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Abstract

The purpose of this paper is to understand thoroughly Zwegers’ µ-function in terms of q-

special functions. The µ-function is an interesting object from the viewpoint of special functions,

for instance, it often appears as a solution of factorized q-difference equations. In this paper, we

introduce a one parameter deformation of the µ-function as the image of q-Borel and q-Laplace

transformations of a divergent solution for the q-Hermite-Weber equation. We present some prop-

erties and expressions of the generalized µ-function, furthermore we provide that the generalized

µ-function gives a τ -function of certain q-Painlevé equation. This fact shows that the generalized

µ-function is also an important function in discrete integrable systems.
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1 Introduction

1.1 Basic notations and definitions of q-hypergeometric series

Let Z denote the set of integers and let C denote the set of complex numbers, i :=
√
−1

be the imaginary unit, τ ∈ C be a complex number Im(τ) > 0. We define the q-shift
factorials for 0 < |q| < 1 and x ∈ C as

(x)∞ = (x; q)∞ :=

∞∏
j=0

(1− xqj), (x)ν = (x; q)ν :=
(x; q)∞
(qνx; q)∞

(ν ∈ C),

and for u ∈ C, we define Jacobi theta functions as

θq(x) :=
∑
n∈Z

xnq
n(n−1)

2 , ϑ(u, τ) = ϑ(u) :=
∑

ν∈Z+ 1
2

e2πiν(u+
1
2)+πiν2τ

Jacobi theta functions satisfy the following pseudo-periodicities:

θq(xq
n) = x−nq−

n(n−1)
2 θq(x) (1.1)

θ(u+ n, τ) = (−1)nϑ(u, τ), ϑ(u+ nτ, τ) = e−πin2τ−2πin(u+ 1
2)ϑ(u, τ), (1.2)

and are expressed as the following triple products (for example, [Mu]):

θq(x) = (−x,−q/x, q; q)∞, ϑ(u, τ) = −iζ−
1
2 q̃

1
8 (ζ, q̃/ζ, q̃; q̃)∞,

where n ∈ Z, q̃ = e2πiτ , ζ = e2πiu. For appropriate complex numbers a1, . . . , ar, b1, . . . , bs, x,
we define the basic q-hypergeometric series as

rϕs

(
a1, . . . , ar
b1, . . . , bs

; q;x

)
:=

∞∑
n=0

(a1, . . . , ar; q)n
(b1, . . . , bs, q; q)n

(
(−1)nq

n(n−1)
2

)s−r+1
xn, (1.3)

and define the bilateral q-hypergeometric series as

rψs

(
a1, . . . , ar
b1, . . . , bs

; q;x

)
:=
∑
n∈Z

(a1, . . . , ar; q)n
(b1, . . . , bs; q)n

(
(−1)nq

n(n−1)
2

)s−r
xn, (1.4)

where

(a1, . . . , ar; q)ν := (a1; q)ν · · · (ar; q)ν .

In particular, the function 2ϕ1 is called “Heine’s q-hypergeometric series”. It satisfies the
following q-difference equation:

[(c− abxq)T 2
x − (c+ q − (a+ b)xq)Tx + (1− x)q]f(x) = 0, Txf(x) := f(xq). (1.5)

In general, the Newton-Puiseux diagram for the q-difference equation

[an(x)T
n
x + an−1(x)T

n1

x + · · ·+ a0(x)]f(x) = 0 (1.6)

is defined as the following convex hull:

{(k, l) ∈ R2; the coefficient of xk in al(x) is not 0 for 1 ≤ l ≤ n}.

For example, the Newton-Puiseux diagram for the q-difference equation (1.5) is as follows.
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It is well known that Heine’s q-hypergeometric series satisfies the following transfor-
mation formulas, called Heine’s transformation formulas:

2ϕ1

(
a, b
c
; q;x

)
=

(b, ax; q)∞
(c, x; q)∞

2ϕ1

(
c/b, x
ax

; q; b

)
(1.7)

=
(c/b, bx; q)∞
(c, x; q)∞

2ϕ1

(
b, abx/c

c
; q;

c

b

)
(1.8)

=
(abx/c; q)∞
(x; q)∞

2ϕ1

(
c/b, c/a

c
; q;

abx

c

)
. (1.9)

And the function 2ψ2 satisfies the following transformation formulas, called Bailey’s trans-
formation formulas:

2ψ2

(
a, b
c, d

; q; z

)
=

(az, c/a, d/b, qc/abz)∞
(z, c, q/b, cd/abz)∞

2ψ2

(
a, abz/c
az, d

; q;
c

a

)
(1.10)

=
(bz, d/b, c/a, qd/abz)∞
(z, d, q/a, cd/abz)∞

2ψ2

(
b, abz/d
bz, c

; q;
d

b

)
(1.11)

=
(az, d/a, c/b, qd/abz)∞
(z, d, q/b, cd/abz)∞

2ψ2

(
a, abz/d
az, c

; q;
d

a

)
(1.12)

=
(bz, c/b, d/a, qc/abz)∞
(z, c, q/a, cd/abz)∞

2ψ2

(
b, abz/c
bz, d

; q;
c

b

)
, (1.13)

which are bilateral versions of Heine’s transformation formulas (for example, [GR]).

1.2 Mock thata functions and Zwegers’ µ-function

Mock theta functions first appeared in Ramanujan’s last letter to Hardy in 1920 [R1]. In
this letter, Ramanujan told Hardy that he discovered a new class of functions which he
called mock theta functions. Ramanujan introduced mock theta functions as functions
having asymptotic behavior similar to theta functions at roots of unity but are not theta
functions, and he gave 17 such examples. Some typical examples are as follows (see
Appendix for a list of “classical” mock theta functions introduced in [R1], [R2], [Wa1],
[GM1], [GM2], [BC], [Mc]):

ψ(q) :=
∞∑
n=1

qn
2

(q; q2)n
, f0(q) =

∞∑
n=0

qn
2

(−q; q)n
, ϕ(q) :=

∞∑
n=1

q
n(n−1)

2

(q; q2)n
. (1.14)

After Ramanujan’s discovery, the functions have been actively studied in view of asymp-
totic behaviors at roots of unity, modular transformation laws, asymptotic expansions, etc
(for example, see [A1], [D], [Wa1], [Wa2]).
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In 1976, Andrews discovered a notebook written by Ramanujan. The notebook lists
ten identities satisfied by mock theta functions, which have come to be known as the mock
theta conjectures [R2]. Each of them involves a mock theta function, a theta function and
specializations of the so-called universal mock theta functions. Definitions of universal
mock theta functions are as follows:

g2(x; q) :=
(−q)∞
(q)∞

∑
n∈Z

(−1)nqn(n+1)

1− xqn
, g3(x; q) :=

1

(q)∞

∑
n∈Z

(−1)nq
3n(n+1)

2

1− xqn
.

For examples, the functions (1.14) are respectively expressed by using universal mock
theta functions as follows:

ψ(q) = qg3(q; q
4),

f0(q) = −2q2g3(q
2; q10) +

(q5; q5)∞(q5; q10)∞
(q, q4; q5)∞

,

ϕ(q) = 2qg2(q
2; q5) +

(−q2,−q3; q5)∞(q10; q10)∞
(q2, q8; q10)∞

.

(1.15)

The mock theta conjectures were proved by Hickerson [H]. It is now known that all
remaining mock theta functions are also expressed as a sum of universal mock theta
functions and a theta function as equations (1.15) [GM3].

In 2002, the theory of mock theta functions took a new turn as a framework of modular
forms with the work of Zwegers [Zw1]. One of Zwegers’ achievement is the introduction
of a special function called µ-function.

Definition 1.2.1 ([Zw1]). For u, v ∈ Λτ := {m + nτ ∈ C;m,n ∈ Z}, define Zwegers’
µ-function by

µ(u, v; τ) = µ(u, v) :=
eπiu

ϑ(v)

∑
n∈Z

(−1)ne2πinveπin(n+1)τ

1− e2πiue2πinτ
. (1.16)

First, Zwegers showed that the µ-function satisfies a modular transformation property
where Mordell integral appears as the non-homogeneous term. Furthermore, he showed
that the µ-function satisfies a transformation law like Jacobi forms by adding an appro-
priate non-holomorphic function to the µ-function.

Proposition 1.2.2 ([Zw1]). We have

(1) µ(u, v; τ) = e
πi
4 µ(u, v; τ + 1), (1.17)

(2) µ(u, v; τ) = − 1√
−iτ

e
πi(u−v)2

τ µ

(
u

τ
,
v

τ
;−1

τ

)
+

1

2i
h(u− v; τ), (1.18)

(1′) µ̃(u, v; τ) = e
πi
4 µ̃(u, v; τ + 1), (1.19)

(2′) µ̃(u, v; τ) =
i√
−iτ

e−πi
(u−v)2

τ µ̃

(
u

τ
,
v

τ
;−1

τ

)
, (1.20)
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where

h(u; τ) :=

∫
R

eπiτx
2−2πux

coshπx
dx, (1.21)

E(x) := 2

∫ x

0
e−πz2dz, (1.22)

R(u; τ) :=
∑

ν∈Z+ 1
2

{
sgn(ν)− E((ν + a)

√
2t)
}
(−1)ν−

1
2 e−πiν2τ−2πiνu, (1.23)

µ̃(u, v; τ) := µ(u, v; τ) +
i

2
R(u− v; τ), (1.24)

and t = Im(τ), a = Im(u)
Im(τ) .

Since all Ramanujan’s mock theta functions can be expressed by using the µ-function,
they satisfy a classical modular transformation property by adding an appropriate non-
holomorphic function to them. Zwegers’ results ware later led to the interpretation that
Ramanujan’s mock theta functions are special elements of mock modular forms (see also
[BO1], [Za]).

Further, Zwegers gave the following results.

Proposition 1.2.3 ([Zw1]). The µ-function satisfies the following properties:

(1) µ(u+ 1, v) = µ(u, v + 1) = −µ(u, v) (1.25)

(2) µ(u+ τ, v) = −e2πi(u−v)+πiτµ(u, v)− ieπi(u−v)+ 3πiτ
4 (1.26)

(3) µ(u+ z, v + z)− µ(u, v) =
iη(τ)3ϑ(z)ϑ(u+ v + z)

ϑ(u)ϑ(v)ϑ(u+ z)ϑ(v + z)
, (1.27)

(4) µ(u, v) = µ(u+ τ, v + τ) (1.28)

(5) µ(u, v) = µ(−u,−v) (1.29)

(6) µ(u, v) = µ(v, u) (1.30)

Kang gave representations of universal mock theta functions g2, g3 using the µ-function
by a simple algebraic manipulation [Ka]:

ixg2(x, q) = xq−
1
4µ(2u, τ ; 2τ) +

η(2τ)4

η(τ)2ϑ(2u, 2τ)
, (1.31)

iq−
1
24x

3
2 g3(x, q) =

η(3τ)3

η(τ)ϑ(3u, 3τ)
+ q−

1
6xµ(3u, τ, 3τ) + q−

2
3x2µ(3u, 2τ, 3τ), (1.32)

so Zwegers’ µ-function is regarded as an extension of universal mock theta functions.
The above is a summary of well-known information on mock theta functions. On

the other hand, the µ-function is also a very interesting object from the viewpoint of
q-hypergeometric series. For example, let us recall the well-known Kronecker formula
[We]:

k(x, y) :=
1

1− x
1ψ1

(
x
qx

; q; y

)
=
∑
n∈Z

yn

1− qnx
=

(q, q, xy, q/xy; q)∞
(x, q/x, y, q/y; q)∞

. (1.33)

The second equality is the case of a = x, b = xq, z = y in Ramanujan’s summation
formula:

1ψ1

(
a
b
; q; z

)
=

∞∑
n=−∞

(a; q)n
(b; q)n

zn =
(az, q/az, q, b/a; q)∞
(z, b/az, b, q/a; q)∞

.
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Note that from the most right hand side of (1.33), one recognizes the symmetry k(x, y) =
k(y, x) explicitly.

Obviously, the µ-function is an analogue of the Kronecker summation. Hence the
symmetric property µ(u, v) = µ(v, u) holds in a similar way as k(x, y) = k(y, x). In fact,
putting x = e2πiu, y = e2πiv and q = e2πiτ , the µ-function has the following expressions:

µ(u, v) = −
iq−

1
8
√
xy

(q, x, q/x; q)∞

1

1− y
1ψ2

(
y

0, yq
; q;xq

)
(1.34)

= −
iq−

1
8
√
xy

(x, y; q)∞
2ψ2

(
x, y
0, 0

; q; q

)
(1.35)

= −
iq−

1
8
√
xy

(q/x, q/y; q)∞

1

(1− x)(1− y)
0ψ2

(
−

xq, yq
; q;xyq

)
(1.36)

These expressions follow from some Bailey transformations (1.10)-(1.13). In fact, by taking
the limit z → z/b, b→ ∞ and c→ 0 in the equations (1.10)-(1.13), we derive

1ψ2

(
a
0, d

; q, z

)
=

(z, dq/az; q)∞
(d, q/a; q)∞

1ψ2

(
az/d
0, z

; q; d

)
, (1.37)

=
(d/a, dq/az; q)∞

(d; q)∞
2ψ2

(
a, az/d
0, 0

; q;
d

a

)
, (1.38)

=
(z, d/a; q)∞
(q/a; q)∞

0ψ2

(
−
z, d

; q; az

)
, (1.39)

and putting a = x, d = qx, z = qy in the equations (1.37), (1.38), (1.39), we obtain the
equations (1.34)-(1.36). In particular, the expression (1.36) was pointed out by Choi ([C,
Theorem 4] and [BT, Theorem 5.1]).

Thus the µ-function is also an interesting object from the viewpoint of q-special func-
tions. The purpose of this paper is to understand the µ-function thoroughly by considering
it in view of q-special functions.

1.3 Contents of this paper

Contents of this paper is as follows. In section 2, we study the µ-function in view of
q-difference equations, and introduce a function µ(u, v;α) which is a generalization of the
µ-function. In section 3, we present some relations between the function µ(u, v;α) and
the q-hypergeometric series. In section 4, we consider q-difference equations satisfied by
the universal mock theta functions, and provide another proof of the equations (1.31) and
(1.32). In section 5, we present a relation between the function µ(u, v;α) and q-Painlevé
equations.

In the following, we describe the contents of each section in more detail.
In Section 2, we consider a q-difference equation satisfied by the µ-function. The µ-

function is an important pioneer function in the study of mock modular forms, but it
seems that there are many problems to be clarified further. For example, why the µ-
function is a two-variable function, whereas the universal mock theta functions g2(x, q)
and g3(x, q) are a one-variable function (i.e. what is the origin of the extra variable of the
µ-function?). Also, why the factors eπiu in the numerator and ϑ(v) in the denominator
are needed. Further, where the translation formula (1.27) comes from. Some explanation
has been given for these questions. For example, Zwegers gives constructions of mock
theta functions as indefinite theta series, of which µ-function is a special case, and these
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naturally have theta functions in denominators which are explainable from the geometry
of the quadratic forms. Also Zwegers’ two-variable µ̃-function is decomposed into a sum
of meromorphic Jacobi form and one-variable Maaß-Jacobi form [Rau] (see also [BFOR,
Theorem 8.18]). However, as we will show in section 2, one can give another answer from
the view of q-special functions. First, by using the pseudo-periodicity of the µ-function
(1.26) and a bit of calculation, we obtain the following second-order difference equation:

µ(u+ v + 2τ, v)− (1− e2πi(u+τ))eπiτµ(u+ v + τ, v)− e2πi(u+τ)µ(u+ v, v) = 0. (1.40)

By considering the equation (1.40), we naturally obtain the µ-function, and clarify the
above questions (Theorem 2.2.5). Furthermore, we obtain a function µ(u, v;α) which is a
natural extension of the µ-function by considering the following q-difference equation:

[T 2
x − (1− xq)

√
aTx − xq]f(x) = 0. (1.41)

Definition 1.3.1. Let α be a complex parameter such that u−ατ, v 6∈ Λτ . We define the
function µ(u, v;α) as the following infinite series:

µ(u, v;α; τ) = µ(u, v;α) :=
eπiα(u−v)

ϑ(v)

∑
n∈Z

(−1)ne2πi(n+
1
2
)vq

n(n+1)
2

∞∏
j=1

1− e2πiuqn+j

1− e2πiuqn−α+j

(1.42)

= iq−
1
8
eπiα(u−v)

θq(−y)
(xq; q)∞

(xq/a; q)∞
1ψ2

(
xq/a
0, xq

; q; yq

)
, (1.43)

where q = e2πiτ , x = e2πiu, y = e2πiv and a = e2πiα.

In particular, note that

µ(u, v; 1) = µ(u, v),

and

µ(u, v; 0) = −iq−
1
8 , µ(u, v;−1) = −2iq−

1
8 cosπ(u− v). (1.44)

The function µ(u, v;α) satisfies many interesting properties (for example, an analogue of
Proposition 1.2.3, a difference equation with respect to the variable α, non-trivial expres-
sions, etc). At the end of this section, we present the properties satisfies the function
µ(u, v;α) (Theorem 2.3.1, Theorem 2.4.2, Theorem 2.4.3, Theorem 2.4.5 and Theorem
2.4.6).

