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On the conservation results for local reflection
principles

Haruka Kogure*fand Taishi Kurahashi®®

Abstract

For a class I' of formulas, I" local reflection principle Rinr(7) for a
theory T of arithmetic is a scheme formalizing the I'-soundness of 7.
Beklemishev [2] proved that for every I' € {¥,,II,41 | n > 1}, the
full local reflection principle Rfn(T") is I'-conservative over T' 4+ Rfnp (7).
We firstly generalize the conservation theorem to nonstandard provability
predicates: we prove that the second condition D2 of the derivability con-
ditions is a sufficient condition for the conservation theorem to hold. We
secondly investigate the conservation theorem in terms of Rosser provabil-
ity predicates. We construct Rosser predicates for which the conservation
theorem holds and Rosser predicates for which the theorem does not hold.

Keywords: Local reflection principles, Provability predicates, Rosser
provability predicates, Conservation theorem.

1 Introduction

Let T be any recursively axiomatized consistent extension of Peano Arithmetic
PA. For a class T' of formulas, the I" local reflection principle Rifnp(7T') for T is
the scheme {Provr("¢™) — ¢ | ¢ is a T sentence} which is a formalization of
the I'-soundness of T. Here, Provy(z) is a canonical provability predicate of
T. Local reflection principles have been extensively studied by many authors
(cf. [3, 11, 17]). Among other things, in the present paper, we focus on the
following conservation theorem by Beklemishev:

Theorem (Beklemishev [3, Theorem 1]). For each T’ € {¥,,, 11,41 | n > 1}, the
full local reflection principle Rin(T') for T is I'-conservative over T + Rinp(T).

Coryachev [6] studied local reflection principles Rfn(Pr}) for Rosser prov-
ability predicates Pri(z) of T. He proved that Rfn(Pr%) is equivalent to the
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usual one Rfn(T') over T if and only if T+ Rfn(Prf}) F Cong. Goryachev then
provided a Rosser provability predicate Pry(x) such that Rfn(Pry) is equivalent
to Rfn(T) over T. Kurahashi [12] continued the work of Goryachev and exten-
sively studied Rosser-type local reflection principles. In particular, the existence
of a Rosser provability predicate whose local reflection principle is not equivalent
to the usual one was proved. Then, the following problem was proposed:

Problem ([12, Problem 7.1]). Let T' € {%,,II, | n > 1}. Is Rfn(Pr}) T-
conservative over the theory T + Rinp (Pr%) for any Rosser provability predicate
Pri(x) of T?

The present paper studies conservation property with respect to local reflec-
tion principles, focusing on Beklemishev’s conservation theorem and this prob-
lem. Among other things, we generalize Beklemishev’s theorem to non-standard
provability predicates and provide a counterexample of the above problem.

In Section 3, we firstly prove that for any provability predicate Pry(x) of T,
if Pry(z) satisfies the following condition D2, then the conservation theorem
holds for local reflection principles based on Prp(x):

D2 : THPrr("p = ¢7) = (Prr(T¢ ") = Prp(T¢7)) for any ¢, .

While Beklemishev’s proof of his conservation theorem used the techniques of
the modal logic GL of provability, our proof is simple without any detour to
modal logic. In Section 3, we secondly investigate Rosser provability predicates
Prit(z) for which the conservation property holds by distinguishing whether
T + Rfn(Pry) proves Cong or not.

In Section 4, we prove the existence of Rosser provability predicates lacking
the IT;-conservation property, and this gives counterexamples of the above prob-
lem. We prove that for each I € {%,,,I1,, | n > 1}, there exits a Rosser provabil-
ity predicate Pri(z) such that T+Rfn(Priv) - Cong but T+Rfnr (Priy) ¥ Conr.
Furthermore, we then prove the existence of a Rosser provability predicate
Pri(x) such that for any I' € {%,,1I,, | n > 1}, T + Rfn(PrY) is not IT;-
conservative over T' + anF(Pr¥).

In the last section, we investigate the connection between the ¥;-conservation
property of Rosser provability predicates and X;i-soundness. We prove that T
is ¥1-sound if and only if for any Rosser provability predicate Pr%(z)7 there
exists I' € {¥,,1II, | n > 1} such that T + Rfn(Pr}) is X;-conservative over
T + Rfnr (Pr}).

2 Preliminaries and background

Throughout this paper, let T denote a recursively axiomatized consistent exten-
sion of Peano Arithmetic PA in the language L4 of first-order arithmetic. Let
w be the set of all natural numbers. For each n € w, m denotes the numeral for
n. For each formula ¢, let "7 denote the numeral of the Gédel number of .
We inductively define the classes ¥, and II,, of £4-formulas for each n > 0.
Let 3y = IIp be the set of all formulas whose every quantifier is bounded. The



classes X, 41 and II,, 1 are inductively defined as the smallest classes satisfying
the following conditions:

1. £, UTL, € Sppq N1aar.

2. ¥,41 (resp. IT,,11) is closed under conjunction, disjunction and existential
(resp. universal) quantification.

3. If ¢ isin 3,41 (resp. II,,41), then —¢p is in I, 41 (resp. Ep41).

4. If p is in 3Bp4q (vesp. I,,41) and 9 is in I, 41 (resp. Xp41), then ¢ — @
is in 41 (resp. Xp41)-

If T is ¥, (resp. II,,), let 'Y be II,, (resp. ¥,). The classes %, and II, are
primitive recursive, and then they are not closed under taking logically equiva-
lent formulas. A formula ¢ is said to be A;(PA) if ¢ is ¥; and is PA-provably
equivalent to some II; formula. Let Trueg, (z) be a ¥; formula naturally ex-
pressing that “z is a true ¥ sentence”. We may assume that Truey, (z) is of
the form Jy d(x, y) for some Ag formula 6(x,y). It is known that such a formula
Truey, (x) exists and that for any ¥, sentence ¢, PAF ¢ <> Truey, (T¢7) holds
(see [8, 9]).

The present paper heavily use the following witness comparison notation
(see [7]). For any existential formulas Jxp(x) and Jzep(x), we introduce two
connectives < and < as the following abbreviations:

o dxp(x) < Jzp(x) := Jx(p(x) AVy < z—h(y)).
o dxp(r) < Jzp(x) := Jx(p(x) AVy < z—h(y)).

We can apply the witness comparison notation to formulas of the form Jzp(z)V
Jxep(z) by considering the formula Jz(p(z) V 1p(x)). The following proposition
is easily verified.

Proposition 2.1. For any existential formulas ¢ and 1y, PA proves the following
sentences:

Lo<¢—p<9.
2. 2(p <Y) V(Y < ).
3. oV = (=) V(Y < ).

2.1 Provability predicates

A Ay (PA) formula Prfp(z,y) is said to be a proof predicate of T if it satisfies
the following conditions:

e For any L -formula ¢, T+ ¢ if and only if N = Iy Prir ("¢, y).
o PAFVy(3z Prir(z,y) — 3z Prfr(z,y)).



The second clause says that our proof predicates are single conclusion ones. For
a proof predicate Prfr(z,y), the 31 formula Jy Prir(z,y) is called a provability
predicate of T'. In his proof of the incompleteness theorems, Godel constructed a
natural proof predicate Proofr(x,y) of T saying that “y is a T-proof of z”. Let
Provy(z) denote the canonical provability predicate 3y Proofr(z,y) of T. It is
known that Provy(z) satisfies the following Hilbert—Bernays—L&b’s derivability
conditions and Lob’s theorem:

Fact 2.2. For any La-formulas ¢ and 1,

1. T+ Provy(Te — ¢7) — (Provy(T¢™) — Provp(T97)). (D2)
2. T+ Provy(T¢") = Provr("Prove (T ™)7). (D3)
3. If p is a X sentence, then T F ¢ — Provy(T¢™). (Formalized

31-completeness)
4. If TEProvp(Te™) — ¢, then T+ . (Lob’s theorem)

Let Conr be the II; sentence —Provy ("0 = 17) which expresses the consis-
tency of T. We inductively define the sequence {Con’}, e, of II; sentences as
follows:

e Conj :=0=0;

e Coni™! := —Provy(T=Con 7).

A formula Pri(z) is said to be a Rosser provability predicate of T if Priv(z)
is of the form Prp(x) < Prp(-z) for some proof predicate Prfr(x,y) of T.
Here, -z is a term corresponding to a primitive recursive function computing
the Godel number of —¢ from that of ¢. Rosser provability predicates are es-
sentially introduced by Rosser [16] to improve the first incompleteness theorem.
It is known that the second incompleteness theorem does not hold for Rosser
provability predicates Pri(z), that is, PA - =Pry("0 = 17) holds.

