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May 1976 

In this note, we shall show that certain fixed point theorems for map­

pings of Ciric-type (see Ciric [3]) obtained by Ciric [3] and Iseki [5] 

can be easily derived from slight modifications of results obtained in [7] 

and [6] respectively, and that the fixed point theorem in partially order­

ed sets obtained in [8] is equivalent to the axiom of choice. Moreover a 

generalization of a fixed point theorem of DeMarr [4] is obtained together 

with a stronger version of Zorn's lemma. 

1. On mappings of Ciric-type 

In this section, we make free use of the notations and terminology in 

[6]. Let (X, ➔) be an L-space. A mapping f of X into itself is 

said to be orbitaUy continuous if x EX and ji(i) (x) ➔ a EX as i ➔ 00 

imply f(fi(ik) (x)) ➔ f(a) as k ➔ 00 for some subsequence {n(ik)}kEW 

of {n(i)} . . The proof of Theorem 1 of [6] shows that Theorem 1 of [6] 
'Z-EW 

remains valid if f is orbitally continuous (and hence so does Theorem 2 

of [6]; note that Theorem 3 of [6] also holds for an orbitrally continuous 

mapping f): 
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Theorem A. Let (X, +) be a separated L-space which is d-corrpZete 

for a nonnegative extended -r>eaZ vaZued function d on Xx X, and f be 

an o-r>bitaZZy continuous mapping of X into itseZf satisfying the foZZow­

ing conditions for some a., S with O::;; a.< 1 and O < S::;; 00 : 

(1) d (f2 (x), f (x)) ::;; a.d (f (x), x) for every x EX with d (f (x), x) 

< s. 
( 2) d (f (a) , a) < S for some a E X. 

Then f has a fixed point, and the sequence 

fixed point of f. 

{/l(a)} converges to a 
nEW 

As an immediate consequence of this theorem, we have at once the fol­

lowing 

Corollary. Let (X, +) be a separated L-spaae which is d-aompZete for 

a nonnegative extended reaZ vaZued function d on Xx X such that 

d(x, y) = 0 if and onZy if x = y. Suppose that f is an orbitaZZy con­

tinuous mapping of X into itseZf satisfying the foZZowing conditions for 

some a., S with o ::;; a. < 1 and O < S ::;; 00 : 

(1') min {d(f(a:), f(y)), d(f(a:), x), d(f(y), y)} 

- min {d(f(y), x), d(f(a:), y)}::;; a.d(x, y) 

fo-P au x, y EX with d(a:, y) < B. 

(2') d(f(a), a) < S for some a EX. 

Then f has a fixed point, and the sequence 

fixed point of f. 

{,ti(a)} converges to a 
nEW 

Proof. It suffices to show that f satisfies the condition (1) of The­

orem A. Suppose d(f(x), x) < S. If d(f(x), x) = 0 then we have 

d(f2 (x), f(x)) = d(f(x), x) = 0 = a.d(f(x), x), 



since f(x) = x. So we can assume d(f(x), x) # 0. Now (l') yields 

min {d(f2 (x), f(x)), d(f(x), x)} 

= min {d(f2 (x), f(x)), d(f(x), x)} - min {d(f(x), f(x)), d(f2 (x), x)} 

$ ad(f(x), x). 

Since d(f(x), x) # 0, this shows that min {d(f2 (x), f(x)), d(f(x), x)} 

d(f2 (x), f(x)). Thus we have d(f2 (x), f(x)) $ ad(f(x), x). 

Theorem 1 of Ciric [3] is a special case of this corollary, and its 

generalization due to Iseki [5; Theorem 11*) follows from this corollary 

by ~onsidering the function d* defined by d*(x, y) = d(y, x) for all 

x, y EX. 

**) As is easily verified, each result in [7] still holds for an or-
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bitally continuous mapping f. For example, we have the following result 

corresponding to Theorem 2 of [7]. 

Theorem B. Let f and g be mappings of an L-space (X, +) into it­

seZf, and d a continuous nonnegative extended reaZ vaZued function on 

the product space Xx X with the property that d(x, y) = 0 irrrpUes x 

y. Suppose that the foZZowing conditions are satisfied for some a, S 

with O $ a < 1 and O < S $ 00 : 

(0) f is orbitaZZy continuous and g is continuous. 

(l) d (f2 (x), g (f(x))) < d (f (x), g (x)) for every x EX with 

0 < d(f(x), g(x)) < $. 

*) In Theorem 1 of [5], it is assumed that d(x, x) = 0 for each x 

in X, but it should read" d(x, y) = 0 if and only if x = y ". 

**) 11 {/?(a)}nEw" on the third line of Proof of Theorem 2 in [7] should 

read i•{/? (b) }nEw", and "d(f(x), g (f(x) )}" in (1 *) of [7] "d(f(x), g(f (y))) '.' 
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(2) The:r>e exist a, b EX sueh that the sequenee {/1' (b)} has a 
nEW 

subsequenee eonve:r>ging to a. 

Then one of the following statements 1°-3° holds: 

1° f(a) = g(a). 

2° f(x) = g(x) fo:r> some x = /1'(b), whe:r>e n E w. 

3° d(f(a), g(a)) ~ f3. 

Mo:r>eove:r> if (X, ➔) is sepamted and f 0 g = gof on {/1'(b) J n E w}, then 

eithe:r> 1° OP 3° holds. 

