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Abstract

We study various extensions of the Heine’s equation. First, we give Riemann-Papperitz
type integral solutions and series solutions in terms of the very-well-poised q-hypergeometric
series 8W7 for the variant of q-hypergeometric equation of degree three defined by Hatano-
Matsunawa-Sato-Takemura. Second, we introduce an Euler type integral transformation
for q-difference equations, and give representations for affine Weyl groups as an application.
Third, we solve a connection problem for a multivariable q-hypergeometric system introduced
by Park. Finally, we give a q-difference system associated with an extension of Riemann-
Papperitz type Jackson integral and its solutions in terms of the Kajihara’s q-hypergeometric
series.
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1 Introduction

The Gauss hypergeometric equation

[
x(1− x)

d2

dx2
+ (γ − (α+ β + 1)x)

d

dx
− αβ

]
f(x) = 0, (1.1)

is a standard form of second order Fuchsian differential equations with three singularities on
P1 = C ∪ {∞}. The equation (1.1) is characterized by the following Riemann scheme:






x = 0 x = 1 x = ∞
0 0 α

1− γ γ − α− β β




 . (1.2)

The equation (1.1) has the integral solution

∫

C
tα−1(1− t)γ−α−1(1− xt)−βdt, (1.3)

where C is a suitable path. Also, the equation (1.1) has the series solution

2F1

(
α,β
γ

;x

)
= 1 +

α · β
γ · 1 x+

α(α+ 1) · β(β + 1)

γ(γ + 1) · 1 · 2 x2 + · · · . (1.4)

The Riemann scheme (1.2), the integral solution (1.3) and the series solution (1.4) are basic
properties of the Gauss equation (1.1).

In this paper we fix q ∈ C with 0 < |q| < 1. A q-difference analog of the Gauss hypergeometric
equation (1.1) was introduced by Heine [22]. We consider the Heine’s equation in the following
form [27]

[x(1− aTx)(1− bTx)− (1− Tx)(1− cq−1Tx)]f(x) = 0, (1.5)

where Tx is the q-shift operator of x, that is, Txf(x) = f(qx). The equation (1.5) is called the
Heine’s q-hypergeometric equation. This has the integral solution and the series solution

∫

C
tα−1 (qt)∞

(ct/a)∞

(bxt)∞
(xt)∞

dqt, (1.6)

2ϕ1

(
a, b
c

x

)
, (1.7)

where a = qα. The notations in (1.6), (1.7) are defined below. These are used throughout this
paper.

Definition 1.1. We define the Jackson integral of f(t), the q-shifted factorial and the q-
hypergeometric series as

∫ τ

0
f(t)dqt = (1− q)

∞∑

n=0

f(τqn)τqn,

∫ τ∞

0
f(t)dqt = (1− q)

∞∑

n=−∞
f(τqn)τqn, (1.8)

∫ τ2

τ1

f(t)dqt =

∫ τ2

0
f(t)dqt−

∫ τ1

0
f(t)dqt, (1.9)

(a)∞ =
∞∏

n=0

(1− aqn), (a)m =
(a)∞

(aqm)∞
, (a1, . . . , ar)m = (a1)m · · · (ar)m, (1.10)
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rϕs

(
a1, . . . , ar
b1, . . . , bs

;x

)
=

∞∑

n=0

(a1, . . . , ar)n
(b1, . . . , bs, q)n

(−1)(r−s−1)nq(r−s−1)(n2)xn. (1.11)

Using the q-shifted factorial, the theta function is defined as

θ(x) = (x, q/x)∞. (1.12)

For details of these, see Gasper-Rahman [16] and references therein.

In this paper, we will study various extensions of the Heine’s equation (1.5). The contents of
this paper are as follows. In section 2, we study integral solutions, series solutions, connection
formula and degenerations for the equation H3 defined in [21]. In section 3, we introduce an
Euler-type integral transformation and construct representations for affine Weyl groups of types

D(1)
5 , E(1)

n (n = 6, 7, 8). In section 4, we give fundamental solutions for the system EN,M defined
in [51, 52], and connection matrices among them. In section 5, we provide a q-difference system
associated with an extension of the Jackson integral of Riemann-Papperitz type discussed in
section 2, and its solutions in terms of Kajihara’s q-hypergeometric series.

In the following, we summarize the contents of each section in more detail.

1.1 On section 2: q-Riemann-Papperitz system

The Riemann-Papperitz differential equation

[
d2

dx2
+

(
1− α1 − β1

x− t1
+

1− α2 − β2
x− t2

+
1− α3 − β3

x− t3

)
d

dx
+

1

(x− t1)(x− t2)(x− t3)

×
(
α1β1(t1 − t2)(t1 − t3)

x− t1
+
α2β2(t2 − t1)(t2 − t3)

x− t2
+
α3β3(t3 − t1)(t3 − t2)

x− t3

)]
g(x) = 0,

(1.13)

where α1+α2+α3+β1+β2+β3 = 1, is another standard form of second order Fuchsian differential
equations with three singularities. The equation (1.13) is characterized by the Riemann scheme






x = t1 x = t2 x = t3
α1 α2 α3

β1 β2 β3




 . (1.14)

So the Riemann-Papperitz equation (1.13) and the Gauss equation (1.1) are transformed to
each other by applying some Möbius transformation and gauge transformation. This makes
some properties of the Gauss equation (1.1) clear (for example, see Whittaker-Watson [68]).

In the theory of q-difference equations, the points x = 0 and x = ∞ are the fixed points of
the q-shift operator Tx. A notion of singularities that are useful for the analysis of q-difference
equations is established only for the points x = 0, ∞. The Gauss equation (1.1) has singularities
at x = 0 and x = ∞ (and also at x = 1), and then it is easy to obtain a q-analog of (1.1).
However, the points x = 0 and x = ∞ are regular points for the Riemann-Papperitz equation
(1.13). So it is difficult to construct a q-analog of (1.13).

In [21], two variants H2y = 0, H3y = 0 of q-hypergeometric equation were introduced. For
background of these equations, see Remark 2.4. The equations H2y = 0 and H3y = 0, given
in (2.4) and (2.1), are called the variant of q-difference equation of degree two and of degree
three, respectively. It was found in [21] that the equation H3 degenerates to the equation H2 in
some limit, and H2 degenerates to the Heine’s equation (1.5). Several solutions for the equation
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H2 are given in [21] in terms of 3ϕ2 and the q-Appell hypergeometric series ϕ1. However, only
conjectural solutions were discussed for the equation H3 in [21].

Main results of section 2 are Theorem 2.20 and Theorem 2.27. These results are based on
[46]. Theorem 2.20 gives integral solutions for the equation H3, and Theorem 2.27 gives series
solutions for the equation H3 in terms of the very-well-poised q-hypergeometric series 8W7. The
key point to get these results is to regard the equation H3 as a q-Riemann-Papperitz system. The
solutions are q-analogs of integral solutions and series solutions in terms of 2F1 for the Riemann-
Papperitz equation (1.13) (see Remark 2.23, 2.29). Connection formulas and degenerations
for solutions of H3 will be also discussed in sections 2.4 and 2.5. These degenerations include
Hatano-Matsunawa-Sato-Takemura’s solutions [21], and q-analogs of Kummer’s 24 solutions
given by Hahn [20].

1.2 On section 3: Euler-type integral transformation for the q-Heun equation
and affine Weyl group

The equations H2y = 0, H3y = 0 were introduced in [21] by reducing the q-Heun equation
and its variants (see Remark 2.4). The q-Heun equation and its variants are not rigid (see also
Remark 3.5, 3.17). So it is difficult to give an explicit solution for these equations, different from
the equations H2, H3.

An integral transformation for Heun’s differential equation was discussed by Takemura [59,
60]. Similarly, an integral transformation for the q-Heun equation was studied by Sasaki-Takagi-
Takemura [56]. Recently, integral transformations for variants of the q-Heun equation were
obtained by Takemura [63] from the viewpoint of the kernel functions.

In section 3, we introduce an Euler-type integral transformation

Eλ(f)(x;σ) = xλ−1
∫ σ∞

0
f(t)

(qt/x)∞
(qλt/x)∞

dqt, (1.15)

and study properties of it (see Proposition 3.3). Applying Eλ to solutions for suitable q-difference
equations, including the q-Heun equation and its variants, we give representations for affine

Weyl groups of types D(1)
5 , E(1)

6 , E(1)
7 , E(1)

8 . In particular, we provide integral transformations
for the q-Heun equation and its variants. Main result of section 3 is Theorem 3.16, which

gives a representation of affine Weyl group of type E(1)
8 by means of the Euler-type integral

transformation of the suitable q-difference equation. These results are based on [47].

1.3 On section 4: connection problem for a multivariable q-hypergeometric
system

A connection problem, i.e. to get linear relations for the solutions, is an important and funda-
mental problem for the theory of hypergeometric equations. For example, the formula [64, 67]

2ϕ1

(
a, b
c

;x

)
=

(b, c/a)∞
(b/a, c)∞

θ(ax)

θ(x)
2ϕ1

(
a, aq/c
aq/b

;
cq

abx

)
+

(a, c/b)∞
(a/b, c)∞

θ(ax)

θ(x)
2ϕ1

(
b, bq/c
bq/a

;
cq

abx

)
,

(1.16)

is a connection formula for the Heine’s equation.
In [51, 52], the q-hypergeometric series

FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
=

∑

m1,...,mM≥0

N∏

j=1

(aj)|m|
(cj)|m|

M∏

i=1

(bi)mi

(q)mi

M∏

i=1

xmi
i , (1.17)
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where |m| = m1 + · · ·+mM , was defined in order to get a certain isomonodromic deformation.
This isomonodromic deformation is a q-analog of Tsuda’s Hamiltonian system [65]. The function
FN,M satisfies the q-difference system EN,M [51, 52]




xs

N∏

j=1

(1− ajT ) · (1− bsTs)−
N∏

j=1

(1− cjq
−1T ) · (1− Ts)




F = 0 (1 ≤ s ≤ M), (1.18)

{xr(1− brTr)(1− Ts)− xs(1− bsTs)(1− Tr)}F = 0 (1 ≤ r < s ≤ M), (1.19)

where Ts = Txs and T = T1 · · ·TM . In section 4, we will give fundamental solutions for the
system EN,M and connection matrices among them. Main result of section 4 is Theorem 4.9.
This provides connection matrices for fundamental solutions of the system EN,M . Fundamental
solutions for EN,M are given in Proposition 4.7. We also characterize such fundamental solutions
by asymptotic behaviors in Proposition 4.6. These results are based on [45].

1.4 On section 5: a multivariable extension of the q-Riemann-Papperitz type
integral

To get solutions for the equation H3y = 0, we study the Jackson integral of Riemann-Papperitz
type

∫

C

4∏

i=1

(ait)∞
(bit)∞

dqt, a1 · · · a4 = q2b1 · · · b4. (1.20)

It is natural to consider an extension of this integral as

∫

C

M+3∏

i=1

(ait)∞
(bit)∞

dqt, a1 · · · aM+3 = q2b1 · · · bM+3. (1.21)

In section 5, we discuss some properties for this Riemann-Papperitz type integral. First we give a
q-difference system of rank M+1, that the integral (1.21) satisfies in section 5.1. Second we show
a transformation formula between the integral (1.21) and the Kajihara’s q-hypergeometric series
[29] in section 5.2, in particular we give solutions for the above system in terms of Kajihara’s
series. In section 5.3, we show that the above system degenerates the q-Appell-Lauricella system.
Since it is very difficult to degenerate the Kajihara’s q-hypergeometric series WM,2 to the q-
Appell-Lauricella series ϕD only by the definition of WM,2, we will not discuss Kummer type
solutions for the q-Appell-Lauricella system in this paper, unlike the one variable case.

Main results in section 5 are Theorem 5.4 and Theorem 5.12. Theorem 5.4 gives a q-
difference system that the integral (1.21) satisfies. Theorem 5.12 provides a series solution for
the q-difference system in terms of Kajihara’s q-hypergeometric series WM,2 [29]. These results
are based on [48].
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2 q-Riemann-Papperitz system

In this section, we will study a q-Riemann-Papperitz system. First, we will find that the variant
of q-hypergeometric equation of degree three H3 [21] can be regarded as a q-Riemann-Papperitz
system. Second, we will construct integral solutions and series solutions for the equation. Third,
we will give linear relations for the solutions. As an application, we will obtain q-analogs of
Kummer’s 24 solutions.

The contents of section 2 are as follows. We show that the equation H3 can be regarded as a
q-analog of the Riemann-Papperitz equation (1.13) in section 2.1. Integral solutions and series
solutions for the equation H3 are given in section 2.2 and section 2.3, respectively. In section
2.4, we discuss connection formulas of the solutions. Finally we study degenerations for the
q-Riemann-Papperitz system. This section is based on [46]. Some of the results in this section
are also obtained in [15].

2.1 q-Riemann-Papperitz system: the variant of q-hypergeometric equation
of degree three

In this subsection, we will show that the variant of q-hypergeometric equation of degree three
introduced by [21], is a q-Riemann-Papperitz system.

Definition 2.1 ([21]). The variant of q-hypergeometric equation of degree three is defined as
follows:

H3y = 0, (2.1)

H3 =
3∏

i=1

(x− qhi+1/2ti) · T−1
x + q2α+1

3∏

i=1

(x− qli−1/2ti) · Tx

+ qα
[
−(q + 1)x3 + q1/2

3∑

i=1

(qhi + qli)tix
2

− q(h1+h2+h3+l1+l2+l3+1)/2t1t2t3

3∑

i=1

((q−hi + q−li)/ti)x

+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3

]
. (2.2)

We call this equation as the q-Riemann-Papperitz system. For the reason why we call so, see
Remark 2.8.

Remark 2.2. The equation H3y = 0 has 10 parameters ti, li, hi (i = 1, 2, 3) and α. We can
delete the parameter α by the gauge transformation y → x−αy. Also by putting the parameters
t′i = q−hiti and l′i = li − hi, then H3 is rewritten by using t′i and l′i as

H3 =
3∏

i=1

(x− q1/2t′i) · T−1
x + q2α+1

3∏

i=1

(x− ql
′
i−1/2t′i) · Tx

+ qα
[
−(q + 1)x3 + q1/2

3∑

i=1

(1 + ql
′
i)t′ix

2

− q(l
′
1+l′2+l′3+1)/2t′1t

′
2t

′
3

3∑

i=1

((1 + q−l′i)/t′i)x

8



+ q(l
′
1+l′2+l′3)/2(q + 1)t′1t

′
2t

′
3

]
. (2.3)

In short, the equation (2.1) essentially depends on 6 parameters t′i and l′i (i = 1, 2, 3).

Remark 2.3. In [21], another variant

H2f(x) = 0, (2.4)

of q-hypergeometric equation was introduced, where

H2 =
2∏

i=1

(x− qhi+1/2ti) · T−1
x + qα1+α2

2∏

i=1

(x− qli−1/2ti) · Tx

− (qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2, (2.5)

p =q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q−h1 + q−l1)t2}. (2.6)

In this paper, we will discuss the equation H3 mainly. By taking the limit t3 → ∞ with some
changes of parameters, the equation H3 degenerates to H2. Also the equation H2 becomes the
Heine’s q-hypergeometric equation by taking the limit t2 → 0. In this sense the equations H3

and H2 are called variants of q-hypergeometric equation. We can get some formulas about the
equation H2 and Heine’s equation by taking the same limits for the results of the equation H3.
These degenerations are discussed in section 2.5.

Remark 2.4. We summarize background of the equationsH3 andH2 here. The correspondences
between some discrete Painlevé equations [54] and degenerations of the eigenvalue problem
for the Ruijsenaars-van Diejen operator [13, 53] in 1 variable were discovered by [61] for q-
difference case and [49] for elliptic case. Also Takemura [62] found that the fourth degeneration
of the eigenvalue problem is equivalent to the q-Heun equation which was introduced by Hahn
[19]. Heun’s differential equation is a second order Fuchsian differential equation with 4 regular
singularities. In addition, it was found in [62] that the second and third degenerations of the
eigenvalue problem are also q-analogs of Heun’s differential equation. These equations are called
variants of the q-Heun equation of degree three and degree four. Heun’s differential equation is
not rigid, so it is difficult to get explicit solutions for the equation. If one of 4 singularities in
Heun’s equation is a regular point, then this equation has only 3 singularities, so it is equivalent
to the Gauss equation. We can also take a similar specialization for the q-Heun equation and
its variants. That is why variants H2, H3 of q-hypergeometric equation were introduced by
Hatano-Matsunawa-Sato-Takemura [21]. The way [21] to derive the equations H2y = 0 and
H3y = 0 from the q-Heun equation and its variant of degree three is to specialize so that the
point x = 0 is essentially non-singular. Note that the points x = 0 and x = ∞ are essentially
non-singular for the variant of the q-Heun equation of degree four, and then we can not apply
the similar specialization for this case.

The following condition characterizes the equation H3.

Proposition 2.5 ([46]). If the q-difference operator H =
3∑

i=0

1∑

j=−1

ai,jx
iT j

x has the following

conditions:

(1) We rewrite the operator H as H =
3∑

i=0

xiLi(Tx). Then the Laurent polynomials L0, L1,

L2, L3 are factorized in the following forms:

9



(i) L0(y) ∝ (y − a)(y − aq), L1(y) ∝ (y − a).

(ii) L3(y) ∝ (y − b)(y − bq−1), L2(y) ∝ (y − b).

(2) We rewrite the operator H as H =
1∑

j=−1

Pj(x)T
j
x . Then the polynomials P−1, P1 are

factorized as P−1(x) ∝ (x− c1)(x− c2)(x− c3), P1(x) ∝ (x− d1)(x− d2)(x− d3).

Then the operator is equivalent to H3. More precisely, we put a = qν−α, b = qα, ci = qhi+1/2ti,
di = qli−1/2ti where ν = (h1 + h2 + h3 − l1 − l2 − l3)/2, then we have H = a3,−1H3.

Proof. By the conditions of L0, L3, P−1, P1, the ratios of {ai,j | (i, j) )= (1, 0), (2, 0)} are
determined. Using the condition of L1, a1,0 can be written by a1,1 and a1,−1. More precisely,
we have L1(y) = a1,1y + a1,0 + a1,−1y−1 = a1,1y−1(y − a)(y − a1,−1/(a1,1a)), so we get a1,0 =
−(a1,1a+a1,−1/a). Similarly we find a2,0 = −(a2,1b+a2,−1/b) by the condition of L2. Therefore
the operator H is determined by conditions (1) and (2).

On the other hand, we can check directly that the operator H3 satisfies conditions (1) and
(2) by putting the parameters a = qν−α, b = qα, ci = qhi+1/2ti, di = qli−1/2ti.

Remark 2.6. In [15], a “configuration” for q-difference equations was introduced. Also charac-
terizations by means of it for the following equations were obtained:

• Variants of q-hypergeometric equation H2, H3.

• The Heine’s q-hypergeometric equation.

• The q-Heun equation and its variant of degree three.

Remark 2.7. The condition (1.i) in Proposition 2.5 is the non-logarithmic condition at x = 0.
That is the equation Hy = 0 has local solutions of the form

xρ(1 +O(x)), xρ+1(1 +O(x)), (2.7)

where qρ = a. The condition (1.ii) is also the non-logarithmic condition at x = ∞. For more
general cases, see Proposition 3.1 in [41].

Remark 2.8 ([15, 21]). By taking the classical limit q → 1, the equation (2.1) becomes a
Fuchsian differential equation with the following Riemann scheme:






x = t1 x = t2 x = t3 x = 0 x = ∞
0 0 0 ν − α α

l1 − h1 l2 − h2 l3 − h3 ν − α+ 1 α+ 1




 , (2.8)

where ν = (h1+h2+h3−l1−l2−l3)/2. Here, x = 0 and x = ∞ are non-logarithmic singularities.
By some gauge transformation, we can delete two singularities x = 0 and x = ∞ from that
equation. Therefore the equation (2.1) can be regarded as a q-analog of the Riemann-Papperitz
system. Note that the classical limit of the equation (2.1) was calculated by Hatano-Matsunawa-
Sato-Takemura [21]. However the solutions of it were not fully studied.

The Riemann-Papperitz system has an integral solution and a series solution as

3∏

i=1

(x− ti)
αi

∫

C
(t− t1)

α2+α3+β1−1(t− t2)
α1+α3+β2−1(t− t1)

α1+α2+β3−1(t− x)−α1−α2−α3dt,

(2.9)
(
x− t1
x− t3

)α1
(
x− t2
x− t3

)α2

2F1

(
α1 + α2 + α3,α1 + α2 + β3

α1 − β1 + 1
;
x− t1
x− t3

t2 − t3
t2 − t1

)
. (2.10)

We will construct similar solutions for the q-Riemann-Papperitz system (2.1) in the following
subsections.
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2.2 Integral solutions for the q-Riemann-Papperitz system

In this subsection, we will give Jackson integral solutions for the equation (2.1). These solutions
are q-analogs of the integral (2.9). First, we derive a q-difference equation for the Jackson
integral of Jordan-Pochhammer type:

ϕ = ϕ(x, τ) =

∫ τ∞

0
ψ
dqt

t
, (2.11)

ψ = ψ(x, t) = tα
M∏

i=1

(ait)∞
(bit)∞

(Axt)∞
(Bxt)∞

. (2.12)

Next, we show integral solutions for the q-Riemann-Papperitz system (2.1) by considering a
special case of the Jordan-Pochhammer integral.

Remark 2.9. A linear q-difference system associated with the Jackson integral of Jordan-
Pochhammer type was obtained by Mimachi [38] and Matsuo [35]. A q-difference system for the
Jackson integral of Selberg type, which contains the system for the Jordan-Pochhammer type,
was obtained by Mimachi [39]. In [24], a q-difference system for the Jackson integral of Selbarg
type was also discussed, and the above results were summarized. Hence, for more details on
the Jackson integral of Jordan-Pochhammer type, see [24, 35, 38, 39]. In this paper, we derive
a q-difference equation for the Jackson integral of Jordan-Pochhammer type by integrating the
equation that the integrand satisfies.

Lemma 2.10 plays an essential role in deriving the q-difference equation which the Jackson
integral of Jordan-Pochhammer type satisfies.

Lemma 2.10 ([15]). The integrand (2.12) satisfies the following equation

M∑

k=0

(−1)kxM−k[ek(a)TtT
−1
x − qαek(b)]

M−k−1∏

n=0

(B −AqM−k−1Tx)
k−1∏

n=0

(1− q−nTx)ψ = 0. (2.13)

Here, ei is the elementary symmetric polynomial of degree i.

Proof. The equations

xt(B −ATx)ψ = (1− Tx)ψ, (2.14)

M∏

i=1

(1− ait) · TtT
−1
x ψ = qα

M∏

i=1

(1− bit) · ψ, (2.15)

can be verified by direct calculations. Using the elementary symmetric functions, the equation
(2.15) can be rewritten as

M∑

k=0

(−t)k[ek(a)TtT
−1
x − qαek(b)]ψ = 0. (2.16)

Since [(xt)(B −ATx)]k = (xt)k
∏k−1

n=0(B −Aqk−1Tx) holds, we have

xM
M−1∏

n=0

(B −AqnTx)t
k(TtT

−1
x )εψ

=xM−k(xt)k(TtT
−1
x )ε

M−1∏

n=k

(B −AqnTx)
k−1∏

n=0

(B −AqnTx)ψ

11



=xM−k(TtT
−1
x )ε

M−1∏

n=k

(B −Aqn−kTx)(xt)
k
k−1∏

n=0

(B −AqnTx)ψ

=xM−k(TtT
−1
x )ε

M−k−1∏

n=0

(B −AqnTx)[xt(B −ATx)]
kψ, (2.17)

for ε = 0, 1. By using the equation (2.14), we get

[(xt)(B −ATx)]
kψ =

k−1∏

n=0

(1− q−nTx)ψ. (2.18)

Therefore, multiplying the equation (2.16) by xM (B − ATx)(B − AqTx) · · · (B − AqM−1Tx) on
the left yields the desired equation (2.13).

Remark 2.11. By the integral transformation

f(x) *→
∫ τ∞

0
f(t)

(Axt)∞
(Bxt)∞

dqt, (2.19)

we can transform a linear q-difference equation. For more properties, see section 3. In section
3, we give an integral transformation for the q-Heun equation and its variants [62].

If the integral path (the cycle of integration) is chosen appropriately, then we can derive the
q-difference equation that the Jackson integral of Jordan-Pochhammer type satisfies.

Proposition 2.12 ([15]). We assume Txτ = qlτ for l ∈ Z. The integral (2.11) satisfies the
q-difference equation

M∑

k=0

(−1)kxM−k[ek(a)T
−1
x − qαek(b)]

M−k−1∏

n=0

(B −AqnTx)
k−1∏

n=0

(1− q−nTx)ϕ = 0. (2.20)

Proof. Since Txτ = qlτ , we get
∫ τ∞

0
(T i

tT
j
xψ(x, t))

dqt

t
= (1− q)

∑

n∈Z
ψ(T i

xx, q
n+jτ)

= (1− q)
∑

n∈Z
ψ(T i

xx, q
n+j−ilT i

xτ)

= (1− q)
∑

n∈Z
ψ(T i

xx, q
nT i

xτ)

= (1− q)
∑

n∈Z
T i
xψ(x, q

nτ)

= T i
x

∫ τ∞

0
ψ(x, t)

dqt

t
. (2.21)

Therefore we have the desired equation (2.20) by integrating the equation (2.13).

Remark 2.13. We put M = 1, and then the equation (2.20) is the Heine’s q-hypergeometric
equation. With the changes in the variable and parameters

z =
qBx

a1
, a = qα, b =

A

B
, c = qα+1 b1

a1
, (2.22)
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we find

[x(T−1
x − qα)(B −ATx)− (a1T

−1
x − qαb1)(1− Tx)]

= T−1
z [z(1− aTz)(1− bTz)− (1− cq−1Tz)(1− Tz)]. (2.23)

Therefore we have integral solutions

∫ τ∞

0
tα

(Axt, a1t)∞
(Bxt, b1t)∞

dqt

t
for Heine’s equation.

We will reduce the special case of (2.20) to the variant of the q-hypergeometric equation of
degree three. First we put α = 1 and

Aa1 · · · aM = q2Bb1 · · · bM . (2.24)

Then the equation (2.20) is reducible:

M∑

k=0

(−1)kxM−k[ek(a)T
−1
x − qek(b)]

M−k−1∏

n=0

(B −AqnTx)
k−1∏

n=0

(1− q−nTx)

=(B −Aq−1Tx)(1− q1−M )EM , (2.25)

where the rank M − 1 operator EM is defined as

EM = EM (A,B, a = {ai}1≤i≤M , b = {bi}1≤i≤M )

= xMT−1
x

M−2∏

n=0

(B −AqnTx)

+
M−1∑

k=1

(−1)kxM−k[ek(a)T
−1
x − qek(b)]

M−k−2∏

n=0

(B −AqnTx)
k−2∏

n=0

(1− q−nTx)

+ (−1)M
a1 · · · aM

B
T−1
x

M−2∏

n=0

(1− q−nTx). (2.26)

Remark 2.14. We remark on the characterization of the operator EM .

• If H =
∑M

i=0 x
iLi(Tx), then

L0(y) ∝
M−2∏

j=0

(y − aqj), L1(y) ∝
M−3∏

j=0

(y − aqj), . . . , LM−2(y) ∝ (y − a)., (2.27)

LM (y) ∝
M−2∏

j=0

(y − bq−j), LM−1(y) ∝
M−3∏

j=0

(y − bq−j), . . . , L2(y) ∝ (y − b). (2.28)

• If H =
∑M−2

j=−1 Pj(x)T
j
x , then

P−1(x) ∝ (x− c1) · · · (x− cM ), PM−2(x) ∝ (x− d1) · · · (x− dM ). (2.29)

Then we have H = EM with suitable parameters a, b, ci, di. This characterization can be proved
in a similar manner to Proposition 2.5.
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When M = 3, the q-difference operator E3 satisfies the conditions in Proposition 2.5. So
the equation E3y = 0 is equivalent to the q-Riemann-Papperitz system (2.1). More precisely,
by putting q−ν = B/A, qli−1/2ti = bi/A, qhi+1/2ti = ai/B, and by the gauge transformation
Y = xν−αy, we have H3Y = 0.

