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Abstract

Axions are hypothetical pseudoscalar particles rooted in quantum chromody-
namics and string theory. They can assume pivotal roles in cosmology, functioning
as inflatons, dark matter, or dark energy. Consequently, the search for the axions
stands as one of the paramount challenges in contemporary physics.

In this thesis, we propose an innovative approach to probe the axions through
observations of black holes using electromagnetic waves. It is known that magnetic
fields are present near black holes and photons can go around the black holes due to
strong gravity. When the photons propagate in the magnetic fields over substantial
distances, they undergo conversion into axions. The conversion of such photons into
axions leads to a dimming of a photon ring encircling the black hole shadow. Our
analysis reveals that the photon ring dimming can occur e�ciently for supermassive
black holes. For instance, in the case of the black hole in the center of the galaxy
M87, a dimming of approximately 10% will be observed in the X ray and gamma
ray bands. The photon energy band and the extent of the dimming depend on the
axion-photon coupling constant and the axion mass. Consequently, the distorted
spectrum of the photon ring serves as a valuable tool for elucidating the nature of
the axions.
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Chapter 1

Introduction

Axions are hypothetical pseudoscalar particles motivated by physics beyond the

Standard Model. Historically, they were initially introduced to address the strong

CP problem in quantum chromodynamics (QCD) [1–7]: They can naturally account

for why CP symmetry is realized in QCD. Notably, pseudoscalar particles are ex-

pected to emerge ubiquitously in string theory [8]. Henceforth, we refer to these

pseudoscalar particles simply as axions. Axions can play crucial roles in cosmology

[9]. Indeed, heavy axions can realize slow-roll inflation in the very early universe

naturally owing to their shift symmetry [10–12]. Light axions can be dark mat-

ter [13–17], the key ingredient in cosmic structure formation. Axions with a mass

around 10�33 eV can mimic a cosmological constant [18–22], potentially accounting

for the current accelerated expansion of the universe. Therefore, probing axions and

determining their mass hold paramount significance from a cosmological standpoint.

One crucial property of axions is their coupling with photons described by the

interaction Lagrangian Lint = �(ga�/4)�Fµ⌫
eF µ⌫ , where ga� is the axion-photon cou-

pling constant, � is the axion field, Fµ⌫ is the electromagnetic field strength tensor,

and eFµ⌫ is its dual. An intriguing consequence of this interaction is the conversion

from photons into axions in the presence of a magnetic field, and vice versa [23,

24]. This axion-photon conversion phenomenon serves as a fundamental principle

[25, 26] in the search for solar axions [27, 28] and axion dark matter [29]. Axion-

photon conversion has been extensively discussed in cosmological and astrophysical

contexts. For example, it is argued that high-energy photons from extragalactic

sources reach us through the conversion from photons into axions and subsequent

reconversion from axions into photons; otherwise, these photons would be annihi-

lated via electron-positron pair production [30–35]. There are various proposals to

account for the recent detections of high-energy gamma rays based on this idea [36–

44]. It is also suggested that the conversion will lead to spectral distortions of the

cosmic microwave background [45–47] and X/gamma rays from high-energy sources

like active galactic nuclei [48–55]. On the other hand, axions may be produced in
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6 CHAPTER 1. INTRODUCTION

the cores of supernovae, superclusters, and white dwarfs, and they will be converted

into photons that we may observe [56–58]. In any case, the absence of observational

signatures can be translated into a constraint on the coupling constant ga�. Com-

bining observations [59–61], the upper limit of the coupling constant is currently

obtained as ga� . 10�11–10�10 GeV�1 in the mass range ma . 10�5 eV.

Recently, the Event Horizon Telescope observed polarized synchrotron emission

at 230 GHz from the vicinity of the black hole in the center of the M87 galaxy

(M87*), reporting a magnetic field strength of 1–30 Gauss [62]. It is expected that

magnetic fields of these orders of magnitude are commonly present around black

holes in our universe. Hence, it is intriguing to investigate axion-photon conversion

around black holes. In this case, the propagation length of photons required for

conversion into axions is typically comparable to or longer than the radius of super-

massive black holes. One might initially suspect that a magnetic field sustained over

such a radial distance is necessary for conversion. However, we should notice that

the strong gravity of the black hole allows the photons to stay in its vicinity for a

considerable period of time. Specifically, a black hole spacetime possesses a photon

sphere, where circular orbits of photons exist. Considering photons emitted from a

source outside the black hole, a part of them will first approach the photon sphere,

then stay around the sphere for a certain period of time, and eventually escape from

the sphere, that we observe. While orbiting the photon sphere, the photons stay

at a nearly constant radius around the black hole. This fact automatically ensures

the persistence of the magnetic field during propagation. In Refs. [63, 64], the con-

version of photons near the photon sphere has been studied focusing on conversion

into gravitons. For gravitons, however, the coupling to photons is suppressed by the

Planck scale, M�1

Pl
⇠ 10�19 GeV�1. In contrast, the coupling of photons to axions is

less constrained by observations, making axion-photon conversion potentially more

e↵ective. Therefore, in this thesis, we investigate axion-photon conversion near the

photon sphere of black holes.

Axion-photon conversion near the black hole photon sphere will hold significant

importance in observations of the near black hole region, particularly the bright ring-

like image (referred to as the “photon ring”) created around the dark region (the

“black hole shadow”). Notably, in this thesis, we predict that the number of photons

emanating from the vicinity of a black hole will be reduced by conversion into axions,

which implies that the photon ring will be darkened. Remarkably, we will see that

photon ring dimming can occur e�ciently for supermassive black holes. In the case

of M87⇤, the dimming is expected to reach 10% in the X ray and gamma ray bands

for axions with a coupling constant ga� ⇠ 10�11 GeV�1 and mass ma . 10�7 eV.

The analysis in this thesis will demonstrate that the photon energy band and the

magnitude of the dimming depend on the values of ga� and ma. Consequently,

observing the distorted spectrum of the photon ring provides a novel tool for probing
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the properties of axions.

The organization of this thesis is structured as follows:

• Chapter 2 is a review of axions. It begins by presenting several theoretical

motivations for introducing axions, particularly in addressing the strong CP

problem and within the context of string theory. Following this, the potential

roles of axions in cosmology are outlined, encompassing perspectives on infla-

tion, dark matter, and dark energy. The chapter then delves into a detailed

examination of the conversion phenomenon between photons and axions in

a magnetic field. The photon-axion conversion probability is expressed as a

function of propagation distance, emphasizing the pivotal roles of magnetic

field strength and axion-photon coupling constant in determining the conver-

sion e�ciency and the conversion length (the propagation distance required

for conversion). Finally, a brief summary of current experimental constraints

on axions is provided.

• Chapter 3 is a review of black hole spacetime. After the concept of the black

hole is introduced, the particle orbits around a black hole are studied. Specifi-

cally, we demonstrate the existence of circular orbits of photons around a black

hole due to strong gravity. It is shown that when observing the black hole, a

bright ring-like image can be created by the photon orbits, referred to as the

photon ring. Subsequently, the chapter focuses on deriving the orbiting time

of photons around a black hole, emphasizing its dependency on the impact

parameter of incident photons. The result of the orbiting time is utilized in

the subsequent chapter. We conclude the chapter with a discussion of the

astrophysical aspects of black holes observed in our universe.

• Chapter 4 is the main part of this thesis, which is based on the author’s paper

[65]. Building upon the insights gained from the preceding chapters, we study

axion-photon conversion in magnetic fields around black holes and its observa-

tional consequences. We apply the conversion formula to supermassive black

holes and show that e�cient conversion can occur due to the long-distance

propagation on the photon sphere. Consequently, we observe that the num-

ber of photons from the black hole decreases, and thus the ring-like image

around the black hole becomes darker, i.e., the photon ring dimming occurs,

at a certain photon energy band. Furthermore, we derive the expected spec-

tra of photons and axions under a simple modeling of the photon source. We

demonstrate that the axion mass and the axion-photon coupling can be read

o↵ from the photon spectrum distorted by conversion. Besides, the axion flux

produced by conversion is briefly estimated.

• Chapter 5 is devoted to the conclusion and future prospects.
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Conventions

In this thesis, unless otherwise noted, the following natural unit system is adopted:

c = ~ = kB = G = 1 ,

where c is the speed of light, ~ is the reduced Planck constant, kB is the Boltz-

mann constant, and G is the Newton constant. For electromagnetism, rational-

ized Heaviside–Lorentz units are used in Chapter 2, while Gaussian units, com-

monly utilized in astrophysics, are adopted in Chapter 4. The signature of the

four-dimensional metric is (�,+,+,+).



Chapter 2

Axions

In this chapter, we provide a review of axions, hypothetical pseudoscalar particles

that arise from physics beyond the Standard Model. In Section 2.1, we delve into

theoretical motivations for the introduction of axions. These motivations are ex-

plored in the context of addressing the strong CP problem and in connection with

string theory. In Section 2.2, we examine the potential roles of axions in cosmology

from the perspectives of inflation, dark matter, and dark energy. In Section 2.3,

a detailed analysis of the conversion phenomenon between photons and axions in

the presence of a magnetic field is presented. We express the conversion probabil-

ity as a function of propagation distance, highlighting the crucial roles of magnetic

field strength and the axion-photon coupling constant in determining conversion

e�ciency. Finally, in Section 2.4, we briefly summarize the current experimental

constraints on axions.

This review is grounded in existing literature, with references including [9, 66–

70].

2.1 Theoretical Motivations

2.1.1 The QCD Axion

Quantum chromodynamics (QCD) exhibits a kind of unnaturalness known as the

“strong CP problem.” The general construction of the QCD Lagrangian allows for

the inclusion of the following “✓ term,”

L✓QCD =
✓QCD

32⇡2
trGµ⌫

eGµ⌫
, (2.1)

where Gµ⌫ represents the gluon field strength, eGµ⌫ = (1/2)✏µ⌫⇢�G⇢� is its dual, and

✓QCD is a constant parameter. This ✓ term violates CP symmetry and gives rise to

9
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an electric dipole moment for the neutron as [71, 72]

dn ⇠ 10�16
✓QCD e cm , (2.2)

where e is the elementary charge. The dipole moment is experimentally constrained

as |dn| < 3⇥ 10�26
e cm, leading to the bound on the constant parameter ✓QCD as

|✓QCD| . 10�10
. (2.3)

This constraint implies an extreme fine-tuning, as the parameter ✓QCD encompasses

contributions from CP violation in the electroweak sector and the bare violation in

the gluon sector induced by instanton e↵ects. Indeed, the observable quantity is

expressed as

✓QCD = ✓̄QCD + arg det MuMd , (2.4)

where ✓̄QCD is the bare parameter in the gluon term, and Mu and Md are the mass

matrices for up- and down-type quarks, respectively. From the perspective of low-

energy e↵ective field theory, the value of ✓QCD is entirely arbitrary and can even

be of O(1). The apparent fine-tuning implied by the experimental constraints in

Eq. (2.3) may suggest the presence of new physics to restore CP symmetry.

The QCD axion is a hypothetical pseudoscalar field coupled to the gluon term

trGµ⌫
eGµ⌫ , initially proposed by Peccei and Quinn [1]. The axion field arises from

the spontaneous breaking of a hypothetical global symmetry. The nonperturbative

dynamics of QCD generates a nontrivial periodic potential for the axion field at

low energies below the confinement scale ⇤QCD ⇠ 200MeV. Introducing the axion

field is e↵ectively equivalent to replacing the parameter ✓QCD in Eq. (2.1) with a

dynamical scalar field, the axion. The expectation value of the axion field settles at

the minimum of the potential, where CP becomes conserved. Therefore, the strong

CP problem can be resolved. Expanding the axion potential around the minimum,

the axion mass is given by

ma ' 6⇥ 10�6 eV

✓
1012 GeV

fa

◆
, (2.5)

where fa is the axion decay constant, related to the energy scale of the spontaneous

breaking of the introduced hypothetical symmetry.

The coupling of the axion to the gluon term trGµ⌫
eGµ⌫ is induced by the anomaly

in the chiral rotation on the fermions. Similarly, the chiral anomaly also leads to

a coupling of the axion to the electromagnetic field (photon) term Fµ⌫
eF µ⌫ . The

nonperturbative dynamics in QCD further contributes to the axion-photon coupling

at low energies. The axion-photon coupling is commonly expressed in the following
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form,

Lint = �
1

4
ga� �Fµ⌫

eF µ⌫
, (2.6)

where � is the canonically normalized axion field, and ga� is the axion-photon cou-

pling constant. The value of ga� depends on each model construction.

In the earliest model, the Peccei–Quinn–Weinberg–Wilczek (PQWW) axion [1–

3], where the axion decay constant was identified as the electroweak scale, has been

excluded by experiments. In the Kim–Shifman–Vainshtein–Zakharov (KSVZ) axion

model [4, 5], in which a scalar field and heavy quarks are introduced, the coupling

reads

|ga�| ' 2.2⇥ 10�15 GeV�1

✓
1012 GeV

fa

◆
. (2.7)

In the Dine–Fischler–Srednicki–Zhitnitsky (DFSZ) axion model [6, 7], in which a

scalar field and an additional Higgs field are introduced, the coupling is given by

|ga�| ' 8.7⇥ 10�16 GeV�1

✓
1012 GeV

fa

◆
. (2.8)

Di↵erent predictions may arise from alternative model constructions.

Note that there is a model-independent property in QCD axion models: The

coupling ga� has mass dimension �1 and is necessarily proportional to the inverse of

the axion decay constant fa, resulting in suppression by the energy scale of symmetry

breaking. Since the axion mass also depends on fa, there exists a relationship

between the axion mass and the axion-photon coupling constant for the QCD axion.

2.1.2 Axions in String Theory

String theory is anticipated to be the most fundamental theory successfully describ-

ing quantum gravity. A consistent formulation of string theory requires that the

spacetime dimension is ten (or eleven). To reproduce the four-dimensional space-

time we observe, one approach is to compactify the extra dimensions. Through this

compactification, numerous scalar fields emerge as Kaluza–Klein zero modes asso-

ciated with the antisymmetric tensor fields present in the theory [8]. These scalar

fields share similar properties with the QCD axion, such as an approximate shift

symmetry, and are therefore referred to as “axion-like particles (ALPs)” or sim-

ply “axions.” The plausible prediction is the existence of a large number of axions

weakly coupled to other particles across a broad mass range. This scenario, where

our universe is populated by numerous axions, is known as the “string axiverse”

[73].
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For the QCD axion, a certain relationship between the mass ma and the axion-

photon coupling constant ga� has been established. However, in the case of the

string axion, a simple relationship may not necessarily hold. The consideration of

string axions allows for a broader range of possibilities in the parameter space.

2.2 Axions in Cosmology

In this section, we explore the significant roles that axions can play in various cosmo-

logical scenes. Henceforth, we will use the term “axion” in the most general sense,

referring to a (pseudo)scalar field with an approximate shift symmetry.

2.2.1 Inflation

Inflation is an accelerated expansion phase in the very early universe, expected

to account for the observed flatness of space and the large-scale homogeneity we

observe today. The simplest inflation model involves a scalar field known as the

“inflaton,” slowly rolling on a nearly flat potential to achieve a su�ciently long

cosmic expansion. Given the approximate shift symmetry of an axion, it naturally

emerges as a candidate for the inflaton.

The “natural inflation” model [10] exemplifies axion inflation, utilizing the peri-

odic potential generated by instanton e↵ects,

V (�) = ⇤4

a


1� cos

✓
�

fa

◆�
, (2.9)

where ⇤a represents the energy scale at which nonperturbative dynamics become

significant, and fa is the axion decay constant. Notably, slow-roll inflation is achieved

in a parameter set where ⇤a corresponds to the grand unified theory scale ⇤GUT ⇠

1015 GeV, and fa equals the Planck scale MPl ⇠ 1019 GeV. Although QCD axions

cannot be appropriate inflatons, axions in a more general sense, originating from

certain high-energy physics, can successfully realize inflation.

From the potential (2.9), the axion mass is given by

ma ⇠ 1011 GeV

✓
⇤a

1015 GeV

◆2✓
MPl

fa

◆
. (2.10)

Consequently, a heavy axion with ma ⇠ 1011 GeV emerges as a viable candidate

for the inflaton. However, the original framework, while producing primordial

scalar perturbations consistent with observations, predicts relatively large primor-

dial tensor perturbations that are in tension with Planck satellite observations [74].

Nonetheless, researchers have actively explored possible variations of the axion infla-
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tion model, and the unique predictions arising from these variations will be subject

to testing in future observations.

