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Abstract—This paper suggests the sequential inverse optimal
control (SIOC) approach for discrete-time system. It determines
the unknown weight vectors of the cost function in real-time
utilizing the input and output of a discrete-time system that is
optimally controlled. It systematically calculates the possible so-
lution spaces and their intersections until the intersection space’s
dimension is reduced to one. The remaining one-dimensional vec-
tor at the intersection of the possible solution space is the solution
to the IOC problem. In this method, we clarify the conditions
on the decrease of the dimension of the intersection space follow
with the tackling method of noisy data. The simulation results
illustrate the high calculation speed and effective noise-tackling
results of our method.
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I. INTRODUCTION

In contrast to the traditional optimal control problem of
solving for optimal control inputs, the problem of IOC is
concerned with solving for the cost function based on the data
from the observed system state and control inputs.

Optimality of system behavior has been investigated via
inverse optimal control (IOC) approach in various applications,
including robotics ([1]), biological systems([2] and [3]) and
marketing systems ([4]), etc. [1] proposed a method to estimate
the cost function of human in order to model the human be-
havior and therefore, achieve effective human-robot interaction
control. In ([5]), IOC has been utilized for analysis of the cost
combination of human’s motion. Additionally, the biological
behavior has been modeled as the problem of Inverse Linear
Quadratic Regulator (ILQR) and [6] proposed an adaptive
method for modelling and analyzing human’s reach-to-grasp
behavior. In the traffic research area, IOC method has been
utilized in ([7]) to analyze the route choices of taxi drivers.

IOC problem has been considered for simple dynamical
models in ([8]) by treating the IOC problem as a special
bi-level optimization problem ([9]), where the lower level is
the conventional forward optimal control problem and the
upper level is the inversion problem. Inspired by this idea,
[3] suggested a bi-level optimization method based on 10C
method to analyze the locomotion motions. In ([10]), also for
the purpose of analyzing locomotion, mathematical programs
with complementary constraints in context of inverse optimal
control method has been discussed . In order to simplify the
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problem, [11] transferred the bi-level optimization problem
into a single level one and a globally optimal solution has
been computed.

In contrast to the hierarchy structure of the bi-level opti-
mization method, a method of inverse optimal control based on
minimizing how much observed trajectories violate the first-
order necessary conditions was proposed by [12]. Based on
the discrete-time minimum principle, [13] proposed a method
for recovering the unknown objective-function parameters of
discrete-time with finite horizon. Furthermore, in ([14]), one
method has been proposed to solve the online calculation of
discrete-time IOC in both finite and infinite horizons, however,
it requires the necessary invertibility condition of a Jacobian.
In addition, the convergence of the cost weights has not been
theoretically studied.

This paper suggests a novel sequential inverse optimal
control technique to address these issues. The method clarifies
the conditions for the convergence of the weight estimation in
every step, which may be very helpful in applications. On the
other hand, this article also takes into account the issues with
noisy data. We propose a strategy for selecting the possible
solution space in noisy cases.

II. PROBLEM FORMULATION

Consider the dynamics of a discrete system

Tpy1 = f(@r, uk), (D

where f(:,:) : R x Y — R is a continuously differentiable
function, z, = [z}, ...,2}]7 € R™ represents system states
and up = [ug,...,u"]T € U denotes control input of the
system belonging to a closed, bounded and convex constrained
set Y C R™. We use x[g ] to denote the state sequence
{71, : 0 <k < K} and ujg k] to denote control input sequence

In a typical optimal control issue, we construct the optimum
control input U*o, K] and obtain a series of optimal states
I?o, k1 to minimize the following cost function, subject to
the dynamics (1). (Upper-script * stands for the meaning of
optimal.)

Clxr,ur,q) = Y q" F (g, up), 0]



where F'(xy,uy) is a feature vector function defined as
F(zp,up) = [Fxy, FE]T € R™. 3)

In this case, the terminal step K can either be K < oo or
K = oo in this research. The vector ¢ = [¢Z,,qT]T € R
represents cost weights, in which vector ¢, € R™= represents
a weight vector with respect to x; and wug, and vector
Fxu = [Frup) s Fopup(na))t € R, The scalar
Fy, u,(+) represents a i-th feature function related to xj, and uy,.
qu € R™ denotes a weight vector accounting to control input
uy, while Fy = [Fy ), Fu(n)]’ € R™ represents
feature function purely related to wuy. It is assumed that the
norm ||g|| = 1 is fixed and is known previously. The total
number of features ny satisfies ny = ngy + 7y.

