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Knotting Problems of 2-Spheres in 4-Sphere

By Shin’ichi SUZUKI

Preface

The purpose of this note is to survey the knotting problems (or place-
ment problems) of 2-spheres in the 4-sphere. The knotting problems of 1-
spheres in the 3-sphere have been studied extensively as 'classical' knot
theory. Recently,through the development of the general theory of diffe-
rential and piecewise linear topology, the knotting problems of n-spheres
in the (n +2)-sphere, with »n 2 3, have been made great progress toward
thigher dimensional! or 'modern' knot theory. In the classical knot theory,
2-dimensional diagrams through the regular projection are useful and some
infinite group theory is essential, while in the modern knot theory gene-
ral position arguments are useful and homological algebraic technique is
essential. Many results coming out of the both theories may be éxtended
to those in the knot theory of 2-spheres in the 4-sphere ( abbreviated as
the 2-knot theory) without serious difficulties, however, many fundamental
properties still remain unsolved.

The 2-knot theory is essentially the 4-dimensional topology, so we can
not avoid treating the second homotopy groups, and the general position
arguments are useless. On the other hand, we have the so-called 'motion

picture method' to describe a 2-manifold in the 4-space, but it is yet
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incomplete. We will attempt to formulate properties and problems in the
2-knot theory geometrically as far as we can.

We do not claim that this survey is complete and we apologize to any-
one whose favorite theorem is omitted. For example, we do not discuss the
Smith conjecture of the 4-sphere and isotopy types of 2-links, etc..

Throughout the article, we shall only be concerned with the piecewise
linear category, consisting of simplicial complexes and piecewise linear
maps. For the piecewise linear category, the main references are Glaser
{G], Hudson [H], Rourke-Sanderson [R-S], Stallings [S] and Zeeman [Ze].
We assume the reader is familiar with the basic theorems of the classical
knot theory (see, for example, Crowell-Fox [C-F], Murasugi [M] , Neuwirth
[Nl], Reidemeister [Re] and Rolfsen [Ro]). We also recommend the survey
article Fox [3].

This work was developed through the geometric topology seminars at the
University of Toronto in 1975 and the Kobe University in 1976. I wish to
express my gratitude to Professor Kunio Murasugi for helpfull suggestions.
I would also 1like to thank the members of Kobe Topology Seminar for

numerous discussions.

§1. Introduction

§ 2. Standard Representatives of 2-Knot Types

§ 3. Presentations of 2-Knot Groups and Elementary Ideals
8§ 4. Characterization Problem of 2-Knot Groups

§5. Seifert Manifolds for 2-Knots

§6. Alexander Invariants

§ 7. Local Alexander Invariants
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8. The second Homotopy Groups
9. The Reducibility of 2-Knots
10. Unknotting Conjecture and Prime Decompositions

11. Some Concepts of Cobordism

1. Introduction

1.1. The following notation is fixed throughout the note :

: set of all integers,
: the infinite cyclic multiplicative group generated by ¢,

¢ set of all rational numbers,

00 o N

¢ set of all real numbers,

I={xeR|0=<x<1}: the closed unit interval,

R = {(xi,x2,°°',mn) !xi € R} : the euclidean n-space (n > 0),

Rf = {(xl,xQ,'°',xn] e B |xn = 0},

R? = {(xl,x2,°°°,mn) e B! |xn < O},

= {(x1’x2,"',mn) e R i(xi-fxg +-°h+x§)1/2 <1} : the n-disk,

Sn-l = {(xi,xz,---,xn) e R [(xi-+x§+-~-+xi)1/2= 1}:the (n-1) -sphere,
Sf-l = {(xi,xQ,---,xn) e 571 | 2 0},

ST-i = {(ml,xz,-..,xn) e g1 |mn < 0}.

We always assume that R* and the above standard subspaces have the
right-handed orientation, unless otherwise stated. We identify 7 (and
the standard subspaces Xn, respectively) with the subspace of Rn+m (and
b ) having all components after the n-th equal to 0.

R . . noon
The piecewise linear structures of R, D

n

and §° are unique except

n

for Ru, D and Su ; Stallings [1]. We always assume that Ru, D and
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5" have the standard piecewise linear structures which are compatible

with the affine structure.

dX : the boundary of X,
°X : the interior of X,

C1(X) : the closure of X,

e

: homeomorphic to, and isomorphic to,

[

: homotopic to, and homotopy equivalence.

1.2, Definitions. An (n,n+m)-link with W components is an embedding

u ,
) SZ of oriented n-spheres

u
L. 7 SZ + "™ of a disjoint union
=1 i=1

into the oriented (n+m)-sphere Sn+m. In particular, an (n,n+m)~-1ink with
one component will be called an (n,n+m)-knot.

Two (n,n+m)-links Zj : % SZ > "M with U components, j=1,2, are
)

said to be equivalent (or of the same type) 1iff there exists an orienta-
tion preserving homeomorphism ¥ : g™ 5 &M such that ¢£1 = £2

Then it is trivial that this is an equivalence relation. We call the
equivalence class of an (n,n+m)-link £ the (n,n+m)-link type (or knot
type) of L. Our problem is to describe and classify the link types and
knot types.

Remember that everything is piecewise linear. For smooth ( or diffe-
rential) knots and links, good references are Haefliger [1] and Levine
[2]. The general (or wild) knots and links are nicely covered in Rushing

[Ru].

1.3. Definition. Those (n,n+m)-knots equivalent to the natural inclu-

sion ko : > M are called trivial (or unknotted) , and constitute
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the trivial type.

By the homogeneity theorem of Newman-Gugenheim, Gugenheim{l], we have:

1.4. Proposition. An (n,n#m)-knot k : 5t > M s trivial iff there

exists an embedding k : 0"t 5 M witn B o™t = k.
u
1.5. Definition. An (n,n+m)-link £ : ) SZ > M with u components

=1
is called trivial iff there exists an embedding Z . DZ+1 > 8™ with

L1 =

" =1
] ™ -
=1
If m > 1, then any two trivial (n,n+m)-links with u components are
equivalent ; the equivalence class will be called the trivial type.
From the definition, we have :
k +m , .
1.6. Theorem. Let £ : ) SZ->S” be an (n,m+m)-link. If £ <is
1=1
u
trivial and m=2, then the fundamental group m (.5’” o 2( z SZ)) is a
=1

free group of rank .

1.7. Theorem. (Jordan-Schoenflies-Alexander Theorem) For “m>1, any
(0,m)-link with U components is trivial. Any (1,2)-knot and any (2,3)-

knot are trivial.

1.8. PL Schoenflies Conjecture (n = 3) : 4ny (n,n+1)-knot is trivial.
That 1s, let £t be a PL n-sphere in g +1. Then, the closures of the

complementary domains of X' are PL (n+1)-disks.

1.9. Theorem. (Alexander-Newman Theorem) Let kR : "+ be a PL

embedding. Then, Cl(Sn - k(Dn)) i8 a PL n-disk.

1.10. Theorem. (Zeeman [1 ; 2]1) For m > 2, any (n,n+m)-knot is trivial.
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For smooth knots, this Theorem need not be true, see Haefliger [1].

Contrary to Theorems 1.7 and 1.10, we have :

1.11. Theorem. (Artin [1],etc.) For any = 2 1 , non-trivial (n,n+2)-
knots exist. For any n2m-1 and U= 2, non-trivial (n,n+m)-links

with W components exist.

1.12. Example (Suspension): (Artin [1], cf. Andrews-Curtis [1]). Let

Rl : Sl > 53 be a (1,3)-knot. Given points a ¢ °Si and b ¢ °Su , let

K2 be the join of kl(Sl) with aub. We give an orientation on 4K2 so
that the orientation of the 2-disk kl(S J*a is coherent to that of
k1 (s'). Now we have a (2,4)-knot k% : 5% » 8¢ with £2(0,0,0,1) = a,
kz(O,U,O,-l) = p, k2(52] = ¥ ; we call the k2 the suspension of ki.

It holds that :

nl(s” -y = "1(53 - kst

a .

s,

3

kt st (::j—.~\\ 5
\\ : ~

Su

A p
Figure 1.1

3

1.13. Example (Spun): (Artin [1]) Let R, be the half-space defined

by z, = 0, zq 20 in Ru. We spin Rf according to the equations :
x1=x1, x2=x2,
&, = &, cos 6 - z, sin 0, x, =z, sin 6 + z, cos 0.
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Figure 1.2

Let R2 be the plane defined by X, =X, = 0, so that Ri is spun about
R, Let k' : st *’Ri be an embedding such that hi(Sl) n B? consists
of a single arc o. Then spinning of B = Cl(kl(Sl) - 0) sweeps out a 2-

sphere KQ. If RLL is compactified with a point <« (at infinity) to give

Su, then R° becomes s§ and R® becomes SE. ¥ n SS consists of a
simple loop Kl. We give an orientation on K1 which is coherent to that
of B. Then X' is a representative of the (1,3)-knot A (-kl). Now
K2 is oriented so that the orientation of the 2-disk K2 n Si is cohe-
rent to that of K. We have a (2,4)-knot k° : §° » 8% with k%(s%) =
£°. We refer to the (2,4)-knot b2 as a spun of the k',  since every

loop in st - x? can be deformed continuously in Ri - B, we have :
1 2, ~ 3 ~ 3 1. .1
mE -K)ETL @R, -8 FWE - k™ (57)).
In the same way as that of the spun (2,4)-knot k2 , Wwe can construct
spun (2,4)-links with U components from some non-trivial (1,3)-links

with U components. We can also construct spun (n,n+2)-links from some

(n-1,n+1)-1links. Refer to Epstein [1], Zeeman [3], Cappell {1], etc..
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1.14. Singularities or Local Knots : In Example 1.12, there exist two
singular points g and b in k2(S2). We will measure such a point as
the following way : Let f : > Wn+m be an embedding of an oriented n-
manifold " into an oriented (n+m) -manifold Wn+m. Suppose '’ = @
and WM - @. For a point z ¢ Mn, let St@x;Mn) and St(f(x) ;Wn+m)
denote the closed star neighborhoods of « in Iif and f(x) in an R
respectively. The boundary 35%(x ; 1‘[‘) is an (n-1)-sphere with an orien-
tation inherited from that of .S't(ac;l/1 ), and the houndary 3St(f (x);wn+m)
is an (n#+m-1)-sphere with an orientation inherited from that of - St(f(x);
Wn+m). The knot type, denoted by «k(x), of the embedding

7l ast;MY) : ast(e; MY — 8SE(F) ;W™

is called the singularity or local knot type of the embedding f at x .
When «(x) is of trivial type, we may say that f is Zocally flat at wx.
We say f 1is locally flat iff it is locally flat at each point of .
When k(x) 1is of non-trivial type, we may say that f is Zocally knotted
at x. It will be noticed that the locally knotted points occur only at
the vertices of M’ and that if m > 2 then any embedding f is locally
flat by Theorem 1.10.

In the suspension (2,4)-knot kQ in Example 1.12, if the (1,3)-knot
hi is trivial, k2 is locally flat (and Iz2 is trivial), and if kt is
non-trivial, then k2 is locally knotted at two points whose local knot
types are the types of k' and -kl

The spun (2,4)-knot k2 in Example 1.13 1is locally flat.

For the singularities, we refer the reader to Fox-Milnor [2], Noguchi

(1], [No].

1.15. Definition. In usual manner , we will also call an embedding
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A E SZ - Rn+2 an (n,n+2)-1ink with W components. In particular, an
=1

(n,m+2)~link with 1 component will be called an (n,n+2)-knot. Under the

definition, we also define the link types in the same way as that of 1.2.

u
) SZ > % 4ith U components, j=1,2,

That is, two (n,n+2)-links Z£.:
- I i=1

are said to be equivalent (or of the same type) iff there exists an ori-

entation preserving homeomorphism ¢ : Rn+2 > Rn+2 with wﬂl = £2.

The terminology is justified by the following :

U
1.16. Proposition. et £, : L5} > B™2, i=1,2, be embeddings (i.e.
: i=1
~ u
(n,n+2)-links) and let Zj ) SZ - Sn+2, j=1,2, be the natural exten-
i=1
sions, where %2 s the one-point compactification of Rn+2 . Then,

21 and 12 are equivalent if and only if Zl and 22 are.equivalent.

+2 b
Proof. The necessity is obvious. Since §Me ﬂj( )

S@) is connect-
7
=1

ted, the sufficiency follows from the following Fisher’s theorem.

1.17. Proposition. (Fisher [11) An orientation preserving homeomorphism

of " onto itself is isotopic to the identity.

1.18. Remark : Knotting problems of n-spheres in Rn+2 do not always
agree with the problems in Sn+2. But 1little distinction will be drawn
between them. In the following, sometimes Rn+2 is convenient, sometimes
Sn+2 , because Rn+2 has the standard coordinate-system and Sn+2 is

compact.

1.19. Convention : The topics discussed in this note are (2,4)-knots

as stated in the Preface. From now on, we shall discuss only locally flat



250

knots and links. Usually, we shall say 'n-knots' and 'n-links' for short

instead of locally flat (n,n+2)-knots and Zocally flat (n,n+2)-links,res-

u
pectively. As an n-link £ : E SZ > g2 (or £ : ) S’Z > g2 ), we
1=1 2=1

u U
refer to the image (£( ) S{Z) cSn+2) = (K? Uses uKzCSn”) (or (&( } SZ)
=1 =1
c Rn+2) = (Krllu-n UK:LCR?HQ), where KZ = E(SZ] for 2 =1, +++ ,u, We

also refer to (chsﬂ+2), (LZcRn+2), K’Iu UK:‘Z and Lﬁ as the n-link

(Iq Usoes UKZCSYH'Q) or (KZU se- UKZCRn+2), unless confusion.

If two n~links (KZLU'--UK};CS”"'Z) and (K’Zu---uKZcSn+2) are of
the same type, we denote (Kyilu‘-- UKZCSn+2) = (KZU"' uKZcSn+2) , and
the same notation will be used for n-links in Rn+2.

We refer to [K;Lu X UK;ZCSn+2] and [K’Iu eee UKﬁCRn+2], respective-
ly, as the link types of (K’:U UKZCSM-Q) and (KZ usees UK:fcRn-l-Q)_

The notation is justified by the following, which follows from 1.17.

H
1.20. Proposition. ILet tj ) S’Z > §%2 21,2, be n-links with W
=1
components. If there exists an orientation preserving homeomorphism ¢ :
+2 +2 - & < . .
7 > I suen that ¢£1(25’?)=£(287f) and ¢ |2 (Y SH is ori-
LT 2", i 1°.52.72
=1 =1 1=1
entation preserving. Then, there exists an orientation preserving homeo-

morphism ¥ : Sn+2 > Sn+2 with 1[)?.1 = 1’_2 (ie. 1’,1» and 1’,2 are equivalent).

This remains valid <f 72 ig substituted for " +2.

1.21. Remark. By virtue of the PL normal bundle theory for locally
falt PL embedding with codimension 2, (cf. Kato [1], Rourke-Sanderson[l],
Wall [2]), and by the Cairns-Hirsch smoothing theory, (cf. Hirsch [1] or

Lashof-Rothenberg [1]), '#-knot' and 'm-link' in all the statements in the



251

note can be replaced by 'smooth n-knot' and 'smooth z-1link',unless other-

wise stated.

1.22. Remarks. In reading the literature, you should be aware that the
definitions of n-links and n-link types are not universally accepted. We
refer the reader to, for example, Crowell-Fox [C-F ; Chapter I],Zeeman([4].

(a) Unoriented n-links and equivalence : All spaces Sn, Sn+2 and Rn+2
do not endowed with any orientation, and so all of which V¥ is not requ-
ired to 'preserve'.

i
(b) Isotopy types : Two m-links Kj : Z Sz > Sn+2 , §=1,2 , are said
1=1

to be isotopic (or of the same isotopy type) iff £, and L, are iso-
topic.

(c) Ambient isotopy types : Two n-links Ej : E Sz -> Sn+2,j=1,2, are
=1

said to be ambient isotopic (or of the same ambient isotopy type) iff 21

and £2 are ambient isotopic.

