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Closeness Spaces and Convergence Spaces 

By Shouro KASAHARA 

The purpose of this note is to show that every convergence structure 

("Limitierung" of Fischer [2]) can be described by a family, called a 

closeness, of closure-like operations. 

After stating several elementary properties of operations on the power 

set of a set, we shall introduce new notions "closeness" and "closeness 

space". Then some fundamental relations between closenesses and conver-

gence structures will be established. 

In what follows, the power set of a set X wi 11 be denoted by ~ (X), 

and the value of a mapping a.: (P(X) + (P(X) 
a. 

at A E(P(X) by A . The com-

plement of A e: <P(X) in X will be written Ac. For each x e: X, x de-

notes the filter on X consisting of all Ae:(S>(X) with XEA. 

l. Throughout this section X denotes an arbitrary set. Let a. be a 

mapping of (P(X) into itself. For each XEX, we denote by 4>a.(x) the 

set of all AE(P(X) suchthat xiAca. 

into @(P(X) = (?(@(X)). 

Evidently 4> is a mapping of X 
a 

The following four lemmas may be easily verified, and we omit the proofs. 

Lemma l. Let ex be a mapping of (5> (X) into itself and let x e: X. Then 

the following statements hold: 
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(1) <I>a (x) # ~ if and only if x does not belong to n {Aa I A E <P(X) } . 

(2) ~ I. <I>a (x) if and only if x E l 1
•. 

Lemma 2. Let a be a monotone mapping of {9(X) into itself. Then 

x E {x}a for every x EX if and only if A cAa for every A E IS>(X). 

Lemma 3. Let a be a monotone mapping of '9(X) into itself, and let 

A E (X). Then x EAa if and only if S nA # ~ for every SE <I> (x). 
a 

Lemma 4. Let a, f3 be two mono·tone mappings of {P(X) into itself. 

Then <I> a (x) c <I> f3 (x) for every x EX if and only if A f3 c ix for every A 

E~(X). 

Let \l' be a mapping of X into (9(9(XJ. For each A E ~(X), we de­

note by AK(\¥) the set of all x EX for which we have Sn A f:. ~ for 

every SE \l'(x). Obviously K(f) is a monotone mapping of (P(X) into it­

self. Conversely, as an immediate consequence of Lemma 3, we have the fol­

lowing 

Lemma 5. If a is a monotone mapping of (P(X) into itself, then a 

Now for each subset Jlf{ of (P(X), we denote by [~] the set of all 

SE ~(X) containing at least one member of J6{. 

Lemma 6. Let \¥ be a mapping of X into (9 (P (X) . Then 

for every x EX. 

*) A mapping a of (P (X) into its elf is called monotone if A c B 

implies Aa c Ba for every A, BE cs=> (X). 
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Proof. Clearly A E cI>K ('!') (x) is equivalent to the fact that Sn Aa = (/J 

for some SE '!'(x), and Sn Ac = </J if and only if S cA. 

By virtue of Lemma 5 and Lemma 6, we have at once the following 

Corollary. If a is a monotone mapping of <P(X) into itself, then 

Lerrma 7. Let a be a mapping of <P(X) into itseZ.f. I.f (Au B)a = 

a a. A u B for every A, B E <P(X), then cI> (x) is a filter on X for each a 

Proof. Let x E Xa \ </Ja. Then by Lemma 1, the set cI> (x) 
a 

is nonempty 

and 0 I. cI> (x). On the other hand, the mapping a is monotone as can a 

readily be seen. Hence according to the above Corollary we have [tli (x)] a 
= cI> (x). Now if A, B E cI> (x), then since x ¢ Aaa and x (.Baa., we have a a 

x ,f. Aca. u Bea. = (Ac u Bc)a. = (An B)ca., 

which shows that A n B E <I> (x). This completes the proof. 
Ci 

Lemma 8. Fo:r each mapping '!' of X into <P tP (X) , the fo Z Zowing 

statements hold: 

(1) \J'(x) -:f (/J fo:r every x EX if and only if (/JK('!') = 0. 

(2) If x EX, then (/JI. '¥(x) if and only if x E .rC'¥). 

Proof. To prove (1), suppose first (/JK ('¥) -/- (/J. Then there is an x E 

11,K ('!'). ~ Hence if '!'(x) has a member S, then we have a contradiction 

S n (/J t- (/J. Conversely if 1f (x) = (/J for some x EX, then since ['¥ (x)] 

(/J, we have, in view of Lemma 6 and (1) of Lemma 1, 

x E n { AK ('l') r A E (P CX) } c (/JK('¥), 
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and so 0K('¥) #- ~- On the other hand, since 0 I. '¥(x) if and only if 

0 t. ['¥(x)], the statement (2) follows immediately from Lemma 6 and (2) of 

Lemma 1. 

A mapping a of (S)(X) into itself is called a semiclosure on X 

if it satisfies the following conditions: 

(2) 
a a a 

(A u B) = A u B for every A, B E (P(X). 

