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g-hypergeometric equations
- g-Riemann-Papperitz system and its multivariable extension -
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Takahiko Nobukawa

Abstract

We study various extensions of the Heine’s equation. First, we give Riemann-Papperitz
type integral solutions and series solutions in terms of the very-well-poised ¢-hypergeometric
series W7 for the variant of g-hypergeometric equation of degree three defined by Hatano-
Matsunawa-Sato-Takemura. Second, we introduce an Euler type integral transformation
for g-difference equations, and give representations for affine Weyl groups as an application.
Third, we solve a connection problem for a multivariable g-hypergeometric system introduced
by Park. Finally, we give a g¢-difference system associated with an extension of Riemann-
Papperitz type Jackson integral and its solutions in terms of the Kajihara’s ¢-hypergeometric

series.
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1 Introduction

The Gauss hypergeometric equation
2

x(l—x)%—i—(’y—(a—i—ﬁ—i—l)x)%—aﬁ f(z) =0, (1.1)

is a standard form of second order Fuchsian differential equations with three singularities on
P! = CU {oo}. The equation (1.1) is characterized by the following Riemann scheme:

=0 r=1 T =00
0 0 a . (1.2)
l—vy y—a—-8 p

The equation (1.1) has the integral solution

/ (1 — )71 — at) P, (1.3)
C
where C' is a suitable path. Also, the equation (1.1) has the series solution

. 1)- 1
S

The Riemann scheme (1.2), the integral solution (1.3) and the series solution (1.4) are basic
properties of the Gauss equation (1.1).

In this paper we fix ¢ € C with 0 < |¢| < 1. A g¢-difference analog of the Gauss hypergeometric
equation (1.1) was introduced by Heine [22]. We consider the Heine’s equation in the following
form [27]

[w(l - aTx)(l - bTr) - (1 - T:Jc)(l - Cq_lTx)]f(x) = O> (1'5)

where T, is the ¢-shift operator of z, that is, T, f(z) = f(gz). The equation (1.5) is called the
Heine’s g-hypergeometric equation. This has the integral solution and the series solution

a1 (@)oo (bzt) oo
/Ct 1(Ct/a)oo N dgt, (1.6)

wer (40 0). (1.7

where a = ¢®. The notations in (1.6), (1.7) are defined below. These are used throughout this
paper.

Definition 1.1. We define the Jackson integral of f(t), the g¢-shifted factorial and the g-
hypergeometric series as

/OTf(t)dqt=(1—q)Zf(Tq”)Tq", /Omfu)dqt:(l—q) St (18)
n=0

n=—oo

[ st = [ s [ roa (19)
(@)oo = H(l —aq"), (a)m = (@)oo , (a1, o ar)m = (a1)m - (ar)m, (1.10)

n=0




at,...,ar = (a1, ar)n (r—s—1)n_(r—s—1)(}) n
rPs ; = (-1 . 1.11
¥ (ln,...,bs 9:) Z(bl,...,bs,q)n( ) 1 o ( )

n=0

Using the g¢-shifted factorial, the theta function is defined as

0(z) = (z,9/7)cc- (1.12)
For details of these, see Gasper-Rahman [16] and references therein.

In this paper, we will study various extensions of the Heine’s equation (1.5). The contents of
this paper are as follows. In section 2, we study integral solutions, series solutions, connection
formula and degenerations for the equation Hs defined in [21]. In section 3, we introduce an
Euler-type integral transformation and construct representations for affine Weyl groups of types
Dél), ET(LI) (n=16,7,8). In section 4, we give fundamental solutions for the system Ey s defined
in [51, 52|, and connection matrices among them. In section 5, we provide a g¢-difference system
associated with an extension of the Jackson integral of Riemann-Papperitz type discussed in
section 2, and its solutions in terms of Kajihara’s ¢-hypergeometric series.

In the following, we summarize the contents of each section in more detail.

1.1 On section 2: ¢g-Riemann-Papperitz system

The Riemann-Papperitz differential equation

d? l—ar—p1 l-ax—0Br 1l-a3—033) d 1

d562+< x—t * x —ty + x —t3 )daz+(x—t1)(a}—t2)(a}—t3)

" (04151(751 —t2)(t1 — t3) n azfa(ta — t1)(t2 — t3) n azf3(ts — t1)(t3 — tz))]g(m) — 0,
x—t T —to r—t3

(1.13)

where a1 +as+as+ 61+ 62+ 63 = 1, is another standard form of second order Fuchsian differential
equations with three singularities. The equation (1.13) is characterized by the Riemann scheme

Tr = tl xr = tg xr = t3
aq a9 a3 . (114)
b1 B2 B3

So the Riemann-Papperitz equation (1.13) and the Gauss equation (1.1) are transformed to
each other by applying some Mobius transformation and gauge transformation. This makes
some properties of the Gauss equation (1.1) clear (for example, see Whittaker-Watson [68]).

In the theory of ¢-difference equations, the points x = 0 and = = oo are the fixed points of
the g-shift operator T,. A notion of singularities that are useful for the analysis of g-difference
equations is established only for the points x = 0, co. The Gauss equation (1.1) has singularities
at * = 0 and * = oo (and also at x = 1), and then it is easy to obtain a g-analog of (1.1).
However, the points x = 0 and z = oo are regular points for the Riemann-Papperitz equation
(1.13). So it is difficult to construct a g-analog of (1.13).

In [21], two variants Hoy = 0, H3zy = 0 of g-hypergeometric equation were introduced. For
background of these equations, see Remark 2.4. The equations Hoy = 0 and Hsy = 0, given
in (2.4) and (2.1), are called the variant of ¢-difference equation of degree two and of degree
three, respectively. It was found in [21] that the equation H3 degenerates to the equation Hz in
some limit, and Hs degenerates to the Heine’s equation (1.5). Several solutions for the equation



Ho are given in [21] in terms of 3¢y and the g-Appell hypergeometric series ;. However, only
conjectural solutions were discussed for the equation Hz in [21].

Main results of section 2 are Theorem 2.20 and Theorem 2.27. These results are based on
[46]. Theorem 2.20 gives integral solutions for the equation #3, and Theorem 2.27 gives series
solutions for the equation H3 in terms of the very-well-poised ¢-hypergeometric series gWW7. The
key point to get these results is to regard the equation Hs as a g-Riemann-Papperitz system. The
solutions are g-analogs of integral solutions and series solutions in terms of o F} for the Riemann-
Papperitz equation (1.13) (see Remark 2.23, 2.29). Connection formulas and degenerations
for solutions of Hs will be also discussed in sections 2.4 and 2.5. These degenerations include
Hatano-Matsunawa-Sato-Takemura’s solutions [21], and g-analogs of Kummer’s 24 solutions
given by Hahn [20].

1.2 On section 3: Euler-type integral transformation for the ¢g-Heun equation
and affine Weyl group

The equations Hoy = 0, Hzy = 0 were introduced in [21] by reducing the ¢-Heun equation
and its variants (see Remark 2.4). The ¢-Heun equation and its variants are not rigid (see also
Remark 3.5, 3.17). So it is difficult to give an explicit solution for these equations, different from
the equations Hs, Hs.

An integral transformation for Heun’s differential equation was discussed by Takemura [59,
60]. Similarly, an integral transformation for the g-Heun equation was studied by Sasaki-Takagi-
Takemura [56]. Recently, integral transformations for variants of the g-Heun equation were
obtained by Takemura [63] from the viewpoint of the kernel functions.

In section 3, we introduce an Euler-type integral transformation

7 (at/7)o

EMf)(zy0) = 2™t £(t)

; (q’\t/x)oodqt’ (1.15)

and study properties of it (see Proposition 3.3). Applying E* to solutions for suitable g-difference
equations, including the ¢-Heun equation and its variants, we give representations for affine
Weyl groups of types Dél), Eé-l), Eél), Eél). In particular, we provide integral transformations
for the g-Heun equation and its variants. Main result of section 3 is Theorem 3.16, which
gives a representation of affine Weyl group of type Eél) by means of the Euler-type integral
transformation of the suitable ¢-difference equation. These results are based on [47].

1.3 On section 4: connection problem for a multivariable ¢g-hypergeometric
system

A connection problem, i.e. to get linear relations for the solutions, is an important and funda-
mental problem for the theory of hypergeometric equations. For example, the formula [64, 67]

(b,c/a)s O(ax) a,aq/c cq (a,c/b)s O(azx) b,bg/c cq

”4af”>:m@qw%ww4:ww’mﬁ*mw@wwm””<WM’wJ’
(1.16)

is a connection formula for the Heine’s equation.
In [51, 52], the ¢-hypergeometric series

mon (P Db ) = E T TG I 0

{eihici<n



where |m| =mq + --- + mys, was defined in order to get a certain isomonodromic deformation.
This isomonodromic deformation is a g-analog of Tsuda’s Hamiltonian system [65]. The function
Fn,u satisfies the g-difference system En s [51, 52]

N N

z [J(1 - a,T) - (1 H l—cjg'T)-(1-Ts) p F=0 (1<s< M), (1.18)
Jj=1 Jj=

{2,(1 =0, T)(1 =T, — 2,1 = bT) (1 —T)}F =0 (1<r<s<M), (1.19)

where Ty = T,, and T = T} ---T)s. In section 4, we will give fundamental solutions for the
system Ex jr and connection matrices among them. Main result of section 4 is Theorem 4.9.
This provides connection matrices for fundamental solutions of the system Ey ps. Fundamental
solutions for Ky as are given in Proposition 4.7. We also characterize such fundamental solutions
by asymptotic behaviors in Proposition 4.6. These results are based on [45].

1.4 On section 5: a multivariable extension of the ¢g-Riemann-Papperitz type
integral

To get solutions for the equation Hsy = 0, we study the Jackson integral of Riemann-Papperitz

type

It is natural to consider an extension of this integral as

.10

In section 5, we discuss some properties for this Riemann-Papperitz type integral. First we give a
g-difference system of rank M +1, that the integral (1.21) satisfies in section 5.1. Second we show
a transformation formula between the integral (1.21) and the Kajihara’s ¢-hypergeometric series
[29] in section 5.2, in particular we give solutions for the above system in terms of Kajihara’s
series. In section 5.3, we show that the above system degenerates the ¢g-Appell-Lauricella system.
Since it is very difficult to degenerate the Kajihara’s ¢-hypergeometric series W2 to the g¢-
Appell-Lauricella series ¢p only by the definition of W2 we will not discuss Kummer type
solutions for the ¢g-Appell-Lauricella system in this paper, unlike the one variable case.

Main results in section 5 are Theorem 5.4 and Theorem 5.12. Theorem 5.4 gives a g-
difference system that the integral (1.21) satisfies. Theorem 5.12 provides a series solution for
the g-difference system in terms of Kajihara’s g-hypergeometric series W2 [29]. These results
are based on [48].

Yy = ngl s b4. (1.20)

M+3
cANM+3 = q2b1 e bM+3. (1.21)




2 ¢-Riemann-Papperitz system

In this section, we will study a ¢g-Riemann-Papperitz system. First, we will find that the variant
of g-hypergeometric equation of degree three Hs [21] can be regarded as a g-Riemann-Papperitz
system. Second, we will construct integral solutions and series solutions for the equation. Third,
we will give linear relations for the solutions. As an application, we will obtain ¢-analogs of
Kummer’s 24 solutions.

The contents of section 2 are as follows. We show that the equation Hg3 can be regarded as a
g-analog of the Riemann-Papperitz equation (1.13) in section 2.1. Integral solutions and series
solutions for the equation Hj3 are given in section 2.2 and section 2.3, respectively. In section
2.4, we discuss connection formulas of the solutions. Finally we study degenerations for the
g-Riemann-Papperitz system. This section is based on [46]. Some of the results in this section
are also obtained in [15].

2.1 g¢-Riemann-Papperitz system: the variant of ¢-hypergeometric equation
of degree three

In this subsection, we will show that the variant of ¢-hypergeometric equation of degree three
introduced by [21], is a g-Riemann-Papperitz system.

Definition 2.1 ([21]). The variant of g-hypergeometric equation of degree three is defined as
follows:

Hay =0, (2.1)
3 3
Hy = H(‘T _ qh¢+1/2ti) . T;l + q2a+1 H(m _ qli71/2ti) T,
i=1 i=1

3
|l 4 Y e
i=1
3
- q(h1+h2+h3+l1+12+13+1)/2t1t2t3 Z((q*hi + qili)/ti)m

i=1

+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3:| . (2.2)

We call this equation as the g-Riemann-Papperitz system. For the reason why we call so, see
Remark 2.8.

Remark 2.2. The equation Hzy = 0 has 10 parameters t;, l;, h; (i = 1,2,3) and a. We can
delete the parameter o by the gauge transformation y — z~%y. Also by putting the parameters
th = g Mit; and Il =1l; — h;, then Hg is rewritten by using ¢, and I} as

3 3
Hy = H(.r . ql/Qt;) . T$—1 + q2a+1 H(:U _ ql;—l/Qt;) T,
i=1 i=1
3
+q° [—(q +1)a? 4 ¢/ Z(l + ¢')tla?

i=1

3
— U204 N (14 g )
=1



+ q(l'1+l'2+l§)/2(q + 1)ththts|. (2.3)

In short, the equation (2.1) essentially depends on 6 parameters ¢, and I, (i = 1,2, 3).

Remark 2.3. In [21], another variant
Haf(x) =0, (2.4)

of g-hypergeometric equation was introduced, where

2 2
Ho =[[(z = " t) - T, + gt [[(w = ¢ P0) - T,
i=1 i=1
— (¢°* + ¢°2)2® + Ex + p(q"/? + ¢ V?)t1ts,
P :q(h1+h2+ll+lz+a1+a2)/27 E = _p{(q,@ + q*b)tl + (q*hl + q*ll)tz}' (2.6)

In this paper, we will discuss the equation Hs mainly. By taking the limit t3 — oo with some
changes of parameters, the equation Hg degenerates to Hs. Also the equation Ho becomes the
Heine’s ¢-hypergeometric equation by taking the limit ¢5 — 0. In this sense the equations H3
and Ho are called variants of g-hypergeometric equation. We can get some formulas about the
equation Hs and Heine’s equation by taking the same limits for the results of the equation Hs.
These degenerations are discussed in section 2.5.

Remark 2.4. We summarize background of the equations Hs and Hs here. The correspondences
between some discrete Painlevé equations [54] and degenerations of the eigenvalue problem
for the Ruijsenaars-van Diejen operator [13, 53] in 1 variable were discovered by [61] for ¢-
difference case and [49] for elliptic case. Also Takemura [62] found that the fourth degeneration
of the eigenvalue problem is equivalent to the ¢g-Heun equation which was introduced by Hahn
[19]. Heun’s differential equation is a second order Fuchsian differential equation with 4 regular
singularities. In addition, it was found in [62] that the second and third degenerations of the
eigenvalue problem are also g-analogs of Heun’s differential equation. These equations are called
variants of the g-Heun equation of degree three and degree four. Heun’s differential equation is
not rigid, so it is difficult to get explicit solutions for the equation. If one of 4 singularities in
Heun’s equation is a regular point, then this equation has only 3 singularities, so it is equivalent
to the Gauss equation. We can also take a similar specialization for the g-Heun equation and
its variants. That is why variants Ho, Hs of ¢-hypergeometric equation were introduced by
Hatano-Matsunawa-Sato-Takemura [21]. The way [21] to derive the equations Hoy = 0 and
Hszy = 0 from the g-Heun equation and its variant of degree three is to specialize so that the
point x = 0 is essentially non-singular. Note that the points x = 0 and z = oo are essentially
non-singular for the variant of the ¢-Heun equation of degree four, and then we can not apply
the similar specialization for this case.

The following condition characterizes the equation Hs.

3 1
Proposition 2.5 ([46]). If the g-difference operator H = Z Z a; ;7T has the following
i=0 j=—1
conditions:

3
(1) We rewrite the operator H as H = Zmle(Tx) Then the Laurent polynomials Lg, L1,
i=0
Lo, L3 are factorized in the following forms:



(i) Lo(y) < (y —a)(y — aq), Li(y) < (y — a).
(ii) Ls(y) o< (y —b)(y — bg™'), La(y) o (y —b).

xT

1
(2) We rewrite the operator H as H = Z Pj(x)TZ. Then the polynomials P_1, Pi are
j=—1
factorized as P_i(x)  (x — c1)(x — c2)(z — ¢3), Pi(x) x (x — dy)(z — d2)(x — d3).
Then the operator is equivalent to Hs. More precisely, we put a = ¢*~%, b =q%, ¢; = gt
di = ¢"1/%t; where v = (h1+ha+hs — 11 —la —13)/2, then we have H = a3 _1H3.
Proof. By the conditions of Lo, L3, P_1, Pi, the ratios of {a;; | (i,5) # (1,0),(2,0)} are
determined. Using the condition of Li, a1 can be written by a; 1 and a;,—;. More precisely,
we have L1(y) = a11y +a10 + a1 -1y~ = a11y Ny — a)(y — a1,—1/(a11a)), so we get ai o =
—(a11a+a1,—1/a). Similarly we find az 9 = —(ag,1b+ a2 _1/b) by the condition of Ls. Therefore
the operator H is determined by conditions (1) and (2).
On the other hand, we can check directly that the operator 3 satisfies conditions (1) and
(2) by putting the parameters a = ¢¥~“, b =q%, ¢; = it 2 d; = gl Y2, O

Remark 2.6. In [15], a “configuration” for ¢-difference equations was introduced. Also charac-
terizations by means of it for the following equations were obtained:

e Variants of ¢g-hypergeometric equation Ho, Hs.
e The Heine’s g-hypergeometric equation.

e The ¢g-Heun equation and its variant of degree three.

Remark 2.7. The condition (1.i) in Proposition 2.5 is the non-logarithmic condition at x = 0.
That is the equation Hy = 0 has local solutions of the form

1+ 0(@), 211+ 0(2)), (2.7)

where ¢ = a. The condition (1.ii) is also the non-logarithmic condition at z = oo. For more
general cases, see Proposition 3.1 in [41].

Remark 2.8 ([15, 21]). By taking the classical limit ¢ — 1, the equation (2.1) becomes a
Fuchsian differential equation with the following Riemann scheme:

rT=1t xT=to xT=13 =0 T =00
0 0 0 V— a , (2.8)
lih—h1 lo—hy l3—hs v—a+1 a+1

where v = (h1+ho+hs—11—la—13)/2. Here, x = 0 and = = co are non-logarithmic singularities.
By some gauge transformation, we can delete two singularities * = 0 and x = oo from that
equation. Therefore the equation (2.1) can be regarded as a g-analog of the Riemann-Papperitz
system. Note that the classical limit of the equation (2.1) was calculated by Hatano-Matsunawa-
Sato-Takemura [21]. However the solutions of it were not fully studied.

The Riemann-Papperitz system has an integral solution and a series solution as
3

) R K e A R R 8
i=1 ¢
(2.9)
x—t\" x—h(mf, ar+ag+az, a1 +az+ B3 & —lita—t3 (2.10)
.’L’*tg $*t3 2 a1—51+1 ’aj—tth—tl ' ’

We will construct similar solutions for the g-Riemann-Papperitz system (2.1) in the following
subsections.

10



2.2 Integral solutions for the ¢g-Riemann-Papperitz system

In this subsection, we will give Jackson integral solutions for the equation (2.1). These solutions
are g-analogs of the integral (2.9). First, we derive a g-difference equation for the Jackson
integral of Jordan-Pochhammer type:

o(z,7) / . (2.11)

M
b= (1) = [ ‘) (Azt)oc (2.12)

Next, we show integral solutions for the g-Riemann-Papperitz system (2.1) by considering a
special case of the Jordan-Pochhammer integral.

Remark 2.9. A linear g-difference system associated with the Jackson integral of Jordan-
Pochhammer type was obtained by Mimachi [38] and Matsuo [35]. A g¢-difference system for the
Jackson integral of Selberg type, which contains the system for the Jordan-Pochhammer type,
was obtained by Mimachi [39]. In [24], a ¢-difference system for the Jackson integral of Selbarg
type was also discussed, and the above results were summarized. Hence, for more details on
the Jackson integral of Jordan-Pochhammer type, see [24, 35, 38, 39]. In this paper, we derive
a g-difference equation for the Jackson integral of Jordan-Pochhammer type by integrating the
equation that the integrand satisfies.

Lemma 2.10 plays an essential role in deriving the g¢-difference equation which the Jackson
integral of Jordan-Pochhammer type satisfies.

Lemma 2.10 ([15]). The integrand (2.12) satisfies the following equation

M M—k—1 k—1
S (DFaMHe(a) T, — ¢%en(®)] [ (B—A¢" T [ - ¢ Ty = 0. (2.13)
k=0 n=0 n=0

Here, e; is the elementary symmetric polynomial of degree i.

Proof. The equations

'rt(B - ATx)w = (1 - Tx)ﬂ)a (2'14)
M M

[ -ait) BT =g T - bit) - o, (2.15)
=1 =1

can be verified by direct calculations. Using the elementary symmetric functions, the equation
(2.15) can be rewritten as

M
S — ey =0, (2.16)

k=0

Since [(2t)(B — AT,)* = (xt)* T[FZL(B — A¢*'T}) holds, we have

M-—1
M ] (B — Aq"T)t* (LT, )5
n=0
M—1 k—1
=M @) (LT [ (B - ATe) [[ (B — Ag"Tw)y
n==k n=0

11



M-1 k—1
=M M (T H B — Aq" ") (at)* [T (B - A¢"Tw)¢

n= n=0
Mkl

=M © Tl (B-Aq"Ty)[xt(B — AT,)]*, (2.17)
n=0

for e = 0,1. By using the equation (2.14), we get

k—1

[(xt)(B — AT,) " = [[(1 = ¢ " T (2.18)

n=0

Therefore, multiplying the equation (2.16) by 2™ (B — AT,)(B — AqTy)--- (B — A¢™~T,) on
the left yields the desired equation (2.13). O

Remark 2.11. By the integral transformation

) - /0 o Egig‘: dt, (2.19)

we can transform a linear g-difference equation. For more properties, see section 3. In section
3, we give an integral transformation for the g-Heun equation and its variants [62].

If the integral path (the cycle of integration) is chosen appropriately, then we can derive the
g-difference equation that the Jackson integral of Jordan-Pochhammer type satisfies.

Proposition 2.12 ([15]). We assume T,T = q¢'7 for | € Z. The integral (2.11) satisfies the
q-difference equation

M M—k—1 k—1
> (DR M e ()T = q%en(®)] [] (B—A¢"T) [[(1—a " Th)p =0. (2:20)
k=0 n=0 n=0

Proof. Since T,T = ¢'7, we get

TOO d
[ @riven e = -9 Y u(@ie. g i)
0 nez
= (1-9q) Y ¥(Tw,q" " Tir)
nez
=(1-9) ) ¥(Tiz,q"T;r)
nez
(1-q))_ Tip(x,q"7)
nez
. TOO d t
=T -4 2.21
AT (221)
Therefore we have the desired equation (2.20) by integrating the equation (2.13). O

Remark 2.13. We put M = 1, and then the equation (2.20) is the Heine’s g-hypergeometric
equation. With the changes in the variable and parameters

qBx o A at1b1
_ _ S 2.22
ai , a q, B’ & q CLl, ( )

12



we find

(T = ¢*) (B = ATy) — (T, = ¢*b1)(1 — T2)]
=T, Mz(1 — aTy)(1 — bT) — (1 — cq ' T,)(1 — T2)]. (2.23)

Azt a1t)so dgt
Therefore we have integral solutions / 1t0‘Q for Heine’s equation.

