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A Theorem on Fixed Points

By M. S. KHAN

It is the purpose of this note to prove the following theorem:

Theorem. Let T be a self-mapping of a nonempty complete metric space
(X, d) satisfying .

*) d(Tz, Ty) < ald(@, Tx)-d(y, Ty)]*?
. for all "z, yeX and 0 < a < 1l. Then T has a unique fixed point, and

the iterate T'z converges to the fixed point for every xcX.

Proof.” Let x be an arbitrary point of X. Then by (*), we get for

each n =21,
Az, ') < ald(Tx, T a)-d@ e, TM)]V2
which implies
d(Ton, ') < Bd(Tnx, ™2
where B = o®. It follows that
d(Tnﬂx, fl‘n:x:) < Bnd(x, Tx)

for all n =2 1. So if m > n, then

ATz, T'x) < d(Tx, 7" %) + d@ 'z, 7" %) + --- + 4T 'z, T)
B+ 8% o+ B8N d(, T)

8!
< T—:—Bd(x, T.’L')
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Since B < 1, {'z} is a Cauchy sequence in X and so has a limit z in
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X, since X 1is complete. Now we have
d(z, Tz) s d(z, T'z) + d(T'z, Tz)
<d@z, Tx) + ald(@ 'z, %)-d(z, Tz)}V?.
Letting #n - «, this yields =z = Tz. Hence =z is a fixed point of T. To

prove the uniqueness of the fixed point, let 2z, 2'eX be fixed points of

T. Then
d(z, 3') = d(Tz, Ts')
< ald(z, Tz)-d(a', Tz")}"?
= afld(z, 2)-d(z', 2')}/?
= 0.
That is to say =z = 3'. So the fixed point is unique. This completes the
proof.
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