1.23. Definitions. Let X and Y be topological spaces. -
(1) Two homeomorphisms (or embeddings) f , g : X > Y are isotopic iff
tﬁere exists a homeomorphism (or embedding) H : XXI » YXI such that
(i) level preserving (that is, H(x,t) = (nt(x),t), where nt :
X > Y is a homeomorphism (or embedding)), and
(ii) ny, = f and n,=g.
(2) An isotopic deformation of X 1is a homeomorphism H : XXI - XXT
such that
(i) level preserving (that is, H(x,?) = (nt(x),t), where nt :
X > X 1is a homeomorphism), and

(ii) starts with the identity, n, = 1,.
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(3) Two embeddings f,g : X + Y are ambient isotopic iff there exists
an isotopic deformation H : YXI > YXI of Y with n;f=g.
(4) Two subspaces X, and X, of Y are ambient isotopic iff there

exists an isotopic deformation H : ¥YXI + YXI of Y with n, (Xl) = X2.

For isotopy types of n-links, we refer the reader to Rolfsen {1 ; 2].

Isotopy types of n-knots are not interesting, as the following shows.
1.24. Proposition. Any n-knot is isotopic to an wnknotted n-knot.

Proof. For a vertex v of Kn, let St(v;Kn) and St(v;Sn+2) be the
star neighborhoods of v in &' and Sn+2, respectively. Since £ is
locally flat, the (n,n+2)-disk pair (St(v;Kn) CSt(v;Sn+2)) is equivalent
to the standard (n,n+2)-disk pair (DnCDn+2), (that is, there exists an
orientation preserving homeomorphism ¢ : St(v;Sn +2) -— Dn'/.2 such that
PSE@;KY) = DM, Let BT = 72 _osp(0;5M2) ; B2 is an (n+2)-disk
by Theorem 1.9. Then, by the Alexander’s trick in Bn+2, we can conclude
the proposition ; see Rolfsen [1]. O

u
1.25. Proposition. Tuo n-links £;: } s; -+ §%2 i=1,2, ave ambient
i=1

isotopie if and only if they are equivalent.

Proof. The sufficiency follows from Proposition 1,17 ; and the neces-
sity follows from the definition of 'ambient isotopic'. [1

2. Standard Representatives of 2-Knot Types

We will consider a method of describing 2-knots on the paper. A well-

known method of describing a 2-manifold in RLll is to exhibit its cross
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sections by a family of parallel hyperplanes RZ =8 x {u} in R =
RS XRl. We refer the reader to Fox [3,86], Gluck [3,8IO0], Hosokawa [1],
Kinoshita [1], etc.. After establishing the method, we will consider stan-
dard representatives of 2-knot types. In this section, we discuss exclu-
sively 2-knots and 2-links in the 4-space Ru, but the reader may replace
RLL with Su without difficulty (see Note in 2.2 below).

For the sake of convenience, we first introduce the following :

2.1. Fusions and Fissions of n-links : Let (KT;U oo uKZcRmQ) be an

2 be an embed-

7n-1link with u componenfs (0 > 1). Let BY . rxpt+ R™
ding of an (n+l)-disk such that B (IxD") n (1(’1l Usos uKﬁ) = B (er=x0™
that is oriented coherently with that of K’f Uees uKZ, and B ({0} xD™"

and B ({1} xD™) are contained in different components of K;Z, ,K];j .

Then, (K] ue«e++ uKnu) + BT I x0™M)= i’l“u uI?Z_ is an n-link with p-1

1

components, where + means homological addition, We shall say that
(]Z?u cee u]?ﬁ_lc}?n+2) is obtained by a fusion of (K;LU“- uKZCRn+2)

along B*.

g

Figure 2.1
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Let B™ : D"xI + E"? be an embedding of an (n+l)-disk such that
B~ (Dn xI) n (KgZ Usees UKZ) = B-(BDn xI) that is oriented coherently with
that of Kzu oo UKZ and if n =1, B'('c)D1 XxI) 1is contained in one of
K, eee, K’J Then, (K} ="+ ux:‘] + B (@ xD) = Kfu--- uz’;ﬂ is an
n-link with u + 1 components. We say that (]?’11 Usee u]"{z+1 CRn+2) is
obtained by a fission of (Krll TR uKﬁ A% along B .

It will be noticed that if I'Z;f Ussee Ul?::_l is obtained by a fusion of

K? TR UKZ along B+, then K’; U ees UK: is obtained by a fission of the

H'uees K" .| along some B~ with B (0'xI) =B (IxDh.
1 E-

In general, let BI,‘", B; be embeddings of IXDn into Rn+2 such
that B;.(IxD”) nB;(IXDn) = ¢ for j#k , and B;(Ian) n (K useey K:L)
= B;(BIXDn) that is oriented coherently with that of K’z Ueee U I{j .
Suppose that (K;LU R UKZ) + (ji‘ll B;(B(IXDn]) is an-n-link with p - »r
components, say ]-{’Z VR Ukﬁ-r' We say that the n-link T{ZU see U]?:-I’ is
obtained by a fusion of K;l Uese uKZ along BI yese uB;.

In the same way, we define a figsiom of an n-1link K;L Useos qu along
Bi Uose UB;, provided that embeddings B&. of D'xI , j=1,ee2,7, are
nicely defined.

Remark : The above definitions are slight different from those of

Hosokawa [1 ; 2]. In fact, the fusion (or fission) illustrated in Figure

2.1 1is not a fusion (or fission) in the sense of Hosokawa.

B)’ H(a,b), H(a,b]’ H[a,b) a.nd H[a,b]’ -0 < a’b < o,

we denote subspaces of the 4-space RL+ defined as follows :

2.2. Notation.

n
H(a,b) = {(xl,mQ,xS,wu) eR | acx x, <b } .

n
Higp = 1@ s2pme) e B | a<s, <b},



255

n
H[a,b) = {(xi,xQ,ms,xu) ¢eR |asxz <b},

IA
8

H[ab]={(x1,xmxu)eR|a 4$b}.

Note : 1If R‘LL = RaXRl is compactified with a point =« to give S5,

then a hyperplane RZ = B x{u} becomes a 3-sphere, say Sz , and the

above subspaces X and H become unions of

@b)’ "(@.b)” Fla,p)
such the 3-spheres, say S

(a,?]

@b’ °(@,b]’ *la,p) ¢ S,y

notation, all statements in this section hold for 2-knots in Su.

Using the

2.3. Now , we are going to give the method of describing a 2-manifold
in Ru, but for brevity we will only consider (locally flat) 2-knots.

Let (K2 CRL‘) be a 2-knot. By well-known general position argument,
we may assume that vertices of K2 are in general position with respect

to (ml,x and also <, ; that is, for any two vertices v = (acl,:r:

Q’xs) u 2 22
— 9 14 14 r
x3,:c4) and v (acl,xz,xa,xu it holds that (xi,xz,xg) # (xl,xQ,ms)

r
and xu # xu.

We assume now that K2 c H

('2’2).
. . 2 3 . .
An ordinary cross section X n Ru is empty or consists of one or
. . . . . 3 .
more simple oriented loops, that is, a 1-1link in the 3-space Ru' Since
K is compact, the number of exceptional cross sections is finite, and
ses 2 3 . . . R
for a critical value wup, X nRuo contains a single point which may be a

‘s 2
vertex of K2 Let x, = uo be a critical value, and let vek nl?f£ be
0

a critical point, Then, a 4-dimensional neighborhood of v is one of the
following as illustrated in Figure 2.2 ; which will be called a maximum,

a minimum and a saddle-point (for the x, coordinate), respectively.

in
Especially, a transformation

3 3
+€cu+€)=>(KnR cR)———'—>(KnR cR )

(K nR
Up 0-€ Up—~€
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up+2¢e

O

KX XKOC

Ugte

R L) X))

ug-2¢

mazctmm minimum saddle point

Figure 2.2

Rs,uo<usuo+e O
U
ﬁ @
R3
Uo

3
Ru,uo-z—: S u < up

S HOC

maximum-disk minimum-disk saddle-band

Figure 2.3
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will be called an elliptic transformation if v is a maximum or a minimum

and a hyperbolic transformation if v 1is a saddle-point.

We can make the neighborhood of a critical point v 1look like Figure
2.3 by an isotopic deformation of R that is the identity outside the
neighborhood. (The deformed K2 is of course no longer in general posi-
tion with respect to x, .} Then, we wiil say the cross section K2 nRzo

has a maximum-disk C, a minimum-disk C' or a saddle-band B , respec-

tively, instead of a maximum v, a minimum v or a saddle-point v . If

in Figure 2.3(3), Ki # Kj in RZO+€ , then the hyperbolic transformation
2 3 3 3 3 .

X nRuo+€CRuo+e) = (K2 nRuo-ECRuo—E) corresponds to a fusion along

B , and if Ki = Kj it corresponds to a fission along B. ( Here, we do
not distinguish embeddings B : Ixpl » Rzio and B : D' xI > Rz?zo from
the images B'(IxD') =B and B (D' xI) = B.)

We will prove the following :

2.4. Theorem. For any 2-knot (chRu), there exists a 2-knot (7{2 CRLL)
satisfying the following :

0 *erh =& er",

(1) all maximum-disks of (1?2 CRu) are in the hyperplane Rz,

(2) all minimum-disks of (1?2 CRu) are in the hyperplane R?S,

(3) all saddle-bands of (]"{QCRH) are in the hyperplanes Ri’ uR?l,

4 (}"{2 nRi CRﬁ) is a 1-knot (i.e. %° nR:; is conmmnected ) that is

oriented coherently with that of the 2-disk % nRi .

We will call such a represéntative (}22 cRu) a standard representative

2 L
of the 2-knot type [K <R ]; it will be noticed that standard represen-

tatives of a 2-knot type are not uniquely determined. It should be noted
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that the l-knot (22r1R2<:R2) is obtained by a fusion of the trivial 1-

link (kK*nRycRy) along the saddle-bands in RS, and that the trivial

1-link (&2 nR§2 ch2) is obtained by a fission of the l-knot (K nE3 c
Rg) along the saddle-bands in R?i'
Proof of Theorem 2.4. We may assume that K2 c H For each ma-

('2)2) )
Ximum v = (vi,v2,vs,vq) of K2, we take a line which is parallel to the

<
y =y

V.

xu-axis and passes through v, and let Zv denote the part with v

i

< 3. Since dim(K2) =2 and dim(lv) = 1, we may assume that K2f\lv

By our assumption, for any two maxima v and v’ of K2, lvthv, =9 .

By an isotopic deformation of Ru that is the identity outside of a nei-
ghborhood of 20, we pull up v as far as R3, and we also deform its to
a maximum-disk. By the quite similar way, we pull down minima of K2 as
far as R?S, and we deform them to minimum-disks. We have a new 2-sphere
XK' in R' with (X'cB") 2 (k°<R"), so that all maximum-disks are in
Rg , and all minimum-disks are in R?a, and all saddle-bands are in open

slice H Let u_, u,., <=+ , “, be critical values of KXK' with

(-2,2)° 1 2°

-2 <y, <u

1 2

< eee < u, < 2, and let Bl’ BQ, oo Br be the corres-

ponding saddle-bands.

To complete the proof of 2.4, it suffices to show that :

2.5. Lemma. We can make even the levels of any two saddle-bands B,

and Bi,q s and alse we ean change the levels of B, and B by an

o

isotopic deformation of R'.

Proof. 1In the hyperplane Ru , there is a 1-link together with the
1+1

saddle-band Bi+1' With decreasing u, Uspq 2% 2 Uy, We do not perform

. . . 3
’

a fusion or a fission along Bi+1’ and we take Bi+1 along with X 11Ru.
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3 ' .
In Ru we have two bands Bi and Bi+1' If BBinE)Bi_I_1 # Q)’, that is,

7
if Bi attaches to a subarc of 9B, 1410 VW€ slide Bi along the side of
Bi+1 so that BBin 3Bi+1 = @, see Figure 2.4.
Figure 2.4
if B.n 7/+1 # @, that is, if B passes through B L1 Ve deform B'L
in RZ (K'nR - B. so that B n B = @, see Flgure 2.5.
1

5

// Bi+1

.

Figure
It will be noticed that these deformations of B'zl can be realized by
an isotopic deformation of Ru. Now, the lemma is obvious, and complet-

ing the proof. [

2.6. Theorem. For any 2-link (Ki Usee uKﬁc}?“) with U  components,
there exists a 2-1ink (ki Uses UK§CR”) satisfying the following :
52 e S N S
(0) (Klu---uKucR)— (Klu UKUCR), '
(1) each component .7{5 satisfies the conditions (1), (2), (3) oand

(4) im Theorem 2.4, 1 < 7 £ |,

We call such a representative (ki Ueee u]?ﬁ CRu) a standard represen-

tative of [Kiu---quJCRLL].
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2.7.

Exercise. Prove that : for any locally flat embedding kR :u® » R

of an orientable, closed and connected 2-manifold e of genus g into

Rq, there exists a locally flat embedding h : 142 - Ru satisfying the
following :
(0) h and k are ambient isotopic,

1)
(2)
(3)
(4)
(5)
(6)

all maximum-disks of W) ave in the hyperplane Rg,

all minimum~disks of h(M2 ) are in the hyperplane Rfs,

all saddle-bands of h(M2 ) are in hyperplanes Rg uRi u}i’f1 uR?Q,
3 3

3/2 and h(M2) NR_; 5

h(MQ) nRg ig a 1-link with g + 1 components,

both I'L(M2 )nR are connected,

both h(Mz) nRt and h(M2) n}i":L are connected 2-manifolds of

genus 0 with g + 1 boundary-components h(MQ) nB:S .

2.8. Example. We describe a standard representative of the 2-knot type

of the spun 2-knot (R2(5%) cBY) = (K2 <R") of the trefoil (k1(s1) cR%)

given in Example 1.13.

>

D% (\)@

Z

2

K nR K nR K nR K nR

@(\% (X
VI

2 3 2 3 2 3 2 3
3 2 1 0 K nR_1 K nR_2 K r‘»R_3

3

Figure 2.6

2.9. Definition. R.H.Fox [4, Problem 25] defined a ribbon 1l-knot, and

some characterizations are given ; refer to Fox [6], Hosokawa-Yanagawa [1],
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Terasaka [1]}, etc.. That is, a 1-link (or 1-knot) (Ki Usee uKﬁt:Rs) is
called a ribbon 1-link (or l-knot) iff there is an integef A=U so that

KllJ"' uKﬁ is obtained by a fusion of a trivial 1-link Oiu--'uoi with

1
" A components.

Then, the equatorial cross section (erngczRg) in Theorem 2.4(4) is
a ribbon 1-knot, and the ((ki u---\Jkﬁ)tngczRg) in Theorem 2.6 is a
ribbon 1-link with Y components.

Fox also defined in [4] a slice 1-link (or 1-knot), a slice 1-link <in

the strong sense and a slice 1l-link in the weak sense. The cross section

hﬂw2)t1R§ in Exercise 2.7(5) is a slice 1-link in the weak sense.

2.10. Problem. (Fox [4 , Problem 39]). (a) Which slice l-knots are cross
sections of trivial 2-knots ? (b) Which slice 1-links with U components
are cross sections of 2-links (Ki U"‘lJKi<:RH), A £\, such that Kg )
a trivial 2-knot (for j=l,+++,A) ? (c) Which slice l-links in the strong
sense (with | components) are cross sections of trivial 2-linls with W

compornents ?
We have now the following problem corresponding to 2.10(a) and (c)

2.11. Problem. (a) Which ribbon 1-knots are equatorial cross sections
K2r1R§ of standard representatives (K2<:Ru) of the trivial 2-knot type ?
(c) Which ribbon 1-links with W components are equatorial cross sections
(KiiJ"'lJKi)(\Rg of standard representatives (Kil)"' ukﬁ<:R4) of the

trivial 2-1ink type with | components ?

Some 1-knots are known which satisfy the condition of 2.10(a) and also

2.11(a), see Terasaka-Hosokawa [1], Hosokawa [1], Sumners [7] and Fox[3].
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Hosokawa [1] has given a sufficient geometric condition for 2.11(a),which
will be discussed in Section 10 ; and Sumners [7] has given necessary alge-

braic conditions for 2.10(a), which will be noted in Section 11.