0 (Bxt,bit)so t

We will reduce the special case of (2.20) to the variant of the ¢-hypergeometric equation of
degree three. First we put @ =1 and

Aay - -ay = ¢*Bby - by (2.24)

Then the equation (2.20) is reducible:

M M—k—1 k—1

S (=0R M F e ()T —gen(®)] [[ (B—A¢"T) [J(1 =T

k=0 n=0 n=0

=(B—Aq ') (1 — ¢" M) Ew, (2.25)

where the rank M — 1 operator Ej; is defined as

Eyv = Em(A,Bya = {ai}i<i<m, b= {bi}i<i<m)

M—-2
=2MT [ (B - Aq"T)
n=0
M-1 M—k—2 k—2
+ 1)faM k(e (a) T, ! — qer(D)] H (B — Aq"T,) H(l —q "Ty)
k:l n=0 n=0
+ (-1 )Ma1 JAM =1 H ¢ "T,) (2.26)

Remark 2.14. We remark on the characterization of the operator Ejy.

o If H=S"M 2L;(T,), then

M—
) H y—aq’) H y—aq’), ..., Lyu—2(y) < (y — a)., (2.27)
j=0 j=0
M- M—
H —bq™), L1 H —bg™), ..., La(y) o (y — D). (2.28)

o It H =377 Pj(x)T{, then
P y(z)x(z—c1) - (r—cm), Pu—a(z)x(x—di) - (z—dn). (2.29)

Then we have H = Fj; with suitable parameters a, b, ¢;, d;. This characterization can be proved
in a similar manner to Proposition 2.5.

13



When M = 3, the ¢-difference operator Fs satisfies the conditions in Proposition 2.5. So
the equation Es3y = 0 is equivalent to the ¢-Riemann-Papperitz system (2.1). More precisely,
by putting ¢~V = B/A, ¢~ '/2t; = b;/A, ¢"T/%t; = a;/B, and by the gauge transformation
Y = a¥" %y, we have HzY = 0.

Now the integral (2.11) satisfies the equation (B — Ag~'T,)(1 — ¢*~™T,)Ejyr¢ = 0. Thus we
have Fyro = CraM-1 4 Cg:z:)‘, where q)‘ = Bq/A and C; Cs are pseudo constants, i.e. functions
in z that satisfy T,,C; = C;. We want to delete pseudo constants C; in order to obtain solutions

for the equation Ej;y = 0. The following lemma is useful for calculating the pseudo constants
C1, Ca.

Lemma 2.15. We have

lim(l—z)M@bM at,...,apr - :(al,...,aM)oo, (2‘30)
z—1 bl,...,bM ..

where aphpr is the bilateral g-hypergeometric function:

al,...,aNM (a1,...,apr)n n
MM < ;z> =y A (2.31)
bi,...,by = (b1, bar)n
Proof. The negative power part of the function as1ps is holomorphic at z = 1. Thus we have
lim (1 — 2) s ( Aly--n M ;z> = lim(1 —2) Z Mzn. (2.32)
z—1 bl,...,bM z—1 >0 (bl,...,bM)n
Using the ¢-binomial theorem, we obtain
Z (a17 bl aM)n Zn
n—0 (bl7 i bM)n
_(ala"~7aM)Oo i blq 77qun)oo Zn
(b1, .. ,bM)oo (a1q™, ..., apmq™)co
(a17"'7aM)OO S bl/al kl (bM/aM)kM k1 k1+-+kp
A it al (agh
Coe MNP SO
(al,...,aM)oo Z i bl/al k1 (bM/aM)kMallﬂ._' ke 1
(b1, .-, bM) oo Payr St (Q)keps M1 _ zgki otk
:(alv--waM)oo 1 + Z (bl/al)lﬁ"'(bM/aM)kMallﬂ. aﬁf kl-',- —
(bl, )bM)oo 1—=z by g >0 (q)kl ces (Q)kM 1 — zg™ M
(2.33)
Therefore we get the desired equation (2.30). O

Lemma 2.16. Suppose T € {q/a1,...,q/an,q/(Ax)} and B/A ¢ ¢*. Then the Jackson integral
of Jordan-Pochhammer type (2.11) satisfies the equation

M-3

By =— [ (B=A¢") - q(1 — )z, (2.34)
n=0

14



where Eyf is given in equation (2.26). In particular, the integral

75

Pij = dqt, (2.35)

lel )oo

satisfies the equation Enpg; j = 0. Here, 3 = qfa; (i=1,...,M) and Tpr11 = q/(Azx).
Proof. First, if 7 = q/ay, then the integral
r M )

Ba:t)

dyt, (2.36)

=1

is holomorphic at x = 0. Also if 7 = ¢/(Ax), then this integral is holomorphic at z = co. Thus
we have Ejr¢o = CoxM~! where C is a constant. For 7 = q/ay, we have

ait)oe 5~ (A/Bha gy N A/ B v [ (i) y
), 13 Z o ot = 3 Seimay [T T =+ 0,

n—=0 i=1
(2.37)
due to the g-binomial theorem. So we have
M-1 M—k—2 k—2
C = (—Dfer(@g ™ —qer®)] [] B-Ag"" H][(1—g¢ "¢
k=1 n=0 n=0
- M
% (A/B)g—1 Bkl/ =1 H (ait)
(k-1 0 = (bit)
ai - aMlM —an(A/B)MlMl/T
+ (=DM B
(1) H ) (D ;
M-1 M- - M (ast)
= 3 (- Dfer(a)g™* — gerld H (B aq) [ ¢ ]Gt
k=1 = 0 it (bit)oo
a as M-3 ,
_MO1 n _
()M MO TT (B = Ag) - (B - 40 |
n=0
M-3 M -
= [T B~ 40 Y@ ™ - g |
n=0 k=1 0
el o M bi7 byt
k 1 - OM k
~ TL - a0 - a[[ 0= 3 e —ek<b>]erM(aT )
n=0 i:l k=1
(2.38)
... 9 . bir,...,bpyT
Here, we used the condition aj - - - apr A = ¢°by - - - by B. The function pps 1z
ATy vy QMT
satisfies the following equation:
(1 —aymq T (1 —anrq 1T0) — 2(1 — by7Ty) - - - (1 — bpy 7)) rbas = 0. (2.39)
Using the elementary symmetric polynomial ey, we obtain
M b1 byt
-k k 1Ty -5 0MT _
> len(ada™* —sen(Olrtarins (7T ) =0, (240

k=0

15



So we have

M
S ler(@a™ — k@)t arion ( DT, b ;q’f)

p 1T, ...,aMT
. bit,....bpr (17, DT ) oo
N zh—%(l QLLY < a7, ..., aMT ’Z> (a7 apMT)oo (241)
Therefore we have
M-3
C=—1IB-A49"q(1-q). (2.42)
n=0

For 7 = q/(Az), the integral can be expanded at = oo as follows:

9/(A%) (Azt) o 22 (ait)oo
/0 dyt

(Bat)oo 11 (0it) o
M

_ /q/A t)oo H (ait/T)oo
oz /o Bt)o paley (bit/ )0
1 [ [V (At)s 1
= — dgt+0|—=1]1]. 2.43
: </0 (B <> (243
The last integral is factorized by the g-binomial theorem as follows:

VA (A)so ;o 4 (@ (®B/A)s  (1-q)q
[ Gt = ke e~ A= Be .

The degree of the operator Ejs in x is M, so we have

M-3
Bure(w.q/(40) = =005 — 4g™) [ (B - A 406N, (245)
n=0

Hence, the integral ¢(z, 7) satisfies the equation (2.34)

Eyo(z,7) = Ca™ML, (2.46)
This completes the proof. O
Proposition 2.17 ([46]). Suppose a; # a; and b; # bj for 1 < i < j < M. The integrals
©1,2,---,p1,m are linearly independent over the field K, of pseudo constants. Here
Ky ={C(2) | T,C(x) = C(x)}. (2.47)
In particular, p12,...,01,m are basis of the space of solutions for Eyry = 0.

Proof. Tt is sufficient to prove it in a special case. We can put a; = b; (i = 1,..., M) by the
assumptions. Also we put B = 1, A = ¢%. By a simple calculation, we have

[ 1 (1 —q)qlar —ay)
P10 = // =281 — g2 " = (ar — 2q)(as —zq) (2.48)
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We assume
Copro+ - +Cupim =0, (2.49)
where C; € K,,. We have

(Cy,...,Cu)((p2, -, par) ") =0, (2.50)

where v7T is the transpose of v and

pi=(a—a) [] (a:—zq) (2.51)
2<<M
JF#
By the assumption a; # a;, the polynomials p; of degree M — 2 are basis of {f(z) € C[z] |
deg f(z) < M — 2}. So there exists a constant matrix G € GL(M — 1,C) such that

(B2 pa)T = M(Lz, ..., 2M )T, (2.52)
We put (C’o, .. .,C’M,g) = (Cy,...,Cuy)G, then Co,...,Chr_o are pseudo constants and

(Cg,...,CM_Q)((L:E,...,Z‘M_Q)T) =0. (253)

Applying TF (k=1,..., M — 2), we have

1 1 1
~ ~ x qr M2z
(Co,-.,Cr—2) | . : : = (0,...,0). (2.54)
xM72 (qm)M72 (qM72w)M72

By the Vandermonde determinant, we have (Cp, .. ., C’M_Q) = (0,...,0). Since G is invertible,
we finally obtain (Cs,...,Cy) = (0,...,0). O

Remark 2.18. In [15], the linearly independence of integrals for the case of M = 3 is proved
in another way. Their proof is based on that a non-constant rational function is not a pseudo
constant.

Remark 2.19. In some cases of ¢-difference equations, linearly independence of solutions can be
easily checked by considering characteristic exponents at * = 0 or = co. However, the points
x = 0 and z = oo are essentially non-singular for the equation Ejy;y = 0. Therefore it is difficult
to prove the linearly independence by this way here. Our method in the proof of Proposition
2.17 does not focus on the characteristic exponents. We proved the linearly independence by
using the Vandermonde determinant.

We consider the case M = 3 here. As mentioned above, the equation Ej3 is equivalent to the
g-Riemann-Papperitz system (2.1). By putting the parameters suitably, we finally get integral
solutions for the ¢g-Riemann-Papperitz system (2.1).

Theorem 2.20 ([46]). The integral

T (qxt. gt It P2 S ot M3 T S st
©ij :xua/ ( (q xt,q 1t,q 2t, q 3 )oo dqt (1 <’i,j < 4), (255)
Ty

ot ¢ T2yt gt st U T T B Egt) o

satisfies the q-Riemann-Papperitz system (2.1). Here, v = % (h1 +ha+hs—11 —la—13+1),
r=qr Mt (i=1,2,3), T4 = ¢ /.
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Proof. By putting ¢~ = B/A, ¢ Y/%t; = b;/A, ¢"tV/%t; = a;/B, and by the gauge transfor-
mation Y = ¥~ %y, the equation F3y = 0 is transformed to the ¢-Riemann-Papperitz system
HsY = 0. Using Lemma 2.16, we have the desired result. O

Remark 2.21. In [15], other integral solutions are given by considering the following integral:

o= [ wxcwmdt, (2.56)
0

where C(t) is a suitable pseudo constant.

Remark 2.22. In [9], the integral in Theorem 2.20 is discussed by using the g-middle convolution
defined by Sakai-Yamaguchi [55].

Remark 2.23. The Riemann-Papperitz equation (1.13) has an integral solution of the form

(gauge factor) x / (t—t1)" (t —ta)2(t — t3)"3 (t — x)dt, (2.57)
C

where v1 + 19+ 13+ 14 = —2. The integral (2.55) is a g-analog of this integral. So we call (2.55)

the Jackson integral of Riemann-Papperitz type. Note that the condition (2.24) corresponds to

the relation 11 + 19 + v3 + 14y = —2.

2.3 Series solutions for the ¢g-Riemann-Papperitz system

In this section, we will present series solutions for the g-Riemann-Papperitz system (2.1) in
terms of the very-well-poised g-hypergeometric function gW7. These solutions are g-analogs of
a series solution (2.62) for the Riemann-Papperitz system (1.13).

First we show some formulas for the the very-well-poised ¢-hypergeometric function gWx
without proofs. For details of such formulas, see Gasper-Rahman’s book [16].

Definition 2.24 ([16], (2.1.11)). The very-well-poised ¢-hypergeometric series is defined as
follows:

o0
1 —aig™ (a1,a4, ..., Qr11)n
Welar;aq,...,0,01;2) = 2" 2.58
il T‘( b b ) ngo 1_al (Q7qa1/a47"'7qa1/a7'+1)n ( )

(£(a1g)t/?)—3
aqas -+ - Gr41 '
Lemma 2.25 ([16], (2.10.19)). If cd = abefgh and |ah| < 1, then we have

b (qt/a,qt/b, ct,dt)so
/a (et, ft, gt, ht)oo
(q,bq/a,a/b,cd/(eh),cd/(fh),cd/(gh),be, bd)so <bcd c d )

x gWr | —— :

“be,bf,bg, <, L ah
(ae, af, ag, be, bf, bg, bh, bed /) ng e 0l 09,5 7

This series converges for |z| < 1, and is called balanced if z =

dyt

=b(1 —q)
(2.59)

This formula is known as the Bailey’s transformation formula.

Lemma 2.26 ([16], (2.10.1)). Let pu = qa®/(bed). We have

. Ca’*\  (ag,aq/(ef),nq/e, 1q/f)so ub pe pd , ag
W (a’ be,dye, fi bcdef) ~ (aq/e,aq/f, uq,uq/(ef))ofm( e e a0 6f>’

a’ a
(2.60)

if max(lag/(ef)l; |na/(ef)]) < 1.
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Lemma 2.26 is mainly used in section 2.5. By applying Lemma 2.25 to the integral (2.55),
we obtain series solutions for the g-Riemann-Papperitz system (2.1).

Theorem 2.27 ([46]). Let {i,j,k} = {1,2,3}. The function

1 _ hetls hetls 41 1y
o (qy_hk+2x/tk)008W7 tigh hm_y. tig ety tiq et g Tty tig"it ¢ xqz "
1 ) ) ) ) ) ) )
(g2 7" 2 /t)) o0 th t t T ti
satisfies the q-Riemann-Papperitz system (2.1), where v =1 (hy + ha + hg — 11 —lo — I3+ 1).

Remark 2.28. In [15], a configuration of ¢-difference equations was introduced and the symme-
try of the ¢g-Riemann-Papperitz system (2.1) was studied by using this idea. Also the symmetry
was realized by some gauge transformations, so we get many solutions in terms of §W7 by using
the symmetry. For more details, see [15].

Remark 2.29. The Riemann-Papperitz equation (1.13) has a series solution as

—t a1 —t a2 —t1ta —t
(z 1> (z 2) 2F1<a1+a2+a3,041+a2+ﬂ3.z 123>‘ (2.62)

z—t3 z—13 ar — B +1 Tz—t3ty—t

The series gW7 in the above theorem is a g-analog of the series (2.62), namely we have

o _ ) —hotls hi+% 1_p.
8W7 (tith hi+v ' th hi+li+v tjq kit ety tzq +3 , xq2 " )
)

tk ) tk ) tk ) q T ) q ) t]

o0

_y 1 —tiq® /tr (tiq® [th, tiq® [t tjq° [ti, g T TV 0% [, ¢¥ ) (azq)
1-— th./tk (q’ q1+hiili) th./tja tiq./tka fq./tkw th./tk)n t]

q—1 i (=hr + 1l +v,n)(v,n) ((1 —ti/tk)(l —ti/tk)(l —tj/tk)(l —ti/a:) x)n
=0 (l,n)(l—l—hi—li,n (1—ti/t]‘)(1—ti/tk)(l—x/tk)(l—ti/tk)tj

—hpy+l+v,v x—tit;—1g
=oF ; _— . 2.63
21( L+hi =1l Tx—tyt;—t ( )

n=0

Note that explicit forms of e are not essential for taking the limit ¢ — 1.

Remark 2.30. The solution (2.61) can be obtained by applying the formula (2.59) to the
integral ¢; ; (1 <14,7 < 3). Applying it to ¢; 4, we have the following solution:

tiqhi—u+3/2/m’ CCq_hi—H/_l/Q/ti, tthj—f—hk—lk—u—‘rS/Q/x’ tthj_”_"?’/z/x, tkqhk_y+3/2/$)oo
(qu/Q—hi /t“ tiqli+1/2/x, tquj+1/2/ﬂf, tkqlk+1/2/$, tthj+hkflk72l/+5/2/x)oo

hj+h—l,—20+3 P R PR SR Y AR | —hi+l+v
y 8W7 (t]q J T RE = 2 1—u thz 2 tqu 2 tjq Jtk hp—lp—v+1. tkq k
i — .

xu—cx—l (

T Y q Y T ) T ) tk. ) q tz
(2.64)
Also we get several solutions for the g-Riemann-Papperitz system by Lemma 2.26. For example,

1
(qV*hk‘i’ix/tk’ thi—l]'—li—l/-i-?)/Q/tj’ mqhk-‘rhi—lj—lk—li—V+3/2/tj)OO

V—«
€ 1
1_p 11 _ O ST S
(6300t g 2 1y g2 )
hi—lj—l+% 1y hg+hi—lj—l;—v+1 1y hi—l—v+1

W [(FCTITI e b g LT el g T

X gWr ‘- 3 i ; t ) t: ,q ,q ) n )
J J J i k
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xyfafl (tthj_l/+3/2/$, tkqhk_y+3/2/a?, tz‘qhi_l/+3/2/x7 xq_hj+y_1/2/tj7 tktiqhk_‘—hi_lj_l/+3/2/tjx)oo
(tqufrl/2/gc7 tkqlk+1/2/x, tiqli+1/2/:v, tktiqhk+hi—V+2/x2)oo

(tktiqhk+hil/+1 . tquj‘i’% tkqlk'i'% tiqli-l—% tkqhk+2 t: q 2 .’L‘q%_hj )
x gWr .
J

; , , ; 2.66
x2 x x oz oz x t; (2:66)
These solutions are useful for considering degenerations of the ¢-Riemann-Papperitz system
(2.1). Degenerations are discussed in section 2.5.

Remark 2.31. The very-well-poised-balanced g¢-hypergeometric series sW7 is also known as
the Askey-Wilson function [33]. Well known linear g-difference equations satisfied by the very-
well-poised-balanced gWW7 are the ones considered by Ismail and Rahman [23]. We put ¢ =

2
sWr (a b,c,d,e, f; IE s)f), and Ty = T, T, 1, Ty = TgTCTdTeTf. In [23], linear relations for T1¢,
@, Tl_ ¢, and for Tho, ¢, T _lqb were obtained. These equations are as follows:

. _aq B a’q® (-0l —a/e) .. (1—=0)(1—a/b)
00 (=52 (= ety 2 Mo = T it
(2.67)
b(1 —a/(bc))(1 — a/(bd))(1 — a/(be))(1 — a/(bf))
(1 —a/b)(1—a/(bg))
a*(1—c)(1 —d)(1 —e)(1 - f)g a*q
(1 —a/b)(1 — aq/b)bcdef +(1-0) (1 a bcdef)] ¢
_ (A =a/c)d —a/d)1 —a/e)(1 —a/f) .1
- (- a)(1—ag) 2o
n ¢ (1—o)(1=d)(1 —e)(1 — f)(ag)2(1 — ag/(bc))(1 — ag/(bd))(1 — agq/(be))(1 — afl/(bf))Tﬂj
cdef (a/b)2(agq/b)2(1 — ag/c)(1 — aq/d)(1 — ag/e)(1 — aq/f) ’
(2.68)
where
1 = L=l o) o)~ eafes) 269)
MM~ ()0 01— ) 070)

On the other hand, we find that the function W7 satisfies the g-Riemann-Papperitz system (2.1)
under some gauge transformation. Our result gives linear relations for T3¢, ¢, T3_1q§, and for Ty,
¢, Ty '¢, and Tso, ¢, T '¢. Heve, Ty = Ty, Ty = T,TyTe, and Ty = T2T,T.T,T.Ty. Therefore
the g-Riemann-Papperitz system (2.1) can be regarded as a contiguity relation for the Askey-
Wilson function §Wr. In [21], it was mentioned that some solution for the equation Hoy = 0
is related to the big g-Jacobi polynomial. The big g-Jacobi polynomial can be obtained from
the Askey-Wilson polynomial by taking some limit. In addition, the little g-Jacobi polynomial,
which is related to the Heine’s ¢g-hypergeometric equation, can be obtained from the big ¢-Jacobi
polynomial. Degenerations of orthogonal polynomials are summarized in the Askey scheme [32].
In conclusion the degeneration “Hs — Ho — Heine” can be regarded as (a part of) the Askey
scheme.
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2.4 Connection problem

In this subsection, we will solve the connection problem associated with the g-Riemann-Papperitz
system (2.1). In Theorem 2.20, we get 6 integral solutions for the equation (2.1). So there are
4 linear relations among the integrals. In this subsection, we will give 4 relations. Three of 4
linear relations are trivially obtained, and another one can be obtained by reducing Mimachi’s
formula [38]. However this reduction is not straightforward as discussed below.

A connection formula for the Jackson integral of Jordan-Pochhammer type was obtained by
Mimachi [38] by calculating a certain contour integral. First, we review Mimachi’s connection
formula [38] for the Jackson integral of Jordan-Pochhammer type.

Proposition 2.32 ([38]). We have

qbo
9/P1H

where ¢° = ay ---any1/(b1---bng®) and

C = (qbo)” <‘;’“) “bo/akﬁ ( )

M

q ak B (azt)oo
dt_zc/ 1H(lmt)

1=0

(2.71)

1

I1 9(”“) . (2.72)
aj

0<j<M

J#k

Proof. We consider the following contour integral:

/ (18, -+, 18, q8/T, 2/8)o0 ds (2.73)
I (ng,...,dMS, 1/3)00 S

Here the contour L is a deformation of the positively oriented unit circle so that the poles of
1/(dis,...,dn+15)oc lie outside L, and the poles of 1/(1/s)s and 0 lie inside L. By the Cauchy’s
residue formula to the inside and outside, we get the following formula:

.- (qqnvclqnv"waqn)oo
0 n

n=0
_ ie(xdk) ﬁe(c/dk) [T o/ i R <Cl o )n
— p T W “— (qdxq™/cr,- ., qdrq™/err, dkq™)oo \do -+~ dar
. (2.74)
Putting ¢;, d; and x suitably, we obtain the desired formula (2.71). O

Remark 2.33. The formula (2.71) is equivalent to the connection formula of the generalized
g-hypergeometric series pry1pa [64, 67]. The connection formula of p;41¢ is also written in
section 4, (4.36).

Remark 2.34. A connection formula for the Jackson integral of type A was studied by Ito-
Noumi [26]. Their formula includes Mimachi’s one (2.71) as a special case.

