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Closeness Spaces and Convergence Spaces

By Shouro KASAHARA

The purpose of this note is to show that every convergence structure
("Limitierung" of Fischer [2]) can be described by a family, called a
closeness, of closure-like operations.

After stating several elementary properties of operations on the power
set of a set, we shall introduce new notions ''closeness" and "closeness
space". Then some fundamental relations between closenesses and conver-
gence structures will be established.

In what follows, the power set of a set X will be denoted by e,
and the value of a mapping o:®X) » &) at A ®PX) by 4%, The com-
plement of Ae¢®(X) in X will be written 4°. For each xeX, & de-

notes the filter on X consisting of all 4 e¢®(X) with xeA.

1. Throughout this section X denotes an arbitrary set. Let a be a
mapping of @(X) into itself. For each x e X, we denote by @a(a:) the
set of all Ae®(X) such that ac;{Aca. Evidently @u is a mapping of X
into ®®X) = ®X)).

The following four lemmas may be easily verified, and we omit the proofs.

Lemma 1. Let o be a mapping of ®(X) into itself and let xzeX. Then
the following statements hold:
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1) @a(x) # @ <if and only if =x does not belong to {a® | 4 «e®(x) }.

(2) Péo (x) if and only if xeX”.

Lemma 2. Let o be a monotone mapping of & (X) <into itself. Then

x e {x}® for every zeX if and only if A ca® for every A<®(X).

Lemma 3. Let o be a monotone mapping of & (X) <into itself, and let

Ae (X). Then xeA® if and only ©f Snd # @ for every Se@a(ac).

Lemma 4. Let o, B be two monotone mappings of ®(X) <into itself.
Then @a(x) ctIJB(ac) for every xeX <if and only if ABcAu for every A
e®(X).

Let ¥ be a mapping of X into ®@®(X). For each 4e¢®(X), we de-

note by AK(‘P)

the set of all xeX for which we have Snd # @ for
every SeV¥(xz). Obviously k(¥) is a monotone mapping of @& (X) into it-
self. Conversely, as an immediate consequence of Lemma 3, we have the fol-

lowing

Lemma 5. If o . is a monotone mapping of ®(X) <into itself, then o

= |<(<I>a).

Now for each subset ¥ of ®(X), we denote by [] the set of all

Se ®(X) containing at least one member of oF.

Lenma 6. Let Y be a mapping of X into ®®(X). Then

QK('Y) (=) = [Y(x)] for every w«xceX.

*) A mapping o of ®(X) into itself is called monotone if AcB
implies 4%<B* for every A, Be ®#(X).



54

Proof. Clearly Ae @K(Y) (®) 1is equivalent to the fact that Sna® =9

for some Se¥Y(x), and 5n4° = @ if and only if ScA.
By virtue of Lemma 5 and Lemma 6, we have at once the following

Corollary. If o <s a monotone mapping of ®(X) into itself, then

[@a(ac}] = @a(ac) for every xelX.

Lemma 7. Let o be a mapping of ®(X) <into itself. If (AuB)® =
2%y B® for every A, B e @(X), then @a(x) 18 a filter on X for each
.'I:eXa \Qa.

Proof. Let aceXa\;ba. Then by Lemma 1, the set <I>0L(:c) is nonempty
and @ é@a(m). On the other hand, the mapping o 1is monotone as can
readily be seen, Hence according to the above Corollary we have [@a(x)]
= @a(sc]. Now if A4, B etba(m), then since a:;fAca and a:nyca, we have

x¢AcauBca = WCuBH® = wam,

which shows that AnBe¢ @u(:c). This completes the proof.

Lemma 8. For each mapping ¥ of X into ®®(X), the following
statements hold:
(1) ¥(x)#@ for every xzeX <if and only if ¢K(W) = 9.

(2) If zeX, then @¢Y¥(x) <if and only if xeXK(‘y).

Proof. To prove (1), suppose first ¢|<(‘1’) # @, Then there is an «x¢€
QK (\y}. Hence if Y¥(x) has a member S, then we have a contradiction
S5n@ # @. Conversely if Y¥(x) = ¢ for some «cX, then since [Y(x)]
= @, we have, in view of Lemma 6 and (1) of Lemma 1,

zell { 45 [ A e®@) } < QK(\P),
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and so QK(W) # @. On the other hand, since @ £Y¥(x) if and only if
@ #[¥(x)], the statement (2} follows immediately from Lemma 6 and (2) of

Lemma 1.

A mapping o of @&(X) into itself is called a semiclosure on X
if it satisfies the following conditions:

() ¢*=¢ and x*=1x.

o

2y ¢4 uB]u = 4%yB* for every A, Be ®(X).

