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A generalization of the u-function and its relation to
integrable systems

(BB D — AL & ISR & O BEH)
Satoshi Tsuchimi

Abstract

The purpose of this paper is to understand thoroughly Zwegers’ p-function in terms of ¢-

special functions. The p-function is an interesting object from the viewpoint of special functions,

for instance, it often appears as a solution of factorized g¢-difference equations. In this paper, we

introduce a one parameter deformation of the p-function as the image of ¢-Borel and ¢-Laplace

transformations of a divergent solution for the g-Hermite-Weber equation. We present some prop-

erties and expressions of the generalized p-function, furthermore we provide that the generalized

p-function gives a 7-function of certain g-Painlevé equation. This fact shows that the generalized

p-function is also an important function in discrete integrable systems.
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1 Introduction

1.1 Basic notations and definitions of ¢g-hypergeometric series

Let Z denote the set of integers and let C denote the set of complex numbers, i := /—1
be the imaginary unit, 7 € C be a complex number Im(7) > 0. We define the g-shift
factorials for 0 < [¢| < 1 and z € C as

(1) [ll—xq mV:Cmmy:($¥%ib<uecx

and for u € C, we define Jacobi theta functions as

S g™ )=o) = Y e

nez V€Z+%

Jacobi theta functions satisfy the following pseudo-periodicities:

O4(xq") =z "q Oq(x) (1.1)
O(u+n,7) = (~1)I(u,7), O(u+nr,1)=ec " T2mn(ut3)yo, 1), (1.2)

n(n—1)
-

and are expressed as the following triple products (for example, [Mu]):

Og(@) = (—2,—q/2, ¢ D)ooy I(u,T) = —iC 2G5 (¢, /¢, G @)oo,

wheren € Z,§ = €™, ( = e?™*, For appropriate complex numbers a1, ..., a,, by, ..., by, x,

we define the basic ¢g-hypergeometric series as
o
at; ..., (a1, ar;q)n ( n M)s—T“ n
= -1 2 x 1.3
o (3 s > et L)
and define the bilateral g-hypergeometric series as

ai,...,a (a1y...y0r;Q)n ( n n(nﬂ))s—f‘ n
" gr) = v (-1 : 1.4
2 <b1,...,bs qa:) Z(b1,...,bs§Q)n (=1 > v (14)

ne”

where

(a1,...,ar;Q)y = (a1;q)v -+ (ar; Q)

In particular, the function 9¢; is called “Heine’s g-hypergeometric series”. It satisfies the
following g-difference equation:

[(c — abzq)T; — (c+q — (a + b)aq) Ty + (1 — x)g] f(x) =0, Tpf(x):= f(zq). (1.5)
In general, the Newton-Puiseux diagram for the g-difference equation
lan(2) T2 + an-1 (2)TF + - + ap(x)] f () = 0 (1.6)
is defined as the following convex hull:
{(k,1) € R?; the coefficient of z* in a;(z) is not 0 for 1 <1 < n}.

For example, the Newton-Puiseux diagram for the g-difference equation (1.5) is as follows.



(0,2) (1,2)

(0,1) (1,1)

k

(0,0) (1,0)

It is well known that Heine’s g-hypergeometric series satisfies the following transfor-
mation formulas, called Heine’s transformation formulas:

201 <a’cb;q;x> I GLLL)C (C/b’x;q; b> (1.7)

(e, 9)oo ax
= (B g, (D i) (19
= WQ% ( c/b’cc/a ; ;aix> : (1.9)

And the function 915 satisfies the following transformation formulas, called Bailey’s trans-
formation formulas:

i (7)< St (bl ) g
s () o
- Samedan e (Ml veg) 0
S ()

which are bilateral versions of Heine’s transformation formulas (for example, [GR]).

1.2 Mock thata functions and Zwegers’ u-function

Mock theta functions first appeared in Ramanujan’s last letter to Hardy in 1920 [R1]. In
this letter, Ramanujan told Hardy that he discovered a new class of functions which he
called mock theta functions. Ramanujan introduced mock theta functions as functions
having asymptotic behavior similar to theta functions at roots of unity but are not theta
functions, and he gave 17 such examples. Some typical examples are as follows (see
Appendix for a list of “classical” mock theta functions introduced in [R1], [R2], [Wal],
[GM1], [GM2], [BC], [Mc]):

o0 n2 o0 n2 o0 n(n—1)
- q _ q .7 q 2
w= nzl G 9= nzo Coan 9= nzl (@:¢%)n’ (1.14)

After Ramanujan’s discovery, the functions have been actively studied in view of asymp-
totic behaviors at roots of unity, modular transformation laws, asymptotic expansions, etc
(for example, see [Al], [D], [Wal], [Wa2]).



In 1976, Andrews discovered a notebook written by Ramanujan. The notebook lists
ten identities satisfied by mock theta functions, which have come to be known as the mock
theta conjectures [R2]. Each of them involves a mock theta function, a theta function and
specializations of the so-called universal mock theta functions. Definitions of universal
mock theta functions are as follows:

3n(n+1)
2

oo n nn+1) 1 (_1)nq

— n
neL 1 g

For examples, the functions (1.14) are respectively expressed by using universal mock
theta functions as follows:

¥(q) = q93(¢: "),
_ (4°54°)o0 (4% 4"") o
folg) = —2¢%93(¢%; ¢'0) + e (1.15)

(—¢% =% ¢°) (0" ¢*%)
(4%, 4% ¢")

o(q) = 2q92(¢%; ¢°) +

The mock theta conjectures were proved by Hickerson [H]. It is now known that all
remaining mock theta functions are also expressed as a sum of universal mock theta
functions and a theta function as equations (1.15) [GM3].

In 2002, the theory of mock theta functions took a new turn as a framework of modular
forms with the work of Zwegers [Zwl]. One of Zwegers’ achievement is the introduction
of a special function called u-function.

Definition 1.2.1 ([Zwl]). For u,v € A; := {m +n7t € C;m,n € Z}, define Zwegers’
w-function by

e e
) — — S © _ 1.16
/‘(u’ L T) M(ua ’U) 19(,0) = 1— e27rzue27rm7' ( )
n

T (_1)n62m'm} min(n+1)T

First, Zwegers showed that the u-function satisfies a modular transformation property
where Mordell integral appears as the non-homogeneous term. Furthermore, he showed
that the p-function satisfies a transformation law like Jacobi forms by adding an appro-
priate non-holomorphic function to the p-function.

Proposition 1.2.2 ([Zwl]). We have

(1) plu,vs7) = € plu, v+ 1), (1.17)
1 mi(u—v)? 1 1
@) pluvir) = — ™ u(u,v;—>+.h(u—v;7)7 (1.18)
—T T T T 21
(1) fiu,v;7) =T fi(u,v; 7+ 1), (1.19)
(u—v)? 1
@) il v;7) = ——e S a(“,“;—>, (1.20)
—1T T T T



where

m’rw —27ruac
= / coshnz 0 (1:21)
E(z) = 2/ e dz, (1.22)
R(uir):= {sgn(l/) — B((v+ a)\/ﬂ)} (—1)V— 3 mivir—2mivu, (1.23)
u€Z+%
i, 5 7) 1= 03 7) + S R(u—vs7), (1.24)
and t =Im(7),a = {EEZ;

Since all Ramanujan’s mock theta functions can be expressed by using the u-function,
they satisfy a classical modular transformation property by adding an appropriate non-
holomorphic function to them. Zwegers’ results ware later led to the interpretation that
Ramanujan’s mock theta functions are special elements of mock modular forms (see also
[BO1], [Za]).

Further, Zwegers gave the following results.

Proposition 1.2.3 ([Zwl]). The u-function satisfies the following properties:

(1) wpwu+1,v)=plu,v+1)=—p(u,v) (1.25)

(2)  p(u+7,0) = —e2TWIFTT () — jemilu—o) T (1.26)
in(1)39(2)9(u +v + 2

(3) pwu+z,v+z2)— plu,v) = ﬁ(ugﬁ)(v)f?(L —(i- 90 —i—)z)’ (1.27)

4) pw(u,v) =plu+7,v+7) (1.28)

(5) () = p(—u, ) (1.20)

6) pu,0) = (v, u) (1.30)

Kang gave representations of universal mock theta functions g2, g3 using the p-function
by a simple algebraic manipulation [Ka]:

) _1 77(27')4
= 2 22 _— 1.31
() = A T e, 3 -
13 n(37)3 1 _2
iq 2x2g3(z,q) = + q sxp(3u, 7,37) + ¢~ 3x°p(3u, 27, 37), (1.32)

n(7)9(3u, 37)

so Zwegers’ p-function is regarded as an extension of universal mock theta functions.

The above is a summary of well-known information on mock theta functions. On
the other hand, the p-function is also a very interesting object from the viewpoint of
g-hypergeometric series. For example, let us recall the well-known Kronecker formula
[We]:

n

" < Gy > -y (4:4:29,4/Y: d)oc. (133)

Sl-qr (2,49/0,9,0/y;0)

k(x,y) =

The second equality is the case of a = z, b = zq, z = y in Ramanujan’s summation
formula:

e}

a \ _ (@;@)n n  (az,q/az,q,b/a;q)
%1 <b’q’z) = 2 G = Gobfarbajaa

n=—0oo



Note that from the most right hand side of (1.33), one recognizes the symmetry k(z,y) =
k(y,x) explicitly.

Obviously, the p-function is an analogue of the Kronecker summation. Hence the
symmetric property p(u,v) = p(v,u) holds in a similar way as k(x,y) = k(y,z). In fact,

putting z = €™, y = ™ and q = *™7, the p-function has the following expressions:
1
1q”8,/xy 1 < >
U,V) = — ;T 1.34
_ g 8\/
z'qu,/:cy 1 ( >
= — T 1.36
(afe-alv e (L (1~ )" g, 0 © Y (1.56)

These expressions follow from some Bailey transformations (1.10)-(1.13). In fact, by taking
the limit z — z/b, b — oo and ¢ — 0 in the equations (1.10)-(1.13), we derive

_ (2,dq/az;q)so az/d
192 ( 0,d 14,2 ) = Wﬂh < 0,2 ,C],d) ; (1.37)
d/a,dq/az;q)co 5 d
_ W/ ,(d?é)m» Do < a(;l’zo/d - a>7 (1.38)
-l (o me). o

and putting a = x, d = qr, z = qy in the equations (1.37),(1.38),(1.39), we obtain the
equations (1.34)-(1.36). In particular, the expression (1.36) was pointed out by Choi (]|C,
Theorem 4] and [BT, Theorem 5.1]).

Thus the p-function is also an interesting object from the viewpoint of g-special func-
tions. The purpose of this paper is to understand the p-function thoroughly by considering
it in view of ¢-special functions.

1.3 Contents of this paper

Contents of this paper is as follows. In section 2, we study the p-function in view of
g-difference equations, and introduce a function u(u,v; ) which is a generalization of the
p-function. In section 3, we present some relations between the function u(u,v;«) and
the g-hypergeometric series. In section 4, we consider g-difference equations satisfied by
the universal mock theta functions, and provide another proof of the equations (1.31) and
(1.32). In section 5, we present a relation between the function u(u,v;«) and g-Painlevé
equations.

In the following, we describe the contents of each section in more detail.