We put a = 1 and aq - - - ap = ¢%bo - - - bar, then 6(g”) = 0(q) = 0. So we get

M q/ay,
o:ch/
k=0 0

(2.75)
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By a simple calculation, we have

q/ak o Cur q/ag M (ait)oo
1+ — — . 2.
/ 11 ( ta T Co)/o H(bit)oodqt (2.76)

/a0 i=0

We put ag = Ax and by = Bx. Due to Lemma 2.16, the left-hand-side of the above formula
satisfies the equation Fjry = 0 because coefficients Cy/Cy (k =1,..., M) are pseudo constants
of z. On the other hand, the integral

q/a0 M

(2.77)

of the right-hand-side is not a solution for Ej;y = 0. Thus the coefficient 1+C1/Co+---+Chs/Co
vanishes. Therefore we have the following formula:

Theorem 2.35. Suppose ag---ay = ¢>bg - --byr. We have

Mo e Mg
Ck/ 22 d,t = 0. (2.78)
; Jao g (bit)oo

Here
C’k: ( > HQZ];;Z H 0(ap/a;) H O(ax/a;)~". (2.79)

Remark 2.36. We obtained the linear relation (2.78) by reducing Mimachi’s formula (2.71).
However this reduction is not obtained straightforward. The key point in order to prove 1 +
C1/Co+ -+ Cup/Co = 0 is that the integral (2.77) is not a solution of Ej;y = 0. The direct
proof of the relation 1+ Cy/Cy + - - - + Cpr/Co = 0 seems to be difficult.

We consider the case M = 3. As mentioned above, the equation F3y = 0 is equivalent to
the g-Riemann-Papperitz system. So the formula (2.78) gives a connection formula for integral
solutions of the ¢g-Riemann-Papperitz system (2.1).

Theorem 2.37. We put

iy ¢ hi—3 £ gh1—la—v+1 £ gh1—13—v+1 - —hgtv—1 zo—stv—%
o 9(qh1 h +1)6<1qm 2>9<1q to )0(1q t3 ) <q t2 2>9<f1 ts 2)
1= — —he- — 1_
6(qv1)0 (th}:; h2) 0 (th};lg h3> 0 <xqf1 ll> 0 <ch?2 l2> 0 <xqz l3>
(2.80)
lo—v n ho—3 togha—l1—v+1 togh2—lz—v+1 - —hy4v—3 . hg+v—3
e
2= _ L 1_ 1_ 1,
0(q"=1)60 (tzqht?l hl) 0 (th’Z hd) 0 <xqf1 ll) 0 <qu 12> 0 <IIIZ l3>
(2.81)
—Ja—v t h3—& taghz—l1—v+1 taghs—l2—v+1 z —hy4v—3 . —hgtv—3
B o o L e G G,
8= - — 1 — 1.
Q(qu—l)g (ttht?’l hl) 0 (tsqf;?; h2> 0 <xqi1 ll) 0 <xq§2 l2> 0 <xq§3 l5>
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Then the integrals ¢1.4, Y24, w34 i Theorem 2.20 satisfy the following linear relation:
Cr1,4 + Copo g + C3p3 4 = 0. (2.83)
Remark 2.38. The integrals ; ; satisfies the trivial relation:
®ij+ Pk + ki =0, (2.84)

due to the definition of the Jackson integral. Therefore we get

©1,2
1 =1 0 1 0 0 ©1,3 0
1 0 -1 0 1 0 oia] |0
0 1 -1 0 0 1 Y23 I () (2'85)
0 0 Cl 0 CQ Cg ©2.4 0
©3,4

The rank of this 6 x 4 matrix is 4 in general.

Remark 2.39. We obtained a three term relation (2.83) for the integral ¢; ;. On the other
hand, the integral can be transformed to the very-well-poised ¢-hypergeometric function gW7.
So we get a new linear relation for gWWz:

8W7(CL; ba C, d7 €, f)

_ (ag/(be). . f/a, ag, ba/a, aq/ (bc). ba/c, aq/(bd). ba/d, ba/e,be/a)os o (V7 be be bd bf
~ (q/e,be/a, f/b,bf/a,aq/b,b2q/a,q/c,aq/c,q/d,aq/d,aq/e)s 8 7< — =, — >
+ idem(b, f).

RS y T
a a a a a

Here, the symbol idem(b, ¢) after an expression means that the preceding expression is repeated
with b and c¢ interchanged. Note that a similar formula for the function gW7 is written in
Gasper-Rahman [16], equation (2.11.1), however our relation is not the same as it.

2.5 Degenerations

In this section, we consider some degenerations for the g-Riemann-Papperitz system (2.1). By
taking the limit t3 — oo with suitable parameters, the ¢-Riemann-Papperitz system (2.1) be-
comes the equation (2.4), and taking the limit ¢t — 0 in (2.4), we get the Heine’s equation (1.5).
More precisely, we put (a1, as) = (o, ¢ — hs + l3), then we have

1

Wi gz, e =M (2.86)

Here, as mentioned in Remark 2.3, Hy is given by:

2 2
Ho = [[(e = "0 - T, + g2 [ [ (e — ¢ VP0) - T
=1 =1
— (qal + qa2>$2 + Ex +p(q1/2 + q_1/2>t1t2’ (287)
p= q(hlJrthrll+l2+041+0z2)/27 E = _p{(q*hQ + qil"’)tl + (q*hl + qill)tg}. (2.88)

Alsoweput t1 =1, h1 =1/2, hg —lo =a1 +as+11 —3/2,a =q*,b=q*?, c= gortoathi—1/2
and take the limit to2 — 0, then the equation Hoy = 0 becomes the Heine’s equation. For the
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details of these degenerations, see [21]. Taking the same limits for the integral solution (2.55)
and the series solution (2.61), we get solutions for the equations (2.4) and (1.5).

First, we consider degenerations for the integral solutions of the ¢g-Riemann-Papperitz system
(2.1). If the function C(t) is a pseudo constant, i.e. C(qt) = C(t), then we have

/ OOt = C(r) / " Ftd,t. (2.89)
0 0

So we have the following:

L 4 v / T (gUwt, g et ¢" St M St it
— M3z
_qh3+1/2t3 0 (Z‘t, qy+ll_%t1t, qy+l2_%t2t, ql/—‘rl;g—%tgt)oo q
1 v 2
= m(l = q")q(1 — q)z"C(7), (2.90)
0(q" 52t st
where 7 € {g"/27M1 /i1, qY/2h2 [ty '~ [z}, We put C(t) = wlrhrl%, then we
0(q"* " 2tst)
have
1 1 1 1 1
TN U U el U Gl ) R PV SR Ul 0 et U il P
t3—00 (xt, qV+l1 §t1t ql/-‘rlz 5t2t ql/-‘rl:s 2t3t> (xt,q”+ll_5t1t, ql/+12—§t2t>oo
(2.91)
Therefore we have integral solutions for the equation Hoy = 0, namely:
Theorem 2.40 ([46]). Suppose |¢" 27| < 1. The integral
T v hi+2 ha+3
_ Cai—1 (@Yt g™ T 2tt, ¢ 2 tat)
VY oel/ tl/-i-az [e51 Y T 00 dt, (2'92)
0 (l‘t,q 2tlt?q 275275)00

satisfies Haoy = 0, where v = %(hl—f—hz—ll—lz—Fl—al +ag), T € {q1/2_h1/t1, q1/2_h2/t2, g\ v/}
Remark 2.41. The condition |¢"T®1~2| < 1 is necessary for the integral to converge.
Remark 2.42. In [15], other integral solutions were obtained. See also Remark 2.21.

Remark 2.43. In [21], the following solution was given:

v—ajtaz. jv—aitaz—hotls v—aitaz—hi+l t t
T aQSD < q yq ,q ;ql1+1/271 ql2+1/22>’ (293)

qagfaﬁ»l T ’ T

where, 7 is the ¢-Appell series defined as

a;bl,bg a)n +n bl (bQ)n ni_n
( ! ) 33 @t (2.94)

n1=0mn2=0 (C ni+n2 q)nl(q)ng

The g-Appell-Lauricella series has an integral representation [3]:
; o ! t,biz1t, bazot) o
| ( @010 §$17$2> - (ac/a)e / g (gL bl bazal)ec ) (2.95)
¢ (¢ ¢)oc(1 —q) Jo (ct/a,z1t, zat)oo

where ¢® = a. The solution using the ¢-Appell series is also obtained by applying this formula
to our integral solution:

@ qV—Ot1+Oé2; qV—a1+a2—h2+l2’ qV—a1+a2—h1+l1 12 t lot1/2 to
x 2 3 4 —q -

qa27a1+1 T ) T

24



(qu—a1+a2 , ql—u)

1-v hi+L1 ho4 L
© _(v-1)(v—a1+az) v—a /q : proz—an—1 (¢"xt,q 1+2t1t,q 2+2t2t)°° d,t
q ( qt-
0

= x
(q, q012_061+1)oo(1 — q) I’t, qy-‘—ll—%tlt’ qy+l2_%t2t)oo
(2.96)

See also [21].

Next,weput ty =1, h1 =1/2, ho—lo = a1 +as+11—3/2,a = ¢*, b =q¢*?, c = gortazth—1/2
and take the limit ¢ — 0 in the above theorem. Then we get the following known integral
solution for the Heine’s equation.

Corollary 2.44. Suppose |a| < 1. The integral

4 bat, qt) oo
/ o1 qut, (2.97)
0 (zt,ct/a)so
satisfies the Heine’s equation
(1 —T)(1 — cq ' Ty) — 2(1 — aTy) (1 — bT,)]y = 0, (2.98)

where ¢¢ = a, 7 € {1,q/(bx),doo} and d € C is an arbitrary point.

In the following, we consider the degenerations for the series solutions (2.61) in terms of
the very-well-poised g-hypergeometric series. Several limits of the very-well-poised-balanced
g-hypergeometric series W7 are expressed by the g-hypergeometric series 3o as follows:

v ((ahg) ) _ def

lli)I?OS 7 (alablaCl,da e’fa (bl (cl)def> = 3¥2 ( (I(]/b,,CLQ/C ,Q> ) (299)
. _ ~ ((al)g)* \ doe, f . (ag)*

mall <“l’“’cl’d’e’f ) W) = 32 ( aq/b,ag/c bcdef) ' (2.100)

These limits can be calculated by the definition of §WW7. Using the transformation (2.60), we
have

: (a9)®\ .. (ag,aq/(ef), pq/e, g/ f)so pbopc pd . ag
el (a bedefiy d6f> = (ag/e,aq/ [, pq, uq/(ef))o<>8W7 (M’ a’a ’e’f’>
_(ag,aq/(ef))oo < ag/(cd). e, f .aq>
(aq/e,aq/f)oo aq/e,aq/d ef

(1g, ng/(ef))oo (ag)*\ . (ag,aq/(ef))s pbopc pd o ag
B (/e g/ Do T (a bedefip def) =% (ag/e, ag/Fos > T (M”a’a’e’f’ef
_(aq,aq/(ef))o aq/(cd)e, f )
~eaenapser (aiend va), (2102
Jim ((aq)Ql/(l?ff(cla)(;lcgl/e,aql/f)oosw7 <al2;bl,cl dl. el 1 b(t;fl)}i)

i (0d/ef, (GQ)Q/(bcde)a(aq)Q/(bcdf)) pb pe Md agq
= (aq)?/(bede f1)) < b e eIt f)

~(ag/ef, (aq)*/ (bede), (ag)* (bed )02 ( " ;Lq/(bbi e ;“-’//fb‘i ) (2.10)

2
lim((aq)°  (bede f1))ocs Wr (alQ;blachdl St )fl>

_ iy (aat®, ag/ef, (aq)?/(bede), (ag)* / (bedf))oo b pe /L a
i ((aq)?l/(bed), aql/e, aql/ f)oo sW7 <Ml, ; el, fl; f>
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2 2 aq/be,aq/cd,aq/bd aq
=(aq/ef, (a bede), (a bed 3 2< i — |- 2.104
(ag/ef, (aq)?/( ), (aq)”/(bedf)) o3 (aq)2/(bcde),(aq)2/(bcdf) ef ( )
By using the formula (2.100), we have
lim 2~ ("5 23 /t5) 00 W tig"h Y g MY gt tighits gz h
im =z ;
t3—o0 (q%,hgx/t?’)oo 8vvr t3 ) t3 ) t3 yd ) - »q 3 t;
3 —haHs+v v 4. hit1/2 /. thi+h3_li_lj_l3—21/+%
gy (0T . t/ : ‘ , (2.105)
q 4 i/t t
Similar to this calculation, we have the following theorem:
Theorem 2.45 ([15]). The functions
- ; —hj+1/2
_ qV+(X1 0427 qV t'qh1+1/2/l' . xq "
z” 0413()02 ( q1+hi*li’q1,+fltifljti/tj ﬂT ’ (2106)
—hot L Rl ol
o (q” h’+2x/tz’)oo3 ) tiq hl+l]+y/tiaq }”H“:Vaqy .q (2.107)
(q%—th/tl)oo q*al+a2+1, xq—hi+l/+§/ti ) ’
—hoyl . il .
e @)oo ( w27l g, ¥ q Y gt VH) (2.108)
(g2 M2 /t;) o wq T2 [t gt tj ’

(g2~ /11,707 /1)

1— li+1/2 h:—1l;— 1
g\ g2 [ gha Tl

v rq), (2.109
T (xqfhjJrufl/2/tj7 qu/Q—hi/ti)OOSQOQ < th+h2—lj—12—2u+2, tthj_l/-‘r3/2/$ q) ( )
oy (q1/2*lj)$/ti l/“rOtl—OQ’qhi_li‘f'l’ th—li—l/—I—ltj/ti ql¢+u+1/2ti
v (glitv—hi—h;=3/2y /ti)S‘PZ qhithi—li=l =242 ghithy—li—vt3/2p o 0
(2.110)
- ¢", gt g i P [ty
z” C”3802< ghi—litL ghi—litly, /g Y, (2.111)

satisfy the equation Hoy = 0. Here, v = %(hl +hy—1l1 —lp—a;+as+1).
Remark 2.46. The solution (2.111) was obtained in [21].

Remark 2.47. Solutions in Theorem 2.45 are g-analogs of the series (2.62) with t3 = oo, i.e.
g-analogs of the following series:

vi,vp t1— 1t
— )" (x — tg)"2 o F oy 2.112
@ty npan (022, (112
-t
(x —t)" (z — t2)"2 o Fy ( LYz a 2) ; (2.113)
vg Tt —to
V1,9 xr — 1
— )M (x — tg)"2 o F Ty . 2.114
(@t pan (0I5 (2,114

Remark 2.48. A symmetry of the equation Hy was found in [15] by using a configuration (see
also Remark 2.28). Using the symmetry, we can get many solutions in principle.

Next, we consider the degeneration to the Heine’s equation. Taking the limit fo — 0 with
suitable parameters for 3¢9, we obtain series solutions for the Heine’s equation. The limit can
be calculated easily, so we only show the result. In the following, we list series solutions for
the Heine’s equation, which are g-analogs of Kummer’s 24 solutions. More precisely, each series
becomes one of Kummer’s 24 solutions by taking the limit ¢ — 1 with suitable parameters.
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Theorem 2.49 ([15]).
a,b

2¥1 < 7:1:) )
C

1—’7 aq/C, bQ/c
T a1
( q*/c
x—aQ a? a‘q/c .
aq/b
b,bg/c  cq
bq/a " abx
a,b,abx/c (abz/c)so
abq/c,0 4 (%)
aq/c,bq/c,abx/c
abq/c,0 Y

(abx/c)oo ,

()oo $1 (

;x) ,xl

cq o
o

" abx

¥1

96—52@1

o

17
T30

a,aq/c,q/x,
3P2 abq/c, 0 q s
a, GQ/Cv Q/xa .

abg/c,0 )’
(b2) oo

c/ba .
' ) (@)

¢, ax
_(agx/c aq/c,q/b
xu(qmmm( wa/eafs
q*/c,aqz/c

P2

3¥2

—Q

T —Q

—B

(T)oo
¢/b,a,0

¢, cq/(bx)
¢/a,b,0

¢, cq/(ax)

"
bx)' )

ag/c,q/b
aq/b, q2/ bz)

(abx/c) =3

(b2/)os
_(abz/c)oo
bw/Q)

=

o1 (a92/)o aqx/c

(T)oo

c/b,a
aq/b, cq/(

|

¢/b,a,0
aq/b, ax

e

7

q/b, GQ/C 0
bq/a,aqx/c’

Here, ¢ = a, ¢° =
solutions as follows (see also Remark 2.51).

c/a,c/b abx

(abx/c)oo
(2)oo

(9/7)o0 ,
cq/(abz))oo

(9/7) ,
(cq/(abr))eo

g

(cq/(aba))s ™"

(cq/(aba))o "

X

g

)

q

B

b, ¢7 = c. The above series can be considered as q-analogs of Kummer’s 2/

The following 32 series satisfy the Heine’s equation:

a,q/b abx
¥1 ( q/qg/qc/ ;T
< q/b,c/b
¥1
¥1 (

aq/b
q/a,c/a
bq/a
c/a,c/b,x
cq/(ab),0
o (abe /)

;q> )
(2)oo

q/a,q/b,x
(9/7)o0

e
¢ (2.115)

)

)

(2.116)

Bl 8|

) i

(2.117)

cq/(ab),0 ;q>7
q/b,c/b,cq/(abx), 'q>

cq/(ab),0 )
afa,c/ba/x, ;q>’
bg/c,q/a

cq/ab,0
o0 22 ( q*/c,bqz/c
o (6%/(b2)) oo o q/b,aq/c,0
(cq/(abx))os ¢*/c,q%/(bx)
2
B (q / am))m 0o (

(cq/(abz))os”
c/a,b
bg/a,cq/(ax)

"
-

- (abz/c)oo
3¢2 (

(0/2)on (2.118)

b,c/a )
;aT ),

¢, bx
xl—’y (qu/C)oo
’ (z)
(
(

aqx)
I )
C

§Q>7

q/a,bq/c,0
iq |,
¢*/c,¢?/(ax)

(2.119)

bq/c,q/a ,cxz>

bg/a,q*/(ax) " ax

C
T
o

.q2

axr

(ab:c/c)

7)-
=

(bx/c)so
c/a,b,0
bq/a, bz’ )

4 (bgz/c) o

()00

q/a,bq/c,0
aq/b,bqzx/c
(2.120)
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solutions of Heine’s equation ‘ the limit ¢ — 1 (Kummer’s solutions) ‘

(2.115) (gauge factor) x oF < *;* ;x)
1
(2.116) (gauge factor) x o F} < - >
(2.117) (gauge factor) x oF} < x)
-1
(2.118) (gauge factor) x o F} ( . >
(2.119) (gauge factor) x o F} < i 1)
1
(2.120) (gauge factor) x oF} < >
—

Remark 2.50. Suppose the function f(a,b,c;z) satisfies the Heine’s equation:
(1= T)(1 — cq ' Ty) — 2(1 — aTy)(1 — bTy)] f(a, b, c;z) = 0. (2.121)

By simple calculations, we find that the following functions satisfy the Heine’s equation:

b b 0o b _
_Wf(aq bg ¢ x) Wf<z,2,c;”>, . af(a%q,%;ﬁ), F(b,a,cx).

¢’ c () oo c b’ abx
(2.122)
For detailed calculations, see appendix A. Also the function

,0(q”

P ((f :;) (a,b,c;x), (2.123)

) . ) 0(qlx) . ) )

satisfies the Heine’s equation because z” o) is a pseudo constant. The following 4 functions

T

are solutions in the list of Theorem 2.49, which are not transformed to each other by (2.122)
and (2.123):

201 < a’cb x) (2.124)
a,b,abx/c
3¢2 < abq/c é ,Q> ) (2125)
(ax)oo c/b,a
(.’L‘)oo 22 ¢, ax ,b.’E s (2.126)
(ax) oo ¢/b,a,0
: A . 2.12
(ﬂf)oo 3¥2 aq/b, ar ) ( 7)
Conversely, we can get series solutions by the transformations (2.122). We put
s1:(a,b, ;) — %b—qq—x s2:(a,b,c;x) — EEC‘@ (2.128)
1 . ) b ) c c ) c ) ) 2 M ) ) ) b7 a? ) c ) *
sz (a,b,c;x) — (a a4 abq qu ) , 4= (bya,c ). (2.129)
a
Then we can check directly that
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(sis1)* =id (2 <i <4), (sis581)2 =id (2<i#j <4). (2.131)
We put G = (sq, s2, S3, S4), then we have
G = <8182> X <82,53,34> = (Z/4Z) X (Z/QZ X Z/QZ X Z/QZ). (2.132)

This equality is checked by the computer algebra system GAP. Here the actions si, so, s3, sS4
were also found in [15] by using the configuration of Heine’s g-hypergeometric equation. The
order |G| is 32, therefore we formally obtain 128 solutions for the Heine’s equation, by applying
transformations (2.122) to solutions (2.124), (2.125), (2.126) and (2.127). Note that there are
many duplications in 128 solutions up to (2.123), for example

a,b b,a
2901< c ;90) =2<P1( c ?$>- (2.133)

When we delete duplications from the 128 solutions, we get 32 solutions which is the same as
the list in Theorem 2.49.

Remark 2.51. For the Gauss hypergeometric differential equation (1.1), there are solutions
which are written by power series of z, 1/x, 1 —z, 1/(1 — z), (z — 1)/x, x/(x — 1). These
solutions are called Kummer’s 24 solutions (see appendix A). The solutions (2.115), ..., (2.120)
are g-analogs of Kummer’s 24 solutions. In [20], g-analogs of Kummer’s 24 solutions were
obtained. More precisely, the 3¢9 solution (2.125) and the 22 solution (2.126) in Remark 2.50
were obtained. Note that the solution (2.127) was not discussed in [20]. In [11], relations for
Kummer type solutions, including (2.127), were studied by using a transformation formula for

3¥2.

Remark 2.52. The dimension of the space of solutions for the Heine’s equation, which are
regular at x = 0, is 1, and then we have

201 ( @ ;3:> = Mg(pl < c/ae/b ;abI> . (2.134)

c (7)o c c

Also if a = q7" (n € Z>y), the solutions (2.125), (2.126), (2.127) are regular at x = 0. Moreover
if a = ¢~™, then the function

JOabz/c)  _, (cq/(bx))oo 2( ¢/b,a,0

LpT e AT/ 00 . — (g "bx/c). - C/b,q_”jo‘
0(bx/c) (cq/(abx))ooyp ¢, cq/(bx) ,q> (g7 bz /C)n 3¢2< ¢, cq/(bx) ,q),

(2.135)
is regular at z = 0, too. Therefore we get
201 ( q_Z’b ;x) = (¢ ") - 202 ( quZ’_fL/xb ;bx)
e (e 0) = e (L o)
=(q""bx/C)n - :m( Cc/l:;qq/z;;? ;q) : (2.136)

We used the g-Vandermonde formula

Y .
201 ( a’(é ;q) = a™ (n € Z>o), (2.137)



to lead the formulas (2.136). The ¢-Vandermonde formula can be obtained by the Heine’s
transformation formula (2.143), given below. Heine’s transformation formula also can be found
from the viewpoint of solutions for the Heine’s equation (see Remark 2.53 below). Note that a
part of the equation (2.136) holds with the general parameter a:

2001 < a’cb ;$> = %2902 < a,c/b ;bOC) ; (2.138)

(%) oo c,ar
The formulas (2.134), (2.136), (2.137), (2.138) are summarized in [16].

Remark 2.53. We note that the functions

a,b,q/x oz
3p1 < abq/c 3 C> ) (2139)

((bj)): 2 ( C/sz; ’ 5“) ) (2.140)

also satisfy the Heine’s equation. These can be found by the same degeneration ¢t — 0 to obtain
the list in Theorem 2.49. However, we did not put them in the list. The reason is as follows.