Now the integral (2.11) satisfies the equation (B−Aq−1Tx)(1− q1−MTx)EMϕ = 0. Thus we
have EMϕ = C1xM−1 +C2xλ, where qλ = Bq/A and C1 C2 are pseudo constants, i.e. functions
in x that satisfy TxCi = Ci. We want to delete pseudo constants Ci in order to obtain solutions
for the equation EMy = 0. The following lemma is useful for calculating the pseudo constants
C1, C2.

Lemma 2.15. We have

lim
z→1

(1− z)MψM

(
a1, . . . , aM
b1, . . . , bM

; z

)
=

(a1, . . . , aM )∞
(b1, . . . , bM )∞

, (2.30)

where MψM is the bilateral q-hypergeometric function:

MψM

(
a1, . . . , aM
b1, . . . , bM

; z

)
=
∑

n∈Z

(a1, . . . , aM )n
(b1, . . . , bM )n

zn. (2.31)

Proof. The negative power part of the function MψM is holomorphic at z = 1. Thus we have

lim
z→1

(1− z)MψM

(
a1, . . . , aM
b1, . . . , bM

; z

)
= lim

z→1
(1− z)

∑

n≥0

(a1, . . . , aM )n
(b1, . . . , bM )n

zn. (2.32)

Using the q-binomial theorem, we obtain

∞∑

n=0

(a1, . . . , aM )n
(b1, . . . , bM )n

zn

=
(a1, . . . , aM )∞
(b1, . . . , bM )∞

∞∑

n=0

(b1qn, . . . , bMqn)∞
(a1qn, . . . , aMqn)∞

zn

=
(a1, . . . , aM )∞
(b1, . . . , bM )∞

∞∑

n=0

∞∑

k1=0

· · ·
∞∑

kM=0

(b1/a1)k1 · · · (bM/aM )kM
(q)k1 · · · (q)kM

ak11 · · · akMM (zqk1+···+kM )n

=
(a1, . . . , aM )∞
(b1, . . . , bM )∞

∞∑

k1=0

· · ·
∞∑

kM=0

(b1/a1)k1 · · · (bM/aM )kM
(q)k1 · · · (q)kM

ak11 · · · akMM
1

1− zqk1+···+kM

=
(a1, . . . , aM )∞
(b1, . . . , bM )∞



 1

1− z
+

∑

k1+···+kM>0

(b1/a1)k1 · · · (bM/aM )kM
(q)k1 · · · (q)kM

ak11 · · · akMM
1

1− zqk1+···+kM



 .

(2.33)

Therefore we get the desired equation (2.30).

Lemma 2.16. Suppose τ ∈ {q/a1, . . . , q/aM , q/(Ax)} and B/A /∈ qZ. Then the Jackson integral
of Jordan-Pochhammer type (2.11) satisfies the equation

EMϕ = −
M−3∏

n=0

(B −Aqn) · q(1− q)xM−1, (2.34)

14



where EM is given in equation (2.26). In particular, the integral

ϕi,j =

∫ τj

τi

M∏

k=1

(akt)∞
(bkt)∞

(Axt)∞
(Bxt)∞

dqt, (2.35)

satisfies the equation EMϕi,j = 0. Here, τi = q/ai (i = 1, . . . ,M) and τM+1 = q/(Ax).

Proof. First, if τ = q/ak, then the integral

ϕ(x, τ) =

∫ τ

0

M∏

i=1

(ait)∞
(bit)∞

(Axt)∞
(Bxt)∞

dqt, (2.36)

is holomorphic at x = 0. Also if τ = q/(Ax), then this integral is holomorphic at x = ∞. Thus
we have EMϕ = CxM−1 where C is a constant. For τ = q/ak, we have

ϕ(x, τ) =

∫ τ

0

M∏

i=1

(ait)∞
(bit)∞

∞∑

n=0

(A/B)n
(q)n

(Bxt)ndqt =
M−1∑

n=0

(A/B)n
(q)n

(Bx)n
∫ τ

0
tn

M∏

i=1

(ait)∞
(bit)∞

dqt+O(xM ),

(2.37)

due to the q-binomial theorem. So we have

C =
M−1∑

k=1

(−1)k[ek(a)q
1−k − qek(b)]

M−k−2∏

n=0

(B −Aqnqk−1)
k−2∏

n=0

(1− q−nqk−1)

× (A/B)k−1

(q)k−1
Bk−1

∫ τ

0
tk−1

M∏

i=1

(ait)∞
(bit)∞

dqt

+ (−1)M
a1 · · · aM

B
q1−M

M−2∏

n=0

(1− q−nqM−1)
(A/B)M−1

(q)M−1
BM−1

∫ τ

0
tM−1

M∏

i=1

(ait)∞
(bit)∞

dqt

=
M−1∑

k=1

(−1)k[ek(a)q
1−k − qek(b)]

M−3∏

n=0

(B −Aqn)

∫ τ

0
tk−1

M∏

i=1

(ait)∞
(bit)∞

dqt

+ (−1)Mq1−M a1 · · · aM
B

M−3∏

n=0

(B −Aqn) · (B −AqM−2)

∫ τ

0
tM−1

M∏

i=1

(ait)∞
(bit)∞

dqt

=
M−3∏

n=0

(B −Aqn)
M∑

k=1

[ek(a)q
1−k − qek(b)]

∫ τ

0
tk−1

M∏

i=1

(ait)∞
(bit)∞

dqt

=
M−3∏

n=0

(B −Aqn)(1− q)q
M∏

i=1

(aiτ)∞
(biτ)∞

M∑

k=1

[ek(a)q
−k − ek(b)]τ

k
MψM

(
b1τ, . . . , bMτ
a1τ, . . . , aMτ

; qk
)
.

(2.38)

Here, we used the condition a1 · · · aMA = q2b1 · · · bMB. The function MψM

(
b1τ, . . . , bMτ
a1τ, . . . , aMτ

; z

)

satisfies the following equation:

[(1− a1τq
−1Tz) · · · (1− aMτq

−1Tz)− z(1− b1τTz) · · · (1− bMτTz)]MψM = 0. (2.39)

Using the elementary symmetric polynomial ek, we obtain

M∑

k=0

[ek(a)q
−k − zek(b)]τ

k
MψM

(
b1τ, . . . , bMτ
a1τ, . . . , aMτ

; zqk
)

= 0. (2.40)
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So we have

M∑

k=1

[ek(a)q
−k − ek(b)]τ

k
MψM

(
b1τ, . . . , bMτ
a1τ, . . . , aMτ

; qk
)

= − lim
z→1

(1− z)MψM

(
b1τ, . . . , bMτ
a1τ, . . . , aMτ

; z

)
= − (b1τ, . . . , bMτ)∞

(a1τ, . . . , aMτ)∞
. (2.41)

Therefore we have

C = −
M−3∏

n=0

(B −Aqn)q(1− q). (2.42)

For τ = q/(Ax), the integral can be expanded at x = ∞ as follows:

∫ q/(Ax)

0

(Axt)∞
(Bxt)∞

M∏

i=1

(ait)∞
(bit)∞

dqt

=
1

x

∫ q/A

0

(At)∞
(Bt)∞

M∏

i=1

(ait/x)∞
(bit/x)∞

dqt

=
1

x

(∫ q/A

0

(At)∞
(Bt)∞

dqt+O

(
1

x

))
. (2.43)

The last integral is factorized by the q-binomial theorem as follows:

∫ q/A

0

(At)∞
(Bt)∞

dqt = (1− q)
q

A

(q)∞
(qB/A)∞

(q2B/A)∞
(q)∞

=
(1− q)q

A−Bq
. (2.44)

The degree of the operator EM in x is M , so we have

EMϕ(x, q/(Ax)) =
(1− q)q

A−Bq
q(B −Aq−1)

M−3∏

n=0

(B −Aqn)xM−1 +O(xM−2). (2.45)

Hence, the integral ϕ(x, τ) satisfies the equation (2.34)

EMϕ(x, τ) = CxM−1. (2.46)

This completes the proof.

Proposition 2.17 ([46]). Suppose ai )= aj and bi )= bj for 1 ≤ i < j ≤ M . The integrals
ϕ1,2, . . . ,ϕ1,M are linearly independent over the field Kx of pseudo constants. Here

Kx = {C(x) | TxC(x) = C(x)}. (2.47)

In particular, ϕ1,2, . . . ,ϕ1,M are basis of the space of solutions for EMy = 0.

Proof. It is sufficient to prove it in a special case. We can put ai = bi (i = 1, . . . ,M) by the
assumptions. Also we put B = 1, A = q2. By a simple calculation, we have

ϕ1,i =

∫ q/ai

q/a1

1

(1− xt)(1− qxt)
dqt =

(1− q)q(a1 − ai)

(a1 − xq)(ai − xq)
. (2.48)
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We assume

C2ϕ1,2 + · · ·+ CMϕ1,M = 0, (2.49)

where Ci ∈ Kx. We have

(C2, . . . , CM )((p2, . . . , pM )T) = 0, (2.50)

where vT is the transpose of v and

pi = (a1 − ai)
∏

2≤j≤M
j (=i

(ai − xq). (2.51)

By the assumption ai )= aj , the polynomials pi of degree M − 2 are basis of {f(x) ∈ C[x] |
deg f(x) ≤ M − 2}. So there exists a constant matrix G ∈ GL(M − 1,C) such that

(p2, . . . , pM )T = M(1, x, . . . , xM−2)T. (2.52)

We put (C̃0, . . . , C̃M−2) = (C2, . . . , CM )G, then C̃0, . . . , C̃M−2 are pseudo constants and

(C̃0, . . . , C̃M−2)((1, x, . . . , x
M−2)T) = 0. (2.53)

Applying T k
x (k = 1, . . . ,M − 2), we have

(C̃0, . . . , C̃M−2)





1 1 · · · 1
x qx · · · qM−2x
...

...
...

xM−2 (qx)M−2 · · · (qM−2x)M−2




= (0, . . . , 0). (2.54)

By the Vandermonde determinant, we have (C̃0, . . . , C̃M−2) = (0, . . . , 0). Since G is invertible,
we finally obtain (C2, . . . , CM ) = (0, . . . , 0).

Remark 2.18. In [15], the linearly independence of integrals for the case of M = 3 is proved
in another way. Their proof is based on that a non-constant rational function is not a pseudo
constant.

Remark 2.19. In some cases of q-difference equations, linearly independence of solutions can be
easily checked by considering characteristic exponents at x = 0 or x = ∞. However, the points
x = 0 and x = ∞ are essentially non-singular for the equation EMy = 0. Therefore it is difficult
to prove the linearly independence by this way here. Our method in the proof of Proposition
2.17 does not focus on the characteristic exponents. We proved the linearly independence by
using the Vandermonde determinant.

We consider the case M = 3 here. As mentioned above, the equation E3 is equivalent to the
q-Riemann-Papperitz system (2.1). By putting the parameters suitably, we finally get integral
solutions for the q-Riemann-Papperitz system (2.1).

Theorem 2.20 ([46]). The integral

ϕi,j = xν−α
∫ τj

τi

(qνxt, qh1+
1
2 t1t, q

h2+
1
2 t2t, q

h3+
1
2 t3t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t, q

ν+l3− 1
2 t3t)∞

dqt (1 ≤ i, j ≤ 4), (2.55)

satisfies the q-Riemann-Papperitz system (2.1). Here, ν = 1
2 (h1 + h2 + h3 − l1 − l2 − l3 + 1),

τi = q
1
2−hi/ti (i = 1, 2, 3), τ4 = q1−ν/x.
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Proof. By putting q−ν = B/A, qli−1/2ti = bi/A, qhi+1/2ti = ai/B, and by the gauge transfor-
mation Y = xν−αy, the equation E3y = 0 is transformed to the q-Riemann-Papperitz system
H3Y = 0. Using Lemma 2.16, we have the desired result.

Remark 2.21. In [15], other integral solutions are given by considering the following integral:

ϕ̃ =

∫ τ∞

0
ψ × C(t)dqt, (2.56)

where C(t) is a suitable pseudo constant.

Remark 2.22. In [9], the integral in Theorem 2.20 is discussed by using the q-middle convolution
defined by Sakai-Yamaguchi [55].

Remark 2.23. The Riemann-Papperitz equation (1.13) has an integral solution of the form

(gauge factor)×
∫

C
(t− t1)

ν1(t− t2)
ν2(t− t3)

ν3(t− x)ν4dt, (2.57)

where ν1+ ν2+ ν3+ ν4 = −2. The integral (2.55) is a q-analog of this integral. So we call (2.55)
the Jackson integral of Riemann-Papperitz type. Note that the condition (2.24) corresponds to
the relation ν1 + ν2 + ν3 + ν4 = −2.

2.3 Series solutions for the q-Riemann-Papperitz system

In this section, we will present series solutions for the q-Riemann-Papperitz system (2.1) in
terms of the very-well-poised q-hypergeometric function 8W7. These solutions are q-analogs of
a series solution (2.62) for the Riemann-Papperitz system (1.13).

First we show some formulas for the the very-well-poised q-hypergeometric function 8W7

without proofs. For details of such formulas, see Gasper-Rahman’s book [16].

Definition 2.24 ([16], (2.1.11)). The very-well-poised q-hypergeometric series is defined as
follows:

r+1Wr(a1; a4, . . . , ar+1; z) =
∞∑

n=0

1− a1q2n

1− a1

(a1, a4, . . . , ar+1)n
(q, qa1/a4, . . . , qa1/ar+1)n

zn. (2.58)

This series converges for |z| < 1, and is called balanced if z =
(±(a1q)1/2)r−3

a4a5 · · · ar+1
.

Lemma 2.25 ([16], (2.10.19)). If cd = abefgh and |ah| < 1, then we have
∫ b

a

(qt/a, qt/b, ct, dt)∞
(et, ft, gt, ht)∞

dqt

=b(1− q)
(q, bq/a, a/b, cd/(eh), cd/(fh), cd/(gh), bc, bd)∞

(ae, af, ag, be, bf, bg, bh, bcd/h)∞
× 8W7

(
bcd

hq
; be, bf, bg,

c

h
,
d

h
; ah

)
.

(2.59)

This formula is known as the Bailey’s transformation formula.

Lemma 2.26 ([16], (2.10.1)). Let µ = qa2/(bcd). We have

8W7

(
a; b, c, d, e, f ;

a2q2

bcdef

)
=

(aq, aq/(ef), µq/e, µq/f)∞
(aq/e, aq/f, µq, µq/(ef))∞

8W7

(
µ;

µb

a
,
µc

a
,
µd

a
, e, f ;

aq

ef

)
,

(2.60)

if max(|aq/(ef)|, |µq/(ef)|) < 1.
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Lemma 2.26 is mainly used in section 2.5. By applying Lemma 2.25 to the integral (2.55),
we obtain series solutions for the q-Riemann-Papperitz system (2.1).

Theorem 2.27 ([46]). Let {i, j, k} = {1, 2, 3}. The function

xν−α (q
ν−hk+

1
2x/tk)∞

(q
1
2−hkx/tk)∞

8W7

(
tiqhi−hk+ν

tk
;
tiq−hk+li+ν

tk
,
tjq−hk+lj+ν

tk
, q−hk+lk+ν ,

tiq
hi+

1
2

x
, qν ;

xq
1
2−hj

tj

)
,

(2.61)

satisfies the q-Riemann-Papperitz system (2.1), where ν = 1
2 (h1 + h2 + h3 − l1 − l2 − l3 + 1).

Remark 2.28. In [15], a configuration of q-difference equations was introduced and the symme-
try of the q-Riemann-Papperitz system (2.1) was studied by using this idea. Also the symmetry
was realized by some gauge transformations, so we get many solutions in terms of 8W7 by using
the symmetry. For more details, see [15].

Remark 2.29. The Riemann-Papperitz equation (1.13) has a series solution as
(
z − t1
z − t3

)α1
(
z − t2
z − t3

)α2

2F1

(
α1 + α2 + α3,α1 + α2 + β3

α1 − β1 + 1
;
z − t1
z − t3

t2 − t3
t2 − t1

)
. (2.62)

The series 8W7 in the above theorem is a q-analog of the series (2.62), namely we have

8W7

(
tiqhi−hk+ν

tk
;
tiq−hk+li+ν

tk
,
tjq−hk+lj+ν

tk
, q−hk+lk+ν ,

tiq
hi+

1
2

x
, qν ;

xq
1
2−hj

tj

)

=
∞∑

n=0

1− tiq•/tk
1− tiq•/tk

(tiq•/tk, tiq•/tk, tjq•/tk, q−hk+lk+ν , tiq•/x, qν)n
(q, q1+hi−li , tiq•/tj , tiq•/tk, xq•/tk, tiq•/tk)n

(
xq•

tj

)

q→1−−−→
∞∑

n=0

(−hk + lk + ν, n)(ν, n)

(1, n)(1 + hi − li, n)

(
(1− ti/tk)(1− ti/tk)(1− tj/tk)(1− ti/x)

(1− ti/tj)(1− ti/tk)(1− x/tk)(1− ti/tk)

x

tj

)n

= 2F1

(
−hk + lk + ν, ν

1 + hi − li
;
x− ti
x− tk

tj − tk
tj − ti

)
. (2.63)

Note that explicit forms of • are not essential for taking the limit q → 1.

Remark 2.30. The solution (2.61) can be obtained by applying the formula (2.59) to the
integral ϕi,j (1 ≤ i, j ≤ 3). Applying it to ϕi,4, we have the following solution:

xν−α−1 (tiq
hi−ν+3/2/x, xq−hi+ν−1/2/ti, tjqhj+hk−lk−ν+3/2/x, tjqhj−ν+3/2/x, tkqhk−ν+3/2/x)∞
(xq1/2−hi/ti, tiqli+1/2/x, tjqlj+1/2/x, tkqlk+1/2/x, tjqhj+hk−lk−2ν+5/2/x)∞

× 8W7

(
tjq

hj+hk−lk−2ν+ 3
2

x
; q1−ν ,

tiq
li+

1
2

x
,
tjq

lj+
1
2

x
,
tjqhj−lk−ν+1

tk
, qhk−lk−ν+1;

tkq−hi+lk+ν

ti

)
.

(2.64)

Also we get several solutions for the q-Riemann-Papperitz system by Lemma 2.26. For example,

xν−α (q
ν−hk+

1
2x/tk, xqhi−lj−li−ν+3/2/tj , xqhk+hi−lj−lk−li−ν+3/2/tj)∞

(q
1
2−hkx/tk, xqhi−lj−li+3/2/tj , xq−hk+hi−lj+lk−li+2ν+3/2/tj)∞

× 8W7

(
xqhi−lj−li+

1
2

tj
;
xq

1
2−lj

tj
,
tkqhk+hi−lj−li−ν+1

tj
,
xq

1
2−li

ti
, qν , q−hk+lk+ν ;

tiqhi−lk−ν+1

tk

)
,

(2.65)
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xν−α−1 (tjq
hj−ν+3/2/x, tkqhk−ν+3/2/x, tiqhi−ν+3/2/x, xq−hj+ν−1/2/tj , tktiqhk+hi−lj−ν+3/2/tjx)∞

(tjqlj+1/2/x, tkqlk+1/2/x, tiqli+1/2/x, tktiqhk+hi−ν+2/x2)∞

× (tiq
hk+hi−lk−ν+3/2/x, tkq

hk+hi−li−ν+3/2/x)∞

× 8W7

(
tktiqhk+hi−ν+1

x2
;
tjq

lj+
1
2

x
,
tkq

lk+
1
2

x
,
tiq

li+
1
2

x
,
tkq

hk+
1
2

x
,
tiq

hi+
1
2

x
;
xq

1
2−hj

tj

)
. (2.66)

These solutions are useful for considering degenerations of the q-Riemann-Papperitz system
(2.1). Degenerations are discussed in section 2.5.

Remark 2.31. The very-well-poised-balanced q-hypergeometric series 8W7 is also known as
the Askey-Wilson function [33]. Well known linear q-difference equations satisfied by the very-
well-poised-balanced 8W7 are the ones considered by Ismail and Rahman [23]. We put φ =

8W7

(
a; b, c, d, e, f ;

(aq)2

bcdef

)
, and T1 = TbT−1

c , T2 = T 2
aTcTdTeTf . In [23], linear relations for T1φ,

φ, T−1
1 φ, and for T2φ, φ, T

−1
2 φ were obtained. These equations are as follows:

[
(b− c)

(
1− aq

bc

)(
1− a2q2

bcdef

)
+ L+M

]
φ =

(1− c)(1− a/c)

(1− b/q)(1− aq/b)
T−1
1 φ+

(1− b)(1− a/b)

(1− c/q)(1− aq/c)
T1φ,

(2.67)
[
b(1− a/(bc))(1− a/(bd))(1− a/(be))(1− a/(bf))

(1− a/b)(1− a/(bq))

+
a2(1− c)(1− d)(1− e)(1− f)q

(1− a/b)(1− aq/b)bcdef
+ (1− b)

(
1− a2q

bcdef

)]
φ

=
(1− a/c)(1− a/d)(1− a/e)(1− a/f)

(1− a)(1− aq)
T−1
2 φ

+
a2q

cdef

(1− c)(1− d)(1− e)(1− f)(aq)2(1− aq/(bc))(1− aq/(bd))(1− aq/(be))(1− aq/(bf))

(a/b)2(aq/b)2(1− aq/c)(1− aq/d)(1− aq/e)(1− aq/f)
T2φ,

(2.68)

where

L =
c(1− c/q)(1− aq/(cd))(1− aq/(ce))(1− aq/(cf))

b− c/q
, (2.69)

M =
b(1− b/q)(1− aq/(bd))(1− aq/(be))(1− aq/(bf))

c− b/q
. (2.70)

On the other hand, we find that the function 8W7 satisfies the q-Riemann-Papperitz system (2.1)
under some gauge transformation. Our result gives linear relations for T3φ, φ, T

−1
3 φ, and for T4φ,

φ, T−1
4 φ, and T5φ, φ, T

−1
5 φ. Here, T3 = Tb, T4 = TaTbTc, and T5 = T 2

aTbTcTdTeTf . Therefore
the q-Riemann-Papperitz system (2.1) can be regarded as a contiguity relation for the Askey-
Wilson function 8W7. In [21], it was mentioned that some solution for the equation H2y = 0
is related to the big q-Jacobi polynomial. The big q-Jacobi polynomial can be obtained from
the Askey-Wilson polynomial by taking some limit. In addition, the little q-Jacobi polynomial,
which is related to the Heine’s q-hypergeometric equation, can be obtained from the big q-Jacobi
polynomial. Degenerations of orthogonal polynomials are summarized in the Askey scheme [32].
In conclusion the degeneration “H3 → H2 → Heine” can be regarded as (a part of) the Askey
scheme.
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2.4 Connection problem

In this subsection, we will solve the connection problem associated with the q-Riemann-Papperitz
system (2.1). In Theorem 2.20, we get 6 integral solutions for the equation (2.1). So there are
4 linear relations among the integrals. In this subsection, we will give 4 relations. Three of 4
linear relations are trivially obtained, and another one can be obtained by reducing Mimachi’s
formula [38]. However this reduction is not straightforward as discussed below.

A connection formula for the Jackson integral of Jordan-Pochhammer type was obtained by
Mimachi [38] by calculating a certain contour integral. First, we review Mimachi’s connection
formula [38] for the Jackson integral of Jordan-Pochhammer type.

Proposition 2.32 ([38]). We have

θ(qρ)

∫ qb0

0
tρ−1

M∏

i=0

(t/bi)∞
(t/ai)∞

dqt =
M∑

k=0

Ck

∫ q/ak

0
tα−1

M∏

i=0

(ait)∞
(bit)∞

dqt, (2.71)

where qρ = a1 · · · aN+1/(b1 · · · bNqα) and

Ck = (qb0)
ρ

(
ak
q

)α

θ(qρ+1b0/ak)
M∏

j=1

θ

(
ak
bj

) ∏

0≤j≤M
j (=k

θ

(
ak
aj

)−1

. (2.72)

Proof. We consider the following contour integral:

∫

L

(c1s, . . . , cMs, qs/x, x/s)∞
(d0s, . . . , dMs, 1/s)∞

ds

s
. (2.73)

Here the contour L is a deformation of the positively oriented unit circle so that the poles of
1/(d1s, . . . , dM+1s)∞ lie outside L, and the poles of 1/(1/s)∞ and 0 lie inside L. By the Cauchy’s
residue formula to the inside and outside, we get the following formula:

θ(x)
∞∑

n=0

(qqn, c1qn, . . . , cMqn)∞
(d0qn, . . . , dMqn)∞

xn

=
M∑

k=0

θ(xdk)
M∏

i=1

θ(ci/dk)
∏

0≤i≤M
i (=k

θ(di/dk)
−1

∞∑

n=0

(qdkqn/d0, . . . , qdkqn/dM )∞
(qdkqn/c1, . . . , qdkqn/cM , dkqn)∞

(
c1 · · · cMq

d0 · · · dMx

)n

.

(2.74)

Putting ci, di and x suitably, we obtain the desired formula (2.71).

Remark 2.33. The formula (2.71) is equivalent to the connection formula of the generalized
q-hypergeometric series M+1ϕM [64, 67]. The connection formula of M+1ϕM is also written in
section 4, (4.36).

Remark 2.34. A connection formula for the Jackson integral of type A was studied by Ito-
Noumi [26]. Their formula includes Mimachi’s one (2.71) as a special case.

We put α = 1 and a0 · · · aM = q2b0 · · · bM , then θ(qρ) = θ(q) = 0. So we get

0 =
M∑

k=0

Ck

∫ q/ak

0
tα−1

M∏

i=0

(ait)∞
(bit)∞

dqt. (2.75)
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By a simple calculation, we have

M∑

k=1

Ck

C0

∫ q/ak

q/a0

M∏

i=0

(ait)∞
(bit)∞

dqt = −
(
1 +

C1

C0
+ · · ·+ CM

C0

)∫ q/a0

0

M∏

i=0

(ait)∞
(bit)∞

dqt. (2.76)

We put a0 = Ax and b0 = Bx. Due to Lemma 2.16, the left-hand-side of the above formula
satisfies the equation EMy = 0 because coefficients Ck/C0 (k = 1, . . . ,M) are pseudo constants
of x. On the other hand, the integral

∫ q/a0

0

M∏

i=0

(ait)∞
(bit)∞

dqt, (2.77)

of the right-hand-side is not a solution for EMy = 0. Thus the coefficient 1+C1/C0+· · ·+CM/C0

vanishes. Therefore we have the following formula:

Theorem 2.35. Suppose a0 · · · aM = q2b0 · · · bM . We have

M∑

k=1

C̃k

∫ q/ak

q/a0

M∏

i=0

(ait)∞
(bit)∞

dqt = 0. (2.78)

Here

C̃k =
Ck

C0
=

(
ak
a0

)2 M∏

i=0

θ(ak/bi)

θ(a0/bi)

∏

0≤i≤M
i (=0

θ(a0/ai)
∏

0≤i≤M
i (=k

θ(ak/ai)
−1. (2.79)

Remark 2.36. We obtained the linear relation (2.78) by reducing Mimachi’s formula (2.71).
However this reduction is not obtained straightforward. The key point in order to prove 1 +
C1/C0 + · · · + CM/C0 = 0 is that the integral (2.77) is not a solution of EMy = 0. The direct
proof of the relation 1 + C1/C0 + · · ·+ CM/C0 = 0 seems to be difficult.

