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1. Introduction. The example 5 of Sastry and Naidu [1] showed that the 
result of Ciric [2] is not true for a pair of non-commuting selfmappings of a 
bounded metric space. Thus they mentioned: 

Problem 1. Let .f and g be selfmappings of a metric space (X, d). What 
can we say about the existence of common fixed points off and g if they satisfy 

d (fx, gy)::;; et max {d (x, gy), d (y,fx)} 

for all x, y e X and for some rx. E (0, 1 )? 
Hence the following problem is also open. 
Problem 2. If f and g satisfy any one of the definitions 149, 174, 199 of 

Rhoades [3], then what additional hypotheses on j, g and X are added to guar­
antee the existence of common fixed point? 

In this paper, we shall discuss the above Problems under weaker additional 
hypotheses. Our Theorems improve and generalize a great number of recently 
known results. 

2. Definitions and Lemmas. In this paper, we shall denote by w the set of 
all nonnegative integers, by N the set of all positive integers and by R+ the set of 
all nonnegative real numbers. 

Let.f and g be selfmappings of a metric space (X, d). For any xeX, write 
O1g(x, 0, rx.i)={f•gix: i, jew} and O1 (x, 0, rx.i)={fix: iew}. For any 
AcX, c5(A)=sup {d(x, y): x, yEA} denotes the diameter of A and A the closure 
of A. 

Throughout the paper, we shall suppose that the function cp: R + _,, R + is 
nondecreasing and upper semicontinuous from the right and for each t> 0, 
lim cp"(t) = 0, where <p" is n-th iteration of cp. The function <p is called a con-
rr➔co 

tractive gauge function. 

LEMMA 1. ([4]) Let cp: R+ ➔R+ be nondecreasing and upper semicon­
tinuous from the right, then Iim <p"(t)=0 for every t>0 if and only if <p(t)<t 

,r➔OO 

for any t>0. 

LEMMA 2. Let f and g be continuous selfmappings of a complete metric 
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space (X, d) and Jg= gf. Suppose there exists a point x0 EX such that 
o(01g(x0 , 0, oo))<oo. If there are p, qew with p+q>1 such that for all 
x E 0 1g(x0 , 0, oo) 

(1) 

then {(fg)"xo}necv converges to a common fixed point of .f and g. 

(2) 

PROOF. Let h=max {p, q}. By (1) 

8(019(/hghx, 0, oo)) s 8(019(!Pgqx, 0, oo)) 

s (f)(8(01g(x, 0, oo))). 

Hence for all k EN 

(3) 8(01/(fg)khxa, 0, ex:>)) 

s <p(~(Ofg((Jg)<k-l>hxa, 0, ex:>))) 

s <p(8(01g(x0 , 0, co))). 

From 8(01g(x0 , 0, co)< w and the assumption of <p, it follows that 

Hence for any given e > 0 there exists an integer k0 E N such that for all i, j, 
r, t2:k0 h 

This implies that for any subsequences {ni}, {m;} of N (n;➔ W, m;➔ W) the 
subsequences {J";gm;x0 },.6., of 0 1g(x0, 0, oo) are Cauchy sequences and converge 
to a same limit x*. Specially, the sequence 

{xo, 9Xo,f9Xo, g(fg)xo,···, (fg)"Xo, g(fg)"xo, ... } 

converges to x*. Fromfg=gf, the continuity off and g and 

lim fg(fg)"x = Iim g(fg)"x = lim (fg)"x = x* 
,z➔ OO 11➔ 00 n➔OO 

it follows that x* is a common fixed point f and g. This completes the proof of 
Lemma 2. 

3. Main results. 

THEOREM 1. Let J and g be continuous self mappings of a complete metric 
space (X, d) and Jg =gf Suppose that there exists a point x 0 e X such that 
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«5(0 fg(x 0 , 0, oo )) < oo. If there exist p, p', q, q' E w, with p + p' 21 and q + q' 2 1 
such that for all x, y E O Ig(x0 , 0, oo) 

then {(fg)"x0 },.ew converges to a common.fixed point x* off and g. Further, if 
( 4) holds for all x, y EX, then x* is a unique common fixed point off and g. 