(1) The series 3¢1 is a divergent series. Thus this solution is formal if the series does not
terminate. If a = ¢7" (n € Z>¢), we have

q_n’b . _ (C/b)n 7 q—n7b’ Q/$ 'JZ‘
21 ( c 71‘) - Wb 3P1 ql_nb/c 7E 5 (2141)

in the same way as Remark 2.52. Note that we put a = ¢%, b = ¢%, ¢ = ¢7, then we have

a,b,q/x { q—1 Oé,ﬂ 1
3¥P1 ( abq/c X C) e 2F1 ( 1 :I}> R (2.142)

formally.

(2) The series (2.140) is the integral solution (1.6) with the integral path C' = [0,1] up to the
normalization. This series is regular at x = 0, and then we get

bx) oo
i () = 0 () 210

c (T)oo 2

(@)oo

(€)oo

and by using the g-binomial theorem, we have D = . The transformation (2.143) is

well known as Heine’s transformation formula [16].
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3 Euler-type integral transformation for the ¢-Heun equation
and affine Weyl group

In this section, we introduce the ¢g-Euler transformation E*, and we give integral transformations
for the g-Heun equation and its variants [62]. As an application, we give representations of
affine Weyl groups of types Dél), ET(ll) (n =16,7,8). As mentioned in introduction, variants of ¢-
hypergeometric equation [21] are introduced by considering special cases of the ¢g-Heun equation
and its variant of degree three. In section 2.2, we give integral solutions for the variants of
g-hypergeometric equation. For the g-Heun equation and its variants in general parameters, it
is difficult to give an integral solution, but we can construct integral transformations for the
equations. This section is based on [47].

The Heun’s differential equation is a standard form of second order Fuchsian differential
equations with four singularities on P!. An integral transformation is studied by Takemura
[59, 60]. A g-analog of Heun’s differential equation was discovered by Hahn [22], and studied
by Takemura [61, 62] from the viewpoint of the Ruijsenaars-van Diejen system [13, 53]. And
in [62], variants of the ¢g-Heun equation were introduced. In [56], an integral transformation
of the g-Heun equation was obtained by using Sakai-Yamaguchi’s g-middle convolution [55].
More precisely, they construct an integral transformation for the Lax linear equation of Jimbo-
Sakai’s ¢g-Painlevé equation [28], and by specializing the linear equation, they give an integral
transformation for the ¢-Heun equation. However integral transformations for variants of the
g-Heun equation were not studied by the ¢-middle convolution. Sakai-Yamaguchi’s ¢g-middle
convolution is an integral transformation for first order g-difference systems, but the ¢-Heun
equation and its variants are second order g¢-difference equations. So rewriting them as systems
of first order g-difference equations is needed for applying the g-middle convolution. It is difficult
to rewrite variants as a first order system in simple forms, that is why integral transformations
for the variants by using the g-middle convolution were not studied.

Our integral transformation can be applied to higher order g¢-difference equations, not to
systems of first order g¢-difference equations. So no rewriting is needed for the g-Heun equation
and its variants. Therefore we can get integral transformations for the g-Heun equation and its
variants by easy calculations compared to [56].

3.1 Euler-type integral transformation

In this subsection, we introduce an Euler-type integral transformation E*.

Definition 3.1. Using the Jackson integral, we define the ¢-Euler transformation of the function
f(x) as follows:

A o) = 1 7% (qt/)os
Bz = J o Tttt

Remark 3.2. The ¢-Euler transformation E*(f) is a g-analog of the Riemann-Liouville integral

(3.1)

/C F(t) (@ — ) at. (3.2)

The g-Euler transformation was first considered by Agarwal [1] and Al-Salam [2] as a trans-
formation of functions. The transformation E* can be regarded as a transformation of some
g-difference equations, by applying it to solutions for the g-difference equations.

Proposition 3.3. Suppose Tyo = ¢'o (1 € 7). We have
ENTof)(w;0) = ¢ AT EMNf) (w5 0), (3.3)
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(1 To) BNz - f)(@i0) = 2(1 — ¢ ) BA(f) (2 0). (3.4)

Proof. First we prove the equation (3.3). By the definition of the Jackson integral, we find

/ " Platydyt = ! / " P)d,t. (3.5)
0 0

Thus we have

000 t/2) o0
BT, f)(z50) = f<qt>((it//))dqt

e [ o (o
= [ (G )
_qlkl/o T< qft//x ) (3.6)

By the condition T,0 = ¢'o (I € Z), we have

TpF(t;x)dgt = Tx/ F(t;z)dgt. (3.7)
0 0

Therefore we have

= ¢ T(B(f) (=5 ff))- (3.8)

Second, we prove the equation (3.4). From a direct calculation, we get

-7 (0 50 ) —att - (A0 S ) 0 )

By integrating both sides, we finally find
_ a1 [ (qt/z)oo g A— 1/ (gt/2)
(1-1Ty) (ac /0 tf(t)i( Xt /) d t) z(1 — T:) ( f(t) (/1) ———dgt

This completes the proof of (3.4). O

3.2 Dél) case: ¢-Heun equation

In this subsection, we construct an integral transformation for the ¢g-Heun equation, and we give

1)

a representation of affine Weyl group of type Dé as an application.

Definition 3.4 (¢-Heun equation [19]). Suppose ajasdids = bibacica. We define the g-difference
operator H as follows:

H=2"'1-a;'"T)(1 - a5 ' T)T,  + (crea) (1 — by M) (1 — by M) T,
+ (=it = O + (arag) M (—dyt — dy YT (3.11)

For E € C, the equation (H — E)f(x) = 0 is called the ¢g-Heun equation.
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Remark 3.5. The eigenvalue E plays an accessory parameter. See also [61, 62] for the ¢g-Heun
equation.

Proposition 3.6. The operator H is characterized by the following conditions: The operator
H s rewritten as

1 1 1
H=)Y Y aa'Ti=> 2'Li(Ty)= > Pix)TI (agp=0). (3.12)
i=—1j=-1 i=—1 j=-1
Then we have the followings:

(1) The Laurent polynomials L_1(y), L1(y) satisfy
Loa(y) o< (y —an)(y — a2), La(y) o< (y = bi)(y — b2). (3.13)
(2) The Laurent polynomials P_i(x) Pi(x) satisfy

P_i(z) x (x —c1)(z — ¢c2), Pi(z) x (xz —di)(x — da). (3.14)

Proof. We can prove this proposition in a similar way to the proof of Proposition 2.5. 0

Remark 3.7. If parameters do not satisfy the condition ajasdids = b1bacica, then there is no
operator that satisfies the conditions (1) and (2) in Proposition 3.6. This is easily checked by
the compatibility of the two representations of H:

1
H=Y a'Ly(T,) (3.15)

i=—1 j=—1

I
g
&
el

Proposition 3.8. Let the function f(x) satisfy the g-Heun equation (H — E) f(xz) = 0. We put
q°r = afl, = albflq_l, q”? = g~ P =b1q. Then the function

F(x) = :vsz’\(ﬁ’l - f)(z;0) = gPrtA-l /OUOO tplf(t)m%t, (3.16)

satisfies the equation (H — E)F(x) = 0 if Tyo = ¢'o (I € Z). Here,

H=2"'1— (b1q) ' Te)(1 — a3 "T) T, + (creo) ta(1 — ay tqTe) (1 — by ' T) Tt
+ (=t = DT (aag) " (—dy = dy T, (3.17)
i.€.
H=H : (3.18)

a1 — big, by — a1q”t, di — dz‘;fl (i=1,2)
19

Proof. First, by the gauge transformation f(x) — fi(z) = ' f(x), the equation (H — E) f(x) =
0 becomes (H; — E) fi(z) = 0, where

H, :x_l(l —T)(1— alangx)al_lTx_l + (clcg)_lx(l — albl_sz)(l — ale_ITm)al_lTx_l
+ (—ert = Da ' T+ (arae) T H=dt = dy Har T (3.19)

Using the relation (3.3) in Proposition 3.3, we get

E* (z7' (1= Tp)(1 — aray ' Tp)ay ' T, fi() (250)
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=B (1= qT2)(1 — aray 'qTy)ay ' ' T, e fu(2) (2 0)
=(1 - ¢ M) (1 - aray ¢t ey g AT L ED (:L‘_lfl(x)) (z;0). (3.20)

By using (3.4) in Proposition 3.3, we find

(1- qlf/\Tx)(l — a1a;lqlf)‘Tx)al_lq*H)‘T;lE)‘ (a:flfl(:c)) (x;0)
=(1 —aray ' ¢" ey g N1 — ¢ BN @ fu() (25 0)
=(1 —aray '¢" ey g T e (1 - To) BN (35 0)
=2 (1 = Tp)(1 — aray ‘¢ ) a P, EA(fL) (5 0). (3.21)

We similarly get

B (33(1 — albflTx)(l — albngI)afnglfl(az)) (z;0)
=(1—aby'q ML) (1 — anby g M)y g T EN (w0 fi (2)) (w5 0)
=(1 = aby ¢ T M )ay ¢ T (1~ ¢ L) EA(fi) (230
=2(1 = ¢' L) (1 = arby ¢ M )a T EAN(f) (350). (3.22)

Here we use ¢* = ajb;'q'. Therefore we have (Hy — E)E*(f1)(2;0) = 0 by considering
EM(Hy — E) f1)(x;0). Here,
Hy =27 (1 — Tp)(1 — aray "¢ )ay " Tt + (crea) ta(1 — ¢ ML) (1 — arby g My )ay g T !

xT

+ (=t = e Na P + (arag) T (—dyt - dy M arg T T (3.23)

By the gauge transformation fo(z) — 22 fo(x) = F(x), we get the desired equation (H —
E)F(z)=0. O

Remark 3.9. Proposition 3.8 is also obtained by Sasaki-Takagi-Takemura [56]. They apply the
g-middle convolution [55] to a linear g-difference equation which is associated with Jimbo-Sakai’s
g-Painlevé equation [28]. As a special case, they give an integral transformation for the ¢g-Heun
equation. Also an integral transformation of Heun’s differential equation was obtained in [59]
by using the middle convolution, which was introduced by Katz [31]. See also Dettweiler-Reiter
[12] for the middle convolution.

Clearly, the ¢-Heun equation has the symmetry a; <> a2, by <> b2, ¢1 <> co, di <> do. In
(z/d1)

(qz/c1)oo
(H — E)f(z) = 0 is transformed to the equation (HY — E) f9(x) = 0, where

addition, by the gauge transformation f(z) — f9(x) = f(z) , the g-Heun equation
HY =711 - aflTI)(l — angx)Tx_l + ((d1q)e2) tz(1 — bflcfldqux)(l — b;lcfldqux)Tx_l
+(=di'q = I+ (anaz) TN (e Mg — dy )T, (3.24)

i.e.

HY=H . (3.25)

c1 — dig, di — ciqt, by — bii (1=1,2)

dig

In conclusion we get a representation of the affine Weyl group of type Dél) by using the trans-
formations of the ¢g-Heun equation as follows.
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Theorem 3.10. We define the actions of sg,...,S5 on parameters as follows:

Sp a1 <> a2, S : bl — bz, S4:C1 <> C2, S5 d1 — d2, (3.26)
S9 a1 — blq, bl — alq_l, di — dz% (Z = 1,2), (3.27)
q
s3:c1 — diq, di — c1q” ", b; = b; d— (1=1,2). (3.28)
149

These transformations {s;} satisfy the Coxeter relations for the following Dynkin diagram:

N,
N\,

We also define the actions of So,...,85 on a function f(x) as follows:
9 :f(x) — P2 BNt - f)(z;0), (3.29)
~ . (x/dl)oo
83 :f(x) = f(w)ma (3.30)
§i :trivial (i =0,1,4,5). (3.31)

Here ¢°t = afl, @ = albflq_l, q°? = g AP = biq. If the functz’on f(x) satisfies the q-Heun
equation (H — E) f(x) = 0, then we have ((s;H) — E)(8;f(z)) =0 (0 <i <5).

Proof. We already proved ((s;H) — E)(8;f(xz)) = 0. We only have to check the braid relations
for the transformations (3.26), (3.27), (3.28). These can be found directly. For example,

d d

505250 - (al,CLQ,bl,bQ,Cl,CQ,dl,dz) — <a17b1Q7 %71)27017627 E7 a2 2> (332)
q big = biq
asdy aods

$25082 1 (a1,a2,b1,b2,c1,c2,d1,d2) — a1, b1q, 2 by, c1, 09, 2L . (3.33)
q big = big

O

Remark 3.11. The transformations (3.29), (3.30), (3.31) do not satisfy the Coxeter relations
in general.

3.3 Eﬁl) case

By similar method to obtain Theorem 3.10, we get the representations of affine Weyl group of
type E,(ll) in terms of transformations of suitable g-difference equations. Following theorems can

(1)

be proved in similar ways of the Dy case.
Case Eél):
We consider the g-difference equation £ £ f(z Z Z CijT “TJ f(x) = 0 with the fol-
i=—1j=-1
lowing conditions:
(1) We rewrite £ ,0) = Z x'L;i(Ty), then L_1(y) « (y —a1)(y —az) and La(y)  (y —b)(y —
6

i=—1

bg™1), Li(y) o< (y — b).
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1
(2) We rewrite EEén = Z P;(x)TY, then P_q(z) « (x — c1)(z — c2)(z — ¢3) and Pi(x) o
j=—1
(x —di)(x — d2)(z — d3).

Here, parameters satisfy ajasdidads = ¢~ b2

C1C2C3.
Remark 3.12. The equation £ B f(z) = 0 is equivalent to the variant of the ¢-Heun equation
of degree three [62].

We put ¢ =a; ', ¢* = a1b"'q7!, ¢#? = ¢~ = bg, and

F(z) = 2" EMa” - f) (w5 0) = 2 /O%O 1 £ (1) Jéfff)i;

Similar to Proposition 3.8, we find easily /jEu)F(a:) =0if EE(1>f(a:) = 0, where
6 6

dyt. (3.34)

L ) (3.35)
6 Ee a1—>bq, b—>a1q_1, dl%dlzﬁ; (i:1,2,3)

Also the equation EE(l)f(Jc) = 0 has the symmetries a1 <> a2, ¢; <> ¢iy1 (i = 1,2), d; <> diyq
6

(z/d1)oo
(qx/cl)oo

(1 =1,2), and by the gauge transformation f(z) — f(x) , the equation £ ) f(z) =0
6

is transformed to E‘;él)fg(x) = 0, where

L7 =L . (3.36)
(1) (1)
Eﬁl Fo c1 — diq, di — clq_l, b— bi
diq
Therefore we have the following result.
Theorem 3.13. We define the actions of s, ..., S¢ on parameters as follows:
Sp a1 <> ag, S]1 :C3 <> C2, 82 :Cy <> C1, S4: d1 <~ dg, S5 . d2 <~ d3, (337)
s3:c1 —dig, di — clq_l, b— bi, (3.38)
d1q
s6: a1 — bg, b— arg”), di — di% (i=1,2,3). (3.39)
q

These transformations {s;} satisfy the Cozeter relations for the following Dynkin diagram:

50

56

§1——89——83——S4——S5

We also define the actions of So,...,8¢ on a function f(x) as follows:
- (x/dl)oo
S3: fx) — flx)——F, 3.40
56 : f(x) = 2P EMNaPr - f)(x;0), (3.41)
§i @ trivial (i =0,1,2,4,5). (3.42)

Here, g°* = al_l, ¢ =a1b"lq7!, ¢ = ¢~ P = bq. If the function f(x) satisfies EE(l)f(a:) 0,
6

then we have (siL,0))(5if(z)) =0 (0 <i <6).
6
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Case Egl):

We consider the equation £ B flx Z Z cm:L"T] f(x) = 0 with the following condi-
i=—2j=-—1
tions:
2 .
(1) We rewrite £, = Z x'Li(T,), then L_o(y) < (y — a)(y — aq), L_1(y) < (y — a) and
7
i=—2

La(y) oc (y = b)(y — bg ™), La(y) o< (y — b).
1
(2) We rewrite £ = Z P;(2)TZ, then P_q(z) o< (z — c1)(z — c2)(z — c3) and Py(z) o

(r —dy)(z —dg)(x — d3).

Here, parameters satisfy qa?d,dods = ¢~ 1b?

€1C2C3.
Remark 3.14. The equation £ B yf(z) = 0 is equivalent to the variant of the g-Heun equation
og degree four [62].

(1)

Similar calculation to the Dg

case and Eél) case, we find that the equation EE(l)f(m) =0
7

has the Egl)—symmetry. Here we only give the result.

Theorem 3.15. We define the actions of sg, ..., s7 on parameters as follows:

Sp a1 <> a2, S] :C4 <> C3, 82 :C3 <> Cy, S3:C2 <> Cq, S5:d1Hd2, S(jtdngg, S7:d3<—>d4,

(3.43)
sa:c1—dig, di —» gt b— b— (3.44)
diq’
so:a; — bg, b—aigt, di — di% (i=1,2,3,4). (3.45)
q

These transformations {s;} satisfy the Cozxeter relations for the following Dynkin diagram:

S0

§1——89——83———84—S85——Sg——S7

We also define the actions of 3o, ...,57 on a function f(x) as follows:
. (z/d1)oo
Sq: flx) — flo) ————, 3.46
50 : f(z) = 2P EMNaPr - f)(x;0), (3.47)
§i : trivial (1 =1,2,3,5,6,7). (3.48)

Here, ¢"* = a1, ¢ =ab ¢!, ¢ =g P = bq If the function f(x) satisfies the equation
L, f(z) =0, then we have (s; E(l))(slf( x))=0(0<i<7).
7

Case Eg oF
We consider the equation £ B f(z Z Z cmeTJ = 0 with the following condi-
i=—3j=—1
tions:
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(1) We rewrite £ B Z 2'Li(T,), then L_3(y) o (y — a)(y — aq)(y — ag?), L_o(y) o
i=—3

(y —a)(y —aq), L1(y) x (y —a) and L3(y) < (y —b)(y — bg~")(y — bg—2), La(y)
(y—b)(y —bg™ 1), L1(y) o (y — b).

(2) We rewrite EE(l) = Z P;(x)TZ, then P_i(x) « (z —c1)(z — c2)(z — c3)(z — ca)(2 —
j=—1
¢s5)(z — cg) and Pg(ﬂ?) x (z —dy)(x — dig N (z — d2)(z — dag V) (z — d3)(x — d3qg™!),
Pi(z) < (x — dy)(x — do)(x — d3).

Here, parameters satisfy a3d%d%d§ = ¢33

ci1coczcqcscg. Note that the rank of the equation
L B f(z) = 0 is 3, unlike in the cases Dél), Eél), Eél). Similar calculation to the above cases,
we ﬁnd that the equation E 0 f(x) =0 has the Eél)—symmetry. We only show the result since
the proof is almost the same as the Dél), E’él), Eél) cases.

Theorem 3.16. We define the actions of sg,...,Ss on parameters as follows:

d3<—)d2, S9 ¢ dg(—)dl, S4:C1 <> C2, 85:C <> C3, Sg:C3 <> Cq4, S7:.:C4q <> C5, S8 :C5 <> Cgp,

(3.49)

S§3:C1 — dlq, Cl1 —c1q b — bi (350)
dlq

sp:ar —bg, b—aiqg”t, dj — diE (1=1,2,3). (3.51)

These transformations {s;} satisfy the Cozeter relations for the following Dynkin diagram:

S0

§]——89——83——S4——S8S5——Sg———S7——S8

We also define the actions of S, ...,8s on a function f(x) as follows:
- ($/d1)m
s3: f(x) — fl) —————, 3.52
50 : f(z) = 22BNz - f)(2;0), (3.53)
S; : trivial (i =1,2,4,5,6,7,8). (3.54)

Here, ¢"* = o™, ¢* = ab~ g7t ¢ = ¢ P = bg. If the function f(x) = 0 satisfies the
equation EEénf(x) =0, then we have (s; E(l))(szf( x))=0(0<i<8).

Remark 3.17. The equations £ 2D f(z) =0 (n =6,7,8) are characterized by the corresponding
conditions up to the constant term cpo. In other words, these equations have one accessory
parameter.

Remark 3.18. The operator EE(1> is discussed by Moriyama-Yamada [41] in order to give
8

quantum representations for affine Weyl groups. The operators Egg, £§E16)
in [41].

and H are also studied

Remark 3.19. The integral transformations of the cases of Dél), Eél), ES) are also obtained by
Takemura [63] by using kernel functions of g-difference operators. The integral transformation

of the case of Eél) is a new result [48].
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4 Connection problem for a multivariable ¢-hypergeometric sys-
tem

In this section, we will give local solutions and connection matrices for the g-hypergeometric
system En s [51, 52], which is an extension of the g-Appell-Lauricella system. A characterization
of these solutions will be also given. This section is based on [45].

Definition 4.1 ([51, 52]). We define the system Ey s as

N N
v [J(1 - a7 - (1 H1—ch IT). 1-T) y F=0 (1<s<M), (4.1)
j=1 j=1
{2,(1 = b,T)(1 = Ty) — 2s(1 = bT)(1 —T,)}F =0 (1<r<s<M), (4.2)

where Ts =T, and T =T} - - - T in this section.

The function

M M

Fan <{aj}1§j§4Na{‘bi}1§i§M;{xi}l<i<M> - v H )im H (bi)m, szm (4.3)

C
{ejh<jcy mi,...;mar>0 j= 1 =1 (@)m i=1

satisfies the system En ps. This function and the corresponding system FEx js were introduced
by Park [51, 52] in order to construct an isomonodromic deformation.

Theorem 4.2 ([52]). The rank of the system En s ts NM + 1.

The function Fx s is a generalization both of the g-Appell-Lauricella function ¢p and of the
generalized g-hypergeometric function yi11¢n, i.e. Fiv = ¢p and Fy1 = y+1¢n. Thus our
results contain solving the connection problem related with ¢p and also related with yi1¢nN.
The equality (4.36) given below can be considered as a part of the connection relations for
N+1¢N, which was first studied by J. Thomae [64] and was proved by G. N. Watson [67]. Also
the g-Appell-Lauricella function has a Jackson integral representation of Jordan-Pochhammer
type, and the connection problem related with the Jackson integral of Jordan-Pochhammer type
was solved by Mimachi [38]. Note that a connection formula for the Jackson integral of type
A, including Mimachi’s formula, was studied by Ito-Noumi [26]. In differential case, funda-
mental solutions of the equation related with the Appell-Lauricella function Fp were obtained
by Gelfand-Kapranov-Zelevinsky [17] as an application of the theory of the GKZ hypergeomet-
ric function. Our solutions include g-analogs of the solutions of [17] for the Appell-Lauricella
system.

4.1 Fundamental solutions

In the following, we give a fundamental solution for the system En as.

