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Some Theorems on Fixed Points in Banach Spaces 

* By J. ACHARI 

Recently, many authors have proved fixed point theorems for operators 

mapping a Banach space X into itself (see for example [l], (2], [3]). In 

each of these theorems, it is assumed that the space X is either uniform­

ly convex or reflexive. 

In this paper we shall concern with the mapping T of a Banach space 

X into itself satisfying the following inequality 

(1) IITx - Tylj ~a.•max{llx ~ YII, llx - Txll, IIY - Tyll, ~Ix - TyjJ, ~IY - Txll} 

for x, y E X, where O s: a < 1. Some fixed point theorems for such a mapping 

X will be stated in the first section, It may be noted that the space 

here is not necessarily uniformly convex or reflexive. In the second sec­

tion, we shall discuss Reinermann's iteration scheme (cf. [4]) in Banach 

and Hilbert spaces converging to the fixed point of the mapping satisfying 

the inequality (1). 

1. Fixed point theorems in Banach spaces 

Theorem 1. Let M be a closed convex subset of a Banach space X and 

T be a selfmapping on M such that it satisfies (1) fo:ri aU x, y EM and 
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for some O :5 a< 1. Let x
0 

EM, t e: (O, 1) 

for each integer n ~ O. If the sequenae 

and x = (l - t)x + tTx n+1 n n 

{xn}:=o converges to a point 

u in M, then u is a unique fixed point of T. 

Proof. By using (1), we have 

(2) llxn+l - Tull :5 (1 - t)llxn - Tull + tllTxn - Tull 

:5 (1 - t)llxn - Tull + ta·max{llxn - ull, llxn - Txnll' 

llu - Tull, ½ llxn - Tull, ½ llu - Txnll} 

::; (1 - t)llxn - Tull + ta[llxn - ull + llxn - Txnll + llu - Tull]. 

Since {xn} converges to u and xn+i - xn = t (Txn - xn), the sequence 

{II Txn - xn 11}:=i tends to zero. Therefore letting n + 00 in (2)., we have 

llu - Tull :5 (1 - t)llu - Tull+ a~lu - Tull 

:5 (1 - (1 - a)t)llu - Tull 

= ~lu - Tull, 

where S = 1 - (1 - a)tE (O, 1). Hence u = Tu. We now show the unique­

ness of the fixed point. Suppose v (# u) be another fixed point of T. 

Then from (1) we obtain II u - v II = l!Tu - .Tv II :5 all u - v II, which is impossi­

ble since a< 1. Hence u = v, and this completes the proof. 

Theorem 2. Let X be a Banach spaae and Zet T be a mapping of X 

into itseZf. If there exists a mapping K of X into itseif whiah has a 

right inverse K- 1 (i.e. KK- 1 = I, the identity mapping) sueh that K-
1TK 

satisfies the condition 

(3) IIK- 1T.Kx - K- 1TKy II :5 a·max{llx - y ll, llx - K- 1TKxll, IIY - K- 1TKy II, 
½ llx - K-

1
TKyjl, ½ IIY - X-

1
TKxll} 

for aU x, y EX, where a e: (0, 1). Then T has a unique fixed point. 

Proof. Since K- 1TK satisfies the condition (3)· and X is a Banach 
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space, K- 1 TK has a unique fixed point u E X. Hence TKu = KK.- 1 TKu = Ku. 

If v E X is a fixed point of T, then since K- 1 TKK.- 1v = K- 1v, we have 

K- 1v = u. Therefore Ku is a unique fixed point of T. 

Theorem 3. Let T be a mapping of a Banach spaee X into itself 

satisfying the condition (l) for aU x, y EX, 1,'Jhere a E (O, 1). For eaeh 

positive integer n, let an EX be a solution of the equation u - Tu = 

An, where An EX. If An + 00 as n + 00, then the sequence {an}:=! eon­

verges to the solution of the equation u = Tu. 

Proof. Since 

llan - amll:,; llan - Tanll + 11am - Tamil + IITan - Tamil 

::; 11An11 + 11Am11 + a•max {llan - Tani[, !Ian - amll, 

11am - Tamil, ½llan - Tamil, ½llam - Tan II} 

:,; ~ : ~ dlArJI + 11Am11), 

the sequence {a }
00 

is a Cauchy sequence. Hence it converges to some n n=1 

a EX. But then we have 

Ila - Tall:,; Ila - anll + llan - Tan II+ IITan - Tall 

:,; Ila - anll + !Ian - Tanll 

+ a·max{lla - anll, llan - Tani[, Ila - Tall, ½llan - Tall, Ila - Tani!} 

:,; Ila - anll + llan ..,. Tanll + a.rjla - anll + llan - Tanll + Ila - Tall) 

:,; 11 + a. (Ila - a II + !IA II) + 0 - a. n n 

as n + 00 • Hence it follows that a= Ta. 