2.12. Definition. A 2-link (Kiu--- uKﬁcR”) with U components is

called a ribbon 2-link iff there exists an integer A =2 1 such that

Ki yee- “Ki is obtained by a fusion of a trivial 2-1link Oi UKERS uOfj with

A components along appropriate embeddings B+, see B;_u I x D2 > Ru.

When W =1, we will call a ribbon 2-knot. A 2-link type will be called

a ribbon type iff it has a ribbon 2-link as its representative.

A standard representative (Kf Ueoe quJ CRLF) will be called simple
symmetric iff [Ki Uses uKﬁ} nR;¥ and (Ki Uvess uKi) nRu are symmetric

with respect to the hyperplane R3 = Rﬁ .

2.13. Theorem. (Yanagawa [2]) 4 2-link (xf Ueeeu Kﬁc &Y s a pibbon
2-1ink if and only if [Ki Ueee uK2

n
. ~2 ~2
sentative (Kl Usessu Ku

CRq] has a simple symmetric repre-

CRu) .

Sketch Proof. Suppose that Ki Usees UKﬁ is obtained by a fusion of a

+

. IxD° » BY.
A-u

trivial 2-link 0. u--+u0, along embeddings Bj,-*, B
2 2 4. 2 2 L
We may assume that (01 Yoo UO)‘) nR+ and (01 Usee UO)\) nR_ are symmet-
ric with respect to Rg. Since I><D2 is a 3-disk, there exists an iso-
. . 4 . 2 2 2 2
topic deformation {nt} of R with n?,;(O:L U UOU) = 01 u Uou for
+or o 02 4 + 2 H
each 0 < ¢ <1, so that nlB (IxD™) nR+ and nlB (I xD")nR_ are sym-
3 .
metric with respect to RO s T=l,+++,A-u . Conversely, let Bi’ see Br

=2 ~2 3 3
14 s e 4 - s 1 -
and Bi’ s B! be saddle-bands of ]{1 u UKu in Rl and R~1’ res

pectively. Since there are no critical points in H( 1,1)° there exists
=
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a homeomorphism ¢ : > Rg x (~-1,1) such that

Be1,1)

~2 22 ~2 2 3
d)((Klu---uKu)nH ((Klu---uKu) nRO)X(—l,l).

(-1,1)°

Now we can deform B1 Uees UBP by an isotopic deformation {nt} of R4

LI ) = ! oo e ! LK
so that nl(Blu UBr) B:LU UBr and the trace nt(Blu uBr),

telI, forms r mutually disjoint 3-disks. We obtain embeddings B

1,. 2
- 2 L s ~2 ~2 - - .
B :D"xI >R so that a fission of X u---uXk along B, u-+--uUB is

r 1 u 1 r

a trivial 2-1ink 5? Useeoso u5§+ , where r + 1 is the number of the maxi-

1
. ~2 ~2
mumn-disks of Klu---uKu. |

2.14. Remark. Let (chRg) be a ribbon l-knot obtained by a fusion

of a trivial 1-link (Oiu-ﬁ UOiCRs) along embeddings BI, LCE N B;

I><D1 > Rg, » =u - 1. As in the sketch pi'oof of 2.13, we have a simple
symmetric representative (KQ(Kl) CRu) of a ribbon 2-knot as follows :

Let (Oiu--- uOﬁCRu) be a simple symmetric representative of the

trivial 2-link type with L components such that (Oi Uleee U0121) nRﬁ =

1 1 2 2 ool ooty
Oiu uOu ~and (01U u0 ) nH = (Olu ’_.:u.Ou)X( 3,3). Then,

u (-3,3)
we have embeddings Bj, +<+ , B, : IxD° > B such that Bl (rx0%) R =

B;T(prl) and Bz(IxDQ) =B;f(1x01)x[-1,1] in # = RO x[-1,1],

[‘1:1]
for <=1,+¢+,r . Now, (KQ(Kl) cRu)‘ is obtained by a fusion of Oi Useses U
0§ along EI Usee Ué;, which will be called an associated ribbon 2-knot.

To give a standard (siniple symmetric) representative of a ribbon 2-knot,

it suffices to show a ribbon 1-knot as its equatorial cross section.

2.15. Proposition. et (X, <R and (K, <Ry) be ribbon l-knots

obtained by fusions of a trivial 1-link 01 Usesu 0111 along BIl Ues- uBIP
+ + . _ ) . p3 2

and le U uBQr, respectively, »r =y - 1. Let q : R, > R, be the

. . . ‘ + 1,
regular projection defined by q(xl,acz,xs) = (acl,xz,o). If 321 (IxD)Hvu
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ves uB;r(IXDl) ig obtained from le(IXDj‘) Ueee uB;r(IXDl) by chang-
ing some of the crossing of q[BIi(IXDl) Uees uBIP(IxDi)], then the as-

soctated ribbon 2-knots (K2 (Ki) cRu) and (KZ(Ké) ch) are equivalent.

Proof. We choose a small unknotted simple loop e, < 1?2 as shown in
Figure 2.7(a). We pull up ¢y as far as Rg/2. Since K2(K1) n Rg/z

consists of a trivial 1-link (Oi Uees UOi) x (3/2) alone, and e, x (3/2)

does not 1ink with this 1-link in 32/2, e, bounds a locally flat 2-disk
2

™ in T ><D2 - RL+ be the embedding corresponding

H fo,3/21" 17
with B} as in Remark 2.14. Along the 2-disk ¢?, we deform By, (1x0?)

Let §

by an isotopic deformation of Rq so that (n 15;2(1- XD2) nl?g) UBIJ.(I ><D1)
is as illustrated in Figure 2.7(b) and niﬁzi(IXDQ) - niBIi(IXDi]X[—I,

1] in Hpy g B3 x [-1,1]. O

N 4
A

2.16. Theorem. (1) Every spun 2-knot is a ribbon 2-knot.

(b)
Figure 2.7

(2) There exists a 2-knot type that is not obtained by spinning.

(3) There exists a 2-knot type that is not a ribbon type.

We can check (1) easily. The proofs of (2) and (3) will be given in
the next Section. On ribbon 2-knots, many properties are known by Yajima
[2; 3], Kinoshita [1], Yanagawa [2; 3; 4], etc., and some of them will

appear in the forthcoming Sections.
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2.17. Definition. Let k : & » Rn+2 be a locally flat embedding of

the oriented n-sphere Sn into the Rn+2, that is, an n-knot. Let
g Sn > Sn and p Rn+2 > Rn+2

be orientation reversing homeomorphisms. Then, we have three new locally
flat embeddings

ko : §F > Y2, ok g > A2 , pko : &P FY2
When we represent (h(Sn) Cﬁn+2) by (Kn(:ﬁﬁ+2), then we denote (hO(Sn)C
%), ok cB™?) and (oko(h) <FMH) by (KPR, <K' "D
and -(Kn<:Rn+2), respectively.

An n-knot (Kn(:Rn+2) is called <Znvertible iff (Kn<:Rn+2) is equi-
valent to (—Kn<:Rn+2), and +amphicheiral iff (Kn<:Rn+2) is equivalent
to -(-Knc:Rn+2), and -amphicheiral iff (Kn<:3n+2) is equivalent to
-(Kn CRn+2).

In the case 7n = 1 , given a regular diagram of a l-knot (K1<:R3) we
have regular diagrams of (—Klz:Rs), —(—K1<:R3) and —(K1<:R3) formally
as the following (cf. Fox [3, §7])

[::55‘7 Reversal of
; : space orientation

Y

S

%7

Reversal of
knot orientation

——
—
Q

¥y
|
ISy

Figure 2.8
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Here, (-K1 CR3) is obtained by reversing the direction of the arrow on Kl,
and --(-K1 CR3) is obtained by changing the crossing at each double point
of Ki; where p : Rs -+ 1?3 is defined by p(xl,mg,x:s) = (xl,mz,-x3).

Given a standard representative (K2 CRq) of a 2-knot type [K2 CRu],
we record a formal method to have standard representatives of [-KQCRu],
-[-K2 cRu] and --[K2 CRu] in the similar way as that of 1-knots.

From our promise of the orientation on K2 (recall Theorem 2.4(4)), a

standard representative of [-K2<:Rl+] is obtained from (K2 ch) by re-
versing the direction of the arrow on K2 nRZ for -3 su <3, As an

. . . . 4 . 4
orientation reversing homeomorphism of R onto itself, we take p : R

4 .
+ R defined by p(xl,wz,xs,xq) = (a:i,xz,-ma,xu) . We have a standard
representative of —{-K2 CRq} by changing the crossing at each double
point of K2 nRS (with respect to a regular projection q, * RZ > RS

defined by qu(xl,xz,:r:a,u) = (xi,acz, 0,u)) for -3 <u =<3,
2.18. Theorem. (Y.Marumoto) Every ribbon 2-knot is -amphicheiral.

Proof. Let (Kic}?g) be a ribbon 1l-knot obtained by a fusion of a

trivial 1-1ink 01 Useee uoz along embeddings BI_,--', B; : I><D:l - Rg, r
=u - 1, and let (K2(K1) CRu) be an associated ribbon 2-knot. In the
same way as that of the proof of Lemma 2.5 (see Figure 2.4), we slide the

bands B, B if necessary, so that each B. spans 0,15 and 0,1“1.

A
NS

Figure 2.9 : (Kic}?i) = ((K*(&") R <RY



267

By the observation in 2.17, we have the following ribbon 1-knot (Ki c

Rg) as shown in Figure 2.10, such that the associated ribbon 2-knot

(K2 (Ki) CRu) is a standard representative of -[KQ(Kl) CRu].

HE=41)

) 1.3, _ ,.2 1 3 3
Figure 2.10 : (K1CR0) = (X (Kfl) nROCRO)

' Q7Y

) o1 3. 2 1. 3 3 "
Figure 2.11 : (KQCRO) = ((K (K2) nROCRO)

In each level RZ, -3 < u < 3, we rotate KZ(Ki) nRz, and have another
representative (K; cRﬁ) of [Ki CR:;] and another .standard representa-
tive (K2(Kjé) CRu) of -[KQ(Ki) CRu], as shown in Figure 2.11. By virtue
of Proposition 2.15, we can conclude that [KQ(Kl) CR”] = [KQ(K;) cRu]

N
= —[*&YHY cr1. O
We refer the reader to 3.20 and 3.21 in the next Section.

3. Presentations of 2-Knot Groups and Elementary Ideals

The most impotant topological invariant of an n-1ink (LﬁcsﬂQ) = (K?

2
u---uKzCSyH) resp. (LZCR”+2) = (]{Zu-"UKzCRnQ) is the comple-
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mentary domain .S’H'z - Lz resp. Rn+2 - L:l, say simply the complement of

(LZCS”J'Q] resp. (LZCRMQ}.

n

The fundamental group m (Sn ¥2 Lu fi+2 n

) resp. m 04 - Lu) is called
the group of (chsn+2) Tesp. (Lﬁc}?n+2), and any such group is called
an n-link group with U components. In particular, an n-link group with
1 component will be called an n-knot group. For an n-link (LZCRYHQ),
let (Lﬁcsn+2) be the 7n-link obtained by one-point compactification of
F™2. Then, ™, &2 - L:‘) 23 CAl L’:), provided that = > 1.

In this section, we will give a method for presenting the group of a
2-knot (KQCRHJ {(and so (KQCSM)), using the family of cross sections

K2 nl‘i’3

L and introduce the so-called elementary ideals.

It is known that :

3.1. Proposition. (Neguchi [1], Zeeman [6],etc.) Let [Kncsnﬂ) and
(KncRn+2] be n-knots, and let I'J(Kn;SnQ) and IV(Kn,-Rmz) be regular
neighborhoods of & oin § *2 and Rn+2, respectively. Then,

" ; Y = xp? 2 ; AT,

+2 Rn+2

We will call .S'n+2 - "N(LZ; Sn+2) resp. e "N(LZ'; ) the ex-
terior of (LZCSW‘") resp. (LZCRmz). It is easy to check that the
complement of an n-link deformation retracts to its exterior.

By Alexander duality and Poincaré duality, we have :

3.2. Proposition. For n-1inks (LZc.Sﬂ+2) and (L.ZcRn+2) with y
components
J if q=0,
B0 =0 @205 = 4 dxeeexd =g if g=
q( L0 q( L, ) . if q=1,

0 if g#0,1,n+1,
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SLCHERS Y I RN IER
7 Rn+2—L 7)) T dxeeexdxd = JM,
n+:|. u

3.3. We will discuss a presentation of a 2-knot group 1r1(1-?I+ - Kz).
The reference for the following is Fox [3, §6] and Kinoshita [1, §4].

Suppose that x, = 0 is a critical value and a single critical point

v = (0,0,0,0) is lying in K2 nRg. We also suppose that v is a minimum

or saddle-point and that in H there are no critical points. We

("1a1)
take the following two open sets :

U

il

. 2 2 2.1/2
<
{{xl,xQ,x:a,xu} € H(-l,l) | x, min{l, (x 1+, ) 1},

1 2
U2 = {(xl’xZ’xa’xu) € H(-l,l) l (x1+:x:2+x3) / }

Since U2 i5 a neighborhood of v in Ru, 7r1{U2 - KQ) =J because

K2 is locally flat and the 2-disk K2 nCl(UQ) is considered to be the

join v= 3(](2 nCl (U2)). We apply the well-known van Kampen’s theorem to

the open sets U1 - K2 and U2 - K2 .

If v 1is a minimum, we get no new relation. That is, 'rrl(H( 1,1) ~ K2)
]
~ 3 2
= 111(1?1 - K7).
If v 1is a saddle-point, it is easy to see that H(_1 1 " (KQUU2)
’

. 2 - s
deformation retracts to Ri/? - X UU2). Using the Wirtinger presenta-

tion in the classical knot theory (cf. Crowell-Fox [C-F]), we have a pre-

3

2 . 2
- K7} of the 1-1link (X an/Q

sentation of the group G(1/2) = 7 (R1/2

R1/2) . Suppose that

G(1/2) = { 2,,%y,8 5805 =0 Sy, | B = @y, @ = @y, 7y, c0r 7 )
- LI ' .o
= { z, T, Yo sy, | vty s h )
where T, Ly, L, and xy are shown in Figure 3.1, and ré is obtained

from r, by replacing *y, and x4 with x, and s respectively,
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Ta \Jm ,@ b ”a‘“\D ngb

2 3 K2 3

2 3
K nR1/2 K nRO nR-1/2

Figure 3.1

. 2 ~ . . - -
Since 1r1[02 - X¥°) = J has a presentation (xa,acb,xc,xd | xa- xb xc

. 2 .
=%y >, we have a presentation of ﬂl(H(—i,lj - K7) as follows :

(o T 5 5 U+ 8 | 5 B 5 B B s 7p)
- = foees ’
= (xa, T Yys > Yy I z =T, v, > g ).

By successive applications of the above, we have :

3.4. Theorem. Let (K2 CRH) be a standard representative , and let
(K1 CR3) be the equatorial cross section (K2 nRg CRg). Then, from a pre-
sentation of m (R3 - Ki), we have a presentation of m {Ru-Kz) by add-
ing a finite number of relations corresponding to saddle-bands of KQ.

In particular, there exists a presentation
T A T TUE A

of m (Ii’3 - Ki) such that the presentation of m (Ru - K2) forms

+
<:01, Tpe®tts Ty I Tyo Tpa™%s Ty 40 8y

see
>

+ - *® 0 -
> s\)—i, si’ > sx_l >’
where vV and A arve the numbers of maximum-disks and minimum-disks of

2 R
K", respectively, and

+ -
s, =x, x.t for
i 11 22

S
1]
[

-
»
.
.
.
<
]
Y
M

-1

T =z, 2, or g =1, e+ , A-1.
; 3.5, f J s
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. . g . . 2
This vemains valid if a standard representative (Ki Us=eeu Ku cRL}) of
. . . 2 2 3 3
a 2-link type and its equatorial cross section ((K1 [UERE UKu) NR, € RO)

. 2 L 2 3
are substituted for (K <R’) and X nRocRg) .

3.5. Corollary. Suppose that in Theorem 3.4, (K2 cRU') is simple sym-
metric. Then, with (xl, Ly, *0 o, T f Py To, ttt LT 4 > as in 3.4,
we have a presentation

L 2 + +
Wi(R -K) = <x1,x2, vee ,xa | TysPys 0t 5P 45 845 851 )

3.6. Corollary. Let (K2CR4) be a standard representative. If the

equatorial cross section K2 r\}?f;1 1g unknotted, then m (Ru - K2) = J.