Definition 4.3 ([45]). We define series ]-"]%,M,fﬁ,lf\j and gﬁ,]}”\/[l as

}-]%’M < {aj}1<{]'cfév,{??i}1<i<M ;{I‘i}lgigM)
JS1<j<N

B (a;/(bryr - ba)my 11 Ome v e 14 (4 \™
_m 2 H b il_Il(Q) e H1<bixz’> 7 (4

0ot (/O by 2y (Dme 25"
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; i 11<4 bihi<i<n
FLikl {aj}i<j<n, {biti<i<n o
N,M {Cj}1<j<N a{ z}ISlSM

N L I-1 M
_ Z H qak/cg mri1 H bz H b; mi41 H (bl)mz
>0 ot @O0 mun 2 (Dm0 (@me Sy (@,
mr41
(ak/(bl+1 . m(l) <q$z > -1 ((]:Uz )mi+1 M (blvfl)mi N ¢ q
X R S ,
(qay/(b; - - H bz z’:lgrl bz Zl;[rl bix; ]1_11 a; b
(4.5)
Llcl’ {ajhi<j<n, {biti<i<m al (qaj/ck)m, = b)m: 11 (08)mi_y
O, Irn S CHESTY LD DR Y | | Rt | B
Cjr1<j<N miseomar>0 Uj=1 (qc]/ck)mL i1 (@)m; i1l (@D
X ﬁ (0i)m; (Ck/qbl”rl' m’=1) H ( 4 )m ﬁ <bl/xll>m” ﬁ <bl’xl'>mi : <bl’xl/>mL
i @Dme (/b bat)me—1y i \bvar ) Sn \ bi i \ biti q ’
(4.6)
where 0 < L < M, 1<k <N, L+1<I1<Mand1<1U < L. Here, m(l) = >}, m; —
M
D imi41 M-
Proposition 4.4 ([45]). For 0 < L < M, the functions
M {ashejen, {bihis
H %_Bi '-E%/M( UiS1SISN, VDiS1isM ;{$z’}1<i<M>7 (4.7)
el ’ {eih<jen o
Moo M A A
zy P BT T g gLk ( tahejen. tihisicm ?{Ii}1§i§M> (1<k<N,1<I<L)
s {ejh<jen
(4.8)
—ap+M, L B il 8 Lkl [ {ajhi<j<n,{biti<i<m
X, = H " FN M < JIAs = s ;{iﬁi}lgigM) (1<E<N,L+1<I<M),
i ! {ejh<jen
(4.9)
satisfy the q-difference system En . Here ¢*F = ay, @Pi=b;, F =c¢p
Proof. This proposition can be checked directly. O
Remark 4.5. When N = 1, the system Ex js reduces the g-Appell-Lauricella system:
{21 —aT)(1 =bsTs) — (1 —cqg 'T)(1 —=T)}IF =0 (1<s< M), (4.10)
{z,(1 =b,T)(1 =Ts) —xs(1 = bTs)(1 —T)}F=0 (1<r<s<M). (4.11)
The series FF ‘v (4.7), ]:L’l’l (4.8), gf L1 (4.9) are rewritten as
]:1L,M ( a, {bi}clgiSM ;{sz‘}1<z’<M>
a/(bry1 -+ bn);{bihi<i<m { q q }
= - - ; goouy N yoouy 5 4.12
#D.L ( c/(bry1---bar) o T byrm (4.12)
; ;{biti<i
fﬁ’]\?l ( o }clg =M %{%’}19’31\4)
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_ @Dl< a/(big1---bar);{b1,....br,aq/c,bra, .. bi—1, by, -, b}

aq/(bi---bwm) ’
{61901 qrL g qTr4 qri-1 by bz } (4.13)
biry " by abyy’ b T by bamg T by ) )
Ll a7 b .
G1ai < t Z};SZSM ;{xi}lsiSM)
— , C/(bl’-l-l"'bMQ);{blv"'7bl’—1)bl/+17’"abLaGQ/C7bL+1,"'abM} .
¥Dl'-1 C/(bl/bM) )
{ qr1 qry_1  bpay byxy bpxy  bpay by xy } (4.14)
bpay’ 7 bpay T bpgaxpsn’ bz’ g Tbppxpe’ by ) )

where 0 < L<M,L+1<I1<M,1<!'<Land

#D,j < a;{bi}clgiSM ;{fﬁi}lgigM) = Z Ei)m(]:) H

mi,...,mpr >0

(bi)mi [Tz (4.15)

These solutions are g-analogs of series solutions for the Appell-Lauricella system which were
obtained by Gelfand-Kapranov-Zelevinsky [17].

In the general theory of g-difference systems in several variables, the basis of local solutions
should be characterized by the asymptotic behavior near the singularity, i.e. origin or infinity,
in some prescribed sector [4, 5]. The following proposition answers this requirement.

Proposition 4.6 ([45]). We put z = (z1/x2,..., 21/, 2L, 1/T141, TL41/T 042, -, TM—1/T01)-
The solutions (4.7), (4.8), (4.9) are characterized by the following asymptotic behavior at z =
0,...,0):

M
[I =" a+oqi, (4.16)
i=L+1
43,4 B -
i= 1 Tk —Bi
A | [ R (NS (4.17)
z'—l—l-l
B TT A+ O l) (418)
i=l+1
where ||z|| = Z]\fl |2i]-
Proof. The equations (4.1) and (4.2) are rewritten as
. N
.. (1 —a;T (1—c -7 1—Ts}.7::0, 1<s< L),
Eeete ) Gl 121 1) (-1 (1ss<)
N 1 =z T N
{Hu —aT) - (1= b,Ty) = —— 2 22 [[ (1= g™ 'T) - (1 —Ts>}f= 0, (L<s<M),
i LL+1 TL+2 Ls J=1
(4.19)
and
{?(1 — b, 1) (1 —Ty) — (1 — byTy)(1 — TT)} F=0 (1<r<s<M). (4.20)
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If a function f(z) is a solution of En s and has the asymptotic behavior
fla) =at - agy (14 O(ll2)), (4.21)

at © = (0,...,0). Then, by checking the coefficient of the lowest power of z, we find that
0 = (d1,...,0p) must satisfy

N
H (1 —cjq tgn T T 1 —¢®)=0, (1<s<L),

X, (4.22)
H PO (1 —hy®) =0, (L<s< M),
(1—bsq )(1—q =0 (1<r<s<M). (4.23)
In this sense, the solution (41, ...,dxs) of the above equations should be called “the characteristic
exponent of the system En at z = (0,...,0)”, like a characteristic exponent in one variable
case. Solving those equations, we have
(61,.+.,0n01)
=(0,...,0,—Br+1,...,—Bn) : one solution, (4.24)
(]' + fo\iQ BZ — Yk, _ﬂ27 ey _BM)a
071+ ]'\fﬁl_'yka_ﬁ?)a"w_/@Mv
_( 2i=s i ) . NL solutions, (4.25)
(07 o 707 1+ Zi]\iL+1 51 — Yk _BL+17 L) _5M)7
(07 .. 707 07 —O + quj\iLJ,_Q /Bi) _/BL+27 ey _6M)7
(07 LI 707 07 07 —O + Zi]\iL+3 5i7 _/8L+37 ceey _ﬂM)a

: N(M — L) solutions (4.26)

(0,...,0,0,...,0, —ay),
where 1 < k < N. This completes the proof. O

Proposition 4.7 ([45]). For 0 < L < M and o € &), we set

M

Wb —Bo, a; }1<j<N, 10s(i) 1<i<m
Uy = H To; f]%[,M < { ]}1 J{C }{ z)}l ’ {xa(i)}1§i§M> ) (427)
11 T S1<j<N
K2
M
1+ ZAE o — _ a; <N, b_: <M
e I] =0 - gl {ajhi<jen, {bo h1<i< Ao heicar )
Pt {ejh<jcn
Lo (1<k<N,1<I1<L),
B TR Y LA {ajh1<j<n, {bo() h<i<m
Loy i=l+1 709 H To; FN:Z\;[ - = - ;{xg(i)}lgiSM ,
Pt {cih<j<n
\ (L<k<N,L+1<I<DM)
(4.28)
We set
ul = (uéa uff, . uf&,ugf, .. u@?\/I)T (4.29)
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Then u™° is a fundamental solution of the q-difference system En v in the region

N
Dre = Ayl <1 <i<D), [[[2 L —|<1(@+1<i<m),
{ ( ]1;[1%' Do (i) %o i)
B | 1 (1<i<j<)b. (4.30)
bo(j)Zo(s)

Proof. We only have to prove the linearly independence of uOL’id, ué’;d (I1<k<N, 1<I<M).
Suppose

N M
Couy™ + >3 Crpuyy =0, (4.31)
k=1 [=1

. . Lid  Ljid .
where Cp, Cj; are pseudo constants in x. The solutions wu, e Uy ll are characterized by the

asymptotic behavior in Proposition 4.6. We rewrite these asymptotic behavior as
L,id & L,id é
up™" = 2™ (1+ O([[2l])), wy;" = 2" (1+ O(||=]])), (4.32)
where 20 = x<151 “-a:(]s\% for 6 = (01,...,67). We can take m = (mq,...,my) € ZM such that

(m, d0) # (m, 0p,1) # (m, 6 ) for any (k,1) # (K',1"), where (m,d) = mid1 + - - - + mardp. We
define the operator R = T7" --- T} for such m. We put

L,id L,id L,id L,id L,id Lid \T
v = (COU() y 017111,1’1 ,017211,172 go ey CLMUI,M7 0271712’1 PPN 7CN,MUN7M) 5 (433)
and consider the following determinant

D:

’U,R’U,...,RNM’U|. (4.34)

Using the asymptotic behaviors (4.32), we have

q(mvéo) q(mvélyl) e q(mréN,M)
D= C()i(}(so H(Ck,lx(;k’l) . (q(m,éo))Q (q(m,61,1))2 - (q(m75N,M))2 (1 + O(HZH))
ki : : :
(gm0 \NM - ((mbi, )Y NM (gm0 ar) )N M

(4.35)

By the assumption (4.31), we have D = 0. Also the Vandermonde determinant is not vanished
by the condition of m. Therefore one of the pseudo constants Cy, Cj; is 0. Using the above
method inductively, we finally obtain Cy = Cj; = 0 for any (k,1). O

4.2 Connection matrices

In the following, we consider the connection formula between w11 and u’?72, where 0 <
Li,Ly < M and o1,02 € Gy We can solve this problem in principle by calculating the
following matrices:

(1) the matrix which connects u*? with u**1% (0 < L <M —1),

(2) the matrix which connects u™ with u*~17 (1 < L < M),
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(3) the matrix which connects u**"7 with u?-* (0 <r < M — 1),

where s, = (r,r+1) € &)s. These matrices can be calculated by the Thomae-Watson’s formula
(64, 67].

Lemma 4.8 ([64, 67]). The connection formula of 1@ is given as follows:

at,...,AN+1 |
N+1¥YN bi.....by ;L
N+1 N
o (b; /ak (aj)o0  O(zay) {qan/bi}1<j<ns ax  bi---bng
ZH H (a;/ar)eo 0(2) N+1PN {qar/a;}1<i< itk a1t an41T )
k=1 j=1 ] 00 1<j<N+1 7/ Ak )oo k/ Q5 s1<j<N+1,j#k 1 N+1
J#k
(4.36)
Proof. This formula can be proved in a similar way to Proposition 2.32. O

Computation of case (1):
First, we consider the matrix which connects w4 with w214, If [ £ L + 1, then we have

uélld = uilﬂ’id, (4.37)
easily. Hence, we should calculate the connection formula of uL ld, uéidﬂ By rewriting the

definition (4.4), we have

L {agh {bi} (4 _ J(brs1bar))m(z) 1o Bi)m; 15 M g \™
fN,M( o) ,{xz})—m ) H L)Hq L 1] (b)

J(br41--

Smar>0 j= 1 i=L+1
N L M m;
_ Z H (aj/(bL+1 ce bM))m(L)/ H (bl)mz mei H q Z
-0 13 (Cj/(bL_H cee bM))m(L)’ : (@m; - b bix;
ml,...,mL,mL+2,...,mA170 7j=1 1;;]_;}-]\14 1=1 1=L+2
X NA1ON {gbry1---bar/ciq™ P cjon, b | G.__ 1 (4.38)
" {gbri1---bar/a;q™ P hicjen e brawna ) [ '

Here and in the following, we use the notation

! M
m(l) = Zmz - Z mg, (4.39)
i=1 i=1+2

for m = (mq,...,my) and 0 <1 < M. By applying the formula (4.36) to y11¢N, we obtain

]:]%’M ( {aj}1§j§‘N’{.b7;}1gi§M ;{$i}1<i<M>
{ejhi<ien

_ ﬁ (gbri2---bm/aj, gbrir - bu/cj)oe  O(zry1a1---an/(c1---cn))
(qbrs1---bar/aj,qbryo---bar/cj)oe O(xry1bryrar---an/(c1---cn))

7=1
» ]'—JLVJ?\4< {ay}1<{]cjﬁ,§{]l;}v1<z<M {%‘}19‘31\4)
N (N
(ca/aj)oo (gbr41---br/cj)oo _ (br+1)00
! ;{]1_[1 (@br1--bu/ag)oo Sz (Ca/ci)oo (ca/(abr+2-+-bar))oo

i#d
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" O(xry1a1---ancq/(gbry2---byrer - - CN))FJ%E@,LH ( {a;hi<jen, {biti<i<mr {xz}1<i<M> }

O(xp41br11a1---an/(c1---cn)) {cjhi<j<n
(4.40)
By a similar calculation of (4.38), we have
; j j bi hi<i<m (gbr+2---ba/aj) oo (Q/bL+1)oo
FLik L+1 < {aj}i<j<n, {biti<i< e > _ jloo
M {eih<jsn teihsisu 1<11N (qar/aj)oo (qar/(bri1--bar))oo
SIS
7k
ﬁ (qar/cj)oo O(xr+1br+1---barar---an/(ager- - cn))
oy (@rg2 - -ba/ej)oo O(xrprbryrar---an/(er---cn))
it1<j bit1<i<mr
o FLA1 ( {ajhicj<n, {bihi<i< b >
N,M {Cj}lgjgN {zihi<i<m
N
Z 11 (€a/aj)oo  (ca/(brLy1---bur))oo (qar/cj)oc  (ar/(bri2 - bu))oo
1<yey (2ak/a5)o (qar/(brs1 -+ bar))oo 1oy (ealei)oo (caf(gbrsz- - bar))ss
J#k J#d
9(xL+1bL+1a1 : --aNCd/(qC1 .. .(:Nak)) L+1;d,L+1 < {aj}lgjgNa{bi}lgigM '{:B'}1<'<M>
O(zr+1br1a1---an/(c1---en)) M {cihi<jen o
(4.41)
Therefore, we set
Ago Aoy o Aoy
|
AL,id _ AL,id < {aj}lngN, {bi}lgiSM 'xL—H) _ Al,O | Al,l . ALN (4‘42)
{eihicen ’ Do : ’
Ano ' AN AN N
where
ﬂ (gbrra---bai/aj, gbrsr - bu/¢joc ~ O(@rsrar---an/(ei---eN)) i
j=1 (gbr+1---bar/aj, qbria - bar/cj)oe O(xpsibrrrar---an/(ci---en)) 7
(4.43)
and Ag g, Aro (1 <d,k < N) are M components vectors given by
Ao,a = (Ao, 1,0)> Ao,2,d)s - - » Ao,rd) = (05,0, Ag (141,a), 0, - -+, 0), (4.44)
Ay por = ﬂ (ca/aj)o0 (gbri1---br/¢i)oo (bri1)oo
(LA41,d) o (gbr1---bar/a;) oo R (ca/cj)oo (ca/(gbr+2 -+ bar))oo
J#d
O(xpi101---ancq/(qbrya---byer---en)) —1-2M, /Bz"f"Yd
Ty (4.45)
O(xpi1bryia1---an/(c1---cn))
Ak,O = (A(l,k),O) A(Q,k),O) ) A(N,k),O)T = (0’ -0, A(L+1 k),0> 0,..., O)T’ (446)
N
Apirmo = H (gbr+2---bm/aj) (Q/bL+1 H (qak/cj)o
Gaho = Al (/e (qan/(rir - ban))oo 5 (@brsz - -bar/e)oc
J#k
0(xr11bry1---byar---an/(ager - cn)) ZTZ Livabi (4.47)

O(xp41bry1a1---an/(c1---cn))
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The other blocks Ay g (1 < d,k < N) are M x M matrices given by

Iy (@) 0]
Ara=| O Asip),(i+1.4) O ; (4.48)
@) 0 Ing—1,-1
where I, is the unit matrix of degree n, O is the null matrix and
ALk (Di1d) = H (ca/aj)oo  (ca/(br1---bar))so (qar/cj)oo  (ar/(bry2---bum))os
T Sey (aw/ag)eo (qak/ (o bar))eo | Sz (cafe)oo (caf(abrrz e bar))oo
7k J#d
O(xp41bryiar---anca/(qer - - - enay)) xz}rzak'i‘"/d. (4.49)
O(rr41br41a1---an/(c1---cn))
Then we have
wlid — gLidg, L+1id (4.50)
In addition, we put
. RO bo(iy H<i<at
AL — ALid ( lojh<jen Aboiy hi<icar ) : 4.51
{cih<j<n Foll) (451)
then we have
uL,U — AL,O’uL+1,U7 (452)

for o € & since ul? = ulid ( {aj}, oo} ;{xa(i)}>'

{¢)}
Computation of case (2):
The matrix of the case (2) can be calculated by a similar method in the case (1). So we only
show the result. We set

~Boo 1 Bor - Bon
i i a;ti<i<n, {biti<i Bip ! Bipn -+ Bin
BL, d — BL,d < { ]}lé{‘jcéj]rvl<{4<]}vlé M ,IL’L> = : : : . ) (453)
JI1<G< Lo
Bno ' By By N
where
N
(aj/(brs1---bar),ci/(br---bar))oo O(xLbr) 5
B(]’o = : xz L, (454
j[[l (aj/(br---bar),ci/(brs1--bar))oo  O(zp) - )

and By g4, Bro (1 <d,k < N) are M components vectors given by

Bo.a = (Bo,(1,4)> Bo,2,d)» - - - » Bo,(ar,ay) = (05,0, By (14,0, . .,0), (4.55)
N
(¢j/ada)oo (aj/(br+1-+-bwm))oo (br)o
B = . 4.56
o = gmerme I = ke o owas 4
Jd

O(rraq/(bry1---bar)) xzd_szﬂ 51" (4.57)
G(xL)

Bro = (Bag)0s Beg),0r - - Bargo) ' =(0,...,0, B 1)0,0,...,0)T, (4.58)

_ (¢i/(bL - bar))oo (¢/bL)o St (gaj/ck)s
Bk = 1<1].1N (g¢j/cr)oo (¢%br41 -+ bar/ck)oo 1_11 (a;/(bL - bum))oo
Gk
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O(xrgbr, - --bu/ck) xHZf”iL Bi—k

4.59
O(xr) L (4:59)
And the other blocks By 4 (1 < d,k < N) are M x M matrices given by
I 4 (0] O
Bra=| O Bar,wa O |, (4.60)
(0] O Iy—p,
_ (¢j/ad)oo  (gbri1---bar/ad)so (qaj/ck)oc (gbr b /ck)oo
Buwwa = 11t 7oy @i buan (a/aa)ec (b1~ bar/aa)
1§j§NqJ k)oo \470L+1 M koolSjSN j/ad)oo L M /Qd)oo
7k i7#d
0(xLqad/ck) 1+a4—
. 4.61
O(z;) L (4.61)
Then we have . . .
uL,ld — BL,lduL—l,ld' (462)
Similar to the argument from (4.50) to (4.52), we have
ul? = Blogyl—1o, (4.63)

where BX7 is defined in the same as (4.51) for 0 € &y;.
Computation of case (3)

We first consider the matrix which connects w?» with 9 like the computation of the
case (1). We have

uptsr = bt 4.64
upy™ = upy, (4.65)

easily if [ # r,» + 1. So we should calculate the connection formula of uM 5 u,i\/[r‘rl We have

(8 hi<iEn, s, ) h1<i
gk ( { j}lgj{gcjj}1{<;<(]\)/}1§ <M ;{%T(‘)}KKM>

ﬁ (qak/cj mag H bz H (bi)mi—l (br‘)mr (Ck/(qubT-i-Q T bM))m(r—l)

ot (@ek/c)my 1+ @m, 2t @iy @m,e (/O ba0))mr)

:Z{

mi,...,mpr >0

m; M b mi—1
% H < ) H ( r+133r+1> ) ( r+133r+1> r+1$r+1>
bry17r 41 . bix; by

i=r+2

_ 3 {ﬂ(qak/cﬂw = (0)m, H (bi)mi, (cu/(abs br+2 oa1) (1)

s rso et @/ @me 2y (@mas (0k/ (e b))y

M )
) 1 () ()
br 1241 Pt bix; q

bm qbr T bM/(qum(T_l)/) qxr—l—l)
« )2 U 4.66
21 < q2brbr+2 ce bM/(qum(r_l) ) brx, ( )

and by applying the formula (4.36) to 2¢1, we obtain

Mk (Aajhi<iens {bs,phicism oy >
T ( {ejhici<n iHA{@s, (i) h<i<m
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(q2brbr+2 “bar/ck, e /(abrg1 - bar))ooO (24D /30 41) N.M {Cj}ISjSN
(QQbr+2 by /ey gbr by /ek)oo 0T /Trg1) Mg+ [ {ajhi<j<n, {biti<i<m .
,{iﬁz}lngM

_ (q/br41,br) ool (rck / (Tr11Gbri1 - - bar)) Mikr [ {ajhi<j<n, {bihi<i<m
= {zitici<m

_l’_

(q2brb7’+2 tet bM/Cka qr+1-° bM/Ck)oo H(xrbr/wr—&—l) N.M {Cj}lﬁjSN
(4.67)
Similarly, we have
Mikr+1 [ {ajhi<i<n: {bs, iy h<i<mr R )
GN M ( (¢;hiesen A, () hi<ism
_ (er/(br---bar), i/ (gbria - bar))oo  O(2rbr/(zr11br11))
(cr/(brbrra---bar), e /(qbri1 - bar))oo  O(wpbr/2ry1)
mikr ({ajh<jen, {bih<icm >
XN ( {eihgjen Azihisisu
4 (q/br, br41) 00 0(2qbrbryo - b /(Try1ck))
(ck/(brbry2 -~ -bar), qbri1 - bar/ck)oo 0(zrbr/Tr41)
Mikr+1 [ {ajhi<i<ns {biti<ismn 468
X GN ( (¢, hesen Azithi<i<mr ) - (4.68)
Therefore, we set
1.0 - 0
O : St o 0]
SMid _ gM,id < {bit1<i<m N > —| i'0o &2 : , (4.69)
" " {eih<jen T arp . .
D O
0'o o SN
The blocks S¥ (1 < k < N) are given by
I, 0] 0 @)
@) Sk Sk @)
k __ T ror+1
=1 o s, s, o0 | (4.70)
O 0] 0 IMfrfl
where S,]?’T, Sﬁrﬂ, S,’fﬂ’r, Sf+1,r+1 are scalars given by
1M g
gk _ (¢/br+1,br)o0 O(xrer/(Tr+1qbrs1 - bar)) ( Tr ) F 2= Bt
o (q2brb'r+2 ce bM/Cka ck/(qbr+1 ce bM))oo H(wrbr/xr—l—l) Tr41 ’
(4.71)
Sk _ (q2b7“+2 "'bM/Ckaqbr” bM/Ck:)oo 9(«737’/377”-1—1) < Ly >_/BT (472)
rr (qzbrbr+2 e bM/Ck:7 qbr-‘rl co bM/Ck)oo 0($rbr/wr+1) Trt1 ’
Sk _ (c/(br---bar)cr/(qbry2- - bar))oo  O(rbr/(Tr41br41)) ( Lr )_BTH (4.73)
b (ck/(brbry2---bar), e/ (qbri1 -~ bar))oo O(zrbr /2y 1) Tr41 ’
M o
Sk — (Q/bra br—f—l)OO e(xrqbrbr—i-Q Co bM/(wr-Hck)) ( Ly >1+ZiT+2 Pz
T (e (brbrya b))y gbrgr - bar /) oo O0(zrbr/Tri1) Tyy1
(4.74)
Then we have . A
uMsr = Sé\f"duM’ld. (4.75)
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In a similar reason of cases (1), (2), we have

uM,srcr _ Si‘f’a’u,M’U, (4.76)
gMo _ gM,id ( (o) 1ism . To(r) ) (4.77)
sr sr {eih<isn oy

for o € &p7. From computations of cases (1), (2), (3), we finally obtain the following theorem:

Theorem 4.9 ([45]). For 0 < L1, Ly < M and 01,09 € Sy, we have

uLQ,O’Q — ALQ,UQAL2+1,UQ . AM*l,()’QSé\flasrg~--Sr10'15é\7257'3~.~5r10'1 . Sé\f]}ngM’ngM717gl L BL1+1,UIUL1,017
(4.78)

if 09 = Spy -+ Sp,01, where s, = (r,r + 1) € Sy

Remark 4.10. By the braid relation s;s;115; = $;118;8;41, the matrix S satisfies the Yang-
Baxter equation Sé\i/[’s”lsiSé‘f;ﬁi s SSAZ.{;‘?S”ng’S”lSé\QfI. For the way to get a solution for
the Yang-Baxter equation by some connection problem of a g-difference system, see [6, 45].