2.2.2 Dark Matter

Cosmic observations at various scales, including galaxy rotation curves, galaxy clus-

ters, large-scale structures, and the cosmic microwave background (CMB), provide

evidence for the existence of invisible matter, commonly referred to as dark matter

[75]. The axion emerges as a viable dark matter candidate due to the suppression

of their coupling with other particles by a high energy scale fa. One of the conven-

tional mechanisms responsible for the production of axion dark matter, known as

the misalignment mechanism, unfolds through the following sequence of events.

If the axion field arose from spontaneous symmetry breaking during inflation

in the early universe, it would undergo a process of homogenization by inflation.*1

(Here, the axion is not presumed to serve as the inflaton, implying that it does

not constitute the primary energy component during inflation.) Subsequently, a

potential for the axion is generated due to non-perturbative e↵ects. The equation

of motion governing the homogeneous axion field with mass ma is expressed as

�̈+ 3H�̇+m
2

a� = 0 , (2.11)

where the dot denotes the time derivative, and H represents the Hubble expansion

rate. Given an initial misalignment from the potential minimum as �ini 6= 0, the

axion field remains at this value duringH & ma, owing to the presence of the friction

term 3H�̇ in the left-hand side of the equation. Subsequently, as H . ma, the axion

field commences coherent oscillations around the potential minimum.

The energy density of the oscillating axion field follows a scaling behavior ⇢a /

a
�3, with a representing the cosmic scale factor. This scaling is analogous to that of

nonrelativistic matter. Given our knowledge of Heq ⇠ 10�28 eV at matter-radiation

equality, an axion with mass ma & 10�28 eV can fulfill the role of dark matter [13–

17].

The distinctive characteristic of axion dark matter lies in its macroscopic wave-

like behavior, leading to the suppression of structure formation at small scales.

Consequently, scrutinizing small-scale structures through observations enables the

imposition of constraints on this dark matter scenario. A recent proposal posits that

a scalar field with a mass lighter than ma ⇠ 10�21 eV, constituting the entire dark

matter content, would be incompatible with the matter power spectrum inferred

*1If spontaneous symmetry breaking occurs after inflation, the axion field values will not be
uniform, and many patches will appear in which the field values di↵er from each other. This
scenario leads to other cosmological consequences, such as the appearance of topological defects
like cosmic strings and domain walls.
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ga�

photon axion

⌦

Figure 2.1. In the presence of an external electromagnetic field (denoted by ⌦),
photons are converted into axions. The inverse process is also possible.

from high-redshift Lyman-↵ observations [76]. Ongoing and future cosmological

observations are poised to refine and extend constraints on the permissible mass

range.

2.2.3 Dark Energy

Our universe is currently undergoing accelerated expansion. The energy source that

causes the expansion is still unknown and is called dark energy. One way to account

for this accelerated expansion is by introducing a positive cosmological constant.

However, alternative scenarios explore the possibility of a dynamical field serving as

dark energy [18–22].

Consider an axion with the equation of motion given by Eq. (2.11). If the in-

equality H > ma holds up to the present time, the axion field remains frozen at its

initial value �ini. This implies that the energy density of the axion remains approx-

imately constant at V (�ini) ' (1/2)m2

a�
2

ini
, resembling the behavior of a positive

cosmological constant. Given the present Hubble expansion rate H0 ⇠ 10�33 eV,

this scenario holds for an axion with a mass ma . 10�33 eV. Slightly heavier ax-

ions may undergo a slow roll down the potential throughout cosmic history. While

such axions could still act as dark energy, their predictions di↵er from those of a

cosmological constant and are subject to observational tests.

2.3 Axion-Photon Conversion

A phenomenologically important property of axions is their interaction with photons,

as indicated in Eq. (2.6). This interaction occurs between one axion and two photons.

Now, let us examine a scenario involving an external electromagnetic field. By

substituting one photon linked to the interaction vertex with the external field, we

observe a mixing of a photon and an axion, as depicted in Figure 2.1. This implies

that photons propagating in an external electromagnetic field can be converted into
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axions, and vice versa. This conversion phenomenon is known as the Primako↵

process. (Originally, Primako↵ [77] investigated the conversion of photons to neutral

pions in external electric fields, such as the Coulomb field of nuclei.)

The axion-photon conversion process forms the fundamental principle in various

axion detection experiments. In this section, we provide a review of the deriva-

tion of the conversion probability between photons and axions in the presence of a

background magnetic field, following Ra↵elt and Stodolsky [24]. Throughout this

section, we adopt natural units where c = ~ = 1. Additionally, we use rational-

ized Heaviside–Lorentz units for electromagnetism, where 4⇡ does not appear in the

Maxwell equations but does in the Coulomb law. In the subsequent manipulations,

we operate in flat space.

We consider a system of axions and photons described by the following La-

grangian:

L = �
1

4
Fµ⌫F

µ⌫
�

1

2
@µ�@

µ
��

1

2
m

2

a�
2
�

1

4
ga��Fµ⌫

eF µ⌫
, (2.12)

where Fµ⌫ is the electromagnetic field strength tensor, � is the axion field, ma

is the mass of the axion, ga� is the axion-photon coupling constant, and eFµ⌫ =

(1/2)✏µ⌫⇢�F ⇢� is the Hodge dual of Fµ⌫ . Here, the tensor ✏µ⌫⇢� is completely anti-

symmetric in the indices and normalized as ✏0123 = 1.

From the above Lagrangian, the equation of motion for axions is given by

⇤��m
2

a� =
1

4
ga�Fµ⌫

eF µ⌫
, (2.13)

where ⇤ = @
µ
@µ. On the other hand, the equation of motion for photons reads

@µF
µ⌫ = �ga�

eF µ⌫
@µ� . (2.14)

Here, the Bianchi identity @µ
eF µ⌫ = 0 is used. This is the Maxwell equation with

the coupling to axions.

Let us consider a situation in which electromagnetic waves propagate in a back-

ground magnetic field. The total electromagnetic field is the sum of the background

magnetic field and the electromagnetic waves. We express the total field as

Fµ⌫ = F̄µ⌫ + @µA⌫ � @⌫Aµ . (2.15)

Here, the background field is denoted by F̄µ⌫ . For simplicity, we assume that the

background magnetic field is static and uniform. Representing the background mag-

netic field vector as B = (Bi), the components of F̄µ⌫ are given by

F̄0i = 0 , (2.16)
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ē
F 0i =

1

2
✏0ijkF̄jk = Bi(= const.) (2.17)

On the other hand, in Eq. (2.15), the propagating photon field is represented by Aµ.

For the propagating photons, we adopt the Coulomb gauge condition

r ·A = 0 . (2.18)

Hereafter, we consider equations in the linear order of Aµ or �. Under the

Coulomb gauge, the spatial components of the Maxwell equation (2.14) read

⇤A�rȦ
0 = ga�B�̇ , (2.19)

where a dot represents the time derivative. The A
0 component is determined by a

constraint equation following from the ⌫ = 0 component of Eq. (2.14),

r2
A

0 = �ga�B ·r� . (2.20)

Meanwhile, the equation of motion for axions (2.13) is recast as

(⇤�m
2

a)� = �ga�B · (Ȧ+rA
0) . (2.21)

From Eqs. (2.19) and (2.21), it can be seen that only the component of A parallel to

the background magnetic field B couples to the axion �. Let us take A and � to be

plane waves propagating along the z direction. Then, the Az component vanishes

because of the Coulomb gauge condition. Without loss of generality, we can take B

to lie in the x-z plane. In the (x, y, z) coordinates, we set

B = (B sin⇥, 0, B cos⇥) , (2.22)

A = (Ak(t, z), A?(t, z), 0) , (2.23)

where ⇥ is the angle between the direction of B and the z axis (the direction of the

wave number vector of the propagating fields). See Figure 2.2.

In the free field approximation, neglecting the axion-photon coupling, we can

set A
0 = 0, and Ak and A? have plane wave solutions / e

�i(!t�kz) with ! = k.

Furthermore, we consider relativistic axions with a large momentum k � ma, so

it is also a valid approximation to take the axions as the plane wave / e
�i(!t�kz)

with ! = k. In the presence of the coupling, the A0 component is generally sourced

via Eq. (2.20). However, as long as we consider the � field propagating in the z

direction, the A0 should also have spatial dependence only in the z direction. Thus,

the A0 does not contribute to the motion of Ak and A? as seen from Eq. (2.19).

Moreover, since the sourced A0 is of order ga�, it should appear in Eq. (2.21) at

higher order of ga�. For these reasons, we will completely neglect A0.
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x

y

z

B

⇥ k

Ak

A?

Figure 2.2. The direction of propagation of photons (wave number vector k) is
chosen to be along the z axis. The background magnetic field B lies in the x-z
plane. The polarization components of the photons in the x and y directions
are denoted by Ak and A?, respectively.

As the background magnetic field becomes stronger, quantum e↵ects such as

virtual electron pair production become non-negligible. Virtual electron loops in-

duce nonlinear interactions of electromagnetic fields, which are described by the

Euler–Heisenberg e↵ective Lagrangian [78, 79]. In the leading order, the e↵ective

Lagrangian reads

LEH =
↵
2

90m4
e


(Fµ⌫F

µ⌫)2 +
7

4
(Fµ⌫

eF µ⌫)2
�
, (2.24)

where ↵ = 1/137 is the fine-structure constant and me = 511 keV is the electron

mass. Originated from this e↵ective Lagrangian, the following term

4↵2

45m4
e

@µ

✓
F⇢�F

⇢�
F

µ⌫ +
7

4
F⇢�

eF ⇢� eF µ⌫

◆
(2.25)

is added to the right-hand side of Eq. (2.14). Using the parametrizations in Eqs. (2.22)

and (2.23), we obtain

Fµ⌫F
µ⌫ = 2B2

� 4(@zA?)B sin⇥ , (2.26)

Fµ⌫
eF µ⌫ = �4(@tAk)B sin⇥ , (2.27)

in the linear order of A.

Since the contribution from the e↵ective Lagrangian itself is expected to be small,

it is reasonable to substitute the free field limit. Then, at the leading approximation,
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the ⌫ = x component of Eq. (2.25) reads

�!
2
4↵2

45m4
e

7(B sin⇥)2Ak , (2.28)

and the ⌫ = y component reads

�!
2
4↵2

45m4
e

4(B sin⇥)2A? . (2.29)

By adding these terms to the right-hand side of Eq. (2.19), we have

⇤Ak + 7!2
⇠ sin2⇥Ak � ga�B sin⇥�̇ = 0 , (2.30)

⇤A? + 4!2
⇠ sin2⇥A? = 0 , (2.31)

where ⇤ = �@
2

t + @
2

z and

⇠ ⌘
↵

45⇡

✓
B

Bcrit

◆2

(2.32)

with the critical magnetic field determined by the electron mass me and the elemen-

tary charge e,

Bcrit ⌘
m

2

e

e
= 4⇥ 1013 Gauss . (2.33)

Note that the perturbative expansion in Eq. (2.24) is applicable as long as the

magnetic field B is su�ciently smaller than the critical value Bcrit. Hereafter, we

focus only on Ak to see mixing with the axion.

In reality, the environment in which electromagnetic waves propagate may not

be a vacuum. We consider an environment composed of a uniform plasma. In this

scenario, incident electromagnetic waves induce oscillations of ionized electrons, gen-

erating oscillating electric currents. Consequently, these currents induce an e↵ective

mass for the electromagnetic waves, quantified by the plasma frequency

!pl ⌘

r
4⇡↵ne

me
, (2.34)

where ne is the number density of the electron. [Here, we neglected the motion

of the protons, resulting in a negligible correction of me/mp ' (2 ⇥ 103)�1.] The

e↵ective mass induced by the surrounding plasma can be incorporated by adding a
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term �!
2

pl
Ak to the Maxwell equation (2.30):*2

⇤Ak � !
2

pl
Ak + 7!2

⇠ sin2⇥Ak � ga�B sin⇥�̇ = 0 . (2.35)

On the other hand, the equation of motion for the axion (2.21) is now given by

(⇤�m
2

a)�+ ga�B sin⇥Ȧk = 0 . (2.36)

To analyze the conversion, it is convenient to express Ak and � as

Ak(t, z) = i eA(z)e�i(!t�kz) + c.c. , (2.37)

�(t, z) = e�(z)e�i(!t�kz) + c.c. , ! = k . (2.38)

The factor i in the right-hand side of Eq. (2.37) is included for later convenience.

The plane wave e�i(!t�kz) satisfies the free and massless wave equations, ⇤Ak(t, z) =

⇤�(t, z) = 0. We investigate how the photons propagating over a distance in the

z direction are converted into axions. We incorporate the z-dependent amplitudes,
eA(z) and e�(z), to observe how these amplitudes vary with distance z.

It is expected that the variation of these amplitudes due to the coupling is slow,

i.e., |@2

z
eA(z)| ⌧ k|@z

eA(z)| and |@
2

z
e�(z)| ⌧ k|@z

e�(z)|. Thus, we have

⇤Ak(t, z) ' 2i!(i @z eA(z))e�i(!t�kz) + c.c. , (2.39)

⇤�(t, z) ' 2i!@ze�(z)e�i(!t�kz) + c.c. (2.40)

These are the leading approximations to observe the z-dependence of the amplitudes
eA(z) and e�(z). Now, the equations of motion are reduced to

i
d

dz

 
eA(z)
e�(z)

!
=

✓
�pl ��vac ��M

��M �a

◆ eA(z)
e�(z)

!
, (2.41)

where �M, �a, �pl, and �vac are defined as follows:*3

�M ⌘
1

2
ga�B sin⇥ , (2.42)

*2In the case of plasma with finite temperature, there is additional random thermal motion of
electrons and protons, resulting in pressure. However, as long as we consider transverse electro-
magnetic waves, where electric and magnetic fields are perpendicular to the propagating direction,
the thermal pressure has no e↵ect [80]. On the other hand, it is known that pressure allows the
presence of longitudinal waves, called Langmuir waves (see, e.g., Ref. [81]), which are outside the
scope of our interest.

*3The definition of �i’s (i = M, a, pl, vac) here is not exactly the same as the definition in
Ref. [24]. In this thesis, �i’s are defined to be all positive. On the other hand, in Ref. [24], they
are defined so that the refractive index ni is expressed as ni = 1 + �i/!. In particular, �a and
�pl (denoted by �gas in Ref. [24]) are opposite in sign.
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�a ⌘
m

2

a

2!
, (2.43)

�pl ⌘
!
2

pl

2!
, (2.44)

�vac ⌘
7

2
!

4↵2

45m4
e

(B sin⇥)2 . (2.45)

We rewrite the above equation (2.41) as

i
d

dz

~ (z) = M~ (z) . (2.46)

Here, we used the notations

~ (z) =

 
eA(z)
e�(z)

!
, M =

✓
�k ��M

��M �a

◆
, (2.47)

where

�k ⌘ �pl ��vac . (2.48)

The eigenvalues of the matrix M are given by

�± =
�k +�a ±

p
(�k ��a)2 + 4�2

M

2
. (2.49)

Since M is a real and symmetric matrix, it can be diagonalized by an orthogonal

matrix R as

RTMR =

✓
�+ 0

0 ��

◆
, R =

✓
cos ✓ � sin ✓

sin ✓ cos ✓

◆
, (2.50)

where ✓ is a real parameter. Through the direct calculation using the expressions for

M and R in Eqs. (2.47) and (2.50), we find the o↵-diagonal component of RTMR

as

RTMR =

✓
⇤ ⇤

cos 2✓(��M) +
1

2
sin 2✓(�a ��k) ⇤

◆
. (2.51)

Since R is the matrix that diagonalizes M, the o↵-diagonal component must vanish.

Therefore, the mixing angle ✓ is determined as

tan 2✓ =
2�M

�a ��k
. (2.52)
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Using the matrix R, Eq. (2.46) is recast as

i
d

dz
(RT~ (z)) =

✓
�+ 0

0 ��

◆
(RT~ (z)) . (2.53)

This equation can be solved as

~ (z) = R

✓
e
�i�+z 0

0 e
�i��z

◆
RT~ (0) , (2.54)

where ~ (0) is provided by the initial condition. Finally, we obtain the general

solutions

eA(z) = (cos2 ✓e�i�+z + sin2
✓e

�i��z) eA(0) + sin ✓ cos ✓(e�i�+z
� e

�i��z)e�(0) , (2.55)

e�(z) = sin ✓ cos ✓(e�i�+z
� e

�i��z) eA(0) + (sin2
✓e

�i�+z + cos2 ✓e�i��z)e�(0) . (2.56)

We consider the initial condition in which only photons exist, and no axions

exist. Given e�(0) = 0 and eA(0) = 1, we obtain the conversion probability at a

distance z as

P�!a(z) = |e�(z)|2

= sin2 2✓ sin2

✓
�osc

2
z

◆

=

✓
�M

�osc/2

◆2

sin2

✓
�osc

2
z

◆
, (2.57)

where we used Eq. (2.52) and defined

�2

osc
⌘ (�pl ��vac ��a)

2 + 4�2

M
. (2.58)

Note that the conversion probability (2.57) exhibits oscillatory behavior with dis-

tance z. This oscillation is analogous to that between K
0 mesons and the antipar-

ticles [82], and that between neutrinos [83, 84].

