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Decay estimates for Cayley transforms and inverses of semigroup
generators via the 3-calculus

MASASHI WAKAIKI

Abstract. Let —A be the generator of a bounded Cy-semigroup (e’ A)rzo on a Hilbert space. First we
study the long-time asymptotic behavior of the Cayley transform V,(A) := (A — wl)(A + wl)_l with
o > 0. We give a decay estimate for || Vo (A" A~ Y| when (e*’A)tzo is polynomially stable. Considering
the case where the parameter w varies, we estimate ||(]_[ﬁ:] Voo (A))A*1 || for exponentially stable Cp-
semigroups (e’ A )1>0- Next we show that if the generator — A of the bounded C-semigroup has a bounded

. Al .
inverse, then sup; > |le AT Ao || < oo foralle > 0. We also present an estimate for the rate of decay of

-1 . _ . . .
He_’A Al I, assuming that (e ’A),zo is polynomially stable. To obtain these results, we use operator
norm estimates offered by a functional calculus called the 3-calculus.

1. Introduction

When solving differential equations numerically, we employ time-discretization
methods. The first topic is the long-time asymptotic behavior of numerical solutions.
Let —A be a bounded Cy-semigroup (e’ A)tzo on a Banach space X, and consider
the differential equation

x=—Ax, t>0; x(0) = xg € X. €))]

The Crank—Nicolson discretization scheme with parameter w > 0 transforms the
differential equation (1) into the following difference equation:

xqgn+1)=—=V,y(A)xqg(n), neNyg:={0,1,2,...}; x40)=x0€ X, 2

where V,,(A) is defined by V,,(A) := (A — wl)(A + wl)~! and is called the Cayley
transform of A with parameter w. Assume that A has a bounded inverse. To obtain a
uniform rate of decay of numerical solutions x; starting in D(A), we investigate the
quantitative behavior of the operator norm || Vo(A)'A~ Y as n — oo.

For simplicity of notation, let V(A) := Vji(A). The asymptotic behavior of
(V(A)")nen, has been extensively studied; see the survey [15] and the book [10,
Chapter 5]. Some particular relevant studies will be cited below. For the generator
—A of a bounded Cy-semigroup on a Banach space, ||V (A)"|| = O(y/n) asn — oo
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holds, i.e., there exist constants M > 0 and ng € N such that |V (A)"|| < M./n for
all n > np, and this estimate cannot be improved in general; see [6,11,17,22]. In the
Hilbert space setting, it is still unknown whether the boundedness of (¢ ~/4),~( implies
that of (V (A)"),eN,. For bounded Cy-semigroups on Hilbert spaces, the estimates

V(A" = O(logn)  (n — 00) (3)
and
sup [V(A)"(I +A)™ || <00, >0 4)
neNp

remain the best so far. The former estimate (3) has been obtained in [14], and one
can derive the latter estimate (4) by combining [16, Lemma 2.3] and the theory of the
B-calculus established in [4,5]. If both A and A~! generate a bounded Cy-semigroup
on a Hilbert space, then (V(A)"),en, is bounded, which has been independently
proved in [1,14,19]. Under the additional assumption that (¢’ A)tz() is strongly sta-
ble, (V(A)"),en, is also strongly stable; see [19]. The approach developed in [19] is
based on Lyapunov equations and has been extended in [22] from the case of con-
stant parameters V (A)”" to the case of variable parameters ]_[;{’21 Ve (A), where the
sequence (wi)keN, satisfies 0 < infien wi and supy oy Wk < 00.

In this paper, we consider bounded Cyp-semigroups on Hilbert spaces with certain
decay properties. In particular, we focus on polynomial stability and exponential sta-
bility, which are defined as follows:

Definition 1. A Cp-semigroup (e’ A)lzo on a Banach space is called

(a) polynomially stable with parameter B > 0 if (¢ ~"4),>¢ is bounded and satisfies
le A + A~ = 0@ Byast — oo, or simply polynomially stable if it is
polynomially stable with some parameter; and

(b) exponentially stable if lim;_, o ||¢f"e 4| = 0 for some & > 0.

Note that if the Cp-semigroup (e_’A)tzo is polynomially stable or exponentially
stable, then the negative generator A has a bounded inverse; see [3, Theorem 1.1]. For
more information on these stability notions, we refer to the survey article [7].

Several results on the rate of decay of ||V (A4)*A~!|| have been developed in the
Hilbert space setting. If (V (A)"),cn, is bounded, then

logn \ /P
||V(A>"A—1||=0<< - ) ) (n — o) 5)

for all polynomially stable Co-semigroups with parameter f > 0; see [23]. It has
been also proved in [23] that if —A is normal and generates a polynomially stable
Cop-semigroup with parameter 8 > 0, then IVA'"A" Y = 0 @By asn — oo
and the decay rate n~!/@*+#) cannot be replaced by a better one in general. In the case
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where (e~'4),( is exponentially stable and (e”Afl),Z() is bounded, the following
estimate has been derived in [24]:

()
k=1

where (wi)ken satisfies 0 < infreywi and sup,ywr < oo. In the proof of the
estimates (5) and (6), Lyapunov equations on V(A) and —A~! play an important
role, as in [19,22]. Hence, the assumptions on the boundedness of (V (A)"),cn, and

n

:o( ‘Og”> (1 = o0, ©)

(e=14”" )i>0 are placed.

Our aim is to estimate the decay rate of || V(A)"A™|| without assuming that
(V(A)")pen, or (e_’A_1 )r>0 is bounded. To this end, we apply the B-calculus. First,
we derive a new estimate for operator norms in the context of the B-calculus, which is
tailored to polynomially stable Co-semigroups on Hilbert spaces. Using this estimate,
we next show that

I logn
IV(A'A™ || =0 “TaTh (n — 00) @)

for all polynomially stable Cy-semigroups (e~* A),zo on Hilbert spaces. The estimate
(7) is less sharp than (5) because it has an additional logarithmic term, and we do not
know whether the logarithmic term can be omitted. However, it should be emphasized
that the boundedness of (V (A)"),en, is not assumed. When —A is the generator of
an exponentially stable Cp-semigroup on a Hilbert space, we obtain the estimate
1
=0 <—) (n — 00), ®)

Vi (A) | A7
(1) v

where (wg)ren satisfies 0 < infien wg and sup, .y wx < 00. This result implies that

not only the assumption on the boundedness of (¢~ ™! )¢>0 but also the logarithmic
term +/logn in the previous result (6) can be omitted. Moreover, we show that the
estimate (8) cannot be improved in the case A := i B + I, where B is a self-adjoint
operator with a certain spectral property. A similar improved estimate is provided
for a polynomially stable Cy-semigroup on a Hilbert space such that the generator is
normal.

We now turn our attention to the long-time asymptotic behavior of (e"A_l )i>0-
Let (e~'4),>0 be a bounded Cy-semigroup on a Banach space, and assume that there
exists a densely defined algebraic inverse A~! of A. The inverse generator problem
raised by deLaubenfels [8] asks whether —A~! also generates a Co-semigroup, and a
survey can be found in [15]. For bounded Cy-semigroups on Banach spaces, a negative
answer to this problem has been provided implicitly in [21, pp. 343-344], and other
counterexamples can be found in [13,18,26]. The inverse generator problem in the
Hilbert space setting remains open. It has been shown in [26] that if the answer is
positive for all generators and all Hilbert spaces, then the Cyp-semigroup (e~ A~ )i>0
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is bounded. For exponentially stable Cy-semigroups on Hilbert spaces, the estimate
lle~! 4! || = O(logt) as t — oo has been obtained by using Lyapunov equations in
[25] and by connecting the growth bounds of (e_“rl)tzo and (V(A)")pen, in [17].
This estimate has been extended to bounded Cp-semigroups on Hilbert spaces with
invertible generators by means of the 5-calculus in [4, Corollary 5.7].

