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Some Theorems on Fixed Points in Banach Spaces

*
By J. ACHARI

Recently, many authors have proved fixed point theorems for operators
mapping a Banach space X into itself (see for example [1], [2], [3]). In
each of these theorems, it is assumed that the space X is either uniform-
ly convex or reflexive.

In this paper we shall concern with the mapping I of a Banach space
X into itself satisfying the following inequality
W ||2x - 2yl somaxlz - yll o - 2=l ly - 2yl = - 2, Yy - 7=l
for @, y<X, where 0s<oa<1. Some fixed point theorems for such a mapping
X will be stated in the first section. It may be noted that the space
here is not necessarily uniformly convex or reflexive. In the second sec-
tion, we shall discuss Reinermann's iteration scheme {cf. [4]) in Banach
and Hilbert spaces converging to the fixed point of the mapping satisfying

the inequality (1).
1. Fixed point theorems in Banach spaces

Theorem 1. Let M be a closed convex subset of a Banach space X and

T be a selfmapping on M such that it satisfies (1) for all =, yeM and
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for some O0s<a<l. Let x eM, tc (0, 1) and Lo = 1 - t)xn + thn
for each integer n=20. If the sequence {xn}:__: o comverges to a point

u in M, then u 1is a unique fized point of T.

Proof. By using (1), we have

@ =, - i

A

(- olla, - Tl + di7e, - ul

A

@ - Blla, - 7ull + tomaxllz, - ull lls, - 2= [l

lu - 2ull, Iz, - zull, 3lu - 2= ||}

< - A, - |l + talllz, - ull + e, - Tl o+ flu - Tl
Since {a:n} converges to u and Tppr ~ Ty = t(Txn - .'zcn), the sequence

{| 7z, - acnll}:___l tends to zero. Therefore letting = =+ ® in (2), we have

o - zull < @ - llu - Tul| + adju - 2u]|
< (1- (- 0t)u - 7ul|
= Bl - Tull
where B8 =1- (1 - a)te (0, 1). Hence u = Tu. We now show the unique-

ness of the fixed point. Suppose v (# u) be another fixed point of T.
Then from (1) we obtain ||u - v|| = ||Tu -~ ™| < allu - v||, which is impossi-

ble since a<1. Hence u = v, and this completes the proof.

Theorem 2. Let X be a Banach space and let T be a mapping of X
into itself. If there exists a mapping K of X into itself which has a
right imverse K ' (i.e. KK ' = I, the identity mapping) such that K 'TK
satisfies the condition
) & ke - KMyl < wmax|z - gl |lo - K7 kel) |ly - Kyl

Me - &' rryll 3ly - € 1xo]p

for all =x, yeX, where ae (0, 1). Then T has a unique fixed point.

Proof. Since K 'TK satisfies the condition (3)-and X is a Banach
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space, K 'TK has a unique fixed point ueX. Hence TKu = XK TKu = Ku.
If veX is a fixed point of T, then since K 'TXXK ‘v = K 'v, we have

K'v = u. Therefore Xu is a unique fixed point of T.

Theorem 3. Let T be a mapping of a Banach space X <into itself
satisfying the condition (1) for all =z, y <X, where oe (0, 1). For each
positive integer n, let a,<X be a solution of the equation u - Tu =

0
A, where A eX. If A +® as n > «, then the sequence {an}n=1 con—

verges to the solution of the equation wu = Tu.

Proof. Since
lla, - a,ll <lla, - Ta |l +|la, - Ta || + ||Ta, ~ Ta, |
<llall +lla ll + aomax {lla, - 7all lla, - b
1 1 1
lia, - 22 Il 2o - 7 [L Ha - 7a |3

1
s 775 Uajl ~llalb.

the sequence {an}::=1 is a Cauchy sequence. Hence it converges to some
acelX. But then we have
la - Tall < lla - a,ll « lla, - Ta |l + ||Ta, - Tall

<lla - a,ll +lla, - Ta,|l

+

amaxlla - alb lla, - 2a,ll lla - 2alb la, - 7all lla - 2a,|p

<lla - ayll + lla, - 2a )l + olla - all + lla, - Za ]| + la - Talh
1
<128 gla g |+ fla lb > o

as n »> ®, Hence it follows that a = Ta.
2. Fixed point iterations using infinite matrices

_Let X Dbe a normed linear space, M a non-empty closed bounded convex

subset of X, T a mapping of M into itself possessing at least one fixed
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point in M. 1In his paper [4], Reinerman defined a summability matrix 4

= (a,) by ”
e I I(l-c.) if k < n,
j=k+1 J
(4) dnk = en, if k = N,
0, if k> n,

where {cn}:=0 is a real sequence satisfying (i) ¢, = 1, (ii) 0 < e, <1
s : _ n

for n > 1, and (iii) %ek + ©, He then defined Ly "Z:‘k=oankka’ xg

€ M, which can be written in the form

(5) L) = (1 - cn)acn + enT:cn.