The first maximum of the conversion probability (2.57) is realized at z = ⇡��1

osc
,

at which the maximum value is given by

P�!a,max =

✓
�M

�osc/2

◆2

. (2.59)

From Eq. (2.58), we observe that the maximum probability P�!a,max approaches

unity if �M � �pl,�vac,�a so that �osc ' 2�M. In other words, e�cient conver-

sion is possible if the mixing e↵ect �M (the o↵-diagonal component in M) is more
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dominant than the diagonal components. There is another possibility where the

maximum probability approaches unity: Even if �pl is sizable, if �vac and/or �a

cancels it in Eq. (2.58), we obtain �osc = 2�M. This case in which the photons and

axions become degenerate is called the level crossing. Eventually, the above exam-

ples show that the actual value of P�!a,max depends on the situation. Of course, for

the conversion probability to reach the maximum value P�!a,max, the propagation

distance of z = ⇡��1

osc
should be ensured.

In the short distance limit z ⌧ ��1

osc
, we can expand the sin2 term in Eq. (2.57)

and we obtain

P�!a(z) ' �
2

M
z
2
, for z ⌧ ��1

osc
. (2.60)

2.4 Experimental Bounds

In this section, we provide a brief summary of current experimental constraints on

axions. For the latest updates and detailed information, reference [85] will be a

useful resource.

2.4.1 Solar Axion Search

The sun is anticipated to produce axions through the Primako↵ process. The spec-

tral number flux of solar axions detected at Earth is given by [69]

d�sun

a

dE
= 6.0⇥ 1010

✓
ga�

10�10 GeV�1

◆2✓
E

keV

◆2.481

⇥ exp

✓
�

E

1.205 keV

◆
cm�2

·sec�1
·keV�1

, (2.61)

where E represents the axion energy. The solar axion distribution peaks at 3 keV.

By integrating Eq. (2.61) over energy, the total number flux is obtained as

�sun

a = 3.75⇥ 1011
✓

ga�

10�10 GeV�1

◆2

cm�2
·sec�1

. (2.62)

The total luminosity of the solar axion is estimated as

L
sun

a = 1.85⇥ 10�3
L�

✓
ga�

10�10 GeV�1

◆2

cm�2
·sec�1

, (2.63)

where L� = 3.83⇥ 1033 erg/sec is the solar photon luminosity. The average energy

of the solar axion is 4.2 keV.

Solar axions can be directly sought through their conversion into X ray photons
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within a helioscope subjected to a magnetic field. The CERN Axion Solar Telescope

(CAST) has not detected any significant signal to date, leading to an upper limit

on the axion-photon coupling of [27]

ga� < 6.6⇥ 10�11 GeV�1
, for ma . 0.02 eV . (2.64)

The International AXion Observatory (IAXO), envisioned as the next-generation

axion helioscope, is expected to explore the coupling with an order of magnitude

greater sensitivity [86].

2.4.2 Astrophysics

Globular Cluster Stars. In our galaxy, there exist many globular clusters, which

are gravitationally bound systems of stars formed around the same time. These clus-

ters exhibit characteristic trajectories in a color-magnitude diagram (or Hertzsprung–

Russell diagram), plotting surface brightness against surface temperature. Stars on

the horizontal branch (HB) of this diagram are believed to have initiated helium

burning. The Primakov process, which emits axions, can reduce the lifetime of HB

stars for axion masses ma . 100 keV [69]. Consequently, constraints on the axion-

photon coupling can be derived by counting the number of HB stars. An analysis of

a sample of 39 globular clusters yielded an upper limit on the axion-photon coupling

as [87]

ga� < 6.6⇥ 10�11 GeV�1
. (2.65)

Supernova. In a core-collapse supernova, axions can be produced via the Pri-

mako↵ process, with an average energy of approximately 100MeV. As they propa-

gate through the magnetic field in the galaxy, they may be converted into gamma

rays, potentially observable concurrently with neutrinos. The absence of a gamma

ray signal from the SN1987A supernova sets a constraint on the axion-photon cou-

pling as [56]

ga� . 5.3⇥ 10�12 GeV�1
, for ma . 4.4⇥ 10�10 eV . (2.66)

2.4.3 Axion Dark Matter Search

In Section 2.2.2, we discussed the potential for the axion to serve as a dark matter

candidate. The concept of axion-photon conversion can be employed to detect axion

dark matter within the galaxy. Dark matter axions, when passing through a mi-

crowave cavity with a magnetic field, can undergo conversion into photons, providing

an observational signature.
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Dark matter axions are su�ciently nonrelativistic, and thus, they have energy

closely matching their mass ma. Consequently, if the cavity’s eigenmode aligns with

the axion mass, resonant conversion to photons occurs. This resonant behavior

allows for searches even with a significantly smaller coupling. The pioneering idea

of the axion dark matter haloscope was introduced by Sikivie [25, 88, 89], and it is

implemented in the Axion Dark Matter eXperiment (ADMX) [29]. The ADMX has

excluded QCD axion dark matter provided by the KSVZ model in the mass range

3.3 ⇥ 10�6 eV < ma < 4.2 ⇥ 10�6 eV, assuming a mass density ⇢a & 0.1GeV/cm3

[90].
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Black Holes

In our universe, there are numerous black holes, which are the most massive compact

objects. Given that magnetic fields are known to exist around astrophysical black

holes, we can anticipate axion-photon conversion, as discussed in Section 2.3. Before

delving into this topic, this chapter provides a review of various aspects of black

holes.

In Section 3.1, we introduce the concept of the Schwarzschild black hole, which

is the spherically symmetric black hole solution in General Relativity. In Section

3.2, we study the trajectories of free particles, i.e., geodesics, around a black hole.

In particular, we demonstrate the existence of circular orbits for photons around

a black hole due to the strong gravity. It will be revealed that when observing a

black hole, a luminous ring-like image, known as the photon ring, can be generated

by the orbits of photons. In Section 3.3, we derive the orbiting time of photons

around a black hole. The obtained result for the orbiting time will be utilized in the

subsequent chapter. Finally, Section 3.4 describes the properties of astrophysical

black holes observed in our universe and the sources of radiation around them.

Sections 3.1 and 3.2 are dedicated to the review of fundamental concepts of black

holes in General Relativity, based on the literature [91, 92]. Section 3.3 delves into a

more advanced analysis, relying on Ref. [93] and the author’s work [65]. The review

of the astrophysical aspects of black holes in Section 3.4 is based on the literature

[92, 94, 95].

3.1 The Schwarzschild Solution

In General Relativity, the spherically symmetric solution for a gravitational field

in a vacuum is given by the Schwarzschild metric. In spherical coordinates, the

Schwarzschild metric is expressed as

ds
2 = gµ⌫dx

µ
dx

⌫ = �f(r) dt2 +
1

f(r)
dr

2 + r
2 (d✓2 + sin2

✓ d�
2) , (3.1)

25
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where

f(r) = 1�
2M

r
. (3.2)

Here, the constant parameter M represents the mass of the gravitational source.

Notice that we adopt the units c = G = 1, where c denotes the speed of light, and

G is the Newton constant. By combining the mass parameter M with c and G, a

dimensionless quantity GM/c
2 is constructed, having the dimension of length. In

practice, the parameter M consistently appears in the combination GM/c
2. Conse-

quently, in our c = G = 1 units, it is reasonable to consider the mass M as a specific

length scale. We define the Schwarzschild radius rS as

rS ⌘ 2M . (3.3)

Numerically, the Schwarzschild radius is given by

rS ⇠ 3 km

✓
M

M�

◆
, (3.4)

where we normalize the mass by the solar mass M� ⇠ 1033 g. Referring to the

parameter M as the “mass” of the gravitational source is justified by the fact that

the metric (3.1) reproduces the Newtonian potential sourced by the mass at a large

distance.

The Schwarzschild metric exhibits a peculiar behavior at r = rS—specifically,

the time component of the metric vanishes at this point. Ordinary stellar stars

typically have a radius larger than rS (for instance, the solar radius is 7⇥ 105 km).

For such stars, the metric (3.1) describes the vacuum region exterior, connecting to

an internal solution with matter at the surface. Consequently, the metric remains

entirely regular for ordinary stellar stars.

In contrast, extraordinarily dense stars, where matter is concentrated within

rS, exhibit anomalous behavior in the metric component. For these highly massive

stars, any object or light that enters inside rS is irreversibly trapped due to the

intense gravitational field. The term black hole is defined for spacetime structures

wherein once a particle enters the interior region, escape becomes impossible. The

boundary of the spacetime region that is not causally connected to infinity is called

the event horizon. When the metric (3.1) is applicable throughout the interior of

the Schwarzschild radius rS, it characterizes a spherically symmetric vacuum black

hole, namely, the Schwarzschild black hole. In the case of the Schwarzschild black

hole, the event horizon is situated at r = rS.
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3.2 Geodesics and Photon Ring

In this section, we study the behavior of geodesics traced by free particles around a

Schwarzschild black hole. Specifically, we will observe that the black hole spacetime

allows for circular orbits of photons, giving rise to a luminous ring-like image known

as the photon ring.

3.2.1 Geodesic Equations

Let us parametrize a geodesic as xµ(�) = (t(�), r(�), ✓(�),�(�)), where � is an a�ne

parameter. The four-velocity vector Uµ along the trajectory is defined as

U
µ
⌘

dx
µ

d�
, (3.5)

where x
µ = x

µ(�) is regarded as a function of the parameter �. In terms of the

four-velocity, the geodesic equation is expressed as

U
⌫
r⌫U

µ = 0 , (3.6)

where rµ is the covariant derivative associated with the spacetime metric gµ⌫ . More

explicitly, Eq. (3.6) is equivalent to

d
2
x
µ

d�2
+ �µ

⌫⇢

dx
⌫

d�

dx
⇢

d�
= 0 , (3.7)

where

�µ
⌫⇢ =

1

2
g
µ�(@⌫g�⇢ + @⇢g⌫� � @�g⌫⇢) (3.8)

represents the Christo↵el symbol. The geodesic equation is followed by the trajec-

tory of free particles. Indeed, Eq. (3.7) is a natural generalization of the equation

for uniform linear motion in flat spacetime, d2xµ
/d�

2 = 0, to curved spacetime.

In the following, we normalize the a�ne parameter � as

�gµ⌫
dx

µ

d�

dx
⌫

d�
⌘  , (3.9)

where  = +1 for massive particles, and  = 0 for massless particles. In fact, since

the parameter  defined as Eq. (3.9) is constant along the geodesic, i.e., d/d� = 0,

such normalization is always possible. Note that, for massless particles, the a�ne

parameter cannot be fixed by Eq. (3.9) since  = 0. We choose the a�ne parameter

for massless particles so that the four-velocity is equal to the four-momentum: pµ =

dx
µ
/d�.
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In the Schwarzschild spacetime (3.1), the components of the geodesic equation

(3.7) corresponding to µ = t, r, ✓, and � are expressed as

d
2
t

d�2
+

2M

r2f(r)

dt

d�

dr

d�
= 0 , (3.10)

d
2
r

d�2
�

M

r2f(r)

✓
dr

d�

◆2

+
Mf(r)

r2

✓
dt

d�

◆2

�r f(r)

✓
d✓

d�

◆2

+ sin2
✓

✓
d�

d�

◆2�
= 0 , (3.11)

d
2
✓

d�2
+

2

r

dr

d�

d✓

d�
� cos ✓ sin ✓

✓
d�

d�

◆2

= 0 , (3.12)

d
2
�

d�2
+

2

r

dr

d�

d�

d�
+ 2

cos ✓

sin ✓

d✓

d�

d�

d�
= 0 , (3.13)

respectively.

The four-momentum vector pµ of massive particles with mass m can be defined

as pµ ⌘ mU
µ so that the on-shell condition

�gµ⌫p
µ
p
⌫ = m

2 (3.14)

follows from Eq. (3.9). For massless particles, we have defined the four-velocity

U
µ to be equal to the four-momentum p

µ, as mentioned below Eq. (3.9). The

notion of these vectors is coordinate-independent. However, we should note that the

components of these vectors depend on the chosen coordinate system. For example,

what value of momentum would be measured by a local observer at a certain point?

The answer is given by noting that the local observer makes measurements based

on an orthonormal basis at the observation point. More specifically, we can always

introduce an orthonormal tetrad of one-forms {eâ} (â = 0̂, 1̂, 2̂, 3̂) so that the metric

is expressed in the form of

ds
2 = ⌘âb̂e

â
e
b̂

= �(e0̂)2 + (e1̂)2 + (e2̂)2 + (e3̂)2 , (3.15)

where ⌘âb̂ = diag(�1,+1,+1,+1) denotes the components of the Minkowski metric.

In the Schwarzschild metric (3.1), we can establish the orthonormal basis {e
â
} by

using the coordinate basis {dxµ
} as

e
t̂ =

p
f(r) dt , (3.16)

e
r̂ =

1p
f(r)

dr , (3.17)

e
✓̂ = r d✓ , (3.18)
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e
�̂ = r sin ✓ d� , (3.19)

where we relabel â = 0̂, 1̂, 2̂, 3̂ as â = t̂, r̂, ✓̂, �̂, respectively. The dual basis vectors

are given by

et̂ =
1p
f(r)

@t , (3.20)

er̂ =
p

f(r) @r , (3.21)

e✓̂ =
1

r
@✓ , (3.22)

e�̂ =
1

r sin ✓
@� . (3.23)

These basis vectors satisfy the orthonormal condition, ds2(eâ, eb̂) = ⌘âb̂. Local mea-

surements will be conducted using the orthonormal tetrad. For example, the local

radial momentum of a particle, denoted by p
r̂, will be given as the component (ex-

pansion coe�cient) with respect to er̂ when we expand the four-momentum vector

p in the orthonormal basis {eâ}. We expand the vector p in two ways,

p = p
µ
@µ = p

â
eâ , (3.24)

and then, the radial component pr̂ can be read o↵ as

p
r̂ = p

µ
@µ(e

r̂) =
mp
f(r)

dr

d�
(3.25)

for massive particles. Similarly, the local energy of massive particles is given by

p
t̂ = p

µ
@µ(e

t̂) = m

p
f(r)

dt

d�
. (3.26)

The expressions for massless particles can be obtained by the replacement �/m ! �.

The vector components with respect to the orthonormal tetrad discussed here will

be used later to define the local emission angle of particles.

3.2.2 Constants of Motion

It is not straightforward to directly solve the set of geodesic equations (3.10)–(3.13).

However, by recognizing the presence of constants of motion, we can analyze the

behavior of the solutions in a more simplified manner.

Firstly, since the metric (3.1) describes the spherically symmetric spacetime, we

should note that the spacetime has three-dimensional rotational symmetry. Ad-

ditionally, the Schwarzschild metric exhibits a symmetry under time translation:
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t ! t+const. Each symmetry of spacetime implies the existence of the correspond-

ing Killing vector. A Killing vector Kµ is a vector such that

rµK⌫ +r⌫Kµ = 0 . (3.27)

For a given Killing vector Kµ, the quantity

C ⌘ KµU
µ (3.28)

is constant along the geodesic. This fact can be understood as

dC

d�
=

dx
µ

d�
rµC

= U
µ
rµ(K⌫U

⌫)

= U
µ
U

⌫
rµK⌫ +K⌫U

µ
rµU

⌫

= 0 . (3.29)

The first equality follows from the chain rule of di↵erentiation. The first term in the

third line vanishes due to the Killing equation (3.27), and the second term vanishes

due to the geodesic equation (3.6).

The three-dimensional rotational symmetry corresponds to the three rotational

Killing vectors, resulting in the conservation of the three components of angular

momentum along the geodesic. In other words, the angular momentum vector of

the geodesic motion is conserved. Conservation of the direction of the angular

momentum vector indicates that the particle moves in a plane. Therefore, without

loss of generality, we can assume the geodesic to lie in the equatorial plane, i.e.,

✓ = ⇡/2. This is confirmed by the fact that Eq. (3.12) is solved by ✓ = ⇡/2 = const.