In Section 2, we consider a g-difference equation satisfied by the p-function. The pu-
function is an important pioneer function in the study of mock modular forms, but it
seems that there are many problems to be clarified further. For example, why the pu-
function is a two-variable function, whereas the universal mock theta functions gs(z, q)
and g3(z, q) are a one-variable function (i.e. what is the origin of the extra variable of the
p-function?). Also, why the factors €™ in the numerator and ¥(v) in the denominator
are needed. Further, where the translation formula (1.27) comes from. Some explanation
has been given for these questions. For example, Zwegers gives constructions of mock
theta functions as indefinite theta series, of which p-function is a special case, and these



naturally have theta functions in denominators which are explainable from the geometry
of the quadratic forms. Also Zwegers’ two-variable ji-function is decomposed into a sum
of meromorphic Jacobi form and one-variable Maaf-Jacobi form [Rau] (see also [BFOR,
Theorem 8.18]). However, as we will show in section 2, one can give another answer from
the view of g-special functions. First, by using the pseudo-periodicity of the p-function
(1.26) and a bit of calculation, we obtain the following second-order difference equation:

v+ 27, 0) — (1 — 2T T oy 4y g ) — 2T (g, ) = 0. (1.40)

By considering the equation (1.40), we naturally obtain the p-function, and clarify the
above questions (Theorem 2.2.5). Furthermore, we obtain a function u(u,v;«) which is a
natural extension of the u-function by considering the following g-difference equation:

(T2 — (1 — 2q)v/aT, — q)f(z) = 0. (L41)

Definition 1.3.1. Let o be a complex parameter such that u — at,v € A.. We define the
function p(u,v; @) as the following infinite series:

mia(u—v) n(n+1) 1 e27riuqn—i-j

e (L
ulw, viasm) = plu, v ) 1= J(v) Z(_l)n€2m(n+2)vq ’ H 1 — e2miugn—a+tj
nez j=1
(1.42)
1 em’a(ufv) (xq. Q)oo <:L"q/a )
=iq 8 ’ 192 Y ) 1.43
0y(—y) (zq/a;q)e 0, zq (143)
where q= 627ri7'7 T = e27riu; y = 6271'2'11 and a = 627ria‘
In particular, note that
i, 031) = (),
and
w(u,v;0) = —iq_é, plu,v;—1) = —2iq_% cos(u — v). (1.44)

The function p(u,v; ) satisfies many interesting properties (for example, an analogue of
Proposition 1.2.3, a difference equation with respect to the variable «, non-trivial expres-
sions, etc). At the end of this section, we present the properties satisfies the function
p(u,v;a) (Theorem 2.3.1, Theorem 2.4.2, Theorem 2.4.3, Theorem 2.4.5 and Theorem
2.4.6).

In Section 3, we state the relation between the function p(u,v;«) (or the p-function)
and the ¢g-hypergeometric series. First, we present the relation to the continuous g-Hermite
polynomial

Hi(cosB;q) : = 3 &e
T = (@i(@e—

. -k 0 .
—_ e—zk92¢0 <q _) . q; e?leq > . (146)

i(2[7k‘)9 (145)

which is a special case of the g-hypergeometric series (1.3). The continuous ¢-Hermite
polynomial Hy/(z;q) satisfies the following relations ([KLS, p.541]):

22Hy(2;9) = Hyt1(259) + (1 — ¢") Hy—1 (2 9),

(1.47)
Ho(z;9) =1, Hi(z;q) = 2z.



If k£ € Z.g, the sum defining the continuous ¢-Hermite polynomial is a divergent series.
Also if k = 0, since (1 — ¢¥) = 0, we cannot define the function H_1(z;q) in terms of
the relations (1.47). Therefore, in general, the continuous g-Hermite polynomial is defined
only on k € Zsg. But for k € Z>g, the function p(u,v;—k) is closely related to the
continuous ¢g-Hermite polynomial, so the function p(u,v;«) gives a continuous parameter
extension of the continuous g-Hermite polynomial. In particular, the original u-function
is regarded as a continuous ¢-Hermite polynomial of “—1 degree” (Theorem 3.1.1).

Next, we present some relations to the bilateral g-hypergeometric series (1.4). From
the equation (1.43), we expect that the function p(u,v;«) is related to the bilateral g-
hypergeometric series and the rich transformation formulas of the bilateral ¢g-hypergeometric
series give us a mysterious relation of the function p(u,v; ). Here, we present some trans-
formation formulas and non-trivial expressions of the function u(u,v;«) using Bailey’s
transformation formulas and Slater’s transformation formulas (Proposition 3.2.1, Theo-
rem 3.2.2, and Theorem 3.2.4).

In Section 4, we consider ¢-difference equations satisfied by the universal mock theta
functions g» and g3. Universal mock theta functions go and gs satisfy the following rela-
tions:

92(2q,q) + 2°g2(2,q) = —x (1.48)
(T — ) (Ty + 2*)g2(2,9) =0 (1.49)
g3(xq, q) + 2%g3(x,q) = —2(1 + z) (1.50)
(T — q2)(Tm —q) (T + wg)gg(x,q) =0 ( )

Putting « = e”i(“+§), q = €™7 in the equation (1.49), we obtain a difference equation
that coincides with the equation (1.40). Similarly for equation (1.51), we obtain difference
equations that coincide with the equation (1.40), to apply appropriate transformations in
the equations (T, — ¢?)(Ty + 2?) and (T} — ¢)(T + x3). Thus, the p-function appears as a
solution of factorized g¢-difference equations which have some solutions of theta functions
such as (1.49) and (1.51). Here, we present fundamental solutions of a factorized g-
difference equations which have theta function solutions (Theorem 4.2.2).

In Section 5, we state the relation between the function u(u,v;«) and discrete inte-
grable systems. The following simultaneous g¢-difference equation for unknown functions
fo, f1, fo is called the ¢- Py equation:

L+ ajyafjre + aji2a; fivaf;
T(f;) = ajaji1fin " s e

, (jez/3z)

L+ a;fj +ajaj fifim (1.52)
agaraz = q, fofifo =qz® T :(ao,a1,a2,x) — (ag,a1,a2,qz).
Ifay =1,a0 = —1,fo = -1, f1 = g(xq),q = ™7, = €™, the function g(e™") satisfies a

g(x)
difference equation that coincides with the equation (1.40). Thus, we expect that mock

Jacobi forms are related to discrete integrable systems. Here, we present that the function
p(u, v; @) introduced in section 2 is a 7-function of the type (A +A1)1) g-Painlevé equation
(Theorem 5.1.1).

10



2 Generalization of the p-function

2miu 2miv

In this section, we put x = e ,y=ce and g = 2™,

2.1 A ¢-difference equation satisfied by the Zwegers’ u-function
First, we provide a factorized g-difference equation satisfied by the u-function.

Proposition 2.1.1. The p-function defined by the equation (1.16) satisfies the following
factorized q-difference equation:

(To = ¢*)(Ty + 2q3) f(2) = |T2 ~ (1~ 24) 43T, — wq] f(x) = 0. (2.1)

Proof. We rewrite the pseudo-periodicity of the p-function (1.26) multiplicatively, we have

o0leo

(T + g2 )u(u+v,v) = —izZgs.
Since (T, — q%)x% = 0, the p-function satisfies the g-difference equation (2.1). O

This g-difference equation (2.1) coincides with the specialization a = ¢ of the equation
1.41). The g-difference equation (1.41) coincides with transformations a — ¢/a, u(zq) =

(14
0, (—ﬁ> f(x) in the g-Hermite-Weber equation:

[axT? + (1 — )Ty — 1]u(z) = 0. (2.2)

The Newton-Puiseux diagram for the g-difference equations (2.1) and (1.41) is as follows.

(0,1)

The equation (1.41)
77 — (1 — zq)vaT; — zq)f(z) =0,

which we also call the “g-Hermite-Weber equation”, is a typical example of the second-
order ¢-difference equation of the Laplace type:

[(ao + boz)T2 + (ay + biz)Ty + (ag + bax)]u(x) = 0. (2.3)

The g-difference equations of the Laplace type have long been studied. For example,
the g-difference equation satisfied by Heine’s g-hypergeometric series (1.5), which is the
most popular and master class in the following hierarchy of the second order ¢-difference
equations, was discovered in the 19th century. The ¢-Hermite-Weber equation (1.41) is one
of some equations in the hierarchy obtained by taking some limits of g-difference equation
(1.5) (for example, see [O1, Figure 2]).

However, a systematic study of the global analysis of degenerate Laplace types had to
wait for Ramis J. P., Sauloy J. and Zhang C.’s work [RSZ]. They introduced the g-Borel
and g-Laplace transformations.

11



Definition 2.1.2. We define the transformations BY and LT as follows:

n(n—1) n
B (f Zanq 2 & LT(f ZH _1)\q (2.4)

n>0

weher f(x) =3, 5oan2™ € Clz].
By a simple calculation, it follows that

m(m 1) m(m 1)

Bt (z™Trz) = 2™q THmBT (), L (amTrak) = 2™ Lt (2,

and consequently
Bt o £ (aMTar) = 2™ T BT o LT (2F).

In particular, Zhang C. [Zhl] obtained some connection formulas for the g-convergent
hypergeometric series 2¢(a,b;q,x) by applying these transformations. By considering
the degeneration of Zhang’s result, Zhang C. and Ohyama Y. [O2] gave some connection
formulas for the g-Hermite series 1¢1(a;0; g, ).

If we calculate formal solutions of the g¢-difference equation (2.1) satisfied by the u-
function in a careless manner, divergent solutions often appear. Actually, the solution
constructed by the image of the composition of the g-Borel transformation and g-Laplace
transformation of the divergent solution is Zwegers’ u-function (S. Garoufalidis and C.
Wheeler [GW] pointed out this fact independently of us). In view of the story discussed
above, we introduce the function p(u,v;«) (see Definition 1.3.1) which is an extension of
the p-function as an image of the composition of the g-Borel transformation and ¢-Laplace
transformation of a divergent solution of the ¢-Hermite-Weber equation (1.41) (see also
Theorem 2.2.5).

2.2 Derivation of the functions u(u,v;«)

First we obtain formal solutions of the g-Hermite-Weber equation (1.41). Since the equa-
tion (1.41) satisfies the following Lemma, it is sufficient to obtain formal solutions around
xz=0.

Lemma 2.2.1. If a function f(x) is a solution of the q-difference equation (1.41), then
f(x=1) is also a solution of the q-difference equation (1.41).

Proof. By the assumption, we have
flag®) = (1 - zq)Vaf(zq) — xqf(z) =
Putting x — — 2, we obtain

-1 () (- ) (2) - 2 )

= —L[Tg — (1 - 1'Q)\/&Tac - xq]f(l'il%

g

so the function f(x~!) is also a solution of the g-difference equation (1.41). O

12



From a simple calculation, the formal series z2 56 <a,_ 1 q; ﬁ) is a formal solution of
the g-difference equation (1.41). Furthermore putting f(z) = ﬁg(m) in the equation
(1.41), the function g(x) satisfies the following g-difference equation:

T2+ (1 — xq)\g&TgE — 1] g(x)=0. (2.5)

From a simple calculation, we obtain a solution xl_%lgél (q(/) ,q,xq) of the g-difference

equation (2.5). Some connection problems of the g-difference equation (2.5) ware given by
unpublished results by Ohyama and Zhang. Here, we prove them according to [02].

Lemma 2.2.2 ([02]). A fundamental solution of the q-difference equation (1.41) around

=0 1s

) -3
f()(CL,IB,A) = $%£+ oB+(f0)(a,x, )‘)7 go(CL,I’) = ex( .CU)1¢1 < é 345 .’IJQ) )
q

where fo is a formal solution around x = 0:

fola, ) = 260 <a’_0;q; z> :

And that of around x = oo is

fOO(avxv)‘) = fo(a,l‘_l,)\), goo(a, :E) = go(a,x_l).

In this case, the connection formals for fo(a,x, ), foo(z,A), and go(a,x), go(a,x) are
as follows:

0q(N)0g(az/N)x™
<fo(a,a:,A)) (@ (e(xmwm s (1”) ) <90(“’$)>. (2.6)
foola, 2, X) (¢/a)oc 1 ) \geola, )
To prove the Lemma 2.2.2, we use the following Lemma.

