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On Fixed Points in Partially Ordered Sets

and Kirk-Caristi Theorem

By Shouro KASAHARA

In a recent paper [2], Kirk and Caristi stated an interesting fixed

point theorem:

Let f be.a mapping of a complete nomempty metric space - (X, d) into
itself. - If there exists a lower semicontinuous function & mapping X
into the nonnegative real numbers such that for each xeX,

d@, f(x)) < o(x) - &(f(x)),
then f has a fized point.

In this note, we shall show that this theorem can be derived from a sim-
ple fixed point theorem for families of mappings of a partially ordered set
(abbreviated ordered set in what follows) into itself, which includes also

a fixed point theorem due to Smithson [3] as a special case.

Theorem 1. Let F be a family of mappings of an ordered set (X, =)
into itself such that f(x) < x for all feF and for all x<cX. If each
chain in X which contains a fixed element eeX has a lower bound, then

& has a common fixed point.
Proof. By Zorn’s lemma, there exists a maximal chain ¢ in X contain-
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ing e. Let a be a lower bound of (. The maximality of ¢ implies a
eC. Let fe5. Then since f(a) < a, the maximality of C places f{a)

in C, and hence a < f(a). Thus f(a) = a.
The following result generalizes Theorem 2.1 of Smithson [3]..

Corollary. Let & be a family of increasing mappings of an ordered
set (X, <) 1into itself such that e < f(e) for all felS%, where e <is
a fixed element of X. If each chain in X which contains e has a least

upper bound in X, then S& has a common fized point.

Proof. We shall prove the dual of the corollary. The set Y of all
xeX with f(&) <x for all fe& becomes an ordered set under the
induced ordering of < into Y. It suffices only to prove that each chain
¢ in Y which contains e has a lower bound. Since ( is a chain in
X, it has a greatest lower bound aeX. Let fe &. Then for each xeC,
we have f(a) < f(x) < x, since a <x. So f(a) is a lower bound of C,

and consequently f(a) < a. This shows that a is in Y.

We shall now concern with L-spaces (see [1]). An extended real valued
function ¢ on an L-space (X, ») is said to be Zlower semicontinuous

if x, >a and p(xn) <o for all =» imply o(a) < a.

Theorem 2. Let (X, ») be a nonempty L-space which is d-complete for
a premetric d on X such that the function xvwd(x, y) <is lower semi-
contimious for every yeX and dlxz, y) = 0 implies x =y, and let S
be a family of mappings of X <into itself. If there exists a lower semi-
countinuous nonnegative real valued function & om X such that for each

feZ# and for each xzeX,
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df (@), =) < @) - o(f(x)),

then %% has a common fixed point.

Proof. Define < by x <y if and only if d(x, y) < o(y) - o(x).
It is easy to see that (X, <) is an ordered set and f(x) < x for all
feSx and for all xeX. Let e be an arbitrary but fixed element of X,
and ¢ a chain in (X, <) which contains e. Denotevby o the greatest
lower bound of the set {@(x) [ace C}. If ®@) = a for some ae(, then
a 1is a lower bound of (. For, if x < a for some x in C\{al}, then
we have d(x, a) < ®(a) - ®(x) < 0, which yields d(x, a) = 0, a contra-
diction. Therefore one can assume &(x) # o for all xeC. Then the set

Sm, ©) of all yeC with y <x and

*) 6 <B(y) <o+

is nonempty for each (n, x) e wx(, where w deﬁotes the set of all non-
negative intergers. In fact, there is a ye(C satisfying (*), and so y
belongs to S(n, #) if y <x; if 2 £y then since 0 < d(z, y) £ ¢(y)
- ®(x), we have o < 9(x) < d(y) <o + (n + 1)_1, which shows that a be-
longs to S(n, ). Let ¢ be a choice function for the family of all

nonempty subsets of (. Then by the recursion theorem, there is a sequence

{xn}new in ¢ such that z =e and z  =9(EE, z)) forall neuw.
Since &« < x for all new, we have I m_d(x , & ) < ®(e) for all
n+l n n=n" “n+1’ n

[oo]
mew, and so I d(x
n=o0  M+1

s xn) < o, Hence the d-completeness implies that
z, +a for some aeX. Now let x be in (. Then we can find an mew
such that @(xm) <a+ (1/m) < &(x). Since x and x =~ are in the chain

-~

¢, this implies x, < x. Therefore we have
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%) V) = d@,, 2) + 2(,) < 0@)
for every #n > m. Since ¢ is lower semicontinuous, it follows from (**)
that d(a, )} + ®(a) < ¢(x), or equivalently a < x. This shows that a

is a lower bound of (, and the proof is completed.

The following result which generalizes the theorem of Kirk and Caristi

is now obvious:

Corollary. Let & be a family of mappings of a complete nonempty
metric gspace (X, d) into itself. If there exists a lower semicontinuous
nonnegative real valued function & on X such that for each fe&F and
for each xeX, ,

dlx, f@)) < o) - &(f(x)),

then & has a common fixed point.
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