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A Fixed Point Theorem for Mappings

With an Iterate at a Point

By J. ACHARI*

In his paper [5], Sehgal proved the following result:

Theorem A. Let (M, d) be a complete metric space. If T 1is a con-
tinuous mapping of M into itself with a contractive iterate at each
point of M, then T has a unique fixed point aeM and T'x ~a as n

> for each xeM.

This result is generalized by Guseman [1] to mappings which are not
necessarily continuous and which have a contractive iterate at each point

in a subset of the space. Guseman proved the following result:

Theorem B. Let T be a mapping of a metric space (M, d) into itself,
and let a, beM be such that T'h >a as n +®, If T has a contrac-
tive iterate at a, then a 1is a unique fixed point of T and ™'z > a

as n > for each xelM.

Recently Hardy and Rogers [2] have proved the following theorem:
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Theorem C. Let T be a mapping of a complete metric space (M, d)
into itself. If there exist nonnegative real numbers Ops Oy *ov, O
such that o, + o, + a, + 0, + o, <1 and
d(Tx, Ty) <o, d(x, y) + a,d(@, Tx) + 0, dy, Ty) + ad(x,. Ty) + adly, Tx)

for all =x, yeM, then T has a unique fixed point.

The purpose of this note is to prove the following theorem which is a

generalization of Theorem B.

Theorem. Let T be a mapping of a metric space M, d) into itself,
and let a, beM be such that T'h >a as n -+ =, If there exist a
positive integer m and nonnegative real numbers O,, G,, ***, Og Such
that o +a +oa +a +a<l,a +2a +a +o <1, and
*) cZ[Tmsc, Tma) sozld(x, a) + oczd(x, Imx) + a,d(a, Tma)

+ aud(ac, Tma) + usd(a, .’Z’mx)
for all xeM, then a is a unique fiwed point of T and T'x > a as

n >« for each xeM.

Proof. For each positive integer #, we have
d(a, T"a) <d(a, T') + d('b, 7)) + (T, T"a)
<d(a, ™) + d(T, 7"")
+ o d(T"b, @) + a,d(b, T""'b) + o d(a, T'a) +
+ 0, d(T, T'a) + adla, T"'D)

1 +0, +0Q 1 +0
< 1 *ar, @) + ————2 4™, 7™

1-0L3—0L,4 1-0‘3-%
o]
5
$— d(a, 7",
1 - aa -au

+ . ce s
where the sequence {r""py converges to a as n + ®©, since it is a
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subsequence of {7'b}. Hence we have a = T'a. Using (*) we can easily
show that a 1is the unique fixed point of . So Ta=17"a =T"Ta
implies Ta = a. Clearly a is the unique fixed point of T.

Now we shall show that T +a as 7n > ® for each xeM. Put px)
= max{ d(a, Tix) | £=1, 2, -+, m}, and let n be a positive integer.
Then there are nonnegative integers g, r such that #n = gm + r and

r<m. Putting k = (g - 1)m, we have

AT, a) = AT, T"a)
< 0, d(@*Tz, @) + a, d(@ Tz, T'5) + o da, )
+ 0, d@ Tz, T'a) + agd(a, T%)
< AT Tz, a),

where

Therefore we obtain
ATz, a) < Bd(T(q-l)mw:c, ay,
which yields
d(Tna:, a) = d(:l’qmwx, a) < Bqd(Tr.'x:, a) < qu(x).
Since # - « implies g + «, this shows that 7% >aq as n >, This

completes the proof.

Note that Theorem A is generalized to other direction by Guseman [1],

Khazanchi [4], and Iséki [3].
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