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Preface

In this thesis, we consider the Cauchy problem for the Zakharov-Kuznetsov equation on the cylin-
drical spaces. The Zakharov-Kuznetsov equation is a type of nonlinear dispersive equation which
describes the propagation of ionic waves in magnetized plasma. When we expand the KdV equation
to multidimensional spaces, we have the Zakharov-Kuznetsov equation. We investigate the solutions,
by confirming the well-posedness to the Cauchy problem of the equation. In general, it is difficult to
write down solutions of nonlinear partial differential equations as an explicit form.

The notion of well-posedness is of importance for mathematical problems. Let X be a Banach
space. It is said that the Cauchy problem is well-posed in X if we confirm the existence, uniqueness
of the solution and the continuous dependence on the initial data in X. In other words, the data-to-
solution map X > u(0) — u(t) € X exists and is continuous with respect to the metric induced by
X, where up = u(0) and u = u(t) are initial data and solution of the Cauchy problem, respectively.
We say the local (respectively global) well-posedness, if the well-posedness holds for a positive time
interval (respectively all time).

It is natural to consider question of well-posedness in the Sobolev space X = H?, since the
conservation laws control Sobolev norms of solutions. Here the exponent s stands for the fractional
Sobolev regularity. If s = 1, this is the energy space and that yields the expected global solution via
energy conservation laws.

We also study the well-posedness for less regular data, namely in H® for s < 1. It is worth noting
that the smoothing effect of solutions has been considered in the whole space as powerful tool in the
study of well-posedness theories with low-regularity initial data. The smoothing effect is crucial in
allowing to recover the dispersive properties and the loss of derivatives of solutions. This effect can
not be expected under the periodic boundary condition that the solutions do not decay at infinity. If
we consider the cylindrical space as an unbounded manifold, an anisotropic version of the smoothing
effect properties of the solutions could be expected.

There are several literatures on results for the cylindrical boundary problems [16, 8, 18, 20, 25].
In [20], we proved that the Cauchy problem of the Zakharov-Kuznetsov equation is locally well-posed
in H® for s > 9/10. This improved the previous result by Molinet and Pilod [18]. In this thesis, we
extend the local solution to the global one by using some a priori estimates. In proofs, we employ
so-called I-method. Consequently, we establish the global well-posedness in H*(R x T) for s > 29/31.

In Chapter 1, we introduce the setting of the problem and state the main result. Chapter 2 is
written based on my paper [20]. We recall some harmonic analysis tools including Littlewood-Paley
decompositions of functions. Moreover we prepare the smoothing effects and linear estimates in the
Bourgain spaces X*? [2, 3, 11]. One also reviews some preliminary results for the local well-posedness
result in the above spaces. Chapters 3 and 4 are written based on the joint paper with Hideo Takaoka
[21]. In Chapter 3, we follow the I-method scheme [5]. We give several lemmas of bilinear estimates in
conjunction with rescaling argument in [6] and give the local well-posedness results for rescaled data.
Chapter 4 is devoted to the proof of main theorem. We define modified energy functional E[lu] in
term of the H®-norm of the solution for s < 1. One of the key steps in the construction of global
solutions is to control the increment of the modified energy. We estimate the growth of the modified
energy and provide a priori estimates for the solutions.



Chapter 1

Setting of the problem and results

In this chapter, we will address the background of the problem and the statement of the results.

1.1 Setting of the problem

In this thesis, we study the Cauchy problem for the Zakharov-Kuznetsov equation on a cylinder:

{ Op + OpAu + udpu =0, (z,y) eRx T, teR, (1.1)

U(x7y70) = UO(:Ua y)7

where u = u(z,y,t) is a real-valued function, T = R/(27Z), and A = 92 + 85 is the Laplacian. This
equation was introduced by Zakharov and Kuznetsov [26], as a model for the propagation of ionic-
acoustic waves in magnetized plasma. This equation is one of the two-dimensional extensions of the
Korteweg-de Vries (KdV) equation:

Ot + Opgatt + udzu = 0.

The KdV equation is one of the famous nonlinear dispersive equation, which describes the behavior of
shallow water waves. Another two-dimensional generalization of the KdV equation is the Kadomtsev-
Petviashvili (KP) equations:

Op (Opt + Ogazu + u0zu) £ Oyyu = 0,

where the KP-I equation corresponds to minus sign, while the KP-II equation to plus sign.
We will establish the global well-posedness of (1.1) whose initial data belongs to H*(R x T). More
precisely, we show that the solutions exist global-in-time for initial data in H*(RxT) for any s > 29/31.
The Zakharov-Kuznetsov equation (1.1) has at least two conserved quantities:

Blul) = 5 [ (IVatewn ) - Jute.0*) dady

Mlu](t) = /RXT u(z, y,t)? dudy.

These conservation laws identify H!(R x T) as the energy space.

For the Zakharov-Kuznetsov equation in the R? setting, Faminskii [7] proved the local well-
posedness in the energy space H!(R?). After this, Linares and Pastor [15] showed the local well-
posedness for s > 3/4, by proving a sharp maximal function estimates. Griinrock and Herr [10]
proved local well-posedness in H*(R?) for s > 1/2, by using the Fourier restriction norm method and
the Strichartz estimates. The Fourier restriction norm method utilizing the X*? spaces was introduced
by Bourgain [2, 3] (also by Kenig, Ponce and Vega [11]), in order to prove the local well-posedness for
nonlinear Schrédinger and KdV equations in low regularity Sobolev spaces. At the same time, Molinet
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and Pilod [18] showed the local well-posedness in H*(R?) for s > 1/2 using bilinear Strichartz esti-
mates. Observing proofs of global well-posedness, Shan [24] obtained that the solution exists globally
in time to data in H*(R?) for s > 5/7. Shan used the I-method based on H' conservation laws. The
I-method was introduced for global well-posedness of the KdV equation by Colliander, Keel, Staffilani,
Takaoka and Tao [5]. Recently, Kinoshita [12] showed the local well-posedness for s > —1/4, using
Loomis-Whitney inequality and an orthogonal decomposition technique. In [12], the local ill-posedness
results for s < —1/4 was also obtained. This means that the data-to-solution map from the unit ball
in H*(R?) to C([0,T]; H®) fails to be smooth for any T' > 0. As a corollary from the result of local
well-posedness combining with the L? conservation law, the global well-posedness in L?(IR?) follows.

In the R x T setting, Molinet and Pilod in the same paper as above [18] showed the global well-
posedness in H*(R x T) for s > 1. The strategy is similar to the case of R? setting, however it is more
difficult to make sure the proof because of the lack of the smoothing effects. In [20], we showed the
local well-posedness for s > 9/10 by refining the bilinear estimates (see Lemma 2.2.2 in the thesis).

In the T? setting, the local well-posedness result in H*(T?) has been obtained by Linares, Panthee,
Robert and Tzvetkov [14]. They showed that the initial value problem is locally well-posed in H*(T?)
for s > 5/3. The proof used short-time Strichartz estimates. In [23], Schippa improved the local
well-posedness to s > 3/2 by using short-time bilinear Strichartz estimates. Moreover, Kinoshita and
Schippa [13] obtained the local well-posedness for s > 1. They estimated the nonlinear interaction
term by short-time trilinear estimates.

Observing related results on the Zakharov-Kuznetsov equation. Yamazaki [25] showed the stability
and instability results for line solitary waves of the Zakharov-Kuznetsov equations in R x Ty, where T,
is the torus of length 2w L. The solitary waves are constructed by hyperbolic functions. The long-time
behavior stability of solitary waves were also studied in [4] and in [22].

1.2 Main theorem

We aim to prove that the initial value problem of the Zakharov-Kuznetsov equation in H*(R x T)
is globally well-posed for some s < 1. This proof is based on bilinear estimates developed in [18] and
I-method [5].

The main theorem of the thesis is the following.

Theorem 1.2.1. The initial value problem of (1.1) is globally well-posed in H*(R x T) for s > 29/31.
In other words, for any ug € H*(R x T), for all T > 0, there exists a unique solution u of (1.1) such
that

ue C([0,T): HS((R x T)) n X312,

Moreover, for all 0 < T' < T, there exists a neighborhood U of ug in H*(R x T) such that the
data-to-solution map
U 3w o(t) € C(0,T') : H (R x T)) n X351/

is smooth, where v(t) is a unique solution of (1.1) to the initial data vy.
Remark 1.2.2. Function spaces H® and X%’b are defined in Section 2.1.