Since we are interested in the asymptotics of e’ A™' that is uniform with respect
to x € D(A), the problem we study is to estimate e~ A A= Tf (e’”rl),zo
is an exponentially stable Cp-semigroup on a Banach space, then ||e_’A71A_k|| =
O(¢=*/2+1/%) for all k € N, which has been established for the case k = 1 in [26] and
for the case k > 2 in [9]. The B-calculus has been applied in [24] in order to obtain

the estimate
e 1
le= 4 AT = 0<ﬁ> (n — o) ©)

with @ > 0 for all exponentially stable Co-semigroups on Hilbert spaces. If the
generator —A of a polynomially stable Cp-semigroup with parameter 8 > 0 on a
Hilbert space is normal, then

Al - 1

for all @ > 0; see [24]. In [24], simple examples have been also provided to show
that the estimates (9) and (10) cannot be improved in general. For polynomially stable
Co-semigroups with any parameters on Hilbert spaces, the estimate

sup e 4 A7 < oo (an
t>0
has been derived in [24] by the Lyapunov-based approach.

Our second contribution is to improve the estimate (11) in two ways by means of
the B-calculus. First, we show that sup,- ||e_’A_1A_°‘|| < oo for all « > 0 when
— A is the generator of a bounded Cy-semigroup on a Hilbert space and has a bounded
inverse. Second, we give the estimate of the decay rate

e A =0 <t11/?Tg+tm) (n — o0) (12)
for all polynomially stable Co-semigroups with parameter § > 0 on Hilbert spaces.
For this, the operator norm estimate exploiting polynomial stability is again applied in
the setting of the B-calculus. We see from the estimate (12) that a decay estimate for
(e”A),Z() is transferred to that for (e’”r1 )¢>0 as in the estimate (7) for (V (A)"),en,-
There is a question whether the logarithmic term in the estimate (12) can be omitted,
and it is open as in other estimates.

This paper is organized as follows: In Sect.2, we present the notion and some
properties of the B-calculus. Section 3 is devoted to estimating the rate of decay of the
Cayley transform. In Sect. 4, we study the asymptotic behavior of ||e”A_1 A7Y|| with
a > 0.
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Notation

Let C; :={ze€ C:Rez >0}andlet Ry :={& e R: & > 0}. Let Z, N, and
Np denote the set of integers, the set of positive integers, and the set of nonnegative
integers, respectively. For a real number &, let |£| := max{k € Z : k < &}. Given
functions f, g: [fy, 00) — (0, 00), we write

f()y=0(g®) (t— o0)

if there exist constants M > 0 and #; > f¢ such that f(t) < Mg(¢) for all t > 1;.
When 0 < w, < w; < 00, we denote by S(w,, w,) the set of sequences (wy)ren of
positive real numbers satisfying w, < wy < w, forallk € N.

Let X be a Banach space. We denote by £(X) the Banach algebra of bounded linear
operators on X. For a linear operator A on X, let D(A), 0 (A), and ¢(A) denote the
domain, the spectrum, and the resolvent set of A, respectively. Let — A be the generator
of a bounded Cy-semigroup (e’ A),Zo on X. We define the Cayley transform V,(A)
of A with parameter @ > 0 by V,(A) := (A — wl)(A + wl)~'. For simplicity of
notation, we set V(A) := Vi(A). If A is injective, the fractional power A* of A is
defined by the sectoral functional calculus for o € R; see [20, Chapter 3].

Let H be a Hilbert space. We denote the inner product on H by (-, -). For a densely
defined linear operator A on H, the Hilbert space adjoint of A is denoted by A*.

2. B-calculus

In this section, first we recall the notion of the B-calculus and its basic properties.
Then, we provide a new operator norm estimate in the B-calculus for the negative
generator of a polynomially stable Cy-semigroup on a Hilbert space.

2.1. Definition and basic facts

We provide some background material on the B-calculus and refer the reader to [4,
Sections 2 and 4] for more details. Let B be the algebra of holomorphic functions f
on C; satisfying

1 fll50 :=/0 sup |f'(& + im)|d < oo.

neR

For all f € BB, the limit f(0c0) := limge ;o f () exists in C and

[ flloo := sup | f(2)| < |f (o) + [ fl5,-

zeCy

Moreover, B equipped with the norm

1/ == 1flloo+ 1 flBe, fE€B
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is a Banach algebra.

Let M(R.) be the space of all bounded Borel measures 1« on R, endowed with the
total variation norm || |lmr,) := |#|(R4). Then M(IR,) is a Banach algebra with
respect to the convolution product. We identify L' (R,.) with a subalgebra of M(R ).
The Laplace transform of u € M(Ry) is the function on C defined by

(L) (2) 1=/ e “udt), zeCy.
Ry

Define LM :={Lp : © € M(R4)}. Then LM equipped with the norm

ILpllap == lulMg,y, w € M®RY)

is a Banach algebra. If f € LM, then f € Band || fllg < 2| flup-
We present some examples of LM -functions, which will be used to obtain decay
estimates for the Cayley transform and the inverse of semigroup generators.

Example 1. (a) Letc > 0and d € R. Define
z+d
ucd(2) = ——, z€Cy.
z+c

Then u. 4 is the Laplace transform of 69 — (¢ — d)e, € M(R.), where d is the
Dirac measure concentrated at O and e.(t) := e~ ! for t > 0. Hence, the n-th
power (u. 4)" belongs to LM for every n € N.

(b) Let @, ¢ > 0. Define

Vg, c(2) = ze€Cy.

1
(z+ o)’

By the definition of the gamma function I', we obtain
o 0
o) = / e dr = (z + C)a/ el @t gy
0 0

for all positive real numbers z > 0. Together with the uniqueness theorem for
holomorphic functions, this implies that vy . is the Laplace transform of the
function ¢y . € L'(R,) defined by

ta—le—ct
) = ——, t 0.
Go,c (1) F @) >
Therefore, vy, € LM.
(c) For afixed r > 0, define
wi(2) = ——e 7, zeCy.
z+1 '

Then, w; is the Laplace transform of some LI(R+)-function; see the proof of
[9, Theorem 3.3]. Hence, w;, € LM.
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Now we introduce a functional calculus for 3. Let — A be the generator of a bounded
Co-semigroup (e_’A)tzo on a Hilbert space H. We define K := sup; > lle="4|. For
all x € H, the Plancherel theorem gives

o0 o0
/ 1 — in+ A) x|y = 21 / 2 e x 2,
0

—0o0
and hence
o 1 2 2 2
sup & (6 —in+ A" x|"dn < wK~|lx]|~. (13)
£>0 —00
Similarly,
o 2 2 2
supé [ I +in+ A y|Pdy < 7 K3yl (14)
£>0 —00

for all y € H. Combining these estimates with the Cauchy—Schwartz inequality, we
obtain

sup & ((E —in+ A)"2x, y)ldn < K2 ||x]| |1yl (15)

E>0 —00

forall x,y € H. Let f € B, and define the linear operator f(A) on H by

2 o0 o0
(F(AYx, ) = (fo0)w. ) = = /0 £ / (& = in+ A2, y) /G + imdnde
(16)

for x, y € H. By the estimate (15), f(A) is bounded on H and satisfies

£ (A < £ ()| + 2K fli, < 2K B a7

The map
Py B— L(H), fr f(A)

is a bounded algebra homomorphism. We refer to ® 4 as the B-calculus for A.
Define the map T4 : LM — L(H) by

M= [ e apan
Ry
for f = L € LMandx € H.The map I, isabounded algebra homomorphism and
is called the Hille—Phillips calculus for A. The B-calculus extends the Hille—Phillips
calculus in the sense that ® 4 (f) = [T4(f) forall f € LM.
We apply the B-calculus to the functions presented in Example 1.

