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1. Introduction. The example 5 of Sastry and Naidu [1] showed that the
result of Ciric [2] is not true for a pair of non-commuting selfmappings of a
bounded metric space. Thus they mentioned:

Problem 1. Let f and g be selfmappings of a metric space (X, d). What
can we say about the existence of common fixed points of f and g if they satisfy

d(fx, gy) < amax {d(x, gy), d(y, fx)}

for all x, ye X and for some o (0, 1)?

Hence the following problem is also open.

Problem 2. If f and g satisfy any one of the definitions 149, 174, 199 of
Rhoades [3], then what additional hypotheses on f, g and X are added to guar-
antee the existence of common fixed point?

In this paper, we shall discuss the above Problems under weaker additional
hypotheses. Our Theorems improve and generalize a great number of recently
known results.

2. Definitions and Lemmas. In this paper, we shall denote by w the set of
all nonnegative integers, by N the set of all positive integers and by R the set of
all nonnegative real numbers.

Let f and g be selfmappings of a metric space (X, d). For any x e X, write
Offx, 0, 0)={f'gix: i, jew} and O,(x,0, 0)={fix:icw}. For any
AcX, 6(A)=sup {d(x, »): x, y € A} denotes the diameter of 4 and A4 the closure
of A.

Throughout the paper, we shall suppose that the function ¢: R, R, is
nondecreasing and upper semicontinuous from the right and for each >0,
lim @"(f)=0, where ¢" is n-th iteration of ¢. The function ¢ is called a con-

n—+c0

tractive gauge function.

LemMa 1. ([4]) Let ¢: R,—R, be nondecreasing and upper semicon-
tinuous from the right, then lim @"(t)=0 for every t>0 if and only if o()<t
ad-]
Jor any t>0.

LemMMA 2. Let f and g be continuous selfmappings of a complete metric
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space (X,d) and fg=gf. Suppose there exists a point x,eX such that
(O (%6, 0, 0))<00. If there are p,qew with p+q>1 such that for all
x € Oy (xo, 0, ©)

(1) 5(Ofg(fpgqx! 0! w)) < (p(a(ofg(xs 01 w)))a
then {(fg)"Xo} e, cOnverges to a common fixed point of f and g.
Proor. Let h=max {p, q}. By (1)
2 3O, (frg*x, 0, ©0)) < 8(O,(frgix, 0, c0))
< ¢(5(0fg(x’ 09 w)))'

Hence for all ke N
3 5(0((fg)*xo, 0, o))

< @(3(O,((fg)E~Vixy, 0, c0)))

< 9(8(0 4(x0, 0, ).
From 8(O(x¢, 0, 00)< o and the assumption of ¢, it follows that

’Eim O, ((fgYxq, 0, 0)) = 0.
Hence for any given >0 there exists an integer k,eN such that for all i, j,
7, t>koh

d(figixo, frg'xe) < e.

This implies that for any subsequences {m;}, {m;} of N (n;— 00, m;—0) the
subsequences { g™ Xo} e Of O (X0, 0, c0) are Cauchy sequences and converge
to a same limit x*. Specially, the sequence

{x0= gxo,fgxo, g(fg)xos'“: (fg)"xo, g(fg)"xm"'}
converges to x*. From fg=gf, the continuity of f and g and
lim fg(fg)"x = lim g(fo)x = lim (fg)'x = x*

it follows that x* is a common fixed point fand g. This completes the proof of
Lemma 2.

3. Main resalts.

THEOREM 1. Let f and g be continuous selfmappings of a complete metric
space (X, d) and fg=gf. Suppose that there exists a point xo€X such that
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(O (x9, 0, 0))< 0. Ifthereexistp, p',q, 9 cw, withp+p' >1and g+q'>1
such that for all x, y € Og,(x,, 0, )

@ d{(frg?'x, f1g7y) < @(HO,(x, 0, 0) U Op(y, 0, 00))),

then {(fg)"Xo}uew CORUVErges to a common fixed point x* of f and g. Further, if
(4) holds for all x, y € X, then x* is a unique common fixed point of f and g.

Proor. Let r=max{p, p', ¢, q'}. For any {eO,/(xy, 0, ) and i},
k, le w, Letting x=fr-ptigr=p'+if and y=fr-atkgr-a’+1¢ in (4), we obtain
d(fr+igr+j£, fr+kgr+lé)
< @Oy (frrtigre¥iE, 0, 0) U Op(frmathgr=a*iL, 0, o))
< @(0(0,(Z, 0, 0)))

for all £eOyyfxo, 0, ©) and i, j, k, lew. Hence for all xe Oy (x4, 0, 0) we
have

O, (fg)x, 0, 00)) < @(d(Oy,(x, 0, 0))).

It follows from Lemma 2 that {(fg)"xo},.e cOnverges to a common fixed point x*
of f and g. Now if the further assumption holds and y* is also a common fixed
point of f and g, then by Lemma 1 and (4) we have

d(x*, y*) = d (frg? x*, fig? y*)
< P3Oy (x*, 0, ) U Of(y*, 0, 00)))
= o(d (x*, y¥) < d(x* y*)

which is a contradiction and so x*=y*, i.e. x* is a unique common fixed point
of f and g. This completes the proof of Theorem 1.