In Section 3, we state the relation between the function µ(u, v;α) (or the µ-function)
and the q-hypergeometric series. First, we present the relation to the continuous q-Hermite
polynomial

Hk(cos θ; q) : =

k∑
l=0

(q)k
(q)l(q)k−l

ei(2l−k)θ (1.45)

= e−ikθ
2ϕ0

(
q−k, 0
− ; q; e2iθqk

)
. (1.46)

which is a special case of the q-hypergeometric series (1.3). The continuous q-Hermite
polynomial Hk(z; q) satisfies the following relations ([KLS, p.541]):

2zHk(z; q) = Hk+1(z; q) + (1− qk)Hk−1(z; q),

H0(z; q) = 1, H1(z; q) = 2z.
(1.47)
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If k ∈ Z<0, the sum defining the continuous q-Hermite polynomial is a divergent series.
Also if k = 0, since (1 − qk) = 0, we cannot define the function H−1(z; q) in terms of
the relations (1.47). Therefore, in general, the continuous q-Hermite polynomial is defined
only on k ∈ Z≥0. But for k ∈ Z≥0, the function µ(u, v;−k) is closely related to the
continuous q-Hermite polynomial, so the function µ(u, v;α) gives a continuous parameter
extension of the continuous q-Hermite polynomial. In particular, the original µ-function
is regarded as a continuous q-Hermite polynomial of “−1 degree” (Theorem 3.1.1).

Next, we present some relations to the bilateral q-hypergeometric series (1.4). From
the equation (1.43), we expect that the function µ(u, v;α) is related to the bilateral q-
hypergeometric series and the rich transformation formulas of the bilateral q-hypergeometric
series give us a mysterious relation of the function µ(u, v;α). Here, we present some trans-
formation formulas and non-trivial expressions of the function µ(u, v;α) using Bailey’s
transformation formulas and Slater’s transformation formulas (Proposition 3.2.1, Theo-
rem 3.2.2, and Theorem 3.2.4).

In Section 4, we consider q-difference equations satisfied by the universal mock theta
functions g2 and g3. Universal mock theta functions g2 and g3 satisfy the following rela-
tions:

g2(xq, q) + x2g2(x, q) = −x (1.48)

(Tx − q)(Tx + x2)g2(x, q) = 0 (1.49)

g3(xq, q) + x3g3(x, q) = −x(1 + x) (1.50)

(Tx − q2)(Tx − q)(Tx + x3)g3(x, q) = 0 (1.51)

Putting x = eπi(u+
τ
2 ), q = eπiτ in the equation (1.49), we obtain a difference equation

that coincides with the equation (1.40). Similarly for equation (1.51), we obtain difference
equations that coincide with the equation (1.40), to apply appropriate transformations in
the equations (Tx− q2)(Tx+x3) and (Tx− q)(Tx+x3). Thus, the µ-function appears as a
solution of factorized q-difference equations which have some solutions of theta functions
such as (1.49) and (1.51). Here, we present fundamental solutions of a factorized q-
difference equations which have theta function solutions (Theorem 4.2.2).

In Section 5, we state the relation between the function µ(u, v;α) and discrete inte-
grable systems. The following simultaneous q-difference equation for unknown functions
f0, f1, f2 is called the q-PIV equation:

T (fj) = ajaj+1fj+1
1 + aj+2fj+2 + aj+2ajfj+2fj
1 + ajfj + ajaj+1fjfj+1

, (j ∈ Z/3Z)

a0a1a2 = q, f0f1f2 = qx2 T : (a0, a1, a2, x) 7→ (a0, a1, a2, qx).

(1.52)

If a2 = 1, a1 = −1, f2 = −1, f1 = g(xq)
g(x) , q = eπiτ , x = eπiu, the function g(eπiu) satisfies a

difference equation that coincides with the equation (1.40). Thus, we expect that mock
Jacobi forms are related to discrete integrable systems. Here, we present that the function
µ(u, v;α) introduced in section 2 is a τ -function of the type (A2+A1)

(1) q-Painlevé equation
(Theorem 5.1.1).
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2 Generalization of the µ-function

In this section, we put x = e2πiu, y = e2πiv and q = e2πiτ .

2.1 A q-difference equation satisfied by the Zwegers’ µ-function

First, we provide a factorized q-difference equation satisfied by the µ-function.

Proposition 2.1.1. The µ-function defined by the equation (1.16) satisfies the following
factorized q-difference equation:

(Tx − q
1
2 )(Tx + xq

1
2 )f(x) =

[
T 2
x − (1− xq) q

1
2Tx − xq

]
f(x) = 0. (2.1)

Proof. We rewrite the pseudo-periodicity of the µ-function (1.26) multiplicatively, we have

(Tx + xq
1
2 )µ(u+ v, v) = −ix

1
2 q

3
8 .

Since (Tx − q
1
2 )x

1
2 = 0, the µ-function satisfies the q-difference equation (2.1).

This q-difference equation (2.1) coincides with the specialization a = q of the equation
(1.41). The q-difference equation (1.41) coincides with transformations a 7→ q/a, u(xq) =

θq

(
−

√
a

xq

)
f(x) in the q-Hermite-Weber equation:

[axT 2
x + (1− x)Tx − 1]u(x) = 0. (2.2)

The Newton-Puiseux diagram for the q-difference equations (2.1) and (1.41) is as follows.

The equation (1.41)

[T 2
x − (1− xq)

√
aTx − xq]f(x) = 0,

which we also call the “q-Hermite-Weber equation”, is a typical example of the second-
order q-difference equation of the Laplace type:

[(a0 + b0x)T
2
x + (a1 + b1x)Tx + (a2 + b2x)]u(x) = 0. (2.3)

The q-difference equations of the Laplace type have long been studied. For example,
the q-difference equation satisfied by Heine’s q-hypergeometric series (1.5), which is the
most popular and master class in the following hierarchy of the second order q-difference
equations, was discovered in the 19th century. The q-Hermite-Weber equation (1.41) is one
of some equations in the hierarchy obtained by taking some limits of q-difference equation
(1.5) (for example, see [O1, Figure 2]).

However, a systematic study of the global analysis of degenerate Laplace types had to
wait for Ramis J. P., Sauloy J. and Zhang C.’s work [RSZ]. They introduced the q-Borel
and q-Laplace transformations.
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Definition 2.1.2. We define the transformations B+ and L+ as follows:

B+(f)(ξ) :=
∑
n≥0

anq
n(n−1)

2 ξn, L+(f)(x, λ) :=
∑
n∈Z

f(λqn)

θq(x−1λqn)
, (2.4)

weher f(x) =
∑

n≥0 anx
n ∈ CJxK.

By a simple calculation, it follows that

B+(xmTn
x x

k) = xmq
m(m−1)

2 Tn+m
x B+(xk), L+(xmTn

x x
k) = xmq−

m(m−1)
2 Tn−m

x L+(xk),

and consequently

B+ ◦ L+(xmTn
x x

k) = xmTn
x B+ ◦ L+(xk).

In particular, Zhang C. [Zh1] obtained some connection formulas for the q-convergent
hypergeometric series 2ϕ0(a, b; q, x) by applying these transformations. By considering
the degeneration of Zhang’s result, Zhang C. and Ohyama Y. [O2] gave some connection
formulas for the q-Hermite series 1ϕ1(a; 0; q, x).

If we calculate formal solutions of the q-difference equation (2.1) satisfied by the µ-
function in a careless manner, divergent solutions often appear. Actually, the solution
constructed by the image of the composition of the q-Borel transformation and q-Laplace
transformation of the divergent solution is Zwegers’ µ-function (S. Garoufalidis and C.
Wheeler [GW] pointed out this fact independently of us). In view of the story discussed
above, we introduce the function µ(u, v;α) (see Definition 1.3.1) which is an extension of
the µ-function as an image of the composition of the q-Borel transformation and q-Laplace
transformation of a divergent solution of the q-Hermite-Weber equation (1.41) (see also
Theorem 2.2.5).

2.2 Derivation of the functions µ(u, v;α)

First we obtain formal solutions of the q-Hermite-Weber equation (1.41). Since the equa-
tion (1.41) satisfies the following Lemma, it is sufficient to obtain formal solutions around
x = 0.

Lemma 2.2.1. If a function f(x) is a solution of the q-difference equation (1.41), then
f(x−1) is also a solution of the q-difference equation (1.41).

Proof. By the assumption, we have

f(xq2)− (1− xq)
√
af(xq)− xqf(x) = 0.

Putting x 7→ 1
xq2

, we obtain

0 = f

(
1

x

)
−
(
1− 1

xq

)√
af

(
1

xq

)
− 1

xq
f

(
1

xq2

)
= − 1

xq
[T 2

x − (1− xq)
√
aTx − xq]f(x−1),

so the function f(x−1) is also a solution of the q-difference equation (1.41).
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From a simple calculation, the formal series x
α
2 2ϕ0

(
a, 0
− ; q; xa

)
is a formal solution of

the q-difference equation (1.41). Furthermore putting f(x) = 1
θq(−x)g(x) in the equation

(1.41), the function g(x) satisfies the following q-difference equation:[
xT 2

x + (1− xq)

√
a

q
Tx − 1

]
g(x) = 0. (2.5)

From a simple calculation, we obtain a solution x1−
α
2 1ϕ1

(
q/a
0

; q;xq

)
of the q-difference

equation (2.5). Some connection problems of the q-difference equation (2.5) ware given by
unpublished results by Ohyama and Zhang. Here, we prove them according to [O2].

Lemma 2.2.2 ([O2]). A fundamental solution of the q-difference equation (1.41) around
x = 0 is

f0(a, x, λ) := x
α
2 L+ ◦ B+(f̃0)(a, x, λ), g0(a, x) :=

x1−
α
2

θq(−x)
1ϕ1

(
q/a
0

; q;xq

)
,

where f̃0 is a formal solution around x = 0:

f̃0(a, x) := 2ϕ0

(
a, 0
− ; q;

x

a

)
.

And that of around x = ∞ is

f∞(a, x, λ) := f0(a, x
−1, λ), g∞(a, x) := g0(a, x

−1).

In this case, the connection formals for f0(a, x, λ), f∞(x, λ), and g0(a, x), g∞(a, x) are
as follows:(

f0(a, x, λ)
f∞(a, x, λ)

)
= − (q)∞

(q/a)∞

(
θq(λ)θq(ax/λ)xα

θq(λ/a)θq(x/λ)a
1

1
θq(λ)θq(xλ/a)
θq(λ/a)θq(xλ)

x−α

)(
g0(a, x)
g∞(a, x)

)
. (2.6)

To prove the Lemma 2.2.2, we use the following Lemma.

Lemma 2.2.3 ([Zh1] p.18, Theorem 2.2.1). The q-difference equation

[(1− abxq)T 2
x − (1− (a+ b)xq)Tx − xq]f(x) = 0 (2.7)

has the following fundamental solution around x = 0

L+ ◦ B+(F1)(a, b, x, λ), F2(a, b, x) =
(abx)∞
θq(−xq)

2ϕ1

(
q/a, q/b

0
; q, abx

)
,

and around x = ∞

G1(a, b, x) =
θq(−axq)
θq(−xq)

2ϕ1

(
a, 0
aq/b

; q,
q

abx

)
, G2(a, b, x) =

θq(−bxq)
θq(−xq)

2ϕ1

(
b, 0
bq/a

; q,
q

abx

)
,

where the series F1 is a formal series around x = 0,

F1 = F1(a, b, x) := 2ϕ0

(
a, b
− q, x

)
.
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Then, the connection formulas for L+ ◦ B+(F1)(a, b, x, λ), F2(a, b, x), and G1(a, b, x),
G2(a, b, x) are as follows:

L+ ◦ B+(F1)(a, b, x, λ) =
(b)∞θq(aλ)θq(axq/λ)θq(−xq)
(b/a)∞θq(λ, xq/λ,−axq)

G1(a, b, x)

+
(a)∞θq(bλ)θq(bxq/λ)θq(−xq)
(a/b)∞θq(λ)θq(xq/λ)θq(−bxq)

G2(a, b, x),

(2.8)

F2(a, b, x) =
(q/a)∞
(b/a, q)∞

G1(a, b, x) +
(q/b)∞
(a/b, q)∞

G2(a, b, x). (2.9)

Proof of Lemma 2.2.2. It is sufficient to prove the following equation

f0(a, x, λ) = − (q)∞
(q/a)∞

θq(λ)θq(ax/λ)x
α

θq(λ/a)θq(x/λ)a
g0(a, x)−

(q)∞
(q/a)∞

g∞(a, x), (2.10)

since the q-difference equation (1.41) is symmetric under x 7→ 1
x . We take the limit of the

Heine’s transformation formula (1.9) as a→ 0, then we have

2ϕ1

(
0, b
c
; q;x

)
=

1

(x)∞
1ϕ1

(
q/b
c
; q; bx

)
.

Hence, we can rewrite the solution G2(a, b, x) in Lemma 2.2.3 as

G2(a, b, x) = (q, abx)∞
θq(−bxq)

θq(−abx)θq(−xq)
1ϕ1

(
q/a
bq/a

; q;
q

ax

)
.

Therefore the connection formula (2.8) is given by

L+ ◦ B+(F1)

(
a, b,

x

a
,
λ

a

)
= C1(x)F2

(
a, b,

x

a

)
+ C2(x)

(bx)∞
θq(−x)

1ϕ1

(
q/a
bq/a

; q;
q

x

)
, (2.11)

where

C1(x) =
(b, q)∞
(q/a)∞

θq(λ)θq(axq/λ)θq(−xq/a)
θq(λ/a)θq(xq/λ)θq(−xq)

,

C2(x) =
(q)∞θq(−x)
θq(λ/a)θq(

xq
λ )

{
(a, bq/a, q)∞

θq(bλ/a)θq(bxq/λ)

θq(−bq/a)θq(−bx)

−(bq/a)∞
(q/a)∞

θq(−b)θq(λ)θq(axq/λ)θq(−bxq/a)
θq(−bq/a)θq(−xq)θq(−bx)

}
.

By replacing x 7→ a−1x, λ 7→ a−1λ, b 7→ −λqn in the equation (2.11) and taking the limit
of each term of the equation (2.11) as n→ ∞, we have

L+ ◦ B+(F1)

(
a, b,

x

a
,
λ

a

)
→ x

α
2 f0(a, x, λ)

F2

(
a, b,

x

a

)
→ θq(−x)

θq(−xq/a)
x

α
2
−1g0(a, x)

(bx)∞
θq(−x)

1ϕ1

(
q/a
bq/a

; q;
q

x

)
→ −x−

α
2 g∞(a, x).

Therefore, we obtain the equation (2.10).
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Note that the parameter λ arising from the q-Laplace transformation is an extra pa-
rameter that does not depend on the q-difference equation (1.41). That is, for a different
parameter λ′, the function f0(a, x, λ

′) is also a solution of the q-difference equation (1.41),
and is represented by a linear combination of the functions f∞(a, x, λ) and g∞(a, x).

Theorem 2.2.4. The function f0(a, x, λ
′) is expressed using the functions f∞(a, x, λ) and

g∞(a, x) as follows:

f0(a, x, λ
′) =

θq(λ
′)θq(ax/λ

′)xα

θq(λ′/a)θq(x/λ′)a
f∞(a, x, λ)

− (a)∞(q)2∞
θq(−λ′/xλ)θq(−x)θq(−λλ′/a)
θq(xλ)θq(λ′/x)θq(λ′/a)θq(a/λ)

g∞(a, x). (2.12)

Proof. We replace the variable λ by λ′ in the connection formula (2.6) of the case of
f0(x, λ):(

f0(a, x, λ
′)

f∞(a, x, λ)

)
= − (q)∞

(q/a)∞

(
θq(λ′)θq(ax/λ′)xα

θq(λ′/a)θq(x/λ′)a 1

1
θq(λ)θq(xλ/a)
θq(λ/a)θq(xλ)

x−α

)(
g0(x)
g∞(x)

)
. (2.13)

By eliminating the function g0(x) in the equation (2.13), we have

f0(a, x, λ
′)− θq(λ

′)θq(ax/λ
′)xα

θq(λ′/a)θq(x/λ′)a
f∞(a, x, λ)

=
(q)∞

(q/a)∞

{
θq(λ)θq(λ

′)θq(xλ/a)θq(ax/λ
′)

aθq(λ/a)θq(λ′/a)θq(xλ)θq(x/λ′)
− 1

}
g∞(x)

=
(a)∞(q)2∞
θq(−a)

θq(−λ′/xλ)θq(−x)
θq(xλ)θq(λ′/x)

C(x)g∞(x),

where

C(x) =
λ′

ax

θq(λ)θq(λ
′)θq(xλ/a)θq(ax/λ

′)

θq(−λ′/xλ)θq(−x)θq(λ/a)θq(λ′/a)
− θq(xλ)θq(λ

′/x)

θq(−λ′/xλ)θq(−x)
.

The function C(x) has a simple pole at the points x = qj , λ
′

λ q
j for some j ∈ Z, and satisfies

C(xq) = C(x). We calculate the residue at the pole x = 1,

lim
x→1

θq(−x)C(x) =
λ′

a

θq(λ)θq(λ
′)θq(λ/a)θq(a/λ

′)

θq(−λ′/λ)θq(λ/a)θq(λ′/a)
− θq(λ)θq(λ

′)

θq(−λ′/λ)

=
θq(λ)θq(λ

′)

θq(−λ′/λ)

{
λ′

a

θq(a/λ
′)

θq(λ′/a)
− 1

}
= 0.