Example 2. Let —A be the generator of a bounded Co-semigroup on a Hilbert space
such that 0 € p(A). We define the functions u, 4, Vy.c, w; € LM as in Example 1.
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(a) Since My (uc,q) = (A+dI)(A+ cD)~!, we have
(We.a)"(A) = (A+dD(A+cD)™H"

(b) Onehas T4 (vy, ) = (A+cl)™ by [20, Proposition 3.3.5], and hence vy - (A) =
(A 4 cI)™“. Moreover, since

A =(A+cDH)™ U +cA™H, (18)
the estimate (17) yields
If (A < 2K+ A I fra,ell s,

for all f € B. We shall use this estimate frequently without comment.
(c) The argument in the proof of [4, Corollary 5.8] shows that

wi(A) = A(A + D)~ le 47"
2.2. Operator norm estimate for polynomially stable semigroups

The norm estimate (17) can be applied to every negative generator A of a bounded
Cop-semigroup on a Hilbert space. Here we present a sharper norm estimate for poly-
nomially stable Cp-semigroups on Hilbert spaces. First we recall a useful property
on rates of polynomial decay for bounded Cy-semigroups on Banach spaces; see [2,
Proposition 3.1] for the proof.

Proposition 1. Let —A be the generator of a bounded Cy-semigroup (e~'4),>0 on a
Banach space X such thatQ € 9(A). Then, the following two statements are equivalent
for a fixed B > 0:

1. e A =00 VP ast — .

2. |le7"AATPY = 0(t™7) ast — oo for some/all g > 0.

Next we establish a resolvent estimate analogous to (13) for polynomially stable
Co-semigroups on Hilbert spaces. The proof is similar to that of [23, Proposition 3.1],
but in order to make this paper self-contained, we give a short argument.

Lemma 1. Let —A be the generator of a bounded Cy-semigroup (e_'A)tzo on a
Hilbert space H suchthat0 € o(A). Then, the following two statements are equivalent
for fixed B > 0and q € (0, 1/2):

L e A= =0¢ VPyast — .

2. There exists M > 0 such that for all x € H,

o0
sup &'~ / 1€ +in+ A ATPax|?dy < M|Ix|>. (19)
0<é<l1 —00
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Proof. Let g € (0,1/2) and let K| := sup,- le~"4]|. By Proposition 1, the state-
ment 1 holds if and only if there exist constants K>, fo > 0 such that

K
”e—zAA—ﬂq” < t_qz for all ¢t > 1. (20)

(Proof of 1 = 2) Let x € H. The Plancherel theorem gives

o0 o0
f (€ +in+ A TAPIx)dy = 27r/ e e MM AP 2dr (21)

—00 0

for all £ > 0. Using the estimate (20), we obtain

o0
/ e e A AP x| 2ds
0

In) o0

:/ e—sz||e—'AA—ﬁqx||2dt+/ e e A AP X2 dr
0 0]

e—2§t

dr
124

o0
< K2 AP x P + K2 (x| /
1o

for all £ > 0. Since

oY= e

/00 e %1 (1l —2q)
0]

where I" is a gamma function, we obtain

o
sup quf e e A AP x| 2 dr
0<€<l1 0

_ I'(l —2q)
< (toK%nA PP+ K — i, ) I (22)
From (21) and (22), we conclude that the statement 2 holds.
(Proof of 2 = 1) Using the inverse formula given in [12, Corollary IIL.5.16], we
have that for all x € D(A%), y € H,and 1, £ > 0,
Et [ee)

(e " Ax, y)| < o | NE+in + A)"2x, y)ldn;
—00

see also [5, Corollary 8.14] for the inversion formula. Together with (14), (19), and the
Cauchy—Schwartz inequality, this estimate implies that there exists a constant M > 0
such that
Myef!
le A APx] < 1
glat
forallx € D(A2),t > 0,and 0 < & < 1. Since D(A?) is dense in H, setting§ = 1/t
yields

[lx]l

_ _ eM,
le " AAPY < —
t4

forallz > 1. Thus, |[e "2 A~ = O(+—/#) is obtained. O
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Let g > 0, and define
o0
180 = [ Va© suplf € +inld. f B,
0 neR

where

§1, 0<& <1,
= 23
Yq(§) {1’ Es 1. (23)

Since 0 < ¥4 (&) < 1 forall & > 0, we have || fll5y,q < Il fli5, forall f € B. When
—A is the generator of a polynomially stable Cp-semigroup with parameter 8§ > 0,
the operator norm for f(A)A~P4 can be upper-bounded by using || f|| Bo.q-

Proposition 2. Let — A be the generator of a polynomially stable Cy-semigroup with
parameter § > 0 on a Hilbert space H. Then, for all g € (0, 1/2), there exists M > 0
such that

If (AYA™PIY < JATP) | £ (00)] + M| f 1| 5.4 (24)

forall f € B.

Proof. Letq € (0, 1/2) and let K := sup, le™"A||. Forallx,y € H and f € B,
‘/0 s/ (& —in+ A)2x, y) £ +in)dnd$‘
5/ ba(®)sup 6 + il s f (& —in+ A)2x, y)ldnde.  (25)
A wq@

To the right-hand side, we apply Lemma 1 for 0 < & < 1 and the estimate (13) for
&€ > 1. For x € D(AP?), we replace x by AP%x in Lemma 1 and use the inequality
x|l < IIA=P4| ||AP9x| in (13). Then, we see that there exists M; > 0 such that

BT fg)z / 16 —in+ A)~"x|l’dy < M| AP9x|? (26)
> q —00

for all x € D(AP4). The estimates (14) and (26) together with the Cauchy—Schwartz
inequality imply

o0
sup (& —in+ A)72x, y)ldn < VTEMIIAP x| Iyl @27)
£>0 I/Iq (é}-) 00
forall x € D(AP%) and y € H. Applying the estimates (25) and (27) to the definition
(16) of f(A), we derive

2K M, 8
[fAx, M= 1fF )Xy + —= 1 flIBo.q 1AZx] 1Yl

N
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forall x € D(AP?),y € H,and f € B. Thus,

2KM
JT

forall f € B. g

I F(AYATPL < |A™P4) | f(00)| + L1 £ 1Bowg

In Sects. 3 and 4, we will derive operator norm estimates for the Cayley transform
and the inverse of a semigroup generator from estimates of || f'||5, or || f |54 for the
corresponding B-functions f, by using the inequalities (17) and (24). The inequality
(24) will be applied in the following way.