COROLLARY 1. Let f and g be continuous and commuting selfmappings of
a complete, bounded metric space (X, d). If there exist p, p', q, ¢’ € w with
p+p'>1and g+4¢'>1 such that for all x, y € X, the inequality (4) holds, then f
and ¢ have a unique common fixed point x* and for each xe X, {(f§)"*} e
converges to x*.

ReMARK 1. If g(f)=at, x€(0, 1), we see easily that Theorem 2 of Fisher
[5] is a special case of Corollary 1.

THEOREM 2. Let f and g be commuting selfmappings of a complete metric
space (X, d) and g be continuous. Suppose that there exists a point xoe X
such that 6(O;(xg, 0, o))< 0. If there are p', q, ¢ ew with q+q'>1 such
that for all x, y € O (xq, 0, ©)
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() d(fg7'x, f19%y) < @(8(0y(x, 0, 1) U Oy, 0, c0)))

where Og(x, 0, )={f'gix: 0<i, j<1}. Then {(fg)"Xo}ww converges to a
unigue common fixed point x* of f and g in Opfx,, 0, ). Further, if (5)
holds for all x, ye X, then x* is unique in X.

PrOOF. Let r=max {1, p', g, ¢’}. Using similar argument as in the proof
of Theorem 1, we obtain

3(O,((fg)x, 0, 0)) < @(3(O f,(x, 0, 0)))

for all xe Oy (x4, 0, 00). By Lemma 2 we obtain
lim 5(0 1d(fg)%0, 0, c0)) = 0

and {(fg)"xo}mee cOnverges to a fixed point x* of g, since g is continuous. Hence
for any given &>0 there exists koeN such that d(x*, (fg)"xo)<s and §(Oy,
(fr1g"'x,, 0, 00))<¢g, if min {n—q, n—g’} >kor. Tt follows from (5) that
d(fx*, x*) < d(fg?'x*, (fg)"xo) + d((fg)'xq, x*)
< (p(a(ofg(x*’ 0: 1) U ofg(f"_qgn-q"xm 0, 00))) + d((fg)"xm X*)
< o(d (fx*, x*)+2¢) + s

Letting £—0 in the above inequality we obtain
d{fx*, x*) < o(d (fx*, x*))

which implies fx*=x*Thus x* is a common fixed point of f and g. The
uniqueness of x* holds easily from (5).

COROLLARY 2. Let f and g be commuting selfmappings of a complete
bounded metric space (X, d) and g be continuous. If there exist p', q, ¢’ € w,
with g+q'>1 such that for all x, y € X, (5) holds, then for each x€ X {{(f9)"*},co
converges to a unique common fixed point x* of f and g.

REMARK 2. If p(t)=uat, 2 (0, 1), it is easy to see that Theorem 3 of [5] is a
special case of Corollary 2.

THFOREM 3. Let f and g be commuting selfmappings of a complete metric
space (X, d) and g be continuous, Suppose that &(O[x, 0, 0))<co for all
xeX. If there exist p’, q, g'ew with g+g°'>1 and 0<g<2 such that for qll
x,yeX

(6) d (fg7'x, f1g7'y) < P(8(Oyy(x, 0, 0) U Oyyy, 0, ))),

then for each xeX, {(fg)"X} e COnverges to a unique common fixed point x*

of fand g.
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Proor. Let r=max {1, p', ¢, ¢’}. Using similar argument as in the proof
of Theorem 1, we have

(O ((fg)x, 0, 00) < @(3(Oy(x, 0, 0}))

forall xe X. By Lemma 2 for each xe X {(fg)"x},, converges to a fixed point
x* of g, since g is continuous. Moreover for all xe X

lim 5(0,((f9)*"x, 0, ) = 0.
Thus for any given &> 0 there exists k, € N such that
d(x* (fo)'x) <e and &(Op(f* 29" 7x, 0, o0)),
if min{n—q, n—q'} >kor. For any meN, by (6), we have
d (fmx*, x*) < d(x*%, (fg)"x) + d (f"g?'x*, frg"x)
< &+ @O (fn1x*, 0, 00) U O (f* 99" %'x, 0, 0)))
< &+ o(8(0,(x*, 0, ) + 2¢).
Letting ¢—0 in the above inequality, we obtain
@) sup {d (x¥, f"x¥): me N} < @(6(0(x*, 0, 0))).
On the other hand, for any i, j e N with j>i, we have
A (i, fIx) = d (figr'x*, f1grfi~ax¥)
< (3O pg(f71x*, 0, 00) U Op(f77x*, 0, 0)))
< @(8(O4(x*, 0, c0))).
Thus
®) 8O {(fx*, 0, 0)) < p(O,(x*, 0, c0))).
It follows from (7) and (8) that
(0 ,(x*, 0, ©)) < @(6(0(x*, 0, w0)))

which implies 8(O,(x*, 0, ©0))=0 and so x*=fx*. Hence x* is a common
fixed point of fand g. The uniqueness of x* holds easily from (6).