It follows that the doubly periodic function C(x) is constant in x. Hence, we have

C(x) = C(−a/λ) = −θq(−a)θq(−λλ
′/a)

θq(λ′/a)θq(a/λ)
.

Finally, we provide that the function µ(u, v;α) defined in Definition 1.3.1 coincides
with the solution f0(a, x, λ) of the q-difference equation (1.41), and in particular when
α = 0, the original µ-function is naturally derived from the image of the composition of
the q-Borel transformation and q-Laplace transformation of a divergent solution of the
q-difference equation (2.1).
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Theorem 2.2.5. We have

−iq−
1
8 f0(q

α, e2πi(u−v),−e2πiu) = µ(u, v;α). (2.14)

Proof. From the definitions of the q-Borel transformation and the q-hypergeometric series,
we have

f0(a, x, λ) = x
α
2 L+ ◦ B+(f̃0)(x, λ) = x

α
2 L+

(
1ϕ0

(
a
−; q;− ξ

a

))
.

Since the series 1ϕ0 has a factorized form by the q-binomial theorem (see [GR, p.8, equation
(1.3.2)])

∞∑
n=0

(a)n
(q)n

xn =
(ax)∞
(x)∞

,

we have

f0(a, x, λ) = x
α
2 L+

(
(−ξ)∞

(−ξ/a)∞

)
= x

α
2

∑
n∈Z

1

θq(λqn/x)

(−λqn)∞
(−λqn/a)∞

=
x

α
2

θq(λ/x)

∑
n∈Z

(
λ

x

)n+1

q
n(n+1)

2
(−λqn+1)∞

(−λqn+1/a)∞
.

The second equality followos from the equation (1.1). By substituting x = e2πi(u−v) and
λ = e2πiu, we have

f0(q
α, e2πi(u−v),−e2πiu) = eπiα(u−v)L+ ◦ B+

(
f̃0

)
(e2πi(u−v),−e2πiv)

= − eπiα(u−v)

θq(−e2πiv)
∑
n∈Z

(−1)ne2πi(n+1)vq
n(n+1)

2
(e2πiuqn+1)∞

(e2πiuqn−α+1)∞

=
ieπiα(u−v)

ϑ11(v)

∑
n∈Z

(−1)ne2πi(n+
1
2)vq

(n+1
2)

2

2
(e2πiuqn+1)∞

(e2πiuqn−α+1)∞

= iq
1
8µ(u, v;α).

2.3 Some properties of the function µ(u, v;α)

First, we provide basic properties of the function µ(u, v;α) similar to Proposition 1.2.3.

Theorem 2.3.1. Let

Φα(u, v) = Φα :=
ϑ(v − ατ)ϑ(u)

ϑ(u− ατ)ϑ(v)
e2πiα(u−v)

and

Fα+1(u; τ) :=
ϑ(u)(qα+1)∞
ϑ(u− ατ)(q)∞

e−πiα(u−τ)
1ϕ1

(
q−α

0
; q; e−2πiuq

)
.
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Then the function µ(u, v;α) satisfies the following properties:

(1) µ(u, v;α) = e−πiαµ(u+ 1, v;α) = eπiαµ(u, v + 1;α), (2.15)

(2) µ(u+ τ, v;α) = −e2πi(u−v)q
α
2 µ(u, v;α) + eπi(u−v)q

α
2 µ(u, v;α− 1), (2.16)

(3) µ(u+ z, v + z;α+ 1) = Φα+1(u+ z, v + z)µ(v, u;α+ 1)

+
iq

1
8 (q)3∞ϑ(z)ϑ(u+ v + z − ατ)ϑ(u− v − ατ)

ϑ(u)ϑ(v − ατ)ϑ(u+ z − ατ)ϑ(v + z)ϑ(u− v)
e2πiα(u−v)Fα+1(u− v; τ),

(2.17)

(4) µ(u, v;α) = µ(u+ τ, v + τ ;α), (2.18)

(5) µ(u, v;α) = Φαµ(−u+ ατ,−v + ατ ;α), (2.19)

(6) µ(u, v;α) = Φαµ(v, u;α). (2.20)

Proof.
(1) is trivial.
(2) We have

µ(u+ τ, v;α)

=
eπiα(u−v+τ)

ϑ(v)

∑
n∈Z

(−1)ne2πi(n+
1
2
)vq

n(n+1)
2

(e2πiuqn+2)∞
(e2πiuqn−α+2)∞

(e2πiuqn+1 + 1− e2πiuqn+1)

=
eπiα(u−v+τ)

ϑ(v)

∑
n∈Z

e2πi(u−v)(−1)n−1e2πi(n+1 1
2
)vq

n(n+1)
2

(e2πiuqn+1)∞
(e2πiuqn−α+1)∞

+
eπiα(u−v+τ)

ϑ(v)

∑
n∈Z

(−1)ne2πi(n+
1
2
)vq

n(n+1)
2

(e2πiuqn+1)∞
(e2πiuqn−α+2)∞

= e2πi(u−v)q
α
2 µ(u, v;α) + eπi(u−v)q

α
2 µ(u, v;α− 1).

(3) Putting x = e2πi(u−v), λ = −e2πiv, λ′ = −e2πi(u+z) in the equation (2.12), we have the
equation (2.17) from the equation (2.14).
(4)-(6) Putting z = τ, z = 0, z = −u − v + ατ in the equation (2.17), we have equations
(2.18)-(2.20), respectively.

Since the function µ(u, v;α) is introduced as a solution of the q-Hermite-Weber equa-
tion (1.41), the function µ(u, v;α) satisfies the following relation:

µ(u+ τ, v;α) = (1− e2πi(u−v))q
α
2 µ(u, v;α) + e2πi(u−v)µ(u− τ, v;α). (2.21)

In addition, using the equation (2.16), we obtain the following three terms relations of the
function µ(u, v;α).

(1) µ(u, v;α) = −e2πi(u−v)q−
α
2 µ(u− τ, v;α) + eπi(u−v)µ(u, v;α− 1) (2.22)

(2) q
α
2 µ(u, v;α) = µ(u+ τ, v;α) + eπi(u−v)(q

α
2 − q−

α
2 )µ(u, v;α+ 1) (2.23)

(3) eπi(u−v)q
α
2 µ(u, v;α) = −(q

α
2 − q−

α
2 )µ(u, v;α+ 1) + eπi(u−v)µ(u− τ, v;α) (2.24)

(4) 2 cosπ(u− v)µ(u, v;α) = (1− q−α)µ(u, v;α+ 1) + µ(u, v;α− 1) (2.25)

In particular, the relation (2.25) is one of the specific properties of the function µ(u, v;α),
which coincides essentially with the q-Bessel equation:[

Tx − (q
ν
2 + q−

ν
2 )T

1
2
x +

(
1 +

x2

4

)]
f(x) = 0, T

1
2
x f(x) := f(xq

1
2 ). (2.26)

Therefore, the function µ(u, v;α) satisfies the q-Hermite-Weber equation with respect to
the variables u and v, and satisfies the q-Bessel equation with respect to the variable α
(Section 5). This fact plays important roles in Section 5.
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2.4 Some properties of the function µ(u, v; k)

For k ∈ Z, we provide properties of the function

µ(u, v; k) =
eπik(u−v)

ϑ(v)

∑
n∈Z

(−1)ke2πi(n+
1
2
)vq

n(n+1)
2

(e2πiuqn−k+1)k
. (2.27)

First, we state the following corollary when α = k in Theorem 2.3.1.

Corollary 2.4.1. For k ∈ Z, the function µ(u, v; k) satisfies the following properties:

(1) µ(u+ 1, v; k) = µ(u, v + 1; k) = (−1)kµ(u, v; k), (2.28)

(2) µ(u+ τ, v; k) = −e2πi(u−v)q
k
2µ(u, v; k) + eπi(u−v)q

k
2µ(u, v; k − 1), (2.29)

(3) µ(u+ z, v + z; k + 1) = µ(u, v; k + 1) +
iq

1
8 (q)3∞ϑ(z)ϑ(u+ v + z)

ϑ(u)ϑ(v)ϑ(u+ z)ϑ(v + z)
Fk+1(u− v; τ),

(2.30)

(4) µ(u, v; k) = µ(u+ τ, v + τ ; k), (2.31)

(5) µ(u, v; k) = µ(−u,−v; k), (2.32)

(6) µ(u, v; k) = µ(v, u; k). (2.33)

Noting that, since Φk(u, v) = 1, the function µ(u, v; k) is truly symmetric with respect
to variables u and v, unlike the function µ(u, v;α). In particular, for k > 0, the function
µ(u, v; k) is expressed using the original µ-function.

Theorem 2.4.2. For k ∈ Z≥0, we have

µ(u, v; k + 1) = Fk+1(u− v; τ)µ(u, v)

− iq−
1
8

k∑
l=1

qk

(q)l
Fk−l+1(u− v; τ)Hk−1(cosπ(u− v); q),

(2.34)

and

k∑
m=0

µ(u, v;m+ 1)
Hk−m(cosπ(u− v); q)

(q)k−m
qk−m = − iq

7
8Hk−1(cosπ(u− v); q)

(q)k
, (2.35)

where the function Hk(z; q) is the q-Hermite polynomial in the equation (1.45).

We prove this theorem on page 23.
From the equation (2.34), the function µ(u, v; k) for k ∈ Z>0 is essentially the origi-

nal µ-function, and we obtain the relations between the function µ(u, v; k) and modular
transformations.

Theorem 2.4.3. For k ∈ Z≥0, we define

Rk+1(u; τ) := R(u; τ) + 2q−
1
8

k∑
l=1

ql

(q)l

Fk−l+1(u; τ)

Fk+1(u; τ)
Hl−1(cosπu, q),

µ̃(u, v; k + 1; τ) :=
µ(u, v; k + 1; τ)

Fk+1(u− v; τ)
+
i

2
Rk+1(u− v; τ).
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Then we have

µ̃(u, v; τ) = µ̃(u, v; k + 1; τ).

That is the function µ̃(u, v; k + 1; τ) satisfies the following equations:

µ̃(u, v; k + 1; τ + 1) = e−
πi
4 µ̃(u, v; k + 1; τ),

µ̃

(
u

τ
,
v

τ
; k + 1;−1

τ

)
= −i

√
−iτeπi

(u−v)2

τ µ̃(u, v; k + 1; τ).

Proof. From the equation (2.34), we have

µ̃(u, v; τ) = µ(u, v; τ) +
i

2
R(u− v; τ)

=
µ(u, v; k + 1, τ)

Fk+1(cosπ(u− v) | q)
+
i

2
R(u− v; τ)

+ iq−
1
8

k∑
l=1

ql

(q)l

Fk−l+1(cosπ(u− v) | q)
Fk+1(cosπ(u− v) | q)

Hl−1(cosπ(u− v) | q)

=
µ(u, v; k + 1, τ)

Fk+1(cosπ(u− v) | q)
+
i

2
Rk+1(u− v; τ)

= µ̃(u, v; k + 1; τ)

Remark . T. Matsusaka has also obtained this result [Ma].

It is striking that the error to modularity of the µ-function only depends on u − v.
In an unpublished note, Zagier explained this phenomenon by splitting the µ-function
(non-uniquely) as a sum of a Jacobi form in u, v and a mock Jacobi form which depends
on u− v and τ only [BFOR, p.142]. Here, we call the expression “Zagier expression”. We
provide that an expression analogous to the Zagier expression for the function µ(u, v; k)
is derived in parallel with the case of the µ-function. First, we derive the Laurent series
of the function ϑ(u)ϑ(v)µ(u, v; k) with respect to the variables e2πiu and e2πiv. For this
purpose, we present the following lemma.

Lemma 2.4.4 ([BFOR]p.143). For s ∈ Z, we call the following series “truncated theta
series”:

γs(q) :=
∑

n∈Z+ 1
2
,n>s

(−1)n−
1
2 q

n2

2 .

Then we have

(−1)si
eπiuq

s(s+1)
2

1− e2πiuqs
ϑ(u) =

∑
r∈Z

γr−s(q)e
2πiruqrs.

Theorem 2.4.5. For k ∈ Z≥0, we have

(−1)kiϑ(u)ϑ(v)µ(u, v; k + 1)

= eπik(u+v)q
k(k+1)

2

∑
m,n∈Z

 k∑
j=0

qmj+n(k−j)

(q)j(q)k−j
γm−n−j(q)

 qmne2πimue2πinv.
(2.36)
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Proof. From the definition (2.27) of the function µ(u, v; k), we have

ϑ(u)ϑ(v)µ(u, v; k + 1) = eπi(k+1)(u−v)ϑ(u)
∑
n∈Z

(−1)ne2πi(n+
1
2
)vq

n(n+1)
2∏k

j=0(1− e2πiuqn−j)
. (2.37)

Note that the product of the right hand side in the equation (2.37) is

k∏
j=0

1

1− e2πiuqn−j
=

k∑
j=0

(−1)k−j

(q)j(q)k−j

q
(k−j)(k−j+1)

2

1− e2πiuqn−j
, (2.38)

then we have

ϑ(u)ϑ(v)µ(u, v; k + 1)

= eπi(k+1)(u−v)ϑ(u)
∑
n∈Z

(−1)ne2πi(n+
1
2
)vq

n(n+1)
2

k∑
j=0

(−1)k−j

(q)j(q)k−j

q
(k−j)(k−j+1)

2

1− e2πiuqn−j
.

Therefore, we have

(−1)kiϑ(u)ϑ(v)µ(u, v; k + 1)

= eπik(u−v)q
k(k+1)

2

∑
n∈Z

e2πinv
k∑

j=0

(−1)n−ji
eπiuq

(n−j)(n−j+1)
2

1− e2πiuqn−j
ϑ(u)

q(n−k)j

(q)j(q)k−j

= eπik(u−v)q
k(k+1)

2

∑
m,n∈Z

 k∑
j=0

q(n−k)j+m(n−j)

(q)j(q)k−j
γm−n+j(q)

 e2πimue2πinv

from Lemma 2.4.4, and we obtain the relatation (2.36).

We derive Zagier expression of the function µ(u, v; k) using the Laurent series of the
function µ(u, v; k).

Theorem 2.4.6. For k ∈ Z, we put

M(u; k + 1; τ) =M(u; k + 1) := e−πiku
∑
n∈Z

e2πinuq
n(n+1)

2

(−qn−k)k+1
.

Then we have

−iµ(u, v; k + 1) =
M(u− v; k + 1)

ϑ
(
u− v + 1

2

) +
(q)2∞

2(−q)2∞
ϑ
(
u+ 1

2

)
ϑ
(
v + 1

2

)
ϑ
(
u− v + 1

2

)
ϑ(u)ϑ(v)

Fk+1(u− v; τ).

(2.39)

First, we provide the following lemma.

Lemma 2.4.7. For ε, δ ∈ {0, 1}, we suppose

νε(u, v; k + 1, τ) = νε(u, v; k + 1)

:= ϑ(u)ϑ(v)µ(u, v; k + 1)

+ (−1)ε+kϑ

(
u+

1

2

)
ϑ

(
v +

1

2

)
µ

(
u+

1

2
, v +

1

2
; k + 1

)
,

Gε(u; k + 1; τ) = Gε(u; k + 1) :=
∑

n≡ε mod 2

 k∑
j=0

qnjγn−j(q)

(q)j(q)k−j

 q−
n2

4 eπinu,

ϑε,δ(u, τ) = ϑε,δ(u) :=
∑

ν∈Z+ ε
2

eπiν
2τ+2πiν(u+ δ

2).
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Then we have

(1)
i

2
νε(u, v; k + 1) = (−1)keπik(u+v)q

k(k+1)
2 Gε(u− v − kτ ; k + 1)ϑε,0(u+ v + kτ, 2τ)

(2.40)

(2) (−1)keπikuq
k(k+1)

2

1∑
ε=0

Gε(u− kτ ; k + 1)ϑε,0(u+ kτ, 2τ) = q
1
8 (q)3∞Fk+1(u; τ) (2.41)

(3) (−1)k+1eπikuq
k(k+1)

2

1∑
ε=0

(−1)εGε(u− kτ ; k + 1)ϑε,0(u+ kτ, 2τ) = ϑ

(
1

2

)
M(u; k + 1)

(2.42)

Proof. (1) Putting m = (r + s)/2 and n = (r − s)/2 in the equation (2.36), we have

(−1)kie−πik(u+v)q−
k(k+1)

2 ϑ(u)ϑ(v)µ(u, v; k + 1)

=
∑

r≡s mod 2

 k∑
j=0

qsjγs−j(q)

(q)j(q)k−j

 q
kr
2
+ r2−s2

4 eπir(u+v)eπis(u−v)

=
1∑

ε=0

Gε(u− v − kτ ; k + 1)ϑε,0(u+ v + kτ, 2τ). (2.43)

Then, putting u 7→ u+ 1
2 , v 7→ v + 1

2 , we have

ie−πik(u+v)q−
k(k+1)

2 ϑ

(
u+

1

2

)
ϑ

(
v +

1

2

)
µ

(
u+

1

2
, v +

1

2
; k + 1

)
= G0(u− v − kτ ; k + 1)ϑ0,0(u+ v + kτ, 2τ)−G1(u− v − kτ ; k + 1)ϑ1,0(u+ v + kτ, 2τ).