We consider the case M = 3. As mentioned above, the equation E3y = 0 is equivalent to
the q-Riemann-Papperitz system. So the formula (2.78) gives a connection formula for integral
solutions of the q-Riemann-Papperitz system (2.1).

Theorem 2.37. We put

C1 =

θ
(
qh1−l1−ν+1

)
θ

(
t1q

h1− 1
2

x

)
θ
(
t1qh1−l2−ν+1

t2

)
θ
(
t1qh1−l3−ν+1

t3

)
θ

(
xq−h2+ν− 1

2

t2

)
θ

(
xq−h3+ν− 1

2

t3

)

θ (qν−1) θ
(
t1qh1−h2

t2

)
θ
(
t1qh1−h3

t3

)
θ

(
xq

1
2−l1

t1

)
θ

(
xq

1
2−l2

t2

)
θ

(
xq

1
2−l3

t3

) ,

(2.80)

C2 =

θ
(
qh2−l2−ν+1

)
θ

(
t2q

h2− 1
2

x

)
θ
(
t2qh2−l1−ν+1

t1

)
θ
(
t2qh2−l3−ν+1

t3

)
θ

(
xq−h1+ν− 1

2

t1

)
θ

(
xq−h3+ν− 1

2

t3

)

θ (qν−1) θ
(
t2qh2−h1

t1

)
θ
(
t2qh2−h3

t3

)
θ

(
xq

1
2−l1

t1

)
θ

(
xq

1
2−l2

t2

)
θ

(
xq

1
2−l3

t3

) ,

(2.81)

C3 =

θ
(
qh3−l3−ν+1

)
θ

(
t3q

h3− 1
2

x

)
θ
(
t3qh3−l1−ν+1

t1

)
θ
(
t3qh3−l2−ν+1

t2

)
θ

(
xq−h1+ν− 1

2

t1

)
θ

(
xq−h2+ν− 1

2

t2

)

θ (qν−1) θ
(
t3qh3−h1

t1

)
θ
(
t3qh3−h2

t2

)
θ

(
xq

1
2−l1

t1

)
θ

(
xq

1
2−l2

t2

)
θ

(
xq

1
2−l3

t3

) .

(2.82)
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Then the integrals ϕ1,4, ϕ2,4, ϕ3,4 in Theorem 2.20 satisfy the following linear relation:

C1ϕ1,4 + C2ϕ2,4 + C3ϕ3,4 = 0. (2.83)

Remark 2.38. The integrals ϕi,j satisfies the trivial relation:

ϕi,j + ϕj,k + ϕk,i = 0, (2.84)

due to the definition of the Jackson integral. Therefore we get





1 −1 0 1 0 0
1 0 −1 0 1 0
0 1 −1 0 0 1
0 0 C1 0 C2 C3









ϕ1,2

ϕ1,3

ϕ1,4

ϕ2,3

ϕ2,4

ϕ3,4




=





0
0
0
0



 . (2.85)

The rank of this 6× 4 matrix is 4 in general.

Remark 2.39. We obtained a three term relation (2.83) for the integral ϕi,j . On the other
hand, the integral can be transformed to the very-well-poised q-hypergeometric function 8W7.
So we get a new linear relation for 8W7:

8W7(a; b, c, d, e, f)

=
(aq/(be), f, f/a, aq, bq/a, aq/(bc), bq/c, aq/(bd), bq/d, bq/e, be/a)∞

(q/e, be/a, f/b, bf/a, aq/b, b2q/a, q/c, aq/c, q/d, aq/d, aq/e)∞
8W7

(
b2

a
; b,

be

a
,
bc

a
,
bd

a
,
bf

a

)

+ idem(b, f).

Here, the symbol idem(b, c) after an expression means that the preceding expression is repeated
with b and c interchanged. Note that a similar formula for the function 8W7 is written in
Gasper-Rahman [16], equation (2.11.1), however our relation is not the same as it.

2.5 Degenerations

In this section, we consider some degenerations for the q-Riemann-Papperitz system (2.1). By
taking the limit t3 → ∞ with suitable parameters, the q-Riemann-Papperitz system (2.1) be-
comes the equation (2.4), and taking the limit t2 → 0 in (2.4), we get the Heine’s equation (1.5).
More precisely, we put (α1,α2) = (α,α− h3 + l3), then we have

lim
t3→∞

1

−qh3+1/2t3
H3 = H2. (2.86)

Here, as mentioned in Remark 2.3, H2 is given by:

H2 =
2∏

i=1

(x− qhi+1/2ti) · T−1
x + qα1+α2

2∏

i=1

(x− qli−1/2ti) · Tx

− (qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2, (2.87)

p = q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q−h1 + q−l1)t2}. (2.88)

Also we put t1 = 1, h1 = 1/2, h2 − l2 = α1 + α2 + l1 − 3/2, a = qα1 , b = qα2 , c = qα1+α2+l1−1/2

and take the limit t2 → 0, then the equation H2y = 0 becomes the Heine’s equation. For the
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details of these degenerations, see [21]. Taking the same limits for the integral solution (2.55)
and the series solution (2.61), we get solutions for the equations (2.4) and (1.5).

First, we consider degenerations for the integral solutions of the q-Riemann-Papperitz system
(2.1). If the function C(t) is a pseudo constant, i.e. C(qt) = C(t), then we have

∫ τ

0
f(t)C(t)dqt = C(τ)

∫ τ

0
f(t)dqt. (2.89)

So we have the following:

1

−qh3+1/2t3
H3x

ν−α
∫ τ

0

(qνxt, qh1+
1
2 t1t, q

h2+
1
2 t2t, q

h3+
1
2 t3t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t, q

ν+l3− 1
2 t3t)∞

C(t)dqt

=
1

qh3+1/2t3
(1− qν)q(1− q)x2C(τ), (2.90)

where τ ∈ {q1/2−h1/t1, q1/2−h2/t2, q1−ν/x}. We put C(t) = tν+l3−h3−1 θ(q
ν+l3− 1

2 t3t)

θ(qh3+
1
2 t3t)

, then we

have

lim
t3→∞

(qνxt, qh1+
1
2 t1t, q

h2+
1
2 t2t, q

h3+
1
2 t3t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t, q

ν+l3− 1
2 t3t)∞

C(t) = tν+l3−h3−1 (qνxt, qh1+
1
2 t1t, q

h2+
1
2 t2t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t)∞

.

(2.91)

Therefore we have integral solutions for the equation H2y = 0, namely:

Theorem 2.40 ([46]). Suppose |qν+α2−α1 | < 1. The integral

xν−α1

∫ τ

0
tν+α2−α1−1 (qνxt, qh1+

1
2 t1t, q

h2+
1
2 t2t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t)∞

dqt, (2.92)

satisfies H2y = 0, where ν = 1
2(h1+h2−l1−l2+1−α1+α2), τ ∈ {q1/2−h1/t1, q1/2−h2/t2, q1−ν/x}.

Remark 2.41. The condition |qν+α1−α2 | < 1 is necessary for the integral to converge.

Remark 2.42. In [15], other integral solutions were obtained. See also Remark 2.21.

Remark 2.43. In [21], the following solution was given:

x−α2ϕ1

(
qν−α1+α2 ; qν−α1+α2−h2+l2 , qν−α1+α2−h1+l1

qα2−α1+1 ; ql1+1/2 t1
x
, ql2+1/2 t2

x

)
, (2.93)

where, ϕ1 is the q-Appell series defined as

ϕ1

(
a; b1, b2

c
;x1, x2

)
=

∞∑

n1=0

∞∑

n2=0

(a)n1+n2(b1)n1(b2)n2

(c)n1+n2(q)n1(q)n2

xn1
1 xn2

2 . (2.94)

The q-Appell-Lauricella series has an integral representation [3]:

ϕ1

(
a; b1, b2

c
;x1, x2

)
=

(a, c/a)∞
(q, c)∞(1− q)

∫ 1

0
tα−1 (qt, b1x1t, b2x2t)∞

(ct/a, x1t, x2t)∞
dqt, (2.95)

where qα = a. The solution using the q-Appell series is also obtained by applying this formula
to our integral solution:

x−α2ϕ1

(
qν−α1+α2 ; qν−α1+α2−h2+l2 , qν−α1+α2−h1+l1

qα2−α1+1 ; ql1+1/2 t1
x
, ql2+1/2 t2

x

)
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=
(qν−α1+α2 , q1−ν)∞

(q, qα2−α1+1)∞(1− q)
q(ν−1)(ν−α1+α2)xν−α1

∫ q1−ν/x

0
tν+α2−α1−1 (qνxt, qh1+

1
2 t1t, q

h2+
1
2 t2t)∞

(xt, qν+l1− 1
2 t1t, q

ν+l2− 1
2 t2t)∞

dqt.

(2.96)

See also [21].

Next, we put t1 = 1, h1 = 1/2, h2−l2 = α1+α2+l1−3/2, a = qα1 , b = qα2 , c = qα1+α2+l1−1/2

and take the limit t2 → 0 in the above theorem. Then we get the following known integral
solution for the Heine’s equation.

Corollary 2.44. Suppose |a| < 1. The integral
∫ τ

0
tα−1 (bxt, qt)∞

(xt, ct/a)∞
dqt, (2.97)

satisfies the Heine’s equation

[(1− Tx)(1− cq−1Tx)− x(1− aTx)(1− bTx)]y = 0, (2.98)

where qα = a, τ ∈ {1, q/(bx), d∞} and d ∈ C is an arbitrary point.

In the following, we consider the degenerations for the series solutions (2.61) in terms of
the very-well-poised q-hypergeometric series. Several limits of the very-well-poised-balanced
q-hypergeometric series 8W7 are expressed by the q-hypergeometric series 3ϕ2 as follows:

lim
l→∞

8W7

(
al; bl, cl, d, e, f ;

((al)q)2

(bl)(cl)def

)
= 3ϕ2

(
d, e, f

aq/b, , aq/c
; q

)
, (2.99)

lim
l→0

8W7

(
al; bl, cl, d, e, f ;

((al)q)2

(bl)(cl)def

)
= 3ϕ2

(
d, e, f

aq/b, aq/c
;
(aq)2

bcdef

)
. (2.100)

These limits can be calculated by the definition of 8W7. Using the transformation (2.60), we
have

lim
b→∞

8W7

(
a; b, c, d, e, f ;

(aq)2

bcdef

)
= lim

b→∞

(aq, aq/(ef), µq/e, µq/f)∞
(aq/e, aq/f, µq, µq/(ef))∞

8W7

(
µ;

µb

a
,
µc

a
,
µd

a
, e, f ;

aq

ef

)

=
(aq, aq/(ef))∞
(aq/e, aq/f)∞

3ϕ2

(
aq/(cd), e, f
aq/c, aq/d

;
aq

ef

)
, (2.101)

lim
b→0

(µq, µq/(ef))∞
(µq/e, µq/f)∞

8W7

(
a; b, c, d, e, f ;

(aq)2

bcdef

)
= lim

b→0

(aq, aq/(ef))∞
(aq/e, aq/f)∞

8W7

(
µ;

µb

a
,
µc

a
,
µd

a
, e, f ;

aq

ef

)

=
(aq, aq/(ef))∞
(aq/e, aq/f)∞

3ϕ2

(
aq/(cd), e, f
aq/c, aq/d

; q

)
, (2.102)

lim
l→∞

((aq)2l/(bcd), aql/e, aql/f)∞
(aql2)∞

8W7

(
al2; bl, cl, dl, el, f l;

(aq)2

bcdefl

)

= lim
l→∞

(aq/ef, (aq)2/(bcde), (aq)2/(bcdf))∞
((aq)2/(bcdefl))∞

8W7

(
µl;

µb

a
,
µc

a
,
µd

a
, el, f l;

aq

ef

)

=(aq/ef, (aq)2/(bcde), (aq)2/(bcdf))∞3ϕ2

(
aq/bc, aq/cd, aq/bd

(aq)2/(bcde), (aq)2/(bcdf)
; q

)
, (2.103)

lim
l→0

((aq)2/(bcdefl))∞8W7

(
al2; bl, cl, dl, el, f l;

(aq)2

bcdefl

)

= lim
l→0

(aql2, aq/ef, (aq)2/(bcde), (aq)2/(bcdf))∞
((aq)2l/(bcd), aql/e, aql/f)∞

8W7

(
µl;

µb

a
,
µc

a
,
µd

a
, el, f l;

aq

ef

)
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=(aq/ef, (aq)2/(bcde), (aq)2/(bcdf))∞3ϕ2

(
aq/bc, aq/cd, aq/bd

(aq)2/(bcde), (aq)2/(bcdf)
;
aq

ef

)
. (2.104)

By using the formula (2.100), we have

lim
t3→∞

xν−α (q
ν−h3+

1
2x/t3)∞

(q
1
2−h3x/t3)∞

8W7

(
tiqhi−h3+ν

t3
;
tiq−h3+li+ν

t3
,
tjq−h3+lj+ν

t3
, q−h3+l3+ν ,

tiq
hi+

1
2

x
, qν ;

xq
1
2−hj

tj

)

= xν−α
3ϕ2

(
q−h3+l3+ν , qν , tiqhi+1/2/x
q1+hi−li , q1+hi−lj ti/tj

;
xqhi+h3−li−lj−l3−2ν+ 3

2

tj

)
. (2.105)

Similar to this calculation, we have the following theorem:

Theorem 2.45 ([15]). The functions

xν−α1
3ϕ2

(
qν+α1−α2 , qν , tiqhi+1/2/x
q1+hi−li , q1+hi−lj ti/tj

;
xq−hj+1/2

tj

)
, (2.106)

xν−α1
(qν−hi+

1
2x/ti)∞

(q
1
2−hix/ti)∞

3ϕ2

(
tjq−hi+lj+ν/ti, q−hi+li+ν , qν

q−α1+α2+1, xq−hi+ν+ 1
2 /ti

; q

)
, (2.107)

xν−α1
(qν−hj+

1
2x/tj)∞

(q
1
2−hjx/tj)∞

3ϕ2

(
xq1/2−li/ti, qν , q−hj+lj+ν ,
xq−hj+ν+1/2/tj , qhi−li+1 ;

tiqhi−lj−ν+1

tj

)
, (2.108)

xν−α1
(xq1/2−li/ti, xq1/2−lj/tj)∞

(xq−hj+ν−1/2/tj , xq1/2−hi/ti)∞
3ϕ2

(
q1−ν , tiqli+1/2/x, qhj−lj−ν+1

qhj+h2−lj−l2−2ν+2, tjqhj−ν+3/2/x
; q

)
, (2.109)

xν−α1
(q1/2−lj )x/ti

(qli+ν−hi−hj−3/2x/ti)
3ϕ2

(
qν+α1−α2 , qhi−li+1, qhj−li−ν+1tj/ti

qhi+hj−li−lj−2ν+2, qhi+hj−li−ν+3/2tj/x
;
qli+ν+1/2ti

x

)
,

(2.110)

xν−α1
3ϕ2

(
qν , qν+α1−α2 , q−li+1/2x/ti
qhi−li+1, qhj−li+1tj/ti

; q

)
, (2.111)

satisfy the equation H2y = 0. Here, ν = 1
2(h1 + h2 − l1 − l2 − α1 + α2 + 1).

Remark 2.46. The solution (2.111) was obtained in [21].

Remark 2.47. Solutions in Theorem 2.45 are q-analogs of the series (2.62) with t3 = ∞, i.e.
q-analogs of the following series:

(x− t1)
µ1(x− t2)

µ2
2F1

(
ν1, ν2
ν3

;
t1 − t2
x− t2

)
, (2.112)

(x− t1)
µ1(x− t2)

µ2
2F1

(
ν1, ν2
ν3

;
x− t2
t1 − t2

)
, (2.113)

(x− t1)
µ1(x− t2)

µ2
2F1

(
ν1, ν2
ν3

;
x− t1
x− t2

)
. (2.114)

Remark 2.48. A symmetry of the equation H2 was found in [15] by using a configuration (see
also Remark 2.28). Using the symmetry, we can get many solutions in principle.

Next, we consider the degeneration to the Heine’s equation. Taking the limit t2 → 0 with
suitable parameters for 3ϕ2, we obtain series solutions for the Heine’s equation. The limit can
be calculated easily, so we only show the result. In the following, we list series solutions for
the Heine’s equation, which are q-analogs of Kummer’s 24 solutions. More precisely, each series
becomes one of Kummer’s 24 solutions by taking the limit q → 1 with suitable parameters.
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Theorem 2.49 ([15]). The following 32 series satisfy the Heine’s equation:






2ϕ1

(
a, b

c
;x

)
,
(abx/c)∞
(x)∞

2ϕ1

(
c/a, c/b

c
;
abx

c

)
,

x1−γ
2ϕ1

(
aq/c, bq/c

q2/c
;x

)
, x1−γ (abx/c)∞

(x)∞
2ϕ1

(
q/a, q/b

q2/c
;
abx

c

)
,

(2.115)






x−α
2ϕ1

(
a, aq/c

aq/b
;
cq

abx

)
, x−α (q/x)∞

(cq/(abx))∞
2ϕ1

(
q/b, c/b

aq/b
;
q

x

)
,

x−β
2ϕ1

(
b, bq/c

bq/a
;
cq

abx

)
, x−β (q/x)∞

(cq/(abx))∞
2ϕ1

(
q/a, c/a

bq/a
;
q

x

)
,

(2.116)






3ϕ2

(
a, b, abx/c

abq/c, 0
; q

)
,
(abx/c)∞
(x)∞

3ϕ2

(
c/a, c/b, x

cq/(ab), 0
; q

)
,

x1−γ
3ϕ2

(
aq/c, bq/c, abx/c

abq/c, 0
; q

)
, x1−γ (abx/c)∞

(x)∞
3ϕ2

(
q/a, q/b, x

cq/(ab), 0
; q

)
,

(2.117)






x−α
3ϕ2

(
a, aq/c, q/x,

abq/c, 0
; q

)
, x−α (q/x)∞

(cq/(abx))∞
3ϕ2

(
q/b, c/b, cq/(abx),

cq/(ab), 0
; q

)
,

x−β
3ϕ2

(
a, aq/c, q/x,

abq/c, 0
; q

)
, x−β (q/x)∞

(cq/(abx))∞
3ϕ2

(
q/a, c/b, q/x,

cq/ab, 0
; q

)
,

(2.118)






(ax)∞
(x)∞

2ϕ2

(
c/b, a

c, ax
; bx

)
,
(bx)∞
(x)∞

2ϕ2

(
b, c/a

c, bx
; ax

)
,

x1−γ (aqx/c)∞
(x)∞

2ϕ2

(
aq/c, q/b

q2/c, aqx/c
;
bqx

c

)
, x1−γ (bqx/c)∞

(x)∞
2ϕ2

(
bq/c, q/a

q2/c, bqx/c
;
aqx

c

)
,

x−α (cq/(bx))∞
(cq/(abx))∞

3ϕ2

(
c/b, a, 0

c, cq/(bx)
; q

)
, x−α (q2/(bx))∞

(cq/(abx))∞
3ϕ2

(
q/b, aq/c, 0

q2/c, q2/(bx)
; q

)
,

x−β (cq/(ax))∞
(cq/(abx))∞

3ϕ2

(
c/a, b, 0

c, cq/(ax)
; q

)
, x−β (q2/(ax))∞

(cq/(abx))∞
3ϕ2

(
q/a, bq/c, 0

q2/c, q2/(ax)
; q

)
,

(2.119)





(abx/c)∞
(bx/c)∞

2ϕ2

(
c/b, a

aq/b, cq/(bx)
;
q2

bx

)
,
(abx/c)∞
(bx/c)∞

2ϕ2

(
c/a, b

bq/a, cq/(ax)
;
q2

ax

)
,

x1−γ (abx/c)∞
(bx/q)∞

2ϕ2

(
aq/c, q/b

aq/b, q2/(bx)
;
cq

bx

)
, x1−γ (abx/c)∞

(bx/c)∞
2ϕ2

(
bq/c, q/a

bq/a, q2/(ax)
;
cq

ax

)
,

(ax)∞
(x)∞

3ϕ2

(
c/b, a, 0

aq/b, ax
; q

)
,
(bx)∞
(x)∞

3ϕ2

(
c/a, b, 0

bq/a, bx
; q

)
,

x1−γ (aqx/c)∞
(x)∞

3ϕ2

(
q/b, aq/c, 0

bq/a, aqx/c
; q

)
, x1−γ (bqx/c)∞

(x)∞
3ϕ2

(
q/a, bq/c, 0

aq/b, bqx/c
; q

)
.

(2.120)

Here, qα = a, qβ = b, qγ = c. The above series can be considered as q-analogs of Kummer’s 24
solutions as follows (see also Remark 2.51).
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solutions of Heine’s equation the limit q → 1 (Kummer’s solutions)

(2.115) (gauge factor)× 2F1

(
∗, ∗
∗ ;x

)

(2.116) (gauge factor)× 2F1

(
∗, ∗
∗ ;

1

x

)

(2.117) (gauge factor)× 2F1

(
∗, ∗
∗ ; 1− x

)

(2.118) (gauge factor)× 2F1

(
∗, ∗
∗ ;

x− 1

x

)

(2.119) (gauge factor)× 2F1

(
∗, ∗
∗ ;

x

x− 1

)

(2.120) (gauge factor)× 2F1

(
∗, ∗
∗ ;

1

1− x

)

Remark 2.50. Suppose the function f(a, b, c;x) satisfies the Heine’s equation:

[(1− Tx)(1− cq−1Tx)− x(1− aTx)(1− bTx)]f(a, b, c;x) = 0. (2.121)

By simple calculations, we find that the following functions satisfy the Heine’s equation:

x1−γf

(
aq

c
,
bq

c
,
q2

c
;x

)
,
(abx/c)∞
(x)∞

f

(
c

b
,
c

a
, c;

abx

c

)
, x−αf

(
a,

aq

c
,
aq

b
;
cq

abx

)
, f(b, a, c;x).

(2.122)

For detailed calculations, see appendix A. Also the function

xρ
θ(qρx)

θ(x)
f(a, b, c;x), (2.123)

satisfies the Heine’s equation because xρ
θ(qρx)

θ(x)
is a pseudo constant. The following 4 functions

are solutions in the list of Theorem 2.49, which are not transformed to each other by (2.122)
and (2.123):

2ϕ1

(
a, b
c

;x

)
, (2.124)

3ϕ2

(
a, b, abx/c
abq/c, 0

; q

)
, (2.125)

(ax)∞
(x)∞

2ϕ2

(
c/b, a
c, ax

; bx

)
, (2.126)

(ax)∞
(x)∞

3ϕ2

(
c/b, a, 0
aq/b, ax

; q

)
. (2.127)

Conversely, we can get series solutions by the transformations (2.122). We put

s1 : (a, b, c;x) *→
(
aq

c
,
bq

c
,
q2

c
;x

)
, s2 : (a, b, c;x) *→

(
c

b
,
c

a
, c;

abx

c

)
, (2.128)

s3 : (a, b, c;x) *→
(
a,

aq

c
,
aq

b
;
cq

abx

)
, s4 : *→ (b, a, c;x). (2.129)

Then we can check directly that

s2i = id (1 ≤ i ≤ 4), sisj = sjsi (2 ≤ i )= j ≤ 4), (2.130)

28



(sis1)
4 = id (2 ≤ i ≤ 4), (sisjs1)

2 = id (2 ≤ i )= j ≤ 4). (2.131)

We put G = 〈s1, s2, s3, s4〉, then we have

G = 〈s1s2〉! 〈s2, s3, s4〉 ∼= (Z/4Z)! (Z/2Z× Z/2Z× Z/2Z). (2.132)

This equality is checked by the computer algebra system GAP. Here the actions s1, s2, s3, s4
were also found in [15] by using the configuration of Heine’s q-hypergeometric equation. The
order |G| is 32, therefore we formally obtain 128 solutions for the Heine’s equation, by applying
transformations (2.122) to solutions (2.124), (2.125), (2.126) and (2.127). Note that there are
many duplications in 128 solutions up to (2.123), for example

2ϕ1

(
a, b
c

;x

)
= 2ϕ1

(
b, a
c

;x

)
. (2.133)

When we delete duplications from the 128 solutions, we get 32 solutions which is the same as
the list in Theorem 2.49.

Remark 2.51. For the Gauss hypergeometric differential equation (1.1), there are solutions
which are written by power series of x, 1/x, 1 − x, 1/(1 − x), (x − 1)/x, x/(x − 1). These
solutions are called Kummer’s 24 solutions (see appendix A). The solutions (2.115), ..., (2.120)
are q-analogs of Kummer’s 24 solutions. In [20], q-analogs of Kummer’s 24 solutions were
obtained. More precisely, the 3ϕ2 solution (2.125) and the 2ϕ2 solution (2.126) in Remark 2.50
were obtained. Note that the solution (2.127) was not discussed in [20]. In [11], relations for
Kummer type solutions, including (2.127), were studied by using a transformation formula for

3ϕ2.

Remark 2.52. The dimension of the space of solutions for the Heine’s equation, which are
regular at x = 0, is 1, and then we have

2ϕ1

(
a, b
c

;x

)
=

(abx/c)∞
(x)∞

2ϕ1

(
c/a, c/b

c
;
abx

c

)
. (2.134)

Also if a = q−n (n ∈ Z≥0), the solutions (2.125), (2.126), (2.127) are regular at x = 0. Moreover
if a = q−n, then the function

xα
θ(abx/c)

θ(bx/c)
· x−α (cq/(bx))∞

(cq/(abx))∞
3ϕ2

(
c/b, a, 0
c, cq/(bx)

; q

)
= (q−nbx/c)n · 3ϕ2

(
c/b, q−n, 0
c, cq/(bx)

; q

)
,

(2.135)

is regular at x = 0, too. Therefore we get

2ϕ1

(
q−n, b

c
;x

)
= (q−nx)n · 2ϕ2

(
q−n, c/b
c, q−nx

; bx

)

=
(c/b)n
(c)n

3ϕ2

(
q−n, b, q−nbx/c

q1−nb/c, 0
; q

)
=

(b)n
(c)n

(q−nx)n · 3ϕ2

(
q−n, c/b, 0

q1−n/b, q−nx
; q

)

=(q−nbx/c)n · 3ϕ2

(
c/b, q−n, 0
c, cq/(bx)

; q

)
. (2.136)

We used the q-Vandermonde formula

2ϕ1

(
a, q−n

c
; q

)
=

(c/a)n
(c)n

an (n ∈ Z≥0), (2.137)

29



to lead the formulas (2.136). The q-Vandermonde formula can be obtained by the Heine’s
transformation formula (2.143), given below. Heine’s transformation formula also can be found
from the viewpoint of solutions for the Heine’s equation (see Remark 2.53 below). Note that a
part of the equation (2.136) holds with the general parameter a:

2ϕ1

(
a, b
c

;x

)
=

(ax)∞
(x)∞

2ϕ2

(
a, c/b
c, ax

; bx

)
, (2.138)

The formulas (2.134), (2.136), (2.137), (2.138) are summarized in [16].

Remark 2.53. We note that the functions

3ϕ1

(
a, b, q/x
abq/c

;
x

c

)
, (2.139)

(bx)∞
(x)∞

2ϕ1

(
c/a, x
bx

; a

)
, (2.140)

also satisfy the Heine’s equation. These can be found by the same degeneration t2 → 0 to obtain
the list in Theorem 2.49. However, we did not put them in the list. The reason is as follows.

(1) The series 3ϕ1 is a divergent series. Thus this solution is formal if the series does not
terminate. If a = q−n (n ∈ Z≥0), we have

2ϕ1

(
q−n, b

c
;x

)
=

(c/b)n
(c)n

bn3ϕ1

(
q−n, b, q/x
q1−nb/c

;
x

c

)
, (2.141)

in the same way as Remark 2.52. Note that we put a = qα, b = qβ , c = qγ , then we have

3ϕ1

(
a, b, q/x
abq/c

;
x

c

)
q→1−−−→ 2F1

(
α,β

α+ β − γ + 1
; 1− x

)
, (2.142)

formally.

