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Remarks on Some Fixed Point Theorems

*
By Shouro KASAHARA

In this note, we shall show that certain fixed point theorems for map-
pings of éirié-type (see Cirié [3]) obtained by Cirié [3] and Iséki [5]
can be easily derived from slight modifications of results obtained in [7]
and [6] respectively, and that the fixed point theorem in partially order-
ed sets obtained in [8] is equivalent to the axiom of choice. Moreover a
generalization of a fixed point theorem of DeMarr [4] is obtained together

with a stronger version of Zorn's lemma.
1. On mappings of Cirié-type

In this section, we make free use of the notations and terminology in
[6]. Let (X, ») be an L-space. A mapping f of X into itself is
said to be orbitally comtinuous if xeX and fn(i)(x) +aeX as 1 > ®
imply f(fn(ik)(x)) + f(a) as k » o for some subsequence {n(ik)}kew
of {n(i)}iew' The proof of Theorem 1 of [6] shows that Theorem 1 of [6]
remains valid if f is orbitally continuous (and hence so does Theorem 2

of [6]; note that Theorem 3 of [6] also holds for an orbitrally continuous

mapping f):

* Department of Mathematics, Kobe University, Nada, Kobe 657, Japan.
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Theorem A. Let (X, ») be a separated l-space which is d-complete
for a nonnegative extended real valued function d on X*xX, and f be
an orbitally continuous mapping of X <into itself satisfying the follow-
ing conditions for some o, B with 0<o<1l and 0<B<oo:

(1) d(fz(x), F@) 2 ad(f(x), ) for every xeX with d(f(x), x)

< B.
(2) d(f(a), a) < B for some acX.

Then f has a fixed point, and the sequence {fn (@)} converges to a

new
fixed point of f.

As an immediate consequence of this theorem, we have at once the fol-

lowing

Corollary. Let (X, ») be a separated l-space which is d-complete for
a nonnegative extended real valued function d on XXX such that
d(x, y) = 0 <f and only if = = y. Suppose that f is an orbitally con-
tinuous mapping of X into itself satisfying the following conditions for
some 0, B with 0<a<l and 0<B<ow:

(1Y) min {d(f @), F@), dF @), ), A, )}

- min dF @), %), d(f(®), y)} < ad(x, y)
for all =z, yeX with d(z, y) < B.

(2') d(f(a), a) < B for some acX.
Then f has a fixed point, and the sequence {fn (a) }new converges to a
fixed point of f.

Proof. It suffices to show that f satisfies the condition (1) of The-
orem A. Suppose d(f(x), ) < B. If d(f(x), ) = 0 then we have

d(f* @), f@) = dFf @), =) = 0 = wd(f(x), ),
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since f(x) = x. So we can assume d{f(x), x) # 0. Now (1') yieldé
min {d(f*(x), f(®), d(f (), =)}

min {d(f2(x), £®), dF @), ©)} - nin dFE@), F&), dF @), =)}
ad(f(x), ).

Since d(f(x), x) # 0, this shows that min {d(f%(z), f(&)), d(Ff(x), =)} =

IA

d(f?(x), f(x)). Thus we have d(f?(x), f(x)) < od(f(x), x).

Theorem 1 of Cirié [3] is a specialbcase of this corollary, and its
generalization due to Iséki [5; Theorem 1]*) follows from this corollary
by considering the function d* defined by d*(x, y) = d(y, x) for all
x, yelkX.

)

* %k
As is easily verified, each result in [7] still holds for an or-
bitally continuous mapping f. For example, we have the following result

corresponding to Theorem 2 of [7].

Theorem B. Let f and g be mappings of an L-space (X, +) <into it-
self, and . d a continuous nonnegative extended real valued function on
the product space X*xX with the property that d(x, y) = 0 implies x =
y. Suppose that the following conditions are satisfied for some o, B
with 0<a<1 and 0<B<oo:

(0) f is orbitally continuous and g 1is continuous.