Proof. By Theorem 3.4, 1r1(R4 - K2) has a presentation with a single
generator. Since the Hurewicz homomorphism m (Ru - K?) + H1 (Ru - K2 30

~ . . . L 2 . s
= J is surjective, ™ (R - X°) 1is not a finite group. [

In Section 10, we shall discuss the 2-knot with unknotted equatorial

cross section. See also Example 3.14 below.

3.7. 1In the classical knot theory, a useful set of invariants of knot
types is the sequence of elementary ideals in the integral group ring A
of J, see Crowell-Fox [C-F]. Using the free differential calculus of Fox
[1; 2], Kinoshita [1] defined the Alexander matrix A and a sequence of
elementary ideals E d(A) of 4, and gave a characterization of the first
elementary ideals. We describe here the sequence of elementary ideals
from this point of view. We do not wish to develop the free calculus, so
that we may refer the reader to Crowell-Fox [C-F] or Fox [1; 2] for full

account of the construction of the Alexander matrix.
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We shall give in Section 6 another description of the Alexander matrix

and the elementary ideals.

3.8. Definitions. By 3.1, we can take a simple loop ¢t = {+}x5* on
BN(KQ;.RH) = S2><Sl, which defines a conjugacy class in G = 1T1(Rl+ - K2),
any of which elements is called a meridian of K2. We give an orientation
to a meridian ¢ so that ¢ 1links with K2 with linking number one ; ¢
is a base of the infinite cyclic growp X (&' - K*;1I) % ¢/[6,6] = J.

Let ¥ : ¢ »J be the Hurewicz homomorphism, and let ( Zysetts Xy [

Prsttts rB > be a finite presentation of &, and let F be a free group

on o generators x,,***,T and ¢ : F > G be the natural epimorphism.

12

Let ZF, ZG and ZJ be the group-rings of F, ¢ and J with integ-
ral coefficients, respectively. Then the homomorphisms ¢ : F > G and
% : G+ J can be linearly extended to ring homomorphisms ¢ : ZF -+ IG
and § : ZG + ZJ. Sometimes, we denote by A the integral group-ring
ZJ ; we can think of ZJ = A as the Laurent polynomial ring Z[t,t_l]. A
is a Noetherian unique factorization domain,

We define the Alexander matrix A of K2 by

Bri
A=(rij]= W(ax.] ,74=1,"',B;J=1,"°,a.
J

For any integer d, the d-th elementary ideal EE(A) of A is the A-
ideal generated by the determinants of (a-d) X (a-d) submatrices of 4,

with the conventions

(i) a-d<1 then Ed(A) =

1
&

n
S

(i1) a-d>B then E ()

The d-th Alexander polynomial Ad(t) e A is the generator of the
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smallest principal A-ideal containing Ed(A).

3.9. Definitions. In the same way as that of 2-knots, we have similar
matrices and elementary ideals for 2-link with 1 components, u = 2. We
refer the reader to Kinoshita [2 ; 3], Shinohara-Sumners [1] for more ge-
neral arguments. Let (LﬁcRu) = (Kiu uKich) be a 2-1ink with u
components, u = 1. Let ti be an oriented meridian of KE , L=l,eee 1,
such that ti links with Kz with linking number 1 ; { tl, e, tu }
forms a free abelian base of the free abelian group Hi(Rl+ - Li; 7) = J™.

Let < xi,---, xa | ri,--~, rs > be a finite presentation of 1T1(.R4 -
Lﬁ) = G and F be a free group on 0 generators xl, e ,xa. Let ¥:
¢ + " be the Hurewicz homomorphism and ¢ : F + ¢ the natural epimor-
phism. These homomorphism § and ¢ are extended to ring homomorphisms
of 1¢ onto ZJ" and of ZF onto 16, respectively. In particular, yAile
is the Laurent polynomial ring Z[ti,til,-~-,tu,t;1] of u variables,

which is also Noetherian. Now we have the Alexander matriz A of Li by

Bri
4= (r..) = i=1’ MR ;.=1; e L0
(r; ) M)[Bx.] , B d
J
For any integer d, the d-th elementary ideal Ed(A) of 4 is the
Z3"-ideal generated by the determinants of (o-d) X (a-d) submatrices of
A with the conventions

YA L

2

(i) o-d<1 then E,4)
(i) a-d>B then E ) =0,
and the d-th Alexander polynomial Ad(tl,---,tu) e 70" is the generator

of the smallest principal ZJ"-ideal containing EdLA).

Let o ; > J be an epimorphism defined by O(ti) =t , i=1,°°",u.
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Then © is naturally extended to a ring homomorphism o : " > 23, and

let lIv = gy : ZG - ZJ. Now we have another B Xxo matrix 4 defined by

- . - 31"1:
A= (P’LJ) = W‘b[ ax.] R =1, vo0 B3 =1, o+ ,a,
dJ

which will be called the reduced Alexander matriz of Lﬁ.

In the same way as that of 3.8, we define the reduced d-th elementary
ideal E d(;l) of Z, and the reduced d-th Alexander polynomial A d(t) for
any integer d. If 1 =1, of course, it holds that 4d=4 and so Ed(;h

= E4(4) and Zd(f;) = A,

3.10. Proposition. The elementary ideals Ed(A) 's and the reduced
elementary ideals E d(Z) 's are not affected by choice of presentations
of G=m (" - Lﬁ) under the above fiwed V and V. That is , E (4)'s
and E d[ﬁ) 's are itmvariants of 2-link types. The Alexander polynomials
Ad(tl,---,tu) 's and the reduced Alexander polynomials ﬁd(t] 's are de-
termined up to units in IV and A, respectively.

Notation.  We denote E’d(A) by Ed(K2), sometimes for (K2 CRu). For
two elements f(£) and g(¢t) in A, "f(£) = g(¥)" means that F(£) is

equal to g(z) up to units of A, see 6.4 below.

3.11. Proposition. rLet Ai () be the first Alexander polynomial of a

2-knot. Then, Al(l) =+ 1,

This follows from the fact that At=1 is the matrix which determines

the first homology group Hlfl?u ;L) = 0.

3.12. Example. Let (KQCRu) be the 2-knot given in Example 2.8.

As a set of generators of the knot group of the equatorial cross section
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Figure 3.1’

x and

(K2 nRg CRg’) = (K1 cBg) (which is the square knot), we take & 5

1’

x, as shown in Figure 3.1°. m (R‘g - Kl) has a presentation

(@ @0 wy | wpmym, = 2wz, mogw) = o@2, }’
and so the Alexander matrix is

ot 1l e t-1 0

N 0 2+t -1

The first elementary ideal is principal and Al (t) = (t2 -t + 1)2.

2
By Corollary 3.5, m (Ru - K) has a presentation

(:1:1, x, | @, T, = 2L, )

and so the Alexander matrix is

a={(t2-t+1  tPat-1).

The first elementary ideal Ei(A) is principal and Al(t) = 1;2 -t + 1.

This polynomial A1 (t) 1is the first Alexander polynomial of the trefoil,
recall Example 1.13.

We record that :

3.13. Proposition. The first elementary ideal of any spun 2-knot is

principal, and the first Alexander polynomial is reciprocal.
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3.14, Example. (Hosokawa [1]) The 2-knot (KQCRL}) shown in Figure

3.2 also has the square knot as its equatorial cross section (KangCRil.

- BHEBE:

2 3 3 2 3 2 3 3 3
K nR3 K nR2 K an K nRO K nR_l K nR_2 K ”R-S
Figure 3.2

Using Lemma 2.5, we change the levels of the saddle-bands B and B', and
we have an equivalent 2-knot (J~{2 cRL}) given in Figure 3.3. (]?2 CRU') is
also a standard representative and the equatorial cross section K2 n Rg

is a tivial 1l-knot. By Corollary 3.6, 'lTi(J?LL - 1?2) =My (R }/2 = J.

@Q

Figure 3.3

In fact, it will be shown in Section 10 that (]?2 CRu) = (K2 CR"L) are
of trivial 2-knot type, and so the square knot is an equatorial cross-

section of a trivial 2-knot ; refer to Problem 2.10(a) and Problem 2.11(a).
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The 2-knot (Ki(:Ru) described

in Figure 3.4 1is simple symmetric and has the stevedore’s knot (KltzRg)

as the equatorial cross section (KirngtzRg). For the stevedore’s knot,

Ay(®)

By Corollary

i
TT1(R

- ](1)

2t -

3.5, we

_K)=

3
an

(=,

5¢ +

2 3
K:l n}i’0

Figure 3.4

3 -2 -1
a | xa’za‘x"" =

2= (1 - 2¢)(2

have :

(=
(=,

3 -2 -1
a | xa’ra “x

2
a | xa® =

So, the first elementary ideal El(Ki) of

the first Alexander polynomial is

Since the polynomial

3.16. Proposition.

Ay

2t - 1

(£) = 2t - 1.

1
Q
aw
Q

]
N
~
[
=
a

|
o
~—

2. -2 2 -2
=aqaxa , ar =.a xa )

o ).

(Ki<:R4) is principal , and

is not reciprocal, Example 3.15 shows :

The first Alexander polynomial of a 2-knot is not

always reciprocal, even if the first elementary ideal is principal.

Combining this with Proposition 3.13, we conclude that the ribbon 2-

knot (K§<:Ru) is not a spun 2-knot ; this proves Theorem 2.16(2).

For the first Alexander polynomials, we have the following:
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3.17. Theorem. (Kinoshita [1]) Let f(t) be an integral polynomial
with |f(1)] = 1. Then, there exists a 2-knot whose first elementary

ideal E’1 is principal and E'1 = (Ai(t)) = (f(£)).

The proof will be given in Theorem 6.21, see also Theorem 6.17 and Ex-
ercise 6.22, By Kinoshita-Terasaka [1] and Whitehead [1], we have infi-
nitely many distinct non-trivial l-knots with Al (¢) £ 1. By spinning of

such the 1-knots, we have :

3.18. Proposition. There exist infinitely many distinet non-trivial

2-knots with Al(t) =1,

3.19. Example. (Fox [3, Example 11]) Using the stevedore’s knot, we

can give another ribbon 2-knot (Kgc}?u) shown in Figure 3.5 :

2 3 2 3 2 3 2 3 2 3 2 3 2 3
K20R3 K20R2 K201?1 KQnRo ]{2;’1)?_1 KQnR_2 KQnR_3
Figure 3.5

1T1(Ru - Kg) = ( xz, a | waza 2t = ana-Q, P ¥

{, a| a’ =aa ).

The first elementary ideal E"i(Kg) is also principal, and the first
Alexander polynomial is Al(t) £2-t.
Since the stevedore’s knot is invertible, we can easily check that

(Kicgl*) = (-KjcR'). Since 2t -1%2-t, @ <rY and so (K2 <RY)
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are not invertible ; recall Definition 2.17. In general, we have :

3.20. Proposition.(Kinoshita) Suppose that the first elementary ideal
E, of a 2-knot (K2<:R4) is principal and the first Alexander polynomial
Al(t) i8 not reciprocal. Then, (KQCRu) is not invertible and not

+amphicheiral.

Proof. Let G = “1(Ru - Kz). From the definition of invertible and
+amphicheiral in 2.17, if (K>cR') is invertible or +amphicheiral,
there exists an aotumorphism of G that maps the generators xj into
their inverses xél, provided that w(xj) = t. 'So, it should hold that

. -1
Al(t) = Al(t ). O

3.21. Probiem. (Fox [4, Problem 35]) Does there exist a non -—amphi-

cheiral 2-knot ?

3.22. Example. (Fox [3 , Example 12]) Combining Examples 3.15 and 3.19,

we have the following 2-knot (Kquu) :

2 3 3 2 3 2 3 3 3
K. nR K30R2 K3nR1 K3nR0 KSﬂR_1 KaﬁR_2 KSnR-B
Figure 3.6
L 2
G = 1T1(R -KS)
={ @, al| zaxa 2" = aza", ax = a“wa”’, a“wa =z )

2" 2
<x,a|xa = ax, ax =aca>
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3 4 -1
3 > .
{z,ala =1, zax™" =a" )

<a|a3=1>.
The first elementary ideal of (Kg c

2 -t Ei(Kg) = (2¢ - 1, 2 - t), which is not principal.

(G, ¢G]

Ru) is generated by 2¢ - 1 and

3.23. Proposition. The first elementary ideal of a 2-knot need not be

principal.

Fox-Milnor [2] has shown that a slice l-knot (and so a ribbon 1-knot)
has the first Alexander polynomial Ai(t) of the form f('b)f(t'l), refer

also to Terasaka [1]. We have the following :

3.24. Theorem. (Kinoshita [1], Yonebayashi [1]) Every ribbon 2-knot
has the principal first elementary ideal. In particular, let (K2 cRu) be
a simple symmetrie representative, and (K:L CRS) be the equatorial cross
section. Then, 1t holds that

Ba(8) £ B2 ()BT,

where AKl () and AKa (t) are the first Alexander polynomials of

(Kl CRa] and (K2 CRq), respectively.

The proof of Yonebayashi [1] was similar to that of Terasaka [1]. Ano-
ther proof will be given by the quite similar way to that of the proof
of Theorem 2 in Fox-Milnor [2].

Combining Theorem 3.24 with Example 3.22, the 2-knot type of (Kg CRH)
in 3.22 is not ribbon type ; this proves Theorem 2.16(3).

For the Alexander polynomial of a 2-link with u > 1 components , we

have hardly any information. For the reduced polynomial, we record :
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3.25. Theorem. (Kinoshita [3]) Let f(¢) be an integral polynomial

2

with |f()| = 1. Then, there ewiste a 2-link (Li<R') = (K. UK,<R')
with 2 components such that
(1) (KiCRu) and (th:Ru) are trivial 2-knots,

(2) the reduced d-thelementary ideal Ed of Lg i8 as follows:

B, = E*l =0,
By = (5,(8)) = (f()), and
E;=A, if d>2.

We shall illustrate other properties of the Alexander polynomial in

other Sections.

4. Characterization Problem of 2-Knot Groups

Concerning the 2-knot groups, there are several unsolved problems. In
order to motivate the later sections, it will be helpfui to state the
"characterization problem'" at this point.

Let KGn be a set of all n-knot groups, n > 0,

4.1. Theorem. (Gutierrez [5]) Let G ¢ KGn and G = G, % G,, a free

product, then either G, =1 or G, = 1.

Artin’s spinning construction (recall Example 1.13)} shows inclusions

KGn c KGn+ for any »n > 0. The following is known :

1

= c - = esssso
4.2. Theorem. K61 3 KG2 g KG3 = KGu = .

By Propositions 3.16 and 3.23, we have KG1 # KG2 , because the first

elementary ideal of a 1l-knot is principal and the first Alexander poly-
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nomial is reciprocal. Gutierrez [6] has shown that K62 # KGa, that will
be discussed in a later Section. The fact KGn = KGn+1, n = 3, is a con-
sequence of the following algebraic characterization of the higher dimen-

sional knot groups due to M.A.Kervaire.

4.3. Theorem. (Kervaire [1, Theorem 1]) Let G be a finitely presented
group. G e KGn (n23) if and only if G satisfies the following :
1 ¢/le,61 =4,
(2) the weight w(G) of G 4is one,

(3) HZ(G;Z) = 0.

The weight w(G) of & 1is defined as follows : Let B be a finite
set of &. If the normal closure of B in G equals G, we will call B
a nucleas of G, and the number of elements of B the order of B. We
call the minimal order of nuclei of & the weight of & , and denote it
by w(G). HQ(G ; £) denotes the second homology group of G with integ-
ral coefficients and trivial action of G on Z, see Hopf [1].

The "only if" part of 4.3 holds for any n > 0.

4.4, Proposition. (Kervaire [1, Lemma 2]) PFor any =n > 0, if G ¢ KGn’

then (1) G/[G,G] 2J, (2) w(® =1 and (3) HQ(G;Z) = 0.

4.5. Proposition. (Kervaire [1, pp.116-118]) The three conditions (1),

(2) and (3) im Theorem 4.3 are mutually independent.