(2) The series (2.140) is the integral solution (1.6) with the integral path C = [0, 1] up to the
normalization. This series is regular at x = 0, and then we get

2ϕ1

(
a, b
c

;x

)
= D

(bx)∞
(x)∞

2ϕ1

(
c/a, x
bx

; a

)
, (2.143)

and by using the q-binomial theorem, we have D =
(a)∞
(c)∞

. The transformation (2.143) is

well known as Heine’s transformation formula [16].
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3 Euler-type integral transformation for the q-Heun equation
and affine Weyl group

In this section, we introduce the q-Euler transformation Eλ, and we give integral transformations
for the q-Heun equation and its variants [62]. As an application, we give representations of

affine Weyl groups of types D(1)
5 , E(1)

n (n = 6, 7, 8). As mentioned in introduction, variants of q-
hypergeometric equation [21] are introduced by considering special cases of the q-Heun equation
and its variant of degree three. In section 2.2, we give integral solutions for the variants of
q-hypergeometric equation. For the q-Heun equation and its variants in general parameters, it
is difficult to give an integral solution, but we can construct integral transformations for the
equations. This section is based on [47].

The Heun’s differential equation is a standard form of second order Fuchsian differential
equations with four singularities on P1. An integral transformation is studied by Takemura
[59, 60]. A q-analog of Heun’s differential equation was discovered by Hahn [22], and studied
by Takemura [61, 62] from the viewpoint of the Ruijsenaars-van Diejen system [13, 53]. And
in [62], variants of the q-Heun equation were introduced. In [56], an integral transformation
of the q-Heun equation was obtained by using Sakai-Yamaguchi’s q-middle convolution [55].
More precisely, they construct an integral transformation for the Lax linear equation of Jimbo-
Sakai’s q-Painlevé equation [28], and by specializing the linear equation, they give an integral
transformation for the q-Heun equation. However integral transformations for variants of the
q-Heun equation were not studied by the q-middle convolution. Sakai-Yamaguchi’s q-middle
convolution is an integral transformation for first order q-difference systems, but the q-Heun
equation and its variants are second order q-difference equations. So rewriting them as systems
of first order q-difference equations is needed for applying the q-middle convolution. It is difficult
to rewrite variants as a first order system in simple forms, that is why integral transformations
for the variants by using the q-middle convolution were not studied.

Our integral transformation can be applied to higher order q-difference equations, not to
systems of first order q-difference equations. So no rewriting is needed for the q-Heun equation
and its variants. Therefore we can get integral transformations for the q-Heun equation and its
variants by easy calculations compared to [56].

3.1 Euler-type integral transformation

In this subsection, we introduce an Euler-type integral transformation Eλ.

Definition 3.1. Using the Jackson integral, we define the q-Euler transformation of the function
f(x) as follows:

Eλ(f)(x;σ) = xλ−1
∫ σ∞

0
f(t)

(qt/x)∞
(qλt/x)∞

dqt. (3.1)

Remark 3.2. The q-Euler transformation Eλ(f) is a q-analog of the Riemann-Liouville integral
∫

C
f(t)(x− t)λ−1dt. (3.2)

The q-Euler transformation was first considered by Agarwal [1] and Al-Salam [2] as a trans-
formation of functions. The transformation Eλ can be regarded as a transformation of some
q-difference equations, by applying it to solutions for the q-difference equations.

Proposition 3.3. Suppose Txσ = qlσ (l ∈ Z). We have

Eλ(Txf)(x;σ) = q−λTxE
λ(f)(x;σ), (3.3)
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(1− Tx)E
λ(x · f)(x;σ) = x(1− q1−λTx)E

λ(f)(x;σ). (3.4)

Proof. First we prove the equation (3.3). By the definition of the Jackson integral, we find
∫ σ∞

0
F (qt)dqt = q−1

∫ σ∞

0
F (t)dqt. (3.5)

Thus we have

Eλ(Txf)(x;σ) = xλ−1
∫ σ∞

0
f(qt)

(qt/x)∞
(qλt/x)∞

dqt

= q−1xλ−1
∫ σ∞

0
f(t)T−1

t

(
(qt/x)∞
(qλt/x)∞

)
dqt

= q−1xλ−1
∫ σ∞

0
f(t)Tx

(
(qt/x)∞
(qλt/x)∞

)
dqt

= q−1xλ−1
∫ σ∞

0
Tx

(
f(t)

(qt/x)∞
(qλt/x)∞

)
dqt. (3.6)

By the condition Txσ = qlσ (l ∈ Z), we have
∫ σ∞

0
TxF (t;x)dqt = Tx

∫ ∞

0
F (t;x)dqt. (3.7)

Therefore we have

q−1xλ−1
∫ σ∞

0
Tx

(
f(t)

(qt/x)∞
(qλt/x)∞

)
dqt = q−1xλ−1Tx

∫ σ∞

0
f(t)

(qt/x)∞
(qλt/x)∞

dqt

= q−λTx(E
λ(f)(x;σ)). (3.8)

Second, we prove the equation (3.4). From a direct calculation, we get

(1− Tx)

(
xλ−1tf(t)

(qt/x)∞
(qλt/x)∞

)
= x(1− q1−λTx)

(
xλ−1f(t)

(qt/x)∞
(qλt/x)∞

)
. (3.9)

By integrating both sides, we finally find

(1− Tx)

(
xλ−1

∫ σ∞

0
tf(t)

(qt/x)∞
(qλt/x)∞

dqt

)
= x(1− q1−λTx)

(
xλ−1

∫ ∞

0
f(t)

(qt/x)∞
(qλt/x)∞

dqt

)
.

(3.10)

This completes the proof of (3.4).

3.2 D(1)
5 case: q-Heun equation

In this subsection, we construct an integral transformation for the q-Heun equation, and we give

a representation of affine Weyl group of type D(1)
5 as an application.

Definition 3.4 (q-Heun equation [19]). Suppose a1a2d1d2 = b1b2c1c2. We define the q-difference
operator H as follows:

H =x−1(1− a−1
1 Tx)(1− a−1

2 Tx)T
−1
x + (c1c2)

−1x(1− b−1
1 Tx)(1− b−1

2 Tx)T
−1
x

+ (−c−1
1 − c−1

2 )T−1
x + (a1a2)

−1(−d−1
1 − d−1

2 )Tx. (3.11)

For E ∈ C, the equation (H − E)f(x) = 0 is called the q-Heun equation.
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Remark 3.5. The eigenvalue E plays an accessory parameter. See also [61, 62] for the q-Heun
equation.

Proposition 3.6. The operator H is characterized by the following conditions: The operator
H is rewritten as

H =
1∑

i=−1

1∑

j=−1

ai,jx
iT j

x =
1∑

i=−1

xiLi(Tx) =
1∑

j=−1

Pj(x)T
j
x (a0,0 = 0). (3.12)

Then we have the followings:

(1) The Laurent polynomials L−1(y), L1(y) satisfy

L−1(y) ∝ (y − a1)(y − a2), L1(y) ∝ (y − b1)(y − b2). (3.13)

(2) The Laurent polynomials P−1(x) P1(x) satisfy

P−1(x) ∝ (x− c1)(x− c2), P1(x) ∝ (x− d1)(x− d2). (3.14)

Proof. We can prove this proposition in a similar way to the proof of Proposition 2.5.

Remark 3.7. If parameters do not satisfy the condition a1a2d1d2 = b1b2c1c2, then there is no
operator that satisfies the conditions (1) and (2) in Proposition 3.6. This is easily checked by
the compatibility of the two representations of H:

H =
1∑

i=−1

xiLi(Tx) =
1∑

j=−1

Pj(x)T
j
x . (3.15)

Proposition 3.8. Let the function f(x) satisfy the q-Heun equation (H −E)f(x) = 0. We put
qρ1 = a−1

1 , qλ = a1b
−1
1 q−1, qρ2 = q−λ−ρ1 = b1q. Then the function

F (x) = xρ2Eλ(xρ1 · f)(x;σ) = xρ2+λ−1
∫ σ∞

0
tρ1f(t)

(qt/x)∞
(qλt/x)∞

dqt, (3.16)

satisfies the equation (H̃ − E)F (x) = 0 if Txσ = qlσ (l ∈ Z). Here,

H̃ =x−1(1− (b1q)
−1Tx)(1− a−1

2 Tx)T
−1
x + (c1c2)

−1x(1− a−1
1 qTx)(1− b−1

2 Tx)T
−1
x

+ (−c−1
1 − c−1

2 )T−1
x + (a1a2)

−1(−d−1
1 − d−1

2 )Tx, (3.17)

i.e.

H̃ = H

∣∣∣∣
a1 → b1q, b1 → a1q

−1, di → di
a1
b1q

(i = 1, 2)
. (3.18)

Proof. First, by the gauge transformation f(x) *→ f1(x) = xρ1f(x), the equation (H−E)f(x) =
0 becomes (H1 − E)f1(x) = 0, where

H1 =x−1(1− Tx)(1− a1a
−1
2 Tx)a

−1
1 T−1

x + (c1c2)
−1x(1− a1b

−1
1 Tx)(1− a1b

−1
2 Tx)a

−1
1 T−1

x

+ (−c−1
1 − c−1

2 )a−1
1 T−1

x + (a1a2)
−1(−d−1

1 − d−1
2 )a1Tx. (3.19)

Using the relation (3.3) in Proposition 3.3, we get

Eλ
(
x−1(1− Tx)(1− a1a

−1
2 Tx)a

−1
1 T−1

x f1(x)
)
(x;σ)
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=Eλ
(
(1− qTx)(1− a1a

−1
2 qTx)a

−1
1 q−1T−1

x x−1f1(x)
)
(x;σ)

=(1− q1−λTx)(1− a1a
−1
2 q1−λTx)a

−1
1 q−1+λT−1

x Eλ
(
x−1f1(x)

)
(x;σ). (3.20)

By using (3.4) in Proposition 3.3, we find

(1− q1−λTx)(1− a1a
−1
2 q1−λTx)a

−1
1 q−1+λT−1

x Eλ
(
x−1f1(x)

)
(x;σ)

=(1− a1a
−1
2 q1−λTx)a

−1
1 q−1+λT−1

x (1− q−1−λTx)E
λ(x−1f1(x))(x;σ)

=(1− a1a
−1
2 q1−λTx)a

−1
1 q−1+λT−1

x x−1(1− Tx)E
λ(f1)(x;σ)

=x−1(1− Tx)(1− a1a
−1
2 q−λTx)a

−1
1 qλT−1

x Eλ(f1)(x;σ). (3.21)

We similarly get

Eλ
(
x(1− a1b

−1
1 Tx)(1− a1b

−1
2 Tx)a

−1
1 T−1

x f1(x)
)
(x;σ)

=(1− a1b
−1
1 q−1−λTx)(1− a1b

−1
2 q−1−λTx)a

−1
1 q1+λT−1

x Eλ(xf1(x))(x;σ)

=(1− a1b
−1
2 q−1−λTx)a

−1
1 q1+λT−1

x x(1− q1−λTx)E
λ(f1)(x;σ)

=x(1− q1−λTx)(1− a1b
−1
2 q−λTx)a

−1
1 qλT−1

x Eλ(f1)(x;σ). (3.22)

Here we use qλ = a1b
−1
1 q−1. Therefore we have (H2 − E)Eλ(f1)(x;σ) = 0 by considering

Eλ((H1 − E)f1)(x;σ). Here,

H2 =x−1(1− Tx)(1− a1a
−1
2 q−λTx)a

−1
1 qλT−1

x + (c1c2)
−1x(1− q1−λTx)(1− a1b

−1
2 q−λTx)a

−1
1 q−λT−1

x

+ (−c−1
1 − c−1

2 )a−1
1 qλT−1

x + (a1a2)
−1(−d−1

1 − d−1
2 )a1q

−λTx. (3.23)

By the gauge transformation f2(x) *→ xρ2f2(x) = F (x), we get the desired equation (H̃ −
E)F (x) = 0.

Remark 3.9. Proposition 3.8 is also obtained by Sasaki-Takagi-Takemura [56]. They apply the
q-middle convolution [55] to a linear q-difference equation which is associated with Jimbo-Sakai’s
q-Painlevé equation [28]. As a special case, they give an integral transformation for the q-Heun
equation. Also an integral transformation of Heun’s differential equation was obtained in [59]
by using the middle convolution, which was introduced by Katz [31]. See also Dettweiler-Reiter
[12] for the middle convolution.

Clearly, the q-Heun equation has the symmetry a1 ↔ a2, b1 ↔ b2, c1 ↔ c2, d1 ↔ d2. In

addition, by the gauge transformation f(x) *→ fg(x) = f(x)
(x/d1)∞
(qx/c1)∞

, the q-Heun equation

(H − E)f(x) = 0 is transformed to the equation (Hg − E)fg(x) = 0, where

Hg =x−1(1− a−1
1 Tx)(1− a−1

2 Tx)T
−1
x + ((d1q)c2)

−1x(1− b−1
1 c−1

1 d1qTx)(1− b−1
2 c−1

1 d1qTx)T
−1
x

+ (−d−1
1 q−1 − c−1

2 )T−1
x + (a1a2)

−1(−c−1
1 q − d−1

2 )Tx, (3.24)

i.e.

Hg = H

∣∣∣∣
c1 → d1q, d1 → c1q

−1, bi → bi
c1
d1q

(i = 1, 2)
. (3.25)

In conclusion we get a representation of the affine Weyl group of type D(1)
5 by using the trans-

formations of the q-Heun equation as follows.
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Theorem 3.10. We define the actions of s0, . . . , s5 on parameters as follows:

s0 :a1 ↔ a2, s1 : b1 ↔ b2, s4 : c1 ↔ c2, s5 : d1 ↔ d2, (3.26)

s2 :a1 → b1q, b1 → a1q
−1, di → di

a1
b1q

(i = 1, 2), (3.27)

s3 :c1 → d1q, d1 → c1q
−1, bi → bi

c1
d1q

(i = 1, 2). (3.28)

These transformations {si} satisfy the Coxeter relations for the following Dynkin diagram:

s0

s1

s2

s4

s5

s3

We also define the actions of s̃0, . . . , s̃5 on a function f(x) as follows:

s̃2 :f(x) *→ xρ2Eλ(xρ1 · f)(x;σ), (3.29)

s̃3 :f(x) *→ f(x)
(x/d1)∞
(qx/c1)∞

, (3.30)

s̃i :trivial (i = 0, 1, 4, 5). (3.31)

Here qρ1 = a−1
1 , qλ = a1b

−1
1 q−1, qρ2 = q−λ−ρ1 = b1q. If the function f(x) satisfies the q-Heun

equation (H − E)f(x) = 0, then we have ((siH)− E)(s̃if(x)) = 0 (0 ≤ i ≤ 5).

Proof. We already proved ((siH) − E)(s̃if(x)) = 0. We only have to check the braid relations
for the transformations (3.26), (3.27), (3.28). These can be found directly. For example,

s0s2s0 : (a1, a2, b1, b2, c1, c2, d1, d2) →
(
a1, b1q,

a2
q
, b2, c1, c2,

a2d1
b1q

,
a2d2
b1q

)
, (3.32)

s2s0s2 : (a1, a2, b1, b2, c1, c2, d1, d2) →
(
a1, b1q,

a2
q
, b2, c1, c2,

a2d1
b1q

,
a2d2
b1q

)
. (3.33)

Remark 3.11. The transformations (3.29), (3.30), (3.31) do not satisfy the Coxeter relations
in general.

3.3 E(1)
n case

By similar method to obtain Theorem 3.10, we get the representations of affine Weyl group of

type E(1)
n in terms of transformations of suitable q-difference equations. Following theorems can

be proved in similar ways of the D(1)
5 case.

Case E(1)
6 :

We consider the q-difference equation L
E

(1)
6
f(x) =

2∑

i=−1

1∑

j=−1

ci,jx
iT j

xf(x) = 0 with the fol-

lowing conditions:

(1) We rewrite L
E

(1)
6

=
2∑

i=−1

xiLi(Tx), then L−1(y) ∝ (y− a1)(y− a2) and L2(y) ∝ (y− b)(y−

bq−1), L1(y) ∝ (y − b).
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(2) We rewrite L
E

(1)
6

=
1∑

j=−1

Pj(x)T
j
x , then P−1(x) ∝ (x − c1)(x − c2)(x − c3) and P1(x) ∝

(x− d1)(x− d2)(x− d3).

Here, parameters satisfy a1a2d1d2d3 = q−1b2c1c2c3.

Remark 3.12. The equation L
E

(1)
6
f(x) = 0 is equivalent to the variant of the q-Heun equation

of degree three [62].

We put qρ1 = a−1
1 , qλ = a1b−1q−1, qρ2 = q−λ−ρ1 = bq, and

F (x) = xρ2Eλ(xρ1 · f)(x;σ) = xρ2
∫ σ∞

0
tρ1f(t)

(qt/x)∞
(qλt/x)∞

dqt. (3.34)

Similar to Proposition 3.8, we find easily L̃
E

(1)
6
F (x) = 0 if L

E
(1)
6
f(x) = 0, where

L̃
E

(1)
6

= L
E

(1)
6

∣∣∣∣
a1 → bq, b → a1q

−1, di → di
a1
bq

(i = 1, 2, 3)
(3.35)

Also the equation L
E

(1)
6
f(x) = 0 has the symmetries a1 ↔ a2, ci ↔ ci+1 (i = 1, 2), di ↔ di+1

(i = 1, 2), and by the gauge transformation f(x) *→ f(x)
(x/d1)∞
(qx/c1)∞

, the equation L
E

(1)
6
f(x) = 0

is transformed to Lg

E
(1)
6

fg(x) = 0, where

Lg

E
(1)
6

= L
E

(1)
6

∣∣∣∣
c1 → d1q, d1 → c1q

−1, b → b
c1
d1q

. (3.36)

Therefore we have the following result.

Theorem 3.13. We define the actions of s0, . . . , s6 on parameters as follows:

s0 : a1 ↔ a2, s1 : c3 ↔ c2, s2 : c2 ↔ c1, s4 : d1 ↔ d2, s5 : d2 ↔ d3, (3.37)

s3 : c1 → d1q, d1 → c1q
−1, b → b

c1
d1q

, (3.38)

s6 : a1 → bq, b → a1q
−1, di → di

a1
bq

(i = 1, 2, 3). (3.39)

These transformations {si} satisfy the Coxeter relations for the following Dynkin diagram:

s0

s6

s3s1 s2 s4 s5

We also define the actions of s̃0, . . . , s̃6 on a function f(x) as follows:

s̃3 : f(x) *→ f(x)
(x/d1)∞
(qx/c1)∞

, (3.40)

s̃6 : f(x) *→ xρ2Eλ(xρ1 · f)(x;σ), (3.41)

s̃i : trivial (i = 0, 1, 2, 4, 5). (3.42)

Here, qρ1 = a−1
1 , qλ = a1b−1q−1, qρ2 = q−λ−ρ1 = bq. If the function f(x) satisfies L

E
(1)
6
f(x) = 0,

then we have (siLE
(1)
6
)(s̃if(x)) = 0 (0 ≤ i ≤ 6).

36



Case E(1)
7 :

We consider the equation L
E

(1)
7
f(x) =

2∑

i=−2

1∑

j=−1

ci,jx
iT j

xf(x) = 0 with the following condi-

tions:

(1) We rewrite L
E

(1)
7

=
2∑

i=−2

xiLi(Tx), then L−2(y) ∝ (y − a)(y − aq), L−1(y) ∝ (y − a) and

L2(y) ∝ (y − b)(y − bq−1), L1(y) ∝ (y − b).

(2) We rewrite L
E

(1)
7

=
1∑

j=−1

Pj(x)T
j
x , then P−1(x) ∝ (x − c1)(x − c2)(x − c3) and P1(x) ∝

(x− d1)(x− d2)(x− d3).

Here, parameters satisfy qa2d1d2d3 = q−1b2c1c2c3.

Remark 3.14. The equation L
E

(1)
7
f(x) = 0 is equivalent to the variant of the q-Heun equation

og degree four [62].

Similar calculation to the D(1)
5 case and E(1)

6 case, we find that the equation L
E

(1)
7
f(x) = 0

has the E(1)
7 -symmetry. Here we only give the result.

Theorem 3.15. We define the actions of s0, . . . , s7 on parameters as follows:

s0 : a1 ↔ a2, s1 : c4 ↔ c3, s2 : c3 ↔ c2, s3 : c2 ↔ c1, s5 : d1 ↔ d2, s6 : d2 ↔ d3, s7 : d3 ↔ d4,

(3.43)

s4 : c1 → d1q, d1 → c1q
−1, b → b

c1
d1q

, (3.44)

s0 : a1 → bq, b → a1q
−1, di → di

a1
bq

(i = 1, 2, 3, 4). (3.45)

These transformations {si} satisfy the Coxeter relations for the following Dynkin diagram:

s0

s4s1 s2 s3 s5 s6 s7

We also define the actions of s̃0, . . . , s̃7 on a function f(x) as follows:

s̃4 : f(x) *→ f(x)
(x/d1)∞
(qx/c1)∞

, (3.46)

s̃0 : f(x) *→ xρ2Eλ(xρ1 · f)(x;σ), (3.47)

s̃i : trivial (i = 1, 2, 3, 5, 6, 7). (3.48)

Here, qρ1 = a−1, qλ = ab−1q−1, qρ2 = q−λ−ρ1 = bq. If the function f(x) satisfies the equation
L
E

(1)
7
f(x) = 0, then we have (siLE

(1)
7
)(s̃if(x)) = 0 (0 ≤ i ≤ 7).

Case E(1)
8 :

We consider the equation L
E

(1)
8
f(x) =

3∑

i=−3

2∑

j=−1

ci,jx
iT j

xf(x) = 0 with the following condi-

tions:
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(1) We rewrite L
E

(1)
8

=
3∑

i=−3

xiLi(Tx), then L−3(y) ∝ (y − a)(y − aq)(y − aq2), L−2(y) ∝

(y − a)(y − aq), L−1(y) ∝ (y − a) and L3(y) ∝ (y − b)(y − bq−1)(y − bq−2), L2(y) ∝
(y − b)(y − bq−1), L1(y) ∝ (y − b).

(2) We rewrite L
E

(1)
8

=
2∑

j=−1

Pj(x)T
j
x , then P−1(x) ∝ (x − c1)(x − c2)(x − c3)(x − c4)(x −

c5)(x − c6) and P2(x) ∝ (x − d1)(x − d1q−1)(x − d2)(x − d2q−1)(x − d3)(x − d3q−1),
P1(x) ∝ (x− d1)(x− d2)(x− d3).

Here, parameters satisfy a3d21d
2
2d

2
3 = q−3b3c1c2c3c4c5c6. Note that the rank of the equation

L
E

(1)
8
f(x) = 0 is 3, unlike in the cases D(1)

5 , E(1)
6 , E(1)

7 . Similar calculation to the above cases,

we find that the equation L
E

(1)
8
f(x) = 0 has the E(1)

8 -symmetry. We only show the result since

the proof is almost the same as the D(1)
5 , E(1)

6 , E(1)
7 cases.

Theorem 3.16. We define the actions of s0, . . . , s8 on parameters as follows:

s1 : d3 ↔ d2, s2 : d2 ↔ d1, s4 : c1 ↔ c2, s5 : c2 ↔ c3, s6 : c3 ↔ c4, s7 : c4 ↔ c5, s8 : c5 ↔ c6,

(3.49)

s3 : c1 → d1q, d1 → c1q
−1, b → b

c1
d1q

, (3.50)

s0 : a1 → bq, b → a1q
−1, di → di

a1
bq

(i = 1, 2, 3). (3.51)

These transformations {si} satisfy the Coxeter relations for the following Dynkin diagram:

s0

s3s1 s2 s4 s5 s6 s7 s8

We also define the actions of s̃0, . . . , s̃8 on a function f(x) as follows:

s̃3 : f(x) *→ f(x)
(x/d1)∞
(qx/c1)∞

, (3.52)

s̃0 : f(x) *→ xρ2Eλ(xρ1 · f)(x;σ), (3.53)

s̃i : trivial (i = 1, 2, 4, 5, 6, 7, 8). (3.54)

Here, qρ1 = a−1, qλ = ab−1q−1, qρ2 = q−λ−ρ1 = bq. If the function f(x) = 0 satisfies the
equation L

E
(1)
8
f(x) = 0, then we have (siLE

(1)
8
)(s̃if(x)) = 0 (0 ≤ i ≤ 8).

Remark 3.17. The equations L
E

(1)
n
f(x) = 0 (n = 6, 7, 8) are characterized by the corresponding

conditions up to the constant term c0,0. In other words, these equations have one accessory
parameter.

Remark 3.18. The operator L
E

(1)
8

is discussed by Moriyama-Yamada [41] in order to give

quantum representations for affine Weyl groups. The operators L(1)
E7

, L(1)
E6

and H are also studied
in [41].

Remark 3.19. The integral transformations of the cases of D(1)
5 , E(1)

6 , E(1)
7 are also obtained by

Takemura [63] by using kernel functions of q-difference operators. The integral transformation

of the case of E(1)
8 is a new result [48].
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4 Connection problem for a multivariable q-hypergeometric sys-
tem

In this section, we will give local solutions and connection matrices for the q-hypergeometric
system EN,M [51, 52], which is an extension of the q-Appell-Lauricella system. A characterization
of these solutions will be also given. This section is based on [45].

Definition 4.1 ([51, 52]). We define the system EN,M as




xs

N∏

j=1

(1− ajT ) · (1− bsTs)−
N∏

j=1

(1− cjq
−1T ) · (1− Ts)




F = 0 (1 ≤ s ≤ M), (4.1)

{xr(1− brTr)(1− Ts)− xs(1− bsTs)(1− Tr)}F = 0 (1 ≤ r < s ≤ M), (4.2)

where Ts = Txs and T = T1 · · ·TM in this section.

The function

FN,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
=

∑

m1,...,mM≥0

N∏

j=1

(aj)|m|
(cj)|m|

M∏

i=1

(bi)mi

(q)mi

M∏

i=1

xmi
i , (4.3)

satisfies the system EN,M . This function and the corresponding system EN,M were introduced
by Park [51, 52] in order to construct an isomonodromic deformation.

Theorem 4.2 ([52]). The rank of the system EN,M is NM + 1.

The function FN,M is a generalization both of the q-Appell-Lauricella function ϕD and of the
generalized q-hypergeometric function N+1ϕN , i.e. F1,M = ϕD and FN,1 = N+1ϕN . Thus our
results contain solving the connection problem related with ϕD and also related with N+1ϕN .
The equality (4.36) given below can be considered as a part of the connection relations for

N+1ϕN , which was first studied by J. Thomae [64] and was proved by G. N. Watson [67]. Also
the q-Appell-Lauricella function has a Jackson integral representation of Jordan-Pochhammer
type, and the connection problem related with the Jackson integral of Jordan-Pochhammer type
was solved by Mimachi [38]. Note that a connection formula for the Jackson integral of type
A, including Mimachi’s formula, was studied by Ito-Noumi [26]. In differential case, funda-
mental solutions of the equation related with the Appell-Lauricella function FD were obtained
by Gelfand-Kapranov-Zelevinsky [17] as an application of the theory of the GKZ hypergeomet-
ric function. Our solutions include q-analogs of the solutions of [17] for the Appell-Lauricella
system.

4.1 Fundamental solutions

In the following, we give a fundamental solution for the system EN,M .