Example 3. Let g € (0,1/2) and let —A be the generator of a polynomially stable
Cop-semigroup with parameter 8 > 0 on a Hilbert space. For o, ¢ > 0, we define
Ve.c € LM as in Example 1.(b). Using (18), we obtain

FAAT P = (fra,) (M)A + cA™H*
for all f € B. Therefore, Proposition 2 shows that there exists M > 0 such that

I £ (A)A™P9)| < M| fva.cllBe.qg
forall f € B.

3. Estimates for Cayley transforms

In this section, first we study the asymptotic behavior of ||V (A)"A™¥|| for @ > 0
when — A is the generator of a polynomially stable Cp-semigroup on a Hilbert space.
Next we turn our attention to exponentially stable Co-semigroups on Hilbert spaces
and the case of variable parameters ||([T;_; Vi, (A)A™%].

3.1. Case of constant parameters

When —A is the generator of a polynomially stable Cp-semigroup on a Hilbert
space, the following estimate for ||V (A)" A™%| holds without the assumption that
(V(A)")nen, is bounded. Recall that |£ | is the largest integer less than or equal to
EeR.

Theorem 1. Let —A be the generator of a polynomially stable Co-semigroup with
parameter B > 0 on a Hilbert space H. Then, for all o« > 0,

A nA—Ol _ (logn)k+l h ko= 200 2
vearai=o(SER) w— o, wheeki=| 22| @)

Letn € Nand p > 0. Define
(z—1"
(z + Dnt2re’

Then f,2, € LM; see Example 1. To prove Theorem 1, we need a preliminary
estimate for || f4.2p118y,q-

n2p(@) = zeCy. (29)
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Proposition 3. Forn € N and p > 0, define the function f; 2, by (29). Then, for all

q €(0,1/2),

1
o(3) e

logn
||fn,2p||Bo,q =40 < ) ,» P=¢, (n — 00).

npP

1
o(): roe
Proof. Step 1: Letn € N. Fix p > 0 and g € (0, 1/2). Since
(- D" i

4 T
fn,2p(Z) = ZP(Z+ 1)n+2p+1 +2n(z+ 1)n+2p+1’
we have
SUp | f 2, (€ +im)| < 2psup gn, p(&, ) +2nsuphy p(&, s),
neR s>0 s>0
where
(-2 )
gn,p(g’ §) = ((5 F12 4 s)(n+1)/2+p s
\ . ((E _ 1)2 + S)("_l)/2
np(§.s) = (n+ D)/ 24 p

(E+D2+5)

for £ > 0 and s > 0. In Steps 2 and 3 below, we will show that
(0] ! <

}’l_p 5 p = qv
0 1

n_q 5 p > qa

/ Ve (§) sup gn,p (&, s)dé =
0 s>0

and

00 1
/0 I/fq(é)sughn,p(é,S)déi: 0<£), p=q, (n— 00).

1
NESRS

Combining the estimates (31)—(33), we obtain the desired conclusion (30).

(n — 00)

(30)

(€29}

(32)

Step 2: The aim of this step is to show the estimate (32) for g, ,. Fix § > 0, and

define
(€ —D*+5)"
((E + 1)2 +s)n+2p+1

Ge(s) = gn p(E, )" =
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for s > 0. Then,

(€ —1)245)"""
((E+1)2+S)n+2p+2

Gi(s) = x(s),

where
X():==n(E+ 1> +5) = +2p+D(E - D> +5).
Since
X() =22p+1+2m) = 2p+ D(s + & + 1),

the equation y (s) = 0 has the following solution:

2n

2

==& —-14+2(1+ .
51 § ( 2p+1)‘$S

Moreover, the solution s satisfies s; > 0 if and only if §y < & < &, where

2 2 2 1
f = o) = | 4 b 2Vt 2p D)

2p+1_ 2p+1

2n 2dnn+2p+1)

&1 :=§&1(n) :=1+2 b .
p+1 2p +1

Note that £&; > 1. Hence & = 1/&; < 1. We also have
VGe(s1), & €&, 81],
VG:(0), & ¢ (&, 81]

Supgn,p(‘i:, §) =
s>0

Since routine calculations show that

— 2 —_
E-D +S1—2p+1§,

2 _4n+2p+1)
E+D +S1——2p+1 £,

we obtain

n " 2p+1 SRS |
Ge(s1) = pr1°
n+2p+1) \dm+2p+1) £2r

Combining this with (34), we obtain

&
/ Yq(§) sup gn,p(&, s)dé
o 520

_< n >n/2< 2P+1 P+1/2/~El wq(g) di:
S \n+2p+1 4n+2p+1) g EPTUZTY

(34)
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By the definition (23) of v,

& Vg (&) 1 1 & 1
/50 gpﬂ/zdé Z/éo Ep7q+1/2d€+/l Ep+1/2d§'

If p#1/2and p # g + 1/2, then

fsl wq(é)d _( 1 1 > gg—p—i-l/Z . Sl1/2—,7
&

g2 T \g—p+1/2 12—p) q-p+1/2 12-p

and hence we have from & (n) = O(n~') and £ (n) = O(n) as n — oo that
0 1 1
nTP > P < 5,
&1 1 1 1
, V1@ spen, &0 =10 Gy ). g <Pty G9)

1 1

asn — oo. Similarly, if p = 1/2 or p = g + 1/2, then

&1 logn
[ va® supan 6. = 0 () (36)

as n — 00. On the other hand, we derive from (34) that

* [T E=D" * 1
/51 Wq(i‘)iliggn,p(&s)dé—/gl (SJrl)—"”P“ng/gl éh’—“dg

and
§o fo gq(1 —&) §o
Wq(f)ilzlggn,p(éas)@:/o M—nﬂpﬂdé S/(; g1dé.
Therefore,
o 1
/51 I/fq(é)fglggn,p(é, s)dé = O (nTp) (37)
and
€o 1
A Wq(s)flzlggn,p(‘gv s)d§ = O (W) (33)

as n — oo. Thus, the estimate (32) for g, , holds, and it is actually less sharp than
the estimate obtained from the above argument.

Step 3: We immediately obtain the estimate (33) for &, p,, by replacing n withn — 1
and p with p + 1/2 in the estimates (35)—(38). O
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We are well prepared to obtain the estimate (28) for ||V (A)"A7¢].

Proof of Theorem 1. Let p € (0, 1/2) and define the function f;, 2, by (29) forn € N.
By Example 3 in the case « = 2p,c =1, g = p, and

z—1\"
f(z)=<z+1> ,

there exists a constant M > 0 such that

IV(A)"A~CBP | < M| fu2pliBy.p

for all n € N. From the estimate (30) with p = ¢, we have

1

IV Ay AP = 0 (%”) (39)
n

as n — 00. Hence, the desired estimate (28) holds in the case k = [2a/(2+ B)] = 0.