For n = 1, further necessary conditions have been given. Refer to
Neuwirth [N1 , Chapter IX]. However, the problem of characterizing 1l-knot
groups by algebraic conditions remains unsolved.

Kervaire discussed also on 2-knot groups, and proved the following :
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4.6. Theorem. (Kervaire [1, Theorem 2]) Let G be a finitely presented
group satisfying the following :
(1 e/[6,61 =4J,
2) w@® =1,
4) there exists a presentation of G - with deficiency 1.
Then, there exist a homotopy 4-sphere ot and a locally flat embedding

k: 5% >3 such that ¢ = nl(Z” - k(sH).

If p= < Tysttsd | rl,-~°,r6 ) is a finite presentation of a group
G, then the deficiency of p = defp = o -B. The deficiency of G, defG,
is defined as sup.{defp} over all finite presentations p of G.

Rapaport [1] proved that the condition (4) imﬁlies (3)'H2(G; 7y = 0.

Now, the characterization problem of 2-knot groubs will be stated in

the following way :

4.7. Problem. Characterize, among the finitely preseﬁted groups G
with (1) G/[G,6]1 = J, (2) w(G) =1 and (3) H2(G 3 L) =0, those which

are 2-knot groups.
Using the ribbon 2-knots, Yajima [3] has shown the following :

4.8. Theorem. (Yajima [3]) A finitely presented group G is isomorphic
to 'lTl(}?L+ - K2) of some ribbon 2-knot (K2<:R4) if and only if
(1) 6/[6G.G]1 =4J, and

(5) G has a Wirtinger presentation of deficiency 1.

4.9, Definition. A finite presentation ( Ly 0t T | Ty, ottt T )

of a group is called a Wirtinger presentation iff the relators r, “form
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r, 1 x. =x€.(1)x :z:-.s(i)
1 1 J1 Tki“gax

2

_ x€(2)x £ 5(2)

2 ' Ty J2 Tk“ja  ?
) ( e(®) = %1, 2=1,---,B ),
rg i om, = mEE(S)mk xTE(B).

‘s Jg “g g

Since any l-knot group (or 1-link group) has a Wirtinger presentation,

as a Corollary to Theorem 3.4, we have :

4.10. Proposition. Any 2-knot group (or 2-link group) G has a

Wirtinger presentation.
From Examples given in Section 3, we have :

4.11. Problem. Does there exist a 2-knot (KQCRH] such that

def('rrl(Ru - K2)) ig neither 0 nor 1 ?

4,12. Proposition. (Yajima [4]) Let G be a finitely presented group.
Then, two conditions (1) G/[G,G] = J and
(5") G has a Wirtinger presentation,
imply that (2) w(@) = 1. The three conditions (1') G/[G,G] = d" with

lspu<e, (29 w@ =w and (3) Hy(G;2) =0 imply (5").

4.13. Conjecture. (Kawauchi-Maeda) Let G be a finitely presented
group with (1) G/[G,G] 2 J and (2) w(G) = 1. Then, the followings are
equivalent : (3) 32(G;Z) =0,

(5') G has a Wirtinger presentation,
(6) There exist a closed, comnected, orientable 2-manifold

F and a locally flat embedding h :F -+ R such that G = 'rri(RL*—h(F)) .
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By Proposition 4.12, we know that (3) = (5'). Using Yajima’s argu-
ment in Yajima [3], we can easily conclude that (5') = (6). Combining
Exercise 2.7 with 3.3, we can deduce that (6) => (5'). So, it suffices

to check that (6) = (3), that is, whether H2(1r1(R4 - h(m) ;1) = 0.

From the presentation of a 2-knot group in Theorem 3.4, the following

question comes to mind :

4.14. Question. (Fox [4 ; Problem 28]) If a finitely presented group G

18 a homomorph of a l-knot group and G/[G,G] 2 d, is it a 2-knot group ?

The answér is negative. Murasugi [2] shows that the group
¢={a,b| a?p™3 =1, [a,p]®=1 >

cannot be an n-knot group for #n = 2, where [a,b] = aba” bt @ isa
homomorph of the group < a, b ]64:219"3 =1 > of the trefoil, and it holds
that (1) G/[G,G] = Z and (2) w(&) = 1.

Generally, we have infinitely many such the examples. Let (Kic:Ss) be
a non-trivial 1l-knot, and < Tys ot T, I r, = 1, oo ,rB =1 > a pre-
sentation of 'ﬂl(S3 - Kl). Let QC:BN(Kl;SS) be a longitude of (ch:Ss),
that is, £ 1is a simple loop on the boundary of a regular neighborhood
m(x';5%) = p® x5!, such that 2 is null-homologous in S°-XK* and 2 # 1
on 8N(K1;53). Then, the factor group

G = ( Ty, ot X | =1, 0 rp=1, 821 >
of 111(33 - Kl) cannot be an n-knot group for =z 2 1. In fact, let
£:a?xshy » a(s® - ewt;s%)) = awt;s?

be a homeomorphism such that f(3D2><{*}) = L., We have a closed orien-

3

table 3-manifold M = (S° - °N(k ;5%)) U, (% xsY) with m () 26 and

£
Hy(G; 1) = H,M;1) # 0.0
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We consider Example 3.22., Let vy : 7 (Ru - Kg) > 53 be a map defined
by x-(0,1), a~>(0,1,2), where 83 is the symmetric group of degree 3.
It is easy to check that Y 1is an epimorphism. We conclude that a # 1
in ‘lTl(RL‘L - Kg), so T, (Ru - Kg) has an element of finite order. (Refer
to Papakyriakopoulos [1] for the classical knots.) We record another

example due to R.H.Fox.

4.15. Example. (Fox [3, Example 15]) This example (KiCRq) given in
Figure 4.1 1is a generalization of Example 3.22., We show only its equa-

. . 2 3
torial cross section KunRo.

2n
Figure 4.1

2

n
The group 1T1[R - Ku] of [KiCRq) is the metacyclic group

< x, a wan+1 = anx, an+1x = 2d"
= (:x:, a, b | xami = anx, an+1x = xan, b=4q" )
c{a b | 21, apet - b7l ).

Thus we have :

4.16. Proposition. (Fox [3]) For every odd integer 2n + 1, there is

a 2-knot whose group has an element of order 2n + 1.
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4.17. Example (Twisting Spun) : (Zeeman [6]) E.C.Zeeman introduced a
new class of n-knots for every = 2 2, which is called a twisting spun.
We describe here only twisting spun 2-knots. We use the notation in 1.13.
Let B3 be a 3-disk in the inte_rior of RE, and let k1 : S1 > R3 be an
embedding such that hl (Sl) nR2 consists of a single arc o , and let
B = Cl(ki(sl) - a). We now aséume that BnB3 consists of a proper arc
Y and that the 1l-knots (kl (51) cR3) and (YuecR ) are equivalent,
where ¢ 1is a simple arc on BB3 which spans the two points Y. The
spinning process of B induces the spun 2-knot (KQCRL}) of k1 . The
additional refinement that we now add is -rotate the knotted arc Yy about
the polar axis relative B3 during the spinning. We call this process
"twisting'" and we twist I\)I times during the spinning so that we obtain

. ~2 L . . .
a 2-knot (K cR') the v-twist-spun 2-knot of hl, see Figure 4.2.

/

Figure 4.2
Let (]?QCBH) ‘be the 5-twist-spun 2-knot of the trefoil. We have :

5 5
x50,

L ~2 ‘ : -
mE -K) = <”“1’ @y | wpmymy = @iz, @y = @ e xy

The relation x, = xisxzxi comes from the 5-twisting, see Figure 4.3.



288

5 times

Figure 4.3

As Zeeman indicated in [6, §4], ™ (Ru - 1?2) is isomorphic to

0xZ = ( ab,e | a = (ab)® = (@a)?, ¢ Yac = b, ¢ e = ba? )

by making the substitution x, + ¢, x, > ae, where D is the binary doce-

1 2
5 3 2 .
cahedral group (a,b | a° = (ab)° = (aba) > . Since D has order 120,

we have a 2-knot whose group has an element of even order.

4.18. Problem. For every even integer 2n, does there exist a 2-knot

whose group has an element of order 2n ?

5. Seifert Manifolds for 2-Knots

5.1. Theorem. For any n-link K’;u-u uKﬁ, there exists a compact ori-
ented (econnected) (n+l)-manifold yrrt in 2 (or " +2) with " =

We call such a manifold I/Hj' a Setfert manifold for Kz User uKz .
The case n = 1 was proved by Flankl-Pontrjagin in 1930 (see Seifert
[1]), and the case »n = 2 by Gluck [2; 3]. In general case, Kervaire[2,

Lemma II.10] and Levine [3, Lemma 2] proved by using the Thom-Pontrjagin



289

construction.
Seifert manifolds carry out an impotant role in the following , so we
give the proof of 5.1 here for 2-knots in the same way as that of Gluck

[3] and Yanagawa [2] except for obvious modifications.

5.2. Let V3 be a Seifert manifold for a 2-knot (KQCRH). We assume
that K2 is a standard representative and interior vertices of T/3 are
in general position with respect to (xl,xz,xs) and x, as in Section 2.
"fhen, an ordinary cross section V3nRZ is empty or consists of one or
more oriented 2-manifolds (perhaps some of them are with boundary and
some of them are without boundary). Since T/3 is compact, the number of
exceptional cross sections is finite. Let x), = Up be a critical value,
and let ve V3 n}?io be a critical point. Then, a 4-dimensional neighbor-
hood of v is one of the following as shown in Figure 5.1 and Figure 5.2.

The four types in Figure 5.1 correspond to the original critical points
of K2 = BVS, and the four types in Figure 5.2 are new critical points

contained in oy .

N/
VN
2

U +E

¢

Rzo XL 7/ E B
@ @ K 0
e

Up=-€

©
NN
AN

2

Figure 5.1



290

elliptic eritical points hyperbolic eritical points
Type I Type IT Type T Type II

© O O =D
(><)
>
f. © ><0
e >

Figure 5.2

[ 3~
< e

Ug

We will call the new critical point v in Figure 5.2, respectively,
an elliptic critical point of type I , an elliptic critical point of
type II. a hyperbolic critical point of type I and a Ayperbolic critical
point of type II, as illustrated in Figure 5.2. A transformation

3 3 3 3 3 3 3
V > R =
( nﬁho+€c uo+e) (V' n uoCEho) v nﬁao-QCEho-E)

will be called an elliptic transformation of type I, an elliptic transfor
mation of type II, a hyperbolic transformation of type I or a hyperbolic

transformation of type II according as v 1is an elliptic critical point
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of type I , an elliptic critical point of type II , a hyperbolic critical
point of type I or a hyperbolic critical point of type II.

These critical points, of course, correspond to a 0-handle, a 3-handle,
a l-handle and a 2-handle, respectively, of a handle decomposition of V3.
In fact, we can make the neighborhood of a critical point v  1look like
Figure 5.3 by an isotopic deformation of Ru that is the identity out-

side the neighborhood. We shall discuss frequently critical points of

Rzo"'e

X

K
S

®
IS W
LL
=

Figure 5.3

3-manifolds in Ru. For brevity, we shall use the following terminology.

5.3. For an oriented 2-manifold ¥ in a manifold W, let hl :DlXD2

> W and h2 : D2><D1 > W be embeddings of 3-disks such that
nr 0t xp%) nm = ntept x0?) < o,
1 { urYy = u - 7ot x0%) v B ot x50%)  is a 2-manifold that
is oriented coherently with that of M,
w22 xpYy om = B20° x0Y) < °n,
(@) { u#>) =M - w2 0% xpYy v KPP x0Y) is a 2-manifold that

is oriented coherently with that of M.
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We say that M(h*) is obtained from M by adding an i-handle h°, i=1,2.

Then, for a hyperbolic transformation

3 3 3 3 .3 3
e o
v nRu°+€CRuo+s) v nRuo—scRuo-e)’
V3 nRiu_e is obtained from V3 nli’Zu+€ by adding an appropriate l-handle

or 2-handle according as it is of type I or type II.

5.4, Lemma. Let (01 Yoo uOiCRS) be a trivial 1-link with u compo-

nents, and let C =0C U"'Ucp and C! = C{U“"JC]: be unions of mutu-

1

ally disjoint oriented l-disks in R3 with dC. = O:E =93C!, 1=1,**°,U.
7 7 i

Let Ai = 1\7(071: H 01:) and A 1i = zv(oi ;s C é) be small regular neighborhoods
of 011: = 307: = 8072 in C’i and Cé, respectively, i=1,*++*,U. Then, there

exists an isotopic deformation {n 1;} of R3 such that

(1) ntloiu-"UOi identity for 0<t <1,
see = ! e ’
2) 1'11(/11 u uAu) A1 u UAu >
(3) ny (€ -Ap) v v (€ -4))n((C]-A)ur=v(C-A])) consists

of mutually disjoint simple loops.

__ 1 , _ ' 1 c .. .
Proof. Let a;, = BAi - 0?: and ai = BAi - 0?: , 1=1, ,H. Since 07;
and Cé are 2-disks, Lk(ai ,011) =0 = Lk[aé , 0;), where Lk is the link-
ing pairing of 1l-cycles in R3. Now, we have an isotopic deformation {nt}

of 1‘?3 which satisfies the conditions (1) and (2). The condition (3)

follows from the general position argument, and completing the proof. [
The following is a special case of Theorem 5.1,

5.5. Lemma. ILet (Ki Useso uKﬁ cRL‘) be a standard representative of a

2-link type with U components. If it has no saddle-bands, then it 4s

trivial. In particular, there exist mutually disjoint 3-disks Vi’, ---,Vi



293

1 [3,) =Y

in RLL such that 8V2=K12: and V?nH C.,1=1,"++,u. Here, Ci
18 the maximum-disk of Kf;, L=1,e0,u.

5.6. Notation. In this Section, we use frequently the following map.
For u with - <y < ®, let p,: RLL > RZ denote a projection defined

by pu(wl,xQ,xa,xq) = (”1"”2’”3’“)‘

Proof of Lemma 5.5. Since Kf:nR:; is connected, each Ki has one
maximum-disk Ci and one minimum-disk C’é ; let denote C = C’1 Uess uC’u,
2 2
[ [T ' s _ s
C' = C1 U Ucu' Since there are no saddle-bands, (K:LU UKu) nH(_3,3)
. 2 2 3 A
ess X (- 1
may be considered as ((K1 u UKu) nRO) (-3,3) in H(—S,S)' Using the
isotopic deformation {nt} in Lemma 5.4, we pull down the € continu-
ously with respect to z,-axis as far as Rg, so that Cnp,(C') satis-
fies the conditions of Lemma 5.4. That is, we denote by Cu the trace of
. . 3 . 2 2 3 .
2-disks in Ru with BCu = (K1 u UKu) nRu. Then, Cu = punt(C), where
t = (3-u)/3 for 3 <u < 0. Now, Co npO(C’) consists of mutually dis-
joint simple loops and Y anuli A1’ see Au with
2 2 3
(3/11 Uese UBAU) =) BCO = pO(BC') = (.7{1 Uesee UKu) nR,.
We choose a loop eC°C0 np0(°C') which is innermost on pO(C'), and let

Ecpy(C’) be the 2-disk cut off by e with °EnC0 = ). With decreasing

T, we perform a hyperbolic transformation of type II on C0 along E. We

repeat such the hyperbolic transformations with decreasing x,,0 >x4 >-1,
and we have a union of u mutually disjoint 2-disks C_1 and some ori-

_ v . 3 . '
ented 2-spheres, say 2_1 = 01 u uo, in R_1 with (C_l uZ_l) np_l(C )

. 2 3 .
= p_l(Alu--- UAu) and p-1(3‘4i) ) KinR-i’ i=1l,+++,u. Let a; be the

boundary loop of p .(4.) with a. nK? = @, and 1let V., c C be the 2-
-1%"2 7 7 7 -1

disk cut off by a, Z=1,+++,u . With decreasing z, , -1 >z, > -2

1y A , we
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also perform hyperbolic transformations of type II along Vl,---,Vu ; and

we have in R?2 a union of mutually disjoint u 2-disks C and some

-2

oriented 2-spheres, say 2_2 =0 Ut U0y with 0_2 = p_2(C’}. Then,

H

we pull down C_:2 ul continuously as far as R:_B3 , SO that C_3 =C'.