Remark 1.2.3. By time reversibility, we need to consider the existence for positive time.



Chapter 2

Preparation by some results

This chapter is written based on my paper [20]. We revisit the local well-posedness results of (1.1)
below the energy norm.

2.1 Some notations of function spaces

In this section, we will introduce some function spaces that will be used throughout the thesis.

We use the absolute value of (£, q) as |(€,¢)|? = 362 + ¢? in this paper. For positive real number a
and b, the notion a < b means that there is a constant ¢ such that a < ¢b. When a < b and b < a, we
write a ~ b. Moreover, b+ means that there exists § > 0 such that b+ 0.

Denote Ty = AT = R/(27\Z) for A > 0. Let f(z,y) be a function defined on R x T). We denote
the Fourier transform of f with respect to the variables (z,y) as F wf (&)

2T\
A _ —i(z€+yq)
f(&q) /R/O e f(z,y) dydz,

where (£,q) € R x Z/\. Moreover, let ]-'gql’A be the Fourier inverse transform with respect to spacial

variables by
Fa i) = oy 3 [ s a) de
GE€T/A

for (z,y) € R x Ty. For simplicity, we abbreviate ]-"zy and ]:E_ql”\ by F» and F~1*, respectively, when
no confusion is likely.

Let u(x,y,t) be a function of R x Ty x R, and let @*(¢, ¢,7) be Fourier transform of u(z,y,t) in a
similar manner as well

27
¢ q,7) = /R?/ e~ T HiRtya)y (0 ) 1) dydad.
0
Similarly, define the Fourier inverse transform

WMz, y,t e ITHEer )y (¢ g, 1) dédr.

qEZ/A

Denote o (&,q) = &€ + &¢°. Let n € C§°(R) satisfies 0 < n < 1, N—1,1] = 1, and suppn C [-2,2].
For a dyadic number N = 2* with k € N, we denote

B(&) =n(€) —n(28), on(&a) =N (&), ¥Yn(&a,7)=d(N"H1—0(£,q)),

where (£,q,7) € R x Z/\ x R. Here, we prepare notation of interval as Iy = supp ¢y for a dyadic
number N. We define the Littlewood-Paley decomposition as

Pyu=F " NonF u), Quu= (i)™

4



We let denote for a,b € R, a Ab=min{a,b} and a V b = max{a, b}.
For s € R, we define the Sobolev spaces HS = H{(R x T)) equipped with the norm

1/2

Il = | 55 & [€on™ P reafas) (21)

qEZ/ A
where (z) =1+ |z|. We also use L3 = H).

Use the restriction operator Rx with respect to the x variable as

Ry f(x) = /R H(EK ) F, (€ de

for dyadic number K, where F, is the Fourier transform with respect to the x variable.
We note that the following properties hold [6]:

2w 1 5 S
/R /O P )l y) dady = 5 3 /IR P (6, ) PPg(E q) d,

qEZ/ N

Paen = (Prefe)co=-1 ¥ [ Pre-aa-aPoad. 2

QL EL/N

Next, we describe the Bourgain space via the Fourier transform. Following [11], we introduce a
class of function spaces related to Bourgain space X/S\’b. Define the Bourgain space Xi’b as follows.

Definition 2.1.1. For s,b € R and T > 0,
1/2

o= (5 X [ = olecan™ s al™fate e.r) dsar | (23)

qEZ/ X

Jull e = inf {7l oo |72 R x s = €, Fr xiormy = .}

When a norm of u introduced in (2.3) is bounded, we denote u € Xf\’b. We also use the same notation
Li = Xg’o for functions on R x Ty x R as defined before for one on R x T}, if there is no confusion.

The space Xf\’lr} will be used for proof of the local well-posedness result, that is under restriction
of time on [0, 7.
If A = 1, we denote F», F~1A 2 A H, Xf\’b, Xf\’? by F, F~1, 5%, H®, X%P, Xfp’b, respectively.

Remark 2.1.2. The space Xi’b will be characterized by this formula

Oz A
1 s = 1€ 2 Ml g

where e 104

is the operator associated linear Zakharov-Kuznetsov equation on R x T, described by
FHe P26 q) = e"TEDFA (€, q).

We summarize some formulas which were stated in [11, 8, 18, 20].

Lemma 2.1.3. Let s € R and b > 1/2. Then
(e fll gso < 11 Fllas.

for all f € HY.



Lemma 2.1.4. Let s € R and b > 1/2. Then

, S Hf”)(ivb*h

Joto) [ ee-mes yar

0

s,
X>\

s,b—1
Jorall f € X\ .

Lemma 2.1.5. For any T >0, s € R and for all —1/2 < <b<1/2,
ot STVVYF s
1o ST I

s,b
forall f e X"

The polynomial (&, g) which appeared in (2.3) plays an important role in characterizing of solution.
Now, we define the resonance function as

H(1,E2,q1,42) = 0(E1+E2,q1 +a2) — 0 (&1, q1) — (&2, @2) = 3E1&2(&1 + &) +Eagf + 6105 +2(61 +E2)q1g2,

(2.4)
which also plays an important role in the control of the frequency instability range between nonlinear
interactions.

2.2 Local well-posedness in H?®

In this section, we recall the results of the local well-posedness obtained in [20]. Let start with the
bilinear estimates that are crucial for proving the local well-posedness results in [20] (see Proposition
2.2.4 below).

Lemma 2.2.1 (Proposition 3.6 in [18]). Suppose that N1, No, L1, Ly are dyadic numbers. Then

(P, Qryw) (PryQrov)ll 2 S (N1 A N2)(Ly A L)' ?|| Py Qryull 12| Py Qry vl 2 (2.5)
Moreover, when 4(N1 A N2) < (N1 V Na), we obtain

(Nl A N2)1/2

N,V Ny (Ly A L) (L1 V Lo) Y2 || Py, Qryull 12| Py Qo 2

(P, Qryw) (P, Qrov) |12 S

We give the variant bilinear estimates, which were main ingredient for the local well-posedness
below the energy norm.

Lemma 2.2.2 (Lemma 2.9 in [20] ). It holds that

< (Nl /\N2)1/2

1Rk (P, Qry ) (Prny Qrov)liz S — g — (L A L)' (L1 V L)) Pr, Qryull 12| Py Qrov e

where K is a dyadic number satisfying || € Ik .

These two lemmas above allow to obtain the smoothing properties of a bilinear form, since by high
frequency gain of the derivative term. Using these lemmas, we proved in [20] the following bilinear
estimate for A = 1.

Lemma 2.2.3 (Proposition 3.1 in [20]). Let s > 9/10. For all u,v € X*/2,

102 (o)l xs-172+ S [l gsnrzs 0]l sr2e-

Combining Lemma 2.2.3 with Lemmas 2.1.3, 2.1.4 and 2.1.5, we proved the following local well-
posedness result in H* for s > 9/10.



Proposition 2.2.4 (Theorem 1.1 in [20]). Let s > 9/10. For any ug € H*(R x T), there exists
T = T(||luol|ms) and a unique solution u of (1.1) such that

we C(0,T]: H*(R x T)) N x5/,

Moreover, for all 0 < T' < T, there exists a neighborhood U of uy in H*(R x T) such that the
data-to-solution map
vo €U o(t) € C([0,T') : H*(R x T)) N X5/%*

is smooth, when v(t) is a unique solution of (1.1) to the initial data vy.

Sketch of the proof of Proposition 2.2.4. The proof was derived the implement of Lemma 2.2.3 to-
gether with a fixed point argument as follows

®(u)(t) = n(t)e” " Pug + %n(t) / e” %80, (u(t')?) dt'.