COROLLARY 3. Let f be a selfmapping of a complete meiric space (X, d).
Suppase that 6(0(x,0, o))< for all xe X. If there exists an integer q with
1<g<2 such that for all x, ye X

d (fx, f1y) < @(6(0;(x, 0, 0) U O (, 0, «0))),
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then for each x€ X, { "X}, cOnverges to a unique fixed point x* of f.

Proor. Letting g=1I (the identical mapping) in Theorem 3, the conclusion
of corollary 3 follows Theorem 3.

REMARK 3. Theorem 4 of [4], Theorem 2 of [7]} and [8], and Theorem 7
of [9] are special cases of Corollary 3.

THEOREM 4. Let f and g be selfmappings of a complete metric space
(X, d) and fg=gf. Suppose that there exists a point xo€ X such that 6(O z4(x,,
0, o))< oo. Ifthereare p, ¢’ € N such that for all x, y € O,(xo, 0, 00)

©) d(f?x, g7'y) < e(max {d (x, ), d (x, fPx),
d(y, g¢y), d(x, g?y), d(y, f7x)}),

then {(fg)"Xo}new CORVErges to a unique common fixed point x* of f and g in
Oyy(xg, 0, 0). Further, if (9) holds for all x, y € X, then x* is unique in X,

Proor. Clearly, (9) implies (4) with p’=¢=0. From the proof of Theorem
1 and Lemma 2 it follows that

(10) {xm gq'x():fgxm gq‘fg'xo’---s (fg)"xm gq'(fg)"xo,---} ’
and
(11) {xo, fJ’XO: fngs fpfgxoy'“: (fg)"xO: fp(fg)"x()""}

converge to same limit x*. By (9) and (10) we have

d(frx*, x*) < d(fPx, g4 (fg)"xo) + d (g7 (fg)"xo, X¥)
< d(g(fg)x, x*) + e(max {d (x*, (fg)"xo), d (x*, f2x¥),
d((fg)"x0, g7 (fg)"%0); d (x*, g7 (f9)"X0), A ((fg)"x0, f?x*)}).

Letting n— o0 in the above inequality we obtain

d (fx*, x*) < o(d (f?x*, x¥))

which yields fPx*=x*. Similarly, using (9) and (11), we obtain g¢ x*=x*.
Now suppose that y* is also a fixed point of f? in O, (x4, 0, 00). By (9) we
have

d(y*, x*) = d(fry*, g7 x¥)
< p(max {d (y*, x*), 0, 0, d (y*, x*), d (*, x*)})
< o(d (y*, x*)

which implies y*=x* and so x* is the unique fixed point of fP. But x*=frx*
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implies fx*=fPfx* and fx* is also a fixed point of f. 1t follows from the unique-
ness of x* that x*=fx* and hence x* is the unique fixed point of f. Similarly,
x* is also the unique fixed point of g. Thus x* is a unique common fixed point
of fand g in O 4(xe, 0, ). If (9) holds for all x, ye X, using same argument as
above, it is easy to see that x* is unique in X.

COROLLARY 4. Let f and g be commuting selfmappings of a complete
bounded metric space (X, d). If there exist p, g’ € N such that for all x, ye X
(9) holds, then for each xe X {(fg)'x},c, cOnVErges to a unique common fixed
point x* of fand g.

REMARK 4. Theorem 4 of [5] is a special case of Corollary 4. Theorem 4
and Corollary 4 locally answer the problem 1 and 2 mentioned in Introduction.
The example 5 of [1] shows that the assumption fg =gf and 6(O,(x,, 0, 00)) <0
for some xy € X cannot be dropped simultaneously in Theorem 4 and Corollary 4.

Finally, I wish to thank the referee for his kind suggestions to improve the
manuscipt.

References

[1] K.P.R.Sastry & S.V.R. Naidu: Fixed point theorems for generalized contraction
mappings, Yokohama Math. J., 28 (1980), 15-29.

[2] L.B. Ciric: A generalization of Banach’s contraction principle, Proc. Amer. Math.
Soc., 42 (1974), 267-273.

[3] B.E.Rhoades: A comparison of various definitions of contractive mappings, Trans,
Amer. Math. Soc., 226 (1977), 257-290.

[4] Xieping Ding: Fixed point theorems of orbitally contraction mappings, Sichuan
Shiyuan Xuebao, A special Issue of Math., (1981), 10-14.

[5] B. Fisher: Results on common fixed points on bounded metric spaces, Math. Semi.
Notes, 7 (1979), 73-81.

[6] B. Fisher: Common fixed point mappings on complete and compact metric spaces,
Math. Japonica, 22 (1978), 565-569.

[7] W. Walter: Remarks on a paper by F. Browder about contraction, Nonlinear Anal.
TMA., 5 (1981), 21-25.

[8] S.Park & B.E. Rhoades: Some general fixed point theorems, Acta Sci. Math., 42
(1980), 299-304.

[9] Xieping Ding: On some results of fixed points, Chin. Ann. of Math., 4B4 (1983).

Department of Mathematics
Sichuan Teacher’s College
Chengdu, Sichuan, China