Therefore, we have the equation (2.40).
(2) From the equations (2.40) and (2.30), we have

(−1)keπik(u+v)q
k(k+1)

2

1∑
ε=0

Gε(u− v − kτ ; k + 1)ϑε,0(u+ v + kτ, 2τ)

=

1∑
ε=0

i

2
νε(u, v; k + 1) = iϑ(u)ϑ(v)µ(u, v; k + 1)

= iϑ(u)ϑ(v)µ(u+ z, v + z; k + 1)

+
q

1
8 (q)3∞ϑ(z)ϑ(u+ v + z)

ϑ(u+ z)ϑ(v + z)
Fk+1(u− v; τ)

Then, putting v = 0, we obtain the equation (2.41) since ϑ(0) = 0.
(3) From the equation (2.40), we have

(−1)keπik(u+v)q
k(k+1)

2

1∑
ε=0

(−1)εGε(u− v − kτ ; k + 1)ϑε,0(u+ v + kτ, 2τ) (2.44)

=

1∑
ε=0

i

2
(−q)ενε(u, v; k + 1) = iϑ

(
u+

1

2

)
ϑ

(
v +

1

2

)
µ

(
u+

1

2
, v +

1

2
; k + 1

)
. (2.45)
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Then, putting v = 0 in the right hand side of the equation (2.44), we have

iϑ

(
u+

1

2

)
ϑ

(
1

2

)
µ

(
u+

1

2
,
1

2
; k + 1

)
= iϑ

(
u+

1

2

)
ϑ

(
1

2

)
µ

(
1

2
, u+

1

2
; k + 1

)
= −ϑ

(
1

2

)
e−πiku

∑
n∈Z

e2πinuq
n(n+1)

2

(−qn−k)k+1

= −ϑ
(
1

2

)
M(u; k + 1)

Therefore, we obtain the equation (2.42).

Proof of Theorem 2.4.6. From the equations (2.41) and (2.42), we have

eπikuq
k(k+1)

2

(
G0(u− kτ ; k + 1)ϑ0,0(u+ kτ, 2τ)
G1(u− kτ ; k + 1)ϑ1,0(u+ kτ, 2τ)

)
=

(−1)k

2

(
1 1
1 −1

)(
η(τ)3Fk+1(u; τ)

−ϑ(1/2)M(u; k + 1)

)
.

Then, we rewrite the equation (2.43) as

ie−2πikvϑ(u)ϑ(v)µ(u, v; k + 1)

=
1∑

ε=0

ϑε,0(u+ v + kτ, 2τ)

2ϑε,0(u− v + kτ, 2τ)

(
η(τ)3Fk+1(u− v; τ) + (−1)εϑ

(
1

2

)
M(u− v; k + 1)

)
=

(q)2∞
2(−q)2∞

ϑ1,0(u+ kτ)ϑ1,0(v)

ϑ1,0(u− v + kτ)
Fk+1(u− v; τ)− ϑ(u+ kτ)ϑ(v)

ϑ1,0(u− v + kτ)
M(u− v; k + 1).

The second equality follows from the addition formula for the Jacobi theta functions (for
example, [Mu]):

ϑ0,0(u+ v + kτ, 2τ)

2ϑ0,0(u− v + kτ, 2τ)
+ (−1)δ

ϑ1,0(u+ v + kτ, 2τ)

2ϑ1,0(u− v + kτ, 2τ)
=

ϑ1,δ(u+ kτ)ϑ1,δ(v)

ϑ1,0(u− v + kτ)ϑ1,0(0)
.

Finally, using the quasi-periodicity of the theta functions

ϑ1,δ(u+ lτ) = (−1)lδe−πil2τ−2πiluϑ1,δ(u), (l ∈ Z),

we have the equation (2.39).
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3 Relations between the function µ(u, v;α) and q-hypergeometric
series

In this section, we put x = e2πiu, y = e2πiv and q = e2πiτ .

3.1 Relations to the continuous q-Hermite polynomial

Note that for k ≥ 0, the function µ(u, v;−k) defined by an infinite series is a polynomial
with respect to the variable eπi(u−v). In fact, from Theorem 2.2.5, we have

µ(u, v;−k) = −iq−
1
8 f0(q

−k, e2πi(u−v),−e2πiu)

= −iq−
1
8 e−πik(u−v)L+ ◦ B+

(
2ϕ0

(
q−k, 0
− ; q;xqk

))
(e2πi(u−v),−e2πiu)

= −iq−
1
8 e−πik(u−v)

2ϕ0

(
q−k, 0
− ; q; e2πi(u−v)qk

)
From the equation (1.46), we obtain the following theorem.

Theorem 3.1.1. For k ∈ Z≥0, we have

µ(u, v;−k) = −iq−
1
8Hk(cosπ(u− v); q). (3.1)

From this theorem, the function µ(u, v; k) is regarded as a “−k degree” continuous
q-Hermite polynomial.

A generating function of the continuous q-Hermite polynomial Hk(z; q) has the follow-
ing expression (for example [KLS, p.542]):

∞∑
k=0

Hk(cos θ; q)

(q)n
rn =

1

(reiθ, re−iθ)∞
. (3.2)

Next, we provide q-difference equations and formulas with respect to a generating function
of the function {µ(u, v; k + 1)}k≥0

S(u, v; r) = S(r) :=
∞∑
k=0

µ(u, v; k + 1)rk

which is an analogue of the generating function of the q-Hermite polynomial (3.2).

Theorem 3.1.2. (1) The generating function S(r) satisfies the following q-difference equa-
tions:

S(r) = (1− reπi(u−v)q)(1− re−πi(u−v)q)S(rq)− irq
7
8 , (3.3)

qS(r) = (1 + q(1− reπi(u−v)q)(1− re−πi(u−v)q))S(rq)

− (1− reπi(u−v)q2)(1− re−πi(u−v)q2)S(rq2).
(3.4)
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(2) The generating function S(r) has the following expressions:

S(r)

(reπi(u−v)q, re−πi(u−v)q)∞
= µ(u, v)−

irq
7
8 3ϕ2

(
q, reπi(u−v)q, re−πi(u−v)q

0, 0
; q; q

)
(reπi(u−v)q, re−πi(u−v)q)∞

, (3.5)

= µ(u, v)− irq
7
8

1− q
Φ(1)

(
q; 0, 0
q2

; q; reπi(u−v)q, re−πi(u−v)q

)
,

(3.6)

=
∑
m≥0

µ(u, v; 1−m)

(q)m
qmrm, (3.7)

where the function Φ(1) is the q-Appell function (for example, see [GR]):

Φ(1)

(
a; b1, b2

c
; q;x, y

)
:=

∑
m,n≥0

(a)m+n(b1)m(b2)n
(c)m+n(q)m(q)n

xmyn. (3.8)

Proof. (1) From the equation (2.25), we have

S(r)− S(r/q) =

∞∑
k=0

(1− q−k)µ(u, v; k + 1)rk

=

∞∑
k=0

(2 cosπ(u− v)µ(u, v; k)− µ(u, v; k + 1))rk

= (2 cosπ(u− v)− r2)S(r) + (2 cosπ(u− v)− r)µ(u, v; 0)− µ(u, v;−1).

Therefore, we have the equation (3.3) from the equation (1.44). Furthermore, by acting
(Tr − q) to both sides of the equation (3.3), we have the equation (3.4).
(2) For N = 1, 2, . . ., we have

S(r) = (reπi(u−v)q, re−πi(u−v)q)NS(rq
N )− irq

7
8

N−1∑
n=0

qn(reπi(u−v)q, re−πi(u−v)q)n (3.9)

from the equation (3.3). Taking the limit N → ∞ in the equation (3.9), we have the
equation (3.5). Next, from a specialization of Andrews’ formula (for example [GR, p.298])

3ϕ2

(
a, b, c
d, e

; q;x

)
=

(ax, b, c)∞
(x, d, e)∞

Φ(1)

(
x; d/b, e/c

ax
; q; b, c

)
,

we immediately obtain the equation (3.6). Finally, we prove the equation (3.7). From
equations (1.45) and (3.8), we have

Φ(1)

(
q; 0; 0
q2

; q; reπi(u−v)q, re−πi(u−v)q

)
=

∞∑
m,n=0

(q)m+nr
m+nqm+n

(q)m(q)n(q)m+n
eπi(m−n)ueπi(n−m)v

=

∞∑
m=0

m∑
n=0

(q)mr
mqm

(q)n(q)m−n(q)m
eπi(2n−m)(u−v)

=
∞∑

m=0

Hm(cosπ(u− v); q)

(q)n
rnqn.

Therefore, we obtain the equation (3.7) from the equation (3.1).
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Proof of Theorem 2.4.2. From the Taylor expansion of the q-exponential function [GR,
(II.2)]

(x)∞ =
∑
n≥0

1

(q)n
(−1)nq

n(n−1)
2 xn,

we have

(eiθrq, e−iθrq)∞ =
∑
n≥0

(−qr)n
n∑

k=0

q(
k
2)q(

n−k
2 )

(q)k(q)n−k
ei(n−2k)θ

=
∑
n≥0

1ϕ1

(
q−n

0
; q; e2iθq

)
(−1)nq

n(n−1)
2

(q)n
(e−iθrq)n

=
∑
n≥0

Fn+1(cosπ(u− v) | q)rn.

By expanding (3.7) and comparing the coefficient in (3.7), we obtain (2.34). To prove
(2.35), we divide by both sides of (3.7) by (eiθrq, e−iθrq)∞;

1

(reπi(u−v)q, re−πi(u−v)q)∞
S(r) =

∑
m≥0

µ(u, v; 1−m)

(q)m
qmrm. (3.10)

By the generating function of continuous q-Hermite polynomial (3.2), the left hand side
of (3.10) is equal to∑

m≥0

m∑
k=0

µ(u, v; k + 1)
Hm−k(cosπ(u− v) | q)

(q)m−k
qm−krm.

Then we obtain the conclusion (2.35).

3.2 Relations to the bilateral q-hypergeometric series

Since the function µ(u, v;α) has the expression by using the bilateral q-hypergeometric
series (1.43), we provide feedback to the function µ(u, v;α) from the rich transformation
formulas of the bilateral q-hypergeometric series. First, we prove the following proposition:

Proposition 3.2.1. We have the following expressions:

iq
1
8µ(u, v;α) =

(x/y)
α
2

θq(−x/a)
(aq/y)∞
(q/y)∞

1ψ2

(
y/a
0, y

; q;x

)
(3.11)

=

(
x

y

)α
2 (a, q, aq/x, aq/y)∞

θq(−y)θq(−x/a)
2ψ2

(
x/a, y/a

0, 0
; q; a

)
(3.12)

=

(
x

y

)α
2 (a, q, x, y)∞
θq(−y)θq(−x/a)

0ψ2

(
−
x, y

; q;
xy

a

)
(3.13)

These equations (3.11)-(3.13) are proved by using the degenerated Bailey’s transfor-
mations (1.37)-(1.39).

Further, by some Bailey’s transformation formula [AB1, (3.2.4)], [B, (3.2)], [GR, p. 147,
Exercise 5.11]

2ψ2

(
a, b
c, d

; q, x

)
=

(ax, bx, qc/abx, qd/abx)∞
(x, abx, q2/abx, cd/abx)∞

· 6ψ8

(√
qabx,−

√
qabx, abx/c, abx/d, a, b√

abx/q,−
√
abx/q, ax, bx, c, d, 0, 0

; q,
cdx

q

)
,

(3.14)
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we also obtain the following expression for the function µ(u, v;α) by the (degenerate)
very-well-poised bilateral q-hypergeometric series.

Theorem 3.2.2. We define

W(a; b, c; q) : =
1− a

(1− a/b)(1− a/c)
4ψ8

( √
aq,−

√
aq, b, c√

a,−
√
a, aq/b, aq/c, 0, 0, 0, 0

; q;
a3q2

bc

)
(3.15)

=
∑
n∈Z

(1− aq2n)(b, c; q)n
(a/b, a/c)n+1

q2n
2

(
a3

bc

)n

. (3.16)

Then, we have

iq
1
8µ(u, v;α) =

(
1− x

q

)(
1− y

q

)
(x/y)

α
2 (x, aq/y)∞

(q/y, x/a)∞θq(−xy/aq)
W
(
xy

aq
;
x

a

y

a
; q

)
(3.17)

=
(x/y)

α
2 (x, aq/y)∞

(q/y, x/a)∞θq(−xy/aq)
∑
n∈Z

(
1− xy

a
q2n−1

) (x/a, y/a)n
(x, y)n

q2n
2−3n

(
x2y2

a

)n

.

(3.18)

In particular, if α = 1, we have

−iq
1
8µ(u, v) =

√
xy

θq(−xy)
W(xy; , x, y; q) (3.19)

=

√
xy

θq(−xy)
∑
n∈Z

1− xyq2n

(1− xqn)(1− yqn)
x2ny2nq2n

2
. (3.20)

Proof. By taking the limit c→ 0, d→ 0 in the equation (3.14), we have

2ψ2

(
a, b
0, 0

; q;x

)
=

(ax, bx)∞
(x, abx, q2/abx)∞

4ψ8

( √
abxq,−

√
abxq, a, b√

abx/q,−
√
abx/q, ax, bx, 0, 0, 0, 0

; q;
a2b2x3

q

)
.

Therefore, from the equation (3.12), we obtain the equation (3.17).

We recall two kind of Slater’s transformation formulas.

Lemma 3.2.3 ([GR, Chapter 5 (5.4.3), (5.5.2)], [Sl, (4)]). For appropriate complex pa-
rameters a, a1, . . . , ar, b1, . . . , b2r+2, c1 . . . , cr, z, we have

θq(−dzq)

 r∏
j=1

(bj , q/aj)∞
θq(−cj)

 rψr

(
a1, . . . , ar
b1, . . . , br

; q; z

)

=
r∑

m=1

θq(−cmdz)
θq(−cm)

(cm/am, bmq/cm)∞

·

∏
j ̸=m

(cm/aj , bjq/cm)∞
θq(−cm/cj)

 rψr

(
a1q/cm, . . . , arq/cm
b1q/cm, . . . , brq/cm

; q; z

)
,

(3.21)
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and( ∏
1≤j≤2r(q/bj , aq/bj)∞∏

1≤k≤r θq(−ak)θq(−ak/a)

)
2rψ2r

(
b1, . . . , b2r

aq/b1, . . . , aq/b2r
; q;− arqr

b1 · · · b2r

)

=
θq(−a)

θq(−
√
a)θq(

√
a)

r∑
m=1

amθq(
√
a/am)θq(−

√
a/am)

θq(−am)θq(−a/am)θq(−a2m/a)( ∏
1≤j≤2r(amq/bj , aq/ambj)∞∏

k ̸=m θq(−ak/am)θq(−amak/a)

)
2rψ2r

(
amb1/a, . . . , amb2r/a
amq/b1, . . . , amq/b2r

; q;− arqr

b1 · · · b2r

)
,

(3.22)

where

d =

r∏
j=1

aj
cj
.

In particular, if a1 = b1 =
√
aq, a2 = b2 = −

√
aq in the equation (3.22), we have( ∏

3≤j≤2r(q/bj , aq/bj)∞∏
3≤k≤r θq(−ak)θq(−ak/a)

)
2rψ2r

( √
aq,−

√
aq, b3, . . . , b2r√

a,−
√
a, aq/b3, . . . , aq/b2r

; q;
ar−1qr−2

b3 · · · b2r

)

=
θq(−a)
1− a

r∑
m=3

1− a2m/a

θq(−am)θq(−am/a)θq(−a2m/a)

( ∏
3≤j≤2r(amq/bj , aq/ambj)∞∏

k ̸=m θq(−ak/am)θq(−akam/a)

)

· 2rψ2r

(
amq/

√
a,−amq/

√
a, amb3/a, . . . , amb2r/a

am/
√
a,−am/

√
a, amq/b3, . . . , amq/b2r

; q;
ar−1qr−2

b3 · · · b2r

)
.

(3.23)

Using Slater’s transformation formulas (3.21) and (3.23), we obtain the following trans-
formation formulas for the function µ(u, v;α). In particular, the formula (3.25) coinsides
with the property (2.17) of the function µ(u, v;α).

Theorem 3.2.4. We have the following expressions, where ξ1 = e2πiz1 , ξ2 = e2πiz2.

(1) θq

(
−xyξ1ξ2

aq

)
θq(−y)θq(−x/a)
θq(−ξ1θq(−ξ2)

µ(u, v;α)

= θq

(
−xyξ2

aq

)
θq(−yξ1)θq(−xξ1/a)
θq(−ξ1)θq(−ξ2/ξ1)

µ(u+ z1, v + z1;α)

+ θq

(
−xyξ1

aq

)
θq(−yξ2)θq(−xξ2/a)
θq(−ξ2)θq(−ξ1/ξ2)

µ(u+ z2, v + z2;α).

(3.24)

(2) µ(u, v;α)− µ(u+ z1, v + z1;α)

= iq−
1
8

(
x

y

)α
2 (a, q, q)∞θq(−xyξ1/a)θq(−ξ1)
θq(−a/x)θq(−yξ1)θq(−y)θq(−xξ1/a)

1ϕ1

(
q/a
0

; q;
xq

y

)
.