Lemma 7 yields obviously the following 

Theorem 1. If a is a semiclosure on X, then ~ (x) a is a filter on 

X for each x E X. 

We have moreover the following 

Theorem 2. Let '¥ be a mapping of X into <P<P(X). Then K('¥) is 

a semiclosure on X if and only if '¥(x) is a filter base on X for 

each x EX. 

Proof. If K('¥) is a semiclosure on X, then by Lemma 7, ~K('l')(x) 

a filter on X for each x EX. But then since 1>K ('¥) (x) = ['¥ (x)] by 

Lemma 6, '¥(x) is a filter base on X. 

Conversely assume that '!' (x) is a filter base on X for each x EX. 

is 

Then 0a. = 0 and Xa = X by Lemma 8. Let x E (A u B) K ('¥) . If S n A -I 

~ for every SE ¥(x), then x E AK('!') c AK('¥) u BK('¥). If S
0 

n A = ~ 

for some S
0 

E '¥(x), then for each SE 'l'(x) the set Sn S
0 

contains some 

S 
1 

E '¥(x), and hence we have 

Sn B = 0 u (Sn B) = (S
O 

n A) u (Sn B) 

=> (S 
1 

n A) u (S 
1 
n B) = S 

1 
n (A u B) -f. 0, 
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which implies that x E BK(\J') c AK('¥) u BK('¥). Thus (Au B)K(\f) c AK('l') u 

Now let 

have then 

. K('f) K('l') 
x be in A u B ; one can assume 

Sn (Au B) = (Sn A) u (Sn B) =>Sn A -, ~ 

A
K('¥) 

XE • We 

for every SE 'I' (x). It follows that x E (Au B{ ('¥). Therefore (Au B) K ('I') 

=> AK('¥) u BK('¥). This completes the proof. 

2. Let r be a set of semiclosures on a set X. The ordered pair 

(X, f) is called a closeness space, and r is called a Closeness on 

X if the following conditions are satisfied: 

(Cl) For every x E X, there exists an CtE f such that XE {x} et. 

(C2) For every Ct, SE r, there exists a yEr such that 

Aa. u As c Ar for all A E <P(X). 

Let r, r, be two closenesses on a set x. We say that f' is finer 

then re or r is coarser than r') if for every XEX and for every 

et E r, there exists a SE r' such that <PS (x) c <Pet (x). r and r' are 

said to be equivalent or r = r 1 if r is finer than f' and if f' 

is finer than r. It is easy to see that is an equivalence relation 

on the set of all closenesses on X. 

Theorem 3. Let X be a set. For each closeness r on X, there 

exists a unique convergence structure T on X such that, for every XE 

X, '¥ E T(x) if and only if i!>a(x) c 4' for some etE r. 

Proof. It clearly suffices to show that the mapping T of X into 

the power set of the set IF(X) of all filters on X defined by 

T(x) = { '¥ E IF'(X) I <Pa(x) c '¥ for some etE r } for every XE X, 

is a convergence structure on X. Theorem 1 shows that the mapping T is 



well-defined. 

and <PS (X) C 1f' 

existence of a 

A E <I> (x), then y 
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Let x EX and let <I>, 1¥ E T(x). Then we have <P (x) c <I> 
a 

for some Cl.., $ E f. Hence the condition (C2) ensures the 

YEf such that AauAScAY for all A E <P (X). Now if 

since xi Acy, we have X f. ACCI.. and :x; i AcS, which imply 

A E q,c/x) n \Ps(x) C <I> n 1¥. 

Consequently we have <I> (x) c <I> n '¥, and hence <I> n 1¥ E T (x) . y It remains to 

prove that x ET (x) for each x EX. Let x be in X. Then by (Cl) one 

can find an a Er such that x E {x} a. If A is a member of <I> (x), 
a 

then since x I. i~a ~ the set Ae cannot contain {x}, and so x EA. Thus 

we have <I> (x) c x as desired. 
Cl.. 

The convergence structure whose existence is ensured by Theorem 3 is 

called the convergence structure associated with r and is denoted by 

Tr, that is 

Tr(x) = { 1¥E/F'(X) I <I>a(x)c'!' for some aEI'} 

for every XEX, where JF(X) denotes the set of all filters on X. 

It is easy to verify the following theorem, and the proof is therefore 

omitted. 

Theorem 4. Let r, r• be two closenesses on a set X. Then r is 

finer than r I if and only if Tr is finer than Tr'. 

Thus we have the following 

Corollary. Two closenesses r, f' on a set X CU'e equivalent if and 

We shall now prove the following 
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Theorem 5. For each convergence structure T on X, there exists a 

closeness r on X such that T = Tr· The closeness r can be chosen 

to satisfy moreover the condition 

(Cl') There exists an a, E r such that Ac Aa for every A E (S> (X). 