Definition 4.3 ([45]). We define series FL
N,M ,FL;k,l

N,M and GL;k,l′

N,M as

FL
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

=
∑

m1,...,mM≥0

N∏

j=1

(aj/(bL+1 · · · bM ))m(L)

(cj/(bL+1 · · · bM ))m(L)

M∏

i=1

(bi)mi

(q)mi

L∏

i=1

xmi
i

M∏

i=L+1

(
q

bixi

)mi

, (4.4)
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FL;k,l
N,M

(
{aj}1≤j≤N , {bi}1≤i≤N

{cj}1≤j≤N
; {xi}1≤i≤M

)

=
∑

m1,...,mM≥0

{
N∏

j=1

(qak/cj)mL+1

(qak/aj)mL+1

L∏

i=1

(bi)mi

(q)mi

l−1∏

i=L+1

(bi)mi+1

(q)mi+1

M∏

i=l+1

(bi)mi

(q)mi

×
(ak/(bl+1 · · · bM ))m(l)

(qak/(bl · · · bM ))m(l)

L∏

i=1

(
qxi
blxl

)mi l−1∏

i=L+1

(
qxi
blxl

)mi+1 M∏

i=l+1

(
blxl
bixi

)mi




N∏

j=1

cj
aj

· q

blxl




mL+1}

,

(4.5)

GL;k,l′

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
=

∑

m1,...,mM≥0

{
N∏

j=1

(qaj/ck)mL

(qcj/ck)mL

l′−1∏

i=1

(bi)mi

(q)mi

L∏

i=l′+1

(bi)mi−1

(q)mi−1

×
M∏

i=L+1

(bi)mi

(q)mi

(ck/qbl′+1 · · · bM )m(l′−1)

(ck/bl′ · · · bM )m(l′−1)

l′−1∏

i=1

(
qxi
bl′xl′

)mi L∏

i=l′+1

(
bl′xl′

bixi

)mi−1 M∏

i=L+1

(
bl′xl′

bixi

)mi

·
(
bl′xl′

q

)mL
}
,

(4.6)

where 0 ≤ L ≤ M , 1 ≤ k ≤ N , L + 1 ≤ l ≤ M and 1 ≤ l′ ≤ L. Here, m(l) =
∑l

i=1mi −∑M
i=l+1mi.

Proposition 4.4 ([45]). For 0 ≤ L ≤ M , the functions

M∏

i=L+1

x−βi
i · FL

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
, (4.7)

x
1+

∑M
i=l+1 βi−γk

l

M∏

i=l+1

x−βi
i · GL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
(1 ≤ k ≤ N, 1 ≤ l ≤ L),

(4.8)

x
−αk+

∑M
i=l+1 βi

l

M∏

i=l+1

x−βi
i · FL;k,l

N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
(1 ≤ k ≤ N, L+ 1 ≤ l ≤ M),

(4.9)

satisfy the q-difference system EN,M . Here qαk = ak, qβi = bi, qγk = ck.

Proof. This proposition can be checked directly.

Remark 4.5. When N = 1, the system EN,M reduces the q-Appell-Lauricella system:

{xs(1− aT )(1− bsTs)− (1− cq−1T )(1− Ts)}F = 0 (1 ≤ s ≤ M), (4.10)

{xr(1− brTr)(1− Ts)− xs(1− bsTs)(1− Tr)}F = 0 (1 ≤ r < s ≤ M). (4.11)

The series FL
1,M (4.7), FL;1,l

1,M (4.8), GL;1,l
1,M (4.9) are rewritten as

FL
1,M

(
a, {bi}1≤i≤M

c
; {xi}1≤i≤M

)

= ϕD,L

(
a/(bL+1 · · · bM ); {bi}1≤i≤M

c/(bL+1 · · · bM )
;

{
x1, . . . , xL,

q

bL+1xL+1
, . . . ,

q

bMxM

})
, (4.12)

FL;1,l
1,M

(
a, {bi}1≤i≤M

c
; {xi}1≤i≤M

)
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= ϕD,l

(
a/(bl+1 · · · bM ); {b1, . . . , bL, aq/c, bL+1, . . . , bl−1, bl+1, . . . , bM}

aq/(bl · · · bM )
;

{
qx1
blxl

, . . . ,
qxL
blxl

,
cq

ablxl
,
qxL+1

blxl
, . . . ,

qxl−1

blxl
,

blxl
bl+1xl+1

, . . . ,
blxl

bMxM

})
, (4.13)

GL;1,l′

1,M

(
a, {bi}1≤i≤M

c
; {xi}1≤i≤M

)

= ϕD,l′−1

(
c/(bl′+1 · · · bMq); {b1, . . . , bl′−1, bl′+1, . . . , bL, aq/c, bL+1, . . . , bM}

c/(bl′ · · · bM )
;

{
qx1
bl′xl′

, . . . ,
qxl′−1

bl′xl′
,

bl′xl′

bl′+1xl′+1
, . . . ,

bl′xl′

bLxL
,
bl′xl′

q
,

bl′xl′

bL+1xL+1
, . . .

bl′xl′

bMxM

})
, (4.14)

where 0 ≤ L ≤ M , L+ 1 ≤ l ≤ M , 1 ≤ l′ ≤ L and

ϕD,j

(
a; {bi}1≤i≤M

c
; {xi}1≤i≤M

)
=

∑

m1,...,mM≥0

(a)m(j)

(c)m(j)

M∏

i=1

(bi)mi

(q)mi

M∏

i=1

xmi
i . (4.15)

These solutions are q-analogs of series solutions for the Appell-Lauricella system which were
obtained by Gelfand-Kapranov-Zelevinsky [17].

In the general theory of q-difference systems in several variables, the basis of local solutions
should be characterized by the asymptotic behavior near the singularity, i.e. origin or infinity,
in some prescribed sector [4, 5]. The following proposition answers this requirement.

Proposition 4.6 ([45]). We put z = (x1/x2, . . . , xL−1/xL, xL, 1/xL+1, xL+1/xL+2, . . . , xM−1/xM ).
The solutions (4.7), (4.8), (4.9) are characterized by the following asymptotic behavior at z =
(0, . . . , 0):

M∏

i=L+1

x−βi
i (1 +O(||z||)), (4.16)

x
1+

∑M
i=l+1 βi−γk

l

M∏

i=l+1

x−βi
i (1 +O(||z||)), (4.17)

x
−αk+

∑M
i=l+1 βi

l

M∏

i=l+1

x−βi
i (1 +O(||z||)), (4.18)

where ||z|| =
∑M

i=1 |zi|.

Proof. The equations (4.1) and (4.2) are rewritten as





{
xs
xs+1

· · · xL−1

xL
xL

N∏

j=1

(1− ajT ) · (1− bsTs)−
N∏

j=1

(1− cjq
−1T ) · (1− Ts)

}
F = 0, (1 ≤ s ≤ L),

{ N∏

j=1

(1− ajT ) · (1− bsTs)−
1

xL+1

xL+1

xL+2
· · · xs−1

xs

N∏

j=1

(1− cjq
−1T ) · (1− Ts)

}
F = 0, (L < s ≤ M),

(4.19)

and
{
xr
xs

(1− brTr)(1− Ts)− (1− bsTs)(1− Tr)

}
F = 0 (1 ≤ r < s ≤ M). (4.20)
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If a function f(x) is a solution of EN,M and has the asymptotic behavior

f(x) = xδ11 · · ·xδMM (1 +O(||z||)), (4.21)

at x = (0, . . . , 0). Then, by checking the coefficient of the lowest power of z, we find that
δ = (δ1, . . . , δM ) must satisfy






N∏

j=1

(1− cjq
−1qδ1+···+δM )(1− qδs) = 0, (1 ≤ s ≤ L),

N∏

j=1

(1− ajq
δ1+···+δM )(1− bsq

δs) = 0, (L < s ≤ M),

(4.22)

(1− bsq
δs)(1− qδr) = 0 (1 ≤ r < s ≤ M). (4.23)

In this sense, the solution (δ1, . . . , δM ) of the above equations should be called “the characteristic
exponent of the system EN,M at z = (0, . . . , 0)”, like a characteristic exponent in one variable
case. Solving those equations, we have

(δ1, . . . , δM )

=(0, . . . , 0,−βL+1, . . . ,−βM ) : one solution, (4.24)





(1 +
∑M

i=2 βi − γk,−β2, . . . ,−βM ),

(0, 1 +
∑M

i=3 βi − γk,−β3, . . . ,−βM ),
...

(0, . . . , 0, 1 +
∑M

i=L+1 βi − γk,−βL+1, . . . ,−βM ),

: NL solutions, (4.25)






(0, . . . , 0, 0,−αk +
∑M

i=L+2 βi,−βL+2, . . . ,−βM ),

(0, . . . , 0, 0, 0,−αk +
∑M

i=L+3 βi,−βL+3, . . . ,−βM ),
...

(0, . . . , 0, 0, . . . , 0,−αk),

: N(M − L) solutions (4.26)

where 1 ≤ k ≤ N . This completes the proof.

Proposition 4.7 ([45]). For 0 ≤ L ≤ M and σ ∈ SM , we set

uL,σ0 =
M∏

i=L+1

x
−βσi
σi · FL

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {xσ(i)}1≤i≤M

)
, (4.27)

uL,σk,l =






x
1+

∑M
i=l+1 βσi−γk

σl

M∏

i=l+1

x
−βσi
σi · GL;k,l

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {xσ(i)}1≤i≤M

)
,

(1 ≤ k ≤ N, 1 ≤ l ≤ L),

x
−αk+

∑M
i=l+1 βσi

σl

M∏

i=l+1

x
−βσi
σi · FL;k,l

N,M

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
; {xσ(i)}1≤i≤M

)
,

(1 ≤ k ≤ N, L+ 1 ≤ l ≤ M).

(4.28)

We set
uL,σ = (uL,σ0 , uL,σ1,1 , . . . , u

L,σ
1,M , uL,σ2,1 , . . . , u

L,σ
N,M )T. (4.29)
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Then uL,σ is a fundamental solution of the q-difference system EN,M in the region

DL,σ =

{
|xσ(i)| < 1 (1 ≤ i ≤ L),

∣∣∣∣∣∣

N∏

j=1

cj
aj

· q

bσ(i)xσ(i)

∣∣∣∣∣∣
< 1 (L+ 1 ≤ i ≤ M),

∣∣∣∣
qxσ(i)

bσ(j)xσ(j)

∣∣∣∣ < 1 (1 ≤ i < j ≤ M)

}
. (4.30)

Proof. We only have to prove the linearly independence of uL,id0 , uL,idk,l (1 ≤ k ≤ N, 1 ≤ l ≤ M).
Suppose

C0u
L,id
0 +

N∑

k=1

M∑

l=1

Ck,lu
l,id
k,l = 0, (4.31)

where C0, Ck,l are pseudo constants in x. The solutions uL,id0 , uL,idk,l are characterized by the
asymptotic behavior in Proposition 4.6. We rewrite these asymptotic behavior as

uL,id0 = xδ0(1 +O(||z||)), uL,idk,l = xδk,l(1 +O(||z||)), (4.32)

where xδ = xδ11 · · ·xδMM for δ = (δ1, . . . , δM ). We can take m = (m1, . . . ,mM ) ∈ ZM such that
(m, δ0) )= (m, δk,l) )= (m, δk′,l′) for any (k, l) )= (k′, l′), where (m, δ) = m1δ1 + · · · +mMδM . We
define the operator R = Tm1

1 · · ·TmM
M for such m. We put

v = (C0u
l,id
0 , C1,1u

L,id
1,1 , C1,2u

L,id
1,2 , . . . , C1,MuL,id1,M , C2,1u

L,id
2,1 , . . . , CN,MuL,idN,M )T, (4.33)

and consider the following determinant

D =
∣∣v, Rv, . . . , RNMv

∣∣ . (4.34)

Using the asymptotic behaviors (4.32), we have

D = C0x
δ0
∏

k,l

(Ck,lx
δk,l) ·

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
q(m,δ0) q(m,δ1,1) · · · q(m,δN,M )

(q(m,δ0))2 (q(m,δ1,1))2 · · · (q(m,δN,M ))2

...
...

...
(q(m,δ0))NM (q(m,δ1,1))NM · · · (q(m,δN,M ))NM

∣∣∣∣∣∣∣∣∣∣∣

(1 +O(||z||)).

(4.35)

By the assumption (4.31), we have D = 0. Also the Vandermonde determinant is not vanished
by the condition of m. Therefore one of the pseudo constants C0, Ck,l is 0. Using the above
method inductively, we finally obtain C0 = Ck,l = 0 for any (k, l).

4.2 Connection matrices

In the following, we consider the connection formula between uL1,σ1 and uL2,σ2 , where 0 ≤
L1, L2 ≤ M and σ1,σ2 ∈ SM . We can solve this problem in principle by calculating the
following matrices:

(1) the matrix which connects uL,σ with uL+1,σ (0 ≤ L ≤ M − 1),

(2) the matrix which connects uL,σ with uL−1,σ (1 ≤ L ≤ M),
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(3) the matrix which connects uM,srσ with uM,σ (0 ≤ r ≤ M − 1),

where sr = (r, r+1) ∈ SM . These matrices can be calculated by the Thomae-Watson’s formula
[64, 67].

Lemma 4.8 ([64, 67]). The connection formula of N+1ϕN is given as follows:

N+1ϕN

(
a1, . . . , aN+1

b1, . . . , bN
;x

)

=
N+1∑

k=1

N∏

j=1

(bj/ak)∞
(bj)∞

∏

1≤j≤N+1
j (=k

(aj)∞
(aj/ak)∞

· θ(xak)
θ(x)

N+1ϕN

(
{qak/bj}1≤j≤N , ak

{qak/aj}1≤j≤N+1, j (=k
;

b1 · · · bNq

a1 · · · aN+1x

)
.

(4.36)

Proof. This formula can be proved in a similar way to Proposition 2.32.

Computation of case (1):

First, we consider the matrix which connects uL,id with uL+1,id. If l )= L+ 1, then we have

uL,idk,l = uL+1,id
k,l , (4.37)

easily. Hence, we should calculate the connection formula of uL,id0 , uL,idk,L+1. By rewriting the
definition (4.4), we have

FL
N,M

(
{aj}, {bi}

{cj}
; {xi}

)
=

∑

m1,...,mM≥0

N∏

j=1

(aj/(bL+1 · · · bM ))m(L)

(cj/(bL+1 · · · bM ))m(L)

M∏

i=1

(bi)mi

(q)mi

L∏

i=1

xmi
i

M∏

i=L+1

(
q

bixi

)mi

=
∑

m1,...,mL,mL+2,...,mM≥0

{
N∏

j=1

(aj/(bL+1 · · · bM ))m(L)′

(cj/(bL+1 · · · bM ))m(L)′

∏

1≤i≤M
i (=L+1

(bi)mi

(q)mi

L∏

i=1

xmi
i

M∏

i=L+2

(
q

bixi

)mi

× N+1ϕN



 {qbL+1 · · · bM/cjqm(L)′}1≤j≤N , bL+1

{qbL+1 · · · bM/ajqm(L)′}1≤j≤N
;

N∏

j=1

cj
aj

· q

bL+1xL+1




}
. (4.38)

Here and in the following, we use the notation

m(l)′ =
l∑

i=1

mi −
M∑

i=l+2

mi, (4.39)

for m = (m1, . . . ,mM ) and 0 ≤ l ≤ M . By applying the formula (4.36) to N+1ϕN , we obtain

FL
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

=
N∏

j=1

(qbL+2 · · · bM/aj , qbL+1 · · · bM/cj)∞
(qbL+1 · · · bM/aj , qbL+2 · · · bM/cj)∞

· θ(xL+1a1 · · · aN/(c1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))

× FL+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

+
N∑

d=1

{
N∏

j=1

(cd/aj)∞
(qbL+1 · · · bM/aj)∞

∏

1≤j≤N
j (=d

(qbL+1 · · · bM/cj)∞
(cd/cj)∞

· (bL+1)∞
(cd/(qbL+2 · · · bM ))∞
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× θ(xL+1a1 · · · aNcd/(qbL+2 · · · bMc1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
FL+1;d,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)}
.

(4.40)

By a similar calculation of (4.38), we have

FL;k,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
=

∏

1≤j≤N
j (=k

(qbL+2 · · · bM/aj)∞
(qak/aj)∞

· (q/bL+1)∞
(qak/(bL+1 · · · bM ))∞

×
N∏

j=1

(qak/cj)∞
(qbL+2 · · · bM/cj)∞

θ(xL+1bL+1 · · · bMa1 · · · aN/(akc1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))

× FL+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

+
N∑

d=1

{
∏

1≤j≤N
j (=k

(cd/aj)∞
(qak/aj)∞

· (cd/(bL+1 · · · bM ))∞
(qak/(bL+1 · · · bM ))∞

∏

1≤j≤N
j (=d

(qak/cj)∞
(cd/cj)∞

· (ak/(bL+2 · · · bM ))∞
(cd/(qbL+2 · · · bM ))∞

× θ(xL+1bL+1a1 · · · aNcd/(qc1 · · · cNak))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
GL+1;d,L+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)}
.

(4.41)

Therefore, we set

AL,id = AL,id

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
;xL+1

)
=





A0,0 A0,1 · · · A0,N

A1,0 A1,1 · · · A1,N
...

...
...

AN,0 AN,1 · · · AN,N




, (4.42)

where

A0,0 =
N∏

j=1

(qbL+2 · · · bM/aj , qbL+1 · · · bM/cj)∞
(qbL+1 · · · bM/aj , qbL+2 · · · bM/cj)∞

· θ(xL+1a1 · · · aN/(c1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
x
−βL+1

L+1 ,

(4.43)

and A0,d, Ak,0 (1 ≤ d, k ≤ N) are M components vectors given by

A0,d = (A0,(1,d), A0,(2,d), . . . , A0,(M,d)) = (0, . . . , 0, A0,(L+1,d), 0, . . . , 0), (4.44)

A0,(L+1,d) =
N∏

j=1

(cd/aj)∞
(qbL+1 · · · bM/aj)∞

∏

1≤j≤N
j (=d

(qbL+1 · · · bM/cj)∞
(cd/cj)∞

· (bL+1)∞
(cd/(qbL+2 · · · bM ))∞

× θ(xL+1a1 · · · aNcd/(qbL+2 · · · bMc1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
x
−1−

∑M
i=L+1 βi+γd

L+1 , (4.45)

Ak,0 = (A(1,k),0, A(2,k),0, . . . , A(N,k),0)
T = (0, . . . , 0, A(L+1,k),0, 0, . . . , 0)

T, (4.46)

A(L+1,k),0 =
∏

1≤j≤N
j (=k

(qbL+2 · · · bM/aj)∞
(qak/aj)∞

· (q/bL+1)∞
(qak/(bL+1 · · · bM ))∞

N∏

j=1

(qak/cj)∞
(qbL+2 · · · bM/cj)∞

× θ(xL+1bL+1 · · · bMa1 · · · aN/(akc1 · · · cN ))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
x
−αk+

∑M
i=L+2 βi

L+1 . (4.47)
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The other blocks Ak,d (1 ≤ d, k ≤ N) are M ×M matrices given by

Ak,d =




IL O O
O A(L+1,k),(L+1,d) O
O O IM−L−1



 , (4.48)

where In is the unit matrix of degree n, O is the null matrix and

A(L+1,k),(L+1,d) =
∏

1≤j≤N
j (=k

(cd/aj)∞
(qak/aj)∞

· (cd/(bL+1 · · · bM ))∞
(qak/(bL+1 · · · bM ))∞

∏

1≤j≤N
j (=d

(qak/cj)∞
(cd/cj)∞

· (ak/(bL+2 · · · bM ))∞
(cd/(qbL+2 · · · bM ))∞

× θ(xL+1bL+1a1 · · · aNcd/(qc1 · · · cNak))

θ(xL+1bL+1a1 · · · aN/(c1 · · · cN ))
x−1−αk+γd
L+1 . (4.49)

Then we have
uL,id = AL,iduL+1,id. (4.50)

In addition, we put

AL,σ = AL,id

(
{aj}1≤j≤N , {bσ(i)}1≤i≤M

{cj}1≤j≤N
;xσ(L+1)

)
, (4.51)

then we have
uL,σ = AL,σuL+1,σ, (4.52)

for σ ∈ SM since uL,σ = uL,id

(
{aj}, {bσ(i)}

{cj}
; {xσ(i)}

)
.

Computation of case (2):
The matrix of the case (2) can be calculated by a similar method in the case (1). So we only

show the result. We set

BL,id = BL,id

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
;xL

)
=





B0,0 B0,1 · · · B0,N

B1,0 B1,1 · · · B1,N
...

...
...

BN,0 BN,1 · · · BN,N




, (4.53)

where

B0,0 =
N∏

j=1

(aj/(bL+1 · · · bM ), cj/(bL · · · bM ))∞
(aj/(bL · · · bM ), cj/(bL+1 · · · bM ))∞

· θ(xLbL)
θ(xL)

xβL
L , (4.54)

and B0,d, Bk,0 (1 ≤ d, k ≤ N) are M components vectors given by

B0,d = (B0,(1,d), B0,(2,d), . . . , B0,(M,d)) = (0, . . . , 0, B0,(L,d), 0, . . . , 0), (4.55)

B0,(L,d) =
N∏

j=1

(cj/ad)∞
(cj/(bL+1 · · · bM ))∞

∏

1≤j≤N
j (=d

(aj/(bL+1 · · · bM ))∞
(aj/ad)∞

· (bL)∞
(bL · · · bM/ad)∞

(4.56)

× θ(xLad/(bL+1 · · · bM ))

θ(xL)
x
αd−

∑M
i=L+1 βi

L , (4.57)

Bk,0 = (B(1,k),0, B(2,k),0, . . . , B(M,k),0)
T = (0, . . . , 0, B(L,k),0, 0, . . . , 0)

T, (4.58)

B(L,k),0 =
∏

1≤j≤N
j (=k

(cj/(bL · · · bM ))∞
(qcj/ck)∞

· (q/bL)∞
(q2bL+1 · · · bM/ck)∞

N∏

j=1

(qaj/ck)∞
(aj/(bL · · · bM ))∞
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× θ(xLqbL · · · bM/ck)

θ(xL)
x
1+

∑M
i=L βi−γk

L . (4.59)

And the other blocks Bk,d (1 ≤ d, k ≤ N) are M ×M matrices given by

Bk,d =




IL−1 O O
O B(L,k),(L,d) O
O O IM−L



 , (4.60)

B(L,k),(L,d) =
∏

1≤j≤N
j (=k

(cj/ad)∞
(qcj/ck)∞

· (qbL+1 · · · bM/ad)∞
(q2bL+1 · · · bM/ck)∞

∏

1≤j≤N
j (=d

(qaj/ck)∞
(aj/ad)∞

· (qbL · · · bM/ck)∞
(bL · · · bM/ad)∞

× θ(xLqad/ck)

θ(xL)
x1+αd−γk
L . (4.61)

Then we have
uL,id = BL,iduL−1,id. (4.62)

Similar to the argument from (4.50) to (4.52), we have

uL,σ = BL,σuL−1,σ, (4.63)

where BL,σ is defined in the same as (4.51) for σ ∈ SM .
Computation of case (3)

We first consider the matrix which connects uM,sr with uM,id like the computation of the
case (1). We have

uM,sr
0 = uM,id

0 , (4.64)

uM,sr
k,l = uM,id

k,l , (4.65)

easily if l )= r, r + 1. So we should calculate the connection formula of uM,sr
k,r , uM,sr

k,r+1. We have

GM ;k,r
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {xsr(i)}1≤i≤M

)

=
∑

m1,...,mM≥0

{
N∏

k=1

(qak/cj)mM

(qck/cj)mM

r−1∏

i=1

(bi)mi

(q)mi

M∏

i=r+2

(bi)mi−1

(q)mi−1

· (br)mr

(q)mr

(ck/(qbrbr+2 · · · bM ))m(r−1)

(ck/(br · · · bM ))m(r−1)

×
r−1∏

i=1

(
qxi

br+1xr+1

)mi M∏

i=r+2

(
br+1xr+1

bixi

)mi−1

·
(
br+1xr+1

brxr

)mr
(
br+1xr+1

q

)mM
}

=
∑

m1,...,mr−1,mr+1,...,mM≥0

{
N∏

k=1

(qak/cj)mM

(qck/cj)mM

r−1∏

i=1

(bi)mi

(q)mi

M∏

i=r+2

(bi)mi−1

(q)mi−1

·
(ck/(qbrbr+2 · · · bM ))m(r−1)′

(ck/(br · · · bM ))m(r−1)′

×
r−1∏

i=1

(
qxi

br+1xr+1

)mi M∏

i=r+2

(
br+1xr+1

bixi

)mi−1

·
(
br+1xr+1

q

)mM

× 2ϕ1

(
br, qbr · · · bM/(ckqm(r−1)′)
q2brbr+2 · · · bM/(ckqm(r−1)′)

;
qxr+1

brxr

)}
, (4.66)

and by applying the formula (4.36) to 2ϕ1, we obtain

GM ;k,r
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {xsr(i)}1≤i≤M

)
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=
(q/br+1, br)∞θ(xrck/(xr+1qbr+1 · · · bM ))

(q2brbr+2 · · · bM/ck, ck/(qbr+1 · · · bM ))∞θ(xrbr/xr+1)
GM ;k,r
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

+
(q2br+2 · · · bM/ck, qbr · · · bM/ck)∞

(q2brbr+2 · · · bM/ck, qr+1 · · · bM/ck)∞

θ(xr/xr+1)

θ(xrbr/xr+1)
GM ;j,r+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
.

(4.67)

Similarly, we have

GM ;k,r+1
N,M

(
{aj}1≤j≤N , {bsr(i)}1≤i≤M

{cj}1≤j≤N
; {xsr(i)}1≤i≤M

)

=
(ck/(br · · · bM ), ck/(qbr+2 · · · bM ))∞

(ck/(brbr+2 · · · bM ), ck/(qbr+1 · · · bM ))∞

θ(xrbr/(xr+1br+1))

θ(xrbr/xr+1)

× GM ;k,r
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)

+
(q/br, br+1)∞

(ck/(brbr+2 · · · bM ), qbr+1 · · · bM/ck)∞

θ(xrqbrbr+2 · · · bM/(xr+1ck))

θ(xrbr/xr+1)

× GM ;k,r+1
N,M

(
{aj}1≤j≤N , {bi}1≤i≤M

{cj}1≤j≤N
; {xi}1≤i≤M

)
. (4.68)

Therefore, we set

SM,id
sr = SM,id

sr

(
{bi}1≤i≤M

{cj}1≤j≤N
;

xr
xr+1

)
=





1 O · · · · · · O
O S1

r O · · · O
... O S2

r

...
...

...
. . . O

O O · · · O SN
r




. (4.69)

The blocks Sk
r (1 ≤ k ≤ N) are given by

Sk
r =





Ir−1 O O O
O Sk

r,r Sk
r,r+1 O

O Sk
r+1,r Sk

r+1,r+1 O
O O O IM−r−1



 , (4.70)

where Sk
r,r, S

k
r,r+1, S

k
r+1,r, S

k
r+1,r+1 are scalars given by

Sk
r,r =

(q/br+1, br)∞
(q2brbr+2 · · · bM/ck, ck/(qbr+1 · · · bM ))∞

θ(xrck/(xr+1qbr+1 · · · bM ))

θ(xrbr/xr+1)

(
xr
xr+1

)−1−
∑M

i=r βi+γk

,

(4.71)

Sk
r,r+1 =

(q2br+2 · · · bM/ck, qbr · · · bM/ck)∞
(q2brbr+2 · · · bM/ck, qbr+1 · · · bM/ck)∞

θ(xr/xr+1)

θ(xrbr/xr+1)

(
xr
xr+1

)−βr

, (4.72)

Sk
r+1,r =

(ck/(br · · · bM ), ck/(qbr+2 · · · bM ))∞
(ck/(brbr+2 · · · bM ), ck/(qbr+1 · · · bM ))∞

θ(xrbr/(xr+1br+1))

θ(xrbr/xr+1)

(
xr
xr+1

)−βr+1

, (4.73)

Sk
r+1,r+1 =

(q/br, br+1)∞
(ck/(brbr+2 · · · bM ), qbr+1 · · · bM/ck)∞

θ(xrqbrbr+2 · · · bM/(xr+1ck))

θ(xrbr/xr+1)

(
xr
xr+1

)1+
∑M

i=r+2 βi−γk

(4.74)

Then we have
uM,sr = SM,id

sr uM,id. (4.75)
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In a similar reason of cases (1), (2), we have

uM,srσ = SM,σ
sr uM,σ, (4.76)

SM,σ
sr = SM,id

sr

(
{bσ(i)}1≤i≤M

{cj}1≤j≤N
;

xσ(r)
xσ(r+1)

)
(4.77)

for σ ∈ SM . From computations of cases (1), (2), (3), we finally obtain the following theorem:

Theorem 4.9 ([45]). For 0 ≤ L1, L2 ≤ M and σ1,σ2 ∈ SM , we have

uL2,σ2 = AL2,σ2AL2+1,σ2 · · ·AM−1,σ2S
M,sr2 ···srI σ1
sr1 S

M,sr3 ···srI σ1
sr2 · · ·SM,σ1

srI
BM,σ1BM−1,σ1 · · ·BL1+1,σ1uL1,σ1 ,

(4.78)

if σ2 = sr1 · · · srIσ1, where sr = (r, r + 1) ∈ SM .