2.2 Local reflection principles

For each T" € {¥,,,II,, | n > 1}, the T local reflection principle Rfnp(T) for T is
the set {Provy(T¢™) — ¢ | ¢ is a ' sentence} which expresses the I'-soundness
of T'. The local reflection principle Rfn(T') for T is the set | J,,~; Rfng, (7). Sim-
ilarly, for any provability predicate Pry(x) of T, let Rfnp(Pr7) := {Pro (T ) —
¢ | ¢ is a I sentence} and Rfn(Prr) := |J,,»; Rfng, (Prr). Let B(X,) denote
the class of all Boolean combinations of 3,, formulas. Beklemishev proved the
following conservation theorem by using the modal logic GL of provability.

Theorem 2.3 (Beklemishev [3, Theorem 1]). For each T’ € {3,,II,,41 | n >
1}, the full local reflection principle Rfn(T') for T is T'-conservative over T +
Rinp(T). Moreover, Rfn(T) is B(X1)-conservative over T + Riny, (T).



A pioneering work for Rosser-type reflection principle an(Pr%) was done by
Goryachev [6]. The following proposition is a stratified version of Goryachev’s
characterization result:

Fact 2.4 ((Essentially) Goryachev [6]). For any " € {£,,,II,, | n > 1} and any
Rosser provability predicate Pr%(:ﬂ) of T, the following are equivalent:

1. T+ Rfnp(T) and T + Rinp(PrR) are deductively equivalent.
2. T + Rfnp(Pr}) F Conrp.

In [12], the second author continued the work of Goryachev and extensively
studied Rosser-type local reflection principles. The following theorem is a refine-
ment of Goryachev’s theorem on the existence of a Rosser provability predicate
Pri(x) of T such that T + Rfn(Prk) - Cong.

Fact 2.5 (Kurahashi [12, Theorem 6.8 and Corollary 6.14]). There exists a
Rosser provability predicate Priv(z) of T such that T + Ring, (Pry) - Cong and
T + Ring, (Pr}) + Cong. Consequently, T + Rinp(T) and T + Rinp(PrR) are
deductively equivalent for all T € {X,,1I,, | n > 1}.

On the other hand, the following result shows that whether T+ Rfn(Pr})
proves Cong or not is dependent on the choice of Priv(z).

Fact 2.6 (Kurahashi [12, Corollary 5.3]). There exists a Rosser provability
predicate Priv(z) of T such that T + Rfn(Pr}) ¥ Cong. Consequently, T +
Rin(Pry) and T 4+ Rfn(Prr) are not deductively equivalent.

For Pri(z) as in Fact 2.5, by Beklemishev’s theorem, T + Rfnp(T) is I-
conservative over T + Rfnp(Pry) for all T € {¥,,,II,,41 | n > 1}. On the other
hand, for Prf(x) as in Fact 2.6, it is not clear whether it has the conservation
property or not. This situation raised the following problem.

Problem 2.7 ([12, Problem 7.1]). Let T € {,,1I, | n > 1}. Is Rfn(Pr}) I'-
conservative over the theory T + Rinp (Pr%) for any Rosser provability predicate
Pri(z)?

3 Provability predicates for which the conserva-
tion theorem holds

In this section, we study provability predicates for which Beklemishev’s conser-
vation theorem holds. This section consists of three subsections. In the first
subsection, we generalize Beklemishev’s conservation theorem to non-standard
provability predicates. The second subsection is devoted to investigating the
conservation property of Rosser provability predicates Pr%(x) such that T +
Rfnp(PrR) proves Cong. In the last subsection, we show the existence of a
Rosser provability predicate Pri(z) for which the conservation theorem holds
but T + Rfnp(Pr}) does not prove Cong.



3.1 A generalization of the conservation theorem

We prove that the conservation theorem generally holds for provability predi-
cates satisfying D2. Beklemishev’s original proof of the conservation theorem
presented in [2] uses the modal logic GL of provability, while our proof is simple
without detouring modal logic.

For each class I of formulas, let I'(T") :== {¢ | T F ¢ <> 1 for some ¢ € T'}. If
Prp(x) satisfies D2, then it is easily shown that the theories 7'+ Rfnp 7y (Prr)
and T + Rinp(Pry) are deductively equivalent. We state our theorem in a
slightly general form. Basically, we intend © = X7 and I € {¥,,,II,,41 | n > 1},
but cases such as © = X5 and I' = B(X2) are also in the scope of our theorem.

Theorem 3.1. Let © and I" be any classes of formulas. Suppose that Prp(x)
satisfies D2 and is in O(T). If O(T) C I(T) and T'(T) is closed under taking
disjunction, then T 4+ Rin(Prr) is T'-conservative over T + Rinr (Prr).

Proof. Suppose that Pry(z) satisfies D2, Prr € ©(T), ©(T) C I'(T), and
['(T) is closed under taking disjunction. Let v be any T' sentence such that
T + Rfn(Prr)  v. We would like to prove T' + Rfnp(Pry) F 7. There exist
k € w and g, ..., pr—1 such that

T+ N\Prr(Te) = @) = 7. (1)
i<k
Let [k] ={0,1,...,k —1}.
We prove that for any X C [k], we have
T + Rinr(Prr) H \/ Prr(Toi ) Vy
i€[k\X

by induction on the cardinality | X| of X. For X =, we have T' = A\, _, =Prz("p;") —
v by (1). That is, T'F V¢ Pro(Tei ) V-

Suppose that the statement holds for [ and that | X| =1+1. For each j € X,
we have | X \ {j}| =, and so by the induction hypothesis,

T + Rinp(Prp) - \/ Prr (i) VA,
€KX\ {7}

and hence,

T + Rinp(Pry) F Prp(Te; ) V Prp (™ V.
i€[k\X

Thus, we obtain

T + Rinp (Prp) /\ Prr(Tg; \/ Prr(Tp; ) V. (2)
jeX EN\X



On the other hand, since =Pr("¢; ") and ¢, respectively imply Prr("¢; ") —
@; and Prr("p;7) — ¢;, by (1), we have

T+ N ~Prr(Co ) A N wi =,
i€[k]\X jex

and hence,

T+ Nei— \/ Pro(”

jeEX i€[k\X

By D2, we have

TH /\ Pro(Te; ") = Prp | T \/ Prr (o) VAT
JEX i€[RN\X

By combining this with (2),

T+ Rfup(Prp) F Prr | 7 \/ Prr("e; ) VAT | Vv \/ Prr(Tei ™) V.
i€[k]\ X i€[k\X

By the supposition, ;¢\ x Prr("¢; ") Vv is a I'(T') sentence. So, we have

T + Rinp(Pry) F Prp \/ Prp(™ vyl — \/ Prpr (T,

Therefore, we obtain
T + Rinp (Prp) - \/ Prr(Tei ™) V.
i€[kN\X

This shows that the statement holds for X.
At last, we have that the statement holds for X = [k]. We then conclude
T + Rinp(Pry) F 7. O

3.2 Rosser-type reflection principles proving Conr

We investigate the conservation property of Rosser provability predicates Pr%(m)
such that T+ Rfnp(PrY) proves Cong. Beklemishev’s conservation theorem is
applicable to such Rosser provability predicates as follows.

Proposition 3.2. Let T € {3,41,1,41 | n > 1} and suppose T + an(Pr%) -
Conp. The following are equivalent:

1. T + Rin(Pr}) is T-conservative over T + Rinp (Pr}).
2. T + Rin(Pr}) is II; -conservative over T 4 Rfnp(Prfy).



8. T + Rfnp(Pr}) F Conr.

Proof. (1 = 2): This is trivial because I" D II;.

(2 = 3): This is because Conr is a II; sentence.

(3 = 1): Let v be any T sentence such that 7'+ Rfn(Pry) F ~. Since T +
Rfn(Provr) F Rfn(Pr}) F 4, we obtain T + Rfnr(Provy) F v by Beklemishev’s
conservation theorem. Since T + Rfnp(Pr}) - Cong, we have T+ Rfnp (Pri)
Rinp(Provr) F v by Goryachev’s theorem (Fact 2.4). O

For I' = X4, the following proposition is proved in the same way as in the
proof of Proposition 3.2.

Proposition 3.3. Suppose T—|—an(Pr¥) F Conyp. The following are equivalent:
1. T + Rin(Pr}) is B(X1)-conservative over T + Ring, (Pry).
2. T + Rfn(Pry) is I -conservative over T + Rfny, (Pry).
3. T + Rfng, (Pr}) F Congp.
For I' = I1I;, we have the following:

Proposition 3.4. Suppose T—|—an(Pr¥) F Conyp. The following are equivalent:
1. T + Rin(Pr}) is II; -conservative over T + Ring, (Pry).
2. T + Ring, (Pry) is inconsistent.

Proof. (1 = 2): Since T + Rfn(Pr}) + Rfn(Provy) + Con?, we get T +
Rfny, (Pry) F ConZ by the IT;-conservativity. Then,

T + Conr + Rfng, (Provy) F Rfng, (Pry) F Con?.