(1) AP @), g(f@)) < d(f &), g(x)) for every xzeX with

0 < d(f @), g@) < B. '

*) In Theorem 1 of [5], it is assumed that d(x, x) = 0 for each =z
in X, but it should read " d{x, y) = 0 if and only if x =y ".

**) "{fn(a)}nem" on the third line of Proof of Theorem 2 in [7] should
read "{f*(B)} _ ", and "d(f(x), g(f)))" in (1*) of [7] "d(f(=), gFWIN"

new ’
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(2) There exist a, beX such that the sequence {7 .(b)}nem has a

subsequence converging to a.

Then one of the following statements 1°-3° holds:

1° f(@)
2° f(=)
3° d(f(@), g(@) = B.

Moreover if (X, ») is separated and fog = gof on {f (D) | new}, then

gla).

g(x) for some x = f‘n(b), where n e Ww.

either 1° or 3° holds.

Now this theorem yields the following result which extends Theorem 3

of Cirié [31:

Corollary. Let f be an orbitally continuous mapping of a separated
L-space (X, ») 1into itself, and d a continuous nonnegative extended
real valued function on the product space X*xX with the property that
dx, y) = 0 <if and only 2f x = y. Suppose that the following conditions
are satisfied for some o, B with 0<oa<l and 0<B<«:

(1) min @), FE)), df @), =), dFH), ¥}

- min {d(f(y), ), d(f(@), Y} < d(x, y)
for all x, yeX with 0 < d(z, y) < B.
(2') There exist a, beX such that the sequence {f (b) }new has a

subsequence converging to a.

Then d(f{a), a) 2B or f(a) = a.

Proof. If 0 < d(f(x), =) < B, then it follows from (1') that

min (A2 (@), £@), dF@), o}
= min (A2 @), F@)), df@), 2} - min dEFE), £@), dFE, 2}
<d(f@), &),
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which implies d(f%(x), f(x)) < d(f (=), é). Therefore Theorem B yields

the desired conclusion.
2. Partially ordered sets

In [8], it was shown that the fixed point theorem of Caristi-Kirk (see
[1], [2] or [9]) and a theorem of Smithson [11] are consequences of the

following fixed point theorem:

Theorem C. Let &% be a family of mappings f of a partially ordered
set (X, <) into itself such that f(x)<x for all =xeX., If each chain
in X which contains a fixed element e of X has a lower bound, then

& has a common fixed point.

We shall show here that this theorem is an equivalent form of the axiom
of choice. To this end, we derive Zorn's lemma from this theorem.

Let (X, £) be a nonempty partially ordered set such that each chain
of which has a lower bound, and let % be the set of all mappings f
with the property that f(x) <z for all xeX. Then Theorem C implies
that & has a comﬁon fixed point aceX. If beX and b < a, then «

= b, since the mapping Jf defined by

b if = = a,
* flx) = {
x otherwise,
belongs to . Therefore @ is a minimal element of X.

We shall now proceed to state a stronger version of Zorn's lemma togeth-
er with a slight generalization of Theorem C by using the terminology of
Rubin and Rubin [10].

Let R be a binary relation on a set X. We say that a mapping f of
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X into itself is R—downward (resp. R-upward) if Ff(x)Rx (resp. xRf(x))

for all xelX. We need the following simple lemma:

Lemma. ZLet R be a binary relation on a set X. An element a of
X is R-minimal (resp. R-maximal) if and only <if aRf(a) (resp. f(a)Ra )

for every R-downward (resp. R-upward) mapping f of X into itself.

Proof. Only the proof of the "if" part is needed. Suppose beX and

bRa. Then since the mapping Jf defined by (*) is R-downward, we have aRb.
We are now in a position to prove the following proposition:

Proposition.  Each of the following statements <is equivalent to the
axtom of choice:

(1) Let R be a transitive relation on a set X with an element e.
If each subset C of X containing e which is linearly ordered by R
has an R-lower bound, then there is an R-minimal element of X.