Then, the residual rotational symmetry is � ! � + const., and the corresponding

Killing vector is the coordinate basis vector in the � direction, @�. In the (t, r, ✓,�)

coordinates, the components are simply (@�)µ = (0, 0, 0, 1), and by lowering the

index, we obtain

(@�)µ = (0, 0, 0, r2 sin2
✓) . (3.30)

Following Eq. (3.28), we can derive the conserved quantity L as

L ⌘ (@�)µ
dx

µ

d�
= r

2
d�

d�
, (3.31)

where we used sin ✓ = 1 for particles moving in ✓ = ⇡/2. This L represents the

magnitude of the conserved angular momentum for massless particles and that per

mass for massive particles.
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On the other hand, the Killing vector corresponding to the time translation

invariance t ! t + const is the coordinate basis vector in the t direction, @t. The

components are (@t)µ = (1, 0, 0, 0), and by lowering the index, we obtain

(@t)µ = (�f(r), 0, 0, 0) . (3.32)

Correspondingly, the conserved quantity E is given by

E ⌘ �(@t)µ
dx

µ

d�
= f(r)

dt

d�
. (3.33)

This E represents the conserved energy for massless particles and that per mass for

massive particles. The conservation of L and E can also be confirmed directly using

the geodesic equations (3.10)–(3.13).

3.2.3 Emission Angle and Impact Parameter

At the end of Section 3.2.1, we have introduced a set of orthonormal basis vec-

tors. Based on the orthonormal basis, the particle momentum measured by a local

observer can be deduced. By construction, er̂ is the unit vector parallel of the direc-

tion to the black hole, while e✓̂ and e�̂ are the unit vectors normal to that direction.

For massive particles, the local momentum component parallel to the black hole is

expressed by

p
r̂ = p

µ
@µ(e

r̂) =
mp
f(r)

dr

d�
, (3.34)

as already discussed in Eq. (3.25). By taking the coordinate system such that

the particle is moving on the equatorial plane (✓ = ⇡/2), the local momentum

component normal to the black hole reads

p
�̂ = p

µ
@µ(e

�̂) = mr
d�

d�
. (3.35)

Equations (3.34) and (3.35) are applicable to massive particles, while those with

�/m replaced by � correspond to the massless particle case. Dividing p
r̂ and p

�̂ by

the local energy p
t̂ derived in Eq. (3.26), we obtain the local radial velocity

v
r̂
⌘

p
r̂

pt̂
=

1

f(r)

dr

dt
(3.36)
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⇥e

black hole
r

pe

r sin⇥e

•

Figure 3.1. A particle is emitted at a point pe toward a black hole. The view
from above of the plane of the particle motion is depicted. On the plane, the
local emission angle ⇥e is defined.

and the local tangent velocity

v
�̂
⌘

p
�̂

pt̂
=

rp
f(r)

d�

dt
. (3.37)

Note that, at infinity (r ! 1), these agree with the conventional notion in flat

spacetime as vr̂ ! dr/dt and v
�̂
! r d�/dt.

Now, let us consider a particle emitted at a point pe toward the black hole. At

the emission point pe, a local observer will see the local momentum of the particle

as given in Eqs. (3.34) and (3.35). The ratio of the normal and parallel components

corresponds to the angle between the initial direction of the emitted particle and

the direction to the center of the black hole as measured by the local observer.

Motivated by this fact, we define the local emission angle ⇥e as

tan⇥e ⌘
p
�̂

pr̂
. (3.38)

Refer to Figure 3.1. From Eq. (3.16)–(3.19), we can express the emission angle in

terms of the coordinates as

tan⇥e =
r(d�/d�)

(1/
p

f(r))(dr/d�)
= r

p
f(r)

d�

dr
. (3.39)

Note that this expression is applicable to both massive and massless particles since

the masses m contained in p
�̂ and p

r̂ are canceled for massive particles, and we

defined U
µ = p

µ for massless particles.

If there were no gravity, r sin⇥e would measure the distance between the black
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hole and the particle when the particle is closest to the black hole, which is nothing

but the conventional definition of impact parameter in flat spacetime. As the particle

approaches the black hole, gravity becomes more e�cient, and the particle orbit will

be bent. However, to an observer at a large distance where gravity is su�ciently

weak, the particle will appear to have the impact parameter of r sin⇥e. Therefore,

in the context of General Relativity, it is convenient to define the (apparent) impact

parameter b as

b ⌘ lim
r!1

r sin⇥e . (3.40)

3.2.4 Particle Motion

In light of the conserved quantities, the geodesic motion can be solved as follows.

Using the expression of the Schwarzschild metric (3.1), we can write down Eq. (3.9)

for the particles in ✓ = ⇡/2 as

�f(r)

✓
dt

d�

◆2

+
1

f(r)

✓
dr

d�

◆2

+ r
2

✓
d�

d�

◆2

= � . (3.41)

Multiplying this by f(r) and using the definitions of E and L, we obtain

�E
2 +

✓
dr

d�

◆2

+ f(r)

✓
L
2

r2
+ 

◆
= 0 . (3.42)

Given L and E, we can integrate this equation to get r(�). Once r(�) is obtained,

we can substitute it into Eqs. (3.31) and (3.33), and integrate them to get �(�) and

t(�). Below, we do not solve the equations explicitly, but examine a general picture

of motion by viewing the structure of Eq. (3.42). The cases of massive and massless

particles are analyzed separately.

Massive Particles. For massive particles ( = +1), it is convenient to rewrite

Eq. (3.42) as

1

2

✓
dr

d�

◆2

+ V (r) = E , (3.43)

where we introduced the “e↵ective potential”

V (r) =
1

2
�

M

r
+

L
2

2 r2
�

ML
2

r3
(3.44)
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Figure 3.2. The “e↵ective potential” V (r) for massive particles with various L.
All dimensional quantities are normalized by M .

and

E =
1

2
E

2
. (3.45)

Equation (3.43) shows that the current situation is equivalent to a problem of New-

tonian mechanics for a particle of “energy” E moving in a one-dimensional potential

V (r). The particles can move only in the region satisfying E � V (r). Note that the

last term in Eq. (3.44) proportional to 1/r3 is the e↵ect of General Relativity, which

will be dominant at small r. The shape of the e↵ective potential V (r) for various

values of L is depicted in Fig.3.2, in which we normalize r and L by M .

Particles approaching the black hole from the outside with finite “energy” E

continuously reduce the radial coordinate r until they reach the barrier of the ef-

fective potential V (r). At the point where the particle hits the potential barrier,

E = V (r), the radial velocity dr/d� vanishes as indicated by Eq. (3.43). After hit-

ting the potential barrier, the radial velocity changes sign, and then, the particle

moves outward. In other words, the particle is scattered by the black hole.

On the other hand, as illustrated in Fig. 3.2, particles arriving from outside

with su�ciently large E for a given L will continue falling toward r = 0 without

hitting the potential barrier. Such particles are absorbed into the black hole. It

is noteworthy that the e↵ective potential V (r) identically vanishes at r = 2M ,

irrespective of L. Consequently, any particle entering inside r = 2M can never

escape, thus characterizing the intrinsic nature of a black hole.

The e↵ective potential for massive particles approaches the asymptotic value

V (r) ! 1/2 as r ! 1. Consequently, particles with E = 1/2 (equivalently, E = 1)
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will come to a stop at infinity. This is consistent with the fact that E represents

energy per unit mass, and for static particles at infinity, E should be unity. For

L = 4M , the local maximum of the e↵ective potential is also 1/2. As L increases,

the top of the e↵ective potential becomes higher. Therefore, particles at rest or in

the non-relativistic limit at infinity (E ' 1) will be scattered by the black hole if

L > 4M , or absorbed into the black hole if L < 4M .

The e↵ective potential V (r) can exhibit a local minimum and a local maximum

depending on the value of L. Let V (rc�) and V (rc+) represent the local minimum

and the local maximum for a given L, respectively. Particles with an “energy”

E equal to V (rc�) can be captured by the potential minimum, and they become

stationary at r = rc�. Thus, the r = rc� corresponds to stable circular orbits. On

the other hand, the radial position of the local maximum r = rc+ corresponds to

unstable circular orbits. Particles with E equal to V (rc+) can trace circular orbits

at r = rc+, but once some perturbation is added, they will either move outward or

be absorbed into the black hole with finite radial velocity. The values of rc± can be

found as the roots of dV (r)/dr = 0. From Eq. (3.44), we obtain

rc± =
L
2
⌥ L

p
L2 � 12M2

2M
. (3.46)

For L >
p
12M , both the minimum and maximum exist, which is also evident from

Fig. 3.2. In the limit of large L, the radii of the circular orbits are given by

rc+ ! 3M , rc� !
L
2

M
(for L ! 1) . (3.47)

In this limit, the radius of the stable circular orbit becomes far away, and that of

the unstable circular orbit approaches 3M . The smaller L is, the smaller rc� is, and

the larger rc+ is. Thus, the smallest possible radius of unstable circular orbits is

3M . At L =
p
12M , the two circular orbits become degenerate, and the radius is

given by

rc = 6M . (3.48)

For even smaller L, there is no circular orbit. Thus, rc = 6M represents the smallest

possible radius of stable circular orbits of massive particles. This is why the circular

orbit with rc = 6M is called the innermost stable circular orbit (ISCO).

For massive particles, by setting  = +1 in Eq. (3.42), we have

dr

d�
= ±

s

E2 � f(r)

✓
L2

r2
+ 1

◆
. (3.49)
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The sign depends on whether the particle is going outward or inward. Our focus is on

particles moving inward. From Eq. (3.31), we can express the azimuthal coordinate

derivative as

d�

d�
=

L

r2
. (3.50)

By substituting Eqs. (3.49) and (3.50) into Eq. (3.39), we can derive the emission

angle for massive particles as

tan⇥e =

p
f(r)

r

Lp
E2 � f(r)((L2/r2) + 1)

, (3.51)

where we rewrite �L(> 0) as L. (Note that for incident particles with tan⇥e > 0,

d�/d� is negative; see Figure 3.1.) Taking the limit as r ! 1, Eq. (3.51) becomes

tan⇥e

r!1
���!

L

r
p
E2 � 1

, (3.52)

where we used f(r)
r!1
���! 1. Consequently, we obtain

sin⇥e =

s
tan2⇥e

1 + tan2⇥e

r!1
���!

L

r
p
E2 � 1

. (3.53)

Thus, the (apparent) impact parameter b defined in Eq. (3.40) is expressed in terms

of the conserved quantities E and L as

b =
L

p
E2 � 1

. (3.54)

This can be considered an alternative definition of the impact parameter for massive

particles.

From Eqs. (3.33) and (3.49), we find

✓
dr

dt

◆2

=
(dr/d�)2

(dt/d�)2
=

f
2(r)

E2


E

2
� f(r)

✓
L
2

r2
+ 1

◆�
. (3.55)

Similarly, Eqs. (3.31) and (3.33) tell us

✓
d�

dt

◆2

=
(d�/d�)2

(dt/d�)2
=

f
2(r)L2

r4E2
. (3.56)

From these expressions, we can deduce the magnitude of the local velocity as

v
2
⌘ (vr̂)2 + (v�̂)2
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=
1

f 2(r)

✓
dr

dt

◆2

+
r
2

f(r)

✓
d�

dt

◆2

=
1

E2


E

2
� f(r)

✓
L
2

r2
+ 1

◆�
+

f(r)L2

r2E2
, (3.57)

where we used Eqs. (3.36) and (3.37). Taking the limit r ! 1, we obtain

v
2 r!1
���!

E
2
� 1

E2
, (3.58)

or equivalently,

E
r!1
���!

1
p
1� v2

, (3.59)

which reproduces the result in Special Relativity. Furthermore, in the non-relativistic

limit (v2 ⌧ 1), we have
p
E2 � 1 ! v. Thus, for non-relativistic particles, we can

rewrite the impact parameter (3.54) as

b =
L

v
, (3.60)

where the magnitude of velocity v is measured by a local observer at infinity. We

have already seen that the maximum value of L such that the particles are captured

by a black hole is given by 4M . In other words, the maximum impact parameter

of particles that are captured by a black hole reads bmax = 4M/v. As in collider

experiments, if we define the capture cross-section of a black hole for free and non-

relativistic massive particles as

�capt ⌘ ⇡ b
2

max
, (3.61)

our analysis implies

�capt =
4⇡ r

2

S

v2
, (3.62)

where rS = 2M is the Schwarzschild radius.

Massless Particles. Next, let us move on to the discussion on massless particles.

This part is particularly important since we will focus on photons and relativistic

axions in the following chapter.

For massless particles, for which we set  = 0, Eq. (3.42) leads to

dr

d�
= ±

r
E2 �

L2f(r)

r2
, (3.63)
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where the sign is determined by whether the particle is moving outward or inward.

Substituting this and Eq. (3.31) into Eq. (3.39) yields

tan⇥e =

p
f(r)

r

Lp
E2 � (L2f(r)/r2)

, (3.64)

where we rewrite �L(> 0) as L as in the discussion on massive particles. Conse-

quently, we have

sin⇥e =

s
tan2⇥e

1 + tan2⇥e

=
L

E

p
f(r)

r
. (3.65)

Taking the limit r ! 1, we obtain

tan⇥e

r!1
���!

L

r E
. (3.66)

Similarly,

sin⇥e

r!1
���!

L

r E
. (3.67)

Then, for massless particles, the (apparent) impact parameter b defined in Eq. (3.40)

reads

b =
L

E
. (3.68)

This expression can serve as an alternative definition of the impact parameter for

massless particles. The same result can be obtained by taking the relativistic limit,

i.e., E � 1, in the expression for massive particles (3.54). (Note that we have

defined E as the conserved energy per particle mass m for massive particles.) It is

notable that from Eq. (3.65) the following relation holds:

b =
rp
f(r)

sin⇥e . (3.69)

Equation (3.42) with  = 0 is rewritten as

1

2

✓
dr

d�̃

◆2

+ V (r) = E , (3.70)

where we renormalized the a�ne parameter � as

�̃ ⌘ L� , (3.71)
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Figure 3.3. The “e↵ective potential” V (r) for massless particles. All dimensional
quantities are normalized by M .

and we introduced the “e↵ective potential” for massless particles

V (r) =
1

2 r2

✓
1�

2M

r

◆
, (3.72)

and the “energy”

E =
1

2 b2
. (3.73)

Given E , the massless particle can move within the region satisfying E � V (r).

From the structure of Eq. (3.70), it is obvious that the shape of massless particle

orbits depends solely on the impact parameter b = L/E, and not on E and L

independently.

The profile of the “e↵ective potential” V (r) for massless particles is illustrated

in Fig. 3.3. The e↵ective potential has a maximum at

rc ⌘ 3M , (3.74)

where its value is V (rc) = 1/(54M2). The fact that the potential maximum occurs

at r = 3M is consistent with the outcome of the large L limit in massive particle

cases; see Eq. (3.47). The V (r) decreases monotonically from rc to infinity r ! 1.

On the other side, the V (r) vanishes at r = rS = 2M .

For massless particles approaching the black hole from the outside with a certain

E , their fate depends on the value of E . For E < V (rc) = 1/(54M2), the particles will

reach the point where E = V (r). Such particles encountering the potential barrier
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change their velocity towards the outward direction, eventually escaping towards

infinity. In other words, the particles are scattered by the black hole. For E >

V (rc) = 1/(54M2), the particles persist in moving towards the black hole without

encountering the potential barrier. Such particles are inevitably absorbed into the

black hole and can never escape again. The critical threshold is Ecrit = 1/(54M2),

i.e.,

bcrit =
p
27M , (3.75)

which is called the critical impact parameter. As in Eq. (3.61), if we define the

capture cross-section of a black hole for massless particles as

�
massless

capt
⌘ ⇡ b

2

crit
, (3.76)

it is given by

�
massless

capt
= 27⇡M2

. (3.77)

If we precisely assign the critical impact parameter bcrit to photons, then r =

rc = 3M = const. is a solution to the geodesic equation. This implies that the

Schwarzschild black hole allows for the existence of circular orbits of photons at

rc = 3M . However, these circular orbits are unstable: Once any perturbation of b

is introduced, the photons will either be absorbed into the black hole or will escape

towards infinity.

As evident from the analysis of both massive and massless particle orbits, any

free particle entering from the outside to the inside of rc = 3M will follow a geodesic

that must be absorbed into the black hole. Notably, the lower limit rc = 3M emerges

in the relativistic (massless) limit. Hence, the sphere of radius rc = 3M is recognized

as one of the surfaces characterizing the strong gravity of black holes, often referred

to as the photon sphere.

It is noteworthy that the concepts of the photon sphere at rc = 3M and the

event horizon at rS = 2M are di↵erent. The photon sphere is defined as the sphere

such that any free particle coming from the outside, following an inward geodesic,

cannot escape once it enters the inside. Conversely, when a particle enters just inside

rc = 3M , if it is accelerated, for instance, by an electromagnetic force, it will deviate

from the geodesic and may then escape. On the other hand, the event horizon is the

boundary of the region such that any physical particle cannot escape, regardless of

the magnitude of its acceleration. Any contact with the outer universe is forbidden

by causality.

