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Some Fixed Point and Coincidence Theorems in L-Spaces

By Shouro KASAHARA

In a previous note [3], it was shown that several known fixed point the-
orems still hold in L-spaces. In this note, we shall show that some fixed
point theorems due to Kannan [1] and Sehgal [4] and a coincidence theorem
obtained in [2] also hold in L-spaces.

We use the notations and terminology in [3], however we need one more
definition and notation. A mapping f of an L-space (X, ») into another
(x', »') is said to be continuous at ac¢X if x, > a implies f'(xni) >!
fla) for some subsequence {xni}iew of s = {xn}new; f(s) stands for the

sequence {f(xn) }new'

Theorem 1. Let f and g be mappings‘ of an L-space (X, +) into it-
self, and d be a continuous nonnegative extended real valued function on
the product space XxX with the property that d(x, y) = 0 (x, yeX) <im-
plies x = y. Suppose that the following conditions are satisfied for some
o, B with 0<o<1 and 0 < B <=,

(1) df?* @), g(f®)) <ad(f(x), gx)) for every xeX with

d(f @), g@)) < B.
(2) f and g are continuous at some acX.
(3) For some beX with d(f(b), gb)) < B, the sequence {fn(b)}néw

has a subsequence converging to a.
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Then f(a) = g(a).

Proof. By induction, we have d(f' (b), g(fn(b))) < d*d(FB), g®))
for every new. It follows that d(fn+1(b), g(fn(b)) + 0. Let S be a
subsequence of {fn(b)}new converging to a. Then f(S') = f(a) for some
subsequence S' of sS. Since S' »+ a, we can choose a subsequence S'" of
s' with g(s") - g(a). Hence the continuity of d implies that d(f(s*),
g(s*)) » d(f(a), g(a))v for some subsequence s* of s". But since
we have

d(f(s*), g(s*)) is a subsequence of {d(F ' (®), g7 BIN}

d(f(s*), g(s*)) > 0. Therefore we obtain d(f(a), g(a)) = 0, which implies

new’

the desired conclusion.

The above theorem remains valid if the condition (1) is replaéed by the
following condition:
11 dF* @), g(f&)) < and
Adf@), @) < wmax{d(z, g)), dF@), g@), dF @), g}
for every =zeX with d(f(), g)) < B. |
In fact, if d(f(x), g(x)) < B then
d(f* (=), g(F@)) < amax{d(Ff=), g@), df* @), g(f @)}
od (f (), g(x)).

Therefore we have the following

Corollary 1. Let f and g be mappings of an L-space (X, ») <into
itself, and d be a continuous nonnegative real valued function on the
product space X X X with the property that d(x, y) = 0 implies x = y.
Suppose that the following conditions ave satisfied for some o, B with
0<a<1l ad 0<B 5w,

1) dF @), g(f@))) < armax{d(@, gly)), d(Ff (), g)), d(fy), gy}
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for every xeX with d(f(x), gx)) < B.

(2) f and g are continuous at some acelX.

(3) For some beX with d(f(b), g(b)) < 8, the sequence {fﬂ(b)}new
has a subsequence converging to a.

Then f(a) = gla).

As can easily be seen, Theorem 1 still holds if the condition (1) is
replaced by the following condition (1'") provided d(x, ) = 0 for all
relX.

am d@? @), g(f)) <= and

d(fx), g(f(y))) < a-max{d(x, f(y)), dlx, g(¥)),

d(f@), g@)), df @), gy}
for every xeX with d(f(x), g(x)) < B.

Now these coincidence theorems yield obviously fixed point theorems.

For example, we have the following

Corollary 2, Let f be a mapping of an L-space (X, ») into itself,
and d be a contimious nonnegative real valued function on the product
space X X X with the property that d(xz, y} =0 <if and only if x = y.

Suppose that the following conditions are satisfied for some o, B with

A

w-

0<a<1 and 0 < B

1) dF@), f) < amax{d@, ), df @), z), df @), v}
for every zeX with d(f(z), x) < B.

1A

(2) f <s continuous at some aceX.
(3) For some beX with d(f(b), b) < B, the sequence {fn(b)}new
has a subsequence converging to a.

Then a <s a fixed point of f. If in addition
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(LY d(x, y) < B for all fixed points =z, yeX of ¥,

then a 1is a unique fixed point of f.

A fixed point theorem of Kannan [1] is a special case of this corollary.

