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Common Fixed Point Theorems for Mappings

By Kiyoshi ISEKI

In my previous note [2], we proved a fixed point theorem which is a
generalization of M. G. Maia's theorem [4]. The theorem is written as

follows.

Lemma [2]. Let X be a metric space with two metrics p and 6. If X
satisfies

(i) plx, y) € 6(x, y) for all =z, y in X,

(ii) X 1is complete with respect to p,

(iii) two mappings U, V: X + X are continuous with respect to p,
and

(1} S, V() < aldz, U)) + 8@, U]

+ B[S8(x, V() + 8(y, V(=))] + v6(=, ¥)

for all x, y in X, where a, B and Y are non-negative, and 20 + 28
+7Y <1, then U, V have a unique common fixed point.

The above Lemma is useful to prove some fixed point theorem (see [2]).

In this note, we shall prove the following

Theorem 1. Let X be a metric space with two metrie p and 6, {Ti}
a family of continuous mappings with respect to 0 of X <into itself.
If X and {Ti} satisfy the following conditions

(1) plx, y) < 8(x, y) forall =z, y in X,
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(i1) (=, p) <s complete,

(i) there are non-negative integers {mi} and non-negative numbers
a, B and Y such that for all x,y in X and every pair <, J
with < # 4,

@) SUE@, TI@) < ald@, TE@) + 8y, 17 (4))]

+ BI8(z, TIW)) + 8y, T (2))]

+ v8(z, y),
where 20+ 2B + ¥ < 1, then the family of mappings {Ti} has a unique

eommon. fixmed point.

Proof. Let Ui = Tzi, then for < # j, we have
(3) G(Ui(x), Uﬁ(y)) < af8(x, U, (@) + Sy, Uﬁ(y))]
+ B8 (x, U,(y)) + 8(y, U;(x))] + vd (2, ¥)
and each Ui is continuous with respect to p. By Lemma, for any fixed

T, g, Ui and 03 have a unique common fixed point «x , i.e.

0’

Uﬂ(xo) = Uj(xoj =x,.

Hence we have

T, () = T,(U; (=) = T, (T (=)
=TT, (=) = U (T, (=),

and
Ti(2,) = To(05(2,)) = U5(T (x,)).

This means that Ti(xo) and Tj(xo) are fixed points of Ui and Uj
respectively. By (3), we have

3T, (@), T;(@,))

8(U; (T, (), Us(T5(2,)))
al8 (T, (%), U;(T;(5))) + 8(T (my), U (T;(w)))]

BIS(T, (), U5(T(@,))) + 8(T(m,), U (T;(m,)))]

IA

+
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+ YT, (2,), Ty(,))
< 288(7; (=), Tj(wo)) * YT, (=), Tj(xo))-
Since 2B + vy <20+ 2B +y <1, S(Ti(xo), Tj(mo)) = 0, which implies that
Ti(mn)(= Tj(xo)) is a common fixed point of Ti and Tj'
To prove that z, is a unique common fixed point of Ti and Tj’ let
Y, be a common fixed point of Ti and Tj’ then, by (2) we have
Sy, ¥y) < BIS(zy, yy) + 8(y,, =,)]
+ Y8 (xy, Yy).
Since 2B + y < 1, we have Ty = Y, Hence =z, = Ti(xo) = Tj(xo), and x,
is a unique common fixed point of Ti and Tj' We conclude that every
pair of mappings Ti’ Tj has a unique common fixed point xij'
To show that these common fixed points .. coincide, let .., z,,(%
J 13 kL
# k) be fixed points of Ti’ Tj and Tk, T2 respectively. Since Ti’
Tk satisfy the condition (2), we have

G(xij’ mkl) < B[@(xij, xkl) + G(xkg, xij)]

+

V8 (x5 )
which implies xij =L (¢ # k). It is easily seen that the family of
mappings {Ti} has a unique common fixed point. This completes the proof
of Theorem.

Since the Banach contraction theorem was obtained, many theorems about
fixed points have been proved. We shall prove a unified theorem which
contains these many results. For example, the theorem contains Theorem 1

in [1] as special cases.

Theorem 2. Let {Ti} be a family of mappings of a complete metric
space X 1into itself. Suppose that there is a non-negative integer m,

for each Ti’ and non-negative numbers o, B, Y such that for all x, y
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in X and every pair 1, § with < # g,

@) o@i@), ) < alole, TyE@) + oy, T @]

+

BloGe, T2 )) + olys T3E(2))]
+ yolz, ¥),

where 20 + 28 + Yy < 1. Then the family of mappings {Ti} has a unique

common. fixed point.