For the purposes of our problem, we assume that both (g g
and ug, k] represent a solution to minimize (2) for the system
dynamics (1). The goal of this study is to implement online
estimation of the cost weight vector ¢ in the cost function (2),
which entails computing the vector ¢ using system state xy
and control input uy, provided step-by-step without the storage
and batch processing, as well as prior knowledge of the time
horizon K.

ITII. SEQUENTIAL INVERSE OPTIMAL CONTROL

The maximum principle in finite and infinite horizon op-
timal control problems is introduced in this section. This
principle is valid when any of the conditions in Assumption
1 is encountered.

Based on introduced maximum principle, we suggest our
sequential inverse optimal control strategy.

A. Maximum Principle in finite and infinite horizon optimal
control

Considering (1) and (2), the Hamiltonian function associated
with the optimal control issue is defined as

Hyp (21, ub—1, e, @) = ¢7 F(Tp—1, up—1)
+ AL fp—1,up—1), 4

where A, € R™ (k > 0) denotes the co-state vector.

The  partial derivatives of the  Hamiltonian
with  regard to xp_1 and  up_q are  repre-
sented by V.Hp(zgp—1,uk—1, Mk, q) € R™ and
VuHi(Tp—1,up—1, Ak, q) € R™, respectively.

Assumption 1: For all £ > 0, it is assumed in the following
studies that the partial derivative of the dynamics satisfies the

following assumptions: a—f is invertible.

Tk
In addition, as the method proposed by [14], the inactive
constraint times of the control input is defined as:
Definition 1: Given the control input u;, for k > 0,

ke 2 {0 <k <1l:u €int(U)} 5)

is defined as the set when the control constraints are inactive.
Here, [ represents some time bigger than 0 and int(l/) denotes
the interior of the inactive control constraint set 4.

As previously indicated in ([14]), ([15]), ([16]) and ([17]),
the following lemma holds for the aforementioned assumptions
and definition.

Lemma 1: Suppose that the optimal control problem de-
fined by (1) and (2) is solved by trajectories |, x] and u[g g
and if assumption of (A) or (B) holds, then there exist costate

vectors Ag,...,Ax that satisfy the combined Pontryagin’s
maximum principle (PMP) as
Fl0ya+ P he = Moot 6)

forall 0 < k < K with Ag41 = 0 if K < oo, and Ag 41
undefined if K = oo, and

Fie-na + Fig-n e = 0 (7)

for all k£ € kj, where ki denotes the inactive constraint times
up to and including time K.

_ _ JoF - of
Here, F, = —, F, = —, fz = —— and
) = gg Fuwy = g o = g
fu(k) = a—f The co-state \j varies in backward recursion in
U
discrete-time optimal control.
Proof:

In general, (6) and (7) can be determined by computing the
gradients of (2) for (1) using (4) with respect to the vectors of
xj and uy, respectively. The brief proof of this lemma for the
assumption is given in [14](Lemma 1) by using the results of
[16] (Proposition 3.3.2) and [17] (Theorem 2). U

B. Construction of the Sequential Inverse Optimal Control
Method

If the optimal control problem of (1) and (2) is solved by (
T[Ty,1y]> WT,,1,)) Which is the solution to (6) and (7), then by
considering (7) in step k£ and k — 1 and substituting (6) into
it in step k£, we have

Hysp, =0, (®)

T £r iy T T
where Hk — fu(k:%)fa:(k) Fu(kfl) :’—Tfu(kfl)Fx(k) and
u(k) Fu(k)

A
S = k+1 .

Also, by considering (6), a backward recursive relation from
S, to sp_1 can be formulated as

Mysy = sp_1, )]
7T Fr
where M, is defined as M}, = [ z(k) I"(k)]
neXn n
Here, I,, ; € R™# %" denotes thef unit matrfix and Oy, xn €
R"™#*™ denotes the matrix with all elements be zero. Noted
that, (8) holds only when &,k — 1 € s and (9) holds all the
time even if k ¢ r.
Then, by introducing all historical M;(i = h,..., k) with
h denoting the step h < k , it is easy to backward calculate
sp, of step h with

Mp.1SK = Sh, (10)

_ ) _ &
where Mj,.;, denotes a matrix defined as M}, = Hl:h+1 M;.
and it satisfies a forward recursion as My, = My.,_1 M.