Lemma 2.2.3 ([Zhl] p.18, Theorem 2.2.1). The g-difference equation

[(1 — abeq)T7 — (1~ (a + b)zq)T; — 2q)f(x) =0 (2.7)

has the following fundamental solution around x = 0

‘C+ © B+(F1)((I, b7 z, )‘)7 F2(a7 b? 33‘) = éa(bf;(;o) 2¢1 <Q/G6Q/ba q, abx> 5
q

and around T = 0o

where the series Iy is a formal series around x = 0,
b
F1:F1(G,b,[£) _2¢0 q,T | .
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Then, the connection formulas for LT o BY(Fy)(a,b,z,\), Fy(a,b,x), and Gi(a,b,x),
Ga(a,b,z) are as follows:

(b)oc 9(@/\) q(a2q/A)0(=2q)

LT o B+(F1)(a7 byz,\) = (b/a)ooly(N, mq/ N\, —azq)

Gl(aa b7 .’L’)

@by N b N (z0)
(a/0)oclq(AN)0q(xq/N)bg(—bxg) ="
_ @) oy vy @00
Fy(a,b,x) = (b/a,q)ooGl( ,b,x) + (/b0 ————(G9(a,b,x). (2.9)
Proof of Lemma 2.2.2. 1t is sufficient to prove the following equation
folar ) = — (9)s Gq(/\)%(aﬂf//\)ﬂfago(a?x)_ (4)oo doola ), (2.10)

(q/a)oo 0g(A/a)lq(x/N)a (¢/@)oc

since the ¢-difference equation (1.41) is symmetric under = % We take the limit of the
Heine’s transformation formula (1.9) as a — 0, then we have

201 <0’cb; 4 13) = (5001% <q/b7qvb$>

Hence, we can rewrite the solution Ga(a,b, ) in Lemma 2.2.3 as

Go(a,b,x) = (q, abx)ooeq(_%é;;;t((l) )1¢1 (b(;/;;, ’am)

Therefore the connection formula (2.8) is given by

LF o BY(F) <a,b 2 2) Ci(z)F? (a b, )+C'2(~’C)9(j(x_);0)1¢1 (bqq//z;% i)a (2.11)

where

10y (00 002/ N0, (/)
(q/a) (/\/ ) q(afq/)\)é’q(_ﬁal)7

NI AR CY DTN COTEY

) =G (Nayo (f){( 0/ Doy a0y (—ba)

_ (bg/a)oo 05(=0)05(A\)0y(axq/N)0y(—brg/a) }
(¢/a)oc  0q(—bg/a)by(—1q)0(—bx) '

By replacing x + a~lz, A+ a"!\, b+ —\g" in the equation (2.11) and taking the limit
of each term of the equation (2.11) as n — oo, we have

T A

LT oBT(Fy) <a, b, = a) — 22 fola,x, \)

0,(— "
5 (a,b, 2) — ﬂzf_lgo(a,x)

04(—zq/a)
(bx) o q/a. g _a
eq(_x)l(bl bq/a’ q; ; — - 2goo(aa JJ)
Therefore, we obtain the equation (2.10). O
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Note that the parameter )\ arising from the ¢-Laplace transformation is an extra pa-
rameter that does not depend on the g-difference equation (1.41). That is, for a different
parameter )\, the function fo(a,z,\') is also a solution of the g-difference equation (1.41),
and is represented by a linear combination of the functions foo(a,z, ) and g (a, x).

Theorem 2.2.4. The function fo(a,x, ') is expressed using the functions fx(a,z,\) and

Joo(a, ) as follows:

0,(N)0,(ax/N)x™

D ETE T

— (a) (q)Q Og(—N J2X)0y(—2)0y(—AN /a) g
PN 0, (xN)0g (N [2)0 (N [a) B (a ) N) 7

Proof. We replace the variable A by )\ in the connection formula (2.6) of the case of
fO (‘Tv A)

0q(N)0q(az/N )z™
(fo<a,w’>> _ Do [ 0V )N G 1 <90(37)>‘ (2.13)
foo(a, x, )\) (q/a)oo 1 gq(A)eq(ﬂM/“)x—a goo(l')

0q(N/a)fq(zN)

fola,z,\) =

(a,x). (2.12)

By eliminating the function go(z) in the equation (2.13), we have

/ eq()\/)eq (ax/)\’)mo‘
Pl 2: 20 = O g a0
@ [ BB @)
= W) {ae (\a)y (N Ja)By(x )y (/) 1}9””
O NN )
T O BN D)

)

where

Clz) = AN 0g(AN)0g(N)bg(zA/a)bg(az/XN) — By(z))by(N/x)
az Oq(=N /2X\)0g(—x)0g(A/a)0g(N[a)  Og(=N /z))bg(—x)
The function C(z) has a simple pole at the points x = ¢, )‘quj for some j € Z, and satisfies
C(zq) = C(z). We calculate the residue at the pole xz =1,

lim 0, (—2)C(z) = i’9q(/\)eq(X)Qq(/\/a)Oq(a/X) 0(N)0g(N')

o O, A o B, (N /N
0, (N8,(N) [N Ba(a/X) |
= 0N/ { @ 0y(\ /) 1} =0

It follows that the doubly periodic function C'(z) is constant in z. Hence, we have

0 ( (AN /a)

a)f
Oy(X/a)0y(a/X) -

Clx) = C(=a/A) =

O]

Finally, we provide that the function p(u,v;«) defined in Definition 1.3.1 coincides
with the solution fy(a,z,\) of the g¢-difference equation (1.41), and in particular when
a = 0, the original u-function is naturally derived from the image of the composition of
the ¢-Borel transformation and g-Laplace transformation of a divergent solution of the
g-difference equation (2.1).
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Theorem 2.2.5. We have
—iq_%fo(qo‘, 62”(”_”), —627””) = p(u,v; ). (2.14)

Proof. From the definitions of the ¢g-Borel transformation and the ¢g-hypergeometric series,
we have

fola,z,A) = 22 L o BY(fo)(x,\) = 22 L* (1¢0 <i§Q; —§>) .

a

Since the series 1¢g has a factorized form by the g-binomial theorem (see [GR, p.8, equation

(1.3.2)])

we have

_ iL'% (_f)oo _ I'% 1 (—/\q")oo
fola,z,\) =22 LT <(—§/a)oo> Z 0,00/ 7) (—A\q" /@)oo

neL
ZVEPAT: (A a)os

The second equality followos from the equation (1.1). By substituting x = e2mi(u=v) and
A\ = 2™ we have

folq®, e2m‘(u—v)’ _62m'U) — eTia(u—v) p+ o B+ <f0> (627Ti(u—v)’ _e2m'v)

q(—e ™

(eQﬂiu n+1)oo

q
(627riuqn—a+1 )oo

neL

R 112 )
= 7267”&(“ ! (_1)n62”i("+%)vq(n+f) (62muqn+1)oo

1911 (U) ne

(827riuqn—o¢+1 ) oo

= g p(u,v; ).

2.3 Some properties of the function u(u,v;«)

First, we provide basic properties of the function p(u,v;«) similar to Proposition 1.2.3.

Theorem 2.3.1. Let

_ L 19(2} B OéT)I?(’LL) mia(u—v
@a(U,’U) - (I)oz = m@z ( )

and

ﬂ(u)(anrl)oo 6—7rioz(u—7—)1¢1 ( e —27Tiuq> )

q
Fopi(u;7) = 14
T 0 %€
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Then the function u(u,v;«) satisfies the following properties:

(1) plw,v;0) = e ™ p(u+ 1,050) = ™ p(u,v + 1), (2.15)
(2)  plu+70;0) = =2 g2y, v; ) + Vg2 pu, v a — 1), (2.16)
(3) wlu+tz,v+za+1)=Papi(u+z,0+2)u(v,u;a+ 1)
1
iqs (q)3.9(2)0(u+v+ 2z — ar)d(u —v —aTt) ) P (2.17)
Hu)d (v — ar)d(u+ z — ar)d(v + 2)d(u — v) T
(4) plu,v;a) = u(u+7’ v+ T ), (2.18)
(5)  w(u,v;a) = Pau(—u+ ar,—v + at; a), (2.19)
(6) p(u,v;a) = Oéu(v u; ). (2.20)
Proof.
(1) is trivial.
(2) We have
w(u+7,0;0)
mia(u—v+T) ) ( 2miu n+2 ) )
€ n T n 1 v M € q )OO T 1 miu 1
= 719(7)) Z(_l) 62 (n+3) q 2 (627riuqn—o¢+2) (62 q +1 +1— (32 q +1)
neZ >
mia(u—v+T) 2miw ,n+1
_ € 2mi(u—v) (_1\n—1 27rz(n+l Yo, "+1) (6 q )oo
19(1)) Z € ( ) q (627riuqn—oc+1)oo
neZ
mia(u—v+T) ) ( 2miu n+1
e 1y, ntn)  (e7THgTH)
1) 2mi(n+3 v .
+ 19(’[)) TLEG:Z( ) € g 2 (627rzuqn—a+2)oo
= eQﬂi(“*”)q%,u(u, v;a) + e”(“*”)q%,u(u, v;a —1).

(3) Putting z = e?™(=v) X\ = —e2™v N = _¢2™i(u+2) i the equation (2.12), we have the
equation (2.17) from the equation (2.14).

(4)-(6) Putting z = 7,2 = 0,2 = —u — v + a7 in the equation (2.17), we have equations
(2.18)-(2.20), respectively. O

Since the function p(u,v; ) is introduced as a solution of the g-Hermite-Weber equa-
tion (1.41), the function p(u,v;«) satisfies the following relation:
p(u+7,0;a) = (1 — 2™ N2 pu, v; o) + 2™ pu — 7,05 ). (2.21)
In addition, using the equation (2.16), we obtain the following three terms relations of the
function p(u,v;a).
(1) plu,v;0) = =™ g% j(u — 7, 0;0) + ™ p(u, v, — 1) (2.22)
(2) % p(u,v;a) = plu+ 7 050) + e (g7 — g 2)p(u, v+ 1) (2.23)
(3) ™ gE p(u,v;0) = =(q2 — g 2)p(u,v;a+ 1) + T pu -7 00)  (2.24)
(4) 2cosm(u—v)u(u,v;e) = (L —q *)pu(u,vioe+ 1) + p(u, v;0 — 1) (2.25)

In particular, the relation (2.25) is one of the specific properties of the function u(u,v; @),
which coincides essentially with the ¢g-Bessel equation:

v v L z? L 1
r-t o et (14 )| f@ =00 T = sed). @

Therefore, the function p(u,v;a) satisfies the ¢g-Hermite-Weber equation with respect to
the variables © and v, and satisfies the ¢g-Bessel equation with respect to the variable «
(Section 5). This fact plays important roles in Section 5.
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2.4 Some properties of the function u(u,v;k)

For k € Z, we provide properties of the function

eTik(u—v) (_1)ke2wi(n+%)vqn(n2+l)

/J(U, v; k) = ’19(1)) (62m‘uqnfk+l)

(2.27)

nez k

First, we state the following corollary when o = k in Theorem 2.3.1.