0

We show that the map ® defines a contraction in
Zr = {ue X5 | Jull gas2v < 2Co]uolla }
for (small) "> 0. In fact, from Lemmas 2.1.3, 2.1.4 and 2.1.5 and 2.2.3 with A = 1, it follows that

12 ()l 172+ < Colluollzzs + COHf?x(UQ)HX;—I/m
< COHUOHHS + CngH(‘?m(ﬁ)HX;,_l/uzg

o (2.6)
< Col|luol|ms + CocT ”UHXS,—1/2+
T

< 2Co||uol| <,

for u € Zr and choosing small 7' > 0 which will depend on ||ug||zs. Similarly,

1
19(u) = @)l ys172+ < Sllw = vll oo,

for u,v € Zp and small T' > 0. Then the contraction mapping theorem tells us that there is a unique
solution u = ®(u) € Zp to the Cauchy problem (1.1).
The persistence property u € C([0,7] : H®) and the uniqueness in whole space u € X;’l/ 2* follow
in a similar way to [11, Proof of Theorem 1.5], by using a variant of (2.6), therefore we omit them.
This basically completes the outline of the proof. O



Chapter 3

Local well-posedness in [~ 1H )1\

This chapter is based on the joint paper [21] with Hideo Takaoka, which devotes to the local
well-posedness results in conjunction with rescaling argument in [6]. Hereafter we assume that s < 1.

3.1 Rescaled solutions

Throughout the thesis, assume A > 1. Recall Ty = AT = R/(27AZ). By rescaling

1 Tz y t
UA(ﬂf,y,t) = FU <)\7 X, )\3> 5 (31)

we consider the Cauchy problem for the Zakharov-Kuznetsov equation on R x Ty:

(r,y) e RxT,, teR. (3.2)

ot + O Au + urou = 0,
u’\(x,y,O) = u()\(x,y) € H)S\v

If we construct the solution u*(¢) of (3.2) on the time interval [0, A>T, we have the solution wu(t) of
(1.1) on [0, 7.

Let ¢ be combination of spatial variables as ¢ = (£,q) € R x Z/\. Define the Fourier multiplier
operator I, which was originally introduced in [5] to consider global well-posedness for KdV equation.
For N € 2V, define the operator I by

FAF(C) =m(Q)F(Q),

where m is a smooth, radially symmetric, non-increasing function satisfying

17 ‘C|§Na

m(o: (LN|>371’ ‘C| S 9N

On the low frequency part || < N, the operator [ is the identity operator, while on the high frequency,
I is regarded as the integral operator. Remark that I maps H3 functions to H)l\ one.

3.2 Local well-posedness in [_IH/{

In this section, we prove the following local well-posedness results on I~'H )1\

Proposition 3.2.1 (A variant of local well-posedness). Let s > 9/10. The Cauchy problem (3.2)
is locally well-posed in HY for data u())‘ satisfying u())‘ € Hy. Moreover, the solution exists on a time
interval [0, 8] with § ~ HIU(/}HHi: and the solution u™(t) satisfies the estimate

L
Hy



We give several lemmas in conjunction with rescaling argument in [6]. Let us readjust several
lemmas in Chapter 2 to one for rescaled functions on R x T).

Lemma 3.2.2 (Lemma 3.7 in [18]). Denote a set A C R x Z/X. Let the projection on the q be
azis contained in a set I C Z/\. Assume that there is a positive constant C such that for any fized

g € INZ/X\ and |[AN{(& q) | g0 € Z/A}| < C. Then, |A] < XC(|I]+1).

Using this lemma and the mean value theorem, we have the estimates for constructing bilinear
estimates.

Lemma 3.2.3 (Lemma 3.8 in [18]). Let I and J be two intervals on the real line and f : J — R be a
smooth function. Then,

1
infee s1f"(§)]

Lemma 3.2.4. Let a # 0, b, ¢ be real numbers and I an interval on the real line. Then,

HzeJ[f(z) e I} 5

‘1’1/2
‘{qu/)\‘aq2+bq+C€I}‘ ’S)\<\all/2 +1].

Proof. Following Lemma 3.9 in [18], we only consider the case of a > 0 and b = ¢ = 0. Put I = [as?, at?]
for s,¢ € R with s < ¢? and s,¢ > 0. From the shape of parabola curve and distribution of Z/\ points,
we can say

[{g € Z/X\ | ag® + bq + c € T} < 2X(|t — s| + 1).

Since
o TR < I < L
we obtain
{q € Z/X]| ag? +bg+c € I <A (é;i;z + 1) ’
which completes the proof of lemma. .

Using these lemmas, we get the following bilinear estimates.

Lemma 3.2.5. Foru, v € L?\,
(PN, Qry ) (P, Qrov) 2 S (N1 A Na) (L A Lo) || Py Qry 2 | Py Qo vl 12 (3.3)

(N1 A\ N2)1/2

||RK((PN1QL1H)(PN2QL2,U))||L§\ SJ K1/4

(L1 A L) (L1 v Lo) | Py, Qo ul| 31| Pr Qo vl 13-
(3.4)

Moreover, when N1 A Ny < N1V Na, for 0 < 6 <1 we have

< (Nl A N2)1/2

1P, @y ) (P, Qrov)llg 5~y — (B A L) (L1 V Lo) 2| Py, Qry | 12 | Pa, Qo vl 2, (35)

(N1 A Nz)(1+0)/2
123 Qua)(PRoQuav)llg S =, 0

(L1 A Lo) (L v L)) Py, Qryull 2 || Py, Qoo 12

(3.6)
where N1, No, Ly, Lo, K are dyadic numbers.



Proof. The estimate in (3.6) follows from the interpolation argument with (3.3) and (3.5), so that we
prove (3.3), (3.5) and (3.4) in this order.
Using the Plancherel’s identity, convolution structure, and the Cauchy-Schwarz inequality, we get

(P Qryw) (PnyQryv) |2

tPWAls

qu/)\

1/2

A~ 2
NPy Qu) # P (P, Quyo)) (619 7)| dér

AN

1
N2 (ool R\As,q,ffl/zHPNlQLlUHLgHpNgQLzUHLg,
,q,T)ERX X

where

Acgr = {1 q1,11) ERXZ/AXR| (&1, 1) € Iny, [(€—&1,0 —q1)| € Iny,
|1 —o&,q)| €I, |[T—11—0(&—&1,9—q1)] € Iy}

By the definition of A¢, and Lemma 3.2.2 with |I| ~ A(Ny A Na), we obtain

[ Ag g S AN A N2)2(Ly A Ly),

which is (3.3).
Next we prove (3.5). By the triangle inequality

i —o(,q)|+lr—m1—0(—&,g—q)| < |T—0(&,q1) —o(§ = &1, — q1))
= ‘T - U(§7Q) _H(§17€ _§I7q17q - ql)‘7

we get
|A£7Q7T‘ S (Ll /\ L2)|B£)q’7—|7

where

Begr =11, q1) e RXZ/N[|(&1,q1)| € Ing, [(€ = &1,0 — q1)] € Iny,
|T—0o(&q) —H(1,E = 61,01, —q)| S L1V Lo}

Let us focus on the resonance function #H in (2.4). We have

oH

96, —(ELE—CLaa—q)| =BG+ @ — BE—&)*+ (a—q)*)| 2 (N1 V Ny)%. (3.7)

If we define fé&qﬁ(ql) ={& € R| (&,q1) € Beg -} for each ¢i, Lemma 3.2.3 yields

L1V Ly

By (q)] s VL2

Hence
(Ll V L2)(N1 A NQ)

(N1 V N2)2

Combining this with [A¢ g+ S (L1 A L2)|Bgg,r|, we obtain (3.5).
From the Cauchy-Schwarz inequality and the Plancherel’s identity as before, it holds that

’B&q,T’ SA

1
HRK((PN1QL1U)(PN2QL2U))HL2 sSup |qu,7—’1/2”PN1QL1uHL§\HPN2QL2U||L§7

/\1/2 (£,q,7)ERXZ/AXR

where

AL ={,q,m) €ERXZ/AXR| ] ~ K, (&1, q1)| € Iny, |(§ =&, — q1)| € Iy,
i1 —o(&,q)l €1y, T =11 —0(§ =61, — )] € I, }.

