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Fixed Point Theorem in Banach Spaces

By Kiyoshi ISEKI

There are many generalizations of the classical contraction mapping
theorem of S. Banach (see the bibliography of I. A. Rus [2]).

On the other hand, recently some fixed point theorems on non-contrac-
tion mappings on a Banach space have been obtained by several mathemati-
cians. One of them is due to K. Goebel and E. Zlotkiewicz [1].

In this paper, we shall generalize a fixed point theorem by K. Goebel

and E. Zlotkiewicz [1].

Theorem. Let F be a mapping of a Banach space X <into itself. If
F satisfies conditions

1) F? = I, where I <4s the identity mapping,

2) I7@) - F@l < aflz - yli+8Clle - FE@) ||+ Iy - Fe& D
for every x, yecX, where 0 <o, B and 0 < d + 4B < 2, then F has at

least one fized point.

Proof. Let x be avpoint of X, and put
y = %(F FD@. z2=Fy), u=2 - 2.
Then, by conditions 1), 2), we have
lz - =l = lIF@) - =]l

=lF@) - FP@ | < elly - F@ [l +8Uly - Fo) ||
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cIF@ - @) < oll3 + DE) - F@|
+B(llz - F@ ||+ llg - F& D
=G+ Ble-r@ll + elly - F@

and
lw - =ll=ll2y - F@&) - =l|
=@+ D@ - Fo) -zl s iF@) - F@)l < ollx - ¥l
+Ble - F@ I+ lly - FQ) |l
salle - 3 + D@+ Bllle - F@I1+ lly - F@ D
=G+ B -F@l+ 8lly - Fll-
Hence

iz - ull< @+ 28)|l=z - F@)|| + 28lly - F I
On the other hand, we have

llz - ulf = 2lly - FIl.
Therefore

2lly - Pl < (@ + 2B) [le - F@) | + 28lly - POl
which implies

20 - B)ly - F@l < (@ + 2B) [z - PE) |

Hence we have the following inequality.

@ g - Fo)ll = gy lle - F@ 1.

Let G = (F + I), then, for any zeX, [[6*@) - 6@ = llew) - yll
- i+ D -yl
=3y - Pl s 5 i eylle - PG |
S 1B e - o) - ) - ey e - all.

By the hypothese, we have 0 < E%T::E%j-< 1. Therefore {¢'(x)} is a

Cauchy sequence in X. By the completeness, {@* (@)} converges to some

element in X, i.e. liannGr) =z, This implies Gcno) =z,
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Hence F(mo) =2, i. e. z, is a fixed point of F, which completes the

proof.

Remark 1. If B = 0, then we have Theorem 1 of K. Goebel and
E. Zlotkiewicz [1].
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