Corollary 2.4.1. For k € Z, the function p(u,v; k) satisfies the following properties:

(1) plu+1,0k) = plu, v+ 15 k) = (=1)*u(u, v k), (2.28)
(2)  plu+7,03k) = —€2 g3 (v k) + e gE p(u, vk — 1), (2.29)

iq% ()3, 9(2)0(u + v + ) R
H(w)d(w)d(u+ 2)d (v +2) " o

(3) mlu+zv+zk+1)=p(u,vik+1)+

(2.30)
4) plu,v;ik) = plu+ 7,0+ 75 k), (2.31)
(5)  wlu,v;k) = p(—u, —v; k), (2.32)
(6)  plu,vik) = p(v,us k). (2.33)

Noting that, since ®(u,v) = 1, the function u(u,v; k) is truly symmetric with respect
to variables u and v, unlike the function p(u,v;a). In particular, for k£ > 0, the function
w(u, v; k) is expressed using the original p-function.

Theorem 2.4.2. For k € Z>q, we have
w(u,vik +1) = Fip(w — vy 7)p(u, v)
Foogk (2.34)
.1 .
—iq~ 8 Z &Fk_lﬂ(u —v;7)Hy_1(cosm(u — v); q),
=1

and

—_ . (2.35)

i i, vm 4 1) Hy_p(cosm(u—v);q) 4 iq%Hk_1(COS7r(u —v);q)
m=0 (@ (@)

where the function Hy(z;q) is the qg-Hermite polynomial in the equation (1.45).

We prove this theorem on page 23.

From the equation (2.34), the function p(u,v;k) for k € Z~ is essentially the origi-
nal p-function, and we obtain the relations between the function p(u,v;k) and modular
transformations.

Theorem 2.4.3. For k € Z>q, we define

k
F;
Rip1(u;m) == R(u; 7) + 29~ ;‘Z(QMHZNCOSWU,(]%

— Friq(u; 1)

p(u,v;k+1;7)

alu,v;k+1;7) = Froi(a—v:7)

+ §Rk+1(u —v;T).
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Then we have
fi(u, v;7) = fi(u, vk + 15 7).
That is the function fi(u,v;k + 1;7) satisfies the following equations:
ilu,vik + ;7 +1) = e fiu, vik + 1;7),
i <“ Ly Y —i) i T S G sk 1 7).

T T

Proof. From the equation (2.34), we have

f(u,v;7) = p(u,v; 1) + %R(u —v;T)

w(u,vik +1,7) 7
= 4+ -R(u—wv;T
Friq(cosm(u—v)|q) 2 ( )

+ig i ¢ Fyqa(cosm(u—v) | q)
P (@)1 Fry1(cosm(u—v)|q)
 plu,vsk+1,7)
= Frri(cosn(u—0) )
= j(u,v; k4 1;7)

Hiy(cosm(u—v) | q)

iRk—H(U —v;T)

Remark . T. Matsusaka has also obtained this result [Ma].

It is striking that the error to modularity of the p-function only depends on u — v.
In an unpublished note, Zagier explained this phenomenon by splitting the u-function
(non-uniquely) as a sum of a Jacobi form in u, v and a mock Jacobi form which depends
on u —v and 7 only [BFOR, p.142]. Here, we call the expression “Zagier expression”. We
provide that an expression analogous to the Zagier expression for the function u(u,v;k)
is derived in parallel with the case of the u-function. First, we derive the Laurent series
of the function ¥(u)d(v)u(u,v; k) with respect to the variables 2™ and e?7*. For this
purpose, we present the following lemma.

Lemma 2.4.4 ([BFOR|p.143). For s € Z, we call the following series “truncated theta
series”:

2

@)= Y ()T

n€Z+%,n>s
Then we have
7riu 5(S+l)
(_1)5Z~e § : 27rzru TS
1— e27rzu s r— s
rEZ

Theorem 2.4.5. For k € Z>(, we have

(=D*id(u)d(v)pu(u, v; k4 1)

) k(k+1)
:emk(u—i-v)q 5 Z

m,nez

= (@;(@)r—; !

(2.36)

mn627rimu627rmv .
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Proof. From the definition (2.27) of the function u(u,v;k), we have

(71)n62m(n+$)vq%

I(w)I () pu(u, v; k + 1) = e EFDE=) ) I (2.37)
% H?:O(l _ eszuqn—])
Note that the product of the right hand side in the equation (2.37) is
ﬁ 1 - E(q)k e 038
i 1— eZm’uqnfj = (Q)j (Q)k’—j 1— eQﬂ'iuqnfj’ '
then we have
D)9 (), v; b + 1)
. _ . 1 n(n —1)k_j q 2
— em(k+1)(u U)ﬁ u -1 neQﬂ'z(n+§)vq (;1) ( ' .
( )1%( ) = (Q)j (Q)k—j 1— 627rzuqn—j
Therefore, we have
(=1)*id(u)d (v)u(u, vi k + 1)
L k(E4D) ) . eTiug 5 q(nfk:)]
_ emk(u v)q 5 eanv —1)"; ‘ _9(u
2 e
k g(n=k)j+m(n—j)
) ( . .
_ €ﬂlk(u7v)q%+l) Z Z q ( )( ) . ’Ym—n—i—j(Q) p2mimu 2miny
mmez \j=0 \Di\Dk—j
from Lemma 2.4.4, and we obtain the relatation (2.36). O

We derive Zagier expression of the function u(u,v;k) using the Laurent series of the
function p(u,v; k).

Theorem 2.4.6. For k € Z, we put

2mwinu n(ntl)

e q 2
(=" )1

M(u;k+1;7) = M(u;k+ 1) := e*m'k“z
neEL

Then we have

Mu—uk+l) | @A 2wrdieed) oo
J(u—v+13) 2(=9)% 9 (u—v+ 1) I(u)d(v) i e

—ip(u,v;k+1) =
(2.39)
First, we provide the following lemma.
Lemma 2.4.7. Fore,§ € {0,1}, we suppose
ve(u,v;k+1,7) = ve(u,v; k + 1)
= Y(u)d(v)p(u, vy k + 1)

1 1 1 1
_1\e+k - _ _ .
+(-1) 19<u+2>79<v+2>u<u+2,v+2,k+1>,

k nj 1 n? .
Ge(u;k+1;7) = Ge(us k+ 1) := Z Z q(q)’yzll_)](Q) g  Tern

n=e¢ mod 2 \j=0 I\ k—j

De (1, 7) = Ve g(u) == »_ emiviramiv(uts)
vEL+§
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Then we have

k(k+1)

(1) el sk +1) = (~1Fe ™S00 5 G — 0 — sk o+ 1)0og(u+ v+ r, 27)

(2.40)
_1)ykemikug k(1) - o _ L1.\3 )
(2) (=1)ke D Ge(u— ks k4 D) o(u+ k7, 27) = g5 ()2 Fryr (w3 7) - (2.41)
e=0
1
(3) (—1)F g™ S (1) G (u — ki b+ D)0 o(u + kr, 27) = 0 <;) M(u; k+1)

e=0
(2.42)

Proof. (1) Putting m = (r + s)/2 and n = (r — s)/2 in the equation (2.36), we have

k(k+1)

(—1)ki6_”ik(“+v)q_ 2 J(w)d(v)p(u, vk +1)

_ Z Z q ]75 j %—&—TQZSQ eTrir(u—f—v)eTris(u—v)
r=s mod 2 \j= 0
1
= ZGE(U—’U — k1 k+1)0:0(u+ v+ k7,27). (2.43)
e=0

Then, putting v — u + %,v — v+ %, we have

. —mik(utv) —Mﬁ 1 9 1 1 lk; 1

1€ q 2 u—|—2 v—|—2 7! u—i—2,v+2, +
=Go(u—v—kr;k+1)Yoo(u+v+k7,27) — Gi(u —v — k7 k 4+ 1)1 o(u + v + k7, 27).

Therefore, we have the equation (2.40).
(2) From the equations (2.40) and (2.30), we have

k(k+1)

1
(—1)kemiklute) =5 Z Ge(u—v—kr;k+1)0:0(u+ v+ k7,27)

1 .
=> %ug(u, vk + 1) = i (u)d(v)p(u, v;k + 1)

e=0
=W (u)d(v)p(u+ z,v+ z;k+ 1)
g5 (q)3,9(2)9(u + v + 2) .
ut)dora)  Terlu—u7)

Then, putting v = 0, we obtain the equation (2.41) since ¥(0) = 0.
(3) From the equation (2.40), we have

1
(—1)ke”ik(“+v)qk(k;l) Z(—l)aGE(u —v—kr;k+1)0:0(u+ v+ k7,27) (2.44)
e=0

1

1 1 1
Z Vguvk+1)—m9< >19<v+2>,u(u+2,v+2;k+1>. (2.45)
e=0

[\3\@.
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Then, putting v = 0 in the right hand side of the equation (2.44), we have

. 1 1 11 ) 1 1 1
u9<u+2>19<2>u<u+2,2,k‘+1> —219<u—|—2>19(2>,u<2 u+ = k‘~|—1>

n(n+1)

1 ik €27rinuq 5
:_ﬁ@e ) pEat B

o (=ar M)kt
1
=7 <2> M(u;k+1)

Therefore, we obtain the equation (2.42). O

Proof of Theorem 2.4.6. From the equations (2.41) and (2.42), we have

ik UL Go(u —kr;k+ 1)990(u + k7,27)
4 Gi(u—kr;k+1)010(u + k7,27)

SR ) (o))

Then, we rewrite the equation (2.43) as

ie 2R ()0 () (u, vy k + 1)
Ueo(u+ v+ kr,27)
21950(u — v+ kT7,27)

_ (Q)go V10(u + k7)d1,0(v)
C2(=q)% Y1o(u—v+kT)

(77 (7)3 Fppr (u — v37) 4+ (—1)%0 (;) M(u— vk + 1))

Hu + k)9 (v)
Y10(u —v+ k1)

Fri1(u—v;7) — M(u—v;k+1).

The second equality follows from the addition formula for the Jacobi theta functions (for
example, [Mu]):

19070(u + v+ kT, 27’)
219070(u — v+ kT, 27’)

(—1)° Vio(u+v+kr,27)  Jys(u+kr)ds(v)
219170(7,1, — v+ kT, 27’) - 19170(114 - v+ kT)19170(0) .

Finally, using the quasi-periodicity of the theta functions
91 5(u 4 Ir) = (=1)Pe P T=2miluy, (), (I € Z),

we have the equation (2.39). O
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3 Relations between the function pu(u,v; «) and ¢-hypergeometric
series

2miu — 627”'11

In this section, we put x = e“™*, y 2miT

and g =e

3.1 Relations to the continuous ¢-Hermite polynomial

Note that for £ > 0, the function u(u,v; —k) defined by an infinite series is a polynomial
with respect to the variable e™(“~%) In fact, from Theorem 2.2.5, we have

L1 — wi(u—v TIU

/J,(U,U;—k') = —1q 8f0(q k7€2 ( )7_62 )
oLl rik(u—v) pt + qikao, ok 2mi(u—v) _  2miu
= —1q 8e [, o B 2¢0 o q;xq (6 y —€ )

_ _iq—%e—mk(u—v)2¢0 (q _, O; q; 627T1(U_U)qk>

From the equation (1.46), we obtain the following theorem.

Theorem 3.1.1. For k € Z>(, we have
p(u, v —k) = —iq~ 8 Hy(cosm(u — v); q). (3.1)

From this theorem, the function u(u,v;k) is regarded as a “—k degree” continuous
g-Hermite polynomial.

A generating function of the continuous ¢-Hermite polynomial Hy(z; q) has the follow-
ing expression (for example [KLS, p.542]):

iw n_ L (3.2)

r
2" (@) (re,re )0

Next, we provide g-difference equations and formulas with respect to a generating function

of the function {u(u,v;k +1)}i>0

o0

S(u,v;r) = Z,uuvk—i—l
k=0

which is an analogue of the generating function of the ¢g-Hermite polynomial (3.2).