The following result is a generalization of a coincidence theorem in [2].

Theorem 2. Let f and g be continuous mappings of an L-space (X, =)
into itself, and d be a continuous nonnegative extended real valued func-
tion on the product space X x X with the property that d(z, y) = 0
implies x = y. OSuppose that the following conditions are satisfied for
some B with 0 < B < .

Q) dF*@), gf@)) < d(f(x), gx)) for every zeX with 0 <

d(f @), gx)) < B.
(2) There exist a, beX such that the sequence {fn(b)}nem has a
subsequence converging to a
Then one of the following statements 1°-3° holds:

1° f(a) = g(al.

2° fx)

3° d(f(@), g(@) = 8.

Moreover if (X, ») is separated and fog = gof on {Ff () |new}, then

g(x) for some x = fn(b) where new.

either 1° or 3° holds.

Proof. Assume d(f(a), g(a)) < B. Becuase of the condition (2) and
the continuity of f, g and d, we can choose, by the same argument used
in the proof of Theorem 1, a subsequence S of {fn (b)}new such that
a(f(s), g(s)) ~d(f(a), g(a)). Hence we have d(f(e), gle)) < B for some
¢ in {fn(b) [new}. Suppose that f(x) % g(®) for every xecd =

{f*®) | newlu{a}. Then by induction, we have
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*) 0 <dF e, g @) <8
for all mnew. Consider the nonnegative real valued function % on 4

defined by

_dfP @), gf@)))
hE@) 2 =IFE),; g@)

for each xzeA. From (1), we have h(a) < 1, and so we can find an a
with h(a) < @ < 1. It is clear from (2) that {fn(c)}new has a sub-
sequence S converging to a. Since f, g and d are continuous, by
choosing subsequences repeatedly, we can conclude that
(**) daF @ D)), 3P @) > dr@, g@)
and h(F () + h(a) for some subsequence {f' (%) ()}, of s. So
we can choose an mew such that K(f )(e)) < a or equivalently

a7 @), oD ) < a0, g P e
for all 4i2m. Therefore, keeping (*) and (1) in mind, we have

@D @), g P e < a@ P o), gD )
<ag %2y, g% (0yy)
<ad(@EI 0, g )

for every < > m. Consequently we obtain

a7 @), g(P P ey < F @M @), g™ e
for every ¢ >m. Thus the sequence {d(F(F (), g e,
converges to 0. Hence we have, from (**), d(f(a), g(a)) = 0, a contra-
diction. It follows that f(x) = g(x) for some xeA. Now assume that
fog = gof on {f'(®) |ncwl, and FE"B)) = g(f" (b)) for some me w.
Then we have

FET®N = g ®))

for every new. Since f and g are continuous, it follows from (2)

that f(s) = f{a) and g{s} > g(a} for some subsequence s =
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) .
i (b)}iew of {fn(b)}new' But then, there is a kew such that
n{(f) 2m for all < = k. Hence we have
P = 9P ey
for all < 2 k, which implies f(a) = g{a) if (X, ») 1is separated.

This completes the proof.

Theorem 2 still holds if (1) is replaced by the following condition:
(1*) df@), g < max{d(x, g¥)), dF @), g)), d(F W), gyN}
for every 2, yeX with 0 < d(x, g(y)) < B.
In fact, if 0 < d(f(x), g(x)) < B, then
d(f? @), gFf&))) < max{d(f(@), g@), dFfF* @), gFE)))}
= d(f&), g@).

Similarly, if the function d satisfies the condition d(x, =) = 0
for all xeX, then (1) can be replaced by the following condition:
a**) a(fx), g @) < max{d(x, £, dlz, g@)),

d(f @), g@)), df ), g}
for every x, yeX with 0 < d{x, g{y)) < B.

These results imply also fixed point theorems in L-spaces, and a fixed

point theorem due to Sehgal [4] is a special case of such a theorem.

References

[1] R. Kannan: Some results on fixed points II, Amer. Math. Monthly,
76 (1969), 405-408.

[2] S. Kasahara: Functional equations and some fixed point theorems in
metric- spaces, these NOTES, 2 (1974), 151-156.

[3] S. Kasahara: On some generalizations of the Banach contraction



187

theorem, these NOTES, 3 (1975), 161-169.
[4] V. M. Sehgal: On fixed and periodic points for a class of mappings,
Jour. London Math. Soc. (2), 5 (1972), 571-576.