The same iteration scheme was defined independently by OQutlaw and Groetsch

[5] and Dotson [6].

Theorem 4. Let T be a mapping of a Banach space X <into itself
satisfying (1). Suppose that A = (ank) i8 an infinite matrix defined by
(4) with {an};; , satisfying (i), (ii) and bounded away from zero. If
the sequence defined by (5) comverges to u, then u 1is the unique fized

point of T.

Proof. Since z, + u and {cn}:; 0 is bounded away from zero, it fol-
lows from z .. -z, =c¢, (Iz, - z) that [Tz, - x || > 0. On the other
hand, becase of (1), we have

|7z, - Tu]] < eomaxljz, - ||, Nz, - 7= |l |lu - Zull

Tz, - zull 5l - 7, |

< alls, - ull + s, - 7ol + l|7s, - 2ull,

which implies

Iz, - mull € =2 Tla, - ull + Iz, - 2= |11,
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Therefore Tz, > Tu as n * =, Consequently
17w - ull < {l7w - = || + |22, - 2 [| + [z, - ]l >0

as n + «, whence we get Tu = u.

Theorem 5. Let E be a closed comvex subset of a Hilbert space H,

and T a mapping of E into itself. Let A = '(ank) be an infinite

matrix defined by (4) with {c. Y.

. . - - Py ey <
e . satisfying (i) (iii) and 171Lm e,

1 - a®.  Then the sequence defined by (5) comverges to the fiwed point of

T..

Proof. Since T satisfies (1), it has a unique fixed point ueE. Let
P, qeH and A, u be two nonnegative real numbers with XA + p = 1. Then
expanding the inner products (Ap + ug, Ap + ug) and (A(p - q), vip - q))
we obtain
(6) 20 + wall? = AlplP +ullqll* - nlp - 4P
Since Z, 0 “u=(1- cn) (acn - u) + cn(Txn - u) by (5), applying (6) we
have

D Ml ullf = A= eplla, - ul? + ¢ i1z, ~ ull®- c (1~ Tz, - =, [P

Since T satisfies (1), we get
22, - 1l = comaxtls, - ull lls, - Tl I - 2l
' 1 1
Yo - mull Mu - 2o b
< ormax{l|z, - ull [z, - 7=, [].
If the maximum in this inequality is [Ixn - u||, then from (7), we have

||xn+1 -ulf s @ - e, - ulf + e oz, - ulff - e, - c)llrx, - 2 P,

and if the maximum is Hxn - Tan, then || -ulf = Q- cn)H:z:n - ulff +

Ty
+ cnazllxn - T.ar:n”2 - cn(l - cn)”Txn - xnllz. In either case we get

(®) [|=

er ~ HIE <z, - ulf e, e

, — e T, - .’Bn.llz.
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From (8) we observe that ”xn+1 - u|| decreases with » for all suffi-

ciently large n. On the other hand, since {e X

win=o satisfies (iii) and

l%m e, <1- a?, there exists a subsequence {xnk
that Himnk - xnk||+ 0 as k>«  Since T satisfies (1) we have

}z;o of {xn}:=o such

128, - Ty Il < comax Uiy, = i b i, = Tyl Il = Zo I

1 1
Ueen, = Zomy ll S, - 2, D

implying
[
172y, - 2 1| < 125 Cllan, - Zomll + llan, - Ton D)
>0
as k, & -+ =, Thus {Tx”k}2=o is a Cauchy sequence and hence convergent.

Let its limit be v, so that
iim Tz, = lim = v,
A S

Now from (1), we have

A

125 < oll 5 120 = T [l + 122, = s |1+ i - 01

IA

aemax {[[o - g b o - Tolb [|2e, - o lb
1 1
Lo - 2o Il Hllen, - 211}

# W2y, = gl > Nl = o1

A

o (”xﬂk - U“ * ”Txnk - xnk” + ”Tv = v“)
+ |22, - @ [l + llzng - 2l
which implies

1

+ O
170 - vll s 222 (o - s | + 120, = o |1

Consequently, we can conclude that T» = v. So we obtain u = v, since T
has a unique fixed point. Because of the fact that L, >u as k>

and that ||z, - u|| decreases with = for all sufficiently large n, we
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get x, >u as n=*>>  This completes the proof of thé theorem.
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