Next we consider the case k = |2«/(2+8)] > 1. To thisend, choose @ > (2+8)/2
arbitrarily. Let k € Nand 0 < 8y < (2 4+ B)/2 satisfy

k(24 B)
o= —"17

8.
> + do

Then there exists & > 0 such that

ek 248
0<6§:=46 —_— < —.
= oty
By definition,
2 _
o =ky +368, wherey = #,
and hence

IV (A" A~ < (Om?xk ||V<A)‘||) IV () EDIAY €y ) EEDIA=
=t=
for all n € N. Using the estimate (39), we obtain

logn
/4D A=v ) — _en

and

logn
n/(k+D)] =8 —

as n — o00. Thus, the desired estimate (28) holds. ]
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Remark 1. In the proof of Theorem 1, we have used the estimate (30) with p = ¢
for || fu,2p | By,q- This is because the estimate (30) with p # g yields a worse decay
rate. To see this, assume that the Co-semigroup (e ’4),>¢ is polynomially stable with
parameter 8 > 0. The estimate (30) with p < g (< 1/2) gives

V(A 'A~2P=P = 0 <nip> (n — 00). (40)

If2p+ Bg =1and p < g, then

1

< —.
P=3%8

Hence, the estimate (40) with 2p 4+ 8¢ = 1 is worse than the estimate (28) witho = 1.
A similar argument can be applied to the estimate (30) with p > g.

3.2. Case of variable parameters

Here we study the case where the parameter w of the Cayley transform V,,(A) varies.
First we improve the previous estimate developed in [24, Theorem 3.3] for exponen-
tially stable Cp-semigroups. Next we consider polynomially stable Co-semigroups
with normal generators and present a similar improved estimate over the one given in
[24, Proposition 3.6].

3.2.1. Exponentially stable semigroups
When the Cp-semigroup (e_tA)tzo is exponentially stable, we give an estimate

for |(TTi—; Vey (A))A™*|| without assuming the boundedness of (e_’A_] )t>0. Before
that, we define the function F, on N by

logn, a =0,
Fo(n) =13 41
m, a>0

Recall that for 0 < @, < w; < 00, we denote by S(w,, w,) the set of sequences
(wr)ken of positive real numbers satisfying w, < wx < w, forall k € N.

Theorem 2. Let —A be the generator of an exponentially stable Cy-semigroup on a
Hilbert space H. Then, for alla > 0 and 0 < w, < wy < 00, there exist constants
M > 0 and ng € N such that

<]_[ Voo, (A)) AT
k=1

foralln > ng and (wp)ken € S(wp, wy), where the function Fy is as in (41).

< MFy(n) (42)




J. Evol. Equ.  Cayley transforms and inverses of semigroup generators Page 17 of 34 48

When (e~74),>0 is an exponentially stable Co-semigroup, —A + cI generates a
bounded Cy-semigroup for some sufficiently small constant ¢ > 0. To prove Theo-
rem 2 by means of the B-calculus, we consider the function f}, « () defined by

1 "oz — wir + ¢
= , z€Cy, 43
fn,ut,(wk)(z) (z+ wp + o) ][[1 z+wr+c ¢ + ( )

where 0 < w, < w; < oo and (wg)ken € S(wp, wg). As seen in Example 1, we have
.o, (op) € LM. The following result gives an estimate for || ..o, (w) | 5o -

Proposition 4. Leta > 0,c > 0, and 0 < w, < w,; < o0. Then there exist constants
M > 0 and ng € N such that the function f, o (w,) defined by (43) satisfies

”fl’l,a,(a)k)”Bo < MFOl(n) (44)
foralln > ng and (wp)ken € S(wp, wy), where the function Fy is as in (41).

The difficulty in estimating || f, o, (o) ll5, 1S that the parameter w; can vary on
[@p, wq], which complicates the computation of sup, . | S ( wk)(é + in)|. To cir-
cumvent this difficulty, we show that the function on [w),, w,] defined by

E—-—w+co)+in
E+w+co)+in

takes the maximum value at @ = w), forall§é > Oand 5 € R under a suitable condition
on the constant c.

Lemma 2. Letc > 0and 0 < w), < w; < 00 satisfy 2> wpwy. If 0, < 0 < wy,
then

E-o+’+s _(E-wpt+o)’+s

Eto+ol+s = E+op+o)?+s

forallé > 0ands > 0.
Proof. Fix & > 0ands > 0. Set ¢ := & + c. Define

(- +s
d¢s(w) == CTofts w > 0.
Then
4 2 22
P, (@) = (=% —5)

(€ +w)?+ s)2 .

Therefore, wg = /2 + s satisfies qbg’ ;(wo) = 0, and ¢ s decreases on the interval
(0, wp) and increases on the interval (wp, oo). This implies that for all w € [w, wy],

d’{,s(a)) = max{¢§,s(a)p)s ¢§,s (wq)}'
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It remains to show that if ¢2 > wpwy, then

¢§,s (wp) > ¢§,s (a)q)
This can be proved by a direct calculation. We have

Xe,s
(€ +0p)> +9)(C + )% +5)

¢§,s(wp) - ¢§,s(wq) =

where

(45)

Xes = (€ = 0p)* +5)((€ +wg)? +5) = (€ — 0)? +5) (€ +@p)* +35).

One can rewrite x; s as
Xew = (€ = 0p)* (€ + 09)* = (£ — 0g)* (€ + »p)7)
(€ = 0p)* + € +0g)? — (€ —w)* = (& +wp)?)s.
The coefficient of s satisfies
(€ —0p)” + (€ +09)° = (€ —09)* = (€ +p)* =4y — wp) = 0.

Moreover, a routine calculation shows that

(& — @) (€ +0g)* — (€ — 0)* (€ + wp)? = Mwy — 0p)E(C? — wpwy).

Substituting ¢ = & + ¢, we have from the condition ¢?

> wpwy that
;2 —wpwy = Ez + 2c€ + (c* - wpwy) = 0.

Thus, the inequality (45) holds.

Next we give auxiliary estimates to be used after Lemma 2 is applied.
Lemma3. Letn € N, « > 0, and w, ¢ > 0. Define

((E —w+o)+ s)"/2
(& + 0+ )2 +5) etV

(E—w+0)+5)

(E+w+0)?+ s)("JraJrl)/2

1
O(—), 0<a<l,
nO[

o logn
/(; Supgﬂ,a,w(s, s)d§ =10 £ ), a=1, (n — 00)

(5
dt

1
n(a+1)/2), o> 1,

gn,a,w(";:v §) =

(n=1)/2

hn,a,w(fv §) =

for& > 0ands > 0. Then

(46)

(47)

(48)
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1
O(ogn)’ a =0,
n

/00 Sup hy, g, (€, $)d€ = | (n — 00). (49)
0 520 ( ), a >0,

/2

and

Proof. It suffices to show the estimate (48) for g, 4. Indeed, the estimate (49) for
hp.a,0 18 obtained by replacing n with n — 1 and o with o + 1 in the estimate (48) for

8n,a,w-
Letn € N, > 0, and @ > 0. To obtain the estimate for g, 4,4, fix £ > 0 and

define

((S —a)+c)2+s)"
((“;‘+w+c)2+s)n+a+l

Ge(s) i= gnaw(E, 5)* =

for s > 0. Then,

(E—w+0?+s)""

Gi(s) = x(s),
3 ((§+w+c)2+s)n+a+2
where
x6)i=n(E +o+0)?+s)—+a+D(E—w+o)+5).
We have
_ 2 2wn B dwen B o2
X(S)—(0l+1)(§+2<a+l+w C>§+a+1 (w—7c) s).