(3.25)

(3) iq
1
8

(
x

y

)−α
2 θq(−y)θq(−x/a)

(a, q, q)∞
µ(u, v;α)

=
θq(−y)θq(−x/a)
θq(−x/y)θq(−a)

1ϕ1

(
q/a
0

; q;
yq

x

)
+
θq(−x)θq(−y/a)
θq(−y/x)θq(−a)

1ϕ1

(
q/a
0

; q;
xq

y

)
.

(3.26)
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Proof of Theorem 3.2.4 using the equation (3.21). Putting r = 2, a1 = x/a, a2 = y/a, b1 =
b2 = 0, c1 = q/ξ1, c2 = q/ξ2 in the equation(3.21), we have

θq

(
−xyξ1ξ2

aq

)
(aq/x, aq/y)∞
θq(−ξ1)θq(−ξ2)

2ψ2

(
x/a, y/a

0, 0
; q; a

)
= θq

(
−xyξ2

aq

)
(aq/xξ1, aq/yξ1)∞
θq(−ξ1)θq(−ξ2/ξ1)

2ψ2

(
xξ1/a, yξ1/a

0, 0
; q; a

)
+ θq

(
−xyξ1

aq

)
(aq/xξ2, aq/yξ2)∞
θq(−ξ2)θq(−ξ1/ξ2)

2ψ2

(
xξ2/a, yξ2/a

0, 0
; q; a

)
.

(3.27)

Note that

2ψ2

(
x, 1
0, 0

; q; a

)
= 0ϕ1

(
−
q/x

; q;
q2

ax

)
=

1

(q/x)∞
1ϕ1

(
q/a
0

; q;
q

x

)
,

putting ξ2 = a/x in the equation (3.27), we have

(aq/x.aq/y)∞
θq(−x/a)θq(−y)

2ψ2

(
x/a, y/a

0, 0
; q; a

)
− (aq/xξ1, aq/yξ1)∞
θq(−xξ1/a)θq(−yξ1)

2ψ2

(
xξ1/a, yξ1/a

0, 0
; q; a

)
= − θq(−xyξ1/a)θq(−ξ1)(q)∞

θq(−a/x)θq(−yξ1)θq(−y)θq(−xξ1/a)
1ϕ1

(
q/a
0

; q;
xq

y

)
.

(3.28)

Furthermore, putting ξ1 = a/y in the equation (3.28), we have(
aq

x
,
aq

y

)
∞

2ψ2

(
x/a, y/a

0, 0
; q; a

)
=
θq(−y)θq(−x/a)(q)∞
θq(−x/y)θq(−a)

1ϕ1

(
q/a
0

; q;
yq

x

)
+
θq(−x)θq(−y/a)(q)∞
θq(−y/x)θq(−a)

1ϕ1

(
q/a
0

; q;
xq

y

)
.

(3.29)

Therefore, we obtain the equations (3.24)-(3.26) from equations (3.27)-(3.29) respectively
using the formula (3.12).

Proof of Theorem 3.2.4 using the equation (3.23). Putting r = 2 and taking the limit
b5 → ∞, . . . , b8 → ∞ in the equation (3.23), we have

θq(−a3a4/a)
θq(−a)

(1− a)4ψ8

( √
aq,−

√
aq, b3, b4√

a,−
√
a, aq/b3, aq/b4, 0, 0, 0, 0

; q;
a3q2

b3b4

)
=
θq(−a4)θq(−a4/a)(a3q/b3, a3q/b4, aq/a3b3, aq/a3b4)∞
θq(−a23/a)θq(−a4/a3)(q/b3, q/b4, aq/b3, aq/b4)∞

·
(
1− a23

a

)
4ψ8

(
a3q/

√
a,−a3q/

√
a, a3b3/a, a3b4/a

a3/
√
a,−a3/

√
a, a3q/b3, a3q/b4, 0, 0, 0, 0

; q;
a43q

2

ab3b4

)
+
θq(−a3)θq(−a3/a)(a4q/b3, a4q/b4, aq/a4b3, aq/a4b4)∞
θq(−a24/a)θq(−a3/a4)(q/b3, q/b4, aq/b3, aq/b4)∞

·
(
1− a24

a

)
4ψ8

(
a4q/

√
a,−a4q/

√
a, a4b3/a, a4b4/a

a4/
√
a,−a4/

√
a, a4q/b3, a4q/b4, 0, 0, 0, 0

; q;
a44q

2

ab3b4

)
.

(3.30)

Putting a 7→ xy
aq and b3 = x/a, b4 = y/a, a3 = xyξ1/aq, a4 = xyξ2/aq in the equation
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(3.30), we have

θq(−xyξ1ξ2/aq)
θq(−xy/aq)

(
1− xy

aq

)
4ψ8

( √
xyq/a,−

√
xyq/a, x/a, y/a√

xy/aq,−
√
xy/aq, x, y, 0, 0, 0, 0

; q;
x2y2

aq

)
=
θq(−xyξ2/aq)θq(−ξ2)(xξ1, yξ1, aq/xξ1, aq/yξ1)∞
θq(−xyξ21/aq)θq(−ξ2/ξ1)(aq/x, aq/y, x, y)∞

·
(
1− xyξ21

aq

)
4ψ8

(
ξ1
√
xyq/a,−ξ1

√
xyq/a, xξ1/a, yξ1/a

ξ1
√
xy/aq,−ξ1

√
xy/aq, xξ1, yξ1, 0, 0, 0, 0

; q;
x2y2ξ41
aq

)
+
θq(−xyξ1/aq)θq(−ξ1)(xξ2, yξ2, aq/xξ2, aq/yξ2)∞
θq(−xyξ22/aq)θq(−ξ1/ξ2)(aq/x, aq/y, x, y)∞

·
(
1− xyξ22

aq

)
4ψ8

(
ξ2
√
xyq/a,−ξ2

√
xyq/a, xξ2/a, yξ2/a

ξ2
√
xy/aq,−ξ2

√
xy/aq, xξ2, yξ1, 0, 0, 0, 0

; q;
x2y2ξ42
aq

)
.

(3.31)

Note that

4ψ8

( √
axq,−√

axq, x, 1√
ax/q,−

√
ax/q, a, ax, 0, 0, 0, 0

; q;
a3x2

q

)
=

(q2/ax)∞
(q/x)∞

1ϕ1

(
q/a
0

; q;
q

x

)
by using the equation (3.14) to take the limit c → 0, d → 0, b → 1. Putting ξ2 = a/x in
the equation (3.31), we have

(aq/x, aq/y, x, y)∞
θq(−xy/aq)

(
1− xy

aq

)
4ψ8

( √
xyq/a,−

√
xyq/a, x/a, y/a√

xy/aq,−
√
xy/aq, x, y, 0, 0, 0, 0

; q;
x2y2

aq

)
=
θq(−y)θq(−x/a)(xξ1, yξ1, aq/xξ1, aq/yξ1)∞

θq(−yξ1)θq(−xξ1/a)θq(−xyξ21/aq)

·
(
1− xyξ21

aq

)
4ψ8

(
ξ1
√
xyq/a,−ξ1

√
xyq/a, xξ1/a, yξ1/a

ξ1
√
xy/aq,−ξ1

√
xy/aq, xξ1, yξ1, 0, 0, 0, 0

; q;
x2y2ξ41
aq

)
+
θq(−xyξ1/aq)θq(−ξ1)(a)∞
θq(−xξ1/a)θq(−yξ1/q)

1ϕ1

(
q/a
0

; q;
xq

y

)
.

(3.32)

Furthermore, putting ξ1 = a/x in the equation (3.32), we have

(aq/x, aq/y, x, y)∞
θq(−xy/aq)

(
1− xy

aq

)
4ψ8

( √
xyq/a,−

√
xyq/a, x/a, y/a√

xy/aq,−
√
xy/aq, x, y, 0, 0, 0, 0

; q;
x2y2

aq

)
=

(a)∞θq(−y)θq(−x/a)
θq(−a)θq(−x/y)

1ϕ1

(
q/a
0

; q;
yq

x

)
+

(a)∞θq(−x)θq(−y/a)
θq(−a)θq(−y/x)

1ϕ1

(
q/a
0

; q;
xq

y

)
(3.33)

Therefore, we obtain the equations (3.24)-(3.26) from equations (3.31)-(3.33) using the
formula (3.17),respectively.

From the expression (3.19), we have expressions for Ramanujan’s mock theta functions
using the degenerated very-well-poised bilateral q-hypergeometric series (see Appendix).
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4 Higher level Appell functions and q-difference equations

In this Section, we put x = e2πiu, y = e2πiv, q = e2πiτ .

4.1 Definition of higher level Appell functions

Kac and Wakimoto introduced the Multivariable generalization of Appell function by
explicitly computing characters related to affine Lie superalgebras gl(l | 1)̂and sl(l | 1)̂
[KW2]:

AB,s(x; z1, . . . , zl; q) :=
∑
k∈Zl

q
1
2
tkBkzk11 · · · zkll
1 + xqs(k)

,

where B be a positive definite symmetric matrix and s be a linear function on Cl. In
particular, if l = 1, B = (m) and s(k) = k, the function

Am(x, y; q) = Am(x, y) := x
m
2 AB,s(−x; (−1)myq

m
2 ; q) = x

m
2

∑
k∈Z

(−1)mkykq
mk(k+1)

2

1− xqk

is called higher level Appell function. Zwegers provided an expression of the higher level
Appell function Am(x, y) using the µ-function from a simple algebraic identity:

Am(x, (−1)m−1y) =

m−1∑
k=0

−iq−
m
8 xk

θqm(−yqk)√
yqk

µ(mu, v + kτ ;mτ). (4.1)

Furthermore, he introduced the completed level m Appell function

Âm(u, v; τ)

:= Am(x, y; q) +
i

2

m−1∑
k=0

xkϑ

(
v + kτ +

m− 1

2
,mτ

)
R

(
mu− v − kτ − m− 1

2
;mτ

)
,

where the function R(u; τ) is defined by the equation (1.23), and showed that the com-
pleted level m Appell function satisfies the following modular transformation formula with

respect to

(
a b
c d

)
∈ SL2(Z) [Zw2]:

Âm

(
u

cτ + d
,

v

cτ + d
;
aτ + b

cτ + d

)
= (cτ + d)e

πic
cτ+d

(−mu2+2uv)Âm(u, v; τ).

In this section, we provide q-difference equations satisfied by the higher level Appell func-
tion Am(x, y) and give another proof of the equation (4.1) as an application.

4.2 q-difference equations satisfied by the higher level Appell functions

We define

Gm(x, y) = Gm(x, y; q) := x−
m
2 Am(x, (−1)m−1y) =

∑
n∈Z

(−1)nynq
mn(n+1)

2

1− xqn
.

First, we provide a q-difference equation satisfied by the function Gm(x, y).
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Theorem 4.2.1. The function Gm(x, y) satisfies the following q-difference equation:

yGm(xq, y) + xmGm(x, y) +

m−1∑
k=0

xkθqm(−yqk) = 0, (4.2)[
m−1∏
k=0

(Tx − qk)

]
(yTx + xm)Gm(x, y) = 0. (4.3)

Proof. From definitions of the function Gm(x, y) and theta function, we have

Gm(xq, y) =
∑
n∈Z

(−1)nynq
mn(n+1)

2

1− xqn+1
(xmqm(n+1) + 1− xmqm(n+1))

= xm
∑
n∈Z

(−1)nynq
m(n+1)(n+2)

2

1− xqn+1
+
∑
n∈Z

(−1)nynq
mn(n+1)

2

m−1∑
k=0

xkqk(n+1)

= −x
m

y
Gm(x, y)− 1

y

m−1∑
k=0

xkθqm(−yqk).

Therefore, the equation (4.2) holds. Furthermore, by applying
∏m−1

k=0 (Tx − qk) to both
sides of the equation (4.2), we obtain the equation (4.3) from

m−1∏
k=0

(Tx − qk)
m−1∑
k=0

xkθqm(−yqk) = 0.

Generalizing the equation (4.3), we consider the following factorized q-difference equa-
tion: [

N∏
l=0

(Tx − qβl)

][
M∏
k=0

(Tx + xqαk+k)

]
f(x)

:=

[
N∏
l=0

(Tx − qβl)

]
(Tx + xqαM+M ) · · · (Tx + xqα0)f(x) = 0.

(4.4)

The Newton-Puiseux diagram for the q-difference equation (4.4) is as follows.
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Theorem 4.2.2. For distinct complex numbers α0, . . . , αM , β0, . . . , βN , the q-difference
equation (4.4) has the following fundamental solutions:

xβn−M− 1
2

M∑
k=0

q−
αk
2

 ∏
1≤j≤M
j ̸=k

1

1− qαk−αj

µ(u+ v +Mτ, v + (βn − αk)τ), (4.5)

1

θq(−xqαm)
, (4.6)

for m = 0, . . . ,M and n = 0, . . . , N

Proof. Since the factors (Tx+ax), (Tx+bx) are noncommutative and satisfy the following
commutative relation:

(Tx + ax)(Tx + bx) = (Tx + bxq)(Tx + ax/q),

the q-difference equation (4.4) has the following solutions

1

θq(−xqαm)
(m = 0, . . . ,M).

Next, let the formal series xρ
∑

n≥0 anx
n be a solution of the following q-difference equa-

tion:

(Tx − qα)

[
M∏
k=0

(Tx + xqαk+k)

]
f(x)

:= (Tx − qα)(Tx + xqαM+M ) · · · (Tx + xqα0)f(x) = 0.

(4.7)

Putting

M+1∑
k=0

ekz
k :=

M∏
k=0

(1 + zqαk),

by an induction on M , we have[
M∏
k=0

(Tx + xqαk+k)

] ∞∑
n=0

anx
n+ρ =

∞∑
n=0

(
M+1∑
k=0

an−kq
(M+1−k)(n+ρ)+

k(k−1)
2 ek

)
xn+ρ,

where a0 = 1, a−1 = . . .+ a−M−1 = 0. Therefore, putting an = Anq
−n(n+1)

2
−αn, we obtain

(Tx − qα)

[
M∏
k=0

(Tx + xqαk+k)

]
xρ
∑
n≥0

Anq
−n(n+1)

2 (x/qα)n

= xρq(M+1)ρ
∞∑
n=0

(qn+ρ − qα)

(
M+1∑
k=0

An−kq
(α−ρ)kek

)
q−

n(n+1)
2 (xqM+1−α)n = 0,

namely the coefficients An satisfy the following relations:

M+1∑
k=0

An−kek = 0 (n ≥ 1),

A0 = 1, A−1 = . . . = A−M−1 = 0,
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Therefore, we have[
M∏
k=0

(1 + zqαk)

]∑
n≥0

Anz
n =

(
M+1∑
k=0

ekz
k

)( ∞∑
n=0

Anz
n

)

=
∞∑

m=0

(
M+1∑
k=0

ekAm−k

)
zm = 1. (4.8)

Using the relation (4.8), we can compute the q-Borel-Laplace image of the formal solution∑
n≥0 anx

n as follows:

xαL+ ◦ B+

( ∞∑
n=0

anx
n

)
(x,−λ−1)

= xαL+ ◦ B+

( ∞∑
n=0

Anq
−n(n+1)

2 (xq−α)n

)
(x,−λ−1)

= xαL+

(
M∏
k=0

1

1 + xqαk−α−1

)
(x,−λ−1)

=
xα

θq(−xλ)
∑
n∈Z

(−xλqM )nq
n(n+1)

2

M∏
k=0

−λqα−αk

1− λqn+α−αk

= −
xα−Mλe−1

M+1

θq(−xλqM )
q(M+1)α−M(M−1)

2

M∑
k=0

∏
j ̸=k

1

1− qαk−αj

∑
n∈Z

(−xλqM )nq
n(n+1)

2

1− λqn+α−αk
. (4.9)

The final equality follows form the equation (1.1) and a partial fraction expansion

M∏
k=0

1

1− λq−αk
=

M∑
k=0

∏
j ̸=k

1

1− qαk−αj

 1

1− λq−αk
.

Thus the function

xα−M− 1
2

M∑
k=0

q−
αk
2

∏
j ̸=k

1

1− qαk−αj

µ(u+ v +Mτ, v + (α− αk)τ) (4.10)

is a solution of the q-difference equation (4.7) by putting λ = e2πiv in the equation (4.9).
The desired solution (4.5) is given by putting α = βn.

Remark . We provide another derivation of the solution (4.10) (or (4.9)) of the q-
difference equation (4.7) without using the q-Borel-Laplace transformation. We put[

M∏
k=0

(Tx + xqαk+k)

]
f(x) = f̃(x),

then the function f̃(x) has the pseudo-periodicity f̃(xq) = qαf̃(x). That is, f̃(x) = xα

is a solution of the q-difference equation (4.7), and it sufficient to solve the following
non-homogeneous q-difference equation:[

M∏
k=0

(Tx + xqαk+k)

]
f(x) = xα. (4.11)
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By putting f(x) = g(x)
θq(−xλ) , we rewrite the q-difference equation (4.11) as[

M∏
k=0

(Tx − λ−1qαk)

]
g(x) = xαθq(−xλqM+1).