PROOF. Let r=max {p, p', q, q'}. For any e E OJ/xo, 0, oo) and i, j, 
k, lew, Letting x=f'-p+igp-p'+je and y=f'-q+kgr-q'+1e in (4), we obtain 

d (Jr+igr+j e, f'+kgr+le) 

::;; <p(J(Ofgur-p+igp-p'+ie, 0, oo) u Ofg(fr-q+kgr-q'+le, 0, oo))) 

::;; <p(«5(OIg(e, 0, oo))) 

for all eeOJ/x0 , 0, oo) and i,j, k, lew. Hence for all xeOJ/x0 , 0, oo) we 
have 

It follows from Lemma 2 that {(fg)"x0 },,ew converges to a common fixed point x* 
off and g. Now if the further assumption holds and y* is also a common fixed 
point off and g, then by Lemma 1 and (4) we have 

d(x*, y*) = d(fPgP'x*,fqgq'y*) 

::;; <p(o(Oig(x*, 0, co) u Oig(y*, 0, oo))) 

= q;(d(x*, y*)) < d(x*, y*) 

which is a contradiction and so x* = y*, i.e. x* is a unique common fixed point 
of .f and g. This completes the proof of Theorem 1. 

COROLLARY 1. Let f and g be continuous and commuting selfmappings of 
a complete, bounded metric space (X, d). If there exist p, p', q, q' EW with 
p + p' 2 l and q + q' 2 l such that for all x, y EX, the inequality ( 4) ho1ds, then j 
and g have a unique common fixed point x* and for each xeX, {(fg)11x} 11e,. 

converges to x*. 

REMARK l. If <p( t) = o:t, o: E (0, 1 ), we see easily that Theorem 2 of Fisher 
[5] is a special case of Corollary 1. 

THEOREM 2. Let f and g be commuting self mappings of a complete metric 
space (X, d) and g be continuous. Suppose that there exists a point x0 EX 
such that lJ(Ofg(x0, 0, co))<co. If there are p', q, q'Ew with q+q'21 such 
that for all x, y E O 1g(x0 , 0, oo) 
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(5) 

where 0 1g(x,0,l)={figix:0::::;;i,jsl}. Then {(fg)"x0},.ew converges to a 
unique common fixed point x* off and g in O 1g(x0 , 0, co). Further, if (5) 
holds for all x, y EX, then x* is unique in X. 

PROOF. Let r=max {1, p', q, q'}. Using similar argument as in the proof 
of Theorem 1, we obtain 

for all x E O 1g(x0 , 0, oo ). By Lemma 2 we obtain 

lim {)(01g((fg)k'x0, 0, oo)) = 0 
k➔ ro 

and {(fg)"xo}neco converges to a fixed point x* of g, since g is continuous. Hence 
for any given e>0 there exists k0 EN such that d(x*, (fg)"x0 )::::;;e and {)(Olu 
(f 11 -qg 11-q'x0 , 0, o:::i))se, if min {n-q, n-q'}z.k0 r. It follows from (5) that 

d(fx*, x*):::,;; d(fgP'x*, (fg)"x0 ) + d((fg)"x0 , x*) 

s <P(c'>(O lg(x*' 0, 1) u O fg(f"-qgll-q' Xo, 0, co))) + d ((fg)"Xo, x*) 

::::;; <p(d(fx*, x*)+2e) + e. 

Letting e➔0 in the above inequality we obtain 

d(fx*, x*) s q>(d(fx*, x*)) 

which implies f x* = x*. Thus x* is a common fixed point of f and g. The 
uniqueness of x* holds easily from (5). 

COROLLARY 2. Let f and g be commuting selfmappings of a complete 
bounded metric space (X, d) and g be continuous. If there exist p', q, q' e w, 
with q+q'-:?.1 such thatfor all x, yEX, (5) holds, then for each xeX {(fg)11x} 11eco 
converges to a unique common fixed point x* off and g. 

REMARK 2. If q>(t)=at, ixe(0, 1), it is easy to see that Theorem 3 of [5] is a 
special case of Corollary 2. 

THFOREM 3. Let f and g be commuting selfmappings of a complete metric 

space (X, d) and g be continuous, Suppose that o(Ofg(x, 0, o:::i))<oo for all 
x EX. If the1·e exist p', q, q' E OJ with q + q' 2. 1 and O::::;;q::;; 2 such that for qll 

x, yeX 

then for each xEX, {(fg)"x},,ew converges to a unique common fixed point x* 
offandg. 
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PROOF. Let r=max {l, p', q, q'}. Using similar argument as in the proof 
of Theorem 1, we have 

for all x e X. By Lemma 2 for each x e X {(fg)nx},.ew converges to a fixed point 
x* of g, since g is continuous. Moreover for all x e X 

lim f>(Ofg((fg)k'x, 0, oo)) = 0. 
k➔ OO 

Thus for any given e > 0 there exists k0 e N such that 

d(x*, (fg)"x) s e and f>(O1g(J11 -qgn-q'x, 0, oo)), 

if min {n-q, n-q'};::,: k0r. For any me N, by (6), we have 

d(fmx*, x*) s d(x*, (fg)"x) + d(fmgP'x*,Jng"x) 

s e + <p(i5(Oj(J111 - 1x*, 0, oo) U OJg(f"-qgn-q'x, 0, oo))) 

_s e + <p(i5(Oj(x*, 0, oo)) + 2e). 

