<RNEL

;f Kobe University Repository : Kernel

R
S
4oge

PDF issue: 2026-10-14

On Linear Bornologies and Linear Convergence
Structures

Kasahara, Shouro

(Citation)
Mathematics Seminar Notes, 3:137-144

(Issue Date)
1975

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100491948

(URL)
https://hdl. handle.net/20.500. 14094/0100491948

KOBE

\j].\]\'l:lihl'[ Y
J

%)



MATHEMATICS SEMINAR NOTES
Vol. 3 (1975) . October 1975

On Linear Bornologies and Linear Convergence Structures

By Shouro KASAHARA

The purpose of this note is to state several fundamental relations be-
tween the two notions in the title. 'fhe main result is that the conver-
gence in the Mackey- sense defined by Hogbe—Nlend {2] is nothing more than
that under a linear convergence structure determined by the given linear

bornology (Theorem 3 and Theorem 4 below).

Linear spaces considered in this note are defined on the field X of
real or complex numbers. The neighborhood filter of 0e¢X for the usual
topology on K will be denoted by W. For every positive real number ¢,
V. stands for the set of all £eX with gl = e.

Let E be a linear space. If & and Y are filters on F and Aek
then & + ¥, A® and WO denote‘ the filters on E generated by the filter
bases {4 + B|Ae®, Be¥}, {M |4ed} and {VA|VeW, 4c?} respective-
ly. Further if 4 is a subset of E then WA denotes the filter on F
generated by the filter base {VA | VeW}; the filter W{x} is also written
Wx, where xck. A linear convergence structure on E 1is a convergence
structure on £ under which the mappings +:EXE > FEF and -:KXE + FE are
continuous. A linear bornology ¢3 on E is a cover of E satisfying the
following conditions:

(1) If AcBed3 then Aed3.
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(2) 1If A, Be® then A+ Be B,

(3 If Bedd and AeX then MABe &3.

(4) If Be@d then VIB € 3.

Let T be a linear convergence structure on K. A subset B of F is
said to be T-bpounded if VB belongs to T0. If T is a linear topology
on E, then a subset of E 1is Tt-bounded if and only if it is bounded in
the topological linear space (&, T). Let [B(1) denote the set of all T-

bounded sebsets of E. We have then the following

Theorem 1. If 7t 4ie a linear convergence structure on a linear space

E, then B(T) s a linear bornology on E.

Proof. Since WxetO for every x ek, B(t) is a cover of E, If Ac
BeB(t) then since VBcWA and WBe 10, we have AeB(1). If A, BeB(1),
then WA + WB e 10, and so the relation WA + WBcW(A + B) yields A4 + Be
B(T). Assume BeB(T) and AeKk. If A =0 then AB = {0}eB(7); if
A#0 then W(AB) = VBeTO and hence ABe/B(T). Now if BeB(T) then

v.B eB(T) since IV(T/IB) = VB. This completes the proof.

Following Fischer [1], we say that a convergence structure T on a set
X 1is finer than another convergence structure T' on X if Tz is

contained in T'x for all xeX. Obviously we obtain:

Theorem 2. Let T, T' be two linear convergence structures on a linear

space. If T is finer than Tt' then B(T) <B(T').

However the converse is not true, since each compatible topology with a
given dual system determines the same family of bounded sets (see for

example Horvath [3]).
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Now, for each linear bornology ® on a linear space E, we define a

mapping Y(8) of E into the set /F(E) of all filters on F as follows:

Y(43) (0) {0ecF(E) | VBc® for some Bed}

and

Y(@B)(x) = v(B)(0) + =

for every x<¢E. Then we have the following

Theorem 3. If B is a linear bornology on a linear space E, then

Y(RB) is a linear convergence structure on E.

Proof. Since {0}e® and W{0} coincides with the filter 0 on E
generated by the filter base {{0}}, 0 belongs to v(#)(0). It is clear
that ®evy(R)(0) and dc¥YeF(F) imply VYevy(@B)(0). If o, ¥ are in
Y(3)(0), then we can choose A, Bed@ such that WAc® and WBcVY; since
VlA + VB €f3 and

TV(VIA + VlB) cWA + WBcd + V¥,
® + Y belongs to Y(@)(0). Let devy()(0) and AeKX. Then we have
WBc® for some Bes3. If A =0 then A0 = 0ey(B)(0); if A # 0 then
WB<cAWBcA®. This places A® in 7vY()(0). Now WBc® implies WB =
WWB cV®, and consequently if & belongs to v(63)(0) then so does Wo.
If x is in E, then since {x} e, Vx belongs to v(43)(0). This

completes the proof.

The following result shows that a filter @ on a linear space E with
a linear bornology &  converges in the Mackey sense to xe¢E 1if and only

if devy()(x).

Theorem 4. If 43 <s a linear bornology on a linear space E then
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Y(/3)(0) coincides with the set S of all deF(E) with the property

that there is a Bedd such that MBed for every non-zero Ac¢K.

Proof. 1f Be® and WBc®, then we have V Be@® and AV B =
V|A|B€VBC® for every non-zero A €K, which shows that +vy(@3)(0) is
contained in o, Conversely if Bes3 and if XB belongs to a filter
$ on E for every non-zero Ae¢X, then for each positive real number ¢,
we have €Be® and eBc eVlB = VSB, which imply VeBe ®, and thus ®¢

v(63) (0).

Theorem 5, ILet a3, d3' be two linear bornologies on a linear space.

Then Y(®B) <e finer than Y(3') <f and only if 43 < &',

Proof. 1t will suffice to prove the 'only if" part. To this end, let
Bed3 Dbe arbitrary. Then since WBey(B)(0) «y(B')(0), we have WB'c
WB for some B'ed3d'. Hence we can find an € > 0 such that VEBCVIB',
and so we obtain eBceV B = VEBCVIB' . Since V,B'e @3', this shows that

eBe B', and so Be R'.