Hence, we have T' F Provy("—Cony ') — —Cony. By L&b’s theorem, we have
T + —Conyp. Therefore, T' 4+ Rinyy, (Pr%) is inconsistent because Con?p implies
COHT.

(2 = 1): Suppose that T+ Rfny, (Pr}) is inconsistent. Then, T'+ Rfn(Prfy)
is also inconsistent and is trivially II;-conservative over T + Rfnyy, (Prfy). O

The ¥-conservativity of Rfn(Prh) over T'+ Rfnp (Prh) is studied in Section
5. The following corollary follows from Propositions 3.2, 3.3, and 3.4 and Fact
2.5.

Corollary 3.5. There exists a Rosser provability predicate Pr%(m) of T satis-
fying the following two conditions:

1. For every T € {¥,,1,,41 | n > 1}, T + Rfn(Pr}) is D-conservative over
T + Rinp (Pr). Moreover, T + Rin(Pry) is B(X1)-conservative over T +
Ring, (Prh).

2. If T+ Cony is consistent, then T + Rfn(Pry) is not I1; -conservative over
T + Rifng, (Pry).



The paper [12] also investigated a sufficient condition of Priv(z) for T +
an(Pr%) to prove Conp. Proposition 5.5 of that paper states that if our logic
is formulated so that ¢ and ——¢ are identical for all £4-formulas ¢, then T +
Rfn(PrY) - Conyp. The proof of this proposition can be divided into two parts:
first, if ¢ and =—¢p are identical for all ¢, then the following conditions C1 and
C2 hold for all Rosser provability predicates Pr? (z), and second, for any Rosser
provability predicate Pr%(m) satisfying C1 and C2, we have T+Riny, urr, (Pr%) [
COHT.

Cl : T+ —Cony — Prif("¢™) V Pri(T—¢p") for all £4-formulas .

C2: T+ ﬁ(PrFT{('_goj) A Pr7R4('——|<p—')) for all £4-formulas ¢.

We refine the second statement as follows.

Proposition 3.6. If Priv(z) satisfies C1, then T + Rfns, um, (Pry) - Cong.

Proof. By the Fixed Point Lemma, we obtain a II; sentence ¢ satisfying the
following equivalence:

T+ & =Pri("o") A —Pri("-Pri(T=7) 7). (3)

Since T+ Rfng, (Pry) F Pri(Tp7) — ¢, we have T+ Rfng, (Pry) F Pri(Tp™) —
—Pri("¢7) by (3), and hence T + Rfn, (Pri) - —=Prf("¢7). Thus, we obtain

T + Ring, (Pry) F @ < =Pry(T=Priv(T=¢™)7). (4)
Since ~Pry("—¢7) is also a II; sentence,
T + Ring, (Pry) F Pri(T=Pri(T=¢ ™)) — —Priv(T—=¢7). (5)

Since —p is a ¥ sentence, we have T + Rfnyg, (Pry) - Pry(T—¢7) — —¢p, and
hence T + Rfny, (Pr}) F ¢ — —Pri¥(T—¢™"). By combining this with (4), we get

(
T + Riny, um, (Pr%) [ ﬁPr¥(rﬁPr¥(rwp—')—') — ﬁPr¥(rij).
By combining this with (5), we have
T 4 Rfng, i, (Pr}) F =Pri(T—¢ 7).

Therefore,
T+ Rings o, (Prl}) b ~Pri(7o™) A —Prlk ().

By the condition C1, we conclude
T + Rfng, U, (Priv) - Conr. O

Corollary 3.7. If Pri¥(z) satisfies C1, then Pri¥(z) satisfies the following two
properties:

1. For every T € {S41, 41 | n > 1}, T+ Rin(Pr}) is T-conservative over
T + Rinp (Pry).



2. If T+ Cony is consistent, then T 4+ Rfn(Pr}) is not I -conservative over
T + Rfng, (Prry).

From Theorem 3.1 and Corollary 3.7, we obtained two different sufficient
conditions, D2 and C1, for Rosser provability predicates to satisfy Beklemishev’s
conservation theorem for I' € {¥,,11,II,,41 | n > 1}. Here we consider Rosser
provability predicates PrgR, (z) and PrgR(x), which are proved to exist in [13,
Theorem 4.6] and [14, Theorem 11], respectively.

e Theorem 4.6 in [13] states that Pr? (x) satisfies D2 and PA | PrgR,(rﬁcpj) —

PrgR, (r—\Prg, ("e™M™). Also, Proposition 4.5 in [13] shows that such a Rosser
provability predicate does not satisfy CI1.

e Theorem 11 in [14] shows that Pri(z) satisfies D3 and M: “if T+ ¢ — 1,
then T+ Pry(T¢7) — Pry("¢7)”. The proof of the theorem tells us
that the predicate Pri(z) also satisfies C1, but it follows from the second
incompleteness theorem that Pri(z) does not satisfy D2.

From these facts, we obtain that the conditions D2 and C1 are generally incom-
parable with respect to Rosser provability predicates. In the next subsection,
we also prove the existence of a Rosser provability predicate which satisfies D2
but does not satisfy C1.

Recently, the condition C2 has also been studied. It is easy to see that every
Rosser provability predicate satisfying D2 also satisfies C2. It is proved in [14,
Theorem 4] that if a provability predicate Pry(x) satisfies D3 and M, then there
exists a sentence ¢ such that T ¥ —=(Pry("¢™) A Pry(T—¢ ™). So, for example,
the predicate Pry(z) does not satisfy C2. In [10], the authors studied the modal
logical aspect of Rosser provability predicates satisfying M and C2.

3.3 Rosser-type reflection principles not proving Conr

Rosser provability predicates Pri(z) in Corollaries 3.5 and 3.7 satisfy T +
Rfn(Pry) F Cong, and their conservation properties are based on Beklemi-
shev’s conservation theorem for Provy(z). On the other hand, it follows from
our Theorem 3.1 that the conservation property also holds for Rosser prov-
ability predicates satisfying D2. The existence of Rosser provability predicates
satisfying D2 was in fact proved by Bernardi and Montagna [4] and Arai [1].
Here, we prove the existence of a Rosser provability predicate Pr%(x) satisfying
more additional properties: the conservation theorem holds for Pri(z) and it
satisfies the condition C2, but T + Rfn(Pr}) ¥ Conyp. This gives an alternative
proof of Fact 2.6. Also, unlike C1, the condition C2 does not contribute to the
provability of Cong in T + Rfn(PrR). Moreover, our predicate Pri(z) satisfies
that 7+ Rfn(Pr}) is IT;-conservative over PA+Conz. We do not know whether
PA + Cony can be replaced by T + Rfngy, (Pry).

Theorem 3.8. There exists a Rosser provability predicate Pr¥ (z) satisfying the
following conditions:

10



1. For any T € {,,T,41 | n > 1}, we have that T + Rfn(Pry) is T-
conservative over T + Rinr (Pry).

2. T + Rin(Pr}) is I1; -conservative over PA + Conr.
3. T + Rfn(Pry) ¥ Conr.
4. Pri¥(x) satisfies C2.

Before proving the theorem, we prepare some definitions. An L 4-formula is
said to be a propositionally atomic if it is either atomic or a quantified formula.
Note that every £ 4-formula is a Boolean combination of propositionally atomic
formulas. For each propositionally atomic formula ¢, we prepare a propositional
variable p,. We define the primitive recursive injection I from the set of all £4-
formulas to propositional formulas as follows:

o I(p) := p, for any propositionally atomic ¢,

o I(=p) :=~I(w),
o I(poh):==I(p)ol(y) for o € {A,V,—}.

Let X be a finite set of £a-formulas. An L s-formula ¢ is a tautological con-
sequence (t.c.) of X if I(AX — ¢) is a tautology. Note that for any formula
o and finite set X of formulas, whether ¢ is a t.c. of X is primitive recursively
determined. For each m € w, let Pr,, := {¢ | N = Jy < mProofr ("¢, y)}.
We may assume that PA can prove basic facts about these sets and notions.
For example, PA proves “If ¢ is a t.c. of Pr,, then ¢ is T-provable”. The idea
of constructing Rosser provability predicates satisfying D2 using truth assign-
ments of propositional logic is due to Arai [1], and the idea of using t.c. is due
to Kurahashi [13].
We are ready to prove Theorem 3.8.

Proof. We define a A;(PA)-definable function e(x) and a sequence {km, }mew
of numbers simultaneously in stages. Let Pr.(z) and Pr¥(z) be the formulas
Jy(z = e(y)) and Pr.(z) < Pr.(—z), respectively. By applying the formalized
recursion theorem, we can use these formulas in the definition of e. We would
like to prove that the formula PreR(a:) witnesses the statement of our theorem.