Theorem 3.1.2. (1) The generating function S(r) satisfies the following q-difference equa-
tions:

00\\1

S(r)y=(1- rem(“_”)q)(l — re_m(“_”)q)S(rq) —irq
¢S(r) = (1 +q(1 —re™“)g)(1 = re™™)g))S (rq)
_ (1 o Tem’(u—v)q2)(1 - Te—m’(u—v)q2>s(rq2)'

(3.3)

(3.4)
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(2) The generating function S(r) has the following expressions:

7 ’,,ﬂeﬂi(u—v) ’Te—Tri(u—v)
irqs 302 <q (;]0 Laiq
(rewi(ufv)q’ refﬂi(ufv)q)oo

.7
= p(u,v) — %ng(p(l) (%;)2, 0; a; refri(u—v)q’ Te_"i(u_”)q) ’

S(r)

(T‘eﬂi(U7’U) q, re—mi(u—v) q) o

= p(u,v) — . (35)

1
-y plu, v; qmrm, (3.7)

m>0

where the function ®1) is the q-Appell function (for example, see [GR)):

q)( ) (a bl’bZ’ q; T, y> Z (a)m"‘”(bl)m(bZ)nxmyn' (38)

¢ " (©)mtn(@m(@n

Proof. (1) From the equation (2.25), we have
o
S(r)—S(r/q) = Zl—qk (u,v;k + 1)rk

Z 2cos m(u — v)p(u, vi k) — p(u, v; k 4+ 1))k
k=0

(2cosm(u —v) —1r2)S(r) + (2cos (u — v) — ), v;0) — p(u, v; —1).

Therefore, we have the equation (3.3) from the equation (1.44). Furthermore, by acting
(T'r — q) to both sides of the equation (3.3), we have the equation (3.4).
(2) For N =1,2,..., we have

N—-1
S(T) — (7,671'1‘(u7v)q7 Tefﬂi(ufv)q)NS(TqN) - irqé Z qn(reﬂi(ufv)q7 T,efﬂ'i(ufv)q)n (39)
n=0

from the equation (3.3). Taking the limit N — oo in the equation (3.9), we have the
equation (3.5). Next, from a specialization of Andrews’ formula (for example [GR, p.298])

e <a bec’ ;a:) _ (az,b, C)ooq)(l) <a:;d/b, e/c; ab, C) ’

7 (33, d7 e)oo ax

we immediately obtain the equation (3.6). Finally, we prove the equation (3.7). From
equations (1.45) and (3.8), we have

o

;0;0 i(u— —mi(u— (Q)ernr
(I)(l) <Q7 ) g Teﬁz(u v)q’ re mi(u v)q) —
q2 Z (Q)m(Q)n(Q)ern

m+n m+n
q m’(m—n)uem(n—m)v

m,n—O

_ Z Z n mr q" q)m e7ri(2n—m)(u—v)

mOnO

B > Hm(cosw(u—v)§Q)rn n
e (@)n T

m=0

Therefore, we obtain the equation (3.7) from the equation (3.1). O
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Proof of Theorem 2.4.2. From the Taylor expansion of the g-exponential function [GR,

(IL2)] 1
. _1\n n(ngfl) :En

we have
ONCO R

i0 —i _ AR (n—2k)0
€ Tq,e ’I”q oo — C_[T e
( o= L Y G
B (—1)g" 7
=> 11 ( 0 1%e e*” ) ﬁ(e—qu)n
n>0 Un
= ZFn_H(COS m(u—v) | q)r".
n>0

By expanding (3.7) and comparing the coefficient in (3.7), we obtain (2.34). To prove
(2.35), we divide by both sides of (3.7) by (erq, e "rq) o0

1 1
‘ = ol i L =m) (3.10)

mi(u—v) —7i(u—v)
(re q,re =0

By the generating function of continuous ¢-Hermite polynomial (3.2), the left hand side
of (3.10) is equal to

Z ZM w, v k + 1 m k(COSTF(U-’U) | Q)qm—krm.

m>0 k=0 (@)

Then we obtain the conclusion (2.35). O

3.2 Relations to the bilateral ¢-hypergeometric series

Since the function u(u,v;«) has the expression by using the bilateral g-hypergeometric
series (1.43), we provide feedback to the function u(u,v;«) from the rich transformation
formulas of the bilateral g-hypergeometric series. First, we prove the following proposition:

Proposition 3.2.1. We have the following expressions:

iq® p(u, v;q) = (e/v)2 (aq/y)oolw (y/a;Q;OU) (3.11)

9q(—ﬂi/a) (9/y)o 0,y
<(2) G ()
- () el (e ) (313

These equations (3.11)-(3.13) are proved by using the degenerated Bailey’s transfor-
mations (1.37)-(1.39).

Further, by some Bailey’s transformation formula [AB1, (3.2.4)], [B, (3.2)], [GR, p. 147,
Exercise 5.11]

" _ (az, bz, qc/abx, qd/abx)s
272 d’ T )= (x,abx, q?/abz, cd/abx) s

o Vqabz, —/qabz, abz/c,abx/d,a,b cdi
678 Vabx/q, —+/abz/q, azx, bz, c,d, 0, o ’

(3.14)

25



we also obtain the following expression for the function p(u,v;a) by the (degenerate)
very-well-poised bilateral g-hypergeometric series.

Theorem 3.2.2. We define

b — l-a vag, —/ag, b, c a’q®
W(a,b,c,q).—( —a/b)(l—a/c)“/}S <\f —Ja,aq/b, aq/cOOOO’q’bc> (3.15)
(1 —ag®)(b,c;q)n 9p2 {a®\"
_Z a/;f 270 HHQ) e (bc> . (3.16)

Then, we have
atntuie) = (1-7) (1-2) Gl w (G it) o

(2/y)2 (z,aq/y) 3 (1 B ﬁan—1> (z/a, y/a)nq2n2_3n <q;2y2>n

 (a/y.3/a)ocl(—2y/aq) = a (€, 9)n a
(3.18)
In particular, if « = 1, we have
o1 LY
—iq8 u(u,v) = ——W(zy;,x,y; q 3.19
) = G ) (3.19)
VY 1—ayg™ n, In_2n?
— "yt 3.20
) 2 (T 27) (1~ ) (320

Proof. By taking the limit ¢ — 0,d — 0 in the equation (3.14), we have

" a,b ) = (ax,bx) oo " Vvabxrq, —v/abxq,a,b ' .a2b2x3
2921 0,0 % - (x,abx,qQ/ab:r)oo4 8 \/aba:/q,—\/abx/q,ax,bx,0,0,0,0’q’ q '

Therefore, from the equation (3.12), we obtain the equation (3.17). O
We recall two kind of Slater’s transformation formulas.

Lemma 3.2.3 ([GR, Chapter 5 (5.4.3), (5.5.2)], [Sl, (4)]). For appropriate complezx pa-
rameters a,ai,...,ar,b1,...,bor40,c1...,¢p, 2, we have

T

blaqa‘oo A1y ey Qp
0q(—dzq) HM r¢r<b1 br;q;2>

i=1 Oq(—c;)

r

0y(—cmdz)
Og(—cm)

(Cm/aj,ij/Cm)oo ¢ (al(.I/cmu"waTQ/cm. 'Z>
eq(_cm/cj) e le/Cma"-abTQ/cm’ ’ ’

(Cm/a’m>bMQ/Cm)oo (321)

m=1

j#m
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and
[Ti<j<2-(a/bj, aq/bj)oo " ( bi,...,ba .q._W)
i<z Oa(—ar)bg(—ar/a) | > 72" \aq/br,... aq/bsy’ ™ by~ bo,

__ by(=a) ~ _ amly(v/a/am)04(—v/a/am)
Oy(—va)by(v/a) 2= b4(—am)0q(—a/am)fq(—az,/a)

HlSJ’S%(amQ/bja aq/amb;)oo ambi/a, ..., anboy/a a"q"
) 2r¢2r 1 g3 R

Hk;ém HQ(_ak/am)Hq(_amak/a amq/bi, ..., amq/bay’ 7 by - by,

where
T i
a=TT%.
I
7j=1
In particular, if ay = by = \/aq, az = by = —\/aq in the equation (3.22), we have

( [T3<j<2r(9/5; aq/bj)o0 )2% ( vagq,—/aq,bs, ... by | .ar_lq’"”)

H3<k:<r o(—ar)0q(—ax/a) Va, —/a,aq/bs, ... aq/bs’ T bs - by

_ Z 1 —a; n/a H3§j§2r(amQ/bj’ aq/amb;)oo
= 2 0y~ )y (—tm ) 0)8(—2,/0) \ Ty, O~ 1/ 1) By (i /)

” <amq/\f,—amq/\/6, ambs/a, ..., ambay/a .a”_lq”_Q)
C2r¥2r .

am/\/a’ _a’m/\/av a’mQ/b?n ceey amQ/bQT @ b3 -+ - by
(3.23)

Using Slater’s transformation formulas (3.21) and (3.23), we obtain the following trans-
formation formulas for the function p(u,v; ). In particular, the formula (3.25) coinsides
with the property (2.17) of the function u(u,v;«).

Theorem 3.2.4. We have the following expressions, where £ = e2™%1 £y = 222,

1) 6, (fyflﬁ?) Oy(—y)0y(—/a)

aq £10,(—2) p(u, v; )

ACESTACS
—o, () % yg;g; Dt 1,0+ i) (3:24)
( i ;< WPMEZSD it 2nc0 4 20
(2) ja) — p(u+ 2 1,v+z1, a)
() R e ()
®) (5) geq(zfij)g,q;)_j/a)“(u’v;a) (3.26)
it () et (o)
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Proof of Theorem 3.2.4 using the equation (3.21). Puttingr = 2,a1 = z/a,a2 = y/a,by =
by =0,c1 = q/&1,c2 = q/& in the equation(3.21), we have

0, <_:cy§;§z) (a(c,I/;)aqu) = Vo <:v/g é//a;q;a>
o, < wyéz) (ag /wél,GQ/y&) s (x&/a,y&/a;q;a) (3.27)

Og(—€1)0(—E2/61)° 0,0
( $y§1> (GQ/ﬂffz,GQ/y€2) s (9352/%952/61.(].@)
aq ) 0,(— (—&1/&)° 0,0 "7

Note that

w1\ S AN q/a
21/}2 (0707Q7 CL) - 0¢1 (q/xqu CM) (Q/flf) 1¢1 ( 0 345 ) )

putting £ = a/z in the equation (3.27), we have

(aq/z.aq/y)o0o v/a,yfa N\ (aq/2&,aq/y€)o wéifay&ifa,
9q<—x/a>eq<—y>2¢2( 0,0 "”) %(—x&/awq(—ya)?‘”( 0.0 ’q’>

- _ Oq(—y€1/a)lq(—€1) () q/a.  xq
= $§1/G)1¢1 < ) .

O0q(—a/x)0,(—y&1)04(—y) 04 (— 0 =
(3.28)
Furthermore, putting £&; = a/y in the equation (3.28), we have
aq aq z/a,y/a, Oq(—y)0q(—2/a)(q)o q/a
<x’y>w2¢2< 0,0 ’“)‘ /b)Y (0’q’ ) (3.29)

1+

(—a)bu(~y/)@)oo . (/o  q
6u(—/)0y(—a) 1¢1<0’q’y>'

Therefore, we obtain the equations (3.24)-(3.26) from equations (3.27)-(3.29) respectively
using the formula (3.12). O

Proof of Theorem 3.2.4 using the equation (3.23). Putting » = 2 and taking the limit
bs — 00,...,bg — 00 in the equation (3.23), we have

04(—asas/a) vagq, —+/aq, bz, by _a’q
0,(—a) (1—a)ays (f —va,aq/bs, aq/by,0,0,0, o?y b4>
_ 04(=a4)by(—as/a)(azq/bs, azq/bs, aq/asbs, aq/asbs) oo
04(—a3/a)0y(—aa/asz)(q/bs, q/bs, aq/bs, aq/bs) o

. ( _ a§> 4%( aszq/v/a,—asq/+/a,asbs/a, asbs/a " a§q2> (3.30)

az/+/a,—az/\/a,a3q/bs,azq/bs,0,0,0, 0? " absby
0q(—a3)b4(—az/a)(asq/bs, asq/bs, aq/asbs, aq/asbs) oo
04(—a3/a)b,(—az/as)(q/b3,q/bs, aq/b3, aq/bs)oo

4 aj " asq/v/a, —asq/\/a, asbz/a, asbs/a g ajq®
a e a4/\/5, _a4/\/av a4Q/b37 CL4Q/b4, 07 07 07 0 ab3b4 .