-2

When x, has decreased below -3, the cross-sectional surface consists

i
of v +u 2-spheres Zu’ u = -3 - €, vwhich may be shrink to points as
x, =u decrease further. It is easily seen that the union of all cross-
sectional oriented 2-disks Cu and oriented 2-spheres Zu forms mutually

disjoint 3-disks V,, **° , Vu with BV_I: =K72: and V.nH for

10 M ,e) = G
2=1,+++,u , and completing the proof of Lemma 5.5. O

We will need the following technical lemmas.

5.7. Lemma. Let C =Cyju---uC, be a union of VvV mutually disjoint
oriented 2-disks in R3 and let 807: = Oi st=1,***,v. Let (K.1 CR3) be

a ribbon l-knot obtained by a fusion of 0 U=t u0, along BI Yoo UB;,

~+ 3

r =V - 1, Then, there exist embeddings 5;, see Br : I><l71 + R and

Setifert manifolds V, for O uce= vo, and V for K1 such that
(0) ﬁ;lBIXD1=B;,|81><D1,j=1,~°°,1ﬂ,
. ot ~h + + , . .. 3
(i) Byues. UBr and B1 Uses UBP are ambient isotopic in R Keep-
ing 01 Ueos U‘OV filwxed,
(i1) Vv, <s obtained from C by adding (step by step) some l-handles,

(i) V=7, uz”a;’(rxpl) Ueee ué;(rxpl).

Proof. We divide the proof into three steps. For brevity, we denote

the image B;(prl) by By d=ler.

Step I : We may assume that BCin ij =@ and °C’inBJ. consists of
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mutually disjoint simple arcs which cross Bj’ i=1,0¢2,V; g=1,""°,r.
Now we suppose that Bj spans 0‘7.1' and 0!7.2 , and we will give a

direction on' B, from O, to 0. .
J J1 J2

0‘7'1@19' bl —ﬁ = Z};:) %2

172 k k+1

Figure 5.4
Let b1 Ub2 Usees ubm be the segments Bj n °C ordered according to the
direction. We also give a sign +1 or -1 to each segment bk accord-

ing as Bj goes through C at bk from its positive side or from its

]

negative side ; see Figure 5.5.

+1 si@(bk) = -1
Figure 5.5

Step II : If there exist two segments bk and bk+1 in Bjn°C with

sign(bk) ><sig'n(Z7k+1) = -1, we add a 1-handle hl : D1><D2 ->R3 to C

along Bj' More precisely, let E'1 = N(bk ;C) and E’2 = Z\l(bk*_1 3 C) be
regular neighborhoods, and let Ek be the part of Bj cut off by bk and
bk+1' Then, h1 is an embedding in R3 with hl(BD1 XD2) = E’1 UE'2- and

Kt (D1 XD?) n(B,usuB) = nt ot ><D2) nBj = Ek' Now we have an oriented
. _ 1 . _ cen
2-manifold C1 = C(h™) with 8C1 = 01 u UOV and

C1n(B1U'" UBr) = Cn(Blu--- UBr) - (bkubk+1).

Step III : We introduce here the following two deformations of bands,
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say (+)-twist and (-)-twist ; as illustrated in Figure 5.6. It should
be noted that these deformations can be realized by an isotopic deforma-

tion of RS.

——

,.)

Ty

—
—

(+)-twist (-)-twist
Figure 5.6
Carrying out one of the twists successively, if necessary , we assume
that there exist adjacent segments like as Step II. So, we can vrepeat
successively the process in Step II, and we have required Seifert mani-

1
folds V, for 01“” UO\) and V-VouBiu-v-uBr for X. 0

By the same way, we have in general the following :

5.8. Lemma. Let (Ki Uesee UK;L[CRS) be a 1-link obtained by a fusion
(or fission) of a 1-link kl e Ukv along BI Uers UB; (or B; Useru
B;). Let C be an oriented 2-manifold in R® with oC = k1 vees Uk
Then, there exist embeddings ﬂ,u-,%:Ixf+R3(w ﬂp“,%:
D" xI ~ R3) and an oriented 2-manifold V, (which may not be connected)
and a Seifert manifold V for KilJ"' uKﬁ such that

(0) E;.IBIXD1=B;.|BIXD1 (or §;|301x1=351301x1),
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+
1

are ambient isotopic in R keeping kl Ueeru kv fixed,

. ~ ~ + ~a ~e - -
(i) Blu UBP and B, U UBr (or B:LU UBP and Biu UBP)

(ii) V, <s obtained from C by adding (step by step) some l-handles,
and so W, = klu ses Ukv’

~+ 1 ~+ 1

(i) v = V0 U Bl(IXD Yu-ee- uBr(IXD )

~- 1 o
(or V = Vo uBl(D ><I)u---uBP(D xI)) .

5.9. Proof of Theorem 5.1 for 2-knots : The proof of 5.1 is similar to
that of Lemma 5.5. Let (KQCRu) be a standard representative, and let

Cs =Cyure-uC, be the maximum-disks X2 nRg. We pull down C3 conti-

. . 3 .
nuously with respect to x,-axis as far as R2 , and we have a union of

oriented 2-disks 02 in Rg with 3C2 =K2nRg.

Let B1 Ueoes UBr , =V =1, be the set of saddle-bands of K2 in Ri
and Bl' Useoo UBS' the set of saddle-bands of K2 in R?l. Let B be
p2(B1U UBI’). (Here, we consider KQnH(l,a), K2nH(_1,1) and K2n
Heg,_qy 35 & nEY) % (1,3), (' nR)x(-1,1) and (K nR)) x (-3,-1),
respectively.) By Lemma 5.7, we can construct an oriented 2-manifold F
with 09F = K2 nRS by adding, step by step, some l-handles on C2, so that
FuB is a Seifert manifold for a 1l-knot (K2 nRg) + 0B = K2 nRi_E

With decreasing T, 2>z >1, we‘perform, step by step, hyperbolic

transformations of type I on C, corresponding to the l-handles on F,

2

2

. 3 . . . _

so that in R1+e we have an oriented 2-manifold Cl+e with 3C1+€ = K
3 . .

n R1+€ and C1+€ = p1+e(F). So we have a Seifert manifold Cl-e for the

2 3 .
1-knot X an_E with C _ —p1_8(01+€)up1_€(B1u UBr)'

Let B! = Py e(Bl' Usee uBs'). By Lemma 5.8, we can construct a Seifert

manifold F' for the l-knot KQnRi_E by adding, step by step, some 1-
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handles on Ci-e’ so that F'uB'!' is a Seifert manifold for the 1-1link

3

g’ With decreasing =

l-e>x, >-1+€, we

3 o~ 2
(Kanl-e) + 9B' E K" nR e 4

perform, step by step, hyperbolic transformations of type I on Cl-e cor-

responding to the l-handles on F', so that in R?1+e we have an oriented
2

3
14 -
F'}Y and BC_1+€ =K 0B ), - Now
for the 1-link KQnR:jl_s

2-manifold C_,,  with C_ . =p (

we have a Seifert manifold C in Rs
-l-¢ -i-¢€

3 = ! PPy '
with C-l«e p_l‘_s(C_“S) u p~1_s(31 u UBS).
Let C' = Cl' Uss- UC{, A =38+ 1, be the union of the minimum-disks

KQnR:jS, and let (" = p_l_e(C’). Since the 1l-1link 1(2n}?"?1_e is trivial

and c-l-e is oriented, there exists an isotopic deformation {nt} of

3
R, _ such that n, [ ac_i_e

simple loops. Using loops in n1(°C_1_e) n °C" which are innermost on C",

= identity and n1(°C_1-e) n °C" consists of

we perform hyperbolic transformations of type II on C_i_e with decreas-

. . 3 . .
ing « -1-€ 22, =2 -2, so that we have in R_2 an oriented 2-manifold

y? L

C, with 3C_, =K nR, and C_,np_,(€") = 9C_, = p ,(3C"). It will
be noticed that in general C_2 consists of some closed oriented 2-mani-
folds and some oriented 2-manifolds with boundary.

Since C_2up_2(C’) becomes a closed 2-manifold and C' consists of
2-disks, by Fox-Homma’s theorem (Fox [7], Homma [1]) we have a 2-disk e
in R?Q such that en (C_Qup_Q(C')) = 3enC_2 =9 and d¢ #1 on C_.2,
provided that the total genus of C_2 is greater than zero. With decre-
asing Ty, -2 > x, 2 -5/2, we perform, step by step, hyperbolic transfor-
we
2

mations of type II on C_2 along such the 2-disks, so that in R?S/Q

-5/2 of A 2-disks and some 2-spheres with BC_5/2 =K

3
n R_5/2 and C-5/2 np_s/z(C') = 30_5/2 = p_S/Q(BC'). It should be noted

have a union C

2 . . .
that (X nH(-w,-5/2]) ] C-5/2 is a 2-1ink which has no saddle-bands .
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By Lemma 5.5 and the same argument as that used in the proof of Lemma 5.5,

we complete the construction of a required Seifert manifold 7 for K2. g

5.10. Exercise.(Gluck [2; 3]) Prove that : for any locally flat closed

2

oriented 2-manifold M~ 1in R s there exists an oriented 3-manifold 7

in B with ov° = M.

5.11. Remark. 1In Theorem 5,1 and Exercise 5.10, the locally flatness

is essential. Refer, for example, to Noguchi [No].

5.12. Remark. 1In the above proof of Theorem 5.1 for n = 2, it is easy

3

to see that U1 =V nH and U2 = V3 nH are 3-dimen-

['1+€v’°°) (‘m:'1+€]

sional handlebodies of genus g, where g is the number of the hyperbolic
transformations of type I in 2 > x, > -1+¢g, That is, (U1 R U2) is a

Heegaard splitting (in certain sense) of V3 with U1 nU2 = V3 nR31+€.

5.13. Theorem. (Yanagawa [2, §2]) [Let (K2 ch) be a ribbon 2-knot.
Then there exists a Seifert manifold 7 for (K2 CR”) such that W3 18
homeomorphic to p° or a commected-sum of some copies of 2 x5t with
an open 3-disk missing ; (52 XS1) #oees (32 ><S1) - A%, Moveover s Lf
W F D3, then W has a trivial system of 2-spheres which will be def-

ined as below. (Recall Definition 2.12 for ribbon 2-knots.)

s s . 2 L2 2 2
5.14. Definition. A collection {81,32, e ’SQr-l’SQr} of mutually
3

disjoint 2-spheres in a 3-manifold W° % (S2xS%) # ««v # (S2x5%) - °A
in R' is called a trivial system of 2-spheres in WS iff it satisfies

the following :

N

2 2 . A . . 4
op-1 USQP is a trivial 2-link in R,

(2) §;us2,, bounds a spherical-shell I, 2 $°xI in W° with

(1) 8, uS_usesusS

S NN
NN
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Ni“”j=¢ for 1 ¢44,1<<21,d<r,

(3) Cl(W3 - N:l - vee o Nr) is homeomorphic to the 3-sphere .5'3

with 2» + 1 open 3-disks missing.

Proof of Theorem 5.13. By Theorem 2.13, we may assume that (KQCRH)
is a simple symmetric representative. In the proof of Theorem 5.1 (5.9),

we need not add l-handles which depend on Bi,--- s Bs'. That is, we pull
down the cross-sectional 2-manifold C1__e continuously as far as R?1+e'

By the symmetricity, we can take B:{u vee UBS' on C_:1 in R?i ,and we
perform the original hyperbolic transformations on K2 along Bl' U-=ee UBS'

and in RC_i we have an oriented 2-manifold C_1_8 such that dC =

1-e -1-¢

K2 nR?l_e and C_1 C,..). Now we can perform hyperbolic trans-

-e - p-l-t—:( 1+e

formations of type II on C-i-e which cut the 1-handles added in H(i 2"

That is, we can construct a Seifert manifold W3 for (KQCRu) such that
3

3
W nRu = pu(W nR_u).

From the traces of the hyperbolic transformation in RZD s 2 >ug >1,
and the corresponding hyperbolic transformation in R?uo , we obtain a 2-
sphere .92 in Ws. Let m be the number of the hyperbolic transforma-

. . 2 2 2 .

tions in H(i,z)’ and let {81,52, . ,Sm} be a collection of such the
2-spheres in W3. It is easily checked that W3 - (Si usg Useee usri) is
homeomorphic to a 3-disk with 2m holes. This shows that W3 is homeo-

1

. 2 . .
morphic to a connected-sum of m copies of S X8 with an open 2-disk

missing.
. 2 2 2 4. -
By Lemma 5.5, the 2-1link (S1 u32 Uess USmCR ) 1is trivial. Let Ni

be a regular neighborhood IV(S’72: 5 W3) of .5'72; in W3; Ni 2 SQXI ; and let

2 2 . . 2 2
Sii US’I:Q = 81\77:, 2=1,*++,m. Then, by Lemma 5.5, the 2-1link (S11 U.S'12 U

US:Il US;QCR ) is also trivial, completing the proof. []

=
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5.15. Theorem. (Yanagawa [2]) Suppose that a 2-knot (KQCRH)’ has a
Seifert manifold W homeomorphic to a connected-sum of r copies of

5'2 x 5t with an open 3-disk missing, and that W has a trivial system

2

{s1s

. ,Sgr} of 2-spheres. Then, (KQCRu) is a ribbon 2-knot.

Proof. Let Nl’ LRI Nr be spherical-shells in Definition 5.14-(2),
and let @ = Cl(W3 - N1 - see — Nr)' We take a point =z in °Q. Then,
by 5.14-(3), we can choose simple arcs Aysttts Ay, in @ which satisfy
the following :

(a) ajnak = aajnaak =x, J#Kk,

2 2 - 2 2
®) ajn(Slu USQP) = Bajnsj # @, and ajnK =0,

e, = - - 2 N LI 2 .
() Q_Cl(Q—N(alu Ua2r"Q)) = 8 XTI, where N(alu anr,Q)
is a regular neighborhood of a; Uses Ua2r in 4.
Then, by (b), one of the boundary components of & is KQ, let 3§ =

K2 u K' . By (¢), K' is equivalent to K2, and it is clear that KXK' is

obtained by a fusion of the trivial 2-link si T usgr. 0

5.16. Exercise. Let (K1 CR3) be a 1l-knot with a Seifert manifold V2
of genus m, and let (KQCRu) be the spun of (K1 CR3). Prove that
there 1g a Seifert manifold y for K2 such that 7° 4is a comnected

sum of m lens spaces (including 5° ><5'1) with an open 3-disk missing.

5.17. Definition. Throughout the note, we use the following notation.
Let 7V be a Seifert manifold for an zn-knot (Kncsn+2). Let Y be
the (n+2)-manifold obtained from Sn+2 by cutting along V ; 9Y consists
of two copies of V, say V+ and vV, with V+nV_ = 3V+n BV_ = k', Let
vV, : V> V. cY be the compositions. We also denote by v_ the induced

homomorphisms \)+# : 'ITq(V) - 1Tq(.Y) and vy, Hq(V; G) -~ Hq(_Y 3 &)



302

If both maps v, ﬂl(V) > ﬂi(Y) are monomorphisms, we say that V is

a minimal Seifert manifold.

5.18. Proposition. (Gutierrez [2], Neuwirth [N1 , Chapter IV]) For an

n-knot (Kn<:Sn+2) with n # 2, there exists a minimal Seifert manifold.

5.19. Problem. Does there exist a minimal Seifert manifold 7 for

any 2-knot (K2 Sty ?

This is very difficult and impotant ; it implies, among other things,
the unknotting theorem (see 10.2 and 10.3 in Section 10) modulo Poincaré

conjecture.

5.20. Theorem. (Zeeman [6]) For every v-twist-spun (including O-twist-

spun = spun) 2-knot, there exists a minimal Seifert manifold.

For spun 2-knots, this is a good exercise. For v-twist-spun 2-knots ,
a more sharp statement will be given later.

Gutierrez [4] settled for a somewhat weaker property :

5.21. Definition. Let G be a group and B c G a subset. We write
NGB for the normal closure of B in G, Lét™ f:H -+ G be a group homo-
morphism, and let X and X' be any finite subsets of H. We say that
f has no elbow iff f(X) < NG(f(x')) implies X ¢ NH(X’)'Ker(fj.