Since the vector s; comprises both the cost weight vector
q and co-state \p11, the objective of building online inverse
optimal control is then changed to find vector s; based on
finite forward steps of k.

From (8), it is known that s; locates in the null space of
Hj, and sj can be calculated as

sy = (In — H; Hy,)ry, (11)

where 7, € R denotes an arbitrary vector and H ,:' represents
the pseudo inverse matrix of Hj.

For any step ¢ in the duration from step h (Tp < h < k) to
k (To < k < Ty), we have

12)

where (I)h(z‘) = Mh:i(IN — H;LHZ) = Mh:ie)i with h <1 <k
and ©;, = Iy — H;'H;.

Here, the column vector space of ®j(;) can be denoted
as Iy, , = span(®y;)) for h < i < k, where span(:
) is denoting the span of a matrix. From (12), we have
s; € I‘q)h(i) for h < ¢ < k. Therefore, the spaces
I's,g--- l's,, are the possible solution spaces and the
intersection of these possible solution spaces is defined as
PQh:k = ].—‘q;h(h’) n---N F<I>h’(k).

Then, we have s;, € T'g,,,, which implies that there exists a
vector s; which always belongs to the intersection subspace.

In order to obtain sy, it is necessary to discuss the decrease
of the dimension of I'g, , with the increase of k.

Proposition 1: If I'g, , , ¢ I, the dimension of the
intersection I'g, . will be decreased, that is

dim(FQh:i—l) > dim(FQh:i)7

®piyri = Mp:i©ri = sp,

13)

where I'g, , means I'g,,, = F<I>h<h> N---N I‘q>w)
Proof:
It is clear that, for any vector space I'g, ,, and I'q,,

dim(Ts,,, NTa,,) < dim(Ts, ), (14)

where the equality holds when I'g, . C T's, .
Since I'g,,, =I'g,,, , Nl's,, , we have

dim(Cg, ) < dim(Tq,, ,), h<i<K. (15

The equality holds when I'g,, , C Fq)h(i)'

Therefore, if T'g,., , € I, the dimension of I'g, , will
be decreased with the increase of k. ]

As can be seen from Proposition 1, as the increase of the
step, at some step instant k, the rank of common intersection
sul.)spac.e of F(I).h(h).,...,rq)h(kf) becomes one and that this
unique intersection is sy,.

Here, we give our main result to clarify the condition for the
circumstances surrounding the shrinkage of intersection space
Ta,.,-

Theorem 1: Under the Assumption 1 (A), if any of follow-
ing two conditions is satisfied, then I'q, . , ¢ Lo,

(@)

o Z@ Vh < j <i—1is full rank.

e Fu is full rank.

(b) )
. Dim(fuT(j)) <m Vh<j<i-—1.
. F’uT(i) is full rank.

i—1
> Dim(null(fY;))) < N (i)
j=h

where N,(i) denotes the dimension of null space of
I'g,,, and Dim(:) denotes the dimension of column
vector space of the matrix.

Proof:
Due to space constraints, a comprehensive proof of Theorem
1 will be presented in a forthcoming publication. |

As a result, if either condition (a) or (b) of Theorem 1 is
met, the dimension of the intersection of the possible solution
space must be reduced at each step.

C. Calculation of the vector sy,

1) Calculation of Intersection Space: Here, €, is a matrix
related to the intersection of possible solution spaces, which
is initialized in step h and updated once in every cycle.

From that I'g,, , N Te,, = null(null(f‘@h(i)) U
null(Tg, , ,)), we can calculate 2, by

QS = Qh:i = null(Yh(i)), (16)

where V(5 = [null(Q:i-1)", null(®y;))*]" and can be rep-
resented by singular value decomposition by Yy, ;) = WAVT,
W and V are unitary matrixes, A is a rectangular diagonal
matrix with non-negative values on the diagonal.