Putting a — % and by = z/a,by = y/a,a3 = xy&1/aq,as = xy&a/aq in the equation
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(3.30), we have

(—zy&i&a/aq) <1 wy) o ( Vryg/a,—/zyq/a,xz/a,y/a ,w2y2)
0,(—zy/aq) 8 \/acy/aq,—\/az:y/aq,;zc,y,O,O,O,O’q7 aq
_ 9q( ry&2/aq)fq(—&2) (€1, Y1, aq/x€1, aq/yé1) 0o
0q(—y€i/aq)by(—Ea/&1) (aq/x,aq/y, T, Y)oo
_(1 96y§1> §&ivryg/a, =&/ zyq/a, 261 /a,yéi fa 2y2§i‘> (3.31)
&/ ry/aq, —&1+/xy/aq, v€1,y€1,0,0,0,0° & aq ’
(—2yé1/aq)0q(—E1) (262, y&2, aq/x82, aq/yé2) oo
04(—2y€5/aq)04(—E1/&2)(aq/x, aq/y, , Y)oo
.<1 wyfg) < &v/zyq/a, —fzx/xyq/a r6o/a,yéafa w2y2§§>
&ov/ay/aq, —&a\/y/aq, ©6,4€1,0,0,0,0° aq )’

04

1+

Note that
" Varq, —./arq,z,1 ' 'a3$2 B (¢?/ax) oo b1 q/a q
48 Vvazr/q,—+/ax/ ,a,azlc,O,O,O,O’q7 q T (g/7)oo ! 0%

by using the equation (3.14) to take the limit ¢ — 0,d — 0,b — 1. Putting & = a/x in
the equation (3.31), we have

(ag/z,aq/y, =,Y)s <1_56y> s ( Vayq/a,—/zyq/a,x/ay/a >

0q(—zy/aq) ag) % \\/wylaq, —\/xy/agq, x,,0,0,0, O’q’ aq
_ 0g(=y)by(—x/a)(x&1, y€1, ag/x&1, aq/y€1) oo

Qq(—y&)ﬁq(—xfl/a) (—xy{%/aq
. <1 B wy€%> " < §iv/aya/a, ~6iv/ayg/a, i fayGrfa 2y2§f)
ag ) "V \&i/ay/ag, —&/rylag, v61,y6,0,0,0,00T ag

0q(—zyé1/aq)0y(—&1)(a )oo1¢ (q/a o xq)

04(—x&1/a)0,(—yé1/q) 0’ '

Furthermore, putting £; = a/x in the equation (3.32), we have

(aq/x,aq/y, ®,y)s (, Y Vaya/a,—/zyq/a,z/a,yla
0,(—zy/aq) (1 aq>4w <\/xy/aq, Vry/ag, z,y,0,0,0, O’q7 aq )
(@l p)al—0/0)  (aa ya\ . @bu(—)0(—y/a)  (a/a.  wq
= 0, a)(—a/y) ”“(0 i x)* 0,(—a)a(—y/2) 1¢1(0 4 y(> |
3.33

(3.32)

_l’_

Therefore, we obtain the equations (3.24)-(3.26) from equations (3.31)-(3.33) using the
formula (3.17),respectively. O

From the expression (3.19), we have expressions for Ramanujan’s mock theta functions
using the degenerated very-well-poised bilateral g-hypergeometric series (see Appendix).
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4 Higher level Appell functions and ¢-difference equations

In this Section, we put & = 2™, y = 2™V ¢ = 27T,

4.1 Definition of higher level Appell functions

Kac and Wakimoto introduced the Multivariable generalization of Appell function by
explicitly computing characters related to affine Lie superalgebras gl(l | 1) and s((l | 1)”
[KW2]:

1¢
1tpBk k1 ky
g2 zZ1 g

AB,s(x;zla o '7ZI;Q) =

s(k)
kezl 1+zq

where B be a positive definite symmetric matrix and s be a linear function on C!. In
particular, if [ = 1, B = (m) and s(k) = k, the function
(—1)mhyhg™

1— gk

Am(2,y;9) = Am(2,y) = 2% Ap o(—a; (=1)"yq 7 ;q) =22 Y
kEZ

is called higher level Appell function. Zwegers provided an expression of the higher level
Appell function A,,(z,y) using the p-function from a simple algebraic identity:

—_

S S ) _
Ap(z, (1) y) = Z —iq” s x 7ku(mu,v + kT;mT). (4.1)
k=0 Yq

Furthermore, he introduced the completed level m Appell function

~

A (u,v;7)
i, m—1 m—1
::Am(:u,y;q)+52xv° U+kT—|—T,TrLT R mu—v—kT—T;mT ,
k=0

where the function R(u;7) is defined by the equation (1.23), and showed that the com-
pleted level m Appell function satisfies the following modular transformation formula with

respect to (Z 2) € SLy(Z) [Zw2]:

~ u v at +b T (_mu242uv) §
Am ; ; = d)eer+d A (0, v57).
<c7'+d ct+d CT—i-d) (e7 +d)e (u, v;7)

In this section, we provide g¢-difference equations satisfied by the higher level Appell func-
tion A, (z,y) and give another proof of the equation (4.1) as an application.

4.2 ¢-difference equations satisfied by the higher level Appell functions
We define

n mn(n+1)

-z m— _]. n 2
Gon(:3) = Gon(yi) = 0~ A, (-1 ) = 30
nez

First, we provide a g¢-difference equation satisfied by the function G,,(z,y).
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Theorem 4.2.1. The function G, (x,y) satisfies the following q-difference equation:

m—1
YGm(2q,y) + 2" G (x,y) + Y *0,m (—yg") =0, (4.2)
k=0
m—1
H (Tx - qk) (mi + xm)Gm(x7 y) =0. (4'3)
k=0

Proof. From definitions of the function G,,(z,y) and theta function, we have

mn(n+1)

G _ (_1)ny q 2 m_m(n+1) m_ m(n+1)
m($Q>y)_Z - T (xz™q +1—-2"¢q )
nez
M (1)
— " Z e D S VK A W
nez 1 ez =
pu— _7G -
Y y k=0

Therefore, the equation (4.2) holds. Furthermore, by applying HZ:DI (T, — ¢") to both
sides of the equation (4.2), we obtain the equation (4.3) from

m—1 m—1
H (T, — qk) $k0qm(—qu) =0.
k=0 k=0

O]

Generalizing the equation (4.3), we consider the following factorized g-difference equa-
tion:

N M

H(Tm - qﬁl) H(Tx + wqakﬂg)] f(z)

1=0 N k=0 (4.4)
H (T, + zq® MY (T, + 2¢®) f(z) = 0.
1=0

The Newton-Puiseux diagram for the g¢-difference equation (4.4) is as follows.

l

(0, M+ N +2)
(0,M+N+1)\‘M+N+1)

.,
‘$
.

(0,M +2) K’W 2
(0, M +1) (M+1,N+1)
(1, M) (M +1,N)

(M, 1) (M+1,1)

(M +1,0)
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Theorem 4.2.2. For distinct compler numbers ay,...,an, Bo, ..., BN, the g-difference
equation (4.4) has the following fundamental solutions:

M
M1 _ok 1
oM | )] g | et M v (B —ar), (45)
k=0 1<j<M
ik
1
v 4.6
Oq(—2qm) o

form=0,....M andn=20,...,N

Proof. Since the factors (T, + ax), (T, + bz) are noncommutative and satisfy the following
commutative relation:

(Ty + ax)(Ty + bx) = (Ty, + bxq)(Ty + az/q),

the g-difference equation (4.4) has the following solutions
1
Og(—2qm)

Next, let the formal series 2 ), ., anz™ be a solution of the following ¢-difference equa-
tion: B

(m=0,...,M).

M
(T — ¢*) | [ (T2 + 2¢™ %) | ()
o (4.7)
= (Ty = ¢*) (T + 2g® M) - (T, + 2¢™°) f () = 0.
Putting
M+1 M
Z epz’ = H(l + 2q°*),
k=0 k=0
by an induction on M, we have
M 0o o) M+1 (k1
[ o3| S o2 = 3 (3 a5, ) v
k=0 n=0 n=0 \ k=0
n(n+1)
where ag = 1,a_1 = ...+ a_p—1 = 0. Therefore, putting a, = A,q~ > ~o" we obtain
M (n+1)
(o —q*) [T (T + ﬂcqa”k)] 2> AngT 7 (2/q%)"
k=0 n>0
[e's) M+1 n(nt1)
= 2Pq MY (gt — ) <Z An—kq(ap)k6k> g 2 (a1 =0,
n=0 k=0

namely the coefficients A,, satisfy the following relations:

M+1

Z An,kek =0 (n > 1),

k=0
Ap=1,A1=...=A_p_1 =0,
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Therefore, we have

M
[H(l +2¢™)

k=0

00 M+1

Using the relation (4.8), we can compute the g-Borel-Laplace image of the formal solution
> n>0anx™ as follows:

z*LT o BT (Z anx"> (z,—A71)

n=0
> (n+1)
=L o BT (Z Anqg™ 2 (:):q_o‘)”> (z,—\7h)
n=0
=zoLt ﬁ b (x —)\’1)
k=0 1+ zgur—a—l ’
M
__a° P A i
- 0 (_1-)\) Z(_J})\q ) q 2 H 1— )\qn—l—a—ak
q nez k=0
_ -1 M n(n+1)
_ oz MXey (M+1)a— M=) Z H 1 Z (—zAgM)"q 2 (4.9)
gq(_x)\qM) q 1— qak—aj 1— )\qn—i-a—ak : :
k=0 \j#k nez

The final equality follows form the equation (1.1) and a partial fraction expansion

ﬁ - 1 1 1
R R VR PR el PV
Thus the function
Y 1
xa—M—% q_Tk 1;[1_(10%_% plu+v+ Mo+ (o — ag)T) (4.10)
k=0 J#k

is a solution of the g-difference equation (4.7) by putting A = €2™* in the equation (4.9).
The desired solution (4.5) is given by putting oo = f3,,. O

Remark . We provide another derivation of the solution (4.10) (or (4.9)) of the q-
difference equation (4.7) without using the q-Borel-Laplace transformation. We put

M

[T+ wqo‘”k)] f(z) = f(2),

k=0

then the function f(x) has the pseudo-periodicity f(xq) = ¢“f(z). That is, f(z) = z°
is a solution of the q-difference equation (4.7), and it sufficient to solve the following
non-homogeneous q-difference equation:

M

[T+ xW)] fla) = o= (4.11)

k=0
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By putting f(z) = 9{1‘((7%:2/\), we rewrite the q-difference equation (4.11) as

M

[T - Alqo"“)] g(x) = 20, (—xAg"™).
k=0

Ifg(z) =3 ez Apx™tP, coefficients A, and characteristic exponent p satisfy the following
relation:

M
n -1 « n a n notl)
> A <H(q -l ‘“))90 =) (—ard")g 7.

neZ k=0 neL

n(n+1)

Therefore, we have p = «, A, Hé\io(q”*’o‘ — A lg) = (=Ag™)"q" 2 . Hence, the
function

—ay,

(— M+1 n(nt1 M
flay = SOV S gy 5 T

— _ n+oa—o
Oa(=22) nez k:o]’ Aq *

is a solution of the q-difference (4.11). This solution is the same as that given in (4.9) up
to a normalization factor gM+1e,

4.3 An application of the Theorem 4.2.2

By Theorem 4.2.2, the g-difference equation (4.3) satisfied by the function G,,(z,y) has
the following fundamental solutions

1
Ogm (—z™/y) ’
Hence, the function G,,(x,y) is expressed as a linear combination of these functions. We

provide another proof of the Zwegers’ result (4.1) by determining coefficients of the linear
combination.