We anticipate that the photon sphere is a concept of significant observational

importance, as the source of inward photons is likely to be distributed well outside
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the black hole. As mentioned above, photons with b < bcrit are absorbed into the

black hole. Conversely, photons with b > bcrit are scattered by the black hole and, to

a distant observer, appear to originate from outside the photon sphere at rc = 3M .

This implies that no photons can reach the observer from the inside of rc = 3M ,

resulting in a dark region in electromagnetic wave observations known as the black

hole shadow. Around the black hole shadow, a bright ring-like image is observed,

created by photons emanating from the vicinity of the photon sphere. This ring-like

image is referred to as the photon ring [96, 97]. While the photon sphere radius is

rc = 3M in the Schwarzschild coordinates, we should note that the threshold impact

parameter is bcrit =
p
27M . Therefore, the apparent shadow diameter to a distant

observer is given by 2bcrit = 2
p
27M ' 10.4M [98].

3.3 Orbiting Time of Photons around a Black Hole

In the previous section, we observed the existence of circular orbits for photons at a

radius of rc = 3M (photon sphere) around a Schwarzschild black hole. These circular

orbits are followed by photons with the critical impact parameter bcrit =
p
27M .

In this section, we delve into a more detailed examination of the paths taken by

photons with an impact parameter b around bcrit. Specifically, we will provide a

formula for the orbiting time of photons around a photon sphere in terms of the

impact parameter.

As our focus is on photons that are scattered by a black hole and subsequently

reach us, let us consider photons initially traveling inward with b > bcrit. A schematic

picture of the anticipated paths of these photons is depicted in Fig. 3.4. For b close to

bcrit, the photons will encounter the e↵ective potential barrier at a radius outside but

close to the photon sphere radius rc = 3M . (See the plot of the e↵ective potential

for massless particles in Fig. 3.3.) In the vicinity of rc = 3M , the circular orbit

provides an approximate geodesic solution. As a result, the photons will escape the

photon sphere after orbiting around it for a certain duration of time. With a larger

di↵erence between b(> bcrit) and bcrit, the radius at which the photons encounter the

e↵ective potential barrier increases. Consequently, the photons will orbit further

outward.

Let us solve the geodesic equation for photons (or more generally, relativistic

particles) with b around bcrit. Combining Eqs. (3.33) and (3.63), we obtain

dr

dt
= ±f(r)

r
1�

b2f(r)

r2
, (3.78)

where the sign + corresponds to outward photons and � to inward photons. In the
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large |b� bcrit|

small |b� bcrit|

r = 3M

observer

black hole

Figure 3.4. A schematic picture of paths followed by photons originating from
the vicinity of a black hole is presented. Photons with an impact parameter
b(> bcrit) close to bcrit orbit around the photon sphere at r = 3M for a certain
duration, after which they travel out to infinity. As the di↵erence between b

and bcrit increases, the photons travel more distant from the photon sphere, and
the duration of their orbit becomes shorter.

critical case b = bcrit =
p
27M , Eq. (3.78) can be integrated analytically as

t = ±F (r) (3.79)

where we defined the function

F (r) ⌘ �3
p
3M ln

����

p
3r +

p
r + 6M

p
3r �

p
r + 6M

����+
p

r(r + 6M)

+ 4M ln

✓r
r

M
+ 6 +

r
r

M

◆
+ 2M ln

✓
2
p
r +

p
r + 6M

2
p
r �

p
r + 6M

◆
. (3.80)

The first term of the right-hand side in Eq. (3.80) implies that F (r) diverges at

r = 3M , signifying that the photons can travel for an infinitely long time at that

radius, which corresponds to the photon sphere. For later convenience, we define a

function eF (t) by inverting the equation t = F (r) for r > 3M as

r � 3M = eF (t) , (3.81)

which characterizes the path of outward photons with b = bcrit outside the photon

sphere as a function of time. The Taylor expansion around r = 3M yields

r
3r

M
�

r
r + 6M

M
=

r � 3M

3M
+O

✓✓
r � 3M

3M

◆2◆
. (3.82)

Thus, in the vicinity of r = 3M , the function F (r) in Eq. (3.80) is approximately
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given by

F (r) ' �3
p
3M ln

✓
18M

r � 3M

◆
+ 3

p
3M

+ 4M ln(3 +
p
3) + 2M ln

✓
2
p
3 + 3

2
p
3� 3

◆
(for r ! 3M) . (3.83)

From this expression, we obtain the function eF (t) = r�3M in the vicinity of r = 3M

as

eF (t) ' M exp

✓
t� C

3
p
3M

◆
(for r ! 3M) , (3.84)

where the constant C is defined by

C = �3
p
3M ln 18 + 3

p
3M + 4M ln(3 +

p
3) + 2M ln

✓
2
p
3 + 3

2
p
3� 3

◆
. (3.85)

From Eq. (3.84), it is evident that photons exponentially depart from the photon

sphere with respect to the time coordinate t. On the other hand, the trajectory of

inward photons with b = bcrit outside the photon sphere can be obtained by flipping

the sign of t in Eq. (3.81).

Now, let us examine photons arriving from outside the black hole with an im-

pact parameter b slightly larger than bcrit. It is anticipated that such photons will

approach the photon sphere, orbit near the sphere, and eventually escape from it.

We model this trajectory as

r � 3M = eF (�t�D) + eF (t). (3.86)

In the early times, eF (�t�D) is dominant, representing the incident inward photons.

Conversely, in the late times, eF (t) becomes dominant, representing the photons

flying away from the black hole. The constant D in Eq. (3.86), which should be

determined by the impact parameter b, characterizes the duration during which the

photons remain in the vicinity of the photon sphere.

To determine the constant D, first, it is essential to note that Eq. (3.86) is

approximately given by

r � 3M ' M exp

✓
�t� C �D

3
p
3M

◆
+M exp

✓
t� C

3
p
3M

◆
(3.87)

in the vicinity of r = 3M . The minimum of the right-hand side determines the peri-

center of the photons’ trajectory, i.e., the radial position of the photons when they

are closest to the black hole. Let rp denote the radial coordinate of the pericenter.
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By finding the minimum of the right-hand side in Eq. (3.87), the rp is given by

rp � 3M = 2M exp

✓
�C � (D/2)

3
p
3M

◆
. (3.88)

On the other hand, the pericenter rp can be expressed in terms of b by finding the

zero of dr/dt given by Eq. (3.78). Introducing �rp = rp�3M and �b = b�bcrit(> 0),

we can perturbatively solve the equation dr/dt = 0 as

�rp

3M
=

r
2

3

�b

bcrit
+O

✓
�b

bcrit

◆
. (3.89)

By inserting Eq. (3.89) into Eq. (3.88), we can express D in terms of b as

D = �2C � 3
p
3M ln

✓
b� bcrit
p
12M

◆
, (3.90)

where we neglected quantities of order MO(
p

�b/bcrit).

Let us introduce a small positive parameter ✏. The first term on the right-

hand side in Eq. (3.87) becomes less than ✏M/2 for t > �C �D � 3
p
3M ln(✏/2).

Meanwhile, the second term becomes less than ✏M/2 for t < C + 3
p
3M ln(✏/2).

Therefore, we can anticipate that the photons remain in a region 3M < r < (3+✏)M

for the time interval

T (b) = 2C +D + 6
p
3M ln

✏

2

= �3
p
3M ln


2(b� bcrit)
p
3 ✏2M

�
. (3.91)

We refer to this T (b) as the orbiting time of photons within 3M < r < (3 + ✏)M ,

which is the function of the impact parameter b.

Given Eq. (3.91), we can identify the impact parameter at which the orbiting

time within 3M < r < (3+✏)M vanishes as b = bcrit+✏
2
p
3M/2. On the other hand,

from Eq. (3.78), the impact parameter with the pericenter r = (3 + ✏)M turns out

to be b =
p

(3 + ✏)3/(1 + ✏)M = bcrit + ✏
2
p
3M/2� ✏

34M/(3
p
3) +O(✏4). Photons

with b larger than this value cannot enter the region r < (3+ ✏)M . The di↵erence is

O(✏3), which is originated from the error of T (b) of MO(
p
�b/bcrit). Nevertheless,

for a small ✏, this di↵erence becomes negligible, allowing us to regard Eq. (3.91) as

a good approximation for the orbiting time in a region 3M < r . (3+ ✏)M . Indeed,

the formula (3.91) reproduces the result obtained by solving the geodesic equation

numerically [93].



3.4. BLACK HOLES IN OUR UNIVERSE 45

3.4 Black Holes in Our Universe

In this section, we review the properties of astrophysical black holes observed in

our universe. First, we present a classification of observed black holes into two

categories based on their mass: stellar-mass black holes and supermassive black

holes. Subsequently, we discuss the radiative structures in the vicinity of black

holes.

3.4.1 Stellar-Mass Black Holes

Stellar-mass black holes are characterized by masses ranging from several to several

dozen times that of the sun. They are considered to be one of the final stages in the

life of massive stellar stars following gravitational collapse.

The formation of compact objects, including black holes, from main-sequence

stellar stars can be summarized as follows. In the dense core of ordinary main-

sequence stars, thermal energy is generated through nuclear fusion, converting hy-

drogen into helium. These stars maintain equilibrium by balancing their self-gravity

with the pressure exerted by the hot gas. When the nuclear fuel is exhausted, the

temperature decreases, initiating a contraction of the star under the influence of

its own gravity. After a certain amount of contraction, an equilibrium state may

be reached wherein the Fermi degeneracy pressure of the electrons balances with

self-gravity. This stabilized state is denoted as a white dwarf. Nevertheless, beyond

the Chandrasekhar limit mass of approximately 1.4M�, the degeneracy pressure

becomes insu�cient to counteract the self-gravity. In this case, the electrons and

protons are combined into neutrons and neutrinos by inverse beta decay. The neu-

trinos then disperse, leaving a structure composed of high-density neutrons. This

resultant object is termed a neutron star, typically characterized by a radius of

approximately 10 km. Furthermore, neutron stars also have a maximum possible

mass. The upper limit is estimated to be around 3–4M� and is referred to as the

Tolman–Oppenheimer–Volkov (TOV) limit mass. Any compact object with a mass

surpassing this limit is anticipated to have undergone complete gravitational col-

lapse, resulting in the formation of a black hole. More specifically, stellar evolution

calculations indicate that main-sequence stars with initial masses greater than 30M�

will eventually evolve into black holes [99].

When stellar-mass black holes form a binary system with another star, they are

supplied with gas from the companion star. Then, radiations are emitted as the gas

accretes into the black hole. Because of their high compactness, black holes possess

a deep gravitational potential, leading to the emission of more energetic radiation,

such as X rays, compared to ordinary stars. Consequently, stellar-mass black holes

can be observed as X ray sources. The first black hole candidate, known as Cygnus
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X-1, is located at a distance of 2 kpc from Earth.

To prove that a compact object in an observed binary system is a black hole, we

should determine the mass of the compact object. For this purpose, it is useful to

monitor the temporal changes in the redshift of the radiation from the companion

star (the radial velocity of the companion star) associated with the orbital motion.

If the estimated mass of the compact object exceeds the TOV limit of 3–4M�, it is

inferred to be a black hole.

3.4.2 Supermassive Black Holes

Since the 1960s, a large number of radiation sources have been observed at far

distances enough to experience redshifts due to cosmic expansion. These sources

were termed quasi-stellar objects or simply quasars because of their appearance

resembling point sources, similar to stellar stars. The observation that quasars

appear luminous even at large distances implies extraordinarily high luminosities,

on the order of 1013L�, which is a hundred times greater than the typical luminosity

of galaxies. (Here, L� denotes the solar luminosity.) Moreover, the observation of

luminosity variations in quasars on time scales of less than one day suggests a highly

compact size, approximately 200 AU ⇠ 3⇥ 1010 km.

It is currently recognized that quasars are active galactic nuclei located at cos-

mological distances. The emission of intense radiation occurs as gas accretes into the

supermassive black hole at the center. Here, supermassive black holes collectively

refer to black holes with masses far exceeding stellar masses, typically, ranging from

millions to billions of times the solar mass. For a Schwarzschild black hole, 6% of

the energy is released when a massive particle falls from infinity into the innermost

stable circular orbit. In the case of a maximally rotating black hole, the energy

release rate can reach up to 42%. Compared to the radiative e�ciency of nuclear

fusion, which is only 0.7%, black holes exhibit remarkably high e�ciency. Seyfert

galaxies and blazars are also included in the family of active galactic nuclei, and like

quasars, they are believed to emit radiation utilizing a central supermassive black

hole as a powerful engine.

Even if intense emissions such as those from active galactic nuclei are not pro-

vided, the existence of a supermassive black hole at the center of a galaxy can be

inferred by studying the orbital motion of surrounding stars or gases. Currently,

supermassive black holes with masses 105–1010M� are known to exist in various

galactic centers. Let us present two examples of supermassive black holes:

• Sagittarius (Sgr) A*.—This is a radio source located at the center of our Milky

Way galaxy, and its emission is supposed to be arising from gas accretion into

a supermassive black hole. The distance from Earth is 8 kpc [100]. The mass is

estimated to be 4 million solar masses based on the motion of the surrounding
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stars [101].

• M87*.—Messier 87 (M87) is an elliptical galaxy in the Virgo cluster at a

distance of 17 Mpc from Earth [102, 103]. M87* is the supermassive black

hole at the center of the M87 galaxy and has a mass of 6 billion solar masses

[104, 105].

The two examples above were observation targets for the Event Horizon Telescope

to capture black hole shadows in the radio bands [96, 106].

Various scenarios are proposed for the formation of supermassive black holes.

One is that supermassive stars were initially formed from huge clumps of gas in the

early universe, and they gravitationally collapsed directly. Another scenario is that

many stellar-mass black holes grew through repeated mergers. However, the forma-

tion theory is not yet completely established. Notably, high-redshift observations at

z ⇠ 6 suggest the existence of supermassive black holes within a billion years after

the Big Bang. The formation process of these black holes remains under vigorous

study [107]. On the other hand, it is observationally indicated that a specific rela-

tionship exists between the mass of the supermassive black hole at the center of a

galaxy and the mass of the galaxy’s bulge as [108]

MBH/Mbulge ⇠ 0.002 . (3.92)

This relationship implies that galaxies and central black holes have evolved interac-

tively through cosmic history.

3.4.3 Radiation Sources

We end this chapter by discussing the origin of radiations around black holes based

on Ref. [94]. As illustrated below, there are several types of radiative structures.

• Accretion disks.—The disk is composed of gas that falls toward the black

hole while orbiting around it. The structure is geometrically thin but optically

thick. The gas is accreted and heated due to friction caused by viscosity

originating mainly from magnetic turbulence. The initial gravitational energy

of the gas is transformed into heat, leading to thermal radiation. The radiant

exitance (the total energy radiated per unit surface area per unit time) of the

disk is given by

F (r) =
3

8⇡

GMṀ

r3

✓
1�

r
r⇤

r

◆
, (3.93)

where Ṁ is the mass accretion rate and r⇤ is the inner edge radius of the disk.

Typically, r⇤ is considered to be the radius of the innermost stable circular
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orbit, which is rc = 6GM for Schwarzschild black holes. (We restored the

gravitational constant G.) From the Stefan–Boltzmann law F = �T
4 with the

Stefan–Boltzmann constant �, we can estimate the temperature as

T (r) ⇠ 7⇥ 106 K

✓
M

10M�

◆�1/2✓
Ṁ

10�8M� yr�1

◆1/4✓
r

6GM

◆�3/4

. (3.94)

For stellar-mass black holes, it is observed that soft X rays are emitted near

the inner edge of the disk, while visible and infrared lights emanate from the

outer region of the disk around r ⇠ 104–105GM . On the other hand, for

supermassive black holes, the temperature is roughly estimated as

T (r) ⇠ 2⇥ 105 K

✓
M

108M�

◆�1/2✓
Ṁ

1M� yr�1

◆1/4✓
r

6GM

◆�3/4

, (3.95)

which is cooler than that of stellar-mass black holes. The inner edge of the

disk emits ultraviolet rays, while the outer region emits infrared rays and radio

waves.

• Hot accretion flows.—The accretion disk model is insu�cient to account for

X ray and gamma ray radiations emitted from supermassive black holes. These

high-energy radiations are believed to be generated by geometrically thick and

optically thin hot accretion flows. Specifically, the existence of hot advection-

dominated accretion flows (ADAF) was suggested in Refs. [109, 110].*1 In these

flows, radiations spanning a wide range of wavelengths, from radio waves to

gamma rays, are generated through the following processes [95]:

1. Thermal bremsstrahlung.—Electrons in high-temperature plasmas are not

only in thermal motion, but are also accelerated by Coulomb forces from

ions. Thermal bremsstrahlung is the radiation produced by the Coulomb

acceleration of these thermal electrons. The radiation spectrum is flat

up to the frequency determined by the electron temperature and decays

exponentially above that frequency.