The definition of the function e consists of Procedures 1 and 2. The defini-
tion starts with Procedure 1. In Procedure 1, e outputs £ s-formulas in stages
referring to T-proofs based on the proof predicate Proofr(z,y). A bell is pre-
pared and may ring in this Procedure. After the bell rings, the definition goes
to Procedure 2. In Procedure 2, e outputs all formulas. Such a definition of
preparing a bell originated in Guaspari and Solovay [7].

We define the the function e as follows: Let kg := 0.

PROCEDURE 1: The bell has not yet rung.

Stage 1.m: If 0 =1 is a t.c. of Pr,,, then ring the bell and go to Procedure
2.

If 0 =1 is not a t.c. of Pr,,, then we distinguish the following two cases:
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o If Pr,, = Pr,_1, define ky,41 := ky, and go to Stage 1.(m + 1).
o If o € Pry, \ Prym—1, we distinguish the following two cases:

(i) : If there exist a number n, a II; sentence 7, and distinct formulas
Yo, - - -, Yp_1 such that ¢ is of the form

N Pl =) o
i<n
and there exists a witness r < m of the 3; sentence Trueyg, (T—7"),
then ring the bell and go to Procedure 2.
(ii) : Otherwise, define e(k,,) := ¢ and kp,41 := km + 1. Go to Stage
1.(m+1).

PROCEDURE 2: The bell has rung at Stage 1.m. We define a sequence {t,}
of numbers and values e(ky, ), e(km + 1), e(km +2), ... in stages. Let {&s} be the
repetition-free sequence of all £ 4-formulas in ascending order of G6del numbers.
Define ty := 0.

Stage 2.s : We distinguish the following three cases:

(i): If & is a t.c. of Pry,—_1, then define e(ky, + t5) := & and ts41 1= ts + 1.
Go to Stage 2.(s + 1).

(i"): If & is not a t.c. of Pp 1 but =& is a t.c. of Pry,_1, then define e(k,, +
ts) = &g, e(km +ts+1) := &, and tsy1 :=ts + 2. Go to Stage 2.(s + 1).

(iii"): If neither & nor —&s is a t.c. of Pp,—1, then for every 0 < a < m+1,
m+1l—a
define e(k,, + ts +a) :==5... 3¢ and tsy1 = ts + m + 2. Go to Stage
2.(s+1).
We have finished the definition of e. Let Bell.(x) be an £ 4-formula saying
“the bell of e rings at Stage 1.x”. We prove the properties of the function e in
the following claims.

Claim 1. PAF 3z Bell.(z) <» -Conry.

Proof. Argue in PA.

(—): Suppose that the bell rings at Stage 1.m. If 0 = 1 is a t.c. of Pry,
then 0 = 1 is provable in T and T is inconsistent. So, it suffices to consider the
case that the bell rings because of Case (i) in Procedure 1.

Suppose that we have numbers n > 0 and r < m, a II; sentence w, and some
distinct formulas ¢, ..., ,_1 such that m is a T-proof of A,_, (Pri(Te;7) —
¢;) = 7 and r witnesses Trues, ("7 ). We prove the following subclaim.

Subclaim. For each i <n, ¢; is a t.c. of Pppm—1 or Pre("T—p;7) < Pre(Ty; ™)
holds.

Proof. Suppose that ¢; is not a t.c. of Pp,,—1. We then have that ¢; ¢ Pr 1
and thus ¢; is not output by e in Procedure 1. We distinguish the following two
cases.
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Case 1: —y; is a t.c. of Pp 1.

We find s such that & = ;. We have e(k,, + t5) = —¢; by (ii’). We show that
e does not output @; before Stage 2.s. It suffices to show that ¢; is not output
in Stage 2.so for any so < s by any of the cases (i’), (ii’), and (iii’).

e Since ; is not a t.c. of Pr,,_1, we have that e does not output ¢; by (i’).

e Let sy < s be such that the condition of (ii’) is met, then we have that
e(km +tsy) = &, and e(ky, +ts, +1) = &,. Since =&, is a t.c. of Pp 1
but ¢; is not, we have that ¢, # —&,,. Also, we have y; # £, because
s0 < s. Therefore, p; is not output in Stage 2.s9 by (ii’).

c

e Let so < s be such that ¢; = ’ﬂ_./..ﬁfs() for some ¢ < m + 1. Since —y; is

a t.c. of Pr,,—1, we have that either &, or =&, is a t.c. of Pr,,,—1. Thus,

the condition of (iii’) does not met for sg. Hence, e does not output ¢; by
(iii") at Stage 2.sq.

We have shown that Pr.("—¢; ") < Pre(T¢; ) holds.

Case 2: —; is not a t.c. of Pr,_1.

We find s such that &, is not a negated formula and p; ==... =&, for some c.
Then, for any p < s, &, is not ¢;, and moreover ¢; is not obtained by adding
negation symbols to &, . Thus, e does not output ¢; before Stage 2.s. Since
neither ¢; nor —¢; is a t.c. of Pp,_1, for every a < m + 1, e(kp, +ts +a) =
m+l—a

=...=& holds by (iii’). Since m is a T-proof of A,_, (PrGR('—gai—') — ;) =,
the Godel number of ¢; is smaller than m, and thus we obtain that c+1 < m—+1.

‘We obtain
c+1

elbm +ts+m—c) =T & =
and
e(bim +ta+m—c+1) =5 2¢ = ;.
Tt follows that Pr.("—¢; ") < Pre(T¢; ) holds. O

If ¢; is a t.c. of Pr,,_1, then ; is provable in T. If ¢; is not a t.c. of
Pr —1, then by the subclaim, we have that Pr.("—¢;") < Pre(Tp; ") holds. By
formalized X;-completeness, we have that Pr.("—¢;") < Pre(T¢; ) is provable
in T. By witness comparison argument, —\PreR('—gai—‘) is also provable in 7.
Therefore, A\, _, (Pr?(rgpﬂ) — ;) is provable in T. Since A, _, (PreR('—gpi—') —
<pi) — 7 is T-provable, we obtain that 7 is also provable in T'.

On the other hand, r is a witness of Trueyx, ("—77), and thus -7 holds. Since
-7 is a X sentence, -7 is provable in T by formalized ¥;-completeness. We
conclude that T is inconsistent.

(«<): Suppose that T is inconsistent. Let m be such that 0 = 1 is a t.c. of
Pr . Then, it follows that the bell must ring before Stage 1.(m + 1). O
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By the following claim, we have that the formulas @ = e(y), Pr.(z), and
PreR(x) are a proof predicate of T, a provability predicate of T, and Rosser
provability predicate of T', respectively.

Claim 2. PA+ Vz(Provy(z) <> Pre(z)).
Proof. By the definition of e, it is easily shown that

PA + =3z Bell.(z) F Yz(Provy(z) <> Pr.(z)).
Since e outputs all £ 4-formulas in Procedure 2, we obtain

PA + 3z Belle(z) - Vo (Fmlg, (z) > Pre(z)).

Also, we have PA + =Conr I Va(Provy(z) <+ Fmlz, (z)). By combining these
equivalences with Claim 1, we obtain

PA 4+ 3z Bell.(z) F Yz (Provy(z) <> Pre(z)).
By the law of excluded middle, we conclude PA - Vz(Provr(z) < Pre(x)). O
Claim 3. For anyn € w, PAF Vz(Belle(v) — = > 7).

Proof. By Claim 1 and the consistency of T', we have N |= Vo —Bell.(z). Thus,
PA - =Bell.(7) for any n € w. We then obtain PA I Vz(Bell.(z) — z > m). O

The following claim is a key property of the function e. By Theorem 3.1,
Clause 1 of the theorem holds for Pri¥(z).

Claim 4. Let ¢ be any L a-formula. Then, PA proves the following statement:
“If the bell rings at Stage 1.m, then

1. Prm—1 is propositionally satisfiable,
2. if g is a t.c. of Pro,_1, then Pr(Tp7) holds,
3. if ¢ is not a t.c. of Pr,—1, then —\Prg('—d)—‘) holds.”

Proof. We proceed in PA. Assume that the bell rings at Stage 1.m.

1. Suppose, toward a contradiction, that Pr,,—1 is not a propositionally
satisfiable. Then, 0 =1 is a t.c. of Pr,—1 and the bell rings at Stage 1.(m —1).
This is a contradiction.

2. Suppose that ¢ is a t.c. of Pr,,—1. We find s such that {; = ¢ in the
sequence {{;}. Then, we have e(k,, +ts) = & by (i’). We would like to show
that e does not output —¢ before Stage 2.s. Since Pr ,,_1 is propositionally
satisfiable by (1), we have ¢ ¢ Pr,,_1. Thus, e does not output —¢ before
Stage 1.m. Since —¢ is neither £, nor —¢;, for all s9 < s, we have that e does
not output - by (i’) and (ii’) before Stage 2.s. Since ¢ is a t.c. of Pr,_1, e
also does not output —¢ by (iii’). Therefore, Pr® (") holds.