Remark 4.11. The connection problem for the g-Appell-Lauricella system (4.10), (4.11) is
solved by putting N =1 in Theorem 4.9. We summarize the case here. We put

M
L —B; a/(bp41---bum);{biti<i<m { q q }
Uy = X, "PD7L - S L1y e e ey Ly gy T y
0 i:gl 7 ( C/(bL+1"‘bM) bL+1ﬂ7L+1 bMiUM
(4.79)
M
ulL’ _ ml1+5l+1+'~-+,3M—7 H xi_ﬁi
=141
% , C/(bl/-i-l"'bMQ);{bla"'7bl’—labl’+la"'7bL7aq/CabL+1a"-abM} .
YD'—1 ¢/(by - bar) ’
{ qr1 qry_1  bypay byxy byxy  byay by xy } (1<l'<L)
bpay’ 7 bpxy T bppixpsr’ T bz’ ¢ T bpyizner bvawm - -7
(4.80)
M
ulL _ xl—a+51+1+"'+ﬁM H xi_ﬁi
=141
« a/(bl—l—l t bM)a {bla o ,bL,CLQ/C, bL+1a o 7bl—17bl+17 .. 7bM} .
YD, )
ag/(by -+ bar)
qr1 qrr  ¢q 4T+ qri—1 by bz }
an 4L . , . L+1<l<M),
{bliﬁl byx; abiry by bix;  bip1Ti41 barx g ( )
(4.81)
where a = ¢, b; = ¢%, ¢ = ¢7. And we put
a; {b;i b1<i
ut = UL( t Z}C@SM ;{xi}1§i§M> = (uf, ut, .. uf) ", (4.82)
a;{b(; ;
ul? = ut ( { "(’)C}KZSM §{$o(i)}1§iSM> : (4.83)
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Then u”? is a fundamental solution for the g-Appell-Lauricella system in

DL"’:{\:(:M-]<1(1§@'§L), Y 1 (L+1<i< M),
© abg (i) T o (i)
EI0) . .
00 o (1<i<j< M)y (4.84)
bo(j)To(j)

We set

Ago O  Agrqi )
i{biti<i o I O @)
Al = AF < @i thihiziw ;$L+1> = (Aij)o<ijem = 3 o |

c Arvi0 O Arpqirn+1
0] 0] (@) In—p—1

where Ao, Ao, r+1, ArL+1,0, AL+1,0+1 are scalars given by

(gbr+y2---bu/a,qbrir by /c)os  b(zL410/C) LB (4.86)
(gbry1---bar/a,qbrya- - ba/c)o O(xpirbryra/e)” FH 7
(c¢/a)s (bL+1)oo O(xry10/(qbry2---bar)) —1-M ) Bity

)

A - x ’
O (gbrir - bar /@)oo (¢/(gbrra - -bar))oo  O(xriibriiafe) L
(4.87)
(¢/br+1,q9a/¢)s O(xr+1bp41 - -bac) —a+XM, L8
A — T i=L+2 , 4.88
L0 = (T lorn - bar)s dbise -/ Ozimibisraje) b+ (4.88)
b b)) so b b)) 6 b ea
Apsipss = ((C/( L1 00))oo (a/(bri2---bar))oo 0(2L410041/9) el (4.89)

qa/(br+1--bym))oo (¢/(gbry2 - bar))oo O(xL11bL 110/ C)
We also set

B070 O BO L O

L oL a{biti<i<nr | O I, O 0]

B*=B < . ,$L> = (Bij)o<ij<m = Biy O Bis O | (4.90)

0] O O Iy_g

where By, Bo,., Bro, Br, are scalars given by

~(a/(bry1--bar),c/(br -+ -bu))o  O(zLbL) 5,

Boo = - 2P 491
00 = (a/(or —Bar), o/ (brar b)) Olar) - (4.91)
(¢/a)oo ()  O(era/Bris--bar) a-x, .1
By — x =LA 4.92
0L = (TGt ba))eo (or - bar @) O(ar) L (4.92)
(¢/bL) oo (ga/c)so O(zrgbr---bu/c) 14+5M, gi—vy
B — x =Lt 4.93
L0 = (o barfae @/ ba e O@r) L (4.93)

(gbr41---bar/a)so (gbr -+ -brr/c)oo O(xL00/C) 140—
B = €T v, 4.94
L= (2 byt fe)oe (00— bar/@)ee  Olaz) E (4.94)
Finally we set
I, @) O O
biti<i<m  Tr O S, Srori1 O
Ss,. = S {bihic i — | = k ’ , 4.95
" " ( c xr+1> 0O Sr+1,7" Sr+1,r+1 O ( )
O O O IM—T’—I
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where S, Srr4+1, Sr4+1,r, Sr+1,41 are scalars given by

_1-_SM 5.
S = (Q/br+17 br)oo 9($TC/($T+1qbr+1 U bM)) < Ty ) i ity
o (qzbrbr+2 e bM/C, C/(qbr—i—l T bM))oo e(xrbr/xr—i—l) Tr41 ’
(4.96)
Sprp1 = (¢*bryo---bar/c,qby - - bar/¢)os  O(xy/Tri1) < Ty )BT (4.97)
e (q2b7"b7”+2 T bM/Cv qbr—i—l T bM/c)oo g(xrbr/xr—i-l) Lr41 ’
Sri1r = (c/(br---bar),c/(gbria-bar))oo  O(wpbr/(Tri1bri1)) < Ly )—5r+1 (4.98)
T (¢/(brbry2---bar), ¢/ (qbri1 -+ -bar))oo O(zrbr /2 41) Tr+1 ’
M pp—
IS Lol = (Q/bra br+1)oo e(xrqbrbr-‘rQ co bM/(xr—i-lc)) < Iy )H_Zi_hLQ By
b (C/(brbr—i-Q o b]\/[), qbr+1 e bM/C)oo 0($rbr/xr+1) Tr41
(4.99)
Using the above matrices A", B, S, , we put
AL _ AL < a; {bg(i)c}lgz‘gM mg@ﬂ)) ’ (4.100)
BL,O’ — BL ( CL; {ba’(l)c}lg’LSM 7.%'0—([/)) ’ (4101)
53 = Si, < ot hrsisu ;;(("t)l)) . (4.102)

Then we have

Lo,oo _ pL2,090 gL2+1,09 M—1,09 M’ST2"'S7“IO-1 M757'3"'57"]o-1 M,01 pM,o1 pM—1,01 . pLi+l,01,,L1,01
ulror = AL2o2 4 A S S Mo gMop B ulor,

Srq Sry
(4.103)

if o9 =8y, 8,01 and s, = (1,7 + 1) € Sy
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5 A multivariable extension of the ¢-Riemann-Papperitz type
integral

In this section, we consider the following Jackson integral:

q/aj M+3 oo
gpm / dgt, (5.1)
a/ai 1 )oo
where
ai---ap+4+3 = q2b1-"bM+3. (52)

This integral is a multivariable extension of the Jackson integral of Riemann-Papperitz type
(2.55). First, we give a finite rank g¢-difference system associated with (5.1). Second, we show
a transformation formula between the integral (5.1) and the Kajihara’s g-hypergeometric series
[29]. Using this formula, we obtain series solutions for the above system. Finally we discuss
degenerations of the system and its solutions. This section is based on [48].
5.1 A system the integral satisfies
In this subsection, we derive a g-difference system that the integral gpf‘/‘; satisfies. As mentioned
in section 2.2, the integral go% with a1 = Az, by = Bz, satisfies the equation

Eny2(A, B {aryo<k<nrs, {beta<i<rrss)eis = 0. (5.3)

Rewriting in a1, b1, we have the following proposition.

Proposition 5.1. The integral cp% satisfies the rank M + 1 equation EM@% = 0. The operator
Ey is given by

M
Ey =0T (1 = (a1g™/01)T)

n=0
M+1 M-k k—2
+ (=D e (@) T = qer()] [T (1= (arg”/b0)T) ] (1 = ¢ "T)
k=1 n=0 n=0
+ (=1D)M*205 . app s T H ¢ "T), (5.4)
where T =Ty, Ty, and a = (ag, ..., ap43), b= (ba, ..., barys).

Remark 5.2. The operator T' = TalTb1 preserves the condition aj ---apy3 = ¢>by - - bpr4s.
Similarly, we can only consider TakTal , Tka , 1o, Ty, etc. as g-shift operators under that
condition.

Proposition 5.1 means that the integral go . satisfies a g-difference equation of rank M + 1.
The following proposition leads to a ¢- dlfference system of rank M + 1 that the integral satisfies.

Proposition 5.3. The integral (5.1) satisfies the following three term relations:

[(a1 — akq)TakTal —(a; — akq)TakTa1 + (a; — al)]tp% =0,
[(br — a1)To, T, — (¢ ar — a1) T, Ty, + (¢ ar — b1)])s = 0,
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(b1 —q~ bl)Tbk — (be — ¢~ o) Ty, T, ' 4 (b — b1)]eplt =
(a1 — 1)1, Ty, (bkq — 1) (Tay T, )" + (beg — )]} =
(b1 — ak)Takaz (b — ap)Ta, Th, + (b — b1)]e}s = 0,

(b — a) T Tyt = (b — ar) T3, Ty + (a1 — ag)] ol = 0,

where 1 < k,1 < M + 3.

Proof. We only prove the equation (5.5). Other relations can be proved in the same way. The

integrand

o1 (Bit)
satisfies
(a1 — arg)To, Ty, = (1 — axg) T, Tyt + (a — )™ =
This equation is derived by the relation for rational functions of ¢:

1—aq 't
1—ait

1 —aiqg 't

— (@ — arg)— -

(a1 — agq)

By integrating in ¢, we have the relation (5.5).

Also the integrand M satisfies
M+3
Tap™ = (H Takak> M,
k=1
thus Lp% satisfies
M+3
g LM = (H Takak> el
k=1
In conclusion, the integral gofvj[ satisfies the following ¢-difference system.

Theorem 5.4. The integral (p% satisfies the following system:

EMy =0,

(a1 — axq)Ta, Ty, " — (a1 — axq) T, Tyt + (a1 — an)]y = 0,
(b1 — a1)T,, T, - (qflak —a))To, Ty, + (¢ a, — b1))y = 0,
[(br = ¢~ ') Th, Ty = (bk — ¢ " 00) T, Ty, + (b — b))y = O,
[(a1 — b1)Th, Ty, ! (bkq —b)(Toy Tp,) "t 4 (beq — a1)]y = 0,
[(by — a)Tu, Tp, — (b — ag)Tu, Th, + (b, —b1)ly =0,

[(by — a1)T, 1T V(- ag)T,, T V4 (a1 —ap)]y =0,

M+3
(q 11 7.7, - 1) y =0,
k=1

where 1 < k,1 < M + 3. We call this system q-RPM . The rank of g-RPM is M + 1.
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Proof. We already proved that the integral go% satisfies the system ¢-RP™. We will prove

that the rank of ¢-RPM is M + 1. Using the three term relations (5.17), ..., (5.22), the
functions TakTal Y, Tkabjly, T., Ty, y can be rewritten as linear combinations of y, (Ty, Ty, ),
(TalTbl) ,... The operator Es is an ordinary g-difference operator of rank M + 1, so the rank
of -RPM is M + 1. O
Due to Theorem 2.17, the integrals (p%,...,(p{\{M 4o are linearly independent over {C |
T4, Ty, C = C}. So we have the following:
Theorem 5.5. The integrals w%, e v‘P%MH are basis of the space of solutions for g-RPM over
K ={C|T,T,'C=T,T,'C =T,T,C = C}.

Proof. Suppose

Copty + -+ Crrapt o = 0, (5.24)

where C; € K. Then every pseudo constant C; satisfies T, T, C; = C;. According to Theorem
2.17, we have Cy = - - - = Cpy49 = 0. O

Remark 5.6. By the formula (2.78) in Theorem 2.35 and the obvious relation gp% +¢%€+4p£ﬁ =
0, the integral go . can be written by a linear combination of gol 9y gojl\f[M 4o explicitly. Hence,

in particular, the Connectlon problem among the integrals {4,0% } is solved already.

5.2 Series solutions

In this section, we give multiple series solutions for the system ¢-RP™M. In the case of M = 3,
the Jackson integral of Riemann-Papperitz type

ala; A (g
// H( ’“t)”dqt, (5.25)

Q/ai k=1

can be transformed to the very-well-poised ¢-hypergeometric series g\WWr by the Bailey’s formula
(see Lemma 2.25). We show an extension of the Bailey’s formula.

Definition 5.7 (Kajihara’s ¢-hypergeometric series [29]). Following Kajihara, we define the
g-hypergeometric series:

n,m {ai}1<i<n
W 5 b
( {wz‘}1<z‘<n

S5 {uk}lgkgm; {Uk}lgkgm; Z)

_ \z|A(ﬂfQ) I 1—¢!Hisa; )z,

ez (x) \Zien 1 —szi/zp

(s2/2n)y (aji/ ),
((sq/aj)zj/@n)y | 22, (a@i/zi)i

( (v )y (uei/Tn )i,

(sq/uk)y| 1< < ((sq/vi)wi/zpn)i, |’ (5.26)

where |I| =1y +lo+ -+ 1, 2¢" = {x:¢" ih<i<n and A(x) is the Vandermonde determinant of x:

A)= [ (@i—a). (5.27)

1<i<j<n

The function W™™ is the Kajihara’s very well-poised g-hypergeometric series.
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Proposition 5.8 (Kajihara’s transformation formula [29]). For any N € Z>¢, we have

pmm2 ( Abiti<icn
{zi}1<i<n

_ (pdf/a, pef/a)n 11 ((uewf/a)yn/Yms fym/Yr) N I (aqzi/n, (ubif /a)tn /)N
(ag/dag/e)n  Z2 (nayr/ym, (ag/c)ym/ye)n | Zic, ((aa/bi)zi/@n, (uf [a)zn/zi)N

o T2 < {aq/(crf)1<k<m ‘ M; {aqxi} LS {“f“""} 7quqN7q—N;q) 7
1<i<n

{yrt1<k<m bif Tn ) 1<icn, df ef L a

a; {eryn/Ym Y1<k<ms ds € L fYm/ Yk M <k<m, ufd” a7 q)

(5.28)
where = a™2¢™ 1 /(byby - - - bycica - - - cpdef™).
For the proof, see [29].

Corollary 5.9 ([29]). We have

n b’L i<n _
w ’3< f{{x}iii a;e,d,e; f,ufe q N;q>

_ (pef/a, pdf Ja, pef/a, f)n H (aqri/xn, (pubif/a)zy /i) N
(agq/c,aq/d,aq/e.qu)n | 22, ((aq/bi)xi/zn, (uf/a)n/zi)N

aq i aq aq aq_[pf xy N N
n n cef df ef | a i 7 7 | 7 i
X on+8Wont7 ( {b T }1<z<n Cf df ef { a T; }lﬁign wfa.q Q> (5 9)

where p = a3q*/(b1by - - - byede f?).

Proof. We get the desired equation by putting m = 1 in Kajihara’s transformation formula
(5.28). O

Remark 5.10. When n = 1, the formula (5.29) reduces a transformation formula of terminating
very-well-poised g-hypergeometric series 19Wy (see Gasper-Rahman [16] and references therein).

Theorem 5.11. We have

w ’2< %Aii a; f, fiu; d,e;C/a>

_ (aq/(df), aq/(udf), ag/(ef), ag/(pef), £, if)oo H (agqzi/zn, (aq/bif)i/Tn, (aq/pbif)Ti/Tn)oo

(1 —q)(q,c/a,aq/d,aq/e,qu,1/1)co 1<Z<n (aq/bi)xi/xn, (aq/ f)zi/Tn, (aq/1nf)x;/Tn) 0o
o [ (qt, peft/a, qput)so “ ((ag/ fzit/zn) o
//,,, (aqt/(df), aqt/(ef), ift) oo }:[1 ((aq/bif) xzt/xn)ood qls (5.30)

where = a3q*/(b1by - - - byede f2).

Proof. The proof is based on the method similar to Bailey’s one [10]. For the Bailey’s idea, see
Gasper-Rahman [16], section 2. The formula (5.30) is derived by considering the limit N — oo
n (5.29). First, we consider the limit

i Wn,3< {bi}1<i<n

N -N
ascq,d,e; f,uf, 1q ). 5.31
N—oo {ziti<i<n 7 frui-q q) (531)
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We recall the definition of the function W™3:

n bz i<n _
W ’3< j{{x}}ii a;eq™,d,e; f,1uf,q N;q>

Z i A(zq) H 1—¢"iam;/x,
. A(x) 1 —az;/x,

1<i<n

(azj/zn)yy (bji/aj),
x H ( ((ag/bj)x;/xy) H (qxi/xj)lz)

1<j<n 1l 1<i<n

S UL T (Ji/en, w2/, N ai/zn),
(aq/f aq/(nf),aaq™)y | 22, ((aq/d)zi/n, (ag/e)xi/zn, (agq=N /)wifxn)i;”

(5.32)

-N li
. N Ny  N—oo (g Nai/xn), Nooso [ €
Since (cg™ )y, (aqq™ )y —— 1 and RIS <aq> , we have

lim s ( tbiti<i<a
N—o0 {xi}lgign

a;eq de; fouf, g q)

B Z (E)'” A(zqh) 1—[ 1 —¢Higg; /x,

B a A(z) 4 1 —aw;/z,
1€(Zso)™ 1<i<n

(azj/xn)) (bjwi/zj);
<1l ( 11 (ﬂfz/xj)zz)

1<j<n ((aq/bj)z; /)y 1<i<n

y (d,e)y (fxi/zn, pfri/zn),
(aq/f,aq/(wf Dy 2z, ((aa/d)zi/wn, (ag/e)zi/zn ),

_ ( {bi}1<i<n

{ziti<i<n

a; f, fu;d7e;6/a> : (5.33)
On the other hand, we have

n bz i<n _
W ’3< {{x}]:ii a;eq™,d,e; f,1uf,q N;Q>

_ (pef/a,pg~Ndf /a, pg"Nef/a. f)y I (aqi/Tn, (g Nbif /a)en/zi) N
(aq/(cqN), aq/d,aq/e,qug~N)n 2.2 ((aq/bi)wi/wn, (g f/a)zn/zi)N

-N
_N.J aq x; ag aq aq [ pg " fan _N
X onysWont7 | g { } { } Jufoq g |
e (M bfxn 1<i<n TegN f df ef a  Ti J1<i<n :

(5.34)

~

L _ L N
(Aig V)N _ A\ (a/A N Nooo, TT (9/4i)
ke ‘H<Bz-> (4/B H (0/Bi)ss’ (5:35)

ifAl---AL:Bl---BL,Wehave

(pef/a, pgNdf Ja, pgNef /a, f)n I (aqw;/zn, (ugNbif [a)zn /2N
((

(ag/(cq™), aq/d,aq/e,qua™")n 22 ((aq/bi)zi/zn, (ug=N f/a)an/zi)N
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N—oo_ (pucf/a,aq/(udf), aq/(pef), f

aqwl/xn, GQ/Mb f)xz/$n)oo
(c/a,aq/d,aq/e, 1/ 1) 11 ((aq/bi)zi/xn, (aq/1nf)xi/Tn) oo (5.36)

We put N =2M — 1 and

o = L= ra Ve (pg, agq™" /(cf), aq/(df), aq/(ef), pf, ) zﬁ (ag/bif )i/, (nfq~" J@)an/z1
"ol ug N (g pef/a, pdfa N fa, pefaN fa,aa7N [ fap) k (ubifa N a)za/zi, (aq) fzi/en)

(5.37)

By the definition of the very-well-poised ¢-hypergeometric series 2,18Way 17, we have

-N
aq x; aq aq (I(] nq fv:Un -N
W N — ) 9 3
B (Mq {b fmn}l<7,<n cgNfdf ef’ { a T }1<i<n Ha q)
N M-—1 -
e :ZCZ—FZCN—Z-
1=0 1=0 =0

For 0 <1l < M — 1, we have

(5.38)

M—oo (GQ/(df) aq/ ef ,Ufl n aq/bf xz/xn)l l
¢ (¢, ncf/a, qu)i an ((aq/f)zi/zn) (5.39)

and

Oy Moo, _ 4" (aa/(df), aq/(ef), 1f)oe
. po (g pef/a, qp)e

((aq/bif)zi/7n)o
le ((aq/f)wi/Tn)oo

(q/m,cf/a,q)oo “r ((ag/pf)ri/zn)s (ag/(dfp),aq/(efp)
(aq/(dfn), aq/(ef); Floo 17 ((aq/pbif)wi/en)oo

i ﬁ ((agq/pbif)zi/zn)i
(a/pcfla,q)e 15 ((aq/pf)wi/zn)

(5.40)

N (agTh =

The limit of Cy_; can be calculated by using formulas (a)y—; = (a)n/(ag

(—a)lq~"=D/2(g/a); and the condition u = a’q?/(by - - - bpedef?). So we have

M-1

o (aq/(df), ag/(ef), nf)i v ((ag/bif)zi/@n) |
1\}%02_20 lzg (g, pef/a, qu) g ((agq/ f)zi/zn)

~ (aq/(df), aq/(ef), 1f)oo ﬁ( aq/bif)ri/Tn)s
(¢, pef/asqpn)oe 7 ((aq/f)ai/Tn)o
q

1 /1 (qt, peft/a, qu
1—q o (aqt/(df),aqt/(ef

\—//\/\

a Zit/Tn)oo
H aq%f 5 x? /xj) gt (5.41)

1= 1
and

lim Z Oy = — (aq/(df),aq/(ef), uf,cf/a,q/1)oo 17 ((aq/bif)i/2n, (aq/uf)ei/Tn)so
M0 £ (aq/(df ), aq/(efu), frucf/a,qu)os 5 ((aq/ubif)ai/ T, (ag) f)zi/@n) oo