Lemma 7 yields obviously the following

Theorem 1. If o <s a semiclosure on X, then @u(x) 18 a filter on

X for each =xzeX.
We have moreover the following

Theorem 2. Let ¥ be a mapping of X into ®&(X). Then «k(¥) s
a semiclosure on X +if and only if Y(x) <s a filter base on X for

each xelX.

Proof. If «x(¥) 1is a semiclosure on X, then by Lemma 7, (I)K(‘V) (x) is
a filter on X for each xeX. But then since QK(‘Y) (x) = [Y(x)] by
Lemma 6, ¥(x) is a filter base on X.

Conversely assume that Y(x) is a filter base on X for each x eX.

o x(¥)

Then $% =9 and x* =X by Lemma 8. Let =xe (AuB) If SpA#
¢ for every 5 eV¥(x), then xeAK(lP) cAK(‘F) UBK(w). If S,nd= (0]

for some S0 e ¥Y(x), then for each SeV¥(x) the set SnSo contains some
Sl e ¥Y(x), and hence we have

SnB =@ u(SnB) = (SonA]u(SnB)

D(SlnA)u(SlnB)=Sln(AuB) 0,
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\
which implies that e B<(H caM (5™ nus  aumH c )

BK(‘?). Now let x be in AK(W) UBK(\P); K(‘P).

one can assume xe¢ A4 We

have then

Sn(AuB) = (SNA)u (SnB)>SnAd # @

K (V) ) k(¥)

for every Se ¥(x). It follows that xe (4uB)
5 2<M) , gr ()

Therefore (4uB)

This completes the proof.

2. Let T be a set of semiclosures on a set X. The ordered pair
(X, T) is called a closeness space, and I' is called a Closeness on
X if the following conditions are satisfied:

(C1) For every xe¢ X, there exists an ae T such that =ze¢ (3%,

(C2) For every a, BeT, there exists a yeT such that

0P caY for all Ae ®).

Let T, T' be two closenesses on a set X. We say that T'' is finer
then T( or T is coarser than T') if for every e X and for every
oe T, there exists a BeT' such that @B(x)CtI)OL(x). ' and T' are
said to be equivalent or T =T' if T is finer than T' and if T

is finer than T. It is easy to see that = 1is an equivalence relation

on the set of all closenesses on X.

Theorem 3. Let X be a set. For each closeness I' on X, there
exists a unique convergence structure T on X such that, for every =ze

X, Yet1(x) <if and only if @a(:n)c ¥ for some oacel.

Proof. It clearly suffices to show that the mapping T of X into
the power set of the set #(X) of all filters on X defined by
T(x) = { YeF(X) | <I>u(:n)C‘P for some aeTl } for every ze X,

is a convergence structure on X. Theorem 1 shows that the mapping T is
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well-defined. Let xeX and let &, YeT(x). Then we have @a(m)cfb
and @B(x) c¥ for some o, BeI. Hence the condition (C2) ensures the

B

existence of 2 y eI such that %04 ca’ for all A«<®(X). Now if

Ae @Y(:c), then since xéAcY, we have z¢A4°% and z ¢ ACB, which imply
Ae @a(m) n @8(.2:) cdnV.

Consequently we have <I>Y (x} <c®nVY, and hence dn¥eT(x). It remains to

prove that & etT(x) for each xeX. Let x be in X. Then by (Cl} one

can find an o el such that xze{z}*. If 4 is a member of @u(:x:],

then since xﬁAcu, the set 4° cannot contain {x}, and so xed. Thus

we have CDOL(x) c& as desired.

The convergence structure whose existence is ensured by Theorem 3 is
called the convergence structure associated with T and is denoted by
TI., that is

o) = {YeF(x) | 9, (x) ¥ for some ael 1

for every x <X, where F(X) denotes the set of all filters on X.

It is easy to verify the following theorem, and the proof is therefore

omitted.

Theorem 4. Let T, T'' be two closenesses on a set X, Then T is

finer than T' 4if and only if Tt. is finer than T.,.
Y T T

Thus we have the following

Corollary. Two closenesses T, ' on a set X are equivalent if and

only if 1. =1

r res

We shall now prove the following
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Theorem 5. For each convergence structure T on X, there exists a
closeness T on X such that T = Tp The closeness T can be chosen
to satisfy moreover the condition

(C1') There exists an oe[' such that Aca® for every Ae® (X).