3. Suppose that 1 is not a t.c. of Pr,,_1. As in the proof of subclaim in
Claim 1, we can show that Pr.("—7) < Pr.("¢™) holds. The only difference
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between the proofs is the part to show c+1 < m+1 in Case 2. In current case,
it follows from the standardness of 1. More precisely, in the case that for some
C

s and ¢, & is not a negated formula and ¥ = =... =&, since ¢ is a standard
number, we obtain ¢ + 1 < m + 1 by Claim 3. Therefore, we conclude that
—Pr¥("7) holds. O

We show that Pri¥(z) satisfies the condition D2.

Claim 5. For any L 4-formulas ¢ and 1,
PAFPri(Tp — ¢7) — (Prii(T¢7) — Pri(Ty7).

Proof. Note that PA + Conp + Provy(T¢™) — —Provy(T—¢ ™). By combining
this with Claim 2, PA 4+ Conp F Pr.(T¢7) — —Pr.(T—¢™). It follows that
PA + Conp F Pr.("¢7) < Pri¥("¢7) and hence PA + Cong + Provy(Tp?)
Pr("™). Since D2 holds for Provy(x), we obtain

PA + Cony F Pr(Tp = 47) = (Pri(Tp™) = Pri'(y7)).
Then, by Claim 1, it suffices to show
PA +3a Bell, (x) b Prf("p = 47) = (Prfi (") = Pif(57)).

We argue in PA+3z Bell.(z). Assume that the bell rings at Stage 1.m. Suppose
Pr?(ﬁp — 97 and Pr?(ﬂpj) hold. Since ¢ and 1 are standard formulas, by
Claim 4, both ¢ — % and ¢ are t.c.’s of Pr,,—1. Then, 9 is also a t.c. of
Pr 1. By Claim 4 again, we conclude that PrY(7+™) holds. O

Clause 2 of the theorem immediately follows from the following claim.

Claim 6. For any I1; sentence 7, if T+Rfn(PrY) - 7, then PA - =1 — —Conr.

Proof. Suppose that T + Rfn(PrY) proves 7. Then, for some n > 0 and some
distinct formulas o, ..., @n—1, we have T' = A, _, (PreR'('—gpi—') — ;) = . We
work in PA. Assume that —7 is true. Then, there exists the least witness r of
Truey, ("—77). Let m be the least T-proof of /\Kn(PrS('—gof') — ;) — 7 with
m > r. Then, the bell must ring before Stage 1.(m + 1). By Claim 1, T' is
inconsistent. O

We show that Clause 3 of the theorem holds for Pr(z).
Claim 7. T + Rfn(Prf) ¥ Cong.

Proof. Suppose, toward a contradiction, that T + an(Prg) F Conp. Then,
T 4 Rfn(Pr}) F Rfn(Prr) holds by Goryachev’s theorem and Claim 2. Since
T + Rfn(Prr) F Con3, we obtain T+ Rfn(PrY) - Con2. Since Con is a IT;
sentence, PA + —|C0n2T — —=Conp by Claim 6. We then obtain 7'+ —Cony by
Léb’s theorem. From the supposition, 1"+ an(Pr?) is inconsistent, and hence
T + Rfn(Prf) - 0 = 1. Since 0 = 1 is a II; sentence, we obtain PAF =0 =1 —
—Cony by Claim 6 again. Then, N = —~Cony, a contradiction. O
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We finally show that the last clause of the theorem holds for PrX(z).
Claim 8. For any La-formula ¢, PA+ ﬂ(Prg(’Yp—‘) A Prg(rﬂgﬁ)).

Proof. Since PAF ¢ — (—¢ — 0 = 1), we have PA - Pr?("gp_‘) N (Prlj(l’_‘gp—l) N
Pri(T0 = 1—')) by Claim 5. Since PA F =Pr¥("0 = 17), we obtain PA F
ﬁ(PreR(rgp"') A PreR(rmpj)). O

This completes the proof of Theorem 3.8. O

4 Rosser provability predicates for which the
conservation theorem does not hold

In this section, we study Rosser provability predicates for which the conserva-
tion theorem does not hold. That is, we provide a counterexample to Problem
2.7. In fact, we provide Rosser provability predicates having properties stronger
than those required as counterexamples, namely, T+ Rfnpa (Pr?) is not II;-
conservative over T+ Rfnp(Pr}). We show this in two ways. In the first
subsection, we prove that for each T' € {¥,,,II,, | n > 1}, there exists a Rosser
provability predicate Pri(z) such that Cong witnesses the failure of the II;-
conservativity of T+ Rfnpa (Prh) over T+ Rfnp(Pr}). In the second subsection,
we prove the existence of a Rosser provability predicate Pr%(x) for which the
IT;-conservation theorem does not hold uniformly, that is, T' 4 Rfnpa(Pry) is
not II;-conservative over T + Rinp(Pry) for all T' € {%,,,II,, | n > 1}.

4.1 Rosser provability for which Con; witnesses the lack
of Il;-conservativity

If T+ an(Pr%) proves Conr, then as shown in Proposition 3.2, for I' €
(Y41, 1,41 | n > 1}, the IT;-conservativity of Rfn(Pry) over T 4 Rfnp(Prh) is
equivalent to the provability of Cony over T+ Rfnr(Priv). We show that we are
free to control the smallest level of Rosser-type reflection principle that proves
Cony. We fix an effective sequence {ar }re(s, m,|n>1} such that each ar is a I’
sentence provable in predicate logic which is not a I'? sentence. This sequence
will also be used in Subsections 4.2 and 5.1.

Theorem 4.1. For eachT' € {£,,,11,, | n > 1}, there exists a Rosser provability
predicate Priv(z) of T such that T + Rinr(Pry) - Cong and T + Rfnpa (Priy) #
COHT.

Proof. Throughout the proof, we fix I € {¥,,,II,, | n > 1}. For the fixed T', we
define a Aj(PA)-definable function f by using the formalized recursion theorem
as in the proof of Theorem 3.8. The formulas Pry(z) and Prl;”(x) based on f
are also defined as in the proof of Theorem 3.8. We can effectively find a II;
sentence 7 and a Y, sentence o satisfying the following equivalences:
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e PAbLT & ﬁPr?(rW Aar, ) and
e PAFo < Pry("=(mAam,)”) x Pry("n Aam, ).

Note that PAF ¢ — 7 holds. As in the proof of Theorem 3.8, the definition of
f consists of Procedures 1 and 2. Let kg := 0.

PROCEDURE 1: The bell has not yet rung.

Stage m: If Pr,, = Prm,—1, then let ky, 1 := ky,, and go to Stage m + 1.

If ¢ € Prpm \ Prym—1, then depending on whether I' = ¥, or I' = II,,, we
provide each definition of f as follows.

Case 1: T'=3,.
We distinguish the following four cases:

(i): If p is T Aam, or ==(7m Ao, ), then define f(ky,) := 7 Aam, and f(kn, +
1) := 0 A ay,. Ring the bell and go to Procedure 2.

(ii): If pis =(mAam, ) or (o Aas,), define f(ky,) := —(r Aan,) and f(k, +
1) := =(0 A ag, ). Ring the bell and go to Procedure 2.

(iii): Else if ¢ is = A, (Prs(T=¢;") < Prp(Tp;7)) for some j and some dis-
tinct T'? formulas ©o,---,¢j—1 and f does not output ¢o,...,p;-1 be-
fore stage m, then let ¢f, ..., cp;_l be the rearrangement of o, ..., @1
in the descending order of length and define f(k,,) := —(7 A ag,,) and
f(km +1+414) := —¢) for every i < j. Ring the bell and go to Procedure 2.

(iv): Otherwise, define f(k.,) := ¢ and k41 := k. Go to Stage m + 1.

Case 2: T'=1I,.
We replace (i) and (iii) of Case 1 by the following (i’) and (iii’), respectively.

("): If pis mAaq, or (0 Aay, ), then define f(k,) := wAam,, f(kn+1) :=
oAax, and f(ky +2) := -—=(0c Aayg, ). Ring the bell and go to Procedure
2.

(iii’): Else if ¢ is = A, _; (Pry("—¢; ") < Pry("¢;")) for some j and some dis-
tinct 'Y formulas o, ...,¢;—1 and f does not output ¢o,...,pj_1 be-
fore stage m, then let g, ..., ¢ _; be the rearrangement of o, ..., ¢;1
in the descending order of length and define f(k,,) := m A an, and
flkm + 1 +14) := —¢) for every ¢ < j. Ring the bell and go to Proce-
dure 2.

PROCEDURE 2: The function f outputs all £ 4-formulas.
We finish the definition of the function f.
Let Bellf(x) be an £ 4-formula saying “the bell of f rings at Stage z”.