Proof. Let Ui = Tzi, then (4) is written in the form of
G) e, U;)) < olole, U (@) + ply, U;())]

Blp(x, Uj(y)) *ply, U (=2))]

+

+ vz, y).
For any fixed <, j we may apply I. A. Rus theorem [5] to get a common

fixed point of Ui’ and Uj' Therefore Ui’ U& have a unique common fixed

z,.. Hence we have

point =z, in X, i.e. Ui(xo) = Uj(wo) 0

T.(®,) = T (U;@,)) = U, (7, (2,)),

and

1]

T. =T,U. U.(T. .
@) = TL(Ws(5,)) = V(T4 (2,))
This shows that T.(x ) and T.(x.} are fixed points of U. and U,
20 g0 1 J
respectively. By (5), we have

JCHERRESERY

P (T, (), V(T (2,)))
alp (T, (7)), V(T (2)) + 0(T;(2,), U (T4(w,)))]

B[D(Ti(xo)’ UJ(Tj(xO))) + p(Tj(‘”o)’ Ui(T{,(xO)))]

+ 1A

+

0T, (2,) 5 T;(2,)),
which implies
PT; (@), T;(2,)) € BIOT (5,), To(x,)) + 0(T,(x,),s T, (2,))]

R CICHERNENCRIE
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Hence, since 2B + v <€ 2a + 2B + ¥ < 1, we have p(Ti(xO), Tﬁ(xo)) =0,
i.e. Ti(wo) = Tj(xo). Therefore Ti(xo) = Tj(xo) is a common fixed point
of Ui and Uﬁ. By the uniqueness, we have z = Ti(xo) = Tj(xo), which
means that x, 1is a common fixed point of Ti and T,.

To prove that x, is a unique common fixed point of Ti’ Tj let Y,

be a common fixed point of Ti and Tj' Then by (4), we have

1]

plxy, ¥4) D(Tzi(xo), T?j(yo))

IA

Blo(z,, T W) + 0y, Tit(x,))]

+Yp(®y, Yol
which implies z, =Y,. Therefore Ti and 13 have a unique common fixed
point in X.

d k> 7R
tively. We may suppose < # k. Hence, by (4), we have

Let =.., L0 be common fixed points of Ti’ Tj and T7,, T, respec-

p(x?:j: xkﬂ) < B[p(x'l,g’ ku') + p(xkl’ x’[,j)] + Yp(:rij’ xkll,)'
This implies xij = s and then this shows that the fixed points of every

pair Ti’ Tj coincide. Therefore the proof completes.

Theorem 3. Let T,, T, be mappings of a complete metric space X into
itself. Suppose that there are non-negative a, B, Y with 20 + 2B + y <

1 such that

(6) o(T,T,(@), T,7,(®) < alplz, T,7,@) + oy, T,T, ()]

+

afp(z, I,7,(y)) + oly, T,7,(x))]
+ yo(z, ¥,
for every x,y of X. Then T , T, have a unique common fized point in

X.

Proof. Llet U=17TT,, V=7T,T 6 then by (6) we have
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(7 pU), V() < afpl@, U@) + oly, V)]
+ Blp(x, V() + oy, U@®)] + velz, ¥)
for every x, y of X. Hence by I. A. Rus theorem [5], there is a unique
common fixed point =z, of U and V, i.e. U(z)) = Vix,) = z,.

Then we have

T (x) = TlV(xo) T, TN, (=) = UT {x,),
T,(x,) = T,U(x,) = (T,7)T,(x,) = VI, (x).
Therefore Tl(xo), Tz(mo) are fixed points of U, V respectively. In the
above inequality (7), put x = Tl(xo), Yy = Tz(xo), then we have
o(T, (x,), T,(x,)) < alp(T, (2,), T, (@) + o(T,(z,), T,(x,))]
BIO(T, (2,), T,(x,)) + p(T,(x,), T (x,))]

Yp(T,(x,), T,(x,)),

+

+

which implies

o(T, (2,), T,(@)) < (28 + YI0(T, (), T,(x,)).
Hence Tl(xo) = Tz(xo)‘ This means that Tl(xo) (=T7,(x,)) is a common
fixed point of U, V and by the uniqueness of the common fixed point of
U, V we have z, = Tl(wo) = Tz(xo). This completes the proof of Theorem
3. It is trivial that the common fixed point of T , T, is unique.

We remark that the commutativity of T1 and T, is not needed in

Theorem 3.
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