1 (ag/(df 1), aq/(ef 1), )i T aq/ubf i /)
g <u> 2 o L Gaafnfafa

_ (ag/(df),aq/(ef), 1f)oo H aq/ )Zi/Tn) oo
(g, pef/aqu)oe 2 ((ag/ f)2ifon)oo
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B / Vi (gt peft/a,gpt) 7 ((ag/f)eit/n)o
(

1—g¢q aqt/(df),aqt/(ef), pft)so 11 ((aCJ/bif)Sﬂit/mn)oodqt' (5.42)

This completes the proof. ]

Using the formula (5.30), we give series solutions for the system ¢-RP™. We put
{aiticicmrs
w
{bih1<i<ms

_ (anrg1/barg3, barprbare3q®/(anr42a0043), bars2bar3q® /(anre2a0r43), anr2q/ani3, an+3/an42)so

 amss(bm1g/anmi2, bvs10/ani 3, brrs2q/an 12, bar2q/anr+3, bar+3q/an 12, bar+3q/an+3) oo

M
11 (bibrr43q?/(ari2a0143), aiq/ani42, 4iq/ar+3)oo
=7 (@ibarg3q®/(anr2an1+43), big/ani42, biq/anr+3) o

M2 < {ai/bi}i<icm | amby43q  bavsq bvisq am am .aM+1> (5.43)
{aiti<i<m anM+2aM+3 anv+2 am+s bavrs1 barre barss
Theorem 5.12. The function
W< {ao, iy h<i<amrys > (5.44)
{bosiy hi<i<mes )7
is a solution of the system q-RPM . Here, 01,09 € G 3.
Proof. The integral @pr42 pr43 is rewritten as
q/an4+3 M+3 (ait)oo
11 dgt
q/apm+2 4 (bit)oo
M
_ 4 /1 (qt, apr19t/ani+3, an+2qt/an+3)oo H (aigt/anr+s)oo ,
aM+3 Jaysysjanrys (OM+10/ a4, bar2qt/anv3, barsqt/ani4s)oo - (bigqt/anr+3)oo 7
(5.45)
Applying the transformation formula (5.30), we have
1 M
1 / (gt am+1qt/ani+3; ani+2qt/an+3)oo (aigt/arr+s)oo ,
am+3(1 — @) (@) Ja !

arysfanrys (OM41qE/ 0143, baryoqt/ansys, bargsqt/anr13)oo -7 (bigt/arr43)so

_ (apr41/barys, bar+1bar 302/ (anrr2an+3), bar+obar+36%/ (anr+2an1+3), Anr+2q/anr+3, Ari+3/ a0 +2) 00
an+3(bv+19/anr+2, bar+19/ani+3, bvr+2q/anr+2, barv2q/ani+3, bar+3q/anr+2, bar43q/an+3) oo
M
H (bibar+36° ) (ani+2an0i+3), @iq/ani+2, @iq/an+3)oo
1 (aibarysq?/(anr2an43), big/ ari+2, b/ ar+3)oo

o« M2 < {ai/bi}1<i<m

apbrrysq bas3q bvysq an an _aM+1>

{aiti<ism | amsoanm+3’ anvire ” ans  basr bago” bargs
{ai}1<i<M+3
=W - : 5.46
< {bit1<i<mr+s (5.46)
O

o8



Remark 5.13. In the general theory of g-difference systems in several variables, local solutions
should be characterized by the asymptotic behavior near the singularity, i.e. origin or infinity,
in some prescribed sector. For the general theory, see [4, 5]. A characterization of solutions for
the g-Appell-Lauricella system around origin or infinity was obtained in [45]. See also section 4,
Proposition 4.6.

However, origin and infinity are essentially non-singular for the equation EMy = 0. So it
is very difficult to characterize series solutions by the asymptotic behavior, though the charac-
terization is a very important problem. Note that even characterizations for the series solution
(2.61) of the one variable equation Hsy = 0 is an open problem.

Using the integral representation for the Kajihara’s g-hypergeometric series W2 we have
linear relations for WM:2,

Theorem 5.14. Suppose ay---apj+3 = ¢*by - brrys. We have

W< {ao@ hr<ismrns anrea, anres ) _ W< {aitbicicarys ) _ W< {aihicicmrss >

{biti<i<m+s {bor(iy J1<i<m+3 {biti<i<m+s
(5.47)
W < {ai}lgigM, AM+1, AM+2, AN 43 > W < {ai}lgigM, AM+2, AN 43, ANV +1 >
{biti<i<m+s {bi}1<i<nrss
LW {aihici<m, amis anvr, a2\ _ 0 (5.48)
{bi}1<i<nr+s ’ ’
M++2
Z Ck;W A1y ooy Qf—1, QM +2, A1y - - - s AN +1, Ay AM+3 :0, (549)
: {biti<i<mrts

where 0 € Spri1, 0’ € Sy and

ay/b;) B
Ck:(CLMJr?)) il_Iea o H 0(anr+3/ai) H O(ar/a:)~". (5.50)

(anr+3/bi) 1<i<M+3 1<i<M+3
A M43 ik

Proof. We already know by equations (5.45), (5.46) that

W< {ai}1<i<arys ) _ 1 /q/aM*3 Aﬁg (azt)ood ;
{bit1<i<m+s (1= q) (@)oo Jg Ll (bit)oo

Jamt2 ;9

(5.51)

The right-hand-side is symmetric for ay, ..., ap4+1 and by, ..., byry3. So we get (5.47). Due to the

q/am+3 q/am+1 q/am+2
trivial relation / + / + / = 0, we obtain (5.48). Applying the connection
q/a]\/1+2 q/aM+3 q/a]WJrl

formula (2.78), we have (5.49). O

5.3 Degeneration to the ¢-Appell-Lauricella system

In this subsection, we consider a degeneration for the system ¢-RPM. We show that the degen-
eration of ¢-RPM includes the g-Appell-Lauricella system. First, we put bar43 = ¢ anre3 = ¢ "
(n € Z), and consider the limit aps;3 — 00, i.e. n — 4o00. In the following, we suppose |¢*| < 1.
We define a pseudo constant

A O(brry3t)

Colt) = P gy,

(5.52)
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For 1 <j < M + 2, we have

a; M43 /a M+3
- g\ (Y% (ait)so _ 3
1 Co| — det = 1
GM:?LOO 0 <aj> /0 H (bit)oo a anggoo ];[

:/Oq ‘ I (bi't)oodqt. (5.53)

On the other hand, we have

/Q/aM+3 J\ﬁ3( oo 0t = / H (aiqt/anrr+3)co (aigt/an+3)oo ,
0 = (bit)so anm+3 L1 (bigt/anr4s)o

= s (/o1 (q&qﬁiw gt +O <aM1+3>) - (5.54)

According to the condition |¢*| < 1, we have

() - e (2) S o (£

(5.55)
Here we used 0(zq~!) = —xq~10(z). So we have
q/av M+3 q/a M+2
lim Co <q> / ’ H / ’ ) . (5.56)
n—400 (Ij q/aM+3 paie}

Next we consider the limit ays1o — 0 with basyo = ¢Paprio (a1-+-ap41 = ¢y - bar+i)-
For 1 <j < M +1, we easily find

M+1

dt—/mg Ht’\

We consider the same degenerations for the system ¢-RPM. First we put bys43 = ¢ anr+s.
Weput z = Cy(7)y (T = q/a1,...,q/ar+2), and we should consider the degeneration aps43 — 00
for the system associated with z. The function Cy(7), given by (5.52), is a pseudo constant for
a;, b (1 <i<M+2), and

q/a; M+2 )\
lim H t
aM+2—>O

(5.57)

Co (T)TGM+3 TbM+3 Y= q/\TCLMJrs TbM+3 Co (T)y (5'58)

So the function z satisfies

Enz =0, (5.59)
[(a1 — akq)TakTal — (a; — a;.Cq)TakTa1 (a; —a1)]z =0, (5.60)
[(by — )TalTak (¢ Yap — a1)Tu, Ty, + (¢ rar — b1)] =0, (5.61)
[(br — ¢ o) Ty, T, — (b — g o) Ty, T, ' + (br — b1)]2 = 0, (5.62)
[(a1 = b)) Ty, Ty, " — (bkg — b1)(Ta, T, )~ + (brg — a1)]z =0, (5.63)
[(by — ag) T, Ty, — (b1 — ag)Ta, Ty, + (by — by)]z = 0, (5.64)
(b — a))T,, T, = (b — ar) Ty, T, + (a1 — ag)]z = 0, (5.65)
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k=1

M+3
<q>\+1 H Takak _ 1> z2=0, (5.66)

for 1 < k,l < M + 2. By the definition of E, we have

li Eyz = E,z, 5.67
a0 o e = Bz (5.67)
where @' = (CLQ, ey CLM+2) lA)/ = (bQ, ey bM+2), T = TalTbl and
A M+1 A M-k k—2
By =Y (=D Fep 1 ()T = ggtera (V)] T] (1= (aag"/o0)T) [T(1 = 7"T)
k=1 n=0 n=0
+ (=DM*20y - app 0T H ¢ 7). (5.68)
Note that
ex(a) = er(a') + aprvzer_1(a"). (5.69)

Next we put by = ¢a M2, then we easily find

lim Ehz = b EYz, (5.70)
aMJrQ—)O
where ¢” = (CLQ, Ce 7aM+1), lA)” = (bg, e ,bMJrl),
M+1 M—Fk k—2
Efy =Y (1M e @) = ggtena (6] T (0= (ag®/o0)T) [T = ¢7D).
k=1 n=0 n=0
In addition, three term relations (5.17), ..., (5.22) are not changed for 1 < k,I < M + 1.

Moreover, the g-shift operators Ty, ;, Th), 5, Ta

limits aps43 — 00, apr+2 — 0 because

become identities by taking the

M2 TbM+2

lim flganss) = Um  flayss),  lm o flganse) = lm flana), (5.71)

AN +3—00 apf43—+00 a1\/j+2—)0 —)0

if these limits converge. Therefore the system ¢-RPM degenerates to the following system
q- RP, degene

EAK/[Z =0, (5.72)
(a1 — ay)Ty, V(= ap) T+ (a — al)Ta_kl]z =0, (5.73)
[(bl — bl)Tbk (bk — bl)Tbl + (bk — bl) ]Z =0, (574)
[(bl —q lak)Tbl (bl — q_lak)Tbl + (b bl) ]Z =0, (5.75)
[(gby — a)) T, " — (b — ay) T, " + (a1 — ak)Tbl]z =0, (5.76)
M+41
<q>‘+1 H T Ty, — 1) 2=0, (5.77)
k=1
where 1 < k,Il < M 4+ 1. As a corollary, the integral
q/aj M+1
/ (5.78)

satisfies the above system.
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Remark 5.15. The rank of ¢- RPde ene 18 M + 1. This can be proved in the same way as the
proof of Theorem 5.4. In [35, 38], the Pfaff system related to the Jackson integral (5.78) was
studied.

Remark 5.16. The relation (5.2) reduces ay - - - apr+1 = ¢2¢*¢%by - - - by by the degenerations.
Since the parameter [ is independent from the system q—RPé\ggene, there is no condition among
A1y ey AM+1, bl, ce 7bM—|—1a A.

We will check that the system q—RPé\ggene is an extension of the g-Appell-Lauricella system.

Proposition 5.17. We put ayry1 = q, bayrr1 = C/A, ¢ = A/q, a; = Bix;, by = x; (1 <i < M).
Then the system q- RPd includes the q-Appell-Lauricella system

egene
[HZZ(I - Tg;])(l - BzTaxl) - J’,’j(l - Txl)(l — Bijj)]Z = 07 (579)
[(1 - Til?i)(]‘ - Cq_lTl“l o 'TiL“M) - xi(l - BiTzvi)(l - ATxl T TxM)]Z =0, (5'80)

i.e. if the function z satisfies q- RPd then z is a solution for the q-Appell-Lauricella system.

egene’
Proof. For 1 <17 < M, the ¢-shift operator Ty, is rewritten as Ty, = T,,T,. We have
[(1 - Tﬂ?i)<1 - Cq_lTﬂll o 'T$M> - xi(l - BiTﬂ?i)(l - ATIl e TIM)]Z
= [(1 = To,Ty,) (1 — ayfy b1 @ Tay Ty - Ty, Thyy)
— bi(1 — a;ib; T, Ty, )(1 — M0, Ty, - Ty, Ty, )2 (5.81)
Using (5.77), we have

(1— a]ijMHQ’\HTaITbl o Ty Ty )z = (1 — a1741+1bM+1 aM+1Tb;4+1)Z
TaA;HTb—MH(a;jH(bMH — ani1Tans oy Tonrin)) s (5.82)
(1= T, Ty, - Ty Ty, )2 = TM}HTI;M+1 (brr41 — anrt1Tan s Top s y)- (5.83)
By the relations (5.74) and (5.76), we have

(gb1 — a1)(1 = Ty, Ty, )z = Tu, (gb1 — an)(T,," = T,)z
= Tai[(qb1 — ai)Til — (a1 — ai)Tbl — (qbi — al)Tbl — q(bi — bl)Tfl]Z

al

=T, (qb; — a;)(T,," — Ty, ). (5.84)
Similarly we find
(gb1 — a1)(b; — aiTy,Ty,)z = T, (qbi — ai)(b1Ta_11 — a1 Ty, . (5.85)
Therefore we have
(qb1 —a1)*[(1 - Taini)aK/[l+1(bM+1 —am 1oy Torey) — (bi — aiTo, T, ) (1 — Ty Ty )]

aM+1 (qbl ai)(qu+1 - aM+1)
(T, = Tp,)) (1T, — arq ' Ty,) — (01 T,," — alq )T - Ty

[an-H ai

aM+1 (qbl ai)(qu+1 - aM+1)(q2a’]T/[1+1 - 1)(b1 ap T Q19 1Tbl)(T Tbl)
= (qbi - qai)(qu+l - an+1)(an/[1+1 - 1)T TaM+1 (blTa T— aiq 1Tb1)(T Tbl) (586)

Since apr+1 = q and gb; — aq # 0, the function z satisfies

(1 —Tp,)(1 —Cq ' Ty - Toy,) — (1 — BiTy,)(1 — ATy, -+ - Ty, )]z = 0. (5.87)
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Also we have

[zi(1 — ij)(l = BiTy,) —xj(1 = Ty,)(1 — Bijj)]Z
=[(1- Taijj)(bi —a;To,Ty,) — (1 = T,,T5,)(bj — ajTaijj)]z. (5.88)

Similar to the above calculation, we have
[l‘l(l — TIJ)(l — B’LTCCZ) - {E](l - sz)(l - Bijj)]Z =0. (589)
O

Remark 5.18. In the above proof, we did not use the equation (5.72). In general, the equation
(5.72) may be derived by (5.73),...,(5.77).

Corollary 5.19. Suppose T € {1,q/(Bix1),...,q/(Byxar),doc}, where d € C is an arbitrary
point. Then the integral

T et (@) T (Bigit)
I i LGt (5:90)

s a solution of the q-Appell-Lauricella system.

Finally we consider the degenerations for the series solution W( laih<icnres > of the

{biti<i<mr+s
system g-RPM. We recall the definition of W (5.46):

{ai}1<’i<M—‘r3 )
W >0
< {bi}i<icmis

_ (anry1 /by, brr41bar436 /(anr+2a0r43), barsobrr3¢? /(anry2aai13), arr424/ari43, An43/ AN +2) oo
anr+3(bar1q/anr2, bar1q/ani 43, barv2q/an42, bar12q/anr43, bary3q/an+2, brr43q/anr+3) o

M
1T (bibar+3¢%/ (anr+2a0m+3), aiq/ari+2, aiq/an+3) o

=1 (aibarysq®/(anr2an43), i/ ari+2, biq/ar+3)oo

o M2 ( {ai/biti<i<m
{ai}1<i<m
M2 < {ai/bi}1<i<mr
{ai}1<i<mr

anmbar+sq  bu+sq buysq am  am 'CLM+1>

; ) i " D (5.91)
ap+200M+3  Gpm+2  apM+3 OM+1 OM+2 OM43

apby+3q  bumysq buysq am  anm _GM+1>
) ) ) ) )
arM+20M+3 aM+2  OM+3 bvy1 buyo bargs

- ¥ <GM+1>|I A({aid" }1<i<m) 11 1 — g hiaibas i3/ (anr2anrys)
jar \barts A{aiti<i<m) 1 — aibars/(an2an1+3)

1€(Z>0 1<i<M

< 11 (qajbrts/(an+2am+3))) (ai/bj)i,
1S5 \ (@0ibares/ (anrraanr+s)y | 22y, (90i/a)i;

(anr/brrs1s ane /bar+2)p I (aibri+3q/(anman+2), aibrt3q/(aman+3))i;

(anrq/anrv2, apq/an+3) (®aibrr1brr43/ (anrani+2an+3)s G2aibary2barss/(ananiy2an43))i;
(5.92)

1 1<i<nmr

Due to the integral representation of W (5.51):
M+3
(

W< {aiti<i<nts > _ 1/q/aM+3 H
{biti<i<m+s 01— 0) (Do Jofarsn

akt)oo
(bit) oo

dyt, (5.93)
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and the equation (5.56), we will consider the similar degeneration of Cy ( g > w ( laihcicars
apy2 {bih<i<m3
By the definition of the g¢-shifted factorial, we have

im0 — ()" i (o) =1, fim 0 (a9, (5.94)

T—00 r—o0 xMm

Using these formulas, we have

Hm M2 ( {ai/bi}1<i<m
{az}lgng

anmby+3q  by3q buvisqg am  am ‘CLM+1)
) M ) ) )
ar+20M+3 ap+2  ap+3 by barye bares

brr+3=q anr+3

_ <_ ar41q >'l A({aiq'}1<i<m) I 1— gl Jansso
)IVI

apman+2 Afaih<i<m) 52, 1 —aiq*/an42

y (qajq*/ars2)p) (ai/bj)i,
I I

1<j<M (a°bjq*/arrt2)y 1Si<M qai/a;)i,

a’q\? )
S5 (¢®aibrr410*/(arrani42), Paibar2¢*/ (anan42))y,

(5.95)

(anr/bars1, ane/barsa)yy I

L () (aig*q/am),
(anrq/anr+2)y) '

Next we consider the limit apr10 — 0 with by = ¢®a M+2. Due to the condition a; -

aM+3 =
@%by - - basys, B satisfies ar - - ap1 = ¢2q ¢y - -

-bpr+1- Using this relation partly, we have

lim (right-hand-side of (5.95))

|bM+2:q611M+2

ap+2—0
> q|z|A({az‘qli}1§i§M) 11 11 (ai/bj)i,
(az‘q)‘Q/aM)l-
x (an /bar+1) —, (5.96)
( +1)]1] 131;[M (¢%a;gPq* Jayr)1,
lim (s(anr+1,an+2). (right-hand-side of (5.95)))5,, . ,=qfanr s
aM+2—>O

_ q |21 (\Q)A({aiqli}lgigM) 1_q\l|+liaiq,\/aM+l
- = () I

e \@ A A{aih<ism) 52y, 11— g /ana
Tl (qajq*/ari41)p (ai/bj),
S5 (@bja* an1)yy | 23 2, (a0i/ag)i,

XM H ali (lzl) (aiqu/CLM)li

(amq/an+)py =2, | (Paibareig®/ (aarann));

(5.97)
Here s(z,y) : ¢ > y. We put

_ (anry1/brys, brr1ba+30%/ (anr2ani+3), barr2br+3q® /(ani+2a0+3), Ani+2q/ anit3, Anr+3/an+2)oo

ar+3(bavr+1q/ani42, bri419/an+3, bars2q/aniv2, bvr42q/an+3, bar+3q/anr+2, bar+3q/ani+3) o
M

% b bM+3q / aM+2aM+3) alg/aM+2’an/aM+3) (5 98)
=0 (aibars@®/(anr2an43), big/ anr+2, biq/an+3)oo
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By taking the same degenerations for the corresponding gauge factors C1g, Cos(anr+1,a M+2) g
with suitable pseudo constants C; (i = 1,2), we get series solutions for the system ¢- RPdegene
We only show the calculation for C1g. Another limit can be calculated similarly. The factor g
is rewritten as

C’0< q )g:(bM+1bM+3q2/(aM+2aM+3)abM+2bM+3q2/(aM+2aM+3))oo< q )A
am+2 (bar19/an+2,bar2q/anrv2, bar43q/an13) oo an+2

M

(bibar+3¢%/ (anr+2an+3), aiq/anr+2) oo
1
=1

(aibrr13q?/(anr+2an+3), biq/anr+2) oo

M
(anr+1/00+43, an+20/an+3)o0 7 (@i€/anr+3)oc  (anr+2/bn43)o0
(bar+19/anr4s, bar2q/an+3)oo -3 (0ig/ar4s)oo  (anr+2/arr43)so

an+3(an+39/an+2) oo
By the definition of the g-shifted factorial, we have
lim (1/2)e =1, =1—-u=x. 5.100
Jim (1) =1, (e (5.100)

Thus we have

lim (Co< 4 >g>
AM+3—70 apf4-2

M
1 (v fanrsa, bured’ ¥/ anr12) s < )AH biq q2/aM+27aZQ/aM+2)

arvi+2 (bavrs1g/ani+2,bv2q/ani2, 7)o \arr42 (aig*q?/anrr42, biq/ari+2)so
(5.101)

brr+3=q anr43

=1

Also we have

lim <—q<bM+1q>_/\_l O(brr+19/anrr+2) ﬁ9(bz'(J’\qz/aM+2)9(aiq/aM+2)

arrg2—0 a2 0(brr+190* ! Janii2) % 0(aig*e/ani42)0(bia/arr+2)

=1

x (right-hand-side of (5.101)))

)
— 1(qq7 5.102
M+ (2 q,¢Pq) o (5.102)

Therefore the function

b Y qu({aiqli}lsigM) I 11 ((az‘/bj)li

1€(Z0)M A({ai}lgiSM) 1<j<M \1<i<M qai/aj>l¢

(aiqg*q/anm),
o o 5.103
(an/brr+1)y 1§1z'_§[M (a:d°¢ Jan )1, ( )

a solution of ¢-RP. degene By the similar method, we get solutions for ¢-RP, degene

Proposition 5.20. The following functions satisfy the system q—RPé\ggene:

a;q" b1<i< ai/05)1;
b&)\ﬂl Z qlllA({ iq" hi<i<m) H H (( /i)

1€(Zs0)M Alaihi<isn) 22y \ Goay @ai/a
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(aigq/an),
X (an /bar+1)p —,
( / + |1<1;[M (qzaiqﬁqx/aM)li

M

" (br+10 2 Janri1) oo 71 (000 anis1, aig/ani+1) oo

MAL (barrrg/ans1) s (aig*q?/anr+1,biq/anr+1) oo
=1

Pari A({aihicicn) (52, 1—aid/ann

x Y ( q >llq(é)A({az‘qli}1§z‘§M) 1 1— q'iaq fan i
)]\/f

1e(Z>o

(@b fanr)yy | 22, (aai/ag),

y H (qajq/\/aM+1)m H (a; /b))y,

1<j<M
y (ant/bar1)y H g4 (aigq/an)i,
(ama/an)y 2y, 0 (@Paibyag/ (amann)),

Here, ¢° = a1+ an+1/(*q by -+ - barsa).