2. Cyclotron (and synchrotron) radiations.—These are emitted from elec-

trons as they are moved by the Lorentz force to wrap around magnetic

field lines. When the electrons are non-relativistic, the emitted radia-

tions are called cyclotron radiations; when the electrons are relativistic,

the term synchrotron radiations is used. The radiation frequency is de-

termined by the magnetic field strength B and the Lorentz factor of the

*1The radiative e�ciency of the ADAF is not as high as that of the accretion disk, so it is also
regarded as part of radiatively ine�cient accretion flows (RIAF).
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Figure 3.5. The theoretical curve of the spectrum from the optically thin hot
accretion flow of the Sagittarius A* black hole. Here, ⌫ represents the frequency,
and L⌫ represents the spectral luminosity. The curve is taken from Fig. 9 in
Ref. [111].
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⌫B ⇠ 3⇥ 106 ��1 Hz

✓
B
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◆
. (3.96)

For magnetic fields of about 1 Gauss, synchrotron radiation falls within

the radio band.

3. Inverse Compton scattering.—This refers to the process in which low-

energy photons are scattered by high-energy electrons and gain energy.

When scattered by relativistic thermal electrons, the photon energy is

amplified by a factor of ⇠ [kBT/(mec
2)]2, where me and T represent the

electron mass and temperature, respectively.

Figure 3.5 schematically illustrates the spectrum of radiation emitted from the

hot accretion flow for Sgr A* [111]. First, synchrotron radiation produces a

peak in the radio and infrared bands. Subsequently, these photons undergo

inverse Compton scattering, giving rise to another peak in the visible light

region. The peak resulting from the second inverse Compton scattering corre-

sponds to the X ray band. Thermal bremsstrahlung is dominant in high-energy

regions such as X and gamma rays. In the frequency band above 100 keV, cor-

responding to the electron temperature, the spectrum exhibits an exponential
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decay.



Chapter 4

Axion-Photon Conversion around
Black Holes

We have observed in Section 2.3 that photons traveling through magnetic fields

are converted into axions, and vice versa. In our universe, substantial magnetic

fields surround certain astrophysical entities, such as neutron stars and black holes.

Consequently, it is a logical proposition to explore axion-photon conversion around

these celestial objects. The advancement in observational techniques, exemplified by

the Event Horizon Telescope, has significantly enhanced our ability to study black

holes through electromagnetic wave observations in recent years. Therefore, black

holes present an observationally compelling domain for investigating axion-photon

conversion phenomena.

In this chapter, we delve into the topic of axion-photon conversion around astro-

physical black holes and explore its observational implications, based on the author’s

paper [65]. In Section 4.1, we apply the conversion formula to black holes, demon-

strating that e�cient conversion can take place within a specific photon energy

band. In Section 4.2, we observe that the conversion of photons into axions results

in a photon ring dimming within that energy band. It is demonstrated that super-

massive black holes are good candidates for e�cient dimming, primarily due to the

substantial propagation of photons on a very large photon sphere. In Section 4.3, we

derive the anticipated photon and axion spectra employing a simplified model for

the photon source. We illustrate that the axion mass and the axion-photon coupling

can be deduced from the photon spectrum, which is distorted by the conversion pro-

cess. Additionally, a brief estimation of the axion flux generated through conversion

will be provided.

Throughout this chapter, we employ Gaussian units for electromagnetism, dis-

tinct from the rationalized Heaviside–Lorentz units used in Chapter 2. Consequently,

magnetic fields are measured in the unit of Gauss. Combined with the natural units

c = ~ = 1, we have the relation of 1 Gauss = 1.95⇥ 10�2 eV2.

51
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4.1 Conversion Probability

In this section, we revisit axion-photon conversion in an external magnetic field

discussed in Section 2.3, and apply the formula to black hole magnetospheres. Our

analysis will reveal that e�cient conversion can take place for X rays and gamma

rays propagating near supermassive black holes, such as M87*.

4.1.1 Parameters

The axion-photon conversion phenomenon has been thoroughly reviewed in Section

2.3. For convenience, let us compile the relevant parameters associated with the

conversion:

• !: frequency (or energy) of the propagating photons,

• B: magnetic field strength perpendicular to the photon propagation,

• ma: axion mass,

• ga�: axion-photon coupling constant,

• ne: number density of the electron in the medium.

Note that the magnetic field component perpendicular to the photon propagation,

denoted by B sin⇥ with the angle ⇥ in Section 2.3, is here represented simply as B.

The number density of the electron ne is used to determine the plasma frequency as

!pl ⌘

r
4⇡↵ne

me
= 3.7⇥ 10�9 eV

r
ne

104 cm�3
, (4.1)

where me = 511 keV is the electron mass, and ↵ = 1/137 is the fine-structure con-

stant. Here, ne ⇠ 104 cm�3 is a typical number density in the vicinity of black holes

and is used as the reference. As we will see below, we are interested in high energy

photons such as X rays, which satisfy ! � !pl. These high-energy photons can

propagate through the plasma without damping, albeit with a modified dispersion

relation ! =
q

!
2

pl
+ k2, where k represents the wave number.

As derived in Eq. (2.57), after the photons propagate over a distance z, the

conversion probability from the photons into axions is expressed by

P�!a(z) =

✓
�M

�osc/2

◆2

sin2

✓
�osc

2
z

◆
, (4.2)

where �osc is defined as

�2

osc
⌘ (�pl ��vac ��a)

2 + 4�2

M
. (4.3)
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Here, �M, �a, �pl, and �vac are given by

�M = 9.8⇥ 10�22 eV
⇣

ga�

10�11 GeV�1

⌘✓
B

10Gauss

◆
, (4.4)

�a = 5⇥ 10�22 eV
⇣

ma

10�9 eV

⌘2✓keV

!

◆
, (4.5)

�pl = 6.9⇥ 10�21 eV
⇣

ne

104 cm�3

⌘✓keV

!

◆
, (4.6)

�vac = 9.3⇥ 10�27 eV
⇣

!

keV

⌘✓
B

10Gauss

◆2

, (4.7)

respectively. Here, the magnetic field B and the electron number density ne are nor-

malized by typical values around black holes. The�M determined by ga� and B is an

essential parameter for conversion. The e↵ect of a finite axion mass�a, plasma oscil-

lations �pl, and the Euler–Heisenberg e↵ective Lagrangian in an external magnetic

field incorporating the one-loop corrections of electrons �vac, generically suppress

the conversion. It is apparent that in certain parameter regions, the factor �M may

dominate over the others �a, �pl, and �vac for high-energy photons, specifically

around X rays and gamma rays with ! & keV.

We should note that the current framework is valid only if the following three

conditions are satisfied:

(a) (↵/(45⇡))(B/Bcrit)2 ⌧ 1 where Bcrit ⌘ m
2

e/
p
4⇡↵ = 4 ⇥ 1013 Gauss, which

comes from the validity of the Euler–Heisenberg e↵ective Lagrangian,

(b) ! � ma, i.e., axions should be relativistic,

(c) ! � !pl so that photons can propagate in a surrounding plasma.

Indeed, the situations considered in the subsequent analysis satisfy these conditions.

4.1.2 E�cient Conversion

Let us examine when the conversion probability becomes large. The most e�cient

conversion is achieved when the condition (�pl��vac��a)2 ⌧ 4�2

M
is met, resulting

in �osc ' 2�M, and the prefactor of the probability (4.2) approaching unity. In this

case, the typical length scale of the conversion reads

��1

osc
' (2�M)

�1

= 1.0⇥ 1016 cm

✓
10Gauss

B

◆✓
10�11 GeV�1

ga�

◆

= 3.4⇥ 101 ⇥ (2⇥ 109M�)⇥

✓
10Gauss

B

◆✓
10�11 GeV�1

ga�

◆
. (4.8)
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From this expression, we see that, for magnetic fields on the order of B ⇠ 101–102

Gauss, the conversion length becomes comparable to the Schwarzschild radius of a

supermassive black hole with a mass of⇠ 109–1010M�, assuming ga� ⇠ 10�11 GeV�1.

Indeed, observations of M87* indicate the mass of 6 ⇥ 109M� [96] and a magnetic

field of approximately 30 Gauss in the vicinity of the black hole [62]. Due to the

ability of photons to stay around the photon sphere of black holes for a certain

period of time, e�cient conversion into axions is anticipated.

The above condition (�pl � �vac � �a)2 ⌧ 4�2

M
is satisfied at least when the

axion-photon mixing e↵ect �M dominates over the others �a, �pl, and �vac. The

inequalities �a ⌧ �M, �pl ⌧ �M, and �vac ⌧ �M are respectively rewritten as

follows.

• �a ⌧ �M:

5.1⇥ 10�1

⇣
ma

10�9 eV

⌘2
⌧

⇣
ga�

10�11 GeV�1

⌘⇣
!

keV

⌘✓
B

10Gauss

◆
. (4.9)

• �pl ⌧ �M:

7.0⇥
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ne

104 cm�3

⌘
⌧

⇣
ga�

10�11 GeV�1
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!

keV

⌘✓
B

10Gauss

◆
. (4.10)

• �vac ⌧ �M:

⇣
!

keV

⌘✓
B

10Gauss

◆
⌧ 1.1⇥ 105

⇣
ga�

10�11 GeV�1

⌘
. (4.11)

Except for specific cases (i) and (ii) mentioned later, either Eq. (4.9) or Eq. (4.10)

determines the lower bound of ! where conversion occurs e�ciently. On the other

hand, the upper bound of ! for e�cient conversion is given by Eq. (4.11).

Even when the plasma e↵ect is significant, i.e., �pl & �M, e�cient conversion

can be realized if �pl is o↵set by �a or �vac. This is possible because �pl contributes

to �osc with the opposite sign relative to �a and �vac, as we observe in Eq. (4.3).

Let us examine these possibilities:

(i) �pl ' �a: This condition is equivalent to m
2

a ' !
2

pl
, i.e.,

⇣
ma

10�9 eV

⌘2
' 1.4⇥ 101

⇣
ne

104 cm�3

⌘
. (4.12)

Here, we assumed that the significant �pl is compensated by the similarly

significant �a, which is much larger than �vac, i.e.,

⇣
!

keV

⌘2✓ B

10Gauss

◆2

⌧ 5.4⇥ 104
⇣

ma

10�9 eV

⌘2
. (4.13)
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Note that, in this case, the conversion can occur at all frequencies satisfying

Eq. (4.13) and the conditions for the present treatment to be justified.

(ii) �pl ' �vac: This condition is written as

⇣
!

keV

⌘2✓ B

10Gauss

◆2

' 7.4⇥ 105
⇣

ne

104 cm�3

⌘
, (4.14)

which determines the resonance frequency. Here, we assumed �vac � �a, i.e,

⇣
!

keV

⌘2✓ B

10Gauss

◆2

� 5.4⇥ 104
⇣

ma

10�9 eV

⌘2
. (4.15)

4.1.3 Conversion Probability in the !-ne Plane

In the above subsection, we have established the relations between the parameters for

e�cient conversion to occur. Let us attempt to visualize the conversion probability in

the parameter space to provide an overview of its behavior. For this purpose, we set

the axion-photon coupling to ga� = 10�11 GeV�1, which approximately aligns with

the current experimental upper limit. Utilizing information from the Event Horizon

Telescope observations, we know the electron number density ne ⇠ 104–107 cm�3

and the magnetic field B ⇠ 1–30 Gauss near M87* [62]. Consequently, we consider

ne within that range and use B = 30 Gauss as a reference value.

The conversion probability (4.2) excluding the z-dependent oscillation factor, i.e.,

[�M/(�osc/2)]2, is depicted in the !-ne plane for axion masses ma = 10�7
, 10�8

, 10�9

eV in Figure 4.1. In each panel, the region where the maximum conversion proba-

bility can approach unity is represented in white.

In Figure 4.1, a white line extends horizontally toward the low ! region in each

panel, corresponding to case (i) where �pl ' �a. Additionally, a white band extends

but becomes narrower toward the upper-right, connecting to the line corresponding

to resonance (ii) with �pl ' �vac.

First, let us see the case ma = 10�7 eV shown in the top-left panel in Figure 4.1.

Above the horizontal white line at ne = 7.3 ⇥ 106 cm�3, Eq. (4.10) determines the

lower bound of the photon energy ! for e�cient conversion. Below that line, Eq. (4.9)

gives the lower bound. The upper bound of ! for e�cient conversion is given by

Eq. (4.11). The white region almost lies in ! ⇠ 106–107 eV. For photons around

these energies, electron-positron pair creations would become relevant, introducing

subtleties to the discussion of axion-photon conversion. If the axion mass is heavier

than 10�7 eV, the window of the e�cient conversion (white region) becomes narrower

in the ! direction, and eventually closes except for the resonance lines due to cases

(i) and (ii). This is because the conditions for e�cient conversion given by the

inequalities (4.9)–(4.11) are hardly satisfied at the same time.
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Figure 4.1. Conversion probability omitting the distance-dependent oscillation
factor, [�M/(�osc/2)]2, is shown in the !-ne plane, where ! is the photon energy
and ne is the electron number density. In each panel, a white area signifies that
the factor exceeds 0.9. We set the magnetic field and axion-photon coupling as
B = 30 Gauss and ga� = 10�11 GeV�1, respectively. The axion mass is chosen
as ma = 10�7

, 10�8, and 10�9 eV in the upper-left, upper-right, and lower-left,
respectively.
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In the case of a smaller axion mass, ma = 10�8 eV, the e↵ect of �a proportional

to m
2

a becomes smaller, and hence, the white line corresponding to case (i) moves

toward the smaller ne as we see in the top-right panel in Figure 4.1. The plasma e↵ect

represented by Eq. (4.10) determines the lower bound of ! for e�cient conversion

in a broad parameter region. Below the resonance line, Eq. (4.9) gives the lower

bound. The upper bound of ! for e�cient conversion is again given by Eq. (4.11).

For an even smaller axion mass, ma = 10�9 eV, the plasma e↵ect �pl dominates

over the axion mass e↵ect �a across the entire range with ne & 103 cm�3. Con-

sequently, as evident in the bottom-left panel of Figure 4.1, Eq. (4.10) exclusively

establishes the lower bound for ! in this region. The upper bound for e�cient

conversion remains determined by Eq. (4.11).

In our estimations so far, we have treated the plasma density and magnetic

field as constant and uniform. However, realistic astrophysical scenarios involve

fluctuations in these parameters. Noting that the parameter region satisfying the

above specific case (i) or (ii) is quite narrow, the e�cient conversion in those cases

would be di�cult in practice. Conversely, as depicted in Figure 4.1, a broad white

region is evident for ma . 10�8 eV. This suggests that conversion can still occur in

the presence of inhomogeneous plasma and magnetic fields, leveraging the extensive

nature of this region. Thus, in the subsequent discussion, we will concentrate on the

conversion within this broad white region.

4.2 Black Hole Photon Ring Dimming

We have seen that the prefactor in the conversion probability (4.2), i.e., [�M/(�osc/2)]2,

approaches unity in the white parameter region in Figure 4.1. Within this parameter

region, photons traveling a distance of ��1

osc
can be e�ciently converted into axions,

as the distance-dependent oscillating factor (the sin2 term) can also be close to unity.

The length scale ��1

osc
is typically as long as or longer than the Schwarzschild radius

of supermassive black holes, such as M87*. Therefore, for photons propagating ra-

dially from a black hole, a strong magnetic field must be sustained over the distance

��1

osc
for conversion to take place. On the other hand, as outlined in Section 3.2,

a black hole spacetime features a photon sphere, consisting of unstable circular or-

bits for photons (or relativistic particles in general). Considering photons orbiting

around the photon sphere, the maintenance of the magnetic field during propagation

is automatically ensured, as they remain at a nearly constant radius. This obser-

vation implies that e�cient conversion from photons to axions occurs around the

photon sphere.
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For simplicity, we take the Schwarzschild black hole. The metric reads

ds
2 = �f(r)dt2 +

1

f(r)
dr

2 + r
2(d✓2 + sin2

✓ d�
2) , (4.16)

where

f(r) = 1�
2M

r
(4.17)

with M being the mass of the black hole. (Note that we set the speed of light c

and the Newton constant G to be unity. Then, the black hole mass M has the

dimension of length.) In this case, as discussed in Section 3.2, the photon sphere

of the black hole is situated at the radius r = 3M . To characterize the motion of

a particle, it is convenient to define the impact parameter b as b ⌘ L/E, where

L represents the conserved angular momentum along the geodesic, and E is the

conserved energy (see Eq. (3.68)). As demonstrated in Section 3.2, photons with the

critical impact parameter bcrit ⌘ 3
p
3M can continuously orbit the photon sphere

unless subjected to perturbations. For photons emitted from a source located far

outside the black hole, with an impact parameter b slightly exceeding the critical

value bcrit, the trajectories will initially approach the photon sphere, linger around

it for a certain duration, and ultimately escape from the sphere. We observe the

surviving photons that have avoided conversion.