Let ¥V be a Seifert manifold for a 2-knot (K2t=Su). We say that TV
is a minimal Seifert manifold in the weak sense iff at least one of Vv_ :

ﬂi(V) > ﬂl(Y) is a monomorphism without elbow.

5.22. Theorem. (Gutierrez [4]) Every 2-knot has a minimal Seifert mani-

fold in the weak sense.



303

6. Alexander Invariants

In this section, we will give another description of elementary ideals
expressed as invariant of homology of the universal abelian covering of
the complement (or exterior) of a knot. The basic reference for the fol-
lowing discussion is Kervaire [2, Chapter I1I], Levine [5]. For the clas-

sical knots, we also refer to Seifert [1] and Neuwirth [N1 , Chapter IV].

6.1. Let (Knc5ﬂ+2) be an n-knot and X = Sn+2 - K*. The universal
abelian covering space X of X is the covering space associated with
the commutator subgroup of 7r1(X). By Alexander duality (see 3.2), the
group of covering translations of X is an infinite cyclic group, say J,
generated by ¢ which is an oriented meridian of K'. Thus, Hq(%;Z)
has a well-defined action by J.

Let A be the inte:gral group ring of J (viewed as Z[t,t'i])', and
T'=A @ZQ the rational group ring of J. Note that A is a Noetherian
unique factorization domain. Since the rational polynomial ring Q[¢] is
a principal ideal domain, I is a principal ideal domain (PID) by a simi-
lar argument to that of Crowell-Fox [C-F].

For all g, the integral chain group C’q(JN{; Z) are finitely generated
A-modules because X is homotopy equivalent to the exterior E = Sn+2
- °N(Kn;.5’n+2). Since A is Noetherian, Hq(%;Z) is a finitely gene-
rated A-module, and also Hq(i ;) = Hq(%; VA ®ZQ is a finitely generated
torsion ['-module.

We use here the notions of presentation of a module and elementary
ideals of a finitely generated module. We refer the reader, for example,

to Zassenhaus [Za, p.117] for details.
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6.2. Let R be a ring and A an abelian group which is finitely

generated as a R-module. Then there exist free R-modules F, and lv"2

1

on the entries {xl, vee :x:a} and {ri, see rB}, respectively, and an

exact sequence of R-modules

such that T(r,) = ) m..x., m.. € R.
T =1 g dJ Y

We refer to the BXo matrix XM = {mij) with entries R as a presenta-
tion matrix of A.

Let M be an BXxa matrix with entries in R, and d an integer. The
d-th elementary ideal E'd of M 1is the ideal in R generated by the
determinants of (a-d+1) x (0.-d+1) minors of M, with the conventions

(i) a=-d+1<1 then &

d
(ii) a-d+1>B then Ea =0,

=R,

If M is a presentation matrix of A, it is known that the elementary

ideals of M are invariant of R-isomorphism class of A.

6.3. From 6.1, we have a presentation matrix Mq = [mij(t)], mij(t)
e A, of Hq(')?; Z). Since -®ZQ is a right exact functor, we can take Mé
= [m%J (t) ®1) to be a presentation matrix of Hq (};Q) as a I'-module.

The d-th Alexander polynomial A?Z('b) eh of X (or of (KncSmQ)) in
dimension ¢q 1is the generator of the smallest principal ideal containing
the d-th elementary ideal E’Z of Mq. 0f course, Ag(t) is determined up
to unit in A.

Similarly, the d-th rational Alexander polynomical Ac'zq(t) el of X

(or of (Kncsn+2)) in dimension ¢ 1is the generator of the d-th elemen-

tary ideal Ec'iq of Mc;' Since T is PID, Ec'Zq is a principal ideal.
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6.4. Two elements X ,Uu of a ring R are associate in R if there
exists a unit 0eR such that X = a*y, and we write A = (in R). 1If
A is a multiple of M by an element of R, we write W | A ({(Gn R).

An element A(£) e is primitive if all its coefficients are relati-

vely prime.

6.5. Proposition. (Levine [5, (1.4) & (1.5)]) (i) Let A,uel and A
primitive. Then, A|uw in A if and only if Alu <n T.

(ii) Given u(t) e A, suppose U(t) = u(t’i) in A and u(Ql) <s odd.
Then, the associate class in A containing u(t) contains a unique éle-
ment A(t) satisfying A(t) = )\(t_l) and A(1) > 0. (We call such the

element A(£) normal.)

Hence, every associate class in T contains a primitive element of A,
unique up to associate class in A, Since the generator of E’C’iq in T
is defined up to associate class in I, we can take AC'Zq(t) to be primi-

tive element of A, There exists a simple relation between A?Z and Ac'Zq'

6.6. Proposition. (Shinohara-Sumners [1 , Lemma 2.2]) Aéq(t) = r-Ag(t),
where 0 # r» ¢ Q is the unique rational number such that r-AgZ(t) is
primitive. (If AZZ(t) = 0, we take r = 1.) So, if Ag(t) is primitive

(as in the case when Ag(l) = %] ), AC'Zq(t) =A?Z('b)-

6.7. Now we will show that for a 2-knot the d-th elementary ideal E’d
and so the d-th Alexander polynomial Ad(v‘:) given in Section 3 coinside
with the above F; and AS(¢) in dimension 1.

By virtue of Proposition 3.10, we choose a pre-abelian presentation

(cf. Magnus-Karrass-Solitor [M-K-S, p.140]) :
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( xl, m2’-o.’ xa l yal, _ya2’o-., PB >‘p¢

of Trl(X) so that Yd(x,) = ¢ and l[nb(a:j) =1, j=2,+*+,0. Let F, =

1) 1
F[x* .'c* .'c*] and F2 = F{rl,r* rg] be free A-modules on the ent-

ries {x* x5, °-°,x;} and {ri,r';,'--,rg}, respectively. Define

as follows :

ar
T, (28 = Z w¢[ ] #, T @D =) - L.

3
%5

It is easy to see that Tt F2 + A 1is a zero map.
; ) = -1 =
Since T (a:i) [0} (xi) 1 1 and

T (@) = W) - 1

I
S
1

i
[
'

=0 for j=2,"++,0,

it holds that

Bri
UJ¢[ ] =0 for =1, ««+ ,B, and
83:1

Ker T, = F[x’zf,‘",x;] ; free A-module on the entries {xé,ﬂu:t:é}.

Let Té : F2 * Ker T, be the map defined by T By Crowell [1, p.39],

9
T . > '
H X ) %, Ker T, / Image Tj.

So the sequence
Fy—s s, eee et ~ s n #;1) —— 0

. ' M . .
is exact as A-modules, where T, 1is the restriction of T,. Hence

or.
ll)¢[ 7’J ,1<i<B, 2<s4<a,

axj

or.
is a presentation matrix of Hl[X; Z). Since qub[ z ] =0, 1<%<B8,

ar.
E’a.,(A) coinsides with E'Clz,where A= [Ibfb{ C ]],

ox .
]

6.8. There exists a better way of thinking of the rational Alexander
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polynomials of (Kn<:5n+2). Since Hq(% ;Q) is a finitely generated
torsion I'-module and - T' is PID, by the structure theorem Hq(%; Q) is
decomposed into cyclic T[-modules :

&0 =1/0]@) @« o 1/0I ),

q q q : .
Ai(t) e A, Ai+1(t)|ki(t) in A for all <.

That is, Hé(? ; Q) has a diagonal presentation matrix

q
M@

A ) 0

() = .
q
Xm(t)

over T'. Levine [5] called {Az(t)} the Alexander invariants of an n-

knot. The d-th rational Alexander polynomials are given by the formula :

m
il Ag(t), l<dsm 1<gqgsn=+1,

st = t=d

1, m+1l<d, 1<qgsn+]l,

6.9. Theorem. (Levine [5, Theorem 1]) ILet {Az(t)} ,0<g<m+1,
0< < <m, be the family of Alexander imvariants of an n?knot, nz 1.

Then, the following properties must be satisfiesg :

@ A @ @ in A (@) 81, @ |8 in A,
(b) Az(l) =+ 1, , (b") Ag(l) =t 1,

© M2 AZ+1-q(t-1) in A, () M) = AZ*lfq(t'l) in A

Sketeh Proof. By 6.8, (a) is obvious. Following Levine [5], we will
give the outline of the proof of 6.9-(b) and (c). We refer the reader to

Shinohara-Sumners [1].
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(6.10) Step I : Let V be a Seifert manifold for an z-knot (KnCSn+2).

~

In the notation of 5.17, the universal abelian covering space X of X

= Sn+2 - K may be constructed from Y in the following way :

Let (Yi’ Vq_:, Vi}, ~© < 7 <o _ be an infinite number of copies of
(Y-Kn, V_-Kn, V;](Z]. Then, X is obtained as a quotient space of the
disjoint union of the Yi by identifying Vi and V"’:+1 for every <.

The generator t of the covering translation group maps Y'i onto 'Yi+1

in the obvious manner.
1

0 ~ 0 1 . .
Let Y = UiYQ'i’ Yy = Uil’%_‘_1 ; then (X,Y ,Y) is a proper triad,
and YO nYl = U,[;V:t . By the Mayer-Vietoris theorem, we have :
8 U0 8 @ 0er 00 E G0 8 U .
q t + bl q 2 q 3 q > q-i t + 3’

. AN . . . ~
Since U,L.V+ is invariant under the covering translation of X,

T.0y = .0 =2 .
B U750 F TELO0 5 £ 050eT,

L z
H V0 — (7500

Also we have :
0 1 ~ ~
B ;Qed (Y ;Q =VF (7.;0 2, B (Y;Qe,T
(VR Q50 3 B0,
7
H (7,5 Q B (V0 00",
So, we obtain an exact sequence of I'-modules :
—H (V; Qe T —> B (Y;Q e, T -8 (X;Q — (1)
q Q q Q q
Here T <can be described as follows. Let ¢ be the element of T cor-
responding to the covering translation Yi - Yi+1' Then, for ocqu(V HOR

T{a®l) = v_(a) @t - v+(a} ®1

t(v_(a) ®1) - v+(a) @1,
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We will show below that T is a monomorphism for all ¢g. By exact-
ness, this implies e is onto for every ¢q. Therefore, we have a presen-

tation matrix of Hq(? 3 Q) from (1) as in 6.2.

(6.11) Step IT : For any space T, let Bq(T) denote the image of
the natural inclusion Hq(T ;s 1) > Hq(T;Q). Bq(T) is free abelian, and
Hq(T;Q) = Bq(T) @ZQ. For brevity, let p =n + 1 - q. Then, there is a
homomorphism Ik : Bq(V) ®, Bp('Sn+2 - V) + Z, which is defined by 1linking
numbers (cf, Seifert-Threlfall [S-T, p.277]). By Alexander duality, given
basis a;, *°* »a, of Bq(V), there exists a dual basis §1, ,3a of
B (Sn+2 - V) such that [k(a,®8.,) =6... By U1k, we also denote the
p ] d
natural extension

2
k:H (V;Qe B (S -v;Q +Q.
q( ; Q) Q p( ;O ~Q
Given a7 e Hq(V;Q) and af e Hp(V;Q), we have :

q+1

Zk(aqm)_(ap)) = (-1)p Zk(ap®v+(aq)) | 2>

using the isomorphism Hq(.Sv’n+2 -V, Q = Hq(Y ; Q)  indued By inclusion.

Also we have :
k@lev, (@) - k@lev_ @) = a%-aP (3
where aZ-aP is the homology intersection number in V.
(6.12) Step IIT : For every g, choose a basis {ag} of Bq(V) and

a dual basis {8} of Bp(3n+2—V) = 5,(1). Then {afe1} and {8701

I' and H(Y;Q)@ T. Set

form bases of the free T'-modules Hq(T/ ; Q) @Q Q
dy - q 29 a4y - q 39
v_(@) gxﬂi, v, @) Eu‘”t'

Note that AZ. and Lﬂ. are integers. Thus,
Ji Ji
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q = qT _ .49 q
-r(aj@l) -12’: (t)\ji uji) (Siel),

and we can define a presentation matrix Pq(t) of Hé(% ; Q) with entries

in A by
P () = (2l - %) .
MORCEFRRED
It will be noticed that Pq(t) is a square matrix since
+2 ~ .
Hq(Sn -V;Q = Hp(V ; Q) by Alexander duality, and
Hp(V; M = Hq(V; Q by Poincaré duvality
for 0<g<n+ 1.
(6.13) Step IV : We translate (2) and (3) in Step IT into in

about Pq(t). We have :

formation

q Pyy = q P aPyy = P . qdeaPy - P
Zk(ajebv‘(ak)) Zk(ajs (g LAY Z N Zk(ajeai) ;\kj (4)
4 yy = p qd a4y - q ., Peidy = 4
k(@ ov, (@) = Zk(ak“g W) = Lk ed) =i ®
By (2), we have }‘gj = (-l)pqﬂugk . This implies
0P (#) = e (¢TH ] ©®
q p
where ' indicates transpose.
As a consequence of (3), (4) and (5), we have :
q q _ P4
R A ™
Thus Pq(l) is, up to sign, the matrix of intersection pairing
B ®_B + 7.
(0 @, B (V)
Since oV = K¢ is an n-sphere, P&(l) is unimodular, i.e.
det Pé(l) =+ 1] (8)
homomor-

As a consequence of (8), Pq(t) is non-singular, and so the



311

phism T in Step I-(1) is injective. This implies e in (1) is surjec-

tive, and so Pq(t) is, indeed, a presentation matrix of Hq& ; Q).

(6.14) Step v : Ac'Zq can be chosen as a greatest common divisor of the
determinants of (o-d+1) X (0-d+1) minors of Pq(t) ; SO AC'Zq is an element
of A. By<(8), Al'q(l) = det Pq(l) = + 1, and therefore

'q = *+
AT = £ 1

from 6.8. Furthermore, by Step IV-(6), we conclude
q 2 AP =1y _ amtl-g -1 :
Ad ®) Ad (t ™) -Ad (¢ 7) in A.

From 6.8, we complete the proof of (b) and (c¢). O

6.15. We have discussed only the Alexander polynomials of an n-knot.
We will consider the reduced Alexander polynomials of an n-link (KZL Uees
U KzCSm'Q) = (LZCS"QJ iwith H 2 2 components. Let X = Sn+2 - L’: ,
and let X be a infinite cyelic covering space of X associated with the
epimorphism

b=op:m D -—‘LHl(X;Z) =" %,

defined in Definition 3.9. Then, 6.1 remains valid if L:l and X are
substituted for K and X. From a presentation matrix of Hq(f; Q, we
have the reduced d-th Alexander polynomial Kz,(t) e A and the reduced
rational d-th Alexander polynomial EC’Zq('I:) el of T (or (Lﬁcsn+2)) in
dimension q, by 6.3. .Proposition 6.6, 6.7 and 6.8 remain valid if Zq,
5’7 and 11'; etc. are substituted for AZ, Ac'Zq and Y etc..

We have the following :

6.16. Theorem. {(Shinohara-Sumners [1]) Let (chsn+2) be an n-link

with U components, and W 2 2, n 2 2. Then,
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@) B @ B in A,

~q 0 (g=0;d=1), (g=1,n+1 ; d<up-1),
oM B -
£1 otherwise,
~ 0 d<uy,
@ Ky = { .
Ad-u+1(t ) dzwu,

En+1—q

q (t-l), 2<sg<n-1.

Ad
85(8)

6.17. Theorem. (Levine [5, Theorem 2]) [ILet {AZ(t)} », 0<g<n+1,
0 <% <m, be a set of primitive elements of N satisfying (a), (b) and
(¢) of Theorem 6.9. Then, if n is even, there exists an n-knot with

{kg(t)} as its Alexander invariants.

For odd dimensional cases, we need some additional conditions ( refer
to Levine [5]). For =n =1, 6.17 is proved in Seifert [1], Levine [4] .

The case n = 2 1is Theorem 3.17 (Kinoshita [1]).