Claim 1. PA+ 3z Bell¢(z) <+ ~Conrp.
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Proof. We discuss inside PA. The implication (+) is easily followed from (i) or
(i”), and so we prove the implication (—). Suppose the bell rings at Stage m.
We distinguish the following five cases.

Case 1: m is a T-proof of m A ag, or == (7 A ag,,).

By the definition of 7, we have that —|Pr1;‘('—7r A aqr, ") is provable in T. Since
f(km) =mAam, and f does not output —(mw A aqz,, ) before Stage m, we obtain
that Pr?(rﬂ A ag, ) holds. By formalized X;-completeness, this sentence is
provable in T'. Thus, T is inconsistent.

Case 2: m is a T-proof of =(7 A aq, ) or =(c A ayx,).

Since afy, is provable in predicate logic and o implies 7, we have that 17" proves
—(0 A ag,,) in both cases. Since f(kp) = —(m A an,) and f does not output
7 A am,, before Stage m, we obtain that Pry("— (7 A am,)”) < Pry("n Aam, )
holds, that is, ¢ holds. Since ¢ is a ¥; sentence and ay, is provable in T
o A ax, is provable in T It follows that 7' is inconsistent.

Case 3: m is a T-proof of —|/\Z.<j (Prf('_ﬂgpi—') =< Prf('_gpi—')) for some j and
some distinct T'? formulas ©0,-..,¢j—1 and f does not output o,...,¥j—1
before Stage m.

In this case, T' proves = A\;_; (Pry("=i ") < Prp(Te; ). Let ¢p,...,¢5 1 be
the rearrangement of ¢y, ..., @;_1 as above, then f(k,, +1+1i) = -} for every
i < j. Note that if I' = ¥,,, then f(k.,) = =(7 A an,) and if I’ = I, then
f(km) =7 A am,. Since agg, is not a ¥, sentence, we have that f(ky,) is not
a I'? sentence. Hence, f(k,,) is distinct from each of I'? formulas ¢, ..., ©j—1-
In addition, ¢} is different from all of -y, ..., —pl_; for i < j because of the
order of the rearrangement. Therefore, we obtain that A,_; (Prp(T=¢)T) <
Prf(’_gog—')) holds, and this ¥; sentence is provable in T. We have that T is
inconsistent.

Case 4: m is a T-proof of m A ag, or == (0 A ax,).
We further distinguish the following two cases.

e m is a T-proof of m A aqy, : We obtain f(k,,) = 7 A am,,. As in Case 1,
Pr?("w/\ann 1) and ﬂPr?(rﬂ/\ann—') are provable in T. Tt concludes that
T is inconsistent.

e m is a T-proof of ==(o A axy,) : Since o is provable in T and ¢ implies
—\Pr?('—w Aar, ), —Pr?(’_w A aqr, ") is provable in T. As in Case 1, it is
shown that T" proves PI‘?(I—’IT Aag, ). Thus, T is inconsistent.

O

As in the proof of Theorem 3.8, we obtain the following claim. We then have
that @ = f(y), Pry(z), and Pr?(m) are proof predicate, provability predicate,
and Rosser provability predicate of T, respectively.
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Claim 2. PA+ Vz(Provy(z) > Pry(z)).
We prove the first statement of the theorem.

Claim 3. PA + Rfnp(Pr}) F Conr.

Proof. We distinguish the following two cases.

Case 1: T'=3,,.
We show that PA + —Cong proves

(PI‘?(I——!(T( ANam,) ) A(rAam,)) V (Pr?('_o Nas, Y A=(oAas,)).

Then, the claim immediately follows since (7 A i, ) and o A oy, are 3,,.
We argue in PA + =Conyp. By Claim 1, the bell rings at Stage m. We
distinguish the following two cases.

Case 1.1 : The bell rings because of (i) at Stage m.

In this case, f(km) =7 Aam, and f(kn, +1) =0 Aag, and f does not output
=(m A aqr,) and —(o A ax, ) before Stage m. Since © A agy, and —(0 A ayx ) are
distinct, Prlf{(rw/\ann—') and Pr?(ra/\agn ) hold. Since PrfR(Wr/\aHn 7) implies
-0, we obtain =(o A ax, ). Thus, we have that Pr?('—a Nas, YA-(oc Aas,)
holds.

Case 1.2 : The bell rings because of (ii) or (iii) at Stage m.
In this case, f(kn) = —=(7 A an,) and f does not output ——(m A ar, ) and
m A ag,, before Stage m. We then have that Pr?(’_ﬂ(w A oar,)”) and o hold.

Since o implies 7, we obtain Pr?(rﬁ(w Aam,)”) A (T A aqr, ) holds.

Case 2: I'=11,.
We show that PA 4+ —Cony proves

(Prif(Tr Ao, ) A=(r Aar,)) V (PrF(T=(e Aas,) ) A (e Aag,)).

We argue in PA. Suppose that the bell rings at Stage m. We distinguish the
following two cases.

Case 2.1 : The bell rings because of (i’) or (iii’) at Stage m.
We have f(k,) = m A an, and f does not output —(m A aqr, ) before Stage
m, and so Pr?(rﬁ A agr, ) holds. Since Pr?(rﬂ A aq, ) implies -7, we obtain

Pr?(rﬂ Aam, ) A=(T Aam,).
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Case 2.2 : The bell rings because of (ii) at Stage m.
We have f(kn) = (7 Aaq,) and f(k, +1) = =(0 A ag,). Since f does not
output == (0 A ax, ) and 7 A ar, before Stage m, Prl;”('_ﬂ(a Aas,)) and o

hold. We then obtain that Pr?('——\(a ANas,)) A (o Aax,) holds. O

We prove the second statement of the theorem.

Claim 4. T + Rfnpa(Pry) ¥ Cong.

Proof. Suppose, towards a contradiction, that T + an]_‘*d(Pr?) F Conp. By
the second incompleteness theorem, we have T ¥ Conr, and thus we find some

§ > 1 and some distinct I'* formulas o, . . ., @;j—1 such that
T+ /\(Pr?(’_gai—‘) — ;) — Conrp. (6)
i<j

If T+ ¢, for some ig < j, then T F Pr?(’_goio—‘) — @i, and hence this is
removed from the assumption of (6). So, we may assume T ¥ ¢; for all i <
j. Note that \,;_; (Pry("—¢; ") < Pry("¢;7)) implies Nicj —\Prl;‘('—gpi—'), and
Ni<j ﬂPrl;‘('—gpi—‘) implies /\Kj(Prl;‘('—(pi—‘) — ;). It follows from (6) that

T + —Cong F - /\ (Prs(T=pi ™) < Prp(Te: 7).
i<j
It is known that —Conrp is II;-conservative over T', so we obtain
TEF = /\ (Prf('——mpﬂ) =< PI‘f(’_gO,*—‘)).
i<j

Since T ¥ ¢; for all ¢ < j, the bell must ring at some stage in the standard model
N. By Claim 1, T is inconsistent, a contradiction. Therefore, we conclude that
T + Rfnpa(Prf) ¥ Cong. O

We have proved Theorem 4.1. O

4.2 Rosser predicate for which II;-conservation does not
hold uniformly

This subsection is devoted to proving the following theorem. Note that the
following theorem also gives an alternative proof of Fact 2.6.

Theorem 4.2. There exists a Rosser provability predicate Pr%(x) of T satisfy-
ing the following conditions:

1. T + Rfnpa (Pry) is not 11y -conservative over T + Rfnp(Pry) for any T €
{Z,, 1, | n > 1},

2. T+ an(Pr%) ¥ Conrp.
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Proof. We define a A (PA)-definable function g outputting all theorems of T'.
Formulas Pry(z) and Pr?(m) based on ¢ are defined. By using the fixed point
lemma, we can effectively find an effective sequence {¢r}rets, m,jn>1} of I
sentences such that:

o For I' =3: ¢y, is —\Prg{('—ﬂ A ayx, ) where § is a ¥ sentence satisfying

PAF B < Prg("m(BAas,)) S Prg("BAas, ).

e For I' # ¥1: 9 satisfies

PA b= tpp 4> =Pr (Tr A ar’).

Note that each vr is defined by using g. By using the formalized recursion
theorem, we can use ¢r in the definition of g. Here, we define the function g.
Let k‘o =0

PROCEDURE 1: The bell has not yet rung.
Stage m: If Pr,, = Pr,_1, then let ky, 41 := k,,, and go to Stage m + 1.
If ¢ € Py \ Prym—1, then we distinguish the following three cases:

(i): If there exist T, j, and distinct I'? formulas 7o, ...,v;—1 such that g does
not output these formulas before Stage m and ¢ is A,_; (PrgR(r’yi—') —
fyi) — 9r A ar, then we define g(k,,) depending on whether T' = 3; or

not as follows:
o If I' =X, define g(ky,) := B A ax,.
e If " # 34, define g(k,) := ¢¥r A ap.
Let 7, . .. ,’y;»_l be the rearrangement of 7o,...,7v;—1 in the descending

order of length, and define g(k,, +1+14) := = for each i < j. Then, ring
the bell and go to Procedure 2.