2772 p(mu+ 2,0 + 2 + jTymT).

Proof of the equation (4.1). Putting
m—1

Gm(z,y) = Lﬂ% + Z Cr ()"~ % p(mu + 2,0 + 2 + kr;mr).

Ogm (—2™ /y) =0

From the pseudo-periodicity (4.2) and (1.26), we have

m—1 m—1
. _m L3
YGm(2q,y) + 2" Cm(x,y) = —in/yg & > Cr(z)afqz == 2*0,m(—yd").
k=0 k=0

That is,
m Ogm (—yqF
Cr(z) = —igs ~ ( %3 )
Yyq
Therefore, we have
m—1
m 0 ,m (—yq* m
C(LU) = 9qm(—xm/y) {Gm(ﬁ, y) + ZC_I§ q ( yk(;] )xk_fu(mu —+ Z,v +z+ ICT, mT)} X
k=0 Y4q

(4.12)
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Putting z = 0, since the right hand side of the equation (4.12) is an elliptic function with
a simple pole at v = 0, the function ¢(z) is a constant function. Therefore, we have

C(x)
= O (—ya*)
= lim fym(—2"/y)< Gm +igs SRR L 2 p(mu, v + kT;mr
im0 (=" >{ > ( )
:0'

Thus the function Gy, (z,y) is expressed as follows

,_.

m—

k=0 \ k

hence we have the equation (4.1). O

=% p(mu, v + kT mT),

The g-difference equation (4.3) degenerates at v = 0. Since the calculations are similar,
we only state as the following corollary.

Corollary 4.3.1.
(1) The function Gy, (x,1) satisfies the following q-difference equation.

m—1
Gm(zq,1) + ™Gy, PG m (—
k=1

(2) The function Gy, (x,1) satisfies the following m-th order linear q-difference equation:

m—1

H (T — qk)

k=1

(Ty + 2™)G(,1) = 0. (4.13)

Furthermore, the q-difference equation has the following fundamental solutions

1

W’ xj—%u(mu—I—z,z—I—jﬂmT) (j=1,...,m—1).

(3) The expression of the function Gy, (x,1) using the u-function is as follows:

(q" qm)

Gm(z,1) = qu’(

m—1 .
—ig® Z Ogm (— a:j_%q_%u(mu,jT | mT). (4.14)
7=1

Since the universal mock theta functions g and g3 are expressed as

g2z, q) = ((_qg(); Co(z, 1), gs(z,q) = (qiwag(gg, ). (4.15)

we have g-difference equations satisfied by the functions go and g3 (1.48)-(1.51) by Corol-
lary 4.3.1. These relations may be known, but we cannot find suitable the literature.
Furthermore, from the equation (4.14) with m = 2 and m = 3, we obtain another proof
of the equations (1.31) and (1.32), respectively.
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5 Application to discrete Painlevé equations

In this section, we put x = ™%, ¢ = ™.

5.1 Definition of the type (A; + A;)") g-Painlevé equation

Discrete Painlevé equations are introduced from various fields such as physics and discrete
integrable systems (for examples [BK], [FIK], [RGH]). They were classified by H. Sakai
in 2001 in a geometric framework based on the type of rational surfaces [Sa]. Among
the classified equations, multiplicative discrete Painlevé equations are sometimes called
the g-Painlevé equations. For example, let W be the extended affine Weyl group W :=
Aut(Aél)) x W((Az + A;)M). That is, the group W has generators sg, S1, 52,70, 71, b, T
satisfying the following relations:

2 3_.2_2__6
s;=(sj8j11)" =rg=1"=7m =1, 7S; =8j11T, TRT=TTky1, Tob = LT1,

(j € Z/3Z,k € 7/21).

The group W is constructed a representation on the field K := C (q, z, ag, a1, a2, fo, f1, f2)
by the following actions (for example, see [T]) (and for recent study from the quiver theory,
for example, see [BGM], [SO]):

sj(aj) = —,  sj(aj41) = ajaj,  85(aj42) = 650542,
J
a; + f; 1+ajf;
sj(fi+1) = fj—&-ll:_a‘;-.v sj(fj+2) ij+2ﬁ,
743 J J
ro(z) = 7 ro(f;) = L%t 459+ +ajrofj + fifijr2
z’ ’ fiv2 ajaji+ajfiv + fifi’
1 1 V4 aif;+ajanfifin
ri(e) ==, r(f;) = B I D
x ajajirfit1 1+ ajrafjre +ajajrafifiv
1 1
L(Q) = 67 [,(.’17) = 9, L(CL]‘) = (172'7 L(f]) = f2j7
J
q 1 .
m(z) ==, w(a;) =ajp, =(f;)=—-—, (U EZ/3Z).
T f]+1

The group W has a subgroup isomorphic to Z? whose generators are T := m3rg, T} =
28950, T := wsisg. If aparas = q, fofifo = x%q, these generators satisfy the following
actions:

T(z,a1,a2) = (xq,a1,a2), Ti(z,a1,a2) = (x,a1q,a2), Tr(z,a1,a2) = (x,a1,a2q),

(5.1)
1+ ajofjro + ajpoa;fitaf; .

T(f;) = ajajr1fi+1 J , (jeZ/37), 5.2
( J) g%I+1J 5+ 1 +a]f] i ajaj+1fjfj+1 ( / ) ( )

Ti(f2)  1+arfi+alasfo+arasfife Ty '(f1)g  2°¢> + araafifo
- 2 ’ - 2 3 (53)

fi ajaz + a1 fi + ajas fr + fifo f2 x2a1a9 + f1fo
Ta(f1) _ ma3 + f1 +arasfo +asfifs Ty (fa) _ arasz® + f1fo (5.4)

fo as + arasfi + fo + ara3fifo’ fiq 22¢2 + aras fi fo '

The equations (5.1)-(5.4) are called the type (Ay+ A1) ¢-Painlevé equations. It is known
that the type (A2 + Al)(l) g-Painlevé equation has ¢-hypergeometric solutions satisfying
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the g-Bessel equation (2.26) and g-Hermite-Weber equation (2.2), when ay = 1, fo = —1
(for details, see [KK], [KMNOY1], [KMNOY2], [KNY2|, [RGTT], etc).

In the next subsection, we prove the following theorem.
Theorem 5.1.1. Putting k,m € C,n € Z>¢ and
Emon i = det [u(u +v+kr,u;m—7j — j/)];jfzo . (5.5)

Then,

(x7 ai,as; fh f2) = (x7 _qm7 q’”; Sm,ml gm,n—LO : _fm,n—Ll §m—1,n—1,0> (56)
§m7n,0 gm,n—l,l fm,n—l,O ém—l,n—l,l

are solutions of the type (Ag + Al)(l) q-Painlevé equation, where x := e™.

Note that the parameter v is an independent parameter of the equation, so the solution
(5.6) is a one parameter family of solutions of the type (Ay + A;)(!) ¢-Painlevé equation.
Furthermore, we obtain the following remark by applying the action s to the solution

(5.6).

Remark . Putting k,m € C,n € Z>g, then

(2, a0, az; fo, f2) = (x, —¢ " " Smn1émn-10 = §m+1’n’1§m’n’0>
gm,n,Oém,n—l,l §m+1,n,0§m,n,1

are solutions of the type (Ay + A1)Y g-Painlevé equation.

The g-hypergeometric solutions of the g-Painlevé equations are obtained from rewriting
the equations as a kind of Riccati type g¢-difference equations

flag) = LB £
cf(z)+d
by specializing the parameters, and linearizing them. Since the function p(u,v; ) satisfies
the g-Hermite-Weber equation and ¢-Bessel equation, it is expected that the function
p(u, v; @) is related to a solution of the type (Ag + A1) g-Painlevé equation. The fact
stated in Theorem 5.1.1 is a novel claim and an important result that connects discrete
integrable systems and the theory of mock modular forms.

5.2 Bilinear relations satisfied by a 7-function of the type (A, + A4;)®
g-Painlevé equation

First, we present bilinear relations satisfied by the functions &, ,, -

Theorem 5.2.1. The functions &, i defined by the equation (5.5) satisfy the following

37



bilinear equations:

2 2k —n+k
z qm+ gm—lm—l,k—i—l&m,n,k - l“qm nt 5m,n—1,k+1£m—17n,k + qngm,n,k—&-lgm—l,n—l,k: = 07
(5.7)

2 2n+2k— k
rq i m&m—l,n—l,k&m,n,k—l — xq gm—l,n,ké—m,n—l,k—l + qngm,n,kgm—l,n—l,k—l =0,

k—
xqm+ n&m—l,n—&kgm,n,k—l - qnfm—l,n—l,kzgm,n—l,k—l + fm,n—l,kfm—l,n—l,k—l = 07 (59)

—n—k
mgm—l,n—Lk—i—lEm,n—l,k - angm,n—l,k—l—l{m—l,n—l,k + qm " fm—l,n—Q,kgm,n,k—i-l = 07

(5.10)
2 2k+m o ktmen -0
rq 5m—2,n—1,k+1£’m,n,k xq gm—l,n—l,k—&—lgm—l,n,k + gm,n,k—l—lgm—ln—l,k — Y
(5.11)
2 2k—m . k—n -0
xrq 5m—2,n—1,k€m,n,k—l xrq 'Sm—l,n,kfm—l,n—l,k—l + ém,n,kgm—ln—l,k—l =Y
(5.12)
k+2m—
zq am n{m,n,k&m—l,n—&k - qngm,n—l,kfm—l,n—l,k + gm,n—l,k—i—lgm—l,n—l,k—l = 07 (513)

k k 2m—
xq gm,n—l,k—lém—l,n—l,k—&-l - an—’_ gm—l,n—l,kfm,n—l,k +4q " n&m,n,k&m—l,n—?,k =0
(5.14)

Proof. We first show the case k = 0 (or k = #1) and then prove to put = — 2¢*. Putting
vj = p(u + v,v;m — j). Since the function p(u,v;«) satisfies the relations (2.16) and
(2.22), we obtain

D
Vi V2 ... VUnpyl
+ _
Em—tn-t1 =2E"g"M T det [V2 V3 .. Vng2| | (5.15)
_I/n Un+1 - Von i
Hence we have
x x? ... zgntl
vi V2 ... Upyl
_.n+l_mn—n?+m . In
LHS of (5.7)k=0 =2"""¢ det | _— | det[yipglii—o
Vn Vnt1l ... Von
[ 1 x " ]
1240 121 1%
2 n
| Yn—1 Vn ... Vop—1]
[ 1 T gL
140 %1 oo Unti

n—1

.
+ 2 gmn T ot det[vj 1] —o-

Un VUntl .. Vond4d]
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In general, the coefficients of the following polynomial with respect to the variable x

x x> ... o"t!
al a9 B P |
n
det . . . : det[aj+j/]j,j/:0
anp Ap+1 - .- aon
[ 1 x ... z" ]
ag ar ... (079 "
— det . . . . det[aj+j/+1]j7j/:0
|An—-1 Gp ... QA2p—1 |
[ 1 x oot
ag ai oo Ap41
n—1
+ det . . . . det [aj+j/+1]j’j,:0
| dn  Gn41 ... G241 ]

are zero by the Pliicker relation. Therefore, we obtain LHS of (5.7),—¢ = 0. From similar
calculations, we also obtain equations (5.8)—(5.12).
Next, note that