Proof. Let r denotes the set of all K('f) where '¥ rlllls through 

the set II {T (x) Ix EX}. By Theorem 2, each element of r is a semi closure 

on X. We shall show that r satisfies the condition (Cl') which implies 

(Cl). Since x E T(x) for each x EX, there is a '¥ E II{T(x) ]x EX} such 

that '¥(x) = x for every x EX; by Lemma 2, it is sufficient to prove 

that x E {x}K ('¥) for every x EX. Let x EX; then for each SE '¥ (x), we 

have Sn {x} -# ~, and consequently x E {x}K('¥). In order to verify (C2), 

let a, SE r. Then a= K('l\) and S = K('f) for some '¥
1

, '¥2 E II{T(x) I 
x E X}, and hence we can find a '¥ E II {T (x) Ix EX} 

0 
such that '¥ 0 (x) 

'¥ 1 (x) n'¥2 (x) for all XEX. Let us denote by y the semiclosure K('¥0) 

E r, and let A E <P (X). If x E Aa, then since '¥ 
0 

(x) c '¥ 
1 
(x), we have 

Sn A 'f ~ for every SE'¥ 
0 
(x), which shows that x EA y. It follows that 

Aa cAY. Thus we have Aa, uA 13 cAY. It remains only to prove that T Tr· 

Let x be in X. For each $FE T(x), one can find a '¥ E II{T(x) Ix EX} 

for which we have '¥(x) = $; then since 4>K('¥) (x) = ['Y(x)] = [~] = l:P 

by Lemma 6, we have s:,f"E Tr (x). Consequently T (x) c Tr (x). Conversely 

for each ,:!7 E Tr (x), there is a '¥ E II { T (x) Ix EX} such that 4>K ('¥) (x) c $'f"; 

which and hence by Lemma 6 again, we have ~K('¥)(x) = ['f(x)] = '¥(x) ET(x) 

implies Sf ET (x). Therefore we have Tr (x) c T (x). Thus T (x) = Tr (x) 

for every x EX. 

As an immediate consequence of Theorem 5 and Corollary of Theorem 4, we 
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have the following 

Corollary. For each closeness r on a set X, there exists a closeness 

I'' on X satisfying the conditions (Cl') and r = f'. 

Let X be a set and let a be a mapping of {P(X) into itself. Then 

by Lemma 2, if {a} is a closeness on X then Ac A'Y. for every A E (9 (X). 

Consequently {a} is a closeness on X if and only if the following 

conditions are satisfied: 

(Pl) (/Ja = (/J. 

(P2) 
a 

A c A for every A E (P (X) . 

(E3) (Au B)a = A'J. u Ba for every A, BE {P(X). 

In other words, {a} is a closeness on X if and only if a is a struc­

ture of "pre-anherence" of Choquet [l]. An operator a satisfying the 

conditions (Pl)-(P3) is called a closure topology by Koutn1k [3]. On 

the other hand, Rehermann [4] has introduced the notions of "liaison" and 

"liaison space": a subset A of Xx ( t?(X) \ { (/J } ) is called a liaison 

and the pair (X, A) a liaison space if 

(11) XA{x} for every x EX, and 

(12) XA (A u B) if and only if xM or xAB, for every x E X and for 

every A, B E ~ (X) , 

where xAA means (x, A) EA. In a liaison space (X, A), Rehermann 

defines the capusle Aa(A) of each A E (S> (X) by 

Aa (A) = { x E X ] xM } . 

As is shown in [4], the mapping a(A) of (P(X) into itself satisfies 

the conditions (Pl)-(P3), and hence {a(A)} is a closeness on X. 

Conversely if {a} is a closeness on X, then as can be easily seen, we 
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have a = a(A) for the liaison A = { (x, A) EX x (<P(X) \ { 0 }) I x E Aa} 

on X. Thus a liaison and a closeness consisting of a single element 

define the same kind of structures. Moreover the structures of "pre­

adherence" of Choquet coincide with the principal convergence structures 

("Hauptideal-Limi tiertmg11 of Fischer. See [2]). This leads us to the 

following 

Theorem 6. A closeness r on a set X is equivalent to a closeness 

on X which is a singleton if and only if Tr is a principal conve11-

gence st11ucture on X. 

P11oof. It will be enough to prove the "if part". Assume that Tr is 

a principal convergence structure on X. Then for each x EX, there 

exists a unique filter '¥(x) on X such that Tr(x) is the set of all 

filters on X finer than 'l'(x). In order to prove that r 1 = {K('l')} is 

a closeness on X, it clearly suffice to show that x E{x}K('l') for every 

XEX. To this end, let XEX. Then since 'l'(x)cx, we have Sn{x} # 0 

for every S E'l'(x), and hence we have XE{x}K('¥)_ Therefore r• is a 

closeness on X. Now by Lemma 5, we have 

Tr I (x) { $ E IF(X) I <I>K ('¥) (x) C sr} = { 3r" ELF(X) I ['l' (x)] C $"} 

= {.9' E/F(X) I 'l'(x) c ~} = Tr (x) 

for each x EX, where IF(X) denotes the set of all filters on X. Hence 

it follows from Corollary of Theorem 5 that f' and r are equivalent. 
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