Remark 4.10. By the braid relation sisi+1si = si+1sisi+1, the matrix S satisfies the Yang-

Baxter equation S
M,si+1si
si SM,si

si+1 S
M,id
si = S

M,sisi+1
si+1 S

M,si+1
si SM,id

si+1 . For the way to get a solution for
the Yang-Baxter equation by some connection problem of a q-difference system, see [6, 45].

Remark 4.11. The connection problem for the q-Appell-Lauricella system (4.10), (4.11) is
solved by putting N = 1 in Theorem 4.9. We summarize the case here. We put

uL0 =
M∏

i=L+1

x−βi
i · ϕD,L

(
a/(bL+1 · · · bM ); {bi}1≤i≤M

c/(bL+1 · · · bM )
;

{
x1, . . . , xL,

q

bL+1xL+1
, . . . ,

q

bMxM

})
,

(4.79)

uLl′ = x
1+βl+1+···+βM−γ
l

M∏

i=l+1

x−βi
i

× ϕD,l′−1

(
c/(bl′+1 · · · bMq); {b1, . . . , bl′−1, bl′+1, . . . , bL, aq/c, bL+1, . . . , bM}

c/(bl′ · · · bM )
;

{
qx1
bl′xl′

, . . . ,
qxl′−1

bl′xl′
,

bl′xl′

bl′+1xl′+1
, . . . ,

bl′xl′

bLxL
,
bl′xl′

q
,

bl′xl′

bL+1xL+1
, . . .

bl′xl′

bMxM

})
(1 ≤ l′ ≤ L),

(4.80)

uLl = x
−α+βl+1+···+βM

l

M∏

i=l+1

x−βi
i

× ϕD,l

(
a/(bl+1 · · · bM ); {b1, . . . , bL, aq/c, bL+1, . . . , bl−1, bl+1, . . . , bM}

aq/(bl · · · bM )
;

{
qx1
blxl

, . . . ,
qxL
blxl

,
cq

ablxl
,
qxL+1

blxl
, . . . ,

qxl−1

blxl
,

blxl
bl+1xl+1

, . . . ,
blxl

bMxM

})
(L+ 1 ≤ l ≤ M),

(4.81)

where a = qα, bi = qβi , c = qγ . And we put

uL = uL

(
a; {bi}1≤i≤M

c
; {xi}1≤i≤M

)
= (uL0 , u

L
1 , . . . , u

L
M )T, (4.82)

uL,σ = uL

(
a; {bσ(i)}1≤i≤M

c
; {xσ(i)}1≤i≤M

)
. (4.83)
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Then uL,σ is a fundamental solution for the q-Appell-Lauricella system in

DL,σ =

{
|xσ(i)| < 1 (1 ≤ i ≤ L),

∣∣∣∣
cq

abσ(i)xσ(i)

∣∣∣∣ < 1 (L+ 1 ≤ i ≤ M),

∣∣∣∣
qxσ(i)

bσ(j)xσ(j)

∣∣∣∣ < 1 (1 ≤ i < j ≤ M)

}
. (4.84)

We set

AL = AL

(
a; {bi}1≤i≤M

c
;xL+1

)
= (Ai,j)0≤i,j≤M =





A0,0 O A0,L+1 O
O IL O O

AL+1,0 O AL+1,L+1 O
O O O IM−L−1



 ,

(4.85)

where A0,0, A0,L+1, AL+1,0, AL+1,L+1 are scalars given by

A0,0 =
(qbL+2 · · · bM/a, qbL+1 · · · bM/c)∞
(qbL+1 · · · bM/a, qbL+2 · · · bM/c)∞

· θ(xL+1a/c)

θ(xL+1bL+1a/c)
x
−βL+1

L+1 , (4.86)

A0,L+1 =
(c/a)∞

(qbL+1 · · · bM/a)∞

(bL+1)∞
(c/(qbL+2 · · · bM ))∞

θ(xL+1a/(qbL+2 · · · bM ))

θ(xL+1bL+1a/c)
x
−1−

∑M
i=L+1 βi+γ

L+1 ,

(4.87)

AL+1,0 =
(q/bL+1, qa/c)∞

(qa/(bL+1 · · · bM ), qbL+2 · · · bM/c)∞

θ(xL+1bL+1 · · · bMc)

θ(xL+1bL+1a/c)
x
−α+

∑M
i=L+2 βi

L+1 , (4.88)

AL+1,L+1 =
(c/(bL+1 · · · bM ))∞
(qa/(bL+1 · · · bM ))∞

(a/(bL+2 · · · bM ))∞
(c/(qbL+2 · · · bM ))∞

θ(xL+1bL+1/q)

θ(xL+1bL+1a/c)
x−1−α+γ
L+1 . (4.89)

We also set

BL = BL

(
a; {bi}1≤i≤M

c
;xL

)
= (Bi,j)0≤i,j≤M =





B0,0 O B0,L O
O IL−1 O O

BL,0 O BL,L O
O O O IM−L



 , (4.90)

where B0,0, B0,L, BL,0, BL,L are scalars given by

B0,0 =
(a/(bL+1 · · · bM ), c/(bL · · · bM ))∞
(a/(bL · · · bM ), c/(bL+1 · · · bM ))∞

· θ(xLbL)
θ(xL)

xβL
L , (4.91)

B0,L =
(c/a)∞

(c/(bL+1 · · · bM ))∞

(bL)∞
(bL · · · bM/a)∞

θ(xLa/(bL+1 · · · bM ))

θ(xL)
x
α−

∑M
i=L+1 βi

L , (4.92)

BL,0 =
(q/bL)∞

(q2bL+1 · · · bM/ck)∞

(qa/c)∞
(a/(bL · · · bM ))∞

θ(xLqbL · · · bM/c)

θ(xL)
x
1+

∑M
i=L βi−γ

L , (4.93)

BL,L =
(qbL+1 · · · bM/a)∞
(q2bL+1 · · · bM/c)∞

(qbL · · · bM/c)∞
(bL · · · bM/a)∞

θ(xLqa/c)

θ(xL)
x1+α−γ
L . (4.94)

Finally we set

Ssr = Ssr

(
{bi}1≤i≤M

c
;

xr
xr+1

)
=





Ir O O O
O Sr,r Sr,r+1 O
O Sr+1,r Sr+1,r+1 O
O O O IM−r−1



 , (4.95)
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where Sr,r, Sr,r+1, Sr+1,r, Sr+1,r+1 are scalars given by

Sr,r =
(q/br+1, br)∞

(q2brbr+2 · · · bM/c, c/(qbr+1 · · · bM ))∞

θ(xrc/(xr+1qbr+1 · · · bM ))

θ(xrbr/xr+1)

(
xr
xr+1

)−1−
∑M

i=r βi+γ

,

(4.96)

Sr,r+1 =
(q2br+2 · · · bM/c, qbr · · · bM/c)∞

(q2brbr+2 · · · bM/c, qbr+1 · · · bM/c)∞

θ(xr/xr+1)

θ(xrbr/xr+1)

(
xr
xr+1

)−βr

, (4.97)

Sr+1,r =
(c/(br · · · bM ), c/(qbr+2 · · · bM ))∞

(c/(brbr+2 · · · bM ), c/(qbr+1 · · · bM ))∞

θ(xrbr/(xr+1br+1))

θ(xrbr/xr+1)

(
xr
xr+1

)−βr+1

, (4.98)

Sr+1,r+1 =
(q/br, br+1)∞

(c/(brbr+2 · · · bM ), qbr+1 · · · bM/c)∞

θ(xrqbrbr+2 · · · bM/(xr+1c))

θ(xrbr/xr+1)

(
xr
xr+1

)1+
∑M

i=r+2 βi−γ

.

(4.99)

Using the above matrices AL, BL, Ssr , we put

AL,σ = AL

(
a; {bσ(i)}1≤i≤M

c
;xσ(L+1)

)
, (4.100)

BL,σ = BL

(
a; {bσ(i)}1≤i≤M

c
;xσ(L)

)
, (4.101)

Sσ
sr = Ssr

(
{bσ(i)}1≤i≤M

c
;

xσ(r)
xσ(r+1)

)
. (4.102)

Then we have

uL2,σ2 = AL2,σ2AL2+1,σ2 · · ·AM−1,σ2S
M,sr2 ···srI σ1
sr1 S

M,sr3 ···srI σ1
sr2 · · ·SM,σ1

srI
BM,σ1BM−1,σ1 · · ·BL1+1,σ1uL1,σ1 ,

(4.103)

if σ2 = sr1 · · · srIσ1 and sr = (r, r + 1) ∈ SM .
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5 A multivariable extension of the q-Riemann-Papperitz type
integral

In this section, we consider the following Jackson integral:

ϕM
i,j =

∫ q/aj

q/ai

M+3∏

k=1

(akt)∞
(bkt)∞

dqt, (5.1)

where

a1 · · · aM+3 = q2b1 · · · bM+3. (5.2)

This integral is a multivariable extension of the Jackson integral of Riemann-Papperitz type
(2.55). First, we give a finite rank q-difference system associated with (5.1). Second, we show
a transformation formula between the integral (5.1) and the Kajihara’s q-hypergeometric series
[29]. Using this formula, we obtain series solutions for the above system. Finally we discuss
degenerations of the system and its solutions. This section is based on [48].

5.1 A system the integral satisfies

In this subsection, we derive a q-difference system that the integral ϕM
i,j satisfies. As mentioned

in section 2.2, the integral ϕM
i,j with a1 = Ax, b1 = Bx, satisfies the equation

EM+2(A,B, {ak}2≤k≤M+3, {bk}2≤k≤M+3)ϕ
M
i,j = 0. (5.3)

Rewriting in a1, b1, we have the following proposition.

Proposition 5.1. The integral ϕM
i,j satisfies the rank M +1 equation ÊMϕM

i,j = 0. The operator

ÊM is given by

ÊM = bM+2
1 T−1

M∏

n=0

(1− (a1q
n/b1)T )

+
M+1∑

k=1

(−1)kbM+2−k
1 [ek(â)T

−1 − qek(b̂)]
M−k∏

n=0

(1− (a1q
n/b1)T )

k−2∏

n=0

(1− q−nT )

+ (−1)M+2a2 · · · aM+3T
−1

M∏

n=0

(1− q−nT ), (5.4)

where T = Ta1Tb1 and â = (a2, . . . , aM+3), b̂ = (b2, . . . , bM+3).

Remark 5.2. The operator T = Ta1Tb1 preserves the condition a1 · · · aM+3 = q2b1 · · · bM+3.
Similarly, we can only consider TakT

−1
al , TbkT

−1
bl

, TakTbl , etc. as q-shift operators under that
condition.

Proposition 5.1 means that the integral ϕM
i,j satisfies a q-difference equation of rank M + 1.

The following proposition leads to a q-difference system of rank M +1 that the integral satisfies.

Proposition 5.3. The integral (5.1) satisfies the following three term relations:

[(a1 − akq)TakT
−1
al − (al − akq)TakT

−1
a1 + (al − a1)]ϕ

M
i,j = 0, (5.5)

[(b1 − a1)Ta1T
−1
ak − (q−1ak − a1)Ta1Tb1 + (q−1ak − b1)]ϕ

M
i,j = 0, (5.6)
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[(b1 − q−1bl)TbkT
−1
bl

− (bk − q−1bl)Tb1T
−1
bl

+ (bk − b1)]ϕ
M
i,j = 0, (5.7)

[(a1 − b1)TbkT
−1
b1

− (bkq − b1)(Ta1Tb1)
−1 + (bkq − a1)]ϕ

M
i,j = 0, (5.8)

[(b1 − ak)TakTbl − (bl − ak)TakTb1 + (bl − b1)]ϕ
M
i,j = 0, (5.9)

[(bl − a1)T
−1
ak T−1

bl
− (bl − ak)T

−1
a1 T−1

bl
+ (a1 − ak)]ϕ

M
i,j = 0, (5.10)

where 1 ≤ k, l ≤ M + 3.

Proof. We only prove the equation (5.5). Other relations can be proved in the same way. The
integrand

ψM =
M+3∏

i=1

(ait)∞
(bit)∞

, (5.11)

satisfies

[(a1 − akq)TakT
−1
al − (al − akq)TakT

−1
a1 + (al − a1)]ψ

M = 0. (5.12)

This equation is derived by the relation for rational functions of t:

(a1 − akq)
1− alq−1t

1− akt
− (al − akq)

1− a1q−1t

1− akt
+ (al − a1) = 0. (5.13)

By integrating in t, we have the relation (5.5).

Also the integrand ψM satisfies

Ttψ
M =

(
M+3∏

k=1

TakTbk

)
ψM , (5.14)

thus ϕM
i,j satisfies

q−1ϕM
i,j =

(
M+3∏

k=1

TakTbk

)
ϕM
i,j . (5.15)

In conclusion, the integral ϕM
i,j satisfies the following q-difference system.

Theorem 5.4. The integral ϕM
i,j satisfies the following system:

ÊMy = 0, (5.16)

[(a1 − akq)TakT
−1
al − (al − akq)TakT

−1
a1 + (al − a1)]y = 0, (5.17)

[(b1 − a1)Ta1T
−1
ak − (q−1ak − a1)Ta1Tb1 + (q−1ak − b1)]y = 0, (5.18)

[(b1 − q−1bl)TbkT
−1
bl

− (bk − q−1bl)Tb1T
−1
bl

+ (bk − b1)]y = 0, (5.19)

[(a1 − b1)TbkT
−1
b1

− (bkq − b1)(Ta1Tb1)
−1 + (bkq − a1)]y = 0, (5.20)

[(b1 − ak)TakTbl − (bl − ak)TakTb1 + (bl − b1)]y = 0, (5.21)

[(bl − a1)T
−1
ak T−1

bl
− (bl − ak)T

−1
a1 T−1

bl
+ (a1 − ak)]y = 0, (5.22)

(
q
M+3∏

k=1

TakTbk − 1

)
y = 0, (5.23)

where 1 ≤ k, l ≤ M + 3. We call this system q-RPM . The rank of q-RPM is M + 1.
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Proof. We already proved that the integral ϕM
i,j satisfies the system q-RPM . We will prove

that the rank of q-RPM is M + 1. Using the three term relations (5.17), . . ., (5.22), the
functions TakT

−1
al y, TbkT

−1
bl

y, TakTbly can be rewritten as linear combinations of y, (Ta1Tb1)
±1,

(Ta1Tb1)
±2,... The operator ÊM is an ordinary q-difference operator of rank M + 1, so the rank

of q-RPM is M + 1.

Due to Theorem 2.17, the integrals ϕM
1,2, . . . ,ϕ

M
1,M+2 are linearly independent over {C |

Ta1Tb1C = C}. So we have the following:

Theorem 5.5. The integrals ϕM
1,2, . . . ,ϕ

M
1,M+2 are basis of the space of solutions for q-RPM over

K = {C | TakT
−1
al C = TbkT

−1
bl

C = TakTblC = C}.

Proof. Suppose

C2ϕ
M
1,2 + · · ·+ CM+2ϕ

M
1,M+2 = 0, (5.24)

where Ci ∈ K. Then every pseudo constant Ci satisfies Ta1Tb1Ci = Ci. According to Theorem
2.17, we have C2 = · · · = CM+2 = 0.

Remark 5.6. By the formula (2.78) in Theorem 2.35 and the obvious relation ϕM
i,j+ϕ

M
j,k+ϕ

M
k,i =

0, the integral ϕM
i,j can be written by a linear combination of ϕM

1,2, . . . ,ϕ
M
1,M+2 explicitly. Hence,

in particular, the connection problem among the integrals {ϕM
i,j} is solved already.

5.2 Series solutions

In this section, we give multiple series solutions for the system q-RPM . In the case of M = 3,
the Jackson integral of Riemann-Papperitz type

∫ q/aj

q/ai

4∏

k=1

(akt)∞
(bkt)∞

dqt, (5.25)

can be transformed to the very-well-poised q-hypergeometric series 8W7 by the Bailey’s formula
(see Lemma 2.25). We show an extension of the Bailey’s formula.

Definition 5.7 (Kajihara’s q-hypergeometric series [29]). Following Kajihara, we define the
q-hypergeometric series:

Wn,m

(
{ai}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ s; {uk}1≤k≤m; {vk}1≤k≤m; z

)

=
∑

l∈(Z≥0)n

z|l|
∆(xql)

∆(x)

∏

1≤i≤n

1− q|l|+lisxi/xn
1− sxi/xn

×
∏

1≤j≤n



 (sxj/xn)|l|
((sq/aj)xj/xn)|l|

∏

1≤i≤n

(ajxi/xj)li
(qxi/xj)li





×
∏

1≤k≤m



 (vk)|l|
(sq/uk)|l|

∏

1≤i≤n

(ukxi/xn)li
((sq/vk)xi/xn)li



 , (5.26)

where |l| = l1+ l2+ · · ·+ ln, xql = {xiqli}1≤i≤n and ∆(x) is the Vandermonde determinant of x:

∆(x) =
∏

1≤i<j≤n

(xi − xj). (5.27)

The function Wn,m is the Kajihara’s very well-poised q-hypergeometric series.
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Proposition 5.8 (Kajihara’s transformation formula [29]). For any N ∈ Z≥0, we have

Wn,m+2

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; {ckyk/ym}1≤k≤m, d, e; {fym/yk}1≤k≤m, µfqN , q−N ; q

)

=
(µdf/a, µef/a)N
(aq/d, aq/e)N

∏

1≤k≤m

((µckf/a)yk/ym, fym/yk)N
(µqyk/ym, (aq/ck)ym/yk)N

∏

1≤i≤n

(aqxi/xn, (µbif/a)xn/xi)N
((aq/bi)xi/xn, (µf/a)xn/xi)N

×Wm,n+2

(
{aq/(ckf)}1≤k≤m

{yk}1≤k≤m

∣∣∣∣ µ;
{

aq

bif

xi
xn

}

1≤i≤n

,
aq

df
,
aq

ef
;

{
µf

a

xn
xi

}

1≤i≤n

, µfqN , q−N ; q

)
,

(5.28)

where µ = am+2qm+1/(b1b2 · · · bnc1c2 · · · cndefm+1).

For the proof, see [29].

Corollary 5.9 ([29]). We have

Wn,3

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; c, d, e; f, µfq
N , q−N ; q

)

=
(µcf/a, µdf/a, µef/a, f )N
(aq/c, aq/d, aq/e, qµ)N

∏

1≤i≤n

(aqxi/xn, (µbif/a)xn/xi)N
((aq/bi)xi/xn, (µf/a)xn/xi)N

× 2n+8W2n+7

(
µ;

{
aq

bif

xi
xn

}

1≤i≤n

,
aq

cf
,
aq

df
,
aq

ef
;

{
µf

a

xn
xi

}

1≤i≤n

, µfqN , q−N ; q

)
, (5.29)

where µ = a3q2/(b1b2 · · · bncdef2).

Proof. We get the desired equation by putting m = 1 in Kajihara’s transformation formula
(5.28).

Remark 5.10. When n = 1, the formula (5.29) reduces a transformation formula of terminating
very-well-poised q-hypergeometric series 10W9 (see Gasper-Rahman [16] and references therein).

Theorem 5.11. We have

Wn,2

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; f, fµ; d, e; c/a
)

=
(aq/(df), aq/(µdf), aq/(ef), aq/(µef), f, µf)∞

(1− q)(q, c/a, aq/d, aq/e, qµ, 1/µ)∞

∏

1≤i≤n

(aqxi/xn, (aq/bif)xi/xn, (aq/µbif)xi/xn)∞
((aq/bi)xi/xn, (aq/f)xi/xn, (aq/µf)xi/xn)∞

×
∫ 1

1/µ

(qt, µcft/a, qµt)∞
(aqt/(df), aqt/(ef), µft)∞

n∏

i=1

((aq/f)xit/xn)∞
((aq/bif)xit/xn)∞

dqt, (5.30)

where µ = a3q2/(b1b2 · · · bncdef2).

Proof. The proof is based on the method similar to Bailey’s one [10]. For the Bailey’s idea, see
Gasper-Rahman [16], section 2. The formula (5.30) is derived by considering the limit N → ∞
in (5.29). First, we consider the limit

lim
N→∞

Wn,3

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; cq
N , d, e; f, µf, q−N ; q

)
. (5.31)
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We recall the definition of the function Wn,3:

Wn,3

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; cq
N , d, e; f, µf, q−N ; q

)

=
∑

l∈(Z≥0)n

z|l|
∆(xql)

∆(x)

∏

1≤i≤n

1− q|l|+liaxi/xn
1− axi/xn

×
∏

1≤j≤n



 (axj/xn)|l|
((aq/bj)xj/xn)|l|

∏

1≤i≤n

(bjxi/xj)li
(qxi/xj)li





×
(cqN , d, e)|l|

(aq/f, aq/(µf), aqqN )|l|

∏

1≤i≤n

(fxi/xn, µfxi/xn, q−Nxi/xn)li
((aq/d)xi/xn, (aq/e)xi/xn, (aqq−N/c)xi/xn)li

.

(5.32)

Since (cqN )|l|, (aqq
N )|l|

N→∞−−−−→ 1 and
(q−Nxi/xn)li

((aqq−N/c)xi/xn)li

N→∞−−−−→
(

c

aq

)li

, we have

lim
N→∞

Wn,3

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; cq
N , d, e; f, µf, q−N ; q

)

=
∑

l∈(Z≥0)n

( c
a

)|l| ∆(xql)

∆(x)

∏

1≤i≤n

1− q|l|+liaxi/xn
1− axi/xn

×
∏

1≤j≤n



 (axj/xn)|l|
((aq/bj)xj/xn)|l|

∏

1≤i≤n

(bjxi/xj)li
(qxi/xj)li





×
(d, e)|l|

(aq/f, aq/(µf))|l|

∏

1≤i≤n

(fxi/xn, µfxi/xn)li
((aq/d)xi/xn, (aq/e)xi/xn)li

= Wn,2

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; f, fµ; d, e; c/a
)
. (5.33)

On the other hand, we have

Wn,3

(
{bi}1≤i≤n

{xi}1≤i≤n

∣∣∣∣ a; cq
N , d, e; f, µf, q−N ; q

)

=
(µcf/a, µq−Ndf/a, µq−Nef/a, f)N
(aq/(cqN ), aq/d, aq/e, qµq−N )N

∏

1≤i≤n

(aqxi/xn, (µq−Nbif/a)xn/xi)N
((aq/bi)xi/xn, (µq−Nf/a)xn/xi)N

× 2n+8W2n+7

(
µq−N ;

{
aq

bif

xi
xn

}

1≤i≤n

,
aq

cqNf
,
aq

df
,
aq

ef
;

{
µq−Nf

a

xn
xi

}

1≤i≤n

, µf, q−N ; q

)
.

(5.34)

Since (A)N
N→∞−−−−→ (A)∞ and

L∏

l=1

(Aiq−N )N
(Biq−N )N

=
L∏

l=1

(
Ai

Bi

)N (q/Ai)N
(q/Bi)N

N→∞−−−−→
L∏

l=1

(q/Ai)∞
(q/Bi)∞

, (5.35)

if A1 · · ·AL = B1 · · ·BL, we have

(µcf/a, µq−Ndf/a, µq−Nef/a, f)N
(aq/(cqN ), aq/d, aq/e, qµq−N )N

∏

1≤i≤n

(aqxi/xn, (µq−Nbif/a)xn/xi)N
((aq/bi)xi/xn, (µq−Nf/a)xn/xi)N
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N→∞−−−−→ (µcf/a, aq/(µdf), aq/(µef), f)∞
(c/a, aq/d, aq/e, 1/µ)∞

∏

1≤i≤n

(aqxi/xn, (aq/µbif)xi/xn)∞
((aq/bi)xi/xn, (aq/µf)xi/xn)∞

. (5.36)

We put N = 2M − 1 and

Cl =
1− µq−Nq2l

1− µq−N

(µq−N , aqq−N/(cf), aq/(df), aq/(ef), µf, q−N )l
(q, µcf/a, µdfq−N/a, µefq−N/a, qq−N/f, qµ)l

n∏

i=1

((aq/bif)xi/xn, (µfq−N/a)xn/xi)l
((µbifq−N/a)xn/xi, (aq/f)xi/xn)l

ql.

(5.37)

By the definition of the very-well-poised q-hypergeometric series 2n+8W2n+7, we have

2n+8W2n+7

(
µq−N ;

{
aq

bif

xi
xn

}

1≤i≤n

,
aq

cqNf
,
aq

df
,
aq

ef
;

{
µq−Nf

a

xn
xi

}

1≤i≤n

, µf, q−N ; q

)

=
N∑

l=0

Cl =
M−1∑

l=0

Cl +
M−1∑

l=0

CN−l. (5.38)

For 0 ≤ l ≤ M − 1, we have

Cl
M→∞−−−−→ (aq/(df), aq/(ef), µf)l

(q, µcf/a, qµ)l

n∏

i=1

((aq/bif)xi/xn)l
((aq/f)xi/xn)l

ql, (5.39)

and

CN−l
M→∞−−−−→ −qk

µ

(aq/(df), aq/(ef), µf)∞
(q, µcf/a, qµ)∞

n∏

i=1

((aq/bif)xi/xn)∞
((aq/f)xi/xn)∞

× (q/µ, cf/a, q)∞
(aq/(dfµ), aq/(efµ), f)∞

n∏

i=1

((aq/µf)xi/xn)∞
((aq/µbif)xi/xn)∞

(aq/(dfµ), aq/(efµ), f)l
(q/µ, cf/a, q)l

n∏

i=1

((aq/µbif)xi/xn)l
((aq/µf)xi/xn)l

.

(5.40)

The limit of CN−l can be calculated by using formulas (a)N−l = (a)N/(aqN−l)l, (aq−l)l =
(−a)lq−l(l−1)/2(q/a)l and the condition µ = a3q2/(b1 · · · bncdef2). So we have

lim
M→∞

M−1∑

l=0

Cl =
∞∑

l=0

(aq/(df), aq/(ef), µf)l
(q, µcf/a, qµ)l

n∏

i=1

((aq/bif)xi/xn)l
((aq/f)xi/xn)l

ql

=
(aq/(df), aq/(ef), µf)∞

(q, µcf/a, qµ)∞

n∏

i=1

((aq/bif)xi/xn)∞
((aq/f)xi/xn)∞

× 1

1− q

∫ 1

0

(qt, µcft/a, qµt)∞
(aqt/(df), aqt/(ef), µft)∞

n∏

i=1

((aq/f)xit/xn)∞
((aq/bif)xit/xn)∞

, dqt (5.41)

and

lim
M→∞

M−1∑

l=0

CN−l = − (aq/(df), aq/(ef), µf, cf/a, q/µ)∞
(aq/(dfµ), aq/(efµ), f, µcf/a, qµ)∞

n∏

i=1

((aq/bif)xi/xn, (aq/µf)xi/xn)∞
((aq/µbif)xi/xn, (aq/f)xi/xn)∞

×
(
1

µ

) ∞∑

l=0

(aq/(dfµ), aq/(efµ), f)l
(q/µ, cf/a, q)l

n∏

i=1

((aq/µbif)xi/xn)l
((aq/µf)xi/xn)l

= −(aq/(df), aq/(ef), µf)∞
(q, µcf/a, qµ)∞

n∏

i=1

((aq/bif)xi/xn)∞
((aq/f)xi/xn)∞
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× 1

1− q

∫ 1/µ

0

(qt, µcft/a, qµt)∞
(aqt/(df), aqt/(ef), µft)∞

n∏

i=1

((aq/f)xit/xn)∞
((aq/bif)xit/xn)∞

dqt. (5.42)

This completes the proof.