Therefore, x (s1) = 0, where s is defined by

s $2+2 2wn n c)e+ dwcen ( c)2
= — —tw - —(w—0)".
! o+ o+ 1

Since w, ¢ > 0, we obtain

dwcen

a+1—(a)—c)2>0

for all sufficiently large n € N. Hence, there exists n; € N such that the equation

2 2wn dwcen 2

has a unique positive solution & = &;(n) for all n > ny, and

2wn ) 2w/n(n +a +1)
—c|+ .

+
a+1 @ o+ 1

&(n) = <
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Letn > n;. We obtain

VvGe(s1), § <&,

SUp gn.a,w(&,5) = (50)

$20 VGe(0), &> &

Routine calculations show that

E—oto+s=—2 4o,
o+ 1

E+w+c)+s =M(E+c).
oa+1

Hence we obtain

G()_( n )( a+1 >“+1 1
V= htar1) Gomrar)  Eroert

This and (50) give

&1
/(; Sngn,a,w(S, s)d&

5>0

n n/2 a+1 @+D/2 e 1
_ LTS
(n—l—a—i—l) <4a)(n+a+1)> /0 (& + ¢)leth/2 §

Noting that &1 (n) = O(n) as n — oo, we have

1
0(—), a <1,
nO(

&1 logn
/ SUp gn.a.0(§, $)dE = { O ( > ) a=1, (5D
0

>0 n

1
0] (—n(a+l)/2> , o> 1
as n — oo. We also see from (50) that

00 B ©  (F—wto) 00 1
~/§‘1 igg Enawé, s)dE = /;1 E+ot C)n+a+ld§ = /;1 E+ow+ C)a+lds‘

Hence,

o 1
/ SUp gn,a,0(§, $)d§ = O <—a> (52)
£ n

1 >0

as n — oo. Combining the estimates (51) and (52), we obtain the estimate (48) for
&n- 0

Now we are in a position to prove Proposition 4 and Theorem 2.
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Proof of Proposition 4. Define @, := min{w,, cz/a)q }. Then S(wp,w;) C
S(@p, wg) and 2> ®pwy. Replacing w), with @), in the definition (43) of f; «, (wy)»
we define the function f, 4.« by

fn,a,(wk)(z) = Z € C+,

n
1 l—[z—a)k+c
@+ap+o, jztotc

where (wi)keN € S(@p, wy). Then, for all (wi)ken € S(wp, wy),

fn,oz,(wk) =Ty fn,a,(wk) ,

where

2ty +c\°
T =———) , zeC,.
a(@) <z+wp+c> 2=h+

Since ri € LM (see Example 1.(a)), we have from [4, Proposition 2.2] that r, € B.
Now we apply Lemmas 2 and 3 to fy.. (). The derivative of f,, 4 () is given by

n

~ - Z—wi+c¢
Z) = =
fn,a,(wk)( ) (Z _,’_wp +C)oz+1 ]!:[1 74+ wp+c
n

2 wy z—wg+c
T B
@+ &p + o) =1 @+ +c) k=1,k¢ Ztopte

Leté >0,peR,and s := n2 > 0. Since ¢Z > ®pwy, Lemma 2 shows that

|]F,i,a,(wk)(§ +in)| < A8n,a,m) &,s)+ qu”hn,a,&)p é&,s)

for all (wp)ren € S(@p, wy), where 8n.a.>, and hn,a,@p are defined by (46) and (47)
with @ = @, respectively. From Lemma 3, we see that there exist constants M >0
and ng € N such that

1 fsc o llBy < M Fa(n)
forall n > ng and (wi)ken € S(@p, wy). Since S(wp, wy) C S(@p, w,y) and since
I e 18 < Iralls 1 fia. o 18-
for all (wi)ren € S(wp, wy), the constant M := 2||re|lBM satisfies
I fr,er, () 1By = M Fo(n)

forall n > ng and (wy)ken € S(@p, wy). O
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Proof of Theorem 2. Since the Co-semigroup (e '4),> is exponentially stable, there
exist constants K > 1 and ¢ > 0 such that

e~ < Ke™®

for all t+ > 0. Define B := A — cI. Then —B is the generator of a bounded Cy-
semigroup (e '%)~0, and sup,-¢ lle"?|| < K.
Define the function f;; ,(w,;) by (43). Then,

n
Fra()(B) = (H(B — ol +cD(B+ axl + c])_l) (B+wpl +cI)™
k=1

= (H Vo, (A)) (A+w,D)™.
k=1

The inequality (17) gives

” fn,a,(wk) (B) ” = 2K2 ” fn,a,(wk) ||Bo~

Combining this with Proposition 4, we see that there exist constants M > Oandng € N
such that the desired estimate (42) holds for all n > ng and (wi)ken € S(wp, wy).

0
We provide some remarks on the optimality of the estimates given in Proposition 4
and Theorem 2.

Remark 2. The estimate (44) for || fu.«, () 1B, With & > 0 cannot be improved in
general even in the constant case wy = 1. To see this, fix ¢ > 0, and define

(z—14+0"

= Cy, 53
Jn.a(2) 41+ c)te zeCy (53)
where n € N and o > 0. Then, we have
| frellBy = | fralloo = SuIIé |fn,a(i77)| . (54
ne

Since

. 1 <(1—c)2+n>"
|fn,a(lﬁ)| - ((1+C)2+7’l)a (1+c)2+n )

there exist M; > 0 and n; € N such that
. M
| fra(in/m)| = a2 (55)
for all n > ny. The estimates (54) and (55) yield
M,
Il fr,allBy = W

forall n > n;.
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Remark 3. One cannot in general improve the operator norm estimate (42) for
|| (]_[Z:l Ven (A)) AT¢ || with @ > 0 either. Let B be a self-adjoint operator on a
Hilbert space H, and assume that

o(B) D {v/n:neNandn > ny)

for some ny € N. Fix ¢ > 0 and define A := i B 4 cI. Then —A is the generator of an
exponentially stable Co-semigroup on H. For n € N and o > 0, define the function
Jfn.« € Bby (53). Since

V(A) =GB —1+cDiB+1+cl)™,
the spectral mapping theorem (see, e.g., [20, Theorem 2.7.8]) shows that

VA" A+ D™ =l fua@B) = sup |fua()].
reo (iB)

By the estimate (55),

M
ne/2

[V(A)'A™| =

for all n > max{n, na}, where M» := M /||(I + A=)~

Remark 4. The argument in the proof of Proposition 4 gives a non-sharp constant
M > 0 for the estimate (44), although the decay rate n~%/? cannot be improved in
general. In the proof, we have replaced w), by c?/ wy when c?/ wy < wp.Consequently,
the constant M there may allow a unnecessary large variation of (wy)reny When c is
small and w, is large. Finding a sharp constant M for given constants w, and w, is
left as a topic for further research.

3.2.2. Polynomially stable semigroups with normal generators

Using spectral properties of normal operators, one can also obtain an estimate
of [[(TTi—; Ve (A))A™%| for the normal generator —A of a polynomially stable Cp-
semigroup. A similar result holds for multiplication operators on L”-spaces and spaces
of continuous functions that vanish at infinity.