10



Using the triangle inequality, we have
K K
[Agqr| S (L1 A L2)|Bey 1,

where

Bg(b'r = {<£1’q1) e R x Z/A ’ |€’ ~ K7 ’(glaql)‘ S IN17 ‘(€_§17q_q1)| S 1']\[27
T —0o(&q) —H(&L,E =&, q1,0—q1)] S L1V Lo}

For the bound of Bgl,(q,w we calculate the second derivative of H as

O*H

@(élvf_glaqlaq_ql) = 6[¢] ~ K, (3.8)

for (&1,q1) € BquT Let quﬂ_((h) ={& eR| (&.q1) € ng’,r} for each ¢;. Combining with Lemma
3.2.4, we get

~ (L1 V L2)1/2
’Bgl,(q,r(éhﬂ S TR

for all g1 € Z/\. Finally,
| A(N1/\N2)(L1\/L2)
sq,T 1~ K1/2

| < (Ll /\L2)|B

|BE, (3.9)

and we obtain (3.4) by |AK

£,q,T £qT|

We prove the following bilinear estimates in I~ 1X L1/2+

Lemma 3.2.6. For s > 9/10,

1021 (uo)ll y1.-v/2e S Iull yraree [ T0]] 1172+

Proof. We may assume the functions 4" and 9 are nonnegative, since by the definition of Xf\’b

norm. Replacing (¢) (T —a(¢))/* m(¢)i(¢, 7) and (¢)(r — ()Y m(¢)D(¢, 7) by 4(¢, 7) and B(¢, 7),

respectively, and duality argument, one has to show that

fl,lIl,Tl m(C) _ dédédrd
qqlgz//\/w £a mic)m(c = C) a* (Ci, m)0NC = Cuy T — T)@NC, ) dédErdrdr 65.10)

Slullgzllvllzz 1wl 2z,

for w € Li whose Fourier transform is nonnegative. Here

e €1(C)
T Q¢ = GNT = a2 (1 = o ()T — 71— o (C = Q)2

Using dyadic decomposition, we rewrite J as the following
Lo, L1, L
J = Z JNE,NllJ\?Q’

No,Np,Na
Lo,Ly,Lo

where

Lo,L1,L2 Elﬂlm m(C)

No,Nl,Nz_,\2 2 /R4 ST m(C)m(¢ — 1)

q, Q1€Z/>\

(3.11)

PQr, (Gl m)Pa@Ly (C— Gt — 1) PaaQryw’ (€, q, 7) dEdé, drdry.
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We decompose again J to five parts in frequencies:

_ Lo,L1,Lo
JoL-1 = Z I No.N1,Ns
N1VNoVNg
Lo,Ly,L2

_ Lo,L1,L2
JLH—H = Z I No N N2
N1 < Ny~Ng
NozN
Lq,Lq,Lo

_ Lo,L1,L2
JHL—~H = Z I No.Ny Ny
No<N1~Ng
NOZN
LO,Ll,LQ

_ Lo,L1,L2
JHH-L = Z I NoN1,Ns
No<KNj~N2
N{ZN
Lg,L1,Lo

Juig—g=J — (Jor—r + Jur—u + Joag—u + Jun—1).

Estimate of Jrr_,: In this case, we have

m@)  phan < N1 VN .
m(C)m(C—G) ST Y (N A Ny LA LA L

We split this case two cases, when N1 A No < Ny V Ny, and when N1 A No ~ N1V No.
First, we consider the contribution of the case when Nj A No < Nj V Na. In this case, by (3.5) and
the Cauchy-Schwarz inequality, we have that the contribution of the case to Jrr_1 is bounded by

N1V Ny
S D, (P, Qry ) (PryQLyv) |2 || Py Qrowl 2
~ 1/2— . 1/2 1/2 1 1 2 2 L 0 o IL
N1VNaVNoKN (M /\NQ)LO/ Ll/ +L2/ i g g
N1 ANg<NjVNy
Lg,Ly,Lo

1

S Z 1PNy Qryull 2 [| Py Qoo 12 [ P QLow|| 12

~ 0+ 70+ 7 0+ 1 1YL 2 2V IIL 0 oM IL

N{VNaVNo<N (N1 A N2>O+L0 LiTLy A A A
Lo,L1,L2

Slullgz [0l ez l[wll £z,

where we use Ng < Ny V No.

Second, we consider the contribution of the case when N1 A Ny ~ Ny V Ny, namely N1 ~ Ns. Note
that Py = PNﬁN for JBN = Py/2 + Py + Pon. In this case, the contribution of the case to Jrr—p is
bounded by

N7V Ny =~
DY 1P (P, Q) (P, Qrov)ll 2 || Prg Qrowll 12
~ 1/2— ,1/2 1/2 0 1 1 2 2 L 0 0 L
N1VNoVNg<KN (Nl /\NQ)LO/ Ll/ +L2/ i ' '
Ni~Ngy
Lo,L1,L2
1
S Z W”P]\HQ[JUHL?\HPN2QL2’U||L?\||MHL§\
Ni~Ngy 1 2
Li,Lo

Sllull gz ol z2 e 2.
Hence
Jiion S lullg loll s ool 3.

Estimate of Jr g : We split this case into two cases that N; < N < Ny ~ Ny and that N <
N1 <« Ny ~ Nj.

12



If Ny < N < Ny ~ Ny, we have
m(¢)
m(C)m(¢ — C)
Applying the Cauchy-Schwarz inequality again with (3.5), we have that the contribution of this case

Lo,L1,L2
to JNo,Nl,Nz is bounded by

~ 1.

No
<
NNlLé/Q_L}/2+L;/2+ ||(PN1QL1U)(PN2QL2U)”L§ HPNOQLOwHLi
1
<
S NIRLE Lo 1PN, Qryull 22 [ Pny QLo vl 12 |1 P Qrowll 2 (3.12)
1

SJN{)+L8+L(1)+L(2)+ HPNlQLluuLiHPNQQIQUHLi”PNOQLOMHLi'

If N < Ny < Ny ~ Ny, we have

mQ N
m(C)m(¢C —¢1)  Ni=s
JL07L1,L2

In a similar way to above, we have that the contribution of this case to Jy "y "y, is bounded by

- NoN;{ %
NN1N173L5/2—L1/2+L5/2+

1
<
S NI o o 1P, Qryull 22 [ Pny QLo vl 12 |1 P Qrowll 22 (3.13)

< 1 ‘
~ a70 0 0 0
NYTLgt LYt Lot

1Py, Quy) (Pry Q1) 12 | Py Qo 1.2

|PN1QL1UHL§”PN2QL2UHL§HPNOQLowHLi'

Therefore, by (3.12) and (3.13) in conjunction with previous estimate, we have
Toron S lullz lollz ol 2,

which is acceptable.

Estimate of Jgr_zr: The proof is same as for Jpp_,pr, because of the symmetry.

Estimate of Jgg_.r: By symmetry, we assume Ny < N1 < Ns. We separate this case into two
cases that Ng < N < N; ~ Ns and that N < Ny < N ~ N.

If Ngo < N <« N1 ~ Ny, we have

m(¢) N{ 75N, ~*

~

m(C)m(C—G) N2

Applying the L2 norm of functions (P, Qr,u)(Pn,Q@r,w) and Pn,Qr,v, we have that then the con-

tribution of this case to Jﬁg’%ll’ﬁé is bounded by

< N} TSNy *NZ
NQ(I_S)N1N2Lé/2_Li/2+L;/2+

| (P Q) (P Quow)|

2 HPNQQLQU|’L§7

2A ~
where f (¢,7) = fA(—¢,—7). We apply (3.6) to this and have that the contribution of this case to
JNOE2 is bounded b
No Ny N, 18 bounded by

_ NI“*N}=sN2 NSO (Lo A L)Y2(Lo v Ly)?/?
~ — 1-6
N20=s) Ny Np LY/ 2~ L/ Ly/2+ N
1Pw Qry vl 22 [P @rowl 12 | Pv, Qo vl 12 (3.14)
1