(1 oz ... 2"t
1 $_1 x—n—l
(:U_l —2)m—1n-1,0 = q2”(m_"_1) det |¥1 V2 ... VUny2 || (5.16)
[Yn Vn+1 --- Vop4l |
In fact, since
fmfl,nfl,()
1 . (x/q)"
- <x>n (mn) o plu+v—ro;m—1) ... plutv—70;m—n—1)
q : ' :
wu+v—r,u;m—n) ... plu+v—T1,0;m—2n)
1 e x™
ntl
_ q2n(m—n—1) det V2 — % coe Ung2 — VT ’
Ungl — 22 ... Vg1 — 22
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we put X; := >4 _,2?*77 which implies X; —271X,;_; = 27, so we have

gmfl,nfl,O
X
Xo-0 Xxi-% . X,-==
21 V2 Vn41
o vy — & vy — 22 cei Upgo —
_ q2n(m n—1) det . x . x ' T
v, 1
Untl — %% VUpyo — 250 .. lopyl — 22
) 0 —Xo/[IZ - j_Q/l' Xj Xn
n+
—vi/x  —w/x ... —vj/x Vit2 ... Upg2
="M N " det | . : . :
=0 : :
—Un/T —Upt1/T ... —VUpgj—1/T Vpgjt1 ... Vopgl
(1 7t L
Xo ... X
— q2n(m—n—1) det |1 1) ce Un+2
|Vn VUn+1 .-+ V2n41 |
[1 x7 ! . z~ b
o1 n+l __ ,.—n—1
2nlm=n=1) r—x B T
== det | "1 120 e VUn+2
x—x 1
L Un Un+1 cee Von+1

Therefore, the equation (5.16) holds. Using the equation (5.16), we have

Emn—118m—1n-1-1 —Em—1n-11&mn-1-1+ @ — 2 NP "Emno0bm—1n-20

1 ... 2" 1 ...z
_ qn(2m72n+1) det 0 s Un det Vi ... VUptl
Un—1 ... Voap—1 Up ... Von
1 1 ... oz
_ qn(2m—2n+1) det V... Vn+4l det Vo Vp
Un . Von Un—1 ... Vop—1

—1\ 2m—
+ (.%' -z )q m nfm,n,()fmfl,nfl()

1 z™
vy ... Up 1 R
= q"(Qm_Q"H) det . det | g Vna1
Upn ... UVop
Un—1 ... Vopn-1

) 0Em—1,n—2,0

and similar calculations, we have

—1 -1
T &mn—1,18m—1,n-1,-1 — Tm—-1,n—1,18mmn—1,—1 + (€ — 27 )¢ " Emn—1,08m—1,n-1,0 = 0.
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Therefore, From

|:1 -1 :| |:§m—1,n—1,1§m,n—1,—1:| _ (x _xfl) |: fm,n,()é.m—l,n—l()

r =z [&mn-11Em-1n-1,-1 ¢"Emn—1,06m—1,n-1,0]
we have equations (5.13) and (5.14). O

Next, we present the following fact that solutions of the type (Ag + Al)(l) g-Painlevé
equation can be constructed by using functions satisfying certain bilinear forms. The
following theorem have been implicitly known since a long time ago (for examples, [KNY1],
[T], [N]), however there does not seem to be any paper that gives full details of this.

Theorem 5.2.2. Suppose that a function & = £(a1,a2,x) satisfies the following bilinear
relations:

0= iy €1,1,060,01 — 72€1,1,1€0,0,0 + a22€1,0,060,1,1, (5.17)
1 - ~ 1 - - ag = ~
0= €1,1,080,0,-1 — —581,1,-180,0,0 + —&1,0,080,1,-1, (5.18)
aiaz T x
L 3 3 1L
0 = a1a22& 2,080,0,-1 — &1,1,-180,10 + ;251,1,050,1,71, (5.19)
a1a2 ~ ~ ~ ~ 1 -~ -
0= §1,2,080,01 — €1,1,180,1,0 + ;2517170507171, (5.20)
0= 5271705-0,0,1 - a1$2§~271,1f~0,0,0 + a1(12$517171£17070’ (521)
e & ai - ~ ai1as » -
0= &2,1,0800,-1 — —5&2.1-18000 T ——&11,-18100, (5.22)
L o 1.
0 =a1a2x80,0,081,20 — ——&1,1,080,1,0 + —&0,1,161,1,—1, (5.23)
aipaz al
a1az - =~ 1 - - 1 - -
0= £0,0,061,2,0 — —&1,1,080,1,0 + —&0,1,-1&1,1,15 (5.24)
ai1az al

where £a7b7c = T “TYTeE. Then, the pair

(,a,az: f1, fo) = | 2, a1, as; £0,0180,1,0 _50,1,151,1,0
T T T oo0born €o10b
gives a solution of the type (Ag + A1)V g-Painlevé equation (5.1)-(5.4).

Remark . If a function {(a1,as,x) is a solution of the bilinear relations (5.17)-(5.24),

functions a%a2ﬁ$7q5§(a1, az,r) and &(ay,az, z7) are also solutions.

Proof of Theorem 5.2.2. Putting

. 80,0,180,1,0  €0,1,181,1,0
($3a13a2,f13f2): Z,a1,a2; = = s T )

£0,0080,1,1  £0,1,061,1,1
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we will show equations (5.2)-(5.4) or equavalently

arasfifo + a1xg* f1 + 222

T(fy) = , 5.25
fl (fl) a1a2f1f2+a1f1+1 ( )
J2T(f2) _wmafifotarfi+1 (5.26)

x2q? aras fifo + a1 fi + 22¢*’ '

T (fi)g _mafifo+ z%q? (5.27)
f2 fifz + aragz? ' '
fLTTH(f2) _ atasfif3 + ¢ fifa + a122¢* f2 + arasz®? (5.28)
2 aras f1f3 + a1 fifo + 22¢% fo + afagz? '
[Ty (f1) _ Cfifo +ardd fifo + a1a2?¢? fi + asz?q? (5.29)
z? azfifo + arasfifo + ara3a? fi + x2¢% .
—1 2
T, (f2) _ fifot+arasx . (5.30)
qf1 aras fi1f2 + 2¢?

From equations (5.17), (5.20) and (5.23), note that
I I 1 - -
0 = a1a22£0,0,0§1,20 — —€1,1,080,1,0 + —&0,1,1§1,1,—1
ajaz ay

000 (7 = 1 = 1 = 1 -
=22 (&1.061110 — —Co11€110 ) + —E01161,1,-1 — ——&0,1,061,1,0
50,0,1 a2 al a1a9

2y ¢ oz 2
a1a22°80,0,0§1,1,1 — £0,0,1§1,1,0 oz @zt x -z
= a1a2280,1,0§1,0,0 — Tay £0,0,061,1,0 + £0,0,1§1,1,—1

a2a3z&1,0.080,0.1

0,11

. L L
(alaﬂfo,l,ofl,o,o —£0,0,061,1,0 + a2€0,0,1§1,1,—1) . (5.31)
a1a280,0,1

Using equations (5.18), (5.19), (5.23) and (5.31), we have

a1$2q25~0,0,1§0,1,05~1,1,1 + 50,1,1@2(]251,1,150,0,0 - a1&2§0,0,15~1,1,0)
§~0,0,1(a1~’§o,1,0§~1,1,1 - a1a2§:1,1,0§~0,1,1) + 50,0,051,1,150,1,1

_ 50,1,0 —a1a§xq§~o,171§~170,1 + a19€2q2€~0,0,151,1,1 N 50,1,050,0,2

B 50,0,0 51,1,150,1,1 - a%a%fﬁqgo,o,lél,z,l B 50,0,050,1,2

= LHS of (5.25).

RHS of (5.25) =

Using equations (5.19), (5.23) and (5.24), we have

€1,1,180,0,080,1,1 + £0,0,1(a180,1,0§1,1,1 — @1a281,1,080,1,1)
22¢%€11,1€0,0,080,1,1 + £0,0,1(@1€1,1,080,1,1 — @1a2€1,1,080,1,1)
L b g L S
— ajasx 1
_ 2512,1~71€()71~,1 1 ; ;]50,(1,151,%,1 - 25}1,0{0,1,2 _ LHS of (5.26).
r2q%61,1,180,1,1 — a7a52q80,0181,21  T79 &o,1,061,1,2

RHS of (5.26) =

Using equations (5.17) and (5.18)), we have

227 & gz F oz
£7¢°€1,1,180,0,0 — 10280,0,181,1.0 _ _q§1,0,1€~0,1,0 _ LHS of (5.27).

RHS of (5.27) = L1500 250,01 >
a1a22°80,0,061,1,1 — £0,0,1£1,1,0 £0,1,1£1,0,0
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Using equations (5.17), (5.18), (5.21) and (5.22), we have

a1§11,081,01 +¢61,118100 1 &0,0,1862,1,0
~ ~ ~ ~ —_— 72 ~ ~
a1€1,1,161,0,0 + ¢€1,1,061,01 7 €2,1,1£0,0,0

RHS of (5.28) = ¢ = LHS of (5.28).

Using equations (5.17), (5.18), (5.19) and (5.20), we have

3 c — asé 3 1€ o
RHS of (5.29) = g 260018100 ~ a260.0.0610.1 _ —ﬁw = LHS of (5.29).
a2£0,0,161,0,0 — 4€0,0,081,0,1 2 €1,1,180,-1,0
Using equations (5.17) and (5.18), we have
ez . .
— 1
RHS of (5.30) = — = f0008111 = 80018100 180118100 _y g o (5 30).
22q°§1,1,180,0,0 — @1a280,0,1§1,1,0 9&1,0,180,1,0

O]

Proof of Theorem 5.1.1. Putting (a1,a2,2) = (—¢™,¢ ™, z¢"*) in the bilinear relations
(5.17)-(5.24). Then the function &0 = det [u(u +v + kr,v;m — j — j/)]?,j’:() satisfies
the bilinear equations (5.17)—(5.24) from Theorem 5.2.1. Hence a solution of the type
(Ag+ Al)(l) g-Painlevé equation is expressed using the function Em,n,k, and Theorem 5.1.1
holds. O

The bilinear relations (5.17) and (5.18) are the relations for three pairs of opposite
vertices of a cube, respectively. From these relations, we obtain bilinear relations for any

Ea+l.b+l.<'7l

Figure 1: Equation (5.17) Figure 2: Equation (5.18)

three pairs of opposite vertices of a cube. That is, if we give a set of initial values for the
six vertices which include all the vertices of a certain face of a cube, we obtain the value
of any vertices of the cube. From the bilinear relations (5.19)-(5.24), we obtain the values
of two vertices of a cube whose faces are adjacent to the original cube. Therefore, if we
give the initial values, the values of any &, 5, & is uniquely determined. In particular, the
solution (5.6) corresponds to the initial values go,n+170 = éo,nﬂ,l = §~17n+1,0 = 5},%171 =
1, é(]’mo = p(u—+ v+ k1,v;m) and éo,n,l =plu+v+(k+1)r,v;m).
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Appendix

In this appendix, as a corollary of Theorem 3.2.2, we obtain a list of new expressions
for all of Ramanujan’s mock theta functions by the degenerated very-well-poised bilateral
g-hypergeometric series VV. The function W is defined by the equation (3.16)
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