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On Common Fixed Point Theorem of Mappings

By Kiyoshi ISEKI

In this recent book [1], V. I. Istridtescu proved some common fixed
point theorems about contraction mappings. In this Note, we shall
generalize his results.,

Let (X, p) be a complete metric space, and Tk (k=1,2, *»+, ) a

family of mappings of X into itself.

Theorem 1. IfF Tk (k

[}
oy
-
N
-

+, n) satisfies

1) I, T =T, (k, 2=1,2, -+, n),

)
2) There is a system of positive integers Moy Myttt M such that
iz |, 17m2
W o e e, T )
Sop(e, y) + BloGe, T2 o0 D) + o(y, TMT,2 - Timy)]
s ylo(e, T2 <o Ty) + oy, T M0,2 o Tnm)]
n 172 n
for every =z, y of X, where o, B, Y are non-negative and o + 2B + 2Y

< 1, then Tk (k =1, 2, -+, n) have the unique common fixed point.

Proof. To prove Theorem, we use I. Rus theorem [2]. Let U = TTITzZ
v TZ", then by (1), we have
p(Ux, Uy) < alz, y) + Blplz, Ux) + oy, Uy)] + vlp(x, Uy) + oy, Ux)]

for all =z, y of X. Hence by I. Rus theorem, U has the unique fixed
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point & in X, Therefore UL = &, then we have
(2) T,(8) =T7T¢8 ({=1,2, ,n
By the commutativity of {Tk}, (2) implies
U(T‘l.’i) = TiE.
Since U has the unique fixed point &, we obtain TiE =£ (i=1, 2,
n). Hence & is a common fixed point of the family {Tk}'
Let &, n be common fixed points of {Tk}’ then by (1), we have
p(&, n) = p(UE, Un) < ap(E, n)
* B[p(E, UE) + o(n, UN)] + Y[o(E, Un) + p(n, UE)],
which implies
P(E, n) < ap(E, n) + 2yp(E, n).
From o + 2y <1, we have p(§, n) = 0, i.e. £ = n.

We have the uniqueness, and we complete the proof.

Theorem 2. If {Tk} satisfies the conditions:
1) T, «- Tn commutes with every Ti’

2) for every =x,y of X,

(3) prrz, - Thx, TnTn—l T Ty) < ap(x, y)
* Blo(e, I)T, -+ T 2) + ply, T,T | - T.y)]
*vylp(x, L o Ty) + (g, T.T, -+ T o),

where o, B, Y are nom-negative, and o + 2B + 2y < 1, then Tk k=1,

2, *++, n) have the unique common fized point.
Proof. Let U = T, .- Tn’ V= TnTn-l vee T1’ then by (3), we have

p(Uz, Vy) < ap(x, y) + Blelx, Ux) + ply, Vy)]
+ ylp(x, V) + ply, Ux)]

for all x, y of X. By I. Rus theorem [2], U and V have the unique
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common fixed point &. Then UL = VE = E.

For any Ti’ Ti(UE) = TiE. By the assumption, U(TiE) = TiE. Similary
V(TiE) = TiE. Hence TiE =% (t=1, 2, *++, n), which means that £ is
a common fixed point of {Tk}' It is easily seen that & 1is the unique

common fixed point of {Tk}' This completes the proof.
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