What proportion of photons will eventually be converted into axions? To es-

timate this fraction, let d
3
N/dt d!c db be the number of photons approaching the

photon sphere with impact parameter b close to bcrit, per unit time t, unit frequency

!c, and unit impact parameter b. Here, the subscript “c” of !c reminds us that

it is measured in a local inertial frame at the photon sphere. The photons with

impact parameter b close to bcrit stay orbiting in a region near the photon sphere,

3M < r . (3 + ✏)M with a small constant ✏(> 0). The time spent in that region is

given by

T (b) = �3
p
3M ln

����
2(b� bcrit)
p
3 ✏2 M

���� (4.18)

as shown in Eq. (3.91). Note that the time T (b) measured in the Schwarzschild

coordinate t corresponds to the proper time for the observer at infinity. As evident

from the local orthonormal frame introduced in Eqs. (3.16)–(3.19), a local observer

situated at the radius r = 3M experiences the proper time
p

f(3M)T (b) during the

Schwarzschild time period T (b) (ignoring small deviations in the radius, including ✏).

In terms of proper distance, such photons travel for z '
p

f(3M)T (b) = T (b)/
p
3.

Therefore, the number of photons converted into axions in that region per unit time
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t and unit frequency !c is given by

d
2
N�!a

dtd!c

=

Z bcrit+
p
3✏2M/2

bcrit

db
1

2
·

d
3
N

dtd!cdb
· P�!a

✓
T (b)
p
3

◆
, (4.19)

where, by inserting z = T (b)/
p
3 into Eq. (4.2),

P�!a

✓
T (b)
p
3

◆
=

✓
�M

�osc/2

◆2

sin2

✓
�
3M�osc

2
ln

2(b� bcrit)
p
3 ✏2M

◆
. (4.20)

The factor 1/2 in Eq. (4.19) comes from the fact that only photons with polarization

parallel to the external magnetic field can undergo conversion into axions. Integrat-

ing over the interval (bcrit, bcrit +
p
3✏2M/2) in Eq. (4.19), we can sum up photons

that enter the region 3M < r . (3 + ✏)M and subsequently escape to infinity.

Note that �osc depends on the frequency of the photons !c, and B in �M and �vac

represents a component of the magnetic field normal to the photon sphere.

Assuming that d
3
N/dt d!c db in the integrand of Eq. (4.19) does not vary sig-

nificantly with respect to b, we can approximate it by the value at b = bcrit as an

approximation. Then, Eq. (4.19) is reformulated as

d
2
N�!a

dtd!c

'
1

2

d
3
N

dtd!cdb

����
b=bcrit

⇥

Z bcrit+
p
3✏2M/2

bcrit

db P�!a

✓
T (b)
p
3

◆

=
1

2

d
3
N

dtd!cdb

����
b=bcrit

⇥

✓
�M

�osc/2

◆2
p
3 ✏2M

4

(3M�osc)2

1 + (3M�osc)2
. (4.21)

Consequently, the fraction of photons entering the region near the photon sphere

that are converted into axions is given by

d
2
N�!a

dtd!c

�
d
2
N

dtd!c

'
1

4

✓
�M

�osc/2

◆2 (3M�osc)2

1 + (3M�osc)2
, (4.22)

which depends on the photon energy on the photon sphere !c. When observing the

vicinity of a black hole, a bright image like a ring (known as the “photon ring”) can

be seen around a dark region (known as the “shadow”), which is created by photons

traveling around the photon sphere. The analysis here indicates that we will observe

a dimming of the photon ring at the fraction (4.22) due to axion-photon conversion.

The above calculation relies on the assumption that photons propagate without

scattering by the surrounding plasma. This assumption holds when the mean free

path of photons is significantly longer than the radius of the photon sphere, which

is 3M . Taking into account the finite mean free path of photons, the expression

for the number of photons converted into axions per unit time and unit frequency
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(4.19) should be modified as

d
2
N�!a

dtd!c

=

Z
db

1

2
·

d
3
N

dtd!cdb
· P�!a

✓
T (b)
p
3

◆
· exp

✓
�
T (b)
p
3

1

`

◆
(4.23)

where T (b) is given by Eq. (3.91), P�!a is given by Eq. (4.20), and ` is the mean

free path of photons. As in Eq. (4.21), let us replace d3N/dt d!c db in the integrand

by the value at b = bcrit for approximation. Then, we can perform the integration

over b 2 (bcrit, bcrit +
p
3✏2M/2) as

d
2
N�!a

dtd!c

'
1

2

d
3
N

dtd!cdb

����
b=bcrit

⇥

✓
�M

�osc/2

◆2
p
3 ✏2 M

4

1

1 + (3M/`)

⇥
(3M�osc)2

(1 + (3M/`))2 + (3M�osc)2
. (4.24)

It is evident that the result in Eq. (4.21) is reproduced when 3M/` ⌧ 1. For photons

with an energy below the electron mass, the mean free path is given by

` =
1

�Tne
= 1.5⇥ 1024 cm

✓
cm�3

ne

◆
, (4.25)

where �T = 8⇡↵2
/(3m2

e) = 0.67 ⇥ 10�24 cm2 is the Thomson cross section, and

ne is the electron density. For the black holes considered in this thesis, with ne ⇠

104–107 cm�3 and M ⇠ 109M�(⇠ 1014 cm), the condition 3M/` ⌧ 1 is satisfied.

Thus, the formula (4.21) neglecting the finite mean free path ` is applicable.

As a notable example, let us focus on the case of the e�cient conversion satisfying

�osc/2 ' �M studied in Section 4.1.2. In this case, the fraction of photons converted

into axions is given by

d
2
N�!a

dtd!c

�
d
2
N

dtd!c

'
1

4
⇥

(6M�M)2

1 + (6M�M)2
, when �osc/2 ' �M . (4.26)

The key parameter, 6M�M = 3M/(2�M)�1, represents the ratio of the photon

sphere radius, 3M , to the conversion length, ��1

osc
' (2�M)�1. It can be expressed

as

6M�M = 4.4⇥ 10�3

✓
M

109M�

◆✓
B

Gauss

◆⇣
ga�

10�11 GeV�1

⌘
. (4.27)

If this value significantly exceeds unity, the extent of the dimming of a photon

ring approaches 25%. This is due to the fact that only photons with polarization

parallel to the magnetic field undergo conversion, and an equal number of photons

with that polarization are produced as axions, owing to substantial mixing. On the
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Figure 4.2. The dimming rate of a photon ring due to axion-photon conversion
(in other words, the fraction of photons converted into axions) at the e�cient
case satisfying �osc ' 2�M is plotted.

other hand, if (6M�M)2 ⌧ 1, the extent of the dimming can be approximated as

(6M�M)2⇥ 25%. The extent of the dimming at e�cient conversion as a function of

6M�M is plotted in Figure 4.2.

Note that 6M�M is proportional to the black hole mass M . Thus, supermassive

black holes such as M87* are good candidates for substantial dimming of the photon

sphere. In contrast, for stellar-mass black holes, it would be challenging to observe

dimming unless strong magnetic fields are compensating for the e↵ect of the small

black hole masses.

Regarding the supermassive black hole at the center of the galaxy M87, the

mass and magnetic field around r ⇠ 5M are estimated as M ' 6.2 ⇥ 109M� [96]

and B ⇠ 1–30 Gauss [62], respectively. The current observational constraint on

the axion-photon coupling is given by ga� . 10�11–10�10 GeV�1 for ma . 10�5 eV.

Thus, let us take M = 6.2 ⇥ 109M�, B = 30 Gauss, and ga� = 10�11 GeV�1 as a

trial. In this case, we find 6M�M = 0.82, resulting in a dimming of the photon ring

given by

d
2
N�!a

dtd!c

�
d
2
N

dtd!c

' 10% ,

for M = 6.2⇥ 109M� , B = 30 Gauss , ga� = 10�11 GeV�1
. (4.28)

This result is valid for photon energies within the region satisfying the condition for

e�cient conversion �osc/2 ' �M, represented by the white region in Figure 4.1.
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4.3 Spectra of Photons and Axions

The energy spectrum of axions produced by axion-photon conversion near a photon

sphere can be calculated based on the formula (4.19). Consequently, the energy

spectrum of photons, taking into account the dimming e↵ect, can be derived by

subtracting the produced axion spectrum from the original photon spectrum.

Of course, to predict the concrete shape of the spectra, we must determine the

number of photons entering a region near the photon sphere for each frequency, i.e.,

the integrand of Eq. (4.19). Therefore, it is imperative to identify the source of such

photons. In the following, we employ the simplest model of the photon source to

draw expected spectra and to discuss the possibility of detecting traces of axions.

4.3.1 Spherical Gas Model

For astrophysical black holes, the source of photons is believed to be the surrounding

gas. In realistic situations, however, the gas configuration can be complex, making

precise spectral calculations challenging. Instead, for simplicity, we assume that

the gas emitting photons is distributed in a spherical region centered at the black

hole. This straightforward assumption allows us to calculate spectra without rely-

ing on numerical simulations. Moreover, the low radiative e�ciency observed for

supermassive black holes like M87* and Sgr A* suggests that their radiating region

is not a simple disk but rather a geometrically thick, hot accretion flow (see, e.g.,

Ref. [112]). Thus, we expect that our results based on the spherical gas model will

provide a rough order-of-magnitude estimation for the spectra.

Let us consider a spherical region centered around a black hole where photons

are emitted isotropically from each point with a specific emission rate. We aim to

estimate how many of these emitted photons can approach the photon sphere of

the black hole. For simplicity, in this model, we assume Schwarzschild spacetime

geometry, neglecting the rotation of the black hole. The metric for this case is given

by Eq. (4.16).

We start by considering an infinitesimal volume dVe at a point pe located at the

radial coordinate re. Let us write the number of photons within a frequency (or

energy) interval d!e emitted from dVe and passing through an infinitesimal solid

angle d⌦e viewed from the emission point pe per unit time ⌧e as*1

d
6

✓
dN

d⌧e

◆
= J

(N)

e
(!e, re) d⌦e dVe d!e . (4.29)

*1In Eq. (4.29), “d6” on the left-hand side stands for the dimension of the infinitesimal volume
on the right-hand side. Here, we treat d⌦e and dVe as two- and three-dimensional infinitesimal
volume elements, respectively.
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Here, the frequency !e, time ⌧e, solid angle ⌦e, and volume Ve are measured in a

local inertial frame at the point pe. In this frame, with the origin at pe, ⇥e denotes

the zenith angle measured from the direction to the black hole (see Figure 3.1), and

�e denotes the azimuth angle in the plane normal to the direction to the black hole.

We assume isotropic emission from a point pe, implying that J (N)

e does not depend

on the angles ⇥e and �e.

It is convenient to rewrite Eq. (4.29) in terms of the impact parameter of a

photon b. For this purpose, we can use Eq. (3.69), and db = (re/
p

f(re)) cos⇥ed⇥e

which follows from Eq. (3.69) for a fixed re. Using these relations, and integrating

Eq. (4.29) over the azimuth angle �e, we obtain the number of photons emitted

toward the photon sphere per unit time as

d
5

✓
dN

d⌧e

◆
=

1

2
⇥ 2⇡J (N)

e
(!e, re)

p
f(re)

re

bp
(r2

e
/f(re))� b2

db dVe d!e , (4.30)

where we multiply a factor of 1/2 taking into account that only photons with 0 

⇥e  ⇡/2 can approach the photon sphere.

The time element d⌧e and volume element dVe in a local inertial frame at pe

are respectively given by d⌧e =
p

f(re) dt and dVe = (r2
e
/

p
f(re)) sin ✓ dre d✓ d� in

terms of the Schwarzschild coordinates. Integrating Eq. (4.30) over ✓ and � yields

the number of photons emitted from a spherical shell of width dre with impact

parameter (b, b + db) per unit Schwarzschild time t and unit frequency !e. The

result is

d
2

✓
d
2
N

dtd!e

◆
= 4⇡2

J
(N)

e
(!e, re)

b re

p
f(re)p

(r2
e
/f(re))� b2

dre db . (4.31)

Note that !e above is the photon frequency (or energy) in a local inertial frame

at the emission point pe, which is expressed as

!e = k
µ
@µ(e

0)|pe

=
dt

d�

p
f(r)

����
pe

=
Ep
f(re)

, (4.32)

where k
µ = dx

µ(�)/d� is the tangent vector of the geodesic of the photon with

a�ne parameter �, and e
0 is a unit basis one-form in the time direction. (The

tetrad is introduced in Eq. (3.16).) In the last line, Eq. (3.33) is utilized. The

frequency measured in a local inertial frame at the photon sphere located at r = 3M

is !c = E/

p
f(3M) =

p
3f(re)!e. Thus, the number of photons approaching the
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photon sphere per unit time t and unit frequency !c with impact parameter (b, b+db)

is given by

d

✓
d
2
N

dtd!c

◆
=

4⇡2

p
3

Z rout

rin

dre J
(N)

e

✓
!cp
3f(re)

, re

◆
⇥

b rep
(r2

e
/f(re))� b2

db , (4.33)

where we assumed that the emission region is a sphere with inner diameter rin

and outer diameter rout. Strictly speaking, the pericenter of a photon’s trajectory

depends on the impact parameter b as Eq. (3.89). Here, we approximate the radial

coordinate of the trajectory as the value on the photon sphere, r = 3M , for all

photons.

Since our interest lies in photons with impact parameters b close to bcrit = 3
p
3M ,

we approximate Eq. (4.33) by setting it to the value at b = bcrit, akin to the treatment

in Eq. (4.21). Subsequently, the integration with respect to b over (bcrit, bcrit +p
3✏2M/2), which corresponds to summing up all photons entering a region 3M <

r . (3 + ✏)M , yields

d
2
N

dtd!c

' 2⇡2
✏
2
M

Z rout

rin

dre J
(N)

e

✓
!cp
3f(re)

, re

◆
⇥

3
p
3Mrep

(r2
e
/f(re))� 27M2

. (4.34)

Here, we assume that rin is outside the photon sphere so that r2
in
/f(rin) > b

2 holds for

b 2 (bcrit, bcrit+
p
3✏2M/2). By multiplying Eq. (4.34) by an energy !c, we obtain the

original photon spectral luminosity, i.e., the spectral luminosity before incorporating

dimming by axion-photon conversion, in the region 3M < r . (3 + ✏)M .

On the other hand, by substituting Eq. (4.33) into Eq. (4.21), we can express

the number of photons converted into axions near the photon sphere per unit time

and unit frequency as

d
2
N�!a

dtd!c

'
⇡
2
✏
2
M

2

✓
�M

�osc/2

◆2 (3M�osc)2

1 + (3M�osc)2

⇥

Z rout

rin

dre J
(N)

e

✓
!cp
3f(re)

, re

◆
⇥

3
p
3Mrep

(r2
e
/f(re))� 27M2

. (4.35)

4.3.2 Thermal Bremsstrahlung

From Figure 4.1, where the parameters are taken from M87*, it is obvious that

the energy of photons undergoing e�cient conversion falls within the X ray range,

! ⇠ 103–105 eV, and gamma ray range, ! & 105 eV. As discussed in Section

3.4.3, for supermassive black holes, the predominant process responsible for such

high-frequency radiation is thermal bremsstrahlung of plasma [113]. The radiation

energy from thermal bremsstrahlung, per unit time, unit frequency, and unit volume,
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is given by (see e.g., Sec. 5.2 in Ref. [95])

dE

d⌧ed!edVe

=
24↵3

3me

✓
2⇡

3me

◆1/2

T
�1/2
e n

2

e e
�!e/Te ḡff , (4.36)

where Te is the electron temperature, ne is the electron number density, and ḡff is

a velocity-averaged Gaunt factor. Here, ⌧e, !e, and Ve denote time, frequency, and

volume in a local inertial frame at the emission point, respectively. We assumed

that the ion density is equal to the electron density. Strictly speaking, the Gaunt

factor ḡff depends on Te and !e, but for the order-of-magnitude estimation, it

can be regarded as approximately unity. Assuming isotropic radiation from each

infinitesimal volume, J (N)

e defined by Eq. (4.29) reads

J
(N)

e
(!e, re) =

4↵3

3⇡me

✓
2⇡

3me

◆1/2

!
�1

e
T

�1/2
e n

2

e e
�!e/Te ḡff . (4.37)

Let us assume that the electron temperature and number density follow a power

law with respect to the radial coordinate re:

Te = Te,c

⇣
re

3M

⌘�pT
, (4.38)

ne = ne,c

⇣
re

3M

⌘�pn
, (4.39)

where Te,c and ne,c are the values at the photon sphere, and pT and pn are parameters.