If g(x) =
∑

n∈ZAnx
n+ρ, coefficients An and characteristic exponent ρ satisfy the following

relation: ∑
n∈Z

An

(
M∏
k=0

(qn+ρ − λ−1qαk)

)
xn+ρ = xα

∑
n∈Z

(−xλqM )nq
n(n+1)

2 .

Therefore, we have ρ = α, An
∏M

k=0(q
n+α − λ−1qαk) = (−λqM )nq

n(n+1)
2 . Hence, the

function

f(x) =
xα(−λ)M+1

θq(−xλ)
∑
n∈Z

(−xλqM )nq
n(n+1)

2

M∏
k=0

q−αk

1− λqn+α−αk

is a solution of the q-difference (4.11). This solution is the same as that given in (4.9) up
to a normalization factor q(M+1)α.

4.3 An application of the Theorem 4.2.2

By Theorem 4.2.2, the q-difference equation (4.3) satisfied by the function Gm(x, y) has
the following fundamental solutions

1

θqm(−xm/y)
, xj−

m
2 µ(mu+ z, v + z + jτ ;mτ).

Hence, the function Gm(x, y) is expressed as a linear combination of these functions. We
provide another proof of the Zwegers’ result (4.1) by determining coefficients of the linear
combination.

Proof of the equation (4.1). Putting

Gm(x, y) =
C(x)

θqm(−xm/y)
+

m−1∑
k=0

Ck(x)x
k−m

2 µ(mu+ z, v + z + kτ ;mτ).

From the pseudo-periodicity (4.2) and (1.26), we have

yGm(xq, y) + xmGm(x, y) = −i√yq−
m
8

m−1∑
k=0

Ck(x)x
kq

k
2 = −

m−1∑
k=0

xkθqm(−yqk).

That is,

Ck(x) = −iq
m
8
θqm(−yqk)√

yqk
.

Therefore, we have

C(x) = θqm(−xm/y)

{
Gm(x, y) + iq

m
8

m−1∑
k=0

θqm(−yqk)√
yqk

xk−
m
2 µ(mu+ z, v + z + kτ ;mτ)

}
.

(4.12)
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Putting z = 0, since the right hand side of the equation (4.12) is an elliptic function with
a simple pole at u = 0, the function c(x) is a constant function. Therefore, we have

C(x)

= lim
x→m√

y
θqm(−xm/y)

{
Gm(x, y) + iq

m
8

m−1∑
k=0

θqm(−yqk)√
yqk

xk−
m
2 µ(mu, v + kτ ;mτ)

}
= 0.

Thus the function Gm(x, y) is expressed as follows

Gm(x, y) = −iq
m
8

m−1∑
k=0

θqm(−yqk)√
yqk

xk−
m
2 µ(mu, v + kτ ;mτ),

hence we have the equation (4.1).

The q-difference equation (4.3) degenerates at v = 0. Since the calculations are similar,
we only state as the following corollary.

Corollary 4.3.1.
(1) The function Gm(x, 1) satisfies the following q-difference equation.

Gm(xq, 1) + xmGm(x, 1) = −
m−1∑
k=1

xkθqm(−qk)

(2) The function Gm(x, 1) satisfies the following m-th order linear q-difference equation:[
m−1∏
k=1

(Tx − qk)

]
(Tx + xm)Gm(x, 1) = 0. (4.13)

Furthermore, the q-difference equation has the following fundamental solutions

1

θqm(−xm)
, xj−

m
2 µ(mu+ z, z + jτ | mτ) (j = 1, . . . ,m− 1).

(3) The expression of the function Gm(x, 1) using the µ-function is as follows:

Gm(x, 1) =
(qm; qm)3∞
θqm(−xm)

− iq
m
8

m−1∑
j=1

θqm(−qj)xj−
m
2 q−

j
2µ(mu, jτ | mτ). (4.14)

Since the universal mock theta functions g2 and g3 are expressed as

g2(x, q) =
(−q)∞
(q)∞

G2(x, 1), g3(x, q) =
1

(q)∞
G3(x, 1). (4.15)

we have q-difference equations satisfied by the functions g2 and g3 (1.48)-(1.51) by Corol-
lary 4.3.1. These relations may be known, but we cannot find suitable the literature.
Furthermore, from the equation (4.14) with m = 2 and m = 3, we obtain another proof
of the equations (1.31) and (1.32), respectively.
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5 Application to discrete Painlevé equations

In this section, we put x = eπiu, q = eπiτ .

5.1 Definition of the type (A2 + A1)
(1) q-Painlevé equation

Discrete Painlevé equations are introduced from various fields such as physics and discrete
integrable systems (for examples [BK], [FIK], [RGH]). They were classified by H. Sakai
in 2001 in a geometric framework based on the type of rational surfaces [Sa]. Among
the classified equations, multiplicative discrete Painlevé equations are sometimes called
the q-Painlevé equations. For example, let W be the extended affine Weyl group W :=

Aut(A
(1)
5 ) ⋉W ((A2 + A1)

(1)). That is, the group W has generators s0, s1, s2, r0, r1, ι, π
satisfying the following relations:

s2j = (sjsj+1)
3 = r2k = ι2 = π6 = 1, πsj = sj+1π, rkπ = πrk+1, r0ι = ιr1,

(j ∈ Z/3Z, k ∈ Z/2Z).

The group W is constructed a representation on the field K := C (q, x, a0, a1, a2, f0, f1, f2)
by the following actions (for example, see [T]) (and for recent study from the quiver theory,
for example, see [BGM], [SO]):

sj(aj) =
1

aj
, sj(aj+1) = ajaj+1, sj(aj+2) = ajaj+2,

sj(fj+1) = fj+1
aj + fj
1 + ajfj

, sj(fj+2) = fj+2
1 + ajfj
aj + fj

,

r0(x) =
q2

x
, r0(fj) =

ajaj+1

fj+2

ajaj+2 + aj+2fj + fjfj+2

ajaj+1 + ajfj+1 + fjfj+1
,

r1(x) =
1

x
, r1(fj) =

1

ajaj+1fj+1

1 + ajfj + ajaj+1fjfj+1

1 + aj+2fj+2 + ajaj+2fjfj+2
,

ι(q) =
1

q
, ι(x) = xq, ι(aj) =

1

a2j
, ι(fj) = f2j ,

π(x) =
q

x
, π(aj) = aj+1, π(fj) =

1

fj+1
, (j ∈ Z/3Z).

The group W has a subgroup isomorphic to Z3 whose generators are T := π3r0, T1 :=
π2s2s0, T2 := π4s1s0. If a0a1a2 = q, f0f1f2 = x2q, these generators satisfy the following
actions:

T (x, a1, a2) = (xq, a1, a2), T1(x, a1, a2) = (x, a1q, a2) , T2(x, a1, a2) = (x, a1, a2q) ,

(5.1)

T (fj) = ajaj+1fj+1
1 + aj+2fj+2 + aj+2ajfj+2fj
1 + ajfj + ajaj+1fjfj+1

, (j ∈ Z/3Z), (5.2)

T1(f2)

f1
=

1 + a1f1 + a21a2f2 + a1a2f1f2
a1a2 + a1f1 + a21a2f1 + f1f2

,
T−1
1 (f1)q

f2
=
x2q2 + a1a2f1f2
x2a1a2 + f1f2

, (5.3)

T2(f1)

f2
=
a!a

2
2 + f1 + a1a2f2 + a2f1f2

a2 + a1a2f1 + f2 + a1a22f1f2
,

T−1
2 (f2)

f1q
=

a1a2x
2 + f1f2

x2q2 + a1a2f1f2
. (5.4)

The equations (5.1)-(5.4) are called the type (A2+A1)
(1) q-Painlevé equations. It is known

that the type (A2 + A1)
(1) q-Painlevé equation has q-hypergeometric solutions satisfying
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the q-Bessel equation (2.26) and q-Hermite-Weber equation (2.2), when a0 = 1, f0 = −1
(for details, see [KK], [KMNOY1], [KMNOY2], [KNY2], [RGTT], etc).

In the next subsection, we prove the following theorem.

Theorem 5.1.1. Putting k,m ∈ C, n ∈ Z≥0 and

ξm,n,k := det
[
µ(u+ v + kτ, v;m− j − j′)

]n
j,j′=0

. (5.5)

Then,

(x, a1, a2; f1, f2) =

(
x,−qm, q−n;

ξm,n,1

ξm,n,0

ξm,n−1,0

ξm,n−1,1
,−ξm,n−1,1

ξm,n−1,0

ξm−1,n−1,0

ξm−1,n−1,1

)
(5.6)

are solutions of the type (A2 +A1)
(1) q-Painlevé equation, where x := eπiu.

Note that the parameter v is an independent parameter of the equation, so the solution
(5.6) is a one parameter family of solutions of the type (A2 + A1)

(1) q-Painlevé equation.
Furthermore, we obtain the following remark by applying the action s2 to the solution
(5.6).

Remark . Putting k,m ∈ C, n ∈ Z≥0, then

(x, a0, a2; f0, f2) =

(
x,−q−m, qn+1;

ξm,n,1ξm,n−1,0

ξm,n,0ξm,n−1,1
,−ξm+1,n,1ξm,n,0

ξm+1,n,0ξm,n,1

)
are solutions of the type (A2 +A1)

(1) q-Painlevé equation.

The q-hypergeometric solutions of the q-Painlevé equations are obtained from rewriting
the equations as a kind of Riccati type q-difference equations

f(xq) =
af(x) + b

cf(x) + d

by specializing the parameters, and linearizing them. Since the function µ(u, v;α) satisfies
the q-Hermite-Weber equation and q-Bessel equation, it is expected that the function
µ(u, v;α) is related to a solution of the type (A2 + A1)

(1) q-Painlevé equation. The fact
stated in Theorem 5.1.1 is a novel claim and an important result that connects discrete
integrable systems and the theory of mock modular forms.

5.2 Bilinear relations satisfied by a τ-function of the type (A2 + A1)
(1)

q-Painlevé equation

First, we present bilinear relations satisfied by the functions ξm,n,k.

Theorem 5.2.1. The functions ξm,n,k defined by the equation (5.5) satisfy the following
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bilinear equations:

x2qm+2kξm−1,n−1,k+1ξm,n,k − xqm−n+kξm,n−1,k+1ξm−1,n,k + qnξm,n,k+1ξm−1,n−1,k = 0,
(5.7)

x2q2n+2k−mξm−1,n−1,kξm,n,k−1 − xqkξm−1,n,kξm,n−1,k−1 + qnξm,n,kξm−1,n−1,k−1 = 0,
(5.8)

xqm+k−nξm−1,n−2,kξm,n,k−1 − qnξm−1,n−1,kξm,n−1,k−1 + ξm,n−1,kξm−1,n−1,k−1 = 0, (5.9)

xξm−1,n−1,k+1ξm,n−1,k − xqnξm,n−1,k+1ξm−1,n−1,k + qm−n−kξm−1,n−2,kξm,n,k+1 = 0,
(5.10)

x2q2k+mξm−2,n−1,k+1ξm,n,k − xqk+m−nξm−1,n−1,k+1ξm−1,n,k + ξm,n,k+1ξm−2,n−1,k = 0,
(5.11)

x2q2k−mξm−2,n−1,kξm,n,k−1 − xqk−nξm−1,n,kξm−1,n−1,k−1 + ξm,n,kξm−2,n−1,k−1 = 0,
(5.12)

xqk+2m−nξm,n,kξm−1,n−2,k − qnξm,n−1,kξm−1,n−1,k + ξm,n−1,k+1ξm−1,n−1,k−1 = 0, (5.13)

xqkξm,n−1,k−1ξm−1,n−1,k+1 − xqn+kξm−1,n−1,kξm,n−1,k + q2m−nξm,n,kξm−1,n−2,k = 0.
(5.14)

Proof. We first show the case k = 0 (or k = ±1) and then prove to put x 7→ xqk. Putting
νj := µ(u + v, v;m − j). Since the function µ(u, v;α) satisfies the relations (2.16) and
(2.22), we obtain

ξm−1,n−1,±1 = x±nqn(m−n) det


1 x±1 . . . x±n

ν1 ν2 . . . νn+1

ν2 ν3 . . . νn+2
...

...
. . .

...
νn νn+1 . . . ν2n

 . (5.15)

Hence we have

LHS of (5.7)k=0 =x
n+1qmn−n2+m det


x x2 . . . xn+1

ν1 ν2 . . . νn+1
...

...
. . .

...
νn νn+1 . . . ν2n

 det[νj+j′ ]
n
j,j′=0

− xn+1qmn−n2+m det


1 x . . . xn

ν0 ν1 . . . νn
...

...
. . .

...
νn−1 νn . . . ν2n−1

 det[νj+j′+1]
n
j,j′=0

+ xn+1qmn−n2+m det


1 x . . . xn+1

ν0 ν1 . . . νn+1
...

...
. . .

...
νn νn+1 . . . ν2n+1

 det[νj+j′+1]
n−1
j,j′=0.
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In general, the coefficients of the following polynomial with respect to the variable x

det


x x2 . . . xn+1

a1 a2 . . . an+1
...

...
. . .

...
an an+1 . . . a2n

 det[aj+j′ ]
n
j,j′=0

− det


1 x . . . xn

a0 a1 . . . an
...

...
. . .

...
an−1 an . . . a2n−1

 det[aj+j′+1]
n
j,j′=0

+ det


1 x . . . xn+1

a0 a1 . . . an+1
...

...
. . .

...
an an+1 . . . a2n+1

 det[aj+j′+1]
n−1
j,j′=0

are zero by the Plücker relation. Therefore, we obtain LHS of (5.7)k=0 = 0. From similar
calculations, we also obtain equations (5.8)–(5.12).

Next, note that

(x−1 − x)ξm−1,n−1,0 = q2n(m−n−1) det


1 x . . . xn+1

1 x−1 . . . x−n−1

ν1 ν2 . . . νn+2
...

...
. . .

...
νn νn+1 . . . ν2n+1

 . (5.16)

In fact, since

ξm−1,n−1,0

=

(
x

q

)n

qn(m−n) det


1 . . . (x/q)n

µ(u+ v − τ, v;m− 1) . . . µ(u+ v − τ, v;m− n− 1)
...

. . .
...

µ(u+ v − τ, v;m− n) . . . µ(u+ v − τ, v;m− 2n)



= q2n(m−n−1) det


1 . . . xn

ν2 − ν1
x . . . νn+2 − νn+1

x
. . .

νn+1 − νn
x . . . ν2n+1 − ν2n

x

 ,
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we put Xj :=
∑j

k=0 x
2k−j which implies Xj − x−1Xj−1 = xj , so we have

ξm−1,n−1,0

= q2n(m−n−1) det


X0 − 0 X1 − X0

x . . . Xn − Xn−1

x
ν2 − ν1

x ν3 − ν2
x . . . νn+2 − νn+1

x
...

...
. . .

...
νn+1 − νn

x νn+2 − νn+1

x . . . ν2n+1 − ν2n
x



= q2n(m−n−1)
n+1∑
j=0

det


0 −X0/x . . . −Xj−2/x Xj . . . Xn

−ν1/x −ν2/x . . . −νj/x νj+2 . . . νn+2
...

...
. . .

...
...

. . .
...

−νn/x −νn+1/x . . . −νn+j−1/x νn+j+1 . . . ν2n+1



= q2n(m−n−1) det


1 x−1 . . . x−n−1

0 X0 . . . Xn

ν1 ν2 . . . νn+2
...

...
. . .

...
νn νn+1 . . . ν2n+1



=
q2n(m−n−1)

x− x−1
det


1 x−1 . . . x−n−1

0 x− x−1 . . . xn+1 − x−n−1

ν1 ν2 . . . νn+2
...

...
. . .

...
νn νn+1 . . . ν2n+1

 .

Therefore, the equation (5.16) holds. Using the equation (5.16), we have

ξm,n−1,1ξm−1,n−1,−1 − ξm−1,n−1,1ξm,n−1,−1 + (x− x−1)q2m−nξm,n,0ξm−1,n−2,0

= qn(2m−2n+1) det


1 . . . xn

ν0 . . . νn
. . .

νn−1 . . . ν2n−1

 det


1 . . . x−n

ν1 . . . νn+1

. . .
νn . . . ν2n



− qn(2m−2n+1) det


1 . . . xn

ν1 . . . νn+1

. . .
νn . . . ν2n

 det


1 . . . x−n

ν0 . . . νn
. . .

νn−1 . . . ν2n−1


+ (x− x−1)q2m−nξm,n,0ξm−1,n−2,0

= qn(2m−2n+1) det

ν0 . . . νn
. . .

νn . . . ν2n

 det


1 . . . xn

1 . . . x−n

ν1 . . . νn+1

. . .
νn−1 . . . ν2n−1


− (x−1 − x)q2m−nξm,n,0ξm−1,n−2,0

= 0,

and similar calculations, we have

x−1ξm,n−1,1ξm−1,n−1,−1 − xξm−1,n−1,1ξm,n−1,−1 + (x− x−1)qnξm,n−1,0ξm−1,n−1,0 = 0.
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Therefore, From[
1 −1
x −x−1

] [
ξm−1,n−1,1ξm,n−1,−1

ξm,n−1,1ξm−1,n−1,−1

]
= (x− x−1)

[
ξm,n,0ξm−1,n−2,0

qnξm,n−1,0ξm−1,n−1,0

]
,

we have equations (5.13) and (5.14).