When dim(Tg, ;) = 1, Qs becomes a vector V,,, which
is the row vector of V related to the smallest singular value
of A. From Yj;sp, = 0, it is clear that s, may keep the
same direction with V,, or —V/,. Since using —s;, instead of
sp, results in negative cost function, s; can be selected as

C(g,ur,q) >0,
C(.T]c,Uk;,C}) < 07

Vaap,

Sp =
{—Vnap,

where ¢ = [V, aplnt1:n4n, is the vector constructed by (n +
1)-th element to (n + ny)-th element of vector Vy,ap, ap =

W, [Valng1man, denotes the vector constructed
lntlintny .

by (n+ 1)-th element to (n + ns)-th element of V;, and ||¢||
is previous known value. Here, we scale V,, using the known
norm of ¢ in order to obtain an unique and accurate cost weight
vector.

2) Calculation for Control Constraints: When control con-
straints are met, we construct the calculation process as

u; € int(Z/{) & ui_q € int(U),
u; € int(U) & u;—1 ¢ int(U),
Otherwise.

(18)

We stop the calculation when the control constraint is active
and reinitialize, resume the IOC calculation when it is inactive.
The high calculation speed of our method makes it possible to
quickly complete the IOC calculation after control constraints

a7

FQh:i = Fﬂhzi—l N F‘Ph
Reinitialize
Skip the Step,

(i)?
FQM’



active duration so that it is not necessary to store the data of
the duration before control constraint’s active times ([14]).
IV. SIMULATION EXAMPLES
In this section, we use simulation in two different contexts
to demonstrate our methodology. The system dynamics in the
simulations are
(19)

where z;, € R3,u, € R2,A € R®*3 and B € R3*2. The cost
function selected in the simulations is following

Tht1 = Az, + Buy,

k=00
Vl (.’E, t) =
k=0

(2F Qe + uf Quug) (20)

N

where (@, is a diagonal matrix with its diagonal elements
selected as vector ¢, = [1,4, 2]T and @, is also a diagonal ma-
trix with its diagonal elements selected as vector ¢, = [3,1]7.
Here, we suppose that the second element of g, selected as 1
is known previously.

To repeatedly check the calculation steps in the simulation
of the suggested approach, in both of our simulations, we
reset the matrix Ny, , with Ny, , = Ng, , after one result
calculated out in step ¢, letting the intersection space only
contain data from step 7 so as to start a new cycle of
calculations for the inverse optimal control.

A. Simulation 1

In setting 1, A and B have been chosen as

0.9654 5.4572 0 0.0284 0.0142
A= |-0.0013 09545 0| B=|0.020 0.010
—0.0038 ©5.5437 1 0.056  0.028

2n

The discrete LQR method on infinite horizon generates the
optimal control input as well as the system states with 50
steps. The dlgr() function in Matlab 2016b produced the K
used in calculating optimal control input ug = —Ksxg.

We contrasted the results of the suggested method with the
online IOC method suggested by [14] in two aspects: the
number of steps needed to calculate the cost weight vector
in each cycle (Fig. 1,Fig. 2)) and the recovery error of cost
weights (Fig. 3,Fig. 4).

©Steps performed in each cycle
=Dimension of the potential solution space

Steps performed
in each cycle

Dimension of
potential solution space

0 10 20 30 40
Steps in Inverse Optimal Control

Fig. 1. Steps costed in Setting 1
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Fig. 2. Steps costed in Setting 1 (Method of [14])

The steps required in our method are shown in Fig. 1 while
the steps required in previous online IOC method proposed by
[14] is shown in 2. The total number of steps taken during the
simulations are shown by the x axis in both figures. The height
of the blue dotted line, which is associated to the left y axis,
represents the number of steps taken during each IOC cycle.
The red line in these two figures, whose height is relating to the
right y axis, illustrate the dimension variation of intersection
of possible solution’s space (Xj, , in this research and null
space of 9y, in previous [14]).

The result in Fig. 1 shows that the dimension of Xy, , is
decreasing in every steps in each calculation cycle. The online
IOC completes the computation at an incredibly high speed,
with the maximum number of steps in one cycle being 4.
This result verifies Theorem 1 by considering that Eq. (21) is
satisfying condition (2) in Theorem 1.

By compared with the result of the proposed method, with
previous method, the dimension of the null space of matrix
Q. in Algorithm 1 of [14], is not decreasing all the time. As
the result, the steps of one cycle for online IOC’s calculation
in Fig. 2 is always larger than the suggested method of this

paper.
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Fig. 3. Estimation Error of Setting 1
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Fig. 3 as well as Fig. 4 show the recovery error of both
methods which is calculated with

e=g—dll (22)

where ¢ denotes the estimation vector of g calculated by the
proposed online IOC method and previous method. From these
two figures, we know that the recovery error of both method
are all very small in every calculation cycle.