Letting e-o in the above inequality, we obtain 

(7) sup {d (x*, f'"x*): m EN} s <p(i5(O j(x*, 0, oo ))) . 

On the other hand, for any i, j e N with .i > i, we have 

d(jix*,fix*) = d(jigP'x*,fqgqp-qx*) 

Thus 

(8) 

s <p(i5(OJ
9
(ji-1x*, 0, oo) U OJ

9
(ji-q'x*, 0, oo))) 

s <p(i5(O j(x*, 0, oo ))) . 

i5(Or(fx*, 0, oo)) s <p(o(Or(x*, 0, oo))). 

It fo11ows from (7) and (8) that 

r5(OJ<x*, 0, oo)) s <p(i5(Or(x*, 0, oo))) 

which implies f>(Or(x*, 0, oo))=0 and so x*=fx*. Hence x* is a common 
fixed point off and g. The uniqueness of x* holds easily from (6). 

COROLLARY 3. Let f be a selfmapping of a complete metric space (X, d). 
Suppose that i5(O 1-(x,0, oo))<oo for all xeX. If there exists an integer q with 
1 sq s 2 such that for all x, ye X 
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then for each x EX, {f"x}n""' converges to a unique.fixed point x* off. 

PROOF. Letting g = I (the identical mapping) in Theorem 3, the conclusion 
of corollary 3 follows Theorem 3. 

REMARK 3. Theorem 4 of [4], Theorem 2 of [7] and [8], and Theorem 7 
of [9] are special cases of Corollary 3. 

THEOREM 4. Let f and g be selfmappings of a complete metric space 
(X, d) andfg=gf. Suppose that there exists a point x0 EX such that o(01g(x0 , 

0, oo))<oo. If there are p, q'EN such thatfor all x, yE01g(x0 , 0, oo) 

(9) d (fPx, gq' y) s <p(max { d (x, y), d (x, f Px), 

d (y, gq' y), d (x, gq' y), d (y, JPx)}), 

then {(fg)11x0} 11.,"' converges to a unique common fixed point x* off and g in 
0 1g(x0, 0, oo). Further, if(9) holdsfor all x, yEX, then x* is unique in X. 

PROOF. Clearly, (9) implies (4) with p' = q =0. From the proof of Theorem 
1 and Lemma 2 it follows that 

(10) 

and 

(11) 

converge to same limit x*. By (9) and (10) we have 

d (f Px*, x*) s d (f Px, gq'(fg)"x0 ) + d (gq'(fg)"x0 , x*) 

s d (g(fg)x, x*) + <p(max {d (x*, (fg)"x0 ), d (x*, fPx*), 

d ((fg)"x0 , gq'(fg)"x0 ), d (x*, gq'(fg)"x0 ), d ((fg)"x0 ,f Px*)}). 

Letting n-HX) in the above inequality we obtain 

d(fx*, x*) s <p(d(fPx*, x*)) 

which yields JPx* = x*. Similarly, using (9) and (11), we obtain gq' x* =x*. 

Now suppose that y* is also a fixed point of JP in O 1g(x0 , 0, oo ). By (9) we 
have 

d(y*, x*) = d(fPy*, gq'x*) 

s cp(max{d(y*, x*), 0, 0, d(y*, x*), d(y*, x*)}) 

s ip(d(y*, x*)) 

which implies y* = x* and so x* is the unique fixed point of JP. But x* = fPx* 
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implies fx* = f Pjx* and fx* is also a fixed point off. It follows from the unique­
ness of x* that x* = fx* and hence x* is the unique fixed point off. Similarly, 
x* is also the unique fixed point of g. Thus x* is a unique common fixed point 
off and g in O 1g(x0 , 0, oo ). If (9) holds for all x, y EX, using same argument as 
above, it is easy to see that x* is unique in X. 

COROLLARY 4. Let f and g be commuting selfmappings of a complete 

bounded metric space (X, d). If there exist p, q' EN such that for all x, y EX 
(9) holds, then for each x EX {(fg)nx},.ew converges to a unique common fixed 

point x* off and g. 

REMARK 4. Theorem 4 of [5] is a special case of Corollary 4. Theorem 4 
and Corollary 4 locally answer the problem l and 2 mentioned in Introduction. 
The example 5 of [1] shows that the assumption Jg= gf and b(O 1g(x0 , 0, oo )) < oo 
for some x 0 EX cannot be dropped simultaneously in Theorem 4 and Corollary 4. 

Finally, I wish to thank the referee for his kind suggestions to improve the 
manuscipt. 
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