< HPN QL u|| QHPN QL wH 2||PN QL UH 2
~ _ —1/2-30/2 7 0+ 1 0+ 7 0+ 1 1%L 0 0 L 2 2 YL
N1=sNy Ly L)Ly A A A
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for small 6 > 0.
If N < Ny < Ni ~ Na, we have

m(¢) NN,
m(C)m(¢ — 1)  NI=sNj~*
Lo,L1,L2

Similarly, the contribution of this case to J No.Ny.Ny 18 bounded by

_ 1
~ONPTHEOR N [0 [0+ [0+

”PNlQLluHLiHPNOQLowHL?\HPNzQLQUHLiv (315)

for small 6 > 0.
Summing up with respect to Ny, N1, No, Lo, L1, Lo, we obtain

Jan-r S llull gz vl g2 [lwll gz

Estimate of Jyy_p: In this case, we may assume N < Ny ~ N1 ~ Ns and have

m(() ~ N(}_S F£17Q1,T1 ~ ‘5’ _
m(G)m(¢—¢) N7 TEeT N pl2s plie e

Now, we separate this case into five subcases:
(i) &l <1,
(i) [&l A€ —&l ST <[E],
(it)) 1< [&a]AlE =&l ALl and [[c2~IGPIVIGE 1S~ GiPIVIIC— G2 = [P 2 No/ (Lo Vv Ly L),

(iv) 1< [&|Alg=&l AlEL 11K = 1GlPIATIGE = 1¢ = GRIATIC = G = G| < No'>(Lo Vv Ly v L1)°*
and (|¢|V [&1]V 1€ = &) (€] A L& | A L€ = &) > N> (Lo V L1 v L1)%%,

(v) L |Gl AlE =&l ALE], IK2=1GRIANGIE=I¢=QIANC = G2 = [¢2) < N&P(Lo v Ly v Ly)O+
and (€] V [€1] V [€ = &) (€| A&] A L€ — &) S NSP(Lo Vv Ly v Ly)OF.

Subcase (i): Denote

Lo,L1,La __ Lo,L1,L2 (k‘)
No,N1,N2 No,N1,N2
keN
where
JL07L17L2 Z / 51741,7’1 m(()
NoNy o v, 80T m(G)m(¢ —G)

q,q1€EZ/ X
— — A — A
PN1QL1U (Cl’ Tl)PNQQLQU (C — (1,7 — Tl)PNOQLOw (<7 T) d§d&ydrdry,

Vi ={(&&,7.m) eRY | [¢g] ~ 277}

We apply the Cauchy-Schwarz inequality, and we have that the contribution of this case to Jﬁgﬁﬁé (k)
is bounded by

27k

S lesNgL(l)/Q_L}/Q—FL;/Z—F ([ Ryx ((PNlQL1u)(PN2QL2U))HL§\ HPN()QLowHLi'

For |¢| ~ 27% we obtain by (2.4)

O*H

o¢? —— (&, &= &, q,0—q)| =6]¢| ~ 27"
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Using (3.4), we get

1/2
1 Ro-i (P, Qry ) (Pry Qo)) 2 S 254N (Ly v Lo) 4 (Ly A Lo) || P, Qyul 12 | P, Qo v 12

Then
2—3k‘/4

A LIS - 1PN, Qryul| 12 (| Pn, Qrovll 22 [ P Qrowll 2 - (3.16)
0,4V1,4¥2 Nl—sNg 1/2L8+L(1)+L(2J+ A A by
Summing with respect to dyadic numbers Ny, N1, No, Lo, L1, Lo and k € N, we have the desired bound
for the contribution of this case to Jyg_m.
Subcase (ii): By symmetry, we may suppose [ — &1] < [£1| A 1. First, we calculate the resonance
function (2.4) as

g;‘@l,g g — @) = BE(E — 260) + ala — 2a1).
1

First we consider the case when [0H/0&| 2 €2. We shall use the dyadic decomposition |¢| ~ K.
By the Cauchy-Schwarz inequality such as Case (i) above, we have that the contribution of this case

Lo,L1,L2
to JNO,Nl,NQ is bounded by

K
S Ri((P P RwP '
NKEE;N Nl*SNgLé/Z_L}/”Ly?JFH i (PN, Qryw) (Pry Qrov)) | 2 | Rie Prg Qrowll 12

Recall the proof of Lemma 3.2.5, we have

HRK((PNlQldu)(PNQQsz))HL%\ 5 sup ‘Aﬁ,q,T(K)‘l/ZHPNlQlduHL%\HPNQQLQUHLiv

A2 (¢ 0 1)eRXZ/AXR
where

Af,qﬂ'(K) = {(é-laqlaTl) € R x Z/)\ x R ||§’ ~ K7 ‘C1| € INU ’C*Q’ € IN27
|Tl _U(Cl)| € IL17 |T_Tl - U(C_ C1)| € ILQ}'

From the triangle inequality,
[Agq.r (K)| S (L1 A L2)| Be g, (K|,

where
Bf,q,T(K) = {(517(11) € R x Z/A H§| ~ K, |<1| € INU |< - C1| € IN27
T —0(Q) = H(&, & —&,q1,0 — )| S L1V Lo}
Let E&(N(K, q1) = {& € R | (1 € Bggr(K)} for each ¢. Then combining Lemma 3.2.3 and the
bound |0H /01| 2 €2 ~ K2, we get

~ L1V Ly
Bear(Koa) s 22002,

Hence, we obtain
(Ll V LQ)(Nl AN Ng)

KQ

’Bi,q,T’ SA

Then,

1/2 1/2 1/2
1Rk (Pr, Qo) (P, Qrav)) 2 S Ny (L \/Lo)K (L1 A Lg)

Combining the Cauchy-Schwarz inequality and bilinear estimate, we obtain that the contribution of

: Lo,L1,L2 -
this case to (]]\,07]\,17]\,2 is bounded by

1
N1-sNS—Y2 70+ 0470+
K<No 0 o 1 o
1

< | Py, Qriul 2 || Pro Qrov|| 12 || P QLow|| 12 -
~ _ —1/2— ;0 0+ 70+ 1 1 L 2 2 L 0 0 L
N1=sNy /27 L3t LT LY g * g

1PN, Qryul[ 2 [P @rowll 3 -

<

1P, Qryull g2 [ Pn, QLo vl 12 |1 R Py @rowl| 2

(3.17)
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Again summing with respect to dyadic numbers Ny, N1, No, Lo, L1, Lo, we have the desired bound for
the contribution of this case to Jgg—_p-
Next, we consider the case when |0H/0&;| < £2. In this case, we have

0

82:(5175 —&1,q1,0 —q1) =3§(§ — &) — 384 +qla — q1) —qqn
=6£(6 — &) — 38 +q(g — @) —qn
=0(¢) — 3¢ + qlg — q1) — qq1.

To satisfy the hypothesis of resonance function |0H/3¢1| < €2, Ng ~ Ny ~ No and € — & | <1 < [€],
we need |¢ — q1| ~ No, €] < gl A lq1| to set ¢(¢ — q1) — qq1 ~ &2, Furthermore we have

lal ~ lai] ~ lg = a1 ~ [€] ~ No, 361 (€ = &) ~ O(€%), (€ —&)(d* — (a—a)?) ~ O(&?).