Next, we present the following fact that solutions of the type (A2 + A1)
(1) q-Painlevé

equation can be constructed by using functions satisfying certain bilinear forms. The
following theorem have been implicitly known since a long time ago (for examples, [KNY1],
[T], [N]), however there does not seem to be any paper that gives full details of this.

Theorem 5.2.2. Suppose that a function ξ = ξ(a1, a2, x) satisfies the following bilinear
relations:

0 =
1

a1a2
ξ̃1,1,0ξ̃0,0,1 − x2ξ̃1,1,1ξ̃0,0,0 + a2xξ̃1,0,0ξ̃0,1,1, (5.17)

0 =
1

a1a2
ξ̃1,1,0ξ̃0,0,−1 −

1

x2
ξ̃1,1,−1ξ̃0,0,0 +

a2
x
ξ̃1,0,0ξ̃0,1,−1, (5.18)

0 = a1a2xξ̃1,2,0ξ̃0,0,−1 − ξ̃1,1,−1ξ̃0,1,0 +
1

a2
ξ̃1,1,0ξ̃0,1,−1, (5.19)

0 =
a1a2
x

ξ̃1,2,0ξ̃0,0,1 − ξ̃1,1,1ξ̃0,1,0 +
1

a2
ξ̃1,1,0ξ̃0,1,1, (5.20)

0 = ξ̃2,1,0ξ̃0,0,1 − a1x
2ξ̃2,1,1ξ̃0,0,0 + a1a2xξ̃1,1,1ξ̃1,0,0, (5.21)

0 = ξ̃2,1,0ξ̃0,0,−1 −
a1
x2
ξ̃2,1,−1ξ̃0,0,0 +

a1a2
x

ξ̃1,1,−1ξ̃1,0,0, (5.22)

0 = a1a2xξ̃0,0,0ξ̃1,2,0 −
1

a1a2
ξ̃1,1,0ξ̃0,1,0 +

1

a1
ξ̃0,1,1ξ̃1,1,−1, (5.23)

0 =
a1a2
x

ξ̃0,0,0ξ̃1,2,0 −
1

a1a2
ξ̃1,1,0ξ̃0,1,0 +

1

a1
ξ̃0,1,−1ξ̃1,1,1, (5.24)

where ξ̃a,b,c := T−a
1 T b

2T
cξ. Then, the pair

(x, a1, a2; f1, f2) =

(
x, a1, a2;

ξ̃0,0,1ξ̃0,1,0

ξ̃0,0,0ξ̃0,1,1
,− ξ̃0,1,1ξ̃1,1,0

ξ̃0,1,0ξ̃1,1,1

)

gives a solution of the type (A2 +A1)
(1) q-Painlevé equation (5.1)-(5.4).

Remark . If a function ξ(a1, a2, x) is a solution of the bilinear relations (5.17)-(5.24),

functions aα1a
β
2x

γqδξ(a1, a2, x) and ξ(a1, a2, x
−1) are also solutions.

Proof of Theorem 5.2.2. Putting

(x, a1, a2; f1, f2) =

(
x, a1, a2;

ξ̃0,0,1ξ̃0,1,0

ξ̃0,0,0ξ̃0,1,1
,− ξ̃0,1,1ξ̃1,1,0

ξ̃0,1,0ξ̃1,1,1

)
,
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we will show equations (5.2)-(5.4) or equavalently

f1T (f1) =
a1a2f1f2 + a1x

2q2f1 + x2q2

a1a2f1f2 + a1f1 + 1
, (5.25)

f2T (f2)

x2q2
=

a1a2f1f2 + a1f1 + 1

a1a2f1f2 + a1f1 + x2q2
, (5.26)

T−1
1 (f1)q

f2
=
a1a2f1f2 + x2q2

f1f2 + a1a2x2
, (5.27)

f1f2T
−1
1 (f2)

x2
=
a21a2f1f

2
2 + q2f1f2 + a1x

2q2f2 + a1a2x
2q2

a1a2f1f22 + a1f1f2 + x2q2f2 + a21a2x
2

, (5.28)

f1f2T
−1
2 (f1)

x2
=
q2f21 f2 + a1a

2
2f1f2 + a1a2x

2q2f1 + a2x
2q2

a2f21 f2 + a1a2f1f2 + a1a22x
2f1 + x2q2

, (5.29)

T−1
2 (f2)

qf1
=

f1f2 + a1a2x
2

a1a2f1f2 + x2q2
. (5.30)

From equations (5.17), (5.20) and (5.23), note that

0 = a1a2xξ̃0,0,0ξ̃1,2,0 −
1

a1a2
ξ̃1,1,0ξ̃0,1,0 +

1

a1
ξ̃0,1,1ξ̃1,1,−1

= x2
ξ̃0,0,0

ξ̃0,0,1

(
ξ̃0,1,0ξ̃1,1,1 −

1

a2
ξ̃0,1,1ξ̃1,1,0

)
+

1

a1
ξ̃0,1,1ξ̃1,1,−1 −

1

a1a2
ξ̃0,1,0ξ̃1,1,0

=
a1a2x

2ξ̃0,0,0ξ̃1,1,1 − ξ̃0,0,1ξ̃1,1,0

a21a
2
2xξ̃1,0,0ξ̃0,0,1

(
a1a2xξ̃0,1,0ξ̃1,0,0 −

a1x
2

a2
ξ̃0,0,0ξ̃1,1,0 + ξ̃0,0,1ξ̃1,1,−1

)
=

ξ̃0,1,1

a1a2ξ̃0,0,1

(
a1a

2
2xξ̃0,1,0ξ̃1,0,0 − ξ̃0,0,0ξ̃1,1,0 + a2ξ̃0,0,1ξ̃1,1,−1

)
. (5.31)

Using equations (5.18), (5.19), (5.23) and (5.31), we have

RHS of (5.25) =
a1x

2q2ξ̃0,0,1ξ̃0,1,0ξ̃1,1,1 + ξ̃0,1,1(x
2q2ξ̃1,1,1ξ̃0,0,0 − a1a2ξ̃0,0,1ξ̃1,1,0)

ξ̃0,0,1(a1ξ̃0,1,0ξ̃1,1,1 − a1a2ξ̃1,1,0ξ̃0,1,1) + ξ̃0,0,0ξ̃1,1,1ξ̃0,1,1

=
ξ̃0,1,0

ξ̃0,0,0

−a1a22xqξ̃0,1,1ξ̃1,0,1 + a1x
2q2ξ̃0,0,1ξ̃1,1,1

ξ̃1,1,1ξ̃0,1,1 − a21a
2
2xqξ̃0,0,1ξ̃1,2,1

=
ξ̃0,1,0ξ̃0,0,2

ξ̃0,0,0ξ̃0,1,2

= LHS of (5.25).

Using equations (5.19), (5.23) and (5.24), we have

RHS of (5.26) =
ξ̃1,1,1ξ̃0,0,0ξ̃0,1,1 + ξ̃0,0,1(a1ξ̃0,1,0ξ̃1,1,1 − a1a2ξ̃1,1,0ξ̃0,1,1)

x2q2ξ̃1,1,1ξ̃0,0,0ξ̃0,1,1 + ξ̃0,0,1(a1ξ̃1,1,0ξ̃0,1,1 − a1a2ξ̃1,1,0ξ̃0,1,1)

=
ξ̃1,1,1ξ̃0,1,1 − a21a

2
2xqξ̃0,0,1ξ̃1,2,1

x2q2ξ̃1,1,1ξ̃0,1,1 − a21a
2
2xqξ̃0,0,1ξ̃1,2,1

=
1

x2q2
ξ̃1,1,0ξ̃0,1,2

ξ̃0,1,0ξ̃1,1,2
= LHS of (5.26).

Using equations (5.17) and (5.18)), we have

RHS of (5.27) =
x2q2ξ̃1,1,1ξ̃0,0,0 − a1a2ξ̃0,0,1ξ̃1,1,0

a1a2x2ξ̃0,0,0ξ̃1,1,1 − ξ̃0,0,1ξ̃1,1,0
= −q ξ̃1,0,1ξ̃0,1,0

ξ̃0,1,1ξ̃1,0,0
= LHS of (5.27).
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Using equations (5.17), (5.18), (5.21) and (5.22), we have

RHS of (5.28) = q
a1ξ̃1,1,0ξ̃1,0,1 + qξ̃1,1,1ξ̃1,0,0

a1ξ̃1,1,1ξ̃1,0,0 + qξ̃1,1,0ξ̃1,0,1
=

1

x2
ξ̃0,0,1ξ̃2,1,0

ξ̃2,1,1ξ̃0,0,0
= LHS of (5.28).

Using equations (5.17), (5.18), (5.19) and (5.20), we have

RHS of (5.29) = q
qξ̃0,0,1ξ̃1,0,0 − a2ξ̃0,0,0ξ̃1,0,1

a2ξ̃0,0,1ξ̃1,0,0 − qξ̃0,0,0ξ̃1,0,1
= − 1

x2
ξ̃1,1,0ξ̃0,−1,1

ξ̃1,1,1ξ̃0,−1,0

= LHS of (5.29).

Using equations (5.17) and (5.18), we have

RHS of (5.30)) =
a1a2x

2ξ̃0,0,0ξ̃1,1,1 − ξ̃0,0,1ξ̃1,1,0

x2q2ξ̃1,1,1ξ̃0,0,0 − a1a2ξ̃0,0,1ξ̃1,1,0
= −1

q

ξ̃0,1,1ξ̃1,0,0

ξ̃1,0,1ξ̃0,1,0
= LHS of (5.30).

Proof of Theorem 5.1.1. Putting (a1, a2, x) = (−qm, q−n, xqk) in the bilinear relations
(5.17)-(5.24). Then the function ξ̃0,0,0 = det [µ(u+ v + kτ, v;m− j − j′)]nj,j′=0 satisfies
the bilinear equations (5.17)–(5.24) from Theorem 5.2.1. Hence a solution of the type
(A2+A1)

(1) q-Painlevé equation is expressed using the function ξ̃m,n,k, and Theorem 5.1.1
holds.

The bilinear relations (5.17) and (5.18) are the relations for three pairs of opposite
vertices of a cube, respectively. From these relations, we obtain bilinear relations for any

Figure 1: Equation (5.17) Figure 2: Equation (5.18)

three pairs of opposite vertices of a cube. That is, if we give a set of initial values for the
six vertices which include all the vertices of a certain face of a cube, we obtain the value
of any vertices of the cube. From the bilinear relations (5.19)-(5.24), we obtain the values
of two vertices of a cube whose faces are adjacent to the original cube. Therefore, if we
give the initial values, the values of any ξm,n,k is uniquely determined. In particular, the
solution (5.6) corresponds to the initial values ξ̃0,n+1,0 = ξ̃0,n+1,1 = ξ̃1,n+1,0 = ξ̃1,n+1,1 =
1, ξ̃0,n,0 = µ(u+ v + kτ, v;m) and ξ̃0,n,1 = µ(u+ v + (k + 1)τ, v;m).
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Appendix

In this appendix, as a corollary of Theorem 3.2.2, we obtain a list of new expressions
for all of Ramanujan’s mock theta functions by the degenerated very-well-poised bilateral
q-hypergeometric series W. The function W is defined by the equation (3.16)

Order 2 mock theta functions

A(q) : =
∞∑
n=0

qn+1(−q2; q2)n
(q; q2)n+1

=
q2

θq4(−q5)
W(q5; q3, q2; q4)

=
1

θq4(−q5)
∑
n∈Z

(1− q8n+5)q8n
2+10n+2

(1− q4n+3)(1− q4n+2)

B(q) : =

∞∑
n=0

qn(−q; q2)n
(q; q2)n+1

=
q2

θq4(−q6)
W(q6; q3, q3; q4)

=
1

θq4(−q6)
∑
n∈Z

1 + q4n+3

1− q4n+3
q8n

2+12n+2

µ(q) : =

∞∑
n=0

(−1)nqn
2
(q; q2)n

(−q2, q2)2n

=
4

θq4(q)
W(−q; q,−1; q4)− (q2; q2)8∞

(q; q)3∞(q4; q4)4∞

=
4

θq4(q)

∑
n∈Z

(1 + q8n+1)q8n
2+2n

(1− q4n+1)(1 + q4n)
− (q2; q2)8∞

(q; q)3∞(q4; q4)4∞

Order 3 mock theta functions

f(q) : =
∞∑
n=0

qn
2

(−q; q)2n

= − 4q

θq3(q
3)
W(−q3;−q2, q; q3) + (q3; q3)4∞

(q; q)∞(q6; q6)2∞

= − 4

θq3(q
3)

∑
n∈Z

(1 + q6n+3)q6n
2+6n+1

(1− q3n+1)(1 + q3n+2)
+

(q3; q3)4∞
(q; q)∞(q6; q6)2∞

ϕ(q) : =
∞∑
n=0

qn
2

(−q2; q2)n

= − 2q2

θ−q3(−q5)
W(q5; q3, q2;−q3) + 2q

(q6; q6)∞(q12; q12)2∞
(q3; q3)∞(q4; q4)∞

= − 2

θ−q3(−q5)
∑
n∈Z

(1− q6n+5)q6n
2+10n+2

(1− (−1)nq3n+2)(1− (−1)nq3n+3)
+ 2q

(q6; q6)∞(q12; q12)2∞
(q3; q3)∞(q4; q4)∞
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ψ(q) : =
∞∑
n=1

qn
2

(q; q2)n

=
q

θ−q3(−q3)
W(q3; q2, q;−q3) + q

(q6; q6)∞(q12; q12)2∞
(q3; q3)∞(q4; q4)∞

=
1

θ−q3(−q3)
∑
n∈Z

(1− q6n+3)q6n
2+6n+1

(1− (−1)nq3n+1)(1− (−1)nq3n+2)
+ q

(q6; q6)∞(q12; q12)2∞
(q3; q3)∞(q4; q4)∞

χ(q) : =
∞∑
n=0

qn
2
(−q; q)n

(−q3; q3)n

= − q

θq3(q
3)
W(−q3;−q2, q; q3) + (q3; q3)4∞

(q; q)∞(q6; q6)2∞

= − 1

θq3(q
3)

∑
n∈Z

(1 + q6n+3)q6n
2+6n+1

(1− q3n+1)(1 + q3n+2)
+

(q3; q3)4∞
(q; q)∞(q6; q6)2∞

ω(q) : =

∞∑
n=0

q2n(n+1)

(q; q2)2n+1

=
2q

θq6(−q5)
W(q5; q3, q2; q6) +

(q6; q6)4∞
(q2; q2)∞(q3; q3)2∞

=
2

θq6(−q5)
∑
n∈Z

(1− q12n+5)q12n
2+10n+1

(1− q6n+2)(1− q6n+3)
+

(q6; q6)4∞
(q2; q2)∞(q3; q3)2∞

ν(q) : =

∞∑
n=0

qn(n+1)

(−q; q2)n+1

=
2q2

θq12(−q8)
W(q8;−q5,−q3; q12) + (q; q)∞(q3; q3)∞(q12; q12)∞

(q2; q2)∞(q6; q6)∞

=
2

θq12(−q8)
∑
n∈Z

(1− q24n+8)q24n
2+16n+2

(1 + q12n+5)(1 + q12n+3)
+

(q; q)∞(q3; q3)∞(q12; q12)∞
(q2; q2)∞(q6; q6)∞

ρ(q) : =

∞∑
n=1

q2n(n−1)(q; q2)n
(q3; q6)n

=
1

θq6(−q3)
W(q3;−q2,−q; q6)

=
1

θq6(−q3)
∑
n∈Z

(1− q12n+3)q12n
2+6n

(1 + q6n+1)(1 + q6n+2)

Order 5 mock theta functions

f0(q) : =
∞∑
n=0

qn
2

(−q; q)n

= − 2q4

θq30(−q22)
W(q22; q18, q4; q30)

− 2q2

θq30(−q12)
W(q12; q8, q4; q30)

(q5; q5)3∞
θq5(−q)(q10; q10)∞
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= − 2

θq30(−q22)
∑
n∈Z

(1− q60n+22)q60n
2+44n+4

(1− q30n+18)(1− q30n+4)

− 2

θq30(−q12)
∑
n∈Z

(1− q60n+12)q60n
2+24n+2

(1− q30n+8)(1− q30n+4)
+

(q5; q5)3∞
θq5(−q)(q10; q10)∞

f1(q) : =

∞∑
n=0

qn(n+1)

(−q; q)n

= − 2q7

θq30(−q24)
W(q24; q16, q8; q30)

− 2q3

θq30(−q14)
W(q14; q8, q6; q30) +

(q5; q5)3∞
θq5(−q2)(q10; q10)∞

= − 2

θq30(−q24)
∑
n∈Z

(1− q60n+24)q60n
2+48n+7

(1− q30n+16)(1− q30n+8)

− 2q3

θq30(−q14)
∑
n∈Z

(1− q60n+14)q60n
2+28n+3

(1− q30n+8)(1− q30n+6)
+

(q5; q5)3∞
θq5(−q2)(q10; q10)∞

F0(q) : =

∞∑
n=0

q2n
2

(q; q2)n

=
1

θq15(−q4)
W(q4; q3, q; q15)