Therefore, all the above results show that our proposed
method in this paper can effectively improve the calculation
speed while keep the recovery accuracy of I0C.

B. Simulation 2

In simulation 2, A and B of linear system dynamic have
been selected as

09 18 0 0.0284 0.0142
A= 1013 026 0 B= {00020 0.0010 (23)
038 0.76 1 0.0056 —0.0028

where the Jacobian’s positivity assumption is guaranteed with
the setting of A and the Jacobian’s invertibility assumption is
not satisfied due to the rank deficient setting of A. It means
that the previous method is not applicable to be used to recover
the cost weights of such kind of system’s optimal behavior.

Moreover, the problem of control constraint is also taken
into consideration in the simulation. The control constraints
set is selected as U £ {ug; > —0.2} where uy; denotes the
ith element of wuy

Active Constraint Times
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~Dimension of the potential solution space
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Fig. 5. Steps costed in Setting 2
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Fig. 5 shows the calculation steps in every cycle in simula-
tion 2, which is all 2 in this results and the shaded region (15s
to 35s) in Fig. 5 represents the control constraint active area.
Here, as same as the result in simulation 1, the dimension’s
variation of possible solution’s space verifies the Theorem 1
and the variation of the dimension of possible solution’s space
after the control constraints activated shows that the proposed
algorithm is effective on handling the problem from control
constraints.

Fig. 6 shows the estimation error in this simulation. Even
under the condition that A is rank deficient, the extremely
small errors in all cycles show that our method can effectively
recover the required cost weights with considerable accuracy.
Moreover, it is also shown in Fig. 6 that the estimation error
also is small after the control constraints activated. Combining
both Fig. 6 and Fig. 5, the results of simulation 2 show us that
the proposed method can effectively tackle the rank deficient A
and this setting should not have any impact on the calculation
speed as well as recovery accuracy of our proposed method.
The control constraint problem can also be successfully solved
using our method.

V. CONCLUSION

In this paper, we propose an online calculation method of
discrete-time IOC which is applicable to recover both finite
and infinite horizon optimal control’s cost weights.

Firstly, we establish a calculation method for the possible
solution space of the IOC and sequentially calculating the
intersection of all possible solution spaces in each previous
steps. With the necessary steps’ accumulated, the dimension of
the intersection space shall be decrease to 1 and the remaining
vector in the intersection space will be the required solution
to IOC.

After that, we then exploit the property of solution’s conver-
gence. It is found that if any of the two conditions is satisfied,
the intersection space’s dimension will be decreased in every
step, which satisfies the real time calculation and is meaningful
to the IOC for discrete-time optimal control on finite-horizon.

The simulation results illustrate that our sequential 10C
algorithm is effective and has high speed of calculation.
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APPENDIX
Proof:
If Ug,, , CTs,,, we have null(l'g,, ,) 2 null(Ty, ),
representing that there exist a full rank matrix § =
[T &io1] € RN=*Ej=n N=() satisfy the
equation below, where N Vh < 7 < i denotes the
dimension of null space of I'p,, .

Qi1 = null(®p i) "

null(@h(h))T
null(®g(41)) "

(24)

where Q.1 =

null(®y, ;1))

It also means that

1Py = On, (i) x N, (3) (25)

where N,(i) < N is the dimension of the vector space of
Ppi)- ON. (1) x N, (1) € @Nz(i)XNP(i) represents the zero matrix.
Row vector space of £€2y.;_1 is orthogonal complement to the
column vector space of @y, ;).