Using the formula (5.30), we give series solutions for the system q-RPM . We put

W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)

=
(aM+1/bM+3, bM+1bM+3q2/(aM+2aM+3), bM+2bM+3q2/(aM+2aM+3), aM+2q/aM+3, aM+3/aM+2)∞

aM+3(bM+1q/aM+2, bM+1q/aM+3, bM+2q/aM+2, bM+2q/aM+3, bM+3q/aM+2, bM+3q/aM+3)∞

×
M∏

i=1

(bibM+3q2/(aM+2aM+3), aiq/aM+2, aiq/aM+3)∞
(aibM+3q2/(aM+2aM+3), biq/aM+2, biq/aM+3)∞

×WM,2

(
{ai/bi}1≤i≤M

{ai}1≤i≤M

∣∣∣∣
aMbM+3q

aM+2aM+3
;
bM+3q

aM+2
,
bM+3q

aM+3
;

aM
bM+1

,
aM
bM+2

;
aM+1

bM+3

)
. (5.43)

Theorem 5.12. The function

W

(
{aσ1(i)}1≤i≤M+3

{bσ2(i)}1≤i≤M+3

)
, (5.44)

is a solution of the system q-RPM . Here, σ1,σ2 ∈ SM+3.

Proof. The integral ϕM+2,M+3 is rewritten as

∫ q/aM+3

q/aM+2

M+3∏

i=1

(ait)∞
(bit)∞

dqt

=
q

aM+3

∫ 1

aM+3/aM+2

(qt, aM+1qt/aM+3, aM+2qt/aM+3)∞
(bM+1qt/aM+3, bM+2qt/aM+3, bM+3qt/aM+3)∞

M∏

i=1

(aiqt/aM+3)∞
(biqt/aM+3)∞

dqt.

(5.45)

Applying the transformation formula (5.30), we have

1

aM+3(1− q)(q)∞

∫ 1

aM+3/aM+2

(qt, aM+1qt/aM+3, aM+2qt/aM+3)∞
(bM+1qt/aM+3, bM+2qt/aM+3, bM+3qt/aM+3)∞

M∏

i=1

(aiqt/aM+3)∞
(biqt/aM+3)∞

dqt

=
(aM+1/bM+3, bM+1bM+3q2/(aM+2aM+3), bM+2bM+3q2/(aM+2aM+3), aM+2q/aM+3, aM+3/aM+2)∞

aM+3(bM+1q/aM+2, bM+1q/aM+3, bM+2q/aM+2, bM+2q/aM+3, bM+3q/aM+2, bM+3q/aM+3)∞

×
M∏

i=1

(bibM+3q2/(aM+2aM+3), aiq/aM+2, aiq/aM+3)∞
(aibM+3q2/(aM+2aM+3), biq/aM+2, biq/aM+3)∞

×WM,2

(
{ai/bi}1≤i≤M

{ai}1≤i≤M

∣∣∣∣
aMbM+3q

aM+2aM+3
;
bM+3q

aM+2
,
bM+3q

aM+3
;

aM
bM+1

,
aM
bM+2

;
aM+1

bM+3

)

= W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
. (5.46)
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Remark 5.13. In the general theory of q-difference systems in several variables, local solutions
should be characterized by the asymptotic behavior near the singularity, i.e. origin or infinity,
in some prescribed sector. For the general theory, see [4, 5]. A characterization of solutions for
the q-Appell-Lauricella system around origin or infinity was obtained in [45]. See also section 4,
Proposition 4.6.

However, origin and infinity are essentially non-singular for the equation ÊMy = 0. So it
is very difficult to characterize series solutions by the asymptotic behavior, though the charac-
terization is a very important problem. Note that even characterizations for the series solution
(2.61) of the one variable equation H3y = 0 is an open problem.

Using the integral representation for the Kajihara’s q-hypergeometric series WM,2, we have
linear relations for WM,2.

Theorem 5.14. Suppose a1 · · · aM+3 = q2b1 · · · bM+3. We have

W

(
{aσ(i)}1≤i≤M+1, aM+2, aM+3

{bi}1≤i≤M+3

)
= W

(
{ai}1≤i≤M+3

{bσ′(i)}1≤i≤M+3

)
= W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
,

(5.47)

W

(
{ai}1≤i≤M , aM+1, aM+2, aM+3

{bi}1≤i≤M+3

)
+W

(
{ai}1≤i≤M , aM+2, aM+3, aM+1

{bi}1≤i≤M+3

)

+W

(
{ai}1≤i≤M , aM+3, aM+1, aM+2

{bi}1≤i≤M+3

)
= 0, (5.48)

M+2∑

i=1

CkW

(
a1, . . . , ak−1, aM+2, ak+1, . . . , aM+1, ak, aM+3

{bi}1≤i≤M+3

)
= 0, (5.49)

where σ ∈ SM+1, σ′ ∈ SM+3 and

Ck =

(
ak

aM+3

)2 M+3∏

i=1

θ(ak/bi)

θ(aM+3/bi)

∏

1≤i≤M+3
i (=M+3

θ(aM+3/ai)
∏

1≤i≤M+3
i (=k

θ(ak/ai)
−1. (5.50)

Proof. We already know by equations (5.45), (5.46) that

W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
=

1

q(1− q)(q)∞

∫ q/aM+3

q/aM+2

M+3∏

i=1

(ait)∞
(bit)∞

dqt. (5.51)

The right-hand-side is symmetric for a1, . . . , aM+1 and b1, . . . , bM+3. So we get (5.47). Due to the

trivial relation

∫ q/aM+3

q/aM+2

+

∫ q/aM+1

q/aM+3

+

∫ q/aM+2

q/aM+1

= 0, we obtain (5.48). Applying the connection

formula (2.78), we have (5.49).

5.3 Degeneration to the q-Appell-Lauricella system

In this subsection, we consider a degeneration for the system q-RPM . We show that the degen-
eration of q-RPM includes the q-Appell-Lauricella system. First, we put bM+3 = qλaM+3 = q−n

(n ∈ Z), and consider the limit aM+3 → ∞, i.e. n → +∞. In the following, we suppose |qλ| < 1.
We define a pseudo constant

C0(t) = tλ
θ(bM+3t)

θ(aM+3t)
. (5.52)
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For 1 ≤ j ≤ M + 2, we have

lim
aM+3→∞

C0

(
q

aj

)∫ q/aj

0

M+3∏

i=1

(ait)∞
(bit)∞

dqt = lim
aM+3→∞

∫ q/aj

0
C0(t)

M+3∏

i=1

(ait)∞
(bit)∞

dqt

=

∫ q/aj

0

M+2∏

i=1

tλ
(ait)∞
(bit)∞

dqt. (5.53)

On the other hand, we have

∫ q/aM+3

0

M+3∏

i=1

(ait)∞
(bit)∞

dqt =
q

aM+3

∫ 1

0

M+3∏

i=1

(aiqt/aM+3)∞
(biqt/aM+3)∞

dqt

=
q

aM+3

(∫ 1

0

(qt)∞
(qλ+1t)∞

dqt+O

(
1

aM+3

))
. (5.54)

According to the condition |qλ| < 1, we have

1

aM+3
C0

(
q

aj

)
=

1

q−nq−λ

(
q

aj

)λ θ(q−nq/aj)

θ(q−nq−λq/aj)
= (q1+λ)n

(
q2

aj

θ(q/aj)

θ(q−λq/aj)

)
n→+∞−−−−−→ 0.

(5.55)

Here we used θ(xq−1) = −xq−1θ(x). So we have

lim
n→+∞

C0

(
q

aj

)∫ q/aj

q/aM+3

M+3∏

i=1

(ait)∞
(bit)∞

dqt =

∫ q/aj

0

M+2∏

i=1

tλ
(ait)∞
(bit)∞

dqt. (5.56)

Next we consider the limit aM+2 → 0 with bM+2 = qβaM+2 (a1 · · · aM+1 = q2qλqβb1 · · · bM+1).
For 1 ≤ j ≤ M + 1, we easily find

lim
aM+2→0

∫ q/aj

0

M+2∏

i=1

tλ
(ait)∞
(bit)∞

dqt =

∫ q/aj

0

M+1∏

i=1

tλ
(ait)∞
(bit)∞

dqt. (5.57)

We consider the same degenerations for the system q-RPM . First we put bM+3 = qλaM+3.
We put z = C0(τ)y (τ = q/a1, . . . , q/aM+2), and we should consider the degeneration aM+3 → ∞
for the system associated with z. The function C0(τ), given by (5.52), is a pseudo constant for
ai, bi (1 ≤ i ≤ M + 2), and

C0(τ)TaM+3TbM+3y = qλTaM+3TbM+3C0(τ)y. (5.58)

So the function z satisfies

ÊMz = 0, (5.59)

[(a1 − akq)TakT
−1
al − (al − akq)TakT

−1
a1 + (al − a1)]z = 0, (5.60)

[(b1 − a1)Ta1T
−1
ak − (q−1ak − a1)Ta1Tb1 + (q−1ak − b1)] = 0, (5.61)

[(b1 − q−1bl)TbkT
−1
bl

− (bk − q−1bl)Tb1T
−1
bl

+ (bk − b1)]z = 0, (5.62)

[(a1 − b1)TbkT
−1
b1

− (bkq − b1)(Ta1Tb1)
−1 + (bkq − a1)]z = 0, (5.63)

[(b1 − ak)TakTbl − (bl − ak)TakTb1 + (bl − b1)]z = 0, (5.64)

[(bl − a1)T
−1
ak T−1

bl
− (bl − ak)T

−1
a1 T−1

bl
+ (a1 − ak)]z = 0, (5.65)
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(
qλ+1

M+3∏

k=1

TakTbk − 1

)
z = 0, (5.66)

for 1 ≤ k, l ≤ M + 2. By the definition of ÊM , we have

lim
aM+3→∞

1

aM+3
ÊMz = Ê′

Mz, (5.67)

where â′ = (a2, . . . , aM+2) b̂′ = (b2, . . . , bM+2), T = Ta1Tb1 and

Ê′
M =

M+1∑

k=1

(−1)kbM+2−k
1 [ek−1(â

′)T−1 − qqλek−1(b̂
′)]

M−k∏

n=0

(1− (a1q
n/b1)T )

k−2∏

n=0

(1− q−nT )

+ (−1)M+2a2 · · · aM+2T
−1

M∏

n=0

(1− q−nT ). (5.68)

Note that

ek(â) = ek(â
′) + aM+3ek−1(â

′). (5.69)

Next we put bM+2 = qβaM+2, then we easily find

lim
aM+2→0

Ê′
Mz = b1Ê

′′
Mz, (5.70)

where â′′ = (a2, . . . , aM+1), b̂′′ = (b2, . . . , bM+1),

Ê′′
M =

M+1∑

k=1

(−1)kbM+1−k
1 [ek−1(â

′′)T−1 − qqλek−1(b̂
′′)]

M−k∏

n=0

(1− (a1q
n/b1)T )

k−2∏

n=0

(1− q−nT ).

In addition, three term relations (5.17), . . ., (5.22) are not changed for 1 ≤ k, l ≤ M + 1.
Moreover, the q-shift operators TaM+3 , TbM+3 , TaM+2 , TbM+2 become identities by taking the
limits aM+3 → ∞, aM+2 → 0 because

lim
aM+3→∞

f(qaM+3) = lim
aM+3→∞

f(aM+3), lim
aM+2→0

f(qaM+2) = lim
aM+2→0

f(aM+2), (5.71)

if these limits converge. Therefore the system q-RPM degenerates to the following system
q-RPM

degene:

Ê′′
Mz = 0, (5.72)

[(a1 − ak)T
−1
al − (al − ak)T

−1
a1 + (al − a1)T

−1
ak ]z = 0, (5.73)

[(b1 − bl)Tbk − (bk − bl)Tb1 + (bk − b1)Tbl ]z = 0, (5.74)

[(b1 − q−1ak)Tbl − (bl − q−1ak)Tb1 + (bl − b1)T
−1
ak ]z = 0, (5.75)

[(qbl − a1)T
−1
ak − (qbl − ak)T

−1
a1 + (a1 − ak)Tbl ]z = 0, (5.76)

(
qλ+1

M+1∏

k=1

TakTbk − 1

)
z = 0, (5.77)

where 1 ≤ k, l ≤ M + 1. As a corollary, the integral

∫ q/aj

0
tλ

M+1∏

i=1

(ait)∞
(bit)∞

dqt, (5.78)

satisfies the above system.
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Remark 5.15. The rank of q-RPM
degene is M + 1. This can be proved in the same way as the

proof of Theorem 5.4. In [35, 38], the Pfaff system related to the Jackson integral (5.78) was
studied.

Remark 5.16. The relation (5.2) reduces a1 · · · aM+1 = q2qλqβb1 · · · bM+1 by the degenerations.
Since the parameter β is independent from the system q-RPM

degene, there is no condition among
a1, . . . , aM+1, b1, . . . , bM+1,λ.

We will check that the system q-RPM
degene is an extension of the q-Appell-Lauricella system.

Proposition 5.17. We put aM+1 = q, bM+1 = C/A, qλ = A/q, ai = Bixi, bi = xi (1 ≤ i ≤ M).
Then the system q-RPM

degene includes the q-Appell-Lauricella system

[xi(1− Txj )(1−BiTxi)− xj(1− Txi)(1−BjTxj )]z = 0, (5.79)

[(1− Txi)(1− Cq−1Tx1 · · ·TxM )− xi(1−BiTxi)(1−ATx1 · · ·TxM )]z = 0, (5.80)

i.e. if the function z satisfies q-RPM
degene, then z is a solution for the q-Appell-Lauricella system.

Proof. For 1 ≤ i ≤ M , the q-shift operator Txi is rewritten as Txi = TaiTbi . We have

[(1− Txi)(1− Cq−1Tx1 · · ·TxM )− xi(1−BiTxi)(1−ATx1 · · ·TxM )]z

= [(1− TaiTbi)(1− a−1
M+1bM+1q

λ+1Ta1Tb1 · · ·TaMTbM )

− bi(1− aib
−1
i TaiTbi)(1− qλ+1Ta1Tb1 · · ·TaMTbM )]z. (5.81)

Using (5.77), we have

(1− a−1
M+1bM+1q

λ+1Ta1Tb1 · · ·TaMTbM )z = (1− a−1
M+1bM+1T

−1
aM+1

T−1
bM+1

)z

= −T−1
aM+1

T−1
bM+1

(a−1
M+1(bM+1 − aM+1TaM+1TbM+1))z, (5.82)

(1− qλ+1Ta1Tb1 · · ·TaMTbM )z = −T−1
aM+1

T−1
bM+1

(bM+1 − aM+1TaM+1TbM+1). (5.83)

By the relations (5.74) and (5.76), we have

(qb1 − a1)(1− TaiTbi)z = Tai(qb1 − a1)(T
−1
ai − Tbi)z

= Tai [(qb1 − ai)T
−1
a1 − (a1 − ai)Tb1 − (qbi − a1)Tb1 − q(bi − b1)T

−1
a1 ]z

= Tai(qbi − ai)(T
−1
a1 − Tb1)z. (5.84)

Similarly we find

(qb1 − a1)(bi − aiTaiTbi)z = Tai(qbi − ai)(b1T
−1
a1 − a1q

−1Tb1)z. (5.85)

Therefore we have

(qb1 − a1)
2[(1− TaiTbi)a

−1
M+1(bM+1 − aM+1TaM+1TbM+1)− (bi − aiTaiTbi)(1− TaM+1TbM+1)]

= TaiTaM+1(qbi − ai)(qbM+1 − aM+1)

× [qa−1
M+1(T

−1
a1 − Tb1)(b1T

−1
a1 − a1q

−1Tb1)− (b1T
−1
a1 − a1q

−1Tb1)(T
−1
a1 − Tb1)]

= TaiTaM+1(qbi − ai)(qbM+1 − aM+1)(q
2a−1

M+1 − 1)(b1T
−1
a1 − a1q

−1Tb1)(T
−1
a1 − Tb1)

= (qbi − qai)(qbM+1 − qaM+1)(qa
−1
M+1 − 1)TaiTaM+1(b1T

−1
a1 − a1q

−1Tb1)(T
−1
a1 − Tb1). (5.86)

Since aM+1 = q and qb1 − a1 )= 0, the function z satisfies

[(1− Txi)(1− Cq−1Tx1 · · ·TxM )− xi(1−BiTxi)(1−ATx1 · · ·TxM )]z = 0. (5.87)
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Also we have

[xi(1− Txj )(1−BiTxi)− xj(1− Txi)(1−BjTxj )]z

= [(1− TajTbj )(bi − aiTaiTbi)− (1− TaiTbi)(bj − ajTajTbj )]z. (5.88)

Similar to the above calculation, we have

[xi(1− Txj )(1−BiTxi)− xj(1− Txi)(1−BjTxj )]z = 0. (5.89)

Remark 5.18. In the above proof, we did not use the equation (5.72). In general, the equation
(5.72) may be derived by (5.73),...,(5.77).

Corollary 5.19. Suppose τ ∈ {1, q/(B1x1), . . . , q/(BMxM ), d∞}, where d ∈ C is an arbitrary
point. Then the integral

∫ τ

0
tα−1 (qt)∞

(Ct/A)∞

M∏

i=1

(Bixit)∞
(xit)∞

dqt, (5.90)

is a solution of the q-Appell-Lauricella system.

Finally we consider the degenerations for the series solution W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
of the

system q-RPM . We recall the definition of W (5.46):

W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)

=
(aM+1/bM+3, bM+1bM+3q2/(aM+2aM+3), bM+2bM+3q2/(aM+2aM+3), aM+2q/aM+3, aM+3/aM+2)∞

aM+3(bM+1q/aM+2, bM+1q/aM+3, bM+2q/aM+2, bM+2q/aM+3, bM+3q/aM+2, bM+3q/aM+3)∞

×
M∏

i=1

(bibM+3q2/(aM+2aM+3), aiq/aM+2, aiq/aM+3)∞
(aibM+3q2/(aM+2aM+3), biq/aM+2, biq/aM+3)∞

×WM,2

(
{ai/bi}1≤i≤M

{ai}1≤i≤M

∣∣∣∣
aMbM+3q

aM+2aM+3
;
bM+3q

aM+2
,
bM+3q

aM+3
;

aM
bM+1

,
aM
bM+2

;
aM+1

bM+3

)
, (5.91)

WM,2

(
{ai/bi}1≤i≤M

{ai}1≤i≤M

∣∣∣∣
aMbM+3q

aM+2aM+3
;
bM+3q

aM+2
,
bM+3q

aM+3
;

aM
bM+1

,
aM
bM+2

;
aM+1

bM+3

)

=
∑

l∈(Z≥0)M

(
aM+1

bM+3

)|l| ∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤i≤M

1− q|l|+liaibM+3/(aM+2aM+3)

1− aibM+3/(aM+2aM+3)

×
∏

1≤j≤M



 (qajbM+3/(aM+2aM+3))|l|
(q2bjbM+3/(aM+2aM+3))|l|

∏

1≤i≤M

(ai/bj)li
(qai/aj)li





×
(aM/bM+1, aM/bM+2)|l|

(aMq/aM+2, aMq/aM+3)|l|

∏

1≤i≤M

(aibM+3q/(aMaM+2), aibM+3q/(aMaM+3))li
(q2aibM+1bM+3/(aMaM+2aM+3), q2aibM+2bM+3/(aMaM+2aM+3))li

.

(5.92)

Due to the integral representation of W (5.51):

W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
=

1

q(1− q)(q)∞

∫ q/aM+3

q/aM+2

M+3∏

k=1

(akt)∞
(bkt)∞

dqt, (5.93)
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and the equation (5.56), we will consider the similar degeneration of C0

(
q

aM+2

)
W

(
{ai}1≤i≤M+3

{bi}1≤i≤M+3

)
.

By the definition of the q-shifted factorial, we have

lim
x→∞

(ax)m
(bx)m

=
(a
b

)m
, lim

x→∞
(a/x)m = 1, lim

x→∞

(ax)m
xm

= (−a)mq(
m
2 ). (5.94)

Using these formulas, we have

lim
aM+3→∞

WM,2

(
{ai/bi}1≤i≤M

{ai}1≤i≤M

∣∣∣∣
aMbM+3q

aM+2aM+3
;
bM+3q

aM+2
,
bM+3q

aM+3
;

aM
bM+1

,
aM
bM+2

;
aM+1

bM+3

) ∣∣∣∣
bM+3=qλaM+3

=
∑

l∈(Z≥0)M

(
− aM+1q

aMaM+2

)|l| ∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤i≤M

1− q|l|+liaiqλ/aM+2

1− aiqλ/aM+2

×
∏

1≤j≤M



 (qajqλ/aM+2)|l|
(q2bjqλ/aM+2)|l|

∏

1≤i≤M

(ai/bj)li
(qai/aj)li





×
(aM/bM+1, aM/bM+2)|l|

(aMq/aM+2)|l|

∏

1≤i≤M

alii q
(li2)

(aiqλq/aM )li
(q2aibM+1qλ/(aMaM+2), q2aibM+2qλ/(aMaM+2))li

.

(5.95)

Next we consider the limit aM+2 → 0 with bM+2 = qβaM+2. Due to the condition a1 · · · aM+3 =
q2b1 · · · bM+3, β satisfies a1 · · · aM+1 = q2qλqβb1 · · · bM+1. Using this relation partly, we have

lim
aM+2→0

(right-hand-side of (5.95))|bM+2=qβaM+2

=
∑

l∈(Z≥0)M

q|l|
∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤j≤M




∏

1≤i≤M

(ai/bj)li
(qai/aj)li





× (aM/bM+1)|l|
∏

1≤i≤M

(aiqλq/aM )li
(q2aiqβqλ/aM )li

, (5.96)

lim
aM+2→0

(s(aM+1, aM+2). (right-hand-side of (5.95)))|bM+2=qβaM+2

=
∑

l∈(Z≥0)M

(
q

qβaM+1

)|l|
q(

|l|
2 )

∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤i≤M

1− q|l|+liaiqλ/aM+1

1− aiqλ/aM+1

×
∏

1≤j≤M



 (qajqλ/aM+1)|l|
(q2bjqλ/aM+1)|l|

∏

1≤i≤M

(ai/bj)li
(qai/aj)li





×
(aM/bM+1)|l|
(aMq/aM+1)|l|

∏

1≤i≤M

alii q
(li2)

(aiqλq/aM )li
(q2aibM+1qλ/(aMaM+1))li

. (5.97)

Here s(x, y) : x ↔ y. We put

g =
(aM+1/bM+3, bM+1bM+3q2/(aM+2aM+3), bM+2bM+3q2/(aM+2aM+3), aM+2q/aM+3, aM+3/aM+2)∞

aM+3(bM+1q/aM+2, bM+1q/aM+3, bM+2q/aM+2, bM+2q/aM+3, bM+3q/aM+2, bM+3q/aM+3)∞

×
M∏

i=1

(bibM+3q2/(aM+2aM+3), aiq/aM+2, aiq/aM+3)∞
(aibM+3q2/(aM+2aM+3), biq/aM+2, biq/aM+3)∞

. (5.98)
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By taking the same degenerations for the corresponding gauge factors C1g, C2s(aM+1, aM+2). g
with suitable pseudo constants Ci (i = 1, 2), we get series solutions for the system q-RPM

degene.
We only show the calculation for C1g. Another limit can be calculated similarly. The factor g
is rewritten as

C0

(
q

aM+2

)
g =

(bM+1bM+3q2/(aM+2aM+3), bM+2bM+3q2/(aM+2aM+3))∞
(bM+1q/aM+2, bM+2q/aM+2, bM+3q/aM+3)∞

(
q

aM+2

)λ

×
M∏

i=1

(bibM+3q2/(aM+2aM+3), aiq/aM+2)∞
(aibM+3q2/(aM+2aM+3), biq/aM+2)∞

× (aM+1/bM+3, aM+2q/aM+3)∞
(bM+1q/aM+3, bM+2q/aM+3)∞

M∏

i=1

(aiq/aM+3)∞
(biq/aM+3)∞

· (aM+2/bM+3)∞
(aM+2/aM+3)∞

× (aM+3/aM+2)∞
aM+3(aM+3q/aM+2)∞

. (5.99)

By the definition of the q-shifted factorial, we have

lim
x→∞

(1/x)∞ = 1,
(x)∞
(qx)∞

= 1− x. (5.100)

Thus we have

lim
aM+3→∞

(
C0

(
q

aM+2

)
g

) ∣∣∣∣
bM+3=qλaM+3

= − 1

aM+2

(bM+1qλq2/aM+2, bM+2qλq2/aM+2)∞
(bM+1q/aM+2, bM+2q/aM+2, qλq)∞

(
q

aM+2

)λ M∏

i=1

(biqλq2/aM+2, aiq/aM+2)∞
(aiqλq2/aM+2, biq/aM+2)∞

.

(5.101)

Also we have

lim
aM+2→0

(
−q

(
bM+1q

aM+2

)−λ−1 θ(bM+1q/aM+2)

θ(bM+1qqλ+1/aM+2)

M∏

i=1

θ(biqλq2/aM+2)θ(aiq/aM+2)

θ(aiqλq2/aM+2)θ(biq/aM+2)

× (right-hand-side of (5.101))

)

= b−λ−1
M+1

(qλqβq2)∞
(qλq, qβq)∞

. (5.102)

Therefore the function

b−λ−1
M+1

∑

l∈(Z≥0)M

q|l|
∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤j≤M




∏

1≤i≤M

(ai/bj)li
(qai/aj)li





× (aM/bM+1)|l|
∏

1≤i≤M

(aiqλq/aM )li
(q2aiqβqλ/aM )li

, (5.103)

is a solution of q-RPM
degene. By the similar method, we get solutions for q-RPM

degene.

Proposition 5.20. The following functions satisfy the system q-RPM
degene:

b−λ−1
M+1

∑

l∈(Z≥0)M

q|l|
∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤j≤M




∏

1≤i≤M

(ai/bj)li
(qai/aj)li




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× (aM/bM+1)|l|
∏

1≤i≤M

(aiqλq/aM )li
(q2aiqβqλ/aM )li

, (5.104)

a−λ−1
M+1

(bM+1qλ+2/aM+1)∞
(bM+1q/aM+1)∞

M∏

i=1

(biqλq2/aM+1, aiq/aM+1)∞
(aiqλq2/aM+1, biq/aM+1)∞

×
∑

l∈(Z≥0)M

(
q

qβaM+1

)|l|
q(

|l|
2 )

∆({aiqli}1≤i≤M )

∆({ai}1≤i≤M )

∏

1≤i≤M

1− q|l|+liaiqλ/aM+1

1− aiqλ/aM+1

×
∏

1≤j≤M



 (qajqλ/aM+1)|l|
(q2bjqλ/aM+1)|l|

∏

1≤i≤M

(ai/bj)li
(qai/aj)li





×
(aM/bM+1)|l|
(aMq/aM+1)|l|

∏

1≤i≤M

alii q
(li2)

(aiqλq/aM )li
(q2aibM+1qλ/(aMaM+1))li

. (5.105)

Here, qβ = a1 · · · aM+1/(q2qλb1 · · · bM+1).