− q4

θq15(−q16)
W(q16; q12, q4; q15)− q(q10; q10)3∞

(q5; q5)∞θq10(−q4)

=
1

θq15(−q4)
∑
n∈Z

(1− q30n+4)q30n
2+8n

(1− q15n+3)(1− q15n+1)

− 1

θq15(−q16)
∑
n∈Z

(1− q30n+16)q30n
2+32n+4

(1− q15n+12)(1− q15n+4)
− q(q10; q10)3∞

(q5; q5)∞θq10(−q4)

F1(q) : =

∞∑
n=1

q2n(n−1)

(q; q2)n

=
q

θq15(−q7)
W(q7; q4, q3; q15)

+
q3

θq15(−q12)
W(q12; q8, q4; q15) +

(q10; q10)3∞
(q5; q5)∞θq10(−q2)

=
1

θq15(−q7)
∑
n∈Z

(1− q30n+7)q30n
2+14n+1

(1− q15n+4)(1− q15n+3)

+
1

θq15(−q12)
∑
n∈Z

(1− q30n+12)q30n
2+24n+3

(1− q15n+8)(1− q15n+4)
+

(q10; q10)3∞
(q5; q5)∞θq10(−q2)

ϕ0(q) : =
∞∑
n=0

qn
2
(−q; q2)n

=
q8

θ−q15(−q20)
W(q20; q11, q9;−q15)− q9

θ−q15(q
25)

W(−q25;−q16, q9;−q15)
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=
1

θ−q15(−q20)
∑
n∈Z

(1− q30n+20)q30n
2+40n+8

(1− (−1)nq15n+11)(1− (−1)nq15n+9)

− 1

θ−q15(q
25)

∑
n∈Z

(1 + q30n+25)q30n
2+50n+9

(1 + (−1)nq15n+16)(1− (−1)nq15n+9)

ϕ1(q) : =

∞∑
n=0

q(n+1)2(−q; q2)n

=
q3

θ−q15(−q10)
W(q10; q7, q3;−q15) + q

θ−q15(q
5)
W(−q5; q3,−q2;−q15)

=
1

θ−q15(−q10)
∑
n∈Z

(1− q30n+10)q30n
2+20n+3

(1− (−1)nq15n+7)(1− (−1)nq15n+3)

+
1

θ−q15(q
5)

∑
n∈Z

(1 + q30n+5)q30n
2+10n+1

(1− (−1)nq15n+3)(1 + (−1)nq15n+2)

ψ0(q) : =

∞∑
n=0

q
(n+1)(n+2)

2 (−q; q)n

=
q3

θq30(−q20)
W(q20; q17, q3; q30) +

q

θq30(−q10)
W(q10; q7, q3; q30)

=
1

θq30(−q20)
∑
n∈Z

(1− q60n+20)q60n
2+40n+3

(1− q30n+17)(1− q30n+3)

+
1

θq30(−q10)
∑
n∈Z

(1− q60n+10)q60n
2+20n+1

(1− q30n+7)(1− q30n+3)

ψ1(q) : =

∞∑
n=0

q
n(n+1)

2 (−q; q)n

=
1

θq30(−q10)
W(q10; q9, q; q30) +

q6

θq30(−q20)
W(q20; q11, q9; q30)

=
1

θq30(−q10)
∑
n∈Z

(1− q60n+10)q60n
2+20n

(1− q30n+9)(1− q30n+1)

+
1

θq30(−q20)
∑
n∈Z

(1− q60n+20)q60n
2+40n+6

(1− q30n+11)(1− q30n+9)

χ0(q) : =
∞∑
n=0

qn

(qn+1; q)n

= 2 +
3q−6

θq15(−q−5)
W(q−5; q, q−6; q15) +

3q3

θq15(−q10)
W(q10; q6, q4; q15) + 2

θq5(−q2)3

(q; q)2∞

= 2 +
3

θq15(−q−5)

∑
n∈Z

(1− q30n−5)q30n
2−10n−6

(1− q30n+1)(1− q30n−6)

+
3

θq15(−q10)
∑
n∈Z

(1− q30n+10)q30n
2+20n+3

(1− q15n+6)(1− q15n+4)
+ 2

θq5(−q2)3

(q; q)2∞
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χ1(q) : =
∞∑
n=1

qn−1

(qn; q)n

=
3q2

θq15(−q10)
W(q10; q7, q3; q15) +

3

θq15(−q5)
W(q5; q3, q2; q15)− 2

θq5(−q)3

(q; q)2∞

=
3

θq15(−q10)
∑
n∈Z

(1− q30n+10)q30n
2+20n+2

(1− q15n+7)(1− q15n+3)

+
3

θq15(−q5)
∑
n∈Z

(1− q30n+5)q30n
2+10n

(1− q15n+3)(1− q15n+2)
− 2

θq5(−q)3

(q; q)2∞

Ψ0(q) : = −1 +
∞∑
n=0

q5n
2

(q; q5)n+1(q4; q5)n

=
q

θq15(−q6)
W(q6; q4, q2; q15) +

q2

θq15(−q11)
W(q11; q9, q2; q15)

=
1

θq15(−q6)
∑
n∈Z

(1− q30n+6)q30n
2+12n+1

(1− q15n+4)(1− q15n+2)

+
1

θq15(−q11)
∑
n∈Z

(1− q30n+11)q30n
2+22n+2

(1− q15n+9)(1− q15n+2)

Ψ1(q) : = −1 +
∞∑
n=0

q5n
2

(q2; q5)n+1(q3; q5)n

=
q2

θq15(−q7)
W(q7; q4, q3; q15) +

q4

θq15(−q12)
W(q12; q8, q4; q15)

=
1

θq15(−q7)
∑
n∈Z

(1− q30n+7)q30n
2+14n+2

(1− q15n+4)(1− q15n+3)

+
1

θq15(−q12)
∑
n∈Z

(1− q30n+12)q30n
2+24n+4

(1− q15n+8)(1− q15n+4)

Order 6 mock theta functions

ϕ(q) : =
∞∑
n=0

(−1)nqn
2
(q; q2)n

(−q; q)2n

=
2

θq3(−q)
W(q;−q,−1; q3)

=
2

θq3(−q)
∑
n∈Z

(1− q6n+1)q6n
2+2n

(1 + q3n+1)(1 + q3n)

ψ(q) : =
∞∑
n=0

(−1)nq(n+1)2(q; q2)n
(−q; q)2n+1

=
q

θq3(−q2)
W(q2;−q,−q; q3)

=
1

θq3(−q2)
∑
n∈Z

1− q3n+1

1 + q3n+1
q6n

2+4n+1
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ρ(q) : =
∞∑
n=0

q
n(n+1)

2 (−q; q)n
(q; q2)n+1

=
1

θq6(−q2)
W(q2; q, q; q6)

=
1

θq6(−q2)
∑
n∈Z

1 + q6n+1

1− q6n+1
q12n

2+4n

σ(q) : =
∞∑
n=0

q
(n+1)(n+2)

2 (−q; q)n
(q; q2)n+1

=
q

θq6(−q4)
W(q4; q3, q; q6)

=
1

θq6(−q4)
∑
n∈Z

(1− q12n+4)q12n
2+8n+1

(1− q6n+3)(1− q6n+1)

λ(q) : =
∞∑
n=0

(−1)nqn(q; q2)n
(−q; q)n

=
2q

θq6(−q4)
W(q4;−q2,−q2; q6) + (q; q)3∞(q6; q6)2∞

(q2; q2)3∞(q3; q3)∞

=
2

θq6(−q4)
∑
n∈Z

1− q6n+2

1 + q6n+2
q12n

2+8n+1 +
(q; q)3∞(q6; q6)2∞
(q2; q2)3∞(q3; q3)∞

µ(q) : =
1

2
+

1

2

∞∑
n=0

(−1)nqn+1(1 + qn)(q; q2)n
(−q; q)n+1

=
2

θq6(−q2)
W(q2;−q2,−1; q6)− 1

2

(q; q)2∞(q3; q3)2∞
(q2; q2)2∞(q6; q6)∞

=
2

θq6(−q2)
∑
n∈Z

(1− q12n+2)q12n
2+4n

(1 + q6n+2)(1 + q6n)
− 1

2

(q; q)2∞(q3; q3)2∞
(q2; q2)2∞(q6; q6)∞

γ(q) : =

∞∑
n=0

qn
2
(q; q)n

(q3; q3)n

=
3

θq3(−q)
W(q, ;−q,−1; q3)−

θq2(−q)2

2θq3(q)

=
3

θq3(−q)
∑
n∈Z

(1− q6n+1)q6n
2+2n

(1 + q3n+1)(1 + q3n)
−
θq2(−q)2

2θq3(q)

ϕ−(q) : =
∞∑
n=1

qn(−q; q)2n−1

(q; q2)n

= − q
1
2

θq3(−q2)
W(q2;−q

3
2 ,−q

1
2 ; q3) +

q
1
2 (q2; 22)2∞(q6; q6)2∞
(q; q)2∞(q3; q3)∞

= − 1

θq3(−q2)
∑
n∈Z

(1− q6n+2)q6n
2+4n+ 1

2

(1 + q3n+
3
2 )(1 + q3n+

1
2 )

+
q

1
2 (q2; 22)2∞(q6; q6)2∞
(q; q)2∞(q3; q3)∞

ψ−(q) : =
∞∑
n=1

qn(−q; q)2n−2

(q; q2)n

=
1

2

q

θq3(−q2)
W(q2; q, q; q3) +

q

2

(q6; q6)3∞
(q; q)∞(q2; q2)∞
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=
1

2θq3(−q2)
∑
n∈Z

1 + q3n+1

1− q3n+1
q6n

2+4n+1 +
q

2

(q6; q6)3∞
(q; q)∞(q2; q2)∞

Order 7 mock theta functions

F0(q) : =
∞∑
n=0

qn
2

(qn+1; q)n

=
2q4

θq21(−q14)
W(q14; q9, q5; q21)

− 2q9

θq21(−q28)
W(q28; q19, q9; q21) +

(q3, q4, q7; q7)∞
(q, q2, q5, q6; q7)∞

=
2

θq21(−q14)
∑
n∈Z

(1− q42n+14)q42n
2+28n+4

(1− q21n+9)(1− q21n+5)

− 2

θq21(−q28)
∑
n∈Z

(1− q42n+28)q42n
2+56n+9

(1− q21n+19)(1− q21n+9)
+

(q3, q4, q7; q7)∞
(q, q2, q5, q6; q7)∞

F1(q) : =
∞∑
n=1

qn
2

(qn; q)n

=
2q3

θq21(−q14)
W(q14; q11, q3; q21)

+
2q

θq21(−q7)
W(q7; q4, q3; q21)− q(q, q6, q7; q7)∞

(q2, q3, q4, q5; q7)∞

=
2

θq21(−q14)
∑
n∈Z

(1− q42n+14)q42n
2+28n+3

(1− q21n+11)(1− q21n+3)

+
2

θq21(−q7)
∑
n∈Z

(1− q42n+7)q42n
2+14n+1

(1− q21n+4)(1− q21n+3)
− q(q, q6, q7; q7)∞

(q2, q3, q4, q5; q7)∞

F2(q) : =
∞∑
n=1

qn(n−1)

(qn; q)n

=
2q5

θq21(−q17)
W(q17; q11, q6; q21)

+
2q2

θq21(−q10)
W(q10; q6, q4; q21) +

(q2, q5, q7; q7)∞
(q, q3, q4, q6; q7)∞

=
2

θq21(−q17)
∑
n∈Z

(1− q42n+17)q42n
2+34n+5

(1− q21n+11)(1− q21n+6)

+
2

θq21(−q10)
∑
n∈Z

(1− q21n+10)q21n
2+20n+2

(1− q21n+6)(1− q21n+4)
+

(q2, q5, q7; q7)∞
(q, q3, q4, q6; q7)∞
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Order 8 mock theta functions

S0(q) : =

∞∑
n=0

qn
2
(−q; q2)n

(−q2; q2)n

=
2

θq8(q
3)
W(−q3; q3,−1; q8) + q

(q2; q2)2∞(q8; q8)2∞θq8(q)

(q4; q4)2∞θq8(−q3)2

=
2

θq8(q
3)

∑
n∈Z

(1 + q16n+3)q16n
2+6n

(1− q8n+3)(1 + q8n)
+ q

(q2; q2)2∞(q8; q8)2∞θq8(q)

(q4; q4)2∞θq8(−q3)2

S1(q) : =

∞∑
n=0

qn(n+2)(−q; q2)n
(−q2; q2)n

= − 2q−1

θq8(q)
W(−q; q,−1; q8) + q−1 (q

2; q2)2∞(q8; q8)2∞θq8(q
3)

(q4; q4)2∞θq8(−q)2

= − 2

θq8(q)

∑
n∈Z

(1 + q16n+1)q16n
2+2n−1

(1 + q8n)(1− q8n+1)
+ q−1 (q

2; q2)2∞(q8; q8)2∞θq8(q
3)

(q4; q4)2∞θq8(−q)2

T0(q) : =
∞∑
n=0

q(n+1)(n+2)(−q2; q2)n
(−q; q2)n+1

=
q2

θq8(q
7)
W(−q7;−q5, q2; q8)

=
1

θq8(q
7)

∑
n∈Z

(1 + q16n+7)q16n
2+14n+2

(1− q8n+2)(1 + q8n+5)

T1(q) : =
∞∑
n=0

qn(n+1)(−q2; q2)n
(−q; q2)n+1

= − q5

θq8(q
13)

W(−q13;−q7, q6; q8)

=
−1

θq8(q
13)

∑
n∈Z

(1 + q16n+13)q16n
2+26n+5

(1− q8n+6)(1 + q8n+7)

U0(q) : =
∞∑
n=0

qn
2
(−q; q2)n

(−q4; q4)n

=
2

θq4(q)
W(−q; q,−1; q4)

=
2

θq4(q)

∑
n∈Z

(1 + q8n+1)q8n
2+2n

(1 + q4n)(1− q4n+1)

U1(q) : =

∞∑
n=0

q(n+1)2(−q; q2)n
(−q2; q4)n+1

= − q2

θq4(q
5)
W(−q5; q3,−q2; q4)

=
−1

θq4(q
5)

∑
n∈Z

(1 + q8n+5)q8n
2+10n+2

(1 + q4n+2)(1− q4n+3)
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V0(q) : = −1 + 2
∞∑
n=0

qn
2
(−q; q2)n
(q; q2)n

=
2

θq8(−q2)
W(q2; q, q; q8)− (q2; q2)3∞(q4; q4)∞

(q; q)2∞(q8; q8)∞

=
2

θq8(−q2)
∑
n∈Z

1 + q8n+1

1− q8n+1
q16n

2+4n − (q2; q2)3∞(q4; q4)∞
(q; q)2∞(q8; q8)∞

V1(q) : =

∞∑
n=0

q(n+1)2(−q; q2)n
(q; q2)n+1

=
q

θq8(−q4)
W(q4; q3, q; q8)

=
1

θq8(−q4)
∑
n∈Z

(1− q16n+4)q16n
2+8n+1

(1− q8n+1)(1− q8n+3)

Order 10 mock theta functions

ϕ(q) : =
∞∑
n=0

q
n(n+1)

2

(q; q2)n+1

=
2q

θq10(−q5)
W(q5; q3, q2; q10) +

(q2; q2)∞(q5; q5)∞(q10; q10)2∞
θq5(−q2)θq10(−q2)2

=
2

θq10(−q5)
∑
n∈Z

(1− q20n+5)q20n
2+10n+1

(1− q10n+2)(1− q10n+3)
+

(q2; q2)∞(q5; q5)∞(q10; q10)2∞
θq5(−q2)θq10(−q2)2

ψ(q) : =
∞∑
n=0

q
(n+1)(n+2)

2

(q; q2)n+1

=
2q

θq10(−q5)
W(q5; q4, q; q10)− (q2; q2)∞(q5; q5)∞(q10; q10)2∞

θq5(−q)θq10(−q4)2

=
2

θq10(−q5)
∑
n∈Z

(1− q20n+5)q20n
2+10n+1

(1− q10n+1)(1− q10n+4)
− q

(q2; q2)∞(q5; q5)∞(q10; q10)2∞
θq5(−q)θq10(−q4)2

X(q) : =
∞∑
n=0

(−1)nqn
2

(−q; q)2n

= − 2q−1

θq5(1)
W(−1;−q, q−1; q5)−

(q5; q5)2∞θq10(−q3)
(q10; q10)∞θq5(−q)

=
−2

θq5(1)

∑
n∈Z

(1 + q10n)q10n
2−1

(1− q5n−1)(1 + q5n+1)
−

(q5; q5)2∞θq10(−q3)
(q10; q10)∞θq5(−q)

χ(q) : =

∞∑
n=0

(−1)nq(n+1)2

(−q; q)2n+1

= − 2q2

θq5(q
5)
W(−q5;−q3, q2; q5) + q

(q5; q5)2∞θq10(−q)
(q10; q10)∞θq5(−q2)

=
−2

θq5(q
5)

∑
n∈Z

(1 + q10n+5)q10n
2+10n+2

(1− q5n+2)(1 + q5n+3)
+ q

(q5; q5)2∞θq10(−q)
(q10; q10)∞θq5(−q2)
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