Let us recall the resonance function H in (2.4)

H(L,E— &L q1,0— q1) =34 (E— &) + (€= &) (@ — (g — q)®) + (¢ — a)éala + q),

If [H(&1,€ — €1,q1,9 — q1)| 2 €2, then LoV L1 V Ly 2 €2 by (2.4). Hence we have |¢| < NJt (Lo v
L1V L2)1/2_. The same estimate as in (3.13) implies that the contribution of this case to Jyg_ g is
bounded by

NJTN; 8
~ NON1—5L8+L?+L(2)+
1
N1=sNs= LS L0t LY

(P, Qry w) (PN, Qry0) || 12 |1 Py Qo w2
(3.18)

+1P3 Qryull 12 [ Pny QLovl 12 | P Qrowll 2 -

Summing in dyadic numbers Ny, N1, Na, Lo, L1, Lo, we have the bound of this case to Jgg_.g by

S llullzzllollzz 1wl 2z,

as desired.
On the other hand, if [H(&1,€ — &1.q1,9 — q1)] < €%, it follows that |(¢ — q1)&1(q + a1)| S O(€?)
and then |¢ + ¢1| < 1. In this case, we use the form

o =gl + (@ —[¢))

and then

—a=[+-ld)-a=[d-lal+-ld-a+a)),
where [a] denotes integer part of a € R. Note that ¢1 — [¢1], ¢ —q1 — [¢ — ¢1] € Z/A N [0,1). The
restriction |¢ + ¢1| < 1 implies [2[g1] + [¢]| < 1. By performing the same calculation as [20, Proof of
Proposition 3.1] and [11, Proof of Theorem 2.1], we use the Cauchy-Schwarz inequality to have that
the contribution of this case to Jy g is bounded by

S s TGl Mol ol s
(¢,7)ERXZ/AXR
where
) 1/2
Ny ~° d
A/2L/ 5T Ni-s e—erj<1 (T —0(C) —H(§1,§ = &1,q1,9 — q1))

12[q1]+[gl|<T
where we assume |H(£1,€ — &1,q1,q — q1)| < &2 in the integration of region. Then it suffices to show

sup (¢, 7)% < . (3.19)
(¢,7)ERXZ/AXR

16



The resonance function is reformulated as

H=3(E— &)+ (E—&)(® = (a—a)?) + (e — a)ér(g + q),

which is equivalent to a quadratic equation in &,

3662 — (2 — q)q + 36 — (¢ — (¢ — q)DE+H =0,

The roots of the quadratic equation are the values of & as ﬁt, where

20 —q)ar — 367 + \/((2611 —q)q —362)* + 1262 (¢* — (¢ — @)?) — 126H
6¢ '

& =

Using the change of variables, we have
dH

déy = + .
V(@0 — )g — 362 +12€2 (¢ — (q — 1)?) — 126M

We evaluate integrals using the change of variables as

/ dé;
le—erj< (T =0 (Q) = H(E1,§ = &1,q1,9 — o))

S/ dH
R

(7~ 0(Q) )1+ | (21— )g 362 + 1262 (2 — (g — ) — 12¢H]

< 1
~ 1/2°
€112 + ’5(7 —a(Q) + ((2q1 — 9)q — 3€2)* /12 + €2 (¢* — (¢ - q1)2)‘
Then we have the bound
/ d&, < 1
|§*£1|§1 <T - O-(C) - H(glag - 51,917 q— q1)>1+ ~ N&/Z '
Therefore
. 1/2
Z(¢,7) S o > —— < ! <1 (3.20)

~ /\1/2L(1)/2—N1—s <1 N&/Q ~ Lé/z_Nl—sNg_?’/A‘ ~

[2[q1]+[g

which is acceptable for (3.19).
Subcase (iii): The proof follows from the same as one in [18] (also [20, Proposition 3.1]). By

symmetry, we assume |[¢|2 — |¢1[?| = N§/5L8+. Then

oH 6/5
— (¢ =L a,a—q)| =K =GP 2 No/ Lyt
23]
which modifies the computation appeared in (3.7) for the proof of (3.5). Hence the contribution of
this case to J1€787JL\/117§V22 is bounded by
NG Ny*(Ly v Lo)'/?
< ° o 1P Qryullg [Py, @
N - 22 1Pn, Qryoll 2 (|1 Pro Qrowl| 2
NP gy TR R RS
1
S 1Pn, @ryul| 22 (| Pny QLo vl 12 | P Qo wll 225

NN1_8N5_9/10L8+L(1)+L3+

which is acceptable after taking the sum in dyadic numbers Ny, N1, No, Lg, L1, Lo.
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Subcase (iv): We can rewrite resonance function H as

H(E, € — €1, q1,0 — q1) =3E61(E = &) + &1° — &qf — 261901 + 269
= =366 - &) + P& Sa,q1),
where
P(€,&1,0,q1) = 66616 + €1¢° — €af — 2619a1 + 26qq1.
By the same argument as in [18] (also [20, Proposition 3.1]), we have in this case

H(&, & — & a1, —a)| 2 (€l VIEL VIE=&D?(El A&l AlE— &)
A CIAASTAR ISR SHICI RN ISTRAN ISaRSTNIY
> Ng/5L8+\§! > |§’11/5L8+-
By symmetry we assume Lo = LoV L1 V Lo, which implies |H(£1,€ — &1,91,9 — ¢1)| < Lo. Combining
these estimates in this case, we obtain [£| < Lg/ 1= We use (3.4) to have that the contribution of this

Lo,L1,L2
case to Jy NN, 18 bounded by

K N1/2

5 Z 0 (Ll/\Lg)l/2(L1 \/L2)1/2
e NN L L R

| Py, Qryll iz [Py, Qrav 2 | Rie Py Qrowll 12 (322)

< 1
~ _ —-9/10 70 0 0
N1-sNg / LT L0t Lt

HPNlQLluHLiHPNlQLzUHLi HRKPNOQLowHLiv

which is acceptable after taking the sum in dyadic numbers Ny, N1, Na, Lg, L1, Lo.
Subcase (v): Finally, we consider this case. We repeat the argument in [18] (also [20, Proposition

3.1]). Introducing dyadic numbers K, we have that the contribution this case to .J ]%/8%11%2 is bounded

by
1

5N1*3N5L1/2_L1/2+L1/2+ Y KollRieo (R, Pay Qryw) (Ricy Py Qr, )| 12 | Ricy Prvig Qo w12
00 1 2 Ko,K1,K2

(3.23)
In the proof of (3.4), we modify that in (3.9)

(K1 A KQ)(Ll V LQ)

K
‘B&q,T K%

SA

bl

which shows

| Rico (R, Pn, Qryu) (Ri, PN, QLo 0) || 2

(K1 A K)Y2(Ly A Ly)Y?(Ly v Lo)Y/4
K

Then the left hand-side of (3.23) is controlled by

S 1PN, Qryul 12 |1 Py QLo 12 -

5 K3 (K A Ko)Y2(Ly A Ly)Y2(Ly v Ly) /4

<
~ 1— 1/2— 1 1/2+ 1/2+
Ko K1, K NI=sNSLy ™ Ly "L,

HPN1QL1UHL§\HPN2QL2U”L§HPNOQLO’LUHLiﬂ
where the sum is based on the region (Ko V K1V Ko)(Ko A K1 A Kj) S Ng/S(LO V L1V L)%, Since

K§/4(K1 ANEKp)Y? < Ng/lo(LO V L1 V L))", we have that the contribution of this case to Jﬁgf\}l]}% is
bounded by

1
HPNlQLlRK1uHL2 ”PNQQIQRKQU”LQ HRK Py, QL wHLQ’ (3'24)
~ _ —9/10 0 0 0 0 0 0
N1-sN§ / Lo L0+ L9t A A A
which is acceptable.
We finish the proof of Jyg_. g, and hence Lemma 3.2.6. ]
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We are now in position to prove Proposition 3.2.1.

Proof of Proposition 3.2.1. The proof is a simple variant of one of Proposition 2.2.4. Define

t
U(uM)(t) = n(t)e % ug + ;n(t)/ e~ t=1)%Ag, (uk(t’)Q) dt'.
0

We show that the map ¥ defines a contraction in

C1w1,1/2
Y>\’5 = {UA el 1X)\76/ + | HIU)‘”X}\!é/QJr < QCOHIUSHH}\}ﬂ

for (small) 6 > 0, where the norm on Y) s is induced by || Iu
2.1.4 and 2.1.5 and 3.2.6, it follows that

’\HX1,1/2+, In fact, from Lemmas 2.1.3,
A0

T2 (M) | r12e < ClTw g1 + c‘
X,6 A

Op I (u?)? H

1,—1/2+¢
X/\,a

< CHIU(/}HH}\ + C6° ||0x1(u

)\)QH
1,—1/242¢
X)\,(S

< Cl gl + C6°

2
Iu)‘H
1,—1/2+
X\l

< 20| 10} .

for u* € Y) 5 and choosing small § > 0 which will depend on ||Tu| g Similarly,

HI\II(U)‘) - I@(M)H ‘Iu)‘ - hﬂ”

1
e 53 Xpie
for ut, v € Y\ s and small § > 0. Then the contraction mapping theorem tells us that there is a
unique solution u* = ¥(u*) € Yy 5 to the Cauchy problem (3.2).
The persistence property u* € C([0,6] : H 3) and the uniqueness in whole space I w e X )1\’;/ 2F
follow in a similar way to the proof of Proposition 2.2.4, therefore we complete the proof. O
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Chapter 4

Global well-posedness in H*

This chapter is concerns the global well-posedness in H® for s < 1, Theorem 1.2.1, which is based
on the joint paper [21] with Hideo Takaoka.