Proposition 5. Consider the following two cases:

(a) Let (e_“‘),zo be a bounded Cy-semigroup on a Hilbert space H such that A is
normal.
(b) Let Q be a locally compact Hausdorff space, and let . be a o-finite regular
Borel measure on Q2. Assume that either
1) X :=LP(Q,u) forl < p <ooand¢: Q — Cismeasurable with essential
range in C; or that
(i) X := Co(2) and ¢: Q2 — C is continuous with range in C.
Let A be the multiplication operator induced by ¢ on X, i.e, Af = ¢f with
domain D(A) :={f € X: ¢f € X}.
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In both cases (a) and (b), assume that ||e”"A(I + A~ = 0 VPyast — oo for
some B > 0. Then, foralla > 0and0 < w, < wy < 00, there exist constants M > 0
and ny € N such that

M
< aTeTh (0)

<]_[ Vwk(A)> A
k=1

foralln > ng and (wp)ken € S(wp, wy).

Proof. Step 1: Letn € N, a > 0, and (wp)ren € S(w), w,). Define

n
7 — Wk _
fn,a,(a)k)(z) = (1_[ p +wk> 7 *

k=1

forz € C,. The estimate [|e A (I +A)~!|| = Ot~ VP)ast — oo implies that o (A)
does not intersect with the imaginary axis iIR; see [3, Theorem 1.1]. Hence o (A) C C
and A has a bounded inverse in both cases (a) and (b). Moreover,

()
k=1

where we used the spectral mapping theorem (see, e.g., [20, Theorem 2.7.8]) for the
case (a) and [12, Propositions 1.4.2 and 1.4.10] for the case (b); see also the proof of
[23, Proposition 4.5], which provides a detailed derivation of (57) in the case wy = 1.

By (57), it suffices to show that there exist constants M > 0 and n¢ € N such that

= Sup |fn,a,(wk)()h)|: (57)
e (A)

M
su M < —5—= 58
)LE(T(I)A) |fn,a,(wk)( )| — l’la/(2+ﬂ) ( )

for all n > ng and (wPreny € S(wp,wy). We have from Proposition 1 that
le ™A=P| = 0@~ ") ast — oo. Hence, in both cases (a) and (b), there exist
8,C > 0O such that [ImA| > C(ReA)~!/# forall A € o(A) with Re A < §; see [2,
Propositions 4.1 and 4.2]. Define

Qi :={reo(Ad):Rer <8}, Q:=c(A\Q.

We divide the proof of the estimate (58) into two cases: A € Qp and A € 2;. The
following observation will be useful for later purposes: For all > € 0 (A) and w > 0,

> Rea—w)?+|Imi>  4oReir
" (Rei+w)?+|[ImA2 A+ w2’

A—w
‘ (59)

A4+ w

Step 2: First we assume that A € €21. We have

I 4 wy|> < Col Im A|?



J. Evol. Equ.  Cayley transforms and inverses of semigroup generators Page 25 of 34 48
for some constant Co > 1 independent of A. Combining this estimate with Re A >
C#/|Im A|#, we obtain

doRed 4CPw,
A+ w2 = ColImalf+2

for all w € [wp, wy]. Then (59) gives that for all w € [w), wy],

P Ci 4CPw),
——| 11— ———, where(C| := .
A+ w [ Im A|A+2 Co
Hence,
2| < 1-— 60
|fn,a,(wk)( )| = |Imk|“ ( |Im)»|ﬁ+2> ( )

for all (wk)keN € S(a)p, a)q).
Leta, b, ¢ > 0, and define the function g, by
1 c\n/2
gn(s) :zs_“(l_s_b) ) sch/b.

Then,

, 1 c\"/2=1 ac + bcn/2 — as®
gn(s) = S‘H‘l (1 - S_b) Sb .

for all s > ¢/?. Since g, takes the maximum value at

we obtain
be \ P 2a n/2
silcle gn(s) = <c + Zn) (1 Gy bn) . 61)
This and the estimate (60) show that there exist M; > 0 and n; € N such that
M
Aseuslz)l | fre () M| = B (62)

forall n > ny and (wi)ken € S(wp, wy).
Step 3: Next we assume that A € ;. Since Re & > §, we obtain
4w Re L - 48w - 4éwp
A+ o> T (A +©)? T (14 wg/8)%A?

for all w € [wp, wy]. Together with (59), this implies that for all w € [w), wy],

2
C 48
< ——22, where Cy = %.
|A] (1 4+ wq/8)

A—w
A4+ w
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From this estimate, we derive

1 C n/2
M| < 1——
|fn,a,(wk)( )| = |)»|a < |)\‘|2>
for all (wp)ren € S(wp, wy). Using the estimate (61) again, we see that there exist
M, > 0 and n, € N such that
o] = 22 ©3)
su —
Aefrl)z e ~ el
forall n > ny and (wi)ken € S(wp, wg). Thus, the desired estimate (58) is obtained
from (62) and (63). O

4. Estimates for inverse generators

In this section, we are interested in the asymptotic behavior of ||e™’ ATl g || for
a > 0, which has been studied in the Banach space case [9,26] and the Hilbert
space case [24] as mentioned in Sect. 1. First we show that |’ A7l g || is uniformly
bounded for + > 0 if —A is the generator of a bounded Cy-semigroup on a Hilbert
space and has a bounded inverse. Next we estimate the decay rate of ||e_“rl AT
for a polynomially stable Cy-semigroup (e’ A),Zo on a Hilbert space.

4.1. Bounded semigroups
We present an estimate of ||e’“rlA"" | for a bounded Cy-semigroup (e’tA),Zo
such that the generator —A has a bounded inverse.

Theorem 3. Let — A be the generator of a bounded Cqy-semigroup on a Hilbert space
H such that 0 € o(A). Then, for all« > 0,

sup e 47 A7) < o0, (64)
>0

Lets > 0 and o > 0. To prove Theorem 3, we consider the function f; , on C,
defined by

Zefz/z

W, Z€C+. (65)

ft,a(z) =

One has fi 4 € LM; see Example 1. In [5, Lemma 5.6], the estimate in the case
a =0,

I fr.0llgy = O(ogt)  (n — 00), (66)

has been obtained. The next proposition gives an estimate for || f; « I3, in the case
a > 0.
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Proposition 6. Let t, o > 0 and define the function f; o by (65). Then,

sup || fr.ellBy < o0 (67)

t>0

The estimate (67) can be proved in a way similar to the estimate (66). We need the
following auxiliary result.

Lemma 4. Let p > 0, and define

o 1E/E )

8i,p§,s) = G+ 17+ s)p+1/2m (68)
fort, & >0ands > 0. Then
)
suptf sup gr,p (&, 5)d§ < oo. (69)
t>0 JO s>0
Proof. Define ¢ :=t& > 0 and
e/t
G (1) := m, T >0.
Then,
gr.p(§.9) < Ge(§ +5) (70)

forallz,& > 0 and s > 0. We have

20+ D+ Q- DT 42 ),
2t + P ¢

/ —_—
G ()=
There exists a unique positive solution t; = 71(¢) of the equation

—2(p+D1?+@2¢ — DT +2; =0,

and
Q¢ —1D+/2¢—D2+16¢(p + 1)
71(¢) = 1 .
(p+1
Since
Jec— 12+ 16c(p+1) 2 Ve — 2+ 160 = 1,
we have

1
71 > c1¢, wherecy = ——.
1=c1g 1 2+ 1)
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This yields
1
sup G 2—|—s§suGr:Gr§ 71
MpOeE I SO = O = e Y
for all ¢, £ > 0. This together with (70) implies that
o o 1
t su ,$)dE <t d
fo sop Bup 8 )5 /0 @& T D
1 /"o 1 dé < oo
= — _— <
crJo (E+DPHV2JE
for all # > 0. Thus, the estimate (69) holds. O