Corollary 5.21. The functions

∑

l∈(Z≥0)M

q|l|
∆({Bixiqli}1≤i≤M )

∆({Bixi}1≤i≤M )

∏

1≤j≤M




∏

1≤i≤M

(Bixi/xj)li
(qBixi/(Bjxj))li





× (BMxMA/C)|l|
∏

1≤i≤M

(ABixi/(BMxM ))li
(ABixiB1 · · ·BMq/(CBMxM ))li

, (5.106)

M∏

i=1

(Axi, Bixi)∞
(ABixi, xi)∞

×
∑

l∈(Z≥0)M

(
C

B1 · · ·BM

)|l|
q(

|l|
2 )

∆({Bixiqli}1≤i≤M )

∆({Bixi}1≤i≤M )

∏

1≤i≤M

1− q|l|+liABixi
1−ABixi

×
∏

1≤j≤M



(ABjxj/q)|l|
(Axj)|l|

∏

1≤i≤M

(Bixi/xj)li
(qBixi/(Bjxj))li





×
(ABMxM/C)|l|

(BMxM )|l|

∏

1≤i≤M

(Bixi)
liq(

li
2)
(ABixi/(BMxM ))li
(CBixi/(BMxM ))li

. (5.107)

are solutions of the q-Appell-Lauricella system (5.79), (5.80).

Proof. We get desired results by putting ai = Bixi, bi = xi (1 ≤ i ≤ M), aM+1 = q, bM+1 =
C/A, qλ = A/q. Note that qβ = q−2q−λa1 · · · aM+1/(b1 · · · bM+1) = B1 · · ·BM/C

Remark 5.22. In section 2.5, we get series solutions for the Heine’s equation, which are q-
analogs of the Kummer’s 24 solutions for the Gauss hypergeometric equation. However it seems
to be difficult to obtain similar results in multivariable cases.

In section 4, a characterization of solutions for the q-Appell-Lauricella system was obtained.
Using this characterization, we find a relation between the above solution (5.107) and the q-
Appell-Lauricella series ϕD. We remark that a similar characterization of the solution (5.106)
is not obtained.

66



Proposition 5.23. We have

M∏

i=1

(Axi, Bixi)∞
(ABixi, xi)∞

×
∑

l∈(Z≥0)M

(
C

B1 · · ·BM

)|l|
q(

|l|
2 )

∆({Bixiqli}1≤i≤M )

∆({Bixi}1≤i≤M )

∏

1≤i≤M

1− q|l|+liABixi
1−ABixi

×
∏

1≤j≤M



(ABjxj/q)|l|
(Axj)|l|

∏

1≤i≤M

(Bixi/xj)li
(qBixi/(Bjxj))li





×
(ABMxM/C)|l|

(BMxM )|l|

∏

1≤i≤M

(Bixi)
liq(

li
2)
(ABixi/(BMxM ))li
(CBixi/(BMxM ))li

= ϕD

(
A;B1, . . . , BM

C
;x1, . . . , xM

)
. (5.108)

Proof. The q-Appell-Lauricella series

ϕD

(
A;B1, . . . , BM

C
;x1, . . . , xM

)
, (5.109)

is the unique solution for the q-Appell-Lauricella system, which has the asymptotic behavior

1 +O(|x1/x2|+ |x2/x3|+ · · ·+ |xM−1/xM |+ |xM |). (5.110)

This characterization is obtained in Proposition 4.6. We put X1 = x1/x2, X2 = x2/x3, . . .,
XM−1 = xM−1/xM , XM = xM , then we have

∆({Bixi}1≤i≤M ) =
∏

1≤i<j≤M

(BiXi · · ·XM −BjXj · · ·XM ) =
∏

1≤i<j≤M

Xj · · ·XM (BiXi · · ·Xj−1 −Bj).

(5.111)

Thus we have

∆({Bixiqli}1≤i≤M )

∆({Bixi}1≤i≤M )
=

∏

1≤i<j≤M

qljBj − qliBiXi · · ·Xj−1

Bj −BiXi · · ·Xj−1
=

∏

1≤i<j≤M

qlj +O(|X1|+ ·+ |XM |).

(5.112)

For i < j, we have

(Bixi/xj)li
(qBixi/(Bjxj))li

=
(BiXi · · ·Xj−1)li

(qBiXi · · ·Xj−1/Bj)li
= 1 +O(|X1|+ · · ·+ |XM |). (5.113)

For i > j, we have

(Bixi/xj)li
(qBixi/(Bjxj))li

=

(
Bj

q

)li (qxj/(Bixi))li
(qBjxj/(Bixi))li

=

(
Bj

q

)li

+O(|X1|+ · · ·+ |XM |). (5.114)

Therefore we obtain

(series (5.107)) = 1 + O(|x1/x2|+ |x2/x3|+ · · ·+ |xM−1/xM |+ |xM |). (5.115)

This completes the proof.
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Remark 5.24. As a similar but different formula to (5.108), the following transformation for-
mula was known in [29]:

(u)∞
(a1 · · · aMu)∞

∏

1≤i≤M

(cxi/xM )∞
((c/ai)xi/xM )∞

∑

l∈(Z≥0)M

u|l|
∆(xql)

∆(x)

∏

1≤i,j≤M

(ajxi/xj)li
(qxi/xj)li

∏

1≤i≤M

(bxi/xM )li
(cxi/xM )li

= ϕD

(
a1 · · · aMbu/c; a1, . . . , aM

a1 · · · aMu
;
c

a1

x1
xM

, . . . ,
c

aM−1

xM−1

xM
,

c

aM

)
. (5.116)

This formula was obtained by using some transformation formula for multiple q-hypergeometric
series and the Andrews’ formula [3]. Putting ai = Bi, u = C/(B1 · · ·BM ), c = xM , b = AxM/C,
and xi → Bixi, the right-hand-side becomes

ϕD

(
A;B1, . . . , BM

C
;x1, . . . , xM

)
. (5.117)

Therefore we find that the series

∏

1≤i≤M

(Bixi)∞
(xi)∞

∑

l∈(Z≥0)M

u|l|
∆(Bixiqli)

∆(Bixi)

∏

1≤i,j≤M

(Bixi/xj)li
(qBixi/(Bjxj))li

∏

1≤i≤M

(ABixi/C)li
(Bixi)li

, (5.118)

satisfies the q-Appell-Lauricella system. If we directly prove that the series (5.118) satisfies the
q-Appell-Lauricella system, we get another proof of the transformation formula (5.116) by the
characterization, like the proof of Proposition 5.23.
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6 Summary and discussions

In this paper, we considered several extensions for the Heine’s q-hypergeometric equation (1.5).
We summarize the contents by each section.

In section 2, we discussed the variant of q-hypergeometric equation of degree three H3. Main
results for the q-Riemann-Papperitz system (2.1) are Theorem 2.20 and Theorem 2.27, which
give integral solutions and series solutions for the equation H3. The key point is to regard the
equation as a q-Riemann-Papperitz system. In the theory of q-difference equations, we can not
apply Möbius transformations, however we can consider the q-Riemann-Papperitz system and

its solutions. More precisely, the series solution (2.61) is a q-analog of 2F1

(
x− t1
x− t3

t2 − t3
t2 − t1

)
. To

get those results, we focused on the following type integral:
∫

C

(a1t, a2t, a3t, a4t)∞
(b1t, b2t, b3t, b4t)∞

dqt, (6.1)

where a1a2a3a4 = q2b1b2b3b4. This is a Riemann-Papperitz type extension of Heine’s integral:
∫

C
tα−1 (qt)∞

(ct/a)∞

(bxt)∞
(xt)∞

dqt. (6.2)

A connection formula for the solutions of the q-Riemann-Papperitz system (2.1) is given in
section 2.4. By certain degenerations, we obtained several solutions for the variant of q-
hypergeometric equation of degree two H2 and the Heine’s q-hypergeometric equation in section
2.5.

In section 3, we studied the properties of the Euler-type integral transformation

Eλ(f)(x;σ) = xλ−1
∫ σ∞

0
f(t)

(qt/x)∞
(qλt/x)∞

dqt. (6.3)

Applying this transformation to solutions for q-difference equations, we can regard Eλ as a
transformation among q-difference equations. We constructed an integral transformation for the
q-Heun equation (3.11), defined by Hahn [19] and also studied by Takemura [61, 62]. Using this
transformation and a suitable gauge transformation, we gave a representation of affine Weyl

group of type D(1)
5 . We also constructed representations of affine Weyl groups of types E(1)

6 ,

E(1)
7 , E(1)

8 by integral transformations for suitable q-difference equations. Main result in section

3 is Theorem 3.16, which gives a representation for the case of E(1)
8 . The equations for the cases

of E(1)
6 , E(1)

7 are equivalent to variants of the q-Heun equation [62]. The q-difference operator for

the case of E(1)
8 is studied by Moriyama-Yamada [41] in order to give quantum representations

for affine Weyl groups. Note that their representation is constructed in a formal algebraic sense,
and our representation is given analytically.

In section 4, we gave the fundamental solution uL,σ, for the q-difference system EN,M defined
by Park [51, 52]. This solution converges in {0 0 |xσ(1)| 0 · · · 0 |xσ(L)| 0 1 0 |xσ(L+1)| 0
· · · 0 |xσ(M)|}. Every component of our solution uL,σ is characterized by an asymptotic behavior
of the form

xδ(1 +O(||z||)), z =

(
xσ(1)
xσ(2)

, . . . ,
xσ(L−1)

xσ(L)
, xσ(L),

1

xσ(L+1)
,
xσ(L+1)

xσ(L+2)
, . . . ,

xσ(M−1)

xσ(M)

)
. (6.4)

Main result in section 4 is Theorem 4.9, which gives a connection matrix between uL1,σ1 and
uL2,σ2 . We obtained this matrix by using the connection formula [64, 67] for the generalized
q-hypergeometric series N+1ϕN inductively.
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In section 5, we considered the system that the following integral satisfies:

∫

C

M+3∏

k=1

(akt)∞
(bkt)∞

dqt, (6.5)

where a1 · · · aM+3 = q2b1 · · · bM+3. This is a multivariable extension of the Riemann-Papperitz
type integral (6.1). Main results for this integral are Theorem 5.4 and Theorem 5.12, which gives
the q-difference system q-RPM associated with the integral and its solutions in terms of the
Kajihara’s q-hypergeometric series [29]. Theorem 5.11 gives a transformation formula between
the above integral and the Kajihara’s q-hypergeometric series WM,2. Due to this formula, we
obtained linear relations among WM,2, which are written in Theorem 5.14. These relations
are connection formulas for solutions of q-RPM . We also showed that the system q-RPM is
an extension of the q-Appell-Lauricella system. As an application we gave a transformation
formula, which seems to be new, between the q-Appell-Lauricella series ϕD and a degeneration
of WM,2 by using the characterization of solutions for the q-Appell-Lauricella system.

There are many related open problems.

(1) For the Appell-Lauricella differential system, hypergeometric series solutions are known,
besides near origin and infinity. For example, the series

FD

(
α; {βi}1≤i≤M

α+ β1 + · · ·+ βM − γ + 1
; 1− x1, . . . , 1− xM

)
, (6.6)

satisfies the Appell-Lauricella system. For the case of M = 2, see [8, 14, 66], and see also
recent reference [40]. It is expected that the q-Appell-Lauricella system has also a solution
in terms of a q-analog of the above series FD. To get such a solution is interesting. We
discussed the case of M = 1 in section 2.5.

(2) In sections 2.3 and 5.2, we showed that q-hypergeometric series 8W7 and WM,2 satisfy
the corresponding q-difference system. The way to find these series solutions is due to a
transformation formula of the Jackson integral:

∫

C

M+3∏

k=1

(ait)∞
(bit)∞

dqt. (6.7)

It is important to find series solutions directly. If we can derive the system directly from
the definition of 8W7, WM,2, it would be extended more general q-/elliptic hypergeometric
series. Note that an elliptic analog of Kajihara’s q-hypergeometric series and its transfor-
mation formula are studied in [30].

(3) The Heine’s q-hypergeometric series

2ϕ1

(
a, b
c

;x

)
, (6.8)

is characterized as the solution of the form 1 + O(x) for Heine’s equation. Also the q-
Appell-Lauricella series

ϕD

(
a; {bi}1≤i≤M

c
; {xi}1≤i≤M

)
, (6.9)

is characterized as the solution of the form 1 + O(|x1| + · · · + |xM |) for the q-Appell-
Lauricella system. A characterization of solutions for the q-Appell-Lauricella system was
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discussed in section 4. Similar to these cases, the series solutions 8W7 and WM,2 should
be characterized by some conditions. It is an important problem and would be related to
the above problem (2). In the last of section 5.3, we get a relation among the q-Appell-
Lauricella series ϕD and a degeneration of WM,2 by using a characterization of solutions
for the q-Appell-Lauricella system. So a characterization for solutions 8W7 and WM,2 may
be also useful to get some transformation formulas.

(4) In this paper, we studied the Jackson integral (6.7). There are many interesting hyperge-
ometric type Jackson integral. For example, a q-Selberg type integral

∫

C

n∏

i=1

(
tαi

m∏

r=1

(qa−1
r ti)∞

(brti)∞

)
∏

1≤j<k≤n

t2τ−1
j

(q1−τ tk/tj)∞
(qτ tk/tj)∞

dqt1
t1

∧ · · · ∧ dqtn
tn

, (6.10)

is an active area of research for special functions, combinatorics, mathematical physics and
orthogonal polynomials. For details and histories, see [24, 25]. To consider a “Riemann-
Papperitz type extension of the q-Selberg integral” is interesting and important. In ad-
dition, there are many important integrals for the differential case. For example, the
Aomoto-Gelfand hypergeometric integrals and the GKZ hypergeometric integrals are so
(see [7, 18, 34, 69]). To study q-analogs of these integrals is also interesting and important.

(5) In [42, 43], the q-Garnier system, which is a multivariable extension of the q-Painlevé VI
equation, is considered by means of the Padé interpolation of some product ψ of the q-
shifted factorial. For the Padé method to Painlevé equations, see also a recent book [44].
In [57], the Padé interpolation of some product of Jacobi’s theta function is expressed ex-
plicitly in terms of the very-well-poised elliptic hypergeometric series 12E11. This function

12E11 has a transformation formula of the form:

12E11 = (product of theta functions) × 12E11. (6.11)

That is the reason why the Padé problem is solved by using 12E11. In this paper we got
some transformation formulas for the Kajihara’s q-hypergeometric function WM,2. The
Padé problem or its certain generalization associated with ψ may be solved by using WM,2,
similar to Spiridonov-Zhedanov’s method [57], in particular, we will get a special solution
for the q-Garnier system in terms of WM,2.

(6) In section 2.3, we found that the very-well-poised q-hypergeometric function 8W7 satisfies
the q-Riemann-Papperitz system (2.1). As mentioned in Remark 2.31, the function 8W7

is also known as the Askey-Wilson function, related to orthogonal polynomials. The
Koornwinder polynomial is a multivariable extension of the Askey-Wilson polynomial,
and it is an eigenfunction of Koornwinder’s q-difference operator. To give a solution for
the bispectral problem of Koornwinder operator explicitly is important for mathematical
physics (see [36, 37, 58], and [50] for an explicit form of Macdonald’s case). In this paper
we discussed a certain extension WM,2 of the Askey-Wilson function from the viewpoint
of the integral representation of it. We hope that the series WM,2 is an eigenfunction
of Koornwinder operator of special eigenvalue. Note that an integral solution for the
bispectral problem of the Macdonald’s operator is given by a multiple Jackson integral in
[50]. For general eigenvalue, a multiple extension of (5.1) would be needed.

(7) The variants of q-hypergeometric equation [21] are introduced as special cases of degener-
ations for the eigenvalue problem of Ruijsenaars-van Diejen operator of one variable case.
In this paper, we introduced a multivariable extension of this variant from the viewpoint
of the integral. Its relation to the Ruijsenaars-van Diejen operator [13, 53] is an interesting
problem.

71



A Kummer’s 24 solutions for the Gauss hypergeometric equa-
tion

In this appendix, we give a list of Kummer’s 24 solutions for the Gauss hypergeometric equation
[
x(1− x)

d2

dx2
+ (γ − (α+ β + 1)x)

d

dx
− αβ

]
y = 0. (A.1)

As mentioned in section 1, this equation is characterized by the Riemann scheme





x = 0 x = 1 x = ∞
0 0 α

1− γ γ − α− β β




 . (A.2)

By the gauge transformation y1 = xγ−1y, the Riemann scheme (A.2) is transformed to





x = 0 x = 1 x = ∞
γ − 1 0 α− γ + 1
0 γ − α− β β − γ + 1




 . (A.3)

So the function y1 = 2F1

(
α− γ + 1,β − γ + 1

2− γ
;x

)
satisfies the equation corresponding to this

Riemann scheme. Therefore y = x1−γ
2F1

(
α− γ + 1,β − γ + 1

2− γ
;x

)
is a solution of the Gauss

hypergeometric equation. Also, by the gauge transformation y2 = (1− x)α+β−γy, the Riemann
scheme (A.2) is transformed to






x = 0 x = 1 x = ∞
0 α+ β − γ γ − β

1− γ 0 γ − α




 . (A.4)

So the function y2 = 2F1

(
γ − α, γ − β

γ
;x

)
satisfies the equation corresponding to this Rie-

mann scheme. Therefore y = (1−x)γ−α−β
2F1

(
γ − α, γ − β

γ
;x

)
is a solution of the Gauss hy-

pergeometric equation. In a similar way, we find that the function x1−γ(1−x)γ−α−β
2F1

(
1− α, 1− β

2− γ
;x

)

is a solution of the Gauss’ equation. Therefore we get 4 solutions by the gauge transformations.
Next we put z = 1− x, then the Riemann scheme (A.2) is transformed to






z = 1 z = 0 z = ∞
0 0 α

1− γ γ − α− β β




 . (A.5)

So the function 2F1

(
α,β

α+ β − γ + 1
; 1− x

)
satisfies the Gauss hypergeometric equation. There

are 6 Möbius transformations x *→ x, 1 − x,
1

x
,

1

1− x
,

x

x− 1
,
x− 1

x
that the points x = 0, 1,∞

are transformed to each other.
In conclusion, we get 24 solutions for the Gauss hypergeometric equation, which are called

Kummer’s 24 solutions. We list them as follows:

2F1

(
α,β
γ

;x

)
, x1−γ

2F1

(
α− γ + 1,β − γ + 1

2− γ
;x

)
,
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(1− x)γ−α−β
2F1

(
γ − α, γ − β

γ
;x

)
, x1−γ(1− x)γ−α−β

2F1

(
1− α, 1− β

2− γ
;x

)
,

2F1

(
α,β

α+ β − γ + 1
; 1− x

)
, x1−γ

2F1

(
α− γ + 1,β − γ + 1

α+ β − γ + 1
; 1− x

)
,

(1− x)γ−α−β
2F1

(
γ − α, γ − β
γ − α− β + 1

; 1− x

)
, x1−γ(1− x)γ−α−β

2F1

(
1− α, 1− β
γ − α− β + 1

; 1− x

)
,

x−α
2F1

(
α,α− γ + 1
α− β + 1

1

x

)
, x−β

2F1

(
β,β − γ + 1
β − α+ 1

1

x

)
,

x−α

(
1− 1

x

)γ−α−β

2F1

(
1− β, γ − β
α− β + 1

1

x

)
, x−β

(
1− 1

x

)γ−α−β

2F1

(
1− α, γ − α
β − α+ 1

1

x

)
,

x−α

(
1− 1

x

)−α

2F1

(
α, γ − α
α− β + 1

;
1

1− x

)
, x−β

(
1− 1

x

)−β

2F1

(
β, γ − β
β − α+ 1

;
1

1− x

)
,

x−α

(
1− 1

x

)γ−α−1

2F1

(
1− β,α− γ + 1

α− β + 1
;

1

1− x

)
, x−β

(
1− 1

x

)γ−β−1

2F1

(
1− α,β − γ + 1

β − α+ 1
;

1

1− x

)
,

(1− x)−α
2F1

(
α, γ − β

γ
;

x

x− 1

)
, (1− x)−β

2F1

(
β, γ − α

γ
;

x

x− 1

)
,

x1−γ(1− x)γ−α−1
2F1

(
α− γ + 1, 1− β

2− γ
;

x

x− 1

)
, x1−γ(1− x)γ−β−1

2F1

(
β − γ + 1, 1− α

2− γ
;

x

x− 1

)
,

x−α
2F1

(
α,α− γ + 1
α+ β − γ + 1

;
x− 1

x

)
, x−β

2F1

(
β,β − γ + 1
α+ β − γ + 1

;
x− 1

x

)
,

xα−γ(1− x)γ−α−β
2F1

(
1− α, γ − α
γ − α− β + 1

;
x− 1

x

)
, xβ−γ(1− x)γ−α−β

2F1

(
1− β, γ − β
γ − α− β + 1

;
x− 1

x

)
.

The dimension of the space of holomorphic solutions at x = 0 is 1. So we have

2F1

(
α,β
γ

;x

)
= (1− x)γ−α−β

2F1

(
γ − α, γ − β

γ
;x

)

= (1− x)−α
2F1

(
α, γ − β

γ
;

x

x− 1

)
= (1− x)−β

2F1

(
β, γ − α

γ
;

x

x− 1

)
. (A.6)

Similarly we have

x1−γ
2F1

(
α− γ + 1,β − γ + 1

2− γ
;x

)
= x1−γ(1− x)γ−α−β

2F1

(
1− α, 1− β

2− γ
;x

)

= x1−γ(1− x)γ−α−1
2F1

(
α− γ + 1, 1− β

2− γ
;

x

x− 1

)

= x1−γ(1− x)γ−β−1
2F1

(
β − γ + 1, 1− α

2− γ
;

x

x− 1

)
, (A.7)

2F1

(
α,β

α+ β − γ + 1
; 1− x

)
= x1−γ

2F1

(
α− γ + 1,β − γ + 1

α+ β − γ + 1
; 1− x

)
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= x−α
2F1

(
α,α− γ + 1
α+ β − γ + 1

;
x− 1

x

)
= x−β

2F1

(
β,β − γ + 1
α+ β − γ + 1

;
x− 1

x

)
, (A.8)

(1− x)γ−α−β
2F1

(
γ − α, γ − β
γ − α− β + 1

; 1− x

)
= x1−γ(1− x)γ−α−β

2F1

(
1− α, 1− β
γ − α− β + 1

; 1− x

)

= xα−γ(1− x)γ−α−β
2F1

(
1− α, γ − α
γ − α− β + 1

;
x− 1

x

)

= xβ−γ(1− x)γ−α−β
2F1

(
1− β, γ − β
γ − α− β + 1

;
x− 1

x

)
, (A.9)

x−α
2F1

(
α,α− γ + 1
α− β + 1

1

x

)
= x−α

(
1− 1

x

)γ−α−β

2F1

(
1− β, γ − β
α− β + 1

1

x

)

= x−α

(
1− 1

x

)−α

2F1

(
α, γ − α
α− β + 1

;
1

1− x

)

= x−α

(
1− 1

x

)γ−α−1

2F1

(
1− β,α− γ + 1

α− β + 1
;

1

1− x

)
, (A.10)

x−β
2F1

(
β,β − γ + 1
β − α+ 1

1

x

)
= x−β

(
1− 1

x

)γ−α−β

2F1

(
1− α, γ − α
β − α+ 1

1

x

)

= x−β

(
1− 1

x

)−β

2F1

(
β, γ − β
β − α+ 1

;
1

1− x

)
= x−β

(
1− 1

x

)γ−β−1

2F1

(
1− α,β − γ + 1

β − α+ 1
;

1

1− x

)
.

(A.11)

Remark A.1. In [68], 24 solutions are obtained from the point of the Riemann-Papperitz
equation.

In section 2.5, we gave Kummer type solutions for the Heine’s equation

[(1− Tx)(1− cq−1Tx)− x(1− aTx)(1− bTx)]y = 0, (A.12)

by the degeneration of the q-Riemann-Papperitz system (2.1). The list of them is in Theorem
2.49. A part of this list can be also obtained in a similar method for the Gauss’ equation. We
apply the gauge transformation y1 = xγ−1y where qγ = c, then we have

[(1− c−1qTx)(1− Tx)− x(1− ac−1qTx)(1− bc−1Tx)]y1 = 0. (A.13)

Therefore the function x1−γ
2ϕ1

(
aq/c, bq/c

q2/c
;x

)
satisfies the Heine’s q-hypergeometric equa-

tion. The Heine’s equation is rewritten as

[(x− q)T−1
x + (abx− c)Tx − ((a+ b)x− (c+ q))]y = 0. (A.14)

The function
(Ax)∞
(Bx)∞

satisfies

Tx
(Ax)∞
(Bx)∞

=
1−Bx

1−Ax

(Ax)∞
(Bx)∞

, T−1
x

(Ax)∞
(Bx)∞

=
1−Aq−1x

1−Bq−1x

(Ax)∞
(Bx)∞

. (A.15)
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We put y2 =
(Bx)∞
(Ax)∞

y, then we have

[
(x− q)

1−Aq−1x

1−Bq−1x
T−1
x + (abx− c)

1−Bx

1−Ax
Tx − ((a+ b)x− (c+ q))

]
y2 = 0. (A.16)

We put A = ab/c, B = 1 and z = abx/c, then we have

[(z − q)T−1
z + ((c/a)(c/b)z − c)Tz − ((c/a+ c/b)z − (c+ q))]y2 = 0. (A.17)

Therefore the function
(abx/c)∞
(x)∞

2ϕ1

(
c/a, c/b

c
abx

c

)
is a solution of the Heine’s equation.

We can not apply Möbius transformations for q-difference equations except the scale trans-
formation and inversion. So we can not get q-analogs of Kummer’s 24 solutions by the Möbius
transformations. The inversion x *→ x−1 changes the points x = 0, ∞ to each other, so we
can apply it to the Heine’s equation. We put z = dx−1 where d is a constant, then we have
Tx = T−1

z . Thus we have

[(1− Tx)(1− cq−1Tx)− x(1− aTx)(1− bTx)]y

= −ab

dz
T−2
z [(1− a−1Tz)(1− b−1Tz)−

cqd

ab
z(1− Tz)(1− c−1qTz)]y. (A.18)

We put d = ab/(cq), ỹ = z−αy where a = qα, then ỹ satisfies

[(1− Tz)(1− ab−1Tz)− z(1− aTz)(1− ac−1qTz)]ỹ = 0. (A.19)

We know a solution ỹ = 2ϕ1

(
a, aq/c
aq/b

; z

)
for this equation, so the function x−α

2ϕ1

(
a, aq/c
aq/b

;
cq

abx

)

is a solution of Heine’s equation.
In this way, we see that the following functions satisfy the Heine’s equation:

2ϕ1

(
a, b
c

;x

)
, (A.20)

(abx/c)∞
(x)∞

2ϕ1

(
c/a, c/b

c
;
abx

c

)
, (A.21)

x1−γ
2ϕ1

(
aq/c, bq/c

q2/c
;x

)
, (A.22)

x1−γ (abx/c)∞
(x)∞

2ϕ1

(
q/a, q/b
q2/c

;
abx

c

)
, (A.23)

x−α
2ϕ1

(
a, aq/c
aq/b

;
cq

abx

)
, (A.24)

x−α (q/x)∞
(cq/(abx))∞

2ϕ1

(
q/b, c/b
aq/b

;
q

x

)
, (A.25)

x−β
2ϕ1

(
b, bq/c
bq/a

;
cq

abx

)
, (A.26)

x−β (q/x)∞
(cq/(abx))∞

2ϕ1

(
q/a, c/a
bq/a

;
q

x

)
. (A.27)

Each solution is well known though they are scattered in literature. In the main text, we gave
more solutions in Theorem 2.49.
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