4.1 Modified energy

The conservation quantities associated with (3.2) are

1 1
EMuM|(t) = = / (Wu,y,t)ﬁ = u*u,y,t)g) dzdy,
RxT, 3

MO = [ wewt) dady,
]RXTA
From FMud(€,q) = Fug(AE, \q), it is easy to see

[ uoll
S a =W (11)
A

|

<[

2
L)\

for A > 1. Here the choice of the large parameter N will be made latter, but A > 1 is chosen by

Nl—s
in which
A N'=s A
Vi), s S ol = o(1), 1wl = o). (4.3)
A
Moreover, we have
t
- <A1+81*t‘ <A1+SIM§H . 4.4
u(5)| sve ], < frral, (1.4

Remark 4.1.1. By Gagliardo-Nirenberg inequality, the conservation law of Li—norm and (4.1), the
solution u*(t) satisfies

A 2 NI Ar7, A
ku (t)HL§ o2 HUOHLi < CLEMIuM (%), (4.5)
where constants C; and C5 are independent of .

Let us introduce the modified energy for proving global well-posedness. Using the Fundamental
Theorem of Calculus, we get

EAMNIu?)|(6) — EMIut)(0) = / "B (1) dt

0 dt
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for > 0. We continue calculation of the integrand in the right hand. Then

dE)\[I'U,)\] d A 1 A Qd A
—(t) = VI VIur — (T —1 dxd
i /ﬂngA<dt v 2(u)dtu>xy

1
:/ <—Iatu)‘AIu)‘ — Iatu)‘(lu)‘)2> dxdy
RxT, 2

(4.6)
1
= / Oy (IAuA + 11(1&)2) <(Iu’\)2 + AIuA> dady
RxTy 2 2
S / <IAu)‘(f‘)x (1) — 1) + S0, ((10)? - I(uA)2)> dudy
2 JRXT, 2
where we use the equation in (3.2). Taking the integral on [0, ¢], we have
1 6
BEMI(8) — NI (0) = — / / 1802, (1) — 1)) dedydt
RXTA (47)

- / /R . ((Iu )2 I(u)‘)Z) dadydt

We will estimate two terms on the right hand of (4.7) with ||Iu)‘||X1,1/2+.
A0

4.2 Extra smoothing effects
In this section, we prove multilinear estimates associated with the transition of energy in (4.7).
Lemma 4.2.1. For s > 9/10,

H@x (IU,IU - I(U'U))”Xl,fl/2+ g N71/10+HI'LLHX1,1/2+ HIUHX1,1/2+. (4.8)
A A Y

Remark 4.2.2. Comparing to the estimate in Lemma 3.2.6, we have the small factor at the front of
the right-hand, which corresponding to properties such as dispersion or the smoothing effects.

Proof. We recast the proof of Lemma 3.2.6 in the form of formula (4.8). Here we used the same symbol
over as in the proof of Lemma 3.2.6. By Plancherel identity, it suffices to show that

£1>(I1,71 m(C) = _
qlgz//\/ &,q,7 ) (C g )“(CvClaC Cl)

) (4.9)
@M ¢, m)ONC = G, — ) @NC, 7) dédérdrdry
Sl gz ol 2 el 2,
for u,v,w € L3 whose Fourier transform are nonnegative. In (4.9),
révanT HI9;
ST Q¢ = GNT = a(O)Y2 (1 = o (VT — 71 — o (C = Q)2
1/10—
2(¢¢,¢— ) = ey [m(¢)m(¢ — ¢1) —m(Q)] -
Note the trivial bound
= Loy < M (4.10)
‘-‘(C» Clac Cl) ~ m(() . .

Using dyadic decomposition in a similar way to the proof of Lemma 3.2.6, we rewrite J as the following

J= § ' JLO,Ll,LQ
No,N1,N2?
No,N1,Ng
Lq,Lq,Lo
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where

Lo,Ly,L2 __ 51, 1,71 m(() - .
‘]No,N1,N2 )\2 Z /R‘l {qqr Cl)m(c C)‘—‘(C’Chc Cl)

q, q1€Z/)\

(4.11)

Pr. Qo (Gl ) PryQryv (€ — G — 1) PaaQryw (€, ¢, 7) dédgydrdry.

We repeat the same procedure as one of Lemma 3.2.6. Decompose again J to five parts in frequencies:

_ Lo,L1,L2
Jrr—1 = Z I No N1 Ny
N1VNoVNo<N
Lg,L1,Lo

_ Lo,L1,L>
JL—n = Z I No.Ny Ny
N1<Ng~Ng
No>N
LO,Ll,L2

_ Lo,L1,L2
Jar—m = Z JN07N1,N2’
Ny < Ny~Ng
NoZN
Lg,Ly,La

_ Lo,L1,L2
JHH-L = Z I NoN1, N>
No<N1~Ng
N{ZN
Lo,L1,Lo

Jugsg=J— (Jorsr +Jur—g + Jog—ug + Juug—L)-

We estimate each of them by case analysis.

Estimate of Jr 1 In this region, we have Z(¢,(;,¢ — (1) = 0, since by m(¢) = m({1) = m(¢ —
¢1) = 1. Hence Jrr— 1, = 0.

Estimate of Jpg_,g: We split the case into two cases, when N1 = N and when N;y < N. When
N; 2 N, we use the bound (4.10). On the other hand, when N; < N, the mean value theorem gives

T)’L(N(])Nl .

Im(C)m(C = ¢1) = m(Q)] = [m(C = G1) = m(Q)] S m/(No) N1 ~ No (4.12)

By making use of the estimates in (3.12) and (3.13), we easily have the desired bounds for the
contribution of this case to Jpy_p. Indeed, when N; < N, the computation in (3.12) with (4.12)
leads the bound

Ny N1/10-
S+ [Pn, Qryull 2 [ Pny Qro vl 12 (|1 P Qrow]| 2
No N}/2 L2 po+por 7 Mo AT AR TR T R R0 TR
1

<N10+L1/2_L0+L0+ | NIQLIUHL?\ ||PN2QL2UHL§\ HPNOQLOwHL?\‘

While Ny > N, we have |m(¢)m(¢ — &) — m(Q)] < m(No) and then Z(¢, ¢, ¢ — ¢1) < NV We
estimate the contribution by
SNV Py, Quyulls3 1Py Qe | P Qo
Ny LTI LYt * > >
1
S 1Pn, Qryull 12 [| PN, Qo vl 2 | Prve Qo wl| 12
~ N0+ 70+ 70+ 70 L L L
Nl +LO+L1+L2+ 1%l by 22 by 070 by

Then the desired estimate follows.
Estimate of Jgr_ g We use symmetry arguments as for Jrg g to conclude the proof.
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Estimate of Jyy_,r: In this case, we use the bound (4.10). By employing the same estimates as
in (3.14) and (3.15), we have the desired bounds. Actually, the computation in (3.14) will be changed
into

N1/10-
~ Nl—st*1/2*30/2L8+L?+L(2)+
1
~ N12/5_39/2L8+L(1]+Lg+

1P, Qryull 22 [ Png @rowl| 2 | P, Qro vl 22

HPN1QL1uHL§HPNOQLO’LUHLKHPNzQL2UHL§’

for small 6 > 0, while the formula in (3.15) is changed by the same.
Estimate of Jygy_.g: In this case, we can assume N < Ny ~ Ny ~ Ny and then

2(¢,¢1,¢ — G) S NV

We divide the region into five regions as in the proof of Lemma 3.2.6. On each case, we recall the
estimates in (3.16), (3.17), (3.18), (3.20), (3.21), (3.22) and (3.24), by multiplying =(¢, (1,¢ — (7). We
see that Jyp—pg S ||uHL§||v||L§Hw||L§ holds provided s > 9/10.