Proof of Proposition 6. Lett, o > 0 and let f; , be defined as in (65). The derivative
of fi« 1s given by

’ _ 4 _ @z 1 —t/z
fra@ = (z(z + et (74 Dt + (z+ 1)"‘+2) c

Therefore,

sup | f; o (€ +in)
R

ne
e~/ E+n?) e~1E/ &) g2 T
< tsup

+ o sup
0k (6 + D2+ ) TRV e (6 + D2+ )

o 16/

+ sup
nek (& + D2 + n2)*/ >+

= ¢1,1(6) + ¢1.2(6) + ¢1,3(6)

for all £ > 0. To the term ¢, |, we apply Lemma 4 with p = «/2 and s = n?. Then
we obtain

SUP/O ¢1,1(6)dé < oo.

t>0
The term ¢, satisfies
VE+ D2 +9? o
¢r2(8) < asup =
’ vk (€ + D2 +n2) T €+ D

for all £ > 0. We also have that

1
$e3(8) < W

for all & > 0. Therefore,
o0
sup/ @1 2(8) + ¢ 3(6)dE < co.
t>0J0

Thus, the desired estimate (67) is obtained. O
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We are now ready to prove Theorem 3.

Proof of Theorem 3. Let t, o > 0, and let the function f; , be defined as in (65). As
seen in Example 2, we have

fra(A) = AA+D e A+ D).
Hence
le™ A A+ D7) < 1+ A7 | fra (A (72)
By the estimate (17),

I fra (A < 2K fr.all By (73)

where K := sup,. || e A ||. Combining the estimates (72) and (73) with Proposition 6,
we obtain the desired conclusion (64). O

4.2. Polynomially stable semigroups

Here we consider a polynomially stable Co-semigroup (e ~'4),~( on a Hilbert space.
The next result shows how a decay estimate for (e™'4) >0 can be transferred to that
for (e_“rl)tzo. As in Theorem 1, we use the notation £ | := max{k € Z : k < &}
for & e R.

Theorem 4. Let —A be the generator of a polynomially stable Co-semigroup with
parameter B > 0 on a Hilbert space H. Then, for all o > 0,

S (log r)k+1 20
e~ A7 =0<t°‘/(T/3) (t -> 00), wherek := el B (74)

To prove Theorem 4, we need the following estimate for || f7,2p 115y, With0 < g <
1/2, where f; 2, is defined by (65) with @ = 2p.

Proposition 7. Let p > 0 and g € (0, 1/2). Then the function f; >, defined by (65)

with o = 2p satisfies
0 1
) P <49,

logt
I fo2plBo.q = { O (Ti) . p=4q, (=00 (75)

1
off) s

Proof. Step 1: Fix p > 0 and g € (0, 1/2). The derivative fz/,z » is given by

, _ t _ 2pZ 1 —t/z
Jrop(@) = (Z(z R e e D E) A
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Since
1
(z + 122

1
z(z + 1)2r !

for all z € C4, we have

sup | f/ 5, (€ +im| < (t + D)sup gy p(&,5) +2psuphy p(E, s), (76)
neR s>0 s>0

where g; , is defined by (68) and
e~1E/E+9) [ET g
(E+12+35)""

for £ > 0 and s > 0. We will prove in Steps 2 and 3 below that

hip(§,5) = (77)

1
0<—ﬂ,+1>,p<q,
o logt
/(; Vq(§) Suggz,p(é,S)dé =30 _,p+1> P =q, (t — 00) (78)

1
0 W>,p>q,

and

0 1 1

1‘2_1’ , P < z,

o log ¢ 1

Yg&)suph p(§,5)dE =30 — ), p=, (1> 0). (79)

0 5>0 t 2

0 1 1

— > —

t 9 p 2’

The desired conclusion (75) follows immediately from the estimates (76)—(79).
Step 2: In this step, we will prove the estimate (78) for g;, ,. From the estimates (70)
and (71) in the proof of Lemma 4, we obtain

1
su ,8) <
Szgg,,p(é ) (c1t& + 1)PH1/2/ci1E
for all ¢+, £ > 0 and some constant ¢; > 0 depending only on p.

Suppose that # > 1. Since the function v, defined as in (23), satisfies ¥4 (§) = &4
for all £ € (0, 1), the estimate (80) gives

(80)

1 ! &1
/0 wq(g)iggg,,p(&‘,wd% 5/0 (c1t$+1)P+1/2‘/c1t§d§

1 cit %-q d
~ (anat! /0 &+ DPHI2JE :

1 ‘1 1 cyt 1
o e )
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Hence,

tpt
! 1
/qu@)sugg,,p(s,s)ds: 0(;’,—?) p=4q. @81)

as t — oo. Recalling that v/, (§) = 1 for all £ > 1, we also have

o0 1 [* 1 I [~ 1
Jo v < 5[ gt = ],

which yields

© 1
|20 sup, (6. )0 = 0 (W) (82)

as t — oo. From (81) and (82), we obtain the estimate (78) for g; .
Step 3: It remains to prove the estimate (79) for &, ,. Define ¢ := t& and
efg/f

H(7) := m, T > 0.

Then H; has similar properties to G used in the proof of Lemma 4. In fact,
hip(§,s) < He (5% +5) (83)

for all £,& > 0 and s > 0. There exists a unique positive solution o = 12({) of
Héf (r) =0, and

sup Hy (1) = H¢ (12).

>0

Moreover, 7, > ¢3¢ for some constant ¢; > 0 depending only on p. Therefore,

1
sup Hy (§2 +5) < He(m) <

520 (2t + Dyrt1/2 9

forallz,& > 0.
By definition, v, (§) < 1 for all § > 0. Combining this with the estimates (83) and
(84), we obtain

dé

t t ] 1 Czl‘2 ]
Jo vt = [ e et = o | e
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for all ¥ > 0. Hence,

1

P 2

! log 1
/ Yy (&) suph; p(§,5)dé = 1 O <—> . D=7, (85)

0 520 t 2

1

2

as t — 00. On the other hand, we have from the definition (77) of A, that

hepE,s) < §2IJ—+1

forall¢,& > O and s > 0. This gives

| v s e e < [ e = o () (86)

as t — oo. From (85) and (86), we obtain the estimate (79) for &, . [l
Now we are in a position to give the proof of Theorem 4.

Proof of Theorem 4. Let p € (0,1/2) and define f; 2, € B by (65) witha = 2p for
t > 0. Using Example 3 in the case « = 2p,c = 1,¢ = p, and

z
z+1

e—t/z

fl@)=

)

we see that there exists a constant M > 0 such that
—tA7h -2
le™ A AP < M|l f,.2p1By.p

for all + > 0. The estimate (75) with p = ¢ yields

||€_IA_1A_(2+’B)p” -0 <10gt)

tp
ast — o0. Therefore, the desired estimate (74) holds in the case k = [2a/(2+B) ] =
0. The case k > 1 follows as in the proof of Theorem 1. O

Remark 5. The estimate (75) with p = g for || f; 2l 5y,4 has been used in the proof
of Theorem 4. This is because the case p # g yields a less sharp estimate, which can
be seen from the same argument as in Remark 1.
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