Now this theorem yields the following result which extends Theorem 3 

of Ciric [3]: 

Corollary. Let f be an o:r>bitally eontinuous mapping of a sepa:r>ated 

L-spaee (X, ➔) into itself, and d· a eontinuous nonnegative extended 

:r>eal valued funetion on the p:r>oduet spaee Xx X with the p:r>ope:r>ty that 

d(x, y) = 0 if and only if x = y. Suppose that the following eonditions 

a:r>e satisfied fo:r> some a, f3 with O::; a< 1 and O < f3::; 00 : 

(1') min {d(f(x), f(y)), d(f(x), x), d(f(y), y)} 

- min {d(f(y), x), d(f(x), y)} < d(x, y) 

fo:r> aU x, y EX with O < d(x, y) < f3. 

(2 ') The:r>e exist a, b EX sueh that the sequenee 

subsequenee eonve:r>ging to a. 

Then d(f(a), a) ~ f3 o:r> f(a) = a. 

{/1'(b)} has a 
nEW 

P:l'oof. If O < d(f(x), x) < f3, then it follows from (1') that 

min {d(f2 (x), f(x)), d(f(x), x)} 

= min {d(f2 (x), f(x)), d(f(x), x)} - min {d(f(x), f(x)), d(f(x), x)} 

< d(f(x), x), 
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which implies d(f2 (x), f(x)) < d(f(x), x). Therefore Theorem B yields 

the desired conclusion. 

2. Partially ordered sets 

In [8], it was shown that the fixed point theorem of Caristi-Kirk (see 

[l], [2] or [9]) and a theorem of Smithson [11] are consequences of the 

following fixed point theorem: 

Theorem C. Let .:7i be a family of mappings f of a partially ordered 

set (X, $:) into itself such that f (x) $; X for aU XE x~ If each chain 

in X which contains a fixed element e of X has a lower bound, then 

.:7 has a common fixed point. 

We shall show here that this theorem is an equivalent form of the axiom 

of choice. To this end, we derive Zorn's lemma from this theorem. 

Let (X, $:) be a nonempty partially ordered set such that each chain 

of which has a lower bound, and let Sir be the set of all mappings f 

with the property that f(x) $: x for all x EX. Then Theorem C implies 

that ~ has a common fixed point a EX. 

= b, since the mapping f defined by 

If b EX and b $: a, then a 

(*) -- { b f(x) 
X 

if X = a, 

otherwise, 

belongs to .$. Therefore a is a minimal element of X. 

We shall now proceed to state a stronger version of Zorn's lemma togeth­

er with a slight generalization of Theorem C by using the terminology of 

Rubin and Rubin [10]. 

Let R be a binary relation on a set X. We say that a mapping f of 
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X into itself is R-downward (resp. R-upward) if f(x)Rx (resp. xRf(x)) 

for all x EX. We need the following simple lemma: 

Lemma. Let R be a binary relation on a set X. An element a of 

X is B-minimal (resp. R-maximaZ) if and only if aRf(a) (resp. f(a)Ra) 

for every R-downward (resp. R-upward) mapping f of X into itself. 

Proof. Only the proof of the "if" part is needed. Suppose b EX and 

bRa. Then since the mapping f defined by (*) is R-downward, we have aRb. 

We are now in a position to prove the following proposition: 

Proposition. 

axiom of choice: 

Each of the following statements is equivalent to the 

(1) Let R be a transitive relation on a set X with an element e. 

If each subset C of X containing e which is linearly ordered by R 

has an R-lower bound, then there is an R-minimal element of X. 

(2) Let R be an anti-symmetric transitive relation on a set X, ~ 

a family of R-downward mappings of X into itself, and e EX. If each 

subset C of X containing e which is linearly ordered by R has an 

R-lower bound, then $f' has an R-minimal common fixed point. 

E'Poof. First we shall show that the statement (1) follows from the 

dual of M 1 in Rubin and Rubin [10): If R is a transitive relation on 

a nonempty set X and if every subset of X which is linearly ordered by 

R has an R-lower bound, then there is an R-minimal element of X. 

Let X' be the set of all a EX with xRe or eRx or x = e, and 

let R' = Rn (X' x X'). If C' is a subset of X' which is linearly or­

dered by R', then since C = C' u {e} is linearly ordered by R, the sub-
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set C has an R-lower bound x EX, and hence x EX'. So each subset of 

X' which is linearly ordered by R' has an R'-lower bound. Hence there 

is an R'-minimal element a of X' by the dual of Ml. Since eRa 

implies a.Re, we have aRe or a= e. 

then x EX', and thus we have aRx. 

Therefore if x EX and xRa, 

Now using the above lemma, it is easy to see that (1) implies (2) and 

(2) implies the usual version of Zorn's lemma, which establishes the pro­

position. 

-We shall derive now, from (2) of the above proposition, the following 

result which slightly generalizes Theorem 1 of DeMarr [4) and Corollary 

of Theorem 1 in (8). 

Theorem D. Let 9" be a family of inaPeasing mappings of a paPtially 

oPdePed set (X, :S) into itself. If thePe exists a ahain-aorrrpaat ele-

ment *) e EX suah that f(e) :S e foP aZZ f E ~, then 37f has a minimal 

aornmon fixed point. 

Pmof. Define M = {x EX I f (x) :S x :S e for all f E $}. Clearly .::;f 

may be regarded as a family of :S-downward mappings of M into M with 

the induced partial ordering :S, Let C be a chain in M containing e. 

Then since e is chain-compact, inf C exists in X. Now for each f E ..'9r", 

x EC implies f(inf C) :S x, since inf C :S x and f(x) :S x. This shows 

that f(inf C) :S inf C or that inf C EM. Thus it follows from (2) of 

the above proposition that .;9[ has a minimal common fixed point a EM. 

*) An element e EX is ahain-aorrrpaat if, for every nonempty chain C 

in X, where x :S e for all x E C, inf C exists (see DeMarr [ 4]). 



so 

Let b EX be a common fixed point for &r' with b ~ a. Then we have 

f(b) = b ~ e for all f E $, which shows b EM. Thus we have b = a. 
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