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On a Common Fixed Point Theorem

By Kiyoshi ISEKI

In my Note [1], we generalized two fixed point theorems of R. Kannan [2].
In this Note, we shall prove a common fixed point theorem which is a gen-

eralization of our results ([1], [2]).

Theorem. ILet (X, p) Dbe a metric space. Let T, T, be mappings of
X into itself sattsfying
1 e, (=), T,(y)) < ap(z, ¥) + Bp(=, T,(x)) + ply, T,())
+ ylplx, T,(H)) : oy, T,(=)))
for all =x,y of X, where 0 <a, B, v and OL‘+ 2B+ 2y < 1,

2) T, T, are continuous at a point z, of X,

3) there is a point & such that the sequence z, = Tl(E), x, = T, (acl),

c, X =7 (x

271 1 ) x

A - T2 (acm_l), ~++ has a subsequence con-

verging to x.
Then x, <s a unique common fixed point of T, T,.

Proof. Llet {x, } be a convergent subsequence of {xn} which converges
Z

to . Then the set of indices {7’17:} contains infinitely many even or
odd. Suppose 7, contains infinitely many even. These indices are
written in the form of {Zmi}. Therefore the sequence {xzmi} converges

to x,. Suppose that x

0 is not a fixed point of Tl, then p(aco, fZ’1 (a’:o))

0
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> 0.

For

for all % 2 N, by the assumption 2).

W) P, s T,

2 e, T (%)) - plx,, =,

On the other hand,

p(xzmi+1, xzmi+z) =

<

+

+

<

+

+

Hence we have

p(xzmi+1,

Hence there is a positive number ¢

1
e < gp(xo, Tl(ac

€, there exists a positive integer N

<
P&y, s x)

P, @) Ty

)

2m7:

mg

GNP RCRN)
ap (x x )
2m,L-’ 2m;+1
B[p(xzmi, me,l:+1) * p(:czmi“, xzmi+2ﬂ
Ylp (xzmi’ xzmi+2) * p(xzmin’ xzmin)]
oco(xzmi, xzmiﬂ)
Ble(z, , =z )+ olx ) )]
am;” T2mg+1 2my+1 am;+2
Y[p(xzmi’ xzmiﬂ) * p(xzmiﬂ’ xzmi+z)_]
o+ B+y
z ) g—af— =z, ).
2m+2 1 -8-% amy’ Tamg+y

Therefore, for < > k > N, we have

p(ﬂczm_ﬂ,

Lom.+2
7 i

) <

"

IA

plx, , =

'l—B—Y “amy,

2
+ Y
- B - Y) p(mei_
ni;nk

T -8y Pl

such that

D).
such that

€,

5)<€

, X )S...

1 2m7:

x
2mk+ 1° 2‘m7<+2

).

Hence for < = N, we have

Do P (=), Tl,(”zmi)) > 3¢ - 2¢

€,
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Hence the left side of the last expression tends to 0, as < —- », since
o+ 28 + v < 1. This contradicts to (1). Hence Tl(xo) =z

By the assumption 1),

P, T,)) = p(T, (=), T,(x,))

A

op(x,, x,) + Blp(x,, T,(x)) + plx,, T, )]

+

Yle(y, T,(x))) + ez, T, (x))]

Bo(z,, T,(z)) + Yo(z,, T,(z,)).

Since a + 28 + 2y < 1, we have p(x Tz(xo)) = O; which means that x

0’
is a fixed point of Tz.
Let y, be a common fixed point of T, 7T,

ey ) = eI (), T,(y,))

A

ap(xy, ¥) + Blo(x,, T (z)) + olyys T,(H))]

YloG,, T, )) + oy, T (x )]

+

Hence we have

Pz, y) soplx, ¥y ) + 2ve(x;, ¥,),
which implies To=Y,.
Therefore we complete the proof.

As a special case, we only state the following

Corollary. Let (X, p) be a metric space, and T1’ T, eontinuous

mappings of X into itself, satisfying
(T, (@), T,()) < aplx, ¥)
for all =z, y of X, where 0 < a < 1l. If for some & of X, the

sequence % = TI(E), x, = Tz(xl), x, = Tl(xz), <.+ contains a convergent

subsequences which converges to x , then =z is a unique common fixed

point of T, T,.
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