Corollary 5.21. The functions

i AU Bizig" hi<i<m) (Biwi/x;)1,
Z 4 A({Bizi}1<i<nmr) H H (¢Biwi/(Bjxj)),

(ABjzi/(Byxm))i,
(ABjziB1 -~ Byq/(CByzy))i,’

1€(Zs0)M 1<5<M \1<i<M

x (BurmA/C))y H

1<i<M

(Az;, Bixi)oo
(ABizi, %) oo

=

=1
x> (C>|l| () AUBirig h<icu) I ¢!+ AB,z;
ez By---By A({Bizif1<i<mr) ey 1 — AB;x;
< I (ABjz;/q)y 11 (Bizi/zj),
(Azj)yy (qBixs/(Bja;)1,

1<j<M
(AByzam /C)yy

(Barar)

1<i<M

g (4) (ABii/ (Barzan) )i
H (Biz;)'iq (CBiti /(Bayaa ).

1<i<M

are solutions of the q-Appell-Lauricella system (5.79), (5.80).

(5.104)

(5.105)

(5.106)

(5.107)

Proof. We get desired results by putting a; = Bz, by = x; (1 < i < M), apr41 = ¢, by =

C/A, ¢* = A/q. Note that ¢ =q2¢ar--anp1/(by - -barp1) = By - By /C

O]

Remark 5.22. In section 2.5, we get series solutions for the Heine’s equation, which are g¢-
analogs of the Kummer’s 24 solutions for the Gauss hypergeometric equation. However it seems

to be difficult to obtain similar results in multivariable cases.

In section 4, a characterization of solutions for the g-Appell-Lauricella system was obtained.
Using this characterization, we find a relation between the above solution (5.107) and the ¢-
Appell-Lauricella series ¢p. We remark that a similar characterization of the solution (5.106)

is not obtained.
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Proposition 5.23. We have
H Aqu 357, )
= (ABimi, ) oo

X2 <C> " (AU hsicn) e g+ AB,z;
IG(ZZO)]\J Bl ce BM A({lel}lngM) 1<ism 1— ABzxz

< |1 (AP525/ 0 11 ( (Biwi/xj)i;

o\ Az a2y (@Biw/(Bjzg))u
AB v e
( BMxM/C)u I (Bizs)liq(D) (é?%/(?ﬂm)u
(Buzam)y 52y (CBizi/(Buxm))i,
. ( A;Bl,.c..,BM mjﬂ_ﬂ)_ (5.108)
Proof. The ¢g-Appell-Lauricella series
A;By,...,B
¢D< ! o M ;xl,...,xM>, (5.109)

is the unique solution for the ¢g-Appell-Lauricella system, which has the asymptotic behavior
1+ O(|x1/z2| + |xo/xs| + - -+ + |xpr—1 /x| + |2 01])- (5.110)

This characterization is obtained in Proposition 4.6. We put X; = z1/x2, X9 = z2/x3, ...,
Xn-1=xpm-1/20, Xy = xp, then we have

A({Biziy1<i<nm) = H (BiXi-- Xar — BiXj - Xup) = H X Xp(BiXi- Xj 1 —

1<i<j<M 1<i<j<M
(5.111)

Thus we have

A({Biziq" h<icm) _ ¢"Bj = ¢"BiX; - Xjo1 _ I

= b+ 01X ]+ - + [ Xul)-

1<i<j<M 1<i<j<M

(5.112)
For i < j, we have

(Biwi/z;),  (BiXi-+ Xj_1),

- =1+ 0(X1] + -+ [Xuml). 5.113
(¢Bizi/(Bjz;)),  (¢BiXi---Xj_1/Bj), (1X1] | Xnl) ( )

For i > j, we have

(Biwi/j)i; :<Bj>li (qz;/(Biwi))i,
(¢Bixi/(Bjxj)); (¢Bjz;/(Bixi))i,

q
Therefore we obtain

l;
—(Z) +otxl et Xu).  (5114)

(series (5.107)) = 1+ O(|z1 /x| + |x2/x3| + -+ + |xpr—1/x 0| + |2 0a))- (5.115)

This completes the proof. ]
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Remark 5.24. As a similar but different formula to (5.108), the following transformation for-
mula was known in [29]:

(1) oo 11 (cxi /@M )oo 3 u|z|A(l‘ql) 11 (ajzi/zj)i, (b /20,

:S0D<al..-a]\/[bu/c;al,...,GLM;c3131"”7 c a:M_l’c>' (5.116)
al---apmU a1 Tp ap—1 TM M

This formula was obtained by using some transformation formula for multiple g-hypergeometric
series and the Andrews’ formula [3]. Putting a; = B;, w = C/(B1---By), ¢ = xp, b= Az /C,
and x; — B;x;, the right-hand-side becomes

<A;B1,...

, B
c M ;xl,...,xM> . (5.117)

¥YD

Therefore we find that the series

11 (Bi%i)oo 3 I ABizid") 11 (Bizi/ i), 11 ABizi/Cs (5 113

iz (@)oo e BB (¢Bixi/(Bjxj))i (Bizi)i,

1<i,j<M T 1<i<M
satisfies the ¢-Appell-Lauricella system. If we directly prove that the series (5.118) satisfies the
g-Appell-Lauricella system, we get another proof of the transformation formula (5.116) by the

characterization, like the proof of Proposition 5.23.
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6 Summary and discussions

In this paper, we considered several extensions for the Heine’s ¢-hypergeometric equation (1.5).
We summarize the contents by each section.

In section 2, we discussed the variant of ¢-hypergeometric equation of degree three Hs. Main
results for the g-Riemann-Papperitz system (2.1) are Theorem 2.20 and Theorem 2.27, which
give integral solutions and series solutions for the equation Hs. The key point is to regard the
equation as a ¢-Riemann-Papperitz system. In the theory of ¢-difference equations, we can not
apply Mobius transformations, however we can consider the g-Riemann-Papperitz system and

T—11to—1

its solutions. More precisely, the series solution (2.61) is a g-analog of o F} < tl t2 t3>' To
T —1l3l2—1U1

get those results, we focused on the following type integral:

(a1t7 GQt, a3ta a‘4t)oo
d,t 6.1
/C (bit, bat, bst, bat) e © (6-1)

where ajasa3as = ¢?b1babsbs. This is a Riemann-Papperitz type extension of Heine’s integral:

a1 (@)oo (b2t)oo
/Ct 1(Ct/a)oo () dyt. (6.2)

A connection formula for the solutions of the g-Riemann-Papperitz system (2.1) is given in
section 2.4. By certain degenerations, we obtained several solutions for the variant of g¢-
hypergeometric equation of degree two Ho and the Heine’s ¢g-hypergeometric equation in section
2.5.
In section 3, we studied the properties of the Euler-type integral transformation
7 (@) T)oo

A o) = gL
BM(f)(z;0) T

dyt. (6.3)

Applying this transformation to solutions for g-difference equations, we can regard E* as a
transformation among g-difference equations. We constructed an integral transformation for the
g-Heun equation (3.11), defined by Hahn [19] and also studied by Takemura [61, 62]. Using this
transformation and a suitable gauge transformation, we gave a representation of affine Weyl

group of type Dél). We also constructed representations of affine Weyl groups of types Eél),

Egl), Eél) by integral transformations for suitable g-difference equations. Main result in section
3 is Theorem 3.16, which gives a representation for the case of Eél). The equations for the cases
of Eél), Eél) are equivalent to variants of the ¢-Heun equation [62]. The ¢-difference operator for
the case of Eél) is studied by Moriyama-Yamada [41] in order to give quantum representations
for affine Weyl groups. Note that their representation is constructed in a formal algebraic sense,
and our representation is given analytically.

In section 4, we gave the fundamental solution ™7, for the ¢-difference system En, v defined
by Park [51, 52]. This solution converges in {0 < |7,)| < -+ < |75y < 1 < |2g141)] K

L,o

L |zo(an) |} Every component of our solution w™“ is characterized by an asymptotic behavior

of the form

ag g — 1 g g -
P+ 0(lll), == (W, T (ot T ) (6
(L)
Lo(2) Lo(L) Lo(L+1) Lo(L+2) Lo (M)

Main result in section 4 is Theorem 4.9, which gives a connection matrix between w71 and
w272, We obtained this matrix by using the connection formula [64, 67] for the generalized
g-hypergeometric series ny1@n inductively.
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In section 5, we considered the system that the following integral satisfies:

M+3
t)oo
(axt) dyt, (6.5)

/C kl_‘[l (bkt)oo

where ai - --apr43 = ¢?by - - - byro3. This is a multivariable extension of the Riemann-Papperitz
type integral (6.1). Main results for this integral are Theorem 5.4 and Theorem 5.12, which gives
the ¢-difference system ¢-RPM associated with the integral and its solutions in terms of the
Kajihara’s ¢-hypergeometric series [29]. Theorem 5.11 gives a transformation formula between
the above integral and the Kajihara’s g-hypergeometric series W*:2. Due to this formula, we
obtained linear relations among W2 which are written in Theorem 5.14. These relations
are connection formulas for solutions of ¢-RP™. We also showed that the system ¢-RPM is
an extension of the ¢-Appell-Lauricella system. As an application we gave a transformation
formula, which seems to be new, between the ¢-Appell-Lauricella series ¢pp and a degeneration
of WM:2 by using the characterization of solutions for the g-Appell-Lauricella system.
There are many related open problems.

(1)

For the Appell-Lauricella differential system, hypergeometric series solutions are known,
besides near origin and infinity. For example, the series

F < a; {Biti<i<m

o T 6.6
@‘i‘ﬁl‘i“"/BM_’Y‘i‘l’ X, ’ .’BM>, ( )

satisfies the Appell-Lauricella system. For the case of M = 2, see [8, 14, 66], and see also
recent reference [40]. It is expected that the g-Appell-Lauricella system has also a solution
in terms of a g-analog of the above series Fp. To get such a solution is interesting. We
discussed the case of M =1 in section 2.5.

In sections 2.3 and 5.2, we showed that ¢-hypergeometric series sWy and WM-2 satisfy
the corresponding g-difference system. The way to find these series solutions is due to a
transformation formula of the Jackson integral:

M3
(

LI

e ¢

ait)oo
At (6.7)

()

It is important to find series solutions directly. If we can derive the system directly from
the definition of sW7, WM:2_ it would be extended more general g-/elliptic hypergeometric
series. Note that an elliptic analog of Kajihara’s ¢-hypergeometric series and its transfor-
mation formula are studied in [30].

The Heine’s g-hypergeometric series

b
201 ( n ;:c) : (6.8)

is characterized as the solution of the form 1 + O(x) for Heine’s equation. Also the ¢-
Appell-Lauricella series

Cc

op ( a; {bihi<i<m ;{%}19-94) ’ (6.9)

is characterized as the solution of the form 1 + O(|zi| + -+ + |zn|) for the g-Appell-
Lauricella system. A characterization of solutions for the g-Appell-Lauricella system was
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discussed in section 4. Similar to these cases, the series solutions gW7 and W2 should
be characterized by some conditions. It is an important problem and would be related to
the above problem (2). In the last of section 5.3, we get a relation among the g-Appell-
Lauricella series ¢p and a degeneration of W™:2 by using a characterization of solutions
for the g-Appell-Lauricella system. So a characterization for solutions sW7 and W2 may
be also useful to get some transformation formulas.

In this paper, we studied the Jackson integral (6.7). There are many interesting hyperge-
ometric type Jackson integral. For example, a ¢-Selberg type integral

- a - (qar_lti)oo 271 (ql_Ttk/tj)oo dqtl dqtn
[T (e ][ Lrtid=) T # Ao Zan 6.10
/Cz'=1 < (brti)oo 7@/t h th (6.10)

r=1 1<j<k<n

is an active area of research for special functions, combinatorics, mathematical physics and
orthogonal polynomials. For details and histories, see [24, 25]. To consider a “Riemann-
Papperitz type extension of the g-Selberg integral” is interesting and important. In ad-
dition, there are many important integrals for the differential case. For example, the
Aomoto-Gelfand hypergeometric integrals and the GKZ hypergeometric integrals are so
(see [7, 18, 34, 69]). To study g-analogs of these integrals is also interesting and important.

In [42, 43], the ¢g-Garnier system, which is a multivariable extension of the ¢-Painlevé VI
equation, is considered by means of the Padé interpolation of some product % of the ¢-
shifted factorial. For the Padé method to Painlevé equations, see also a recent book [44].
In [57], the Padé interpolation of some product of Jacobi’s theta function is expressed ex-
plicitly in terms of the very-well-poised elliptic hypergeometric series 12 F11. This function
12F71 has a transformation formula of the form:

1211 = (product of theta functions) x 12FE17. (6.11)

That is the reason why the Padé problem is solved by using 12F711. In this paper we got
some transformation formulas for the Kajihara’s g-hypergeometric function W2, The
Padé problem or its certain generalization associated with ¢ may be solved by using W2,
similar to Spiridonov-Zhedanov’s method [57], in particular, we will get a special solution
for the g-Garnier system in terms of WM:2,

In section 2.3, we found that the very-well-poised g-hypergeometric function W7 satisfies
the g-Riemann-Papperitz system (2.1). As mentioned in Remark 2.31, the function W5
is also known as the Askey-Wilson function, related to orthogonal polynomials. The
Koornwinder polynomial is a multivariable extension of the Askey-Wilson polynomial,
and it is an eigenfunction of Koornwinder’s g-difference operator. To give a solution for
the bispectral problem of Koornwinder operator explicitly is important for mathematical
physics (see [36, 37, 58], and [50] for an explicit form of Macdonald’s case). In this paper
we discussed a certain extension WM:2 of the Askey-Wilson function from the viewpoint
of the integral representation of it. We hope that the series W2 is an eigenfunction
of Koornwinder operator of special eigenvalue. Note that an integral solution for the
bispectral problem of the Macdonald’s operator is given by a multiple Jackson integral in
[50]. For general eigenvalue, a multiple extension of (5.1) would be needed.

The variants of ¢-hypergeometric equation [21] are introduced as special cases of degener-
ations for the eigenvalue problem of Ruijsenaars-van Diejen operator of one variable case.
In this paper, we introduced a multivariable extension of this variant from the viewpoint
of the integral. Its relation to the Ruijsenaars-van Diejen operator [13, 53] is an interesting
problem.
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A  Kummer’s 24 solutions for the Gauss hypergeometric equa-
tion

In this appendix, we give a list of Kummer’s 24 solutions for the Gauss hypergeometric equation

2

x(l—x)%—k(’y—(a—l—ﬁ%—l)aj)%—aﬁ y =0. (A.1)

As mentioned in section 1, this equation is characterized by the Riemann scheme

=0 r=1 T =00
0 0 e . (A.2)
l—vy y—a—-8 p

By the gauge transformation 3; = 27!y, the Riemann scheme (A.2) is transformed to

r=0 r=1 T =00
v—1 0 a—v+1 . (A.3)
0 y—a—08 B—7+1

a—y+1,8—-—v+1

So the function y; = o F} < 9~ ; :1:) satisfies the equation corresponding to this

a—v+1,8—-v+1

2—v
hypergeometric equation. Also, by the gauge transformation y, = (1 — x)o“rﬁ*'yy, the Riemann
scheme (A.2) is transformed to

Riemann scheme. Therefore y = x5y ( ;x) is a solution of the Gauss

z=0 r=1 T =00
0 a+B-v v-08 ;. (A.4)
11— 0 v -«
So the function yo = oF} < T a:yV -8 ;a:) satisfies the equation corresponding to this Rie-
mann scheme. Therefore y = (1 —x)Y"*F3Fy < T a:y’y B ;x> is a solution of the Gauss hy-
1—a,l1
pergeometric equation. In a similar way, we find that the function 2'=7(1—z)Y=*=5, ( 202 -

is a solution of the Gauss’ equation. Therefore we get 4 solutions by the gauge transformations.
Next we put z =1 — x, then the Riemann scheme (A.2) is transformed to

Z:l Z:O z =00
0 0 @ . (A.5)
l—-y y—a-8 8

o, 3

So the function o ( at+B—ny+1 ;

1-— x> satisfies the Gauss hypergeometric equation. There

1 1 T xr —
2 l—x'z =1’

are 6 Mobius transformations = — z,1 — x that the points x = 0,1, 0

are transformed to each other.
In conclusion, we get 24 solutions for the Gauss hypergeometric equation, which are called
Kummer’s 24 solutions. We list them as follows:

2 Fy < a:yﬁ §95>7 APy 3 ( O[_’y+1i/3,y_’y+1 SfU),
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o a,a—y+11 _8 B,p—v+11
x 2F1< a—B+1 x>,$ 21 B—a+1 z)°

x—a 1_1 Tmep F 1*ﬁ7’7*51 l‘_ﬁ 1_1 v-o=h F 1*0[,’)/70[1
- 21471 06—54-1.%" z 241 5—C¥—|—1[E’

_ 1\ “ o,y — 1 _ 1\’ By —B 1
af1-=) Lm( @ LS sli_LY e ( B .
v ( fc) 2 1(aﬁ+1’1—x>7x < x) M\ B-at+1'1-2)"
1\7 ! 1-B,a—v+1 1 1\7F-1 l—a,f—v+1 1
—afp- = F ! SR RS P F ) :
v ( a:) 21( a—pf+1 ’1—x>’$ < a;> 21( f—a+1 ’1—3:)’

—a a,y— 3 x -3 B,y —« T
1 F ) - F LT
( l‘) 21< ~y ’l'—].)’( l‘) 21( ~ ’IE—1>7

1=y _ o \y—a—1 O‘_'Y"{'lal_ﬁ, € 1-v/1 _ \v—B-1 ﬁ—7+171—04, z
T (1 .%') QFl( 2_7 1 , L (1 x) 2F1 2_7 e —1)"

a+pf—y+1" at+pf—-y+1" =z

_ o l—a,y—a x-—1 _ o 1-8,y—p z-—-1
a—vy(1 _ \y—a—p8 Y LY B—v(1 _ . \y—a—pF Y .
(1 —2) 2F1<fy—a—5—i—1’ x >,a: (1-2) QFI(’Y—a—ﬁ—i-l’ x )
The dimension of the space of holomorphic solutions at x = 0 is 1. So we have

o ( a:yﬁ ;$> =(1—2)"*PF < v—a%v—ﬂ 55U>

=(1—z)"%F ( a,’yy— g ,xm_1> =(1—-2)"R ( ﬁ,’}’ry— “ ’x$—1> . (A.6)

_ 1 _ 1
x_a2F1< aa-y+l 2 ),x_B2F1< Frf—y+1 @ )7
x

Similarly we have

ey 2 ( a—-v+1,8-7+1 ;x> :xlv(l—x)va%ﬁ}( l—a,1-p ;a:)

2—7 2—7v
— pl= 1— 'y—a—lF 0(—’}/+1,1—ﬂ' z
71 —x) 2 1< 2 ~ T
— pl=v1 _ o\ B8-1 B_7+171_05 T
T (1 a:) 2F1< 2_7 e —1) (A7)

Oé,/B 1 _ 21—y Oé—’}/-f-l”B—’)/-f-]_ o
2F1<Oé+ﬁ—’}/+1’1 $>—$ 2F1< ,1 X



=71 —2) B R < 1__ By=B 2 1) ) (A.9)

—a-p
_ a,a—y+11 _ 1\ 1-,~v—p 1
Y F' =z (1-= F -
v 1< a—-pB+1 x> v ( x T a-841 2

y—a—1 _ _
:xa<1—1> 2F1<1 f’o‘ v+t > (A.10)

y—a=p

-8 BB—ny+1 1\ _ _s(,_1 l—ay-al

xT 2F1< B—Oé"i‘l T T 1 - 2F1 ﬁ—Oé"i‘l -
-8 v—B-1

_ 1 By—8 1 _ 1 l—a,f—y+1 1
=z P (1-=) ,HF 7 : =z P (1-= F ’ ; .
B < 1E> 2t < B—-—a+1 ’1-—:E> v < x 2 f—a+l '1-2

(A.11)

Remark A.1l. In [68], 24 solutions are obtained from the point of the Riemann-Papperitz
equation.

In section 2.5, we gave Kummer type solutions for the Heine’s equation
(1 —T)(1 — cq 'Ty) — 2(1 — aTy) (1 — bT,)]y = 0, (A.12)

by the degeneration of the g-Riemann-Papperitz system (2.1). The list of them is in Theorem
2.49. A part of this list can be also obtained in a similar method for the Gauss’ equation. We
apply the gauge transformation y; = 271y where ¢” = ¢, then we have

[(1 - c_quz)(l - Tx) - x(l - CLC_qux)(l - bc_lTx)]yl =0. (A13)
Therefore the function 2'~75¢; ( GQ/q 62’ /bcq/ ¢ ;x) satisfies the Heine’s ¢-hypergeometric equa-

tion. The Heine’s equation is rewritten as
[(z — )T, + (abz — )T, — ((a + b)z — (c+ q))]y = 0. (A.14)

T )oo

(Br)oso

The function satisfies
(Ax) oo _1-Bx (Ax) oo -1 (A%) oo 11— Ag 'z (A%) oo

T, = , T = .
(Br)so 1— Az (Bz)s (Bx)oo 1—Bg 'z (Bx)s

(A.15)
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(BT) 0o

We put yo = y, then we have

(Ax) oo
1—-Aq¢ 'tz 1—- Bz _

We put A =ab/c, B=1 and z = abx/c, then we have
(= = )T + ((c/a)(c/b)z — OT: — ((¢/a+c/b)z — (c+ q))ly2 = 0. (A.17)

) abx/c b abx
Therefore the function wgm ( c/asc/ —
()00 ¢
We can not apply Md&bius transformations for g-difference equations except the scale trans-
formation and inversion. So we can not get g-analogs of Kummer’s 24 solutions by the Mobius
transformations. The inversion x + z~' changes the points = 0, co to each other, so we
can apply it to the Heine’s equation. We put z = dz~! where d is a constant, then we have

T, = T;'. Thus we have

> is a solution of the Heine’s equation.

(1-T,)(1— cq_lTx) —z(l —aTy)(1 —0T,))y

ab
= ——T2%(1-a'T))1-b"'T,) -
21 (1 —a™"T:)( )

cqd

Ez(l - Tz)(l - C_quz)]y' (A'18)

We put d = ab/(cq), § = z~“y where a = ¢“, then gy satisfies

(1 —=T,)(1 —ab™'T,) — 2(1 — aT,)(1 — ac*qT,)]§ = 0. (A.19)
We know a solution 4§ = a,aq/c z | for this equation, so the function =% a,aq/c '
Y =201 aq/b 3 q y 21 CLC_I/b ’ abx

is a solution of Heine’s equation.
In this way, we see that the following functions satisfy the Heine’s equation:

o ( a,cb m) 7 (A.20)
(@br/s < c/a,c/b abﬂf) (A.21)

?

(7)o c c
ke ( i ””) ’ (A.22)
1 (abz/c)o g/a,q/b _abx
e (). 829
e < G&Z(/Iéc ;acqu> ’ (A.24)
xiQM Q/b, C/b . g
(cq/(abw))oowl( aq/b m) (A.25)
oo ( bl;z%c aczi;> ! (A.26)
x*5M q/a,cla q
(cq/(aba))os ™" ( bg/a I) ' (A.27)

Each solution is well known though they are scattered in literature. In the main text, we gave
more solutions in Theorem 2.49.
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