If the gas is heated to the virial temperature, Tvir = mpM/(3r) ⇠ 1012 K (r/(3M))�1

with mp being the proton mass, we find pT = 1. In theoretical models, Te is treated

as a sub-virial temperature due to cooling processes and ine�cient coupling between

electrons and ions [112]. In the case of spherical accretion, the mass accretion rate

is written as Ṁ = 4⇡r2⇢vr with mass density ⇢ and radial velocity vr. Assuming

a constant accretion rate Ṁ and free-falling gas vr / r
�1/2, we obtain pn = 3/2.

Of course, some other factors (e.g., the presence of outflows) will modify these

parameters. Nevertheless, a set of parameters (pT , pn) = (1, 3/2) is a reasonable

trial.

We can evaluate the integral with respect to re in Eq. (4.34) with Eqs. (4.37)–

(4.39) in a straightforward manner under the following approximations. Given

that the source of photons is well outside the photon sphere, the approximationp
(r2

e
/f(re))� 27M2 ⇠ re holds for the integrand in Eq. (4.34), and f(re) in the

argument of J (N)

e can be set to unity. The exponential factor e�!e/Te in Eq. (4.37)

is also approximately unity under the condition

!c

Te,c
⌧

p
3

✓
3M

re

◆pT

. (4.40)
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We consider the photon energy !c such that this inequality is satisfied in a region

outside rin. Then, Eq. (4.34) reduces to*2

d
2
N

dtd!c

' 27!�1

c
L!0

Z

rin

dre

3M

⇣
re

3M

⌘�2pn+(pT /2)

'
27

2pn � (pT/2)� 1

⇣
rin

3M

⌘�2pn+(pT /2)+1

!
�1

c
L!0 , (4.41)

where we defined

L!0 ⌘ 2⇡2
✏
2
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3
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◆✓
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◆1/2
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2

e,cḡff

= 1.7⇥ 1034 ✏2
✓
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◆3✓
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1011 K

◆�1/2

⇥
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104 cm�3

⌘2
ḡff keV · sec�1

·keV�1
. (4.42)

In the second line in Eq. (4.41), we picked up only the term of rin by assuming

�2pn + (pT/2) + 1 < 0. In particular, setting (pT , pn) = (1, 3/2) and rin = 4M ,

we obtain the original photon spectral luminosity near the photon sphere as L! =

11.7L!0 for !c ⌧ Te,c(3M/rin) ' 9 MeV(Te,c/1011 K)(3M/rin), which produces a

flat spectrum at energies below the gamma ray range. On the other hand, for

!c & 9 MeV(Te,c/1011 K)(3M/rin), the spectrum is exponentially damped since there

are few high-temperature electrons which emit such high-energy photons.

4.3.3 Observing Axions through Photon Ring Dimming

Inserting Eq. (4.37) with Eqs. (4.38) and (4.39) into Eq. (4.35), and multiplying the

energy !c, we can derive the anticipated spectral luminosity of axions within the

framework of thermal bremsstrahlung from a spherical gas model. Subsequently, the

spectral luminosity of photons originating from a region near the photon sphere can

be inferred by subtracting the generated axion luminosity from the original photon

luminosity.

We anticipate that the axion-photon conversion will have an impact on the ob-

served photon spectrum. However, since the conversion occurs e↵ectively only near

the photon sphere, we should note that only the spectrum near the photon sphere

can be distorted. Therefore, to detect the spectral distortion, we need to resolve

the near-horizon region. While the Event Horizon Telescope has successfully cap-

tured detailed images of the near-horizon structure in the radio band, comparable

high-resolution observations are currently unavailable in the X ray and gamma ray

*2The upper limit of the integration interval is approximately given by a point where the in-
equality (4.40) saturates, but the final result of Eq. (4.41) depends only on the lower limit rin.
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bands. In this situation, the total luminosity from the region outside the black hole

will be relevant. When observing a black hole over a size R(> rin), we will collect

the total luminosity as

Ltot = 4⇡

Z R

rin

dre r
2

e

dE

d⌧ed!edVe

⇠
63

✏2

1

3� 2pn + (pT/2)

✓
R

3M

◆3�2pn+(pT /2)

L!0 , (4.43)

where we used Eq. (4.36) with Eqs. (4.38) and (4.39), and picked up the contribution

around re ⇠ R. For instance, by setting pT = 1, pn = 3/2, and ✏ ⇠ 1, we find

Ltot ⇠ 4 ⇥ 102 (R/3M)1/2L!0. This indicates that the emission from the region

outside the horizon will predominantly contribute to the total luminosity, leading

to a negligible dimming e↵ect due to the conversion. It is evident that the Chandra

observatory, with an angular resolution of arcseconds, is inadequate to detect the

dimming of M87* as it observes over a size R � 3M .

The situation can be significantly improved if the resolution size R becomes

comparable to the horizon radius. In our simplified model, the photon sources

are not distributed within rin(> 3M). Therefore, when R . 3M , we can selectively

collect photons approaching the photon sphere. In this scenario, the total luminosity

is described by Eq. (4.34) (approximately Eq. (4.41)), and the observable spectral

distortion is anticipated. The necessary angular resolution ✓ is determined by R .
3M as

✓ =
R

D
. 10�5 arcsec

✓
M

1010M�

◆✓
10Mpc

D

◆
, (4.44)

where D denotes the distance to the black hole. Thus, in the case of M87* (D =

16.8Mpc, M = 6.2 ⇥ 109M�), we need the angular resolution of ✓ . 10�5 arcsec,

even in the X ray and gamma ray bands.

We illustrate several examples of the anticipated energy spectra in Figure 4.3.

In this representation, the horizontal axes denote the observed frequency !o, which

is linked to the frequency at the photon sphere !c as !o = !c/
p
3 due to gravita-

tional redshift. We have disregarded other minor e↵ects such as peculiar velocities

and cosmic expansion. The vertical axes represent the spectral luminosity mea-

sured in units of L!0 as defined in Eq. (4.42). We assumed that the photons are

produced by thermal bremsstrahlung of the gas distributed over a spherical region

(rin = 4M, rout = 103M) around the black hole. The gray curves are the original pho-

ton spectrum, i.e., the photon spectrum before incorporating the axion-photon con-

version. The original photon spectrum exhibits a cuto↵ around !o ⇠ Te,c ⇠ 107 eV

due to the exponential suppression factor in Eq. (4.36). The black curves depict
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the photon spectrum incorporating the conversion into axions in the vicinity of the

photon sphere, while the red curves represent the resulting axion spectrum. The

solid, dashed, and dotted curves correspond to axion masses ma of 10�9, 10�8, and

10�7 eV, respectively. In both panels of Figure 4.3, we have chosen the parameters

M = 6.2 ⇥ 109M�, Te,c = 1011 K, pT = 1, ne,c = 104 cm�3, and pn = 1.5, all of

which are adopted from M87*. The parameters in the upper panel are taken so that

(ga�/10�11 GeV�1)(B/Gauss) = 30 as in Figure 4.1. On the other hand, those in

the lower panel are taken so that (ga�/10�11 GeV�1)(B/Gauss) = 300, for which the

conversion is more e↵ective.

From Figure 4.3, we can see that the frequency range displaying dimming de-

pends on the axion mass. This is because the lowest frequency of e�cient conversion

is determined by the axion mass as evident from Eq. (4.9). Besides, the extent of

dimming at the e�cient conversion is determined by ga�, B, and M as elucidated in

Eqs. (4.26) and (4.27). In the upper panel, dimming of 10% can be seen, which is

already mentioned in Eq. (4.28). In the lower panel, the dimming reaches approxi-

mately 25%, representing the maximum achievable value.

The above demonstration indicates an opportunity to determine (or impose con-

straints on) the axion mass ma and axion-photon coupling ga� through the observa-

tion of the photon spectrum in the vicinity of a photon sphere. Let us suppose that

the mass of the black hole M , and the magnetic field B and the electron density ne

around the photon sphere are known. The spectral shape is characterized by two

quantities: the magnitude of the dimming and the frequency range manifesting the

dimming. First, when M and B are given, the maximum magnitude of the dimming

can be translated to ga� by using Eqs. (4.26) and (4.27). It is noteworthy that,

regardless of the magnitude of ga�, the dimming saturates at 25%. Consequently, in

situations where the dimming approaches approximately 25%, only the lower limit

of ga� can be inferred. Second, from Eqs. (4.9) and (4.10), the lowest frequency

showing the e�cient dimming depends on ga�, B, and the axion mass ma or plasma

frequency !pl (or, equivalently, the electron density ne). In the case ma < !pl, the

lowest frequency is determined by ne, ga�, and B as Eq. (4.10). Hence, it can also

be used to read o↵ the coupling ga� from the dimming. In a more intriguing case

ma > !pl, the lowest frequency is determined by Eq. (4.9), involving ma, ga�, and

B. In this case, if B and ga� are known, the lowest frequency can be utilized to

determine ma. Even if ga� has not been determined, we can obtain the one-to-one

relation between ma and ga� through the lowest frequency exhibiting dimming. Of

course, if no dimming is observed, constraints on the axion mass ma and axion-

photon coupling ga� can still be derived.
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Figure 4.3. The expected spectral luminosities of photons and axions are
depicted. The horizontal axes are the observed frequency !o. The vertical
axes are the spectral luminosity L! normalized by L!0 defined in Eq. (4.42).
The gray curves are the original photon spectral luminosity, assuming that
the photons are initially produced by thermal bremsstrahlung of the gas dis-
tributed in a spherical region over r 2 (rin = 4M, rout = 103M). The
black curves are the photon spectral luminosity incorporating the conversion
into axions. The red curves are the produced axion spectral luminosity. For
the red and black curves, the solid, dashed, and dotted curves correspond
to the axion masses ma = 10�9, 10�8, and 10�7 eV, respectively. The up-
per panel is for (ga�/10�11 GeV�1)(B/Gauss) = 30, and the lower panel is for
(ga�/10�11 GeV�1)(B/Gauss) = 300. In both panels, other parameters are cho-
sen as follows: M = 6.2 ⇥ 109M�, Te,c = 1011 K, pT = 1, ne,c = 104 cm�3, and
pn = 1.5.



70 CHAPTER 4. AXION-PHOTON CONVERSION AROUND BLACK HOLES

4.3.4 Approximate Formula of Axion Flux

By employing Eqs. (4.22) and (4.41), the spectral number flux of axions from a

spherical region near the photon sphere with 3M < r < (3 + ✏)M is approximately

given by
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, (4.45)

for !o ⌧ 9 MeV(Te,c/1011 K)(3M/rin), where D represents the distance to the black

hole from us. Specifically, by setting the parameters following M87* (D = 16.8 Mpc)

as in the upper panel in Figure 4.3 and assuming the axion mass ma = 10�9 eV, the

fraction of photons converted into axions [the square bracket in Eq. (4.45)] reaches

10% for keV . !o . 10 MeV. Then, with ✏ ⇠ ḡff ⇠ 1, we find the spectral axion

number flux as d�a/d!o ⇠ 1⇥ 10�16cm�2
·sec�1

·keV�1 for !o ⇠ keV. For the black

hole at the center of the Milky Way, Sgr A* (D = 8 kpc, M = 4⇥106M� [106]), the

distance D is three orders of magnitude closer than M87*, but the mass M is three

orders of magnitude smaller. Consequently, it is challenging to anticipate an axion

flux larger than that from M87*. It is noteworthy that the axion flux from a single

black hole photon sphere is considerably smaller than that of solar axions (2.61).
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Conclusion and Prospects

If axions exist in nature, the conversion of photons into axions takes place when pho-

tons propagate in a magnetic field, governed by the coupling Lint = �(ga�/4)�Fµ⌫
eF µ⌫ .

Notably, there are many black holes in our universe and they are accompanied

by a magnetosphere. In particular, sizable magnetic fields are anticipated around

black holes in active galactic nuclei. In this thesis, we have investigated the axion-

photon conversion phenomenon around black holes. For a magnetic field strength

B ⇠ 101–102 Gauss and axion-photon coupling constant ga� ⇠ 10�11 GeV�1, the

propagation length required for conversion has turned out to be comparable to the

Schwarzschild radius of a supermassive black hole with mass M ⇠ 109–1010M� as

shown in Eq. (4.8). At first glance, it might seem that the magnetic field must be

maintained over such a long conversion length in the radial direction for a substan-

tial conversion to occur. However, photons can orbit around a photon sphere of a

black hole for a certain period of time. Since such orbiting photons stay at a nearly

constant radius, it is automatically ensured that the magnetic field is maintained

during propagation. Consequently, it is expected that axion-photon conversion will

e�ciently occur near the photon sphere, which will a↵ect the observation of the

photon ring around the black hole shadow.

Supposing the axion-photon coupling constant ga� ⇠ 10�11 GeV�1, a magnetic

field B ⇠ 30 Gauss and an electron number density ne ⇠ 104–107 cm�3, which

are expected values near M87* [62], we have shown that the photons in the X ray

and gamma ray bands can be e�ciently converted into axions in the mass range

ma . 10�7 eV (see Figure 4.1). This fact indicates that, when observing the vicin-

ity of the black hole with electromagnetic waves, we will see a dimming of the photon

ring in those wavelengths, provided a su�ciently high resolution is achieved in the

future. We have shown that the maximum dimming rate of the photon ring is 25%.

In the case of M87*, we found that the dimming rate can be around 10% if the an-

gular resolution of the Event Horizon Telescope level (i.e., 10�5 arcsec precision) is

achieved. In general, the magnitude of dimming depends on the axion-photon cou-

71



72 CHAPTER 5. CONCLUSION AND PROSPECTS

pling ga�, the black hole mass M , and the magnetic field strength B as in Eqs. (4.26)

and (4.27). We depicted the dependence in Figure 4.2. ProvidedM and B are known

from other observations, we can determine the value of (or give a constraint on) ga�
from the photon ring dimming. The larger M , the greater the dimming, thus super-

massive black holes such as M87* are good candidates for observing the photon ring

dimming. Furthermore, the photon frequency range exhibiting the dimming has in-

formation on the axion mass. In the case that the axion mass ma is smaller than the

plasma frequency !pl, the lowest frequency of dimming is determined by Eq. (4.10)

where ga�, ne, and B appear. On the other hand, in the case of ma > !pl, it is

determined by Eq. (4.9) where ga�, ma, and B appear. Hence, the lowest frequency

of dimming can be used to measure ga� and ma. We have demonstrated photon ring

dimming in Figure 4.3, where the photons are assumed to be sourced by thermal

bremsstrahlung of gas spherically distributed around the black hole. Certainly, to

observe the dimming of the photon ring, high-resolution observations of the near-

horizon region are essential. Although the Event Horizon Telescope has successfully

imaged this region in the radio band, such high-resolution observations have not yet

been achieved in the X ray and gamma ray bands. The present study anticipates

the future potential of multi-wavelength observations with higher resolution. As to

this direction, high-resolution X ray interferometry is proposed e.g. in Ref. [114].

We anticipate that our findings will serve as motivation for future observations.

In this thesis, we simplified the treatment of the magnetic field and plasma

density by considering them as homogeneous near the photon sphere. Intriguingly,

Figure 4.1 illustrates that conversion takes place across a wide parameter range.

Hence, we anticipate that conversion will persist even in more realistic scenarios

involving inhomogeneous magnetic fields and varying plasma density.

There are several directions to be pursued beyond the scope of the current study.

One is to incorporate the rotation of black holes. Notably, rotating black holes

known as Kerr black holes exhibit circular photon orbits at two distinct radii on

the equatorial plane. Due to varying gravitational redshifts experienced by photons

emitted from these di↵erent radii, axion-photon conversion at these locations may

induce dimming at di↵erent frequencies. Another important issue is to investigate

how axion-photon conversion influences the polarization of light originating from

the photon sphere. Additionally, it is worth investigating axion-photon conversion

not only in the presence of a magnetic field but also in an axion background [115],

which is not explored in this thesis. Indeed, axions may constitute dark matter

[9, 13, 16, 17] or be generated through superradiance around black holes [73, 116].

Finally, we have estimated the axion flux from the photon sphere of a single black

hole in Eq. (4.45), which turned out to be too tiny to be detected. However, our

universe hosts a vast number of black holes. Notably, quasars are significantly

brighter than low-luminosity active galactic nuclei such as M87*, and the resulting
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axion luminosity may be larger than that of M87*. The cumulative axion luminosity

could potentially contribute to the cosmic axion background [117]. The exploration

of these contributions remains an intriguing avenue for future investigations.
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