In fact, in subcase (i), the estimate corresponding to (3.16) will be

5N1/10_ 9—3k/4

N175N5—1/2L8+L(1)+Lg+ ||PN1QL1U||L§\ HPN2QL2U||L§ ||PN0QL01U‘|L§\

9—3k/4

- 1PN, Qryull 12 [ PNy Qo v 2 1P Qrow ]| 12
~NZ/ O+ 0+ por ! T AT AR TR R R T

which is acceptable after summing over Ny, N1, Na, Lg, L1, Lo.
In subcase (ii), we revisit the estimates in (3.17), (3.18) and (3.20). We require the following
estimate corresponding to (3.17)
1
N175N5*1/2*L8+L(1)+L(2)+
1
TNGPTLYT IO LY

SN0 1P, @ryull 22 [ Pny QLo vl 12 |1 P Qrowll 22

HPNlQLlu”L?\||PN2QL2UHL§ HPNOQLow”L§‘

The corresponding estimate to (3.18) is

1
1/10—
SN N175N87L8+L[1)+Lg+ HPN1QL1UHL§ HPNQQLz’UHLi HPNOQLow”Li
1

Ng/lo_L8+L?+Lg+

||PN1QL1UHL§|’PN2QL2U||L§HPNOQLOILUHLi'

The corresponding estimate to (3.20) is

1
< pyl/10— <

By a similar proof to one of Lemma 3.2.6, we have a desired bound.
In subcase (iii), it suffices to show the following estimate corresponding to (3.21)

NG Ny"*(Ly v Lo)'/?
N1—5L3/27L1/2+L§/2+ N(:)S/5L8+

1
§N8+L8+L?+Lg+ HPNlQL1uHL§\ HPN1QL2UHL§ HPNOQLOQUHLiv

SN10- 1P, Qryull 22 [1Pvy Q@rovll 12 |1 P Qrowll 2

which holds for s > 9/10.
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In subcase (iv), the corresponding estimate to (3.22) is

1
N1—5N579/10L8+L?+L8+

1
§N8+L8+L?+L8+ HPNIQLluHLi HPN1QL2'UHL§ HRKPNOQLowHLia

SN10- 1P, Qryull g2 [|Pvy Qrovll 12 |1 Rk Py @rowl| 2

which is acceptable for s > 9/10.
Finally, in subcase (v), we need the following estimate corresponding estimate to (3.24)

_ 1
SNl/w N1_8N5_9/10L0+L0+L0+ ||PN1QL1RK1UHL§ HPNzQLzRKQUHLi ”RKOPNOQLOw”Li
0 0 1 2
1
§N0+L0+L0+Lo+ HPN1QL1RK1UHL§ ||PN2QL2RK2U”L§ ||RK0PN0QLow||L§7
0 0 1 2

which is also acceptable for s > 9/10.
Hence we complete the proof. ]

By Lemma 4.2.1, we have the following lemma.

Lemma 4.2.3. For s > 9/10,

TAud, ((Tu)? — dxdydt| <
RxT)y (( ) ( ) ) Nl/lo

3
||IUHX;(1;/2+-

Proof. We apply the Parseval’s identity and the Cauchy-Schwartz inequality to get the bound of the
left-hand side by
S T8y 900 = TP v S Tl 00 [[90(Fa)? = T
P

HX1 1/27 .

)5
Employing Lemma 4.2.1, we have the desired bound. O

Lemma 4.2.4. For s > 31/40,

w9, ((Iu)? ~ dudydt| < Tult o
/RXT)\XR (( ) ( ) ) N1/10+H ”Xi,1/2+

Proof. We apply Parseval’s identity to the left-hand side and use the same argument as in the proof
of Lemma 3.2.6.
It suffices to show that

W~

1 =(
J=332 / |3 + &lTT 2 TE(G, Gy G3y Ca) H (G577) S lullze, (4.13)

for u € L3 whose Fourier transform is nonnegative. In (4.13), 3", [, stands for the sum-integral of
(Gy7j) ERXZ/AXR (1 <j<4)over&i+&+G+&=m+m+n+n=7+72+73+7 =0, and

1 1
T1,72,73,T4

Gudaands — H m($)(G) (s — a(¢)) Y2

E(C1y Gy Gy Ga) = m(Gr + ) Imi(G)m(Ca) — mi(G + Gu) | N0,

Note the trivial bound
E(C17C27C37€4) S, N1/10+‘ (414)
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By dyadic decomposition in a similar way to the proof of Lemma 3.2.6, we use ((j) ~ N; and (7; —

o(¢j)) ~ Lj, as before: I
— 1,L2,L3,04
J = Z JNl,Nz,Ns,NzU

N1,Ng9,N3,Ny
Lq,Lo,L3,Ly

where A
L1,L2,Ls,L 1 R A
TNy No NNy = 3 [ s+ &It EEEC, G, G, Co) | Py, Quyu” (G 7)-
x UK Jj=1

We will show (4.13) by the case-by-case analysis.

In case N3V Ny < N, we have Z((1, (2,(3,(4) = 0, which is canceled out when evaluating (4.13).
Then we may assume N3V Ny 2 N in (4.13).

Note that [€3 + &4] = |&1 + &2 S (N1 V Na) A (N3 V Ny). We take (Py,Qr,u)(Pn,Qr,u) and
(PnyQrsu)(Pn,Qr,u) in L3 by using (3.3), respectively. By (4.14), the contribution of this case to

L1,L2,L3,Ly
N1 No.Na.Ns 18 bounded by

< (Nl/\NQ)(Nl \/N2)11/20 (Ng/\N4)(N3\/N4)9/20
~ Nym(Ny)Nom(No) LIT LT Nym(N3) Nym(Ny) LY LT

4
N TT 1PN, Qryull 2

j=1

2/\

| PN, Qr;ull 2
9/407m(Nj)L2+ J i by

+L()+ HPN QL UHL2

I
.

since the function f(z) = x%%9~m(z) is non-decreasing on [1,00) provided s > 31/40. This is

acceptable after taking the dyadic sum on N; and Lj. O
The following lemma is not difficult to prove using Lemma 4.2.4 as in [5, 6].

Lemma 4.2.5. For s > 31/40(< 29/31),

Iu) (u)Q) daxdydt| <

1 Tulld
~ N1/10+ | U||X;i(1§/2+ :

RXT)\

4.3 Proof of main theorem

In this section, we will give the proof of Theorem 1.2.1, by the local well-posedness results of
Proposition 3.2.1 in conjunction with Lemmas 4.2.3 and 4.2.5. The proof follows the strategy described
in [5]. We prove the global well-posedness by the local well-posedness theory for solution Iu obtained
in Proposition 3.2.1 and by the upper bound of increment of modified energy from (4.7).

Proof of Theorem 1.2.1. Consider the Cauchy problem (1.1) on an arbitrary time interval [0,7]. We
rescale solutions by scaling (3.1) and consider the rescaled problem in (3.2) with initial data

o) =300 (5 5)-

The goal is to construct rescaled solution u*(t) to the Cauchy problem (3.2) on the time interval
[0, \3T7.

By the local well-posedness result of Proposition 3.2.1 along with (4.3), our solution u*(t) satisfies
||Iu)‘||X§,(1;/2+ < 1. Applying Lemmas 4.2.3 and 4.2.5 to the computation of (4.7), we have

EMIuM(8) < EMIuM(0) + Nol(/11())_ =o(1).
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By using (4.1) and (4.5), we have
HM(&)HHi — o(1).
We can iterate this process up to N/19= times before doubling || Iu(8)]| - This process extends the
local solution obtained by Proposition 3.2.1 to the time O(N/10=§). We choose N such that by (4.2)
NV10=5 5 337 o N3(1=9)/(4s)p

which may be done for s > 29/31, hence complete the claim of Theorem 1.2.1.
Furthermore, replacing A ~ N(1=9)/(+5) and N ~ 7100+5)/(15=29)+ ipy (4.4), the growth of Sobolev
norm of the solution u(t) to the Cauchy problem (1.1) has a bound at least

lu(T) e S A

IUA<)\3T)HH1 < 10(1—5)/(315—29)+
A

This finishes the proof. O
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