Theorem 6. For each linear space E the following statements hold.
(1) If 1 1is a linear convergence structure on E, then Y(B(T)) 1is
ig finer than T.

(2) If @ <is a linear bornology on E, then B(y(@B)) = &.

Proof, If @& is in +Y(B(T)), then there is a BeB(t) for which
WBc ®; since WB belongs to 7T0, so does ¢, This establishes (1). Now
since Bef3 implies WBey(®)(0), to prove (2) it suffices to verify
that B(y(@B3))cd. Let BeB(Y({3)) be arbitrary. Then since WVBe

Y(R®)(0), we have WAcWB for some Aedd. Hence we can find an € > 0
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such that eVchVlA, and so EVlB € 3. Therefore we have
1
BeV B = —(eV,B) e 3.

which implies Bed®.

Remark 1. As is shown in [2], if T is a linear topology on a linear
space E, then vY(@B(t)) = T if and only if there is a T-bounded T-neighbor-
hood of 0eZ. Hence in general, Y(@B(t)) does not coincide with T. In
[2], a topological linear space (&, T) is said to satisfy the condition

of Mackey convergence for filters in case Y(B(T)) = T.

Remark 2. Let @ be a linear bornology on a linear space E. From
Theorem 6 it follows that Y(63) is the finest linear convergence struc-

ture T on E for which all members of S are T-bounded.

Theorem 7. If 1T <& a separated linear convergence structure on a

linear space E, then the linear bornology B(T) <s separated.

Proof. Suppose that B(T) is not separated. Then there is an x«¢
EN{0} such that XKxr is T-bounded. Hence we have WKx e 10, and so WKz

= VKx + x € Tx, which is absurd.

It is easy to see that the converse of Theorem 7 holds for linear
topology T on FE. However the author does not know whether it is

generally true or not.

Theorem 8. A linear bornology 63 on a linear space E 1is separated

1f and only if the linear convergence structure vY(B) is separated.

Proof. 1f +vy(63) 1is separated, then s = B(y(63)) 1is separated by

Theorem 7. To prove the 'only if" part, suppose that there are an x e«
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EN{0} and a 2ev(3)(0)AY({@3)(x). Then by Theorem 4, we can find B,
B' ¢ such that ABe® and MB'ed - & for every non-zero AecX. Put
B" = BWYB' and let X be an arbitrary non-zero element of X. Since
A_IB" and A_IB" + 2 are members of the filter &, they have a common
element Yy, and so both y - x and y belong to X-IB”; consequently we
have =y - (y - x) eA_lB" - A7'B" or AzeB" - B'. This implies that

KxcB" - B"e 6>, proving Kre 3.

It is shown in [2] that every finite dimensional linear space has a

unique separated linear bornology. Conversely we have the following

Theorem 9. If a linear epace E has a unique separated linear bor-

nology, then E g finite dimensional.

Proof. Consider the set @ of all subsets of F which are contained
n

in some finite sum X2, V. x. where x , -+, ® €F. As can be readily
2=1"1"79 1 n

seen, 3 is a linear bornology on E. Let Ty "ty xneE and let B a

Hamel basis of the linear subspace F spanned by {“’1’ tee, xn}. Then

since the gauge of the absolute convex hull A(B) of B is a norm on F,
no linear subspaces of one dimension are contained in A(B), and so in
Zizllei' Therefore ® is separated. Now let A4 be a Hamel basis of
E, and T denote the norm topology on % with unit ball A(4), the
absolute convex hull of A. Then since B(t) 1is a separated linear bor-

nology on E by Theorem 7, we have /B(T) =43 , which implies A4 ¢ 3. Thus

we have the desired conclusion.

Corollary. If a linear space E has a unique separated linear con-

vergence structure, then E 1is finite dimensional.



143

Proof. 1f d3 and ¢3' are separated linear bornologies on E, then
by Theorem 8 both Y(®) and vY(63') are separated linear convergence
structures on £F, and hence we have

B =BK(B)) =B((aB")) = &'
by Theorem 6. Therefore E has a unique separated linear bornology by

Theorem 7.

Hogbe-Nlend [2] defined M-open subsets of a linear space FE with a
linear bornology, and considered the topology T# determined by all M-open
subsets of E. On the other hand, Fischer [1] introduced the notion of T-
open set in a convergence space (X, T), and discussed the topology T

defined by the t-open sets. Concerning these notions we have the following

Theorem 10. Let @3 be a linear bornology on a linear space E. Then
a subset G of E 4is M-open if and only if it is vY(@)-open, and hence

TE = wy(3).

Proof. Assume that G is M-open. By Theorem 4, for each ®ev(43)(0),
there is a Bed® such that ABe® for all non-zero Ac¢K; if xe@
then, G - x being bornivore, we have MBc (G - x for some non-zero A<k,
which implies G - xe¢® or Ge® + x. This establishes the "only if"
part. Conversely, assume that & is Y(s3)-open. Let xe¢G and Bed
be arbitrary. Then since WB belongs to Y(©3)(0), we have G - x VB or
equivalently V€BcG - x for some € > 0. Consequently G - x 1is

bornivore for each x¢G.

Remark 3. Let T be a linear convergence structure on a linear space

E. TFischer [1] called a subset B of E to be T-bounded if it is Yo
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bounded in our sense. Since T is finer than ¥°%1 (see [1]), each T-
bounded subset of F is T-bounded in the sense of Fischer. However the

converse is not true as will be shown in a forthcoming note [4].

Problem: Let T be a linear convergence structure on a linear space
such that the linear bornology /B(T) is separated. Is T necessarily

separated 7
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