Proof. Let T “denotes the set of all «(¥) where V¥ runs through
the set H{T(m)!xeX}. By Theorem 2, each element of T 1is a semiclosure
on X. We shall show that T satisfies the condition (C1') which implies
(C1). Since zetT(x) for each xeX, there is a ‘YeH{T(x)|xeX} such
that V¥(x) = £ for every x e X; by Lemma 2, it is sufficient to prove

K (¥)

that ze {x} for every xeX. Let xeX; then for each Se¥(x), we

k(¥) )

have Sn{x} # @, and consequently xe {x} In order to verify (C2),

let o, BeI. Then 0L=|<(‘P1) and 6=K(‘1‘2) for some VY ‘Pze]'[{'r(x)l

1?
x ¢ X}, and hence we can find a ¥ e {1t (x) |x € X} such that ¥, (®) =

‘1’1 () n‘i’z (£} for all x2e¢X. Let us denote by Yy the semiclosure K(‘l"o)
e, and let Ae®X). If xeAOL, then since ‘I’o(ac) C‘Pl(x), we have
SnA # @ for every Se\l’o (x), which shows that xeA'. It follows that
4%c4Y. Thus we have AaUAB c4¥. It remains only to prove that T = Tpe
Let x be in X. For each & eT(x), one can find a Y ell{t(x)|xex}
for which we have Y¥(x) = & ; then since @K(‘y) (x) = [Y(x)] = [&F] =&
by Lemma 6, we have &Fe Tp (x). Consequently T(x) € Tp (x). Conversely
for each & ETI.(.'L‘), there is a Yel{t(x)|xeX} such that @K(\y) () &F;
and hence by Lemma 6 again, we have (I)K(‘P) (£) = [¥(@®)] = ¥(x) et(x) which
implies & e t(x). Therefore we have Tl..(m) ct(x). Thus T(x) = Tl.,(:l’:)

for every x¢€X.

As an immediate consequence of Theorem 5 and Corollary of Theorem 4, we
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have the following

Corollary. For each closeness T on a set X, there exists a closeness

I''" on X satisfying the conditions (Cl') and T = T'.

Let X be a set and let o be a mapping of @& (X) into itself. Then
by Lemma 2, if {a} is a closeness on X then AcA® for every 4e ®(X).
Consequently {a} is a closeness on X if and only if the following
conditions are satisfied:

1) g% = 9.

(P2) Aca® for every Ae @(X).

(BP3) (4 uB)a = 4%yB% for every A4, Be ®(X).

In other words, {a} is a closeness on X if and only if o 1is a struc-
ture of "pré-anhérence' of Choquet [1]. An operator o satisfying the
conditions (P1)-(P3) is called a closure topology by Koutnik [3]. On
the other hand, Rehermann [4] has introduced the notions of "liaison' and
"liaison space": a subset A of Xx{®X)\{91}) is called a Iiaison
and the pair (X, A) a Iliaison space if

(L1) zi{z} for every xecX, and

(L2) xzA(AuB) if and only if xM or «xAB, for every xe€X and for

every A, Be @(X),
where xA4 means (x, A)€A. In a liaison space (X, A), Rehermann

defines the ecapusle Aa()\)

of each 4e¢ ®(X) by
it {xex | =M ).
As is shown in [4], the mapping o(A) of ®(X) into itself satisfies

the conditions (P1)}-(P3), and hence {a(M\)} 1is a closeness on X.

Conversely if {a} is a closeness on X, then as can be easily seen, we
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have o = a()\) for the liaison A = {(z, 4) e XX (X \{9}) | x e A%
on X. Thus a liaison and a closeness consisting of a single element
define the same kind of structures. Moreover the structures of '"pré-
adhérence" of Choquet coincide with the principal convergence structures
("Hauptideal-Limitierung" of Fischer. See [2]). This leads us to the

following

Theorem 6. A closeness T on a set X <s equivalent to a closeness
on X which is a singleton if and only if T 18 a principal conver-

gence gtructure on X.

Proof. It will be enough to prove the "if part'". Assume that T is
a principal convergence structure on X. Then for each & ¢X, there
exists a unique filter V¥(x) on X such that Tl.,(ac) is the set of all
filters on X finer than ¥(x). In order to prove that T' = {¢(¥)} is
a closeness on X, it clearly suffice to show that & ¢ {w}ch) for every
2 e€X. To this end, let =z eX. Then since Y(x)c&, we have Sn{x} # ¢

for every S eV¥(x), and hence we have x ¢ {x}K(w). Therefore T' is a

closeness on X. Now by Lemma 5, we have

Tp (@) {365?(1()]@'((% () c&F} = {FeF(X)|[Y(@)]cF }

AFFX Y@ cF} = 1,(@)
for each =z €X, where [F(X) denotes the set of all filters on X. Hence

it follows from Corollary of Theorem 5 that T'' and I are equivalent.
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