(2) Let R be an anti-symmetric transitive relation on a set X, &
a family of R-downward mappings of X 1into itself, and eecX. If each
subset C of X containing e which is linearly ordered by R has an

R-lower bound, then & has an R-minimal common fixed point.

Proof. First we shall show that the statement (1) follows from the
dual of M1 in Rubin and Rubin [10]: If R <is a transitive relation on
a nonempty set X and if every subset of X which is linearly ordered by
R has an R-lower bound, then there is an R-minimal element of X.

Let X' be the set of all ae¢X with a2Fe or eRx or x = e, and
let R' = Rn(X'xX'"). If C' is a subset of X' which is linearly or-

dered by R', then since ¢ = ¢'u{e} is linearly ordered by R, the sub-
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set C" has an R-lower bound xe¢X, and hénce xe¢X'. So eachvsubset.of
X' which is linearly ordered by R' has an R'-lower bound. Hence there
is an R'-minimal element a of X' by the dual of M 1. Since eRa
implies @Re, we have gRe or a = e. Therefore if xe¢X and «Ra,
then xe X', and thus we have aRz.

Now using the above lemma, it is easy to see that (1) implies (2) and
(2) implies the usual version of Zorn's lemma, which establishes the pro-

position.

We shall derive now, from (2) of the above proposition, the following
result which slightly generalizes Theorem 1 of DeMarr [4] and Corollary

of Theorem 1 in [8].

Theorem D. Let % be a family of increasing mappings of a partially
ordered set (X, <) <into itself.  If there exists a chain-compact ele-

)

ment ) ecX such that f(e) e for all feF, then &F has a minimal

common fixed point.

Proof. Define M = {zxeX|f(x) <x <e for all feZF}. Clearly F
may be regarded as a family of <-downward mappings of M into M with
the induced partial ordering <. Let ( be a chain in M containing e.
Then since e is chain-compact, infC exists in X. Now for each fe&,
xeC 1implies f(inf(C) < x, since infC <2 and f(x) < x. This shows
that f(infC) < inf¢ or that infC eM. Thus it follows from (2) of

the above proposition that 3 has a minimal common fixed point aeM.

*) An element eeX is chain-compact if, for every nonempty chain (

in X, where x <e for all xze(, infC exists (see DeMarr [4]).
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Let beX be a common fixed point for & with b < q. Then we have

Ff®) = b <e for all fe&, which shows beM, Thus we have b = a.

References

[1] J. Caristi: Fixed point theorems for mappings satisfying inwardness
conditions, Trans, Amer. Math. Soc., 215 (1976), 241-251.

f2] J. Caristi and W. A. Kirk: Geometric fixed point theory and inward-
ness conditions, to appear in Proc. Conference on Geometry of

Metric and Linear Spaces, Michigan State Univ.

[3] Lj. B. Cirié: On some maps with a nonunique fixed point, Publ. Inst.
Math., 17 (31) (1974), 52-58.

[41 R. DeMarr: Common fixed points for isotone mappings, Collog. Math.,
13 (1964), 45-48.

[5] K. Iséki: An approach to fixed point theorems, these NOTES, 3 (1975),
XXX, Kobe Univ.

[6] S. Kasahara: On some generalizations of the Banach contraction theo-
rem, these NOTES, 3 (1975), XXII, Kobe Univ.

[7]1 S. Kasahara: Some fixed point and coincidence theorems in L-spaces,
these NOTES, 3 (1975), XXVII, Kobe Univ.

[8] S. Kasahara: On fixed points in partially ordered sets and Kirk-
Caristi theorem, these NOTES, 3 (1975), XXXV, Kobe Univ.

[9] W. A. Kirk: Caristi's fixed point theorem and metric convexity, to

appear in Colloq. Math.

[10] H. Rubin and J. Rubin: Equivalents of the axiom of choice, North-
Holland, Amsterdam (1963).

[11] R. E. Smithson: Fixed points in partially ordered sets, Pacific Jour.
Math., 45 (1973), 363-367.



