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There are many generalizations of the classical contraction mapping 

theorem of S. Banach (see the bibliography of I. A. Rus [2]). 

On the other hand, recently some fixed point theorems on non-contrac­

tion mappings on a Banach space have been obtained by several mathemati­

cians. One of them is due to K. Goebel and E. Zlotkiewicz [l]. 

In this paper, we shall generalize a fixed point theorem by K. Goebel 

and E. Zlotkiewicz [l]. 

Theorem. Let F be a mapping of a Banach space X into itself. If 

F satisfies conditions 

1) F2 = I, where I is the identity mapping, 

2) IIF(x) - F(y) II $ allx - YII + scllx - F(x) II+ IIY - F(y) II) 
for every x, y EX, where O $ a, S and O < a + 4S < 2, then F has at 

least one fixed point. 

Proof. Let x be a point of X, and put 

1 y = 2(F + I)(x). z = F(y), u = 2y - z. 

Then, by conditions 1), 2), we have 

llz - xii= IIF(y) - xii 

= IIF(y) - F2 (x) II $ allY - F(x) II+ S( IIY - F(y) II 
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+ IJF (x) - F 2 (x) II) < a ll½(F + I)(x) - F (x) II 

+ S( !Ix - F(x) II+ l\y - F(y) II) 

= (~ + S)llx - F(x)I! + S]ly - F(y)I!, 

and 

11 u - x 11 = II 2y - F (y) - x 11 

Hence 

= II (F + I)(x) - F(y) - xi]:;; IIF(x) - F(y) ]I~ a!lx - Y!I 

+ 13( llx - F(x) II + IIY - F(y) I] 

= al]x - ½cF + I)(x) II + 8(]1x - F(x) II+ IIY - F(y) II) 

(~ + 8) l]x - F(x) l] + 81[y - F(y) II• 

llz - u!I:;; (a + 2$) llx - F(x) II+ 28IIY - F(y) II, 

On the other hand, we have 

11 z - u I! = 2 ! I y - F (y) I 1 . 

Therefore 

2lly - F(y) II ~ (a + 2S) llx - F(x) II + 2SIIY - F(y) II, 

which implies 

2(1 - f3) IIY - F(y) II 5 (a + 213) llx - F(x) II, 

Hence we have the following inequality. 

(1) IIY - F(y) II 5 2 c/ -2
:) llx - F(x) 11. 

Let G =}CF+ I), then, for any XEX, l[G2 (x) - G(x)II = IIG(y) - YII 

= ll½(F + I)(y) - y II 

= ½IIY - F(y) 11 :;; ½ 2~1 + _ 
2

~) llx - F(x) II 

1 a + 28 II II a + 28 II II = 2 2 (l _ 8) x - (2G(x) - x) = 2 (l _ S) G(x) - x • 

a + 28 { n } 
By the hypothese, we have O:;; Z(l _ 

8
) < 1. Therefore G (x) is a 

Cauchy sequence in X. By the completeness, {cf(x)} converges to some 

element x
0 

in X, i.e. lim~(x) = x
0

• This implies G(x
0

) = x
0

• 

n-'K.O 



13 

Hence F(x
0

) 

proof. 

x
0

, i. e. x
0 

is a fixed point of F, which completes the 

Remark l. If S 0, then we have Theorem 1 of K. Goebel and 

E. Zlotkiewicz [l]. 
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