2. Fixed point iterations using infinite matrices 

Let X be a normed linear space, M a non-empty closed bounded convex 

subset of X, T a mapping of M into itself possessing at least one fixed 
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point in M. In his paper [4], Reinerman defined a summability matrix A 

n 

(4) ! 
ck IT (1 - a.) if k < n, 

J=k+l J 

ank = an, if k = n, 

0, if k > n, 

where {an}~=o is a real sequence satisfying (i) a0 = 1, (ii) 0 <en< l 

for n ~ I, and (iii) fak + 00
• He then defined xn+i =Ek:oankTxk, x 0 

EM, which can be written in the form 

(5) 

The same iteration scheme was defined independently by Outlaw and Groetsch 

[5] and Dotson [6]. 

Theorem 4. Let T be a mapping of a Banach space X into itseif 

satisfying (1). Suppose that A= (ank) is an infinite matrix defined by 

(4) with fon}:=o satisfying (i), (ii) and bounded away from zero. If 

the sequenae defined by (5) converges to u, then u is the 1.,mique fixed 

point of T. 

Proof. Since xn + u and {an}:=
9 

is bounded away from zero, it fol-

lows from x - x = a (Tx - x ) that IITx - x II+ 0. On the other n+i n n n n n n 

hand, becase of (1), we have 

IITxn - Tull ~ a•max{llxn - ul~ llxn - Txnl~ llu - Tull, 

.!. llx - Tulb .!. llu - Tx IJ} 2 n 2 n 

which implies 

II Tx - Tull~ -1 a [!Ix - ulJ + llx - Tx II]• n - a n n n 
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Therefore Txn ➔ Tu as n ➔ 00 • Consequently 

as n ➔ 00 , whence we get Tu= u. 

Theorem 5. Let E be a alosed aonvex subset of a Hilbert spaae H, 

and T a mapping of E into itself. Let A= (ank) be an infinite 

matrix defined by (4) with {an};=o satisfying (i) - (iii) and lkm an< 

1 - a2
• Then the sequenae defined by (5) aonverges to the fixed point of 

T. 

Proof. Since T satisfies (1), it has a unique fixed point u EE. Let 

p, q EH and 11., µ be two nonnegative real numbers with 11. + µ = 1. Then 

expanding the inner products (11.p + µq, 11.p + µq) and (11. (p - q), µ (p - q)) 

we obtain 

Since x - u = (l - a )(x - u) + a (Tx - u) by (5), applying (6) we n+1 n n n n 

have 

(7) llx - ull2 = (1- a )llx - ull2 + a IITx - ull 2
- a (l- a)IITx - x 112-n+i n n n n n rt n n 

Since T satisfies (1), we get 

IITxn - Tull$ a·max{llxn - ull, llxn - Txnll, llu - Tull, 

½llxn - Tull, ½llu - Txnll} 

$ a·max{llxn - ull, llxn - Txnll}. 

If the maximum in this inequality is llxn - ull, then from (7), we have 

llx - ull2 $ (1 - a )!Ix - ull2 + a a 21lx - ull2 - a (l - an)IITxn - x 112, n+1 n n n n n n 

and if the maximum is llxn - Txnll, then llxn+:i - ull2 :s; (1 - an)llxn - ull2 + 

+ a a 2 llx - Tx 112 - a (l - a )l!Tx - x 112 In either case we get n n n n n n n. 

(8) llxn+i - ull2 :s; llxn - ull2 - an(l - an - a2 )11Txn - xn112• 



From (8) we observe that llx - ull decreases with n for all suffi-
n+1 

ciently large n. On the other hand, since {an}:=o satisfies (iii) and 

1~m an< 1 - a2
, there exists a subsequence {xnk};=O of {xn}:=o such 

that IITxnk - Xnkll ➔ 0 as k ➔ 00
• Since T satisfies (1) we have 

II Txnk - Txn,2, II ~ a• max {llxnk - Xnt II, llxnk - Txnk II, llxnt - TxnR,11, 

½llxnt - TxnR,11, ½llxni - TXnkll} 

implying 

+ 0 

as k, t + 00• Thus {Txnk}~=o is a Cauchy sequence and hence convergent. 

Let its limit be v, so that 

Now from (1), we have 

11 Tv - v 11 ~ II TV - Txnk 11 + I I Txnk - Xnk II + 11 Xnk - v II 

~ a. max { JI v - Xnk I I, 11 v - Tv I I, 11 Txnk - Xnk I I, 

½!Iv - Txnkll, ½!lxnk - Tvll} 

+ 11 TXnk - Xnk 11 + 11 Xnk - v 11 

~ a C/lxnk - vii+ IITxnk - Xnkll + IITv - vii) 

+ IJTxnk - Xnkll + IIXnk - vii, 

which implies 

Consequently, we can conclude that Tv = v. So we obtain u = v, since T 

has a unique fixed point. Because of the fact that Xnk + u as 

and that llxn - ull decreases with n for all sufficiently large 

k + oo 

n, we 
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get X ➔ U n as n ➔ 00 • This completes the proof of the theorem. 
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