(ii): If p is one of B A as,, 7(B A ax,), and =(¢r A ar) for some T' # 31, then
define g(k,,) := ¢. Ring the bell and go to Procedure 2.

(iii): Otherwise, define g(k,,) := ¢ and kpt1 := km + 1. Go to Stage m + 1.

PROCEDURE 2: The function g outputs all £ 4-formulas.
We finish the construction of the function g. Let Belly(x) be an £4-formula
saying “the bell of g rings at Stage x”.

Claim 1. PAF 3z Belly(z) <> ~Conr.

Proof. We argue in PA. The implication (+) is obvious by considering (ii), and
so we prove the implication (—). Suppose that the bell rings at Stage m. We
distinguish the following five cases.
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Case 1: m is a T-proof of A,_; (Pr?(”yﬂ) — ) — s, Aas, for some j
and distinct 1I; formulas 7o, ...,vj—1 such that g does not output vo,...,vj—1
before Stage m.
Let 70, .. .,7j—1 be the rearrangement of 7o, ..., 7;-1 in the descending order of
length. Then, g(km) = B A ag, and g(k, + 1+ i) = -} for every i < j. Since
B A ax, is not ITI; but ~f is II, ~ is different from 8 A ax,. Also ~/ is different
from any of =y, ..., ~y,_; because of the order of the rearrangement. Thus,
we obtain A;_; (Pry("™7) < Prg("7/7)). This ¥; sentence is also provable
R

i<j ﬁPlrg (r%{—l)a
and hence T' also proves A,_; (Pr?('—%—') — ;). Since Nicj (Pr?(r'yi—') —
%) — ¥y, A ax, is T-provable, we obtain that 1y, is T-provable. That is,
ﬁPrgR(rﬁ A ayx, ) is T-provable.

Since we have g(k,,) = 8 A ax, and the bell does not ring before Stage m,
we obtain that PrgR(rﬁ A ay, ) holds. By formalized ¥;-completeness theorem,

in T because of formalized ;-completeness. Then, T proves A

T proves Pr?(rﬂ A ax, ). Thus, T is inconsistent.

Case 2: misaT-proof of \\;_; (Pr?('—%—') — 7i) = ¥r Aar for some I' # ¥y,
4, and distinct I'* formulas v, . . . Y1+

Since we have g(k,) = ¢¥r A ar and the bell does not ring before Stage m,
Pr? ("YrAar?) holds. By formalized 31 completeness, T proves Pr?("z/)p/\ozpj).
As in Case 1, it can be shown that T proves _‘Prf]{(rwr‘ A ar?). Therefore, T is
inconsistent.

Case 3: m is a T-proof of S A ax, .

By the choice of 8, T proves Pry("=(8 A as,)”) < Pry("8 A ax,”). Then,
ﬂPrg('—ﬂ A ax, ") is provable in T'. Since g does not output —(8 A ax,) before
Stage m and g(k,,) = B A ax,, we have that Pr?('—ﬁ A ax, ") holds. Since
Prl;('_ﬁ Aayx, ) is a ¥ sentence, it is provable in T. Thus, T is inconsistent.

Case 4: m is a T-proof of =(8 A ax;,).
Since oy, is provable, we have that —3 is T-provable. Thus, —\(Prg('_—'(ﬁ A
ax,)7) < Pry("B Aas,)) is provable in T. Since g(kn,) = =(8 A ax,) and g
does not output 5 A as, before Stage m, we have that Pr,("=(8 A ax,)”) <
Pry("S A as, ) holds. By Xi-completeness, T proves Pry,("—(8 A ax,)”) <
Pry("B Aas, ). Thus, T is inconsistent.

Case 5: m is a T-proof of =(¢r A ar) for some I' # ¥;.

As in Case 4, we have that —¢r and PrgR('_wp Aar™) are provable in T'. Since g
does not output ¢r A ar before Stage m, we obtain that Pry("—(¢¥r A ar)™) <
Pry("¢r Aar™) holds and it is provable in 7. We then obtain that "Pf?(rwr‘ A
ar™) is T-provable. Hence, T is inconsistent. O

As in Claim 2 of the proof of Theorem 3.8, we obtain the following claim.
Thus, Pr?(x) is a Rosser provability predicate of T'.
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Claim 2. PA - Vz(Provy(z) > Pry(z))

Since tYra is a II; sentence for each I' € {¥,,II,, | n > 1}, the following
claim immediately implies that T 4+ Rifnpa (Pr?) is not IIj-conservative over

T + Rfnp (Pr}).

Claim 3. For any I € {¥,,,1I,, | n > 1}, we have T + anpd(PrgR) F ¢ra and
T + Rinp (Pr}Y) ¥ ra.

Proof. We distinguish the following two cases.

Case 1l : T =1II;.
Since S A ayx, is a 3; sentence, we have T + angl(PrgR) F PrgR('_ﬂ Nag, ) —
B A as,. It follows T + angl(PrgR) F s, — B. Since Pry("T—(BAax,)”) =
Pry("B A as, ) implies —\Prg(’_ﬁ Aax, ), we obtain T = 8 — tx,. Thus, we
have T + Rfng, (Pry) b ¢, .

We shall prove T' + annl(PrgR) ¥ 15, . Suppose, towards a contradiction,
that T+ Riny, (Pr?) F 4ys,. Since ay, is provable in predicate logic, T +

Rfng, (Prg) F 4¢s, Aas, . Then, for some j and distinct II; formulas o, ..., vj—1,
we have

Tk /\ (Prg(r%‘) =) = Us, Aas,. (7)

1<j

As in the proof of Claim 4 of the proof of Theorem 4.1, we may assume that
T ¥ ~; for every i < j. Then, the bell must ring in the standard model N of
arithmetic. By Claim 1, we have N = =Cony, a contradiction.

Case 2 : T'#11;.

Since 'Y D II; and tra A apa is a T'? sentence, we obtain T + Rfnpa (Pr?) F
PrgR('_wpd, Aara™) = YpraAara. Since ¢ra is equivalent to ﬂPrgR(rt/de Aara), we
obtain T' 4 Rfnra (Pr?) F ¢ra. Also as in Case 1, we can prove T—|—anp(PrgR) ¥
Yra. O

Finally, we prove the second clause of the theorem.
Claim 4. T + an(Pr?) ¥ Conrp.
Proof. Suppose, towards a contradiction, that T+ an(Pr?) F Conr. We then
find T" 2 II; such that T + anF(Prf;) F Conr. By Proposition 3.2, we have

that T + an(PrI;) is I'-conservative over T' + anr‘(PI'?). In particular, T' +

Rfnpa (Pr?) is II;-conservative over T' + anr(Pr?). This contradicts Claim
4. O

This completes our proof of Theorem 4.2. O
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5 Xj-conservation property and X;-soundness

Kreisel and Lévy [11, Theorem 20] showed that if T is X1-sound, then so is T+
Rin(T) (see also [12, Lemma 6.1]). Then, for every theory S with T+ Rfn(T) +
S F T, by ¥i-completeness, it follows that the 3;-soundness of T" implies the
Y1-conservativity of S over T. Smorynski proved the converse implication in
the case of S =T + Conr.

Theorem 5.1 (Smorynski [18, p. 197][19, p. 366]). Conyr is X;-conservative
over T if and only if T is ¥1-sound.

Recall that we assumed that T always denotes a consistent theory (cf. the
beginning of Section 2). The consistency of T is obviously needed to show the
right-to-left implication of Theorem 5.1. We can generalize Smorynski’s theorem
as follows.

Corollary 5.2. For each n € w, the following are equivalent:
1. T is X1-sound.

2. T + Con?. is consistent and for any S with T + Rin(T) - S+ T + Con?,
S is ¥y -conservative over T + Conrp.

8. T+ Con} is consistent and T +Conltt! is ¥y -conservative over T + Con’..

Proof. (1 = 2) and (2 = 3) are straightforward. We prove (3 = 1). Suppose
that 7' + Con} is consistent and T + Con’tt is ¥j-conservative over T + Con’..
Since CoanH'1 is equivalent to ConT+con;g, by Smoryriski’s theorem, we have
that T' 4 Con?. is ¥;-sound. Hence, T is 3;-sound. O

Here, we focus on the second clause of Corollary 5.2. Beklemishev’s conser-
vation theorem tells us that T+ Rin(7T') is 3;-conservative over T + Riny, (T).
Hence, the ¥;-conservativity of a theory S with T+ Rfn(7T') - S + T+ Riny, (T')
over T+Riny, (T) does not imply the ¥;-soundness of T'. Let T, := T+{Con7 |
n € w}, and we propose the following problem.

