t, s,11 x (s)II )ds, f w2 (t,s,II x ( s)II )ds)+h(t) 

0 n O n 

t T 
~ H(t,u(t),f w

1
(t,s,u(s))ds,f w2(t,s,u(s))ds)+h(t) 

0 0 

~ urtJ 

for tEI. Now we obtain (9) by induction. 

Next we prove that 

(10) llx+ (t) -x (tJII ~un(t), tEI, n=0,1,2, ... , r=0,1,2, ..•• 
n r n 

By (9) we have 

II xr(tJ-x/tJII = II xr(tJII ~ u(t) = u/tJ , td , r=O, 1, 2, ••• • 

Suppose that (10) is true for n, r ~ 0, then 

t T 
llxn+""4 (t) - x 1 (t)II = IIF(t,x + (t),f f[t,s,x + (s)]ds,f g[t,s,x +r(s)]ds) 

rr. n+ nr O nr O n 

t T 
- F(t,x (t),f f[t,s,x (s}]ds,J [t,s,x (s)]ds) II n 

O 
n 

O 
n 

t 
~ H(t,llxn+r(t)-xn(tJII, b w/t,s,l]xn+r(s)-xn(sJll)ds, 

T l w2(t,s,I] xn+r(s)-xn(sJII )ds 

t T 
~ H(t,u (t},f w

1
(t,s,u (s))ds,f w2 (t,s,un(s))ds) 

n O n 0 



for tEI. Now we obtain (10) by induction. 

Because of Lemma, Zim u (t) = 0 in I, we have from (10) 
n 

n-+<» 
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in I. The continuity of x follows from the uniform convergence of 

the sequence {x } 
n 

and the continuity of all functions X 
n 

If r ->- oo , 

then (10) gives estimation (7). Estimation (8) is implied by (9). It 

is obvious that x is a solution of equation (1). 

-To prove that the solution x is a unique solution of equation (1) 

in the class of functions satisfying the condition (8), let us suppose 

that there exists another solution i defined in I and such that 

x(t) '¥- x(t) for tEI and II x(t)!I ,.; u(t) for teI From (7) we get 

\\x(t) -xn(t)\\ ,.;un(t), tEI, n=0,1,2, ..... . 

and it follows that x(t) = x(t) for tEI. This contradiction proves 

the uniqueness of x in the class of functions satisfying relation (8). 

This completes the proof of the theorem. 

We next establish a theorem which give conditions under which 

equation (1) has atmost one solution, these conditions do not guarantee 

existence. 

THEOREM 2. If Hypothesis A is satisfied and the function 

m(t) = O, tEI is the only nonnegative continuous solution of the 

inequality 

t T 
(11) m(t),.; H(t,m(t),J w1(t,s,m(s))ds,J w2(t,s,m(s))ds), 0,.; t,.; T, 

0 0 

then equation (1) has atmost one solution in I. 
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Proof. Let us suppose that there exist two solutions x and x 
of equation (1) such that x(t) * x(t) ., td . Put m(t) = II x(t)-x(tJII ., 

tEI ., then 

t T 
m(t) = IIF(t.,x(t).,J f[t.,s.,x(s)]ds., f g[t.,s,x(s)]ds) 

0 0 
t T 

- F(t.,x(t), f f[t,s.,x(s)]ds., f g[t,s.,x(s)]ds) II 
0 0 

t T 
~ H(t.,II x(t)-.i:(tJII, f wl (t., s.,11 x( s)-x( sJII )ds., J w2(t., s,11 x(s)-x(sJII ds) 

0 0 
t T 

= H(t.,m(t),f w
1

(t.,s,m(s))ds,J w
2
(t,s,m{s))ds)., 

0 0 

and by (11) we conclude that m(t) = 0 for te.I , i.e. x(t) = x(t) , 

tEI. This contradiction proves our Theorem 2. 

REMARK 1. When the right side in equation (I) is of the form 

t T 
'¥(t,J f[t.,s,x(s)]ds, f g[t,s.,x(s)]ds) ., 0 ~ t ~ T 

0 0 

the equation (1) is studied by Asirov and Mamedov [1) and Mamedov and 

Musaev [9]. A slightly different from of Volterra-Fredholm equation 

considered by the authors in [1,9] is studied by Bihari [2] and Miller, 

Nohel and Wong [10]. Many interesting results on various special forms 

of equation (1) can be found in the recent book of C,Corduneanu [5] and 

his paper [3]. 

REMARK 2. The analysis of Theorems 1 and 2 can be very easily 

extended to study the existence and uniqueness of solutions of a more 

general Volterra-Fredholm integral equation of the form 
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t t 
(12) x(t) = F(t,x(t), f f1 [t,s,x{s)]ds, ... f f [t,s,x(s)]ds, 

0 O n 
T T 

f g1[t,s,x(s)]ds, ... ,f g [t,s,x(s)]ds), 
0 0 n 

under some suitable conditions on the functions involved in (12). Equation 

(12) in turn can be considered as a further generalization of the non­

linear Volterra integral equation studied by Grossman [6]. 

REMARK 3. It is easily seen that the method employed in this paper 

can be used to study the existence and uniqueness of the solutions of 

integral equation of the form 

(13) x(t) = F(t,x(t), J k[t,s,x(s)]ds), tER, 
R 

where R = [a,b] and x(t) is an unknown function. The different forms 

of equation (13) have been studied by C.Corduneanu [4,5] by using fixed 

point technique. 

For other interesting recent applications of Waiewski's method to 

functional equations and integral-functional equations we refer the 

interested readers to [7,8] and some of the references given therein. 
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