Here, under the Assumption 1 (A) and from the definition
of Mj,.j, we know that Mj,.; Vh < j <i—1 is invertible, it
obtains

r—1
H; My ®hijy = ON, (5)x N, (i)

Since ®p(j) = My,;0; and row vector space of Hj is the
orthogonal complement vector space of ©j, it can get that
column vector space of matrix M. h_]THJT is the null space of
column vector space of ®y,(;). (25) can be satisfied if and only
if there exists a nonzero matrix &, satisfies

£o.i-10i = O, (i) x N, (i) (26)
where
HypMp i1
7%:2'—1 = HijJrl:i
H;_M;
and

50 0 ;z:i—l = th:ifth+1:i~

Since Mh+1:i is full rank, we have

rank(&,Q,.._1) = rank(EQp.i 1 My 1 1.) = rank(€Qp.i—1)
rank(0;) = rank(®p))

Due to that EQh:i_l is orthogonal complement to the
column vector space of ®j,;) that

rank(§Qh:i—1) + rank(®p)) = N,
we have
rank(£,9,.; 1) +rank(©;) = N. 27

From (27) and (26), it is known that row vector space of
£, ,_; is orthogonal complement to the vector space of ©;,
meaning that there exist a matrix &, satisfies

[Hp,Mp 1.4 ]

(28)

HiMjyu | _ ON.(i)xN

& L]

H; 1 M;
H;

where I; € RN=(0%N=(9) g a unit matrix.



(28) also means that dimension of the null space of the

[Hp Mpy1:i |
column vector space of HjMjri should be at least IV, (z).
H; 1 M;
| Hi ]
Here, H; can be represented as
H; H;
Hi_|: o W]
Has  Hes
2 7T T FT T
_ [fu<i_%>fz<i> Fuiny + Jug <>] 29)
fu(i) Fu( )

and from the definition of H; and Mj+1:i, HijH;i Vh <
7 < i —1 can be represented as

_ H, - H,
HiMji1. = {H(J)l H(?)2] (30)

(4)3
where

-7

_ 7T T
Hin = fug—n ey - Toti)

H(J)2 z(l)

]1)+Z u(leTll

T T T
Hys = fugy oG -+ fa

T 7T
H(j)4:Fu(j)+ Z u(l) Hf I-1)

l=j+1

T
J)(l)

From the structure of Hi,Hi_lMi,...,HthH:i, it is
known that H;y; = H;_1)3,H;2 = H—1)4 and for any
7 > h, we always have H( H1 = H(] 1)37H(J)2 = H(] 1)4-

(28) can be satisfied if and only if there exist a matrix &
satisfy the equation below.

[é Iz] Hh:i - ONz(i)XNp(i) (31)
[ Hnys  Hepya |
where Hj,.; = Heys  Hega
Hi—1ys H-1)
[ Hiys Ha
and

[f_ Ii]:[gh étj &;1 IZ-].

It is also known that dimension of null space of column vectors
in Hj,.; should be at least Ng(i).

Here, right hand side of Hj,.; can be rewritten as one form
as

 Hos ]
H, . o
(?)4 = Hy,, He,.;
H(i—1)a
L Hya
where
- BT T
Fon) fu(f}) u(h) H
o7 T
f, - | fun O w() u(J)H
Fu(z y 0 o0 fuT(z.;l)
| FL, 0 .. 0 .. 0
S
o7
F:E(h)
and H,, = qu) . From (31), it is known that (31)
a(j
7T'
Fw(i—l)

can be satisfied only if [¢ ] H,, H,, , = On_(i)xn-

Here, since H,, H,, 6K =

i i3

is not a zero ma-
Fh
trix, [ I|H,, H,,, = On.(yxn only happens when
I:é- I Huh:i O
Based on the derivation above, it is known that

(@When f,j) VYh <j <i—1 are all full rank that
Dim( fuT( j))
where Dim(:) represents the dimension of the column vector
space of the matrix and Fu(i) is full rank, from the structure
of matrix H,,,, Huh is also full rank, meaning that there
exist no ¢ make [€ I] Huy., = ON. (i) x (n—h+14+m)- At last,
it indicates that there exist no & let (28) be satisfied and no &
let (24) be satisfied.
(b) When Dim( T()) <m Vh<j<i—1andF()
is full rank, from the structure of matrix H,, ,, dimension of
null space of column vector space of H,, , satisfies

Z Dim(null( U(J)))

Since dimension of null space of column vectors in Hy,.;
should be at least N(i), when Dim(HH,,, ,) calculated in (32)
satisfies Dim(H,,,) < N (i), there exist no & make (31) be
satisfied. Furthermore, there is no &, let (28) be satisfied and
no & let (24) be satisfied.

=m Vh<j<i-—1

Dlm(null (32)

uh7.

O

T _
f:v(lil)

I(l ~1)