Problem 5.3. If T, is consistent, does the ¥1-conservativity of T + Rin(T)
over T,, imply the X1 -soundness of T ?

Goryachev [5, Theorem 3] proved that T + Rfn(T) is II;-conservative over
T,,. By formalizing this result in PA, in particular, we have PA = Cong gy (1) <
Cong,. Hence, if T, is consistent, then T+ Rfn(T) ¥ Conr,. It follows that
Smorynski’s theorem cannot be used to solve the problem affirmatively.

5.1 >;-conservation property for Rosser provability pred-
icates

It is also known that there is a relationship between ¥;-soundness and Xi-
conservativity of theories having some axioms based on a Rosser provability
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predicate as well. Let p be a II; Rosser sentence of T based on a Rosser prov-
ability predicate Pri(z), then the following theorem due to Svejdar is an im-
provement of Smorynski’s theorem because it is known that PA = Cony — p.

Theorem 5.4 (Svejdar (cf. [15, Exercise 5.2(b)])). p is $1-conservative over T
if and only if T is X1 -sound.

Since T + Rin(T) + T + Rfng, (Pry) F p, it follows from Svejdar’s theo-
rem that the Yi-soundness of T is equivalent to the Yi-conservativity of T +
Rfny, (Pry) over T. In [12], it is shown that this equivalence also holds in the
case that we replace T + Rfnyy, (Pry) by T + Rfng, (Pr}).

Theorem 5.5 (Kurahashi [12, Theorem 6.2]). For any Rosser provability pred-
icate Pri¥(z) of T, Ring, (Pr}) is X1-conservative over T if and only if T is
Y1-sound.

As shown in the last section, Beklemishev’s theorem does not hold in general
for Rosser provability predicates and I' O II;. In this section, in the case of
I' = 31, we show that the ¥;-conservation property holds for Rosser provability
predicates if and only if 7" is 3;-sound.

Theorem 5.6. The following are equivalent:
1. T is Y1-sound.

2. For any Rosser provability predicate Pri(z) of T, any T € {X,,1I, | n >
1}, and any theory S with T + Rin(T) = S + T + Rinp(Pr}), S is ¥ -
conservative over T + Rfnr (Pry).

3. For any Rosser provability predicate Pr?(w) of T, there existsT' € {¥,, 11, |
n > 1} such that T + Rinpa(Pr}) is $p-conservative over T + Rinp (Pry).

Proof. The implications (1 = 2) and (2 = 3) are easy. We prove the contra-
positive of (3 = 1). Suppose that T is not ¥;-sound. Then, there exists a 3
sentence 6 such that T+ 6 and N = §. We may assume that 6 is of the form
J26(x) for some Ay formula é6(x). We define a A;(PA)-definable function h.
Formulas Pry,(z) and Pry(z) based on h are defined as in the previous sections.
We can effectively find an effective sequence {xr}re(s, m,n>13 of sentences
such that:

o For I' =3;: x5, is a X sentence satisfying

PAF xz, ¢ (Pra(T=(xs, Aax,)) VO < Prp(Txs, Aas, 7).

e For I' # Xy xr is a II; sentence satisfying

PAF xr ¢ =(Pra("xr Aar™) S Prp(T=(xr Aar)7) V).

25



We define the function h as follows: Let kg := 0.

PROCEDURE 1: The bell has not yet rung.
Stage m: If Pr,, = Prm,—1, then let ky, 1 := ky,, and go to Stage m + 1.
If ¢ € Pr,, \ Prym—1, then we distinguish the following three cases.

(i): If Vo < kyp—d(z) holds and ¢ is /\Kj (Prff(rvﬂ) — %) — xr A ar for
some I, j, and some distinct I' formulas 7o, . .. ,vj—1 such that h does
not output them before stage m, then define h(k,,) := xr Aar and h(k,, +
L +1i) := —; for every i < j. Here, 7g,...,7}_; is the rearrangement of
Y0,---,7j—1 in the descending order of length. Ring the bell and go to
Procedure 2. When j = 0, the above description intends that ¢ is of the
form xr A ar.

(ii): If ¢ is =(xr A ar) for some T, then define h(k,,) := —(xr A ar). Ring the
bell and go to Procedure 2.

(iii): Otherwise, define h(k,,) := ¢ and kp,q1 := kp, + 1. Go to Stage m + 1.

PROCEDURE 2: The function h outputs all formulas.
We finished the definition of h.
Let Belly (z) be an L 4-formula saying “the bell of h rings at Stage z”.

Claim 1. PAF 3z Belly(z) ¢ ~Conr.

Proof. Argue in PA. We only give a proof of the implication (—). Suppose that
the bell rings at Stage m. We distinguish the following two cases.

Case 1: Vz < ky,~d(z) holds and m is a T-proof of A, _; (Prﬁ(r%"‘) =) =
xr A ar for some I, j, and distinct I'* formulas 7o, ..., 7v;—1:

Since xr A ar is not I'? but every 7; for i < j is I'?, we have that each of
Y0,---,7j—1 is different from xr A ar. In the same argument as in the proof of
Claim 1 of Theorem 4.2, we obtain /\z‘<j (Prh('_ﬂfyij) < Prh(r'yi—‘)) holds and it is
i<j ﬁprii(r%ﬂ),
and also proves /\i<j (Pr%('_%-—') — %-). Hence, we get that yr is T-provable.
Then, regardless of whether I' = X7 or not, we have that

provable in T' by formalized ¥;-completeness. Thus, T proves A\

—|(Prh('—xp AN Oq‘—l) < Prh(l——!(XF A\ ap)—l) \Y 9) (8)

is T-provable.
Note that h(k,,) = xr A ar, h does not output =(xr A ar) before Stage m,
and Vz < k,,—d(z) holds. So, we have that

Pl"h('_XF A Oé[‘—l) < Prh(r—'(Xr N Oq‘)—') Vo
holds and this 3, sentence is provable in 7. By combining this with (8), we

obtain that T is inconsistent.
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Case 2: m is a T-proof of =(xr A ar).
Since ar is T-provable, we have that —xr is T-provable. Since T proves 6, we
have that —yx, implies

Pry,("xs, Aas, ) < Pra(T(xs, Aas,)7) V.
Therefore, regardless of whether I' = 31 or not, we obtain that T" proves
Prp("xr Aar™) < Prp(T—(xr Aar)™) V6,
and hence T also proves
Pr("xr Aar™) < Pra("=(xr Aar)). )

Since h(k,,) = ~(xr A ar) and h does not output xr A ar before Stage m,
we obtain that
Prh(r—‘(XF A\ Oq‘)_') < Prh(rXp A\ Ozpj)

holds and this is provable in T. By combining this with (9), the inconsistency
of T follows. O

As in the previous proofs, the following claim holds, and hence Prg‘(x) is a
Rosser provability predicate of T'.

Claim 2. PA+ Va(Provy(z) <> Pry(2)).
We finally prove that Prs(x) uniformly lacks ¥;-conservation property.

Claim 3. For any T € {3,,1I,, | n > 1}, there exists a X1 sentence o such that
T + Rfnpa(Pr}) F o and T + Rinp (Pry) ¥ 0.

Proof. We distinguish the following two cases.

Case 1: I =1I;.
Let o be the ¥; sentence yy,. Since 4 =3, and Xz, A ax, is a ¥ sentence,
we obtain T + Rfng, (Pr) F Priv(Txs, Aas, ') — xx,. Since T 6, it is easily
shown that T F —xs, — Pri¥("xs, Aax, ). Hence, we obtain T+ Rfnyg, (Pry)
X, -

Suppose, towards a contradiction, that T 4 Rfng, (Pr}) + xx,. Then,
T + Rfnp, (Pr)}) F x5, A as,, and hence for some j and distinct II; sentences
Y0, ---+7j—1, we have T' = A, _, (Prs(r’yﬂ) — 7) — (xz, Aas,). We may
assume that for every ¢ < j, 7; is not provable in T. Since, N = 6, we have
that the bell must ring at some stage in N. By Claim 1, T is inconsistent. A
contradiction.
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Case 2: T #1I;.
Let o be the X1 sentence

Prp(T=(xpa A apa)?) VO < Prp(Txpa A apa™).

Since T+ 6, we obtain T ¢ <> xra.
By the definition of xra, we obtain

PA F —Pr}("xra A apa) = Xpa.
Since I'* D II;, we have that ypa A apa is a I'? sentence. We then obtain
T + Rfnpa (Pry) F Pri(Txpa A apa™) = Xpa

Thus, we get T + Rfnpa (Pry) - xra, and hence T + Rfnpa (Pri) F o.

We prove T + Rinr (Prl;”) ¥ o. Suppose, towards a contradiction, that T +
Rfnp (Prt) F 0. Then, T + Rfnp(Pry¥)  xra A ara. As in Case 1, this implies
the inconsistency of T', a contradiction. O

We have finished the proof of Theorem 5.6. O
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