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A Common Fixed Point Theorem

By Kiyoshi ISEKI

In this note, we shall prove a fixed point theorem which is a generali-

zation of M. G. Maia's theorem [1].

Theorem. Let X be a metric space with two metrics d and 8. If X
satisfies the following conditions:

(1) d(z, y) < 6{(x, y) for every x,y in X,

(2) X <s complete with respect to d,

(3) two mappings f, g: X +~ X are continuous with respect to the

metric d, and
S(f(x), g¥)) < ad(z, y)

BIS(x, f(x)) + 8y, g¥))]
YI8(z, g(¥) + 8(y, f(=))]

+

+

for every =,y in X, where o, B, Y are non-negative and o + 2B + 2Y

<1, then f, g have a unique common fixed point.

Proof. Let x be a point in X, put

w2 f@), @y = gla), s 2y, = 9@, ) Ty, = P00
Then
s < (o * B + vy n6
(xn: xﬂ"'l) Sli-g-v (xo, .'L'l).

(see I. Rus {21, p.20). Therefore, by d < 4,

50



51

d(xz , =

n n+1

a+ B+ v|?
) S[ T—:—E—j—§} 8(x,, @,).

This shows that the sequence {xn} is a Cauchy sequence with respect to
d. Since X 1is complete with respect to d, {wn} has a limit point y,
in X, i.e. xnfgyo. Hence, by the continuity of fF with respect to the

metric d,

Y, * ;:: x2n+1 ) iig f(xzn) B f(iig xzn) = Fly,)-

Similary we have Y, = gly,). Therefore Y, 1is a common fixed point of
f and g.
Let =N be a common fixed point of f, g, then

§W,» 2,) = 8(Fy,)s g(s,))

A

aby,s 2)) + 2vS(y,, 2,),
which implies Y, = 2,- Hence f, g have a unique common fixed point in

X, which completes the proof.

Remark. In Theorem, let f(z) = g(x), B = v = 0. then we have a

theorem by M. G. Maia [1].
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