The proof of Theorem 6.9 leads to a method for computing the Alexander
matrix and the Alexander polynomials from given a Seifert manifold. In
particular, this method is useful for ribbon 2-knots, because a ribbon
2-knot bounds a special Seifert manifold W given in Theorem 5.13. - Both
Hi(W; Z) and HQ(W; Z) are torsion free, and we can choose free bases
of Hl(W; Z) and H2(W; Z), respectively, by mutually disjoint simple
loops and mutually disjoint 2-spheres in W in the obvious manner. Here
we will give another description of a ribbon 2-knot due to Rolfsen [Ro,

Chapter 7], Hudson-Summners [1], Sumners [1 ; 2] and Yanagawa [2].

6.18. Definition. Here we will only define a plumbing of a 2-sphere
and a l-sphere. For a more general definition of a plumbing of a p-sphere

and a g-sphere, see Rolfsen [Ro, Chapter 7].
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Let Si c 8 and Si c st be upper hemispheres, and let h1 :SE > p?

1 1

and h,:8_ > D" be homeomorphisms. A plumbing of 5?2 and s' is an

orientable 3-manifold P obtained from disjoint union of SQXD1 and

p? x5t with SE xp' and D? XS}_ identified via the homeomorphism

1

+

-1
hy Xh,

: 52xp" » p?xs
Then, P 1is homeomorphic to 52 x5 with an open 3-disk missing , and so
oP = 52. It should be noted that there exists a natural inclusion of the

wedge ,5‘2v.5‘1 in P. We will consider embyeddings of the plumbing P in

Su (or Ru), so that P -is 4 Seifert manifold for oP.

6.19. Example.(Rolfsen [Ro, 7F4-7F6]) Let (Kgcsu) be a trivial 2-
knot, and V c S' be a 3-disk with 8V = K23 V has a bicollar neighbor-
hood BY 2 vx [-1,1] = V><D1. Restricting BL* to the boundary 3V = Kg,
we have W, 2 Kngl. We take c+1 points x, ng = 9V, x,
Let K1 be a simple oriented loop in- Su such that K1 nV==x Ve, U

0
v, and K1 runs through Bu along xoxDl, xixDi, see chDi in
D2><K1 in Su in a natu-

(-]
,“',:x:ce V.

e

the direction -1 + 1. We extend this to I\l1

ral way, so that {0} x&x* = x* and N,ul, is the plumbing of K§ and

Kl. Let W = ZVQUN

and K2 = 9, see Figure 6.1.

Figure 6.1
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Let N = Wx[-1,1] be a bicollar neighborhood of ¥ in SU'. By W
and N we denote WX [-1,0] and Wx [0,1], respectively, via the homeo-
morphism. We specify the positive side IV+ of N to be one which inter-
sects B‘+ near . Let a2 be the 2-cycle carried by Kﬁ, and b:1 the
l-cycle carried by Kl. It will be noticed that a2 is a free (abelian)
basis of H2(W;Z) = J, and bl is a free (abelian) basis of H,(W; ) =
J. Pushing a2 and b1 off W and into il or N, we denmote them by

2

af, bi or a_, b:} , respectively. Then,

e +1

k@’ , b} k@, bh,

4

Zk(af , b e =1k, b%),

where 1k is the linking pairing of 2-cycles and l-cycles in Su.

~

Using W we construct a universal abelian covering space X of X =

L
S - K2. By Alexander duality, we have :

H (Su - W) £ 1 generated by 4l (dual to a2),

}’-JQ[SL+ - W) = I generated by b2 (dual to bl].
Then, we have :

v (bl = cdl, v, (b1 = (e+1) T,

v.@) = @b, v @) =eb,

and so presentation matrices of Hl (3(’ ;) and HQ(E'( ; Q) are

P,(#) = [et - (e+1)), P (¢) = ((e*D)t - ¢} .
Thus, 88 = \[(8) = ot - (e+D),
B(t) = A2(8) = (e*1)t - 0.

2
Since K~ is a trivial 2-knot, it is easily checked that ¥ has a
trivial system {Si, Sz} of 2-spheres, so (K2cS§") is a ribbon 2-knot

by Theorem 5.13.
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6.20. Exercise. Describe a standard (simple symmetric) representative

of the 2-knot (K2t:Ru) given in 6.19.

By the same type of argument as that used in Example 6.19, we give the

proof of Theorem 3.17. This proof follows from Rolfsen [Ro, 7H1].

6.21. Theorem (= Theorem 3.17). Let A(t) be an integral polynomial
with |AQ1)| = 1. Then, there exists a 2-knot (K2<:Su) whose Alexander
polynomials are

1

A = A, (),

Ai(t) At Y.

Proof. We may suppose that A(1) = -1. Then, we may set

A(®) = -1 + cl(t - 1)+ 02(t - 1)2 + oeee 4 cr(t - 1)r,

Let (KilJ"' uKﬁt:Su) be a trivial 2-link with »r components. We

take r simple oriented loops Kl, XX ,Ki in Su so that KilJ"' uKi

and KilJ"- UKi link according to the schematic :

K 2 Kl 2 Ké 2 K1 2
Ki // K2 b Kr—i Kf
‘J‘-J‘Jcl ":[\/02 - /l;'b/!’-l t[\c
DGR AL D LA
Figure 6.2
Then we have r mutually disjoint plumbings W¥,, *++ ,W_ of 52 and

1° r
S1 in S4 by the same way as that of ¥ in Example 6.19. Let az and
b; be 2- and l-cycles in Wi carried by KE and Ki, respectively, < =

l,+++,r. Then, we require the following relations :
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((1k(a?,bl) = o 1= k@2, bD),
Zk(a§ , b;.+) = 1 = Zk(a§_ ) b;.) for f=2,++,n,
lk(ai, , b)) = ¢, =1k(aj,b] ),
W] kGl b)) = 0 = Tk(a),bT)  for j=2,.e,
Zk(a;. s bi) = cj for j=2,+°,r,
Zk(a?_l,b;) = 1 for J=2,-+%,r,
L 1k@2 , bY) = 0 for =2, emiR A G-130=1,000,m.

L g
~2 . . ~2 ~2
Let awi = Ki’ i=1,sce,r. We consider a fusion of K1 Ueee UKP. Let

B; : I><D2 ->Su s J=2,000,p,

be embeddings of a 3-disks I><D2 into Su such that

+ 2 + 2 ~2 2
e = X
BI(IxD%) n (v eee b)) = BT XD%) 0 (R, kD),

+ 2 ~2 + 2 ~D
B.({o}xD X B.({1}xDp%) c X’ .
J({ ) < 4 J( ) g

Let =W UB;(IXDQ) U, UB;(IXDQ) yeeo uB;(IXDQ’) UW, ;5 ¥ is homeo-
morphic to a connected sum of r copies of S2 ><S1 with an open 3-disk
missing and 9¥ is a fusion of I“('iu U]N{; along B;u?--UB;. Let
K2 = oW ; since Ki y e uKi is a trivial 2-link, ¥ has a trivial system
of 2-spheres, and so K2 is a ribbon 2-knot by Theorem 5.13.

>It is easy to see that {ai, vee ai} and {bi, cer bi} form free
abelian bases for HQ(W; Z) and Hi(W; Z), respectively, and the equa-
tions (%) hold for W. .

~

Using W we construct a universal abelian covering space X of X =

Su - K2. By Alexander duality, we have :

4 . i~ sl ... 3t 2 ... a2
Hi(S - W; 1) 2 rl generated by al, ’ar (dual to aj, ,ar),
H (Su - W;Z) = vl generated by 62,...,b2 rdual to bl,... bl)

2 s’ 1’ 3 r ~ 1’ > P 3

where rZ denotes a free abelian group of rank r.
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Now, from the equations (*), we have :

1 ~1 ~ ~
V(b)) = epay v oy, * e

1 A1 ~1 ’“1
\)+(b1) = (c1+ 1)a1 + ey, + rea.,

1 Al 1 A1 A1
v_(bz) =a,, v+(b2) =a, +a,,

1, _ a1 1, a1l a1
v_(b3) =a,, v+(b3) =a, +a,,

1 A1 1 A1 Al
v-(br) =810 V+(br) =847

So we have a presentation matrix Pi(t) of Hl(i s Q)

\
( clt - (cl+1) clt - c2t —ey, vt cr_it - e, crt -e,
t -1 -1 0 LI B 0 0
0 -1 -1 0 0
0 0 0 -1 0
0 0 0 t-1 -1

Thus, the first Alexander polynomial Ai(t) in dimension 1 1is
Al(t) = -1 +c kt -1) +e tf - 1)2 + see + 0o ([t - 1)P = A(E)
1 1 2 r' :

The calculation of H2(§; Q) is similar, so we leave it to the reader
to verify the formula : Ai(t) z A(t_l). 0

6.22. Exercise. Prove Theorem 6.17 for 2-knots. That is, let {Al(t),
oo, Xm(t)} be a family of integral polynomials satisfying

(a) >\7~:+1(t)[>\i(t) in A, () AQ) =1,

Then, there exists a 2-knot (K2<:Su) with
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il

H(X5Q) = T/(0(£)) @ ==+ @ T/(A (),

X M -1 ees '"1
Hy(Xx; Q) =T/ (¢ 7)) @ @T/(A (7).

6.23. Exercise. Let (Kgcsq) be any 2-knot, and let V be a Seifert
manifold for K§ We can construct in Sur a plumbing W of K§ and a
simple oriented loop x by the same way as that used in Example 6.19.
Show that : Zf Kg 18 a ribbon 2-knot, then W tsalso a ribbon 2-knot.
More generally, let (Ki Usee UKf'CSq) be a 2-1ink. Then, we can const-
ruct » mutually disjoint plumbings Wi’s of Ki’s and l-spheres K;’s
and a disk-sum W of the plumbings Wi by the same way as that used in
the proof of 6.21. Show that : Zf each component Ki igs a ribbon 2-knot,
i=1,++,m, and 4if theve exist v mutually disjoint 4-disks B’I,---, B;
in Su with an(Kiu--- uKi) = Kf:, i=1,«se,r, then oW <s a ribbon

2-knot.

6.24. Problem. Does there exist a non-ribbon 2-knot whose Seifert
manifold V is homeomorphic to cowmnected-sum of r copies of 5% x st

with an open 3-disk missing ?

7. Local Alexander Invariants

For an n-knot (KnC.Sﬂ+2), let X be the universal abelian covering
space of the complement X = Sm'2 - ¥*. In the preceding Section,we have
studied the T'-modules {Hq&; A @Z Q} and actually characterized their
structures. In this section, we will be concerned with the integral homo-
logy groups {Hq &; 2)}, which are finitely presented A-modules. In par-

ticular, we will introduce another polynomial invariants of Hq(%; 1),
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called local Alexander polynomials. For 2-knots, by duality Hl(i s L) is
essential as in Section 6. We refer the reader to Kervaire [2], Sumners

[6], Gutierrez [3] and Levine [10].

7.1. As in (6.10), we have the following exact sequence of A-modules:
LN 2 - T - e ~' . LR
> Hq(V, e, A — l-]q(_Y, e, A= Hq(X, De, A~ Hq_l(V, Iye, A~
where T 1is defined by
T@@l)=v_@)®t—v+@)®1=tnhm)sn —v+@]®1

for a ¢ Hq(V;Z).
" Sn+2 PR . .
Let V* = - Y ; then V* is a deformation retraction of V  and
ViEnY=V v V,. From the Mayer-Vietoris sequence for the proper triad
2
(Sn+ , ¥, V*), we obtain
’
0— B (V;2) @ B (V1) z—raq(y;Z) ° B (V;1) — 0,
where e’(a,b) = (v_(a) - v (b),a - b). Let
A:H(V;I)—H (V1) eH (V;1Z
q( 3 L) q( 3 4) q( )
be the diagonal map. Then we can define a monomorphism
T=e'A: Hq[V;Z) ——»Hq(Y;Z)
by a+v (a) - v+(a). Since A is Noetherian, 7 is an isomorphism. So

we have a short exact sequence
00— H (V;2)e_A— H (Y;1)e_A Z>q f; 1y — 0 1!
73D e, T3 e, %D an
which corresponds to (1) in (6.10).
Let © be the map induced by multiplication by (f-1). Then we have :
. T ) e Y .
0 — Hq(V, VA @ZA—»Hq(y,Z) @ZA—>Hq(X,Z) — 0

S

T e r
0—»Hq(V,Z)®ZA—*Hq(Y,Z)®ZA—~+Hq(X,Z)—*0 .
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Then the kernel-cokernelsequence is the follows :
Coker(0;) Coker(03)

14
0 — Ker(8s) — £ (V; D) BCAN H (Y ; I) —» Coker(63) —> 0.

Since T = e'A is isomorphism, Coker(83;) = 0.

Let Tq be the Z-torsion A-submodule of Hq('}? 5 1) and Fq the tor-
sion free part of Hq(% 5 Z). Then, it follows from Kervaire [2,Lemma I1I8]
that Tq is a finite group since Coker(03) = 0. Thus, Hq(} ; 1) splits

as a group into Fq @ Tq by Fuchs [Fu,Theorem 24.5].
7.2. As in (6.11), we define a homomorphism
ik : Hq(V; ) G’ZHp(Sn+2 -V3;I)~1 (or Q/Z)

which is defined by linking numbers, where p =n +1 - g.
Let Hq{V; Z)y = Fo T where F is the free part and T the torsion

part. Let acil’ se- ,az be a basis for F, and suppose that T has gene-

rators bclz, oee ,bZ with elementary divisors d1]d2 °-'|d8. As in (6.11)
{cf. Seifert-Threlfall [S-T,§77 £p.432]), we can find a basis {gg} for
the free part of HP(Y ; 1), and generators {bi-i} for the torsion part
. . q+1 . : g+t _ 2 pd (4=
of Hp_i(.Y, Z) and chains Bz € Cq+1(V’ 1) with BBZ = d£b2 (7=1,
ces.p;&=1,+++,8) such that
k@lealy =6, 1
@52%) =%

s

k €
Zk(ag*iet?g'l) = 8/, € WL

7.3. As in (6.12), we set :

qy - q 24 q {q 9y - q 2q q 19
v_@) = Z STV ) q’jkbk s v+(aj) = 2 Wzl - ¥ “’jkbk ,
7 k 7 k
qy - q 14 4y - q 19
v_(bY) % czkbk , v+(b2) % T!Lkbk }

where all the coefficients are integers. Then, the presentation matrix
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of Hq(§; Z) corresponding to (1') in 7.1 will have the form

P N
q q ,
0 qQ
q
= a _.4 = a _ 4 g _ 4
where Pq [ tkji uji ], Qq [ tozk Tzk ] and Nq [ twjk wjk ] .

1<Z2,j<» and 1<k, <s, and 0 is a sx» zero matrix.

The following sequences of A-modules are exact :

P

0———>F®ZA—Q->F®ZA——->Hq(}~(;Z)/Tq—>O (1%)
Q

0—»1?@21\——%%21\ —‘,Tq > 0 (1%%)

Since Pq is a square matrix, Coker(P&) is a Z-torsion free module,
so (1*) is clear, and (1**) follows as in Kervaire [2 , Lemma II14]. In
fact, Pq coincides with the Pq(t) in (6.12).

From (1%), Hq(%; Z)/Tq is a Z-torsion free A-module, and (1**) pre-

sents the Z-torsion A-module Tq

7.4. As in (6.13), we have the following :

k(fev @) = k(e (E )y = z xgi-mag@ag) = 2 (4"
k@alov () = k(e (% Wby = z Wittk@iedh) = b, (51
Zk(B%+1®v_(a§'1)) . ka%u@ (7% q’?’izlai-l)) B ‘Pg';l (4%)
@] o, @E) - Zk(BZ“lacg FrraET) = T (5%)
k@M ey B = el e (E 1Y)y = b, (4%+)

From the commutativity of linking numbers, we have :

;= COFTRG 29
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-1 p-1 _ g1, p-1_ 5, q o aP-1y =
¢§. of -B;l’ &t -d“k(bgeaj ) S0 (mod d)),

gL
where Bq“‘ap.—1 is the homology intersection number. (2%)
Ly
-1 _ (g+1)p+1 q
4o = (1 %rs,

As a corollary, we have :
P&(l) is unimodular,
N, (£) is the form (¢t - 1)1p§£] , (7%) - (8*)
Qq(l) induces an automorphism of T .
Now, we have a presentation of Hq(% s L)
( 1, 47 | %(tkgk-uzk)wz = (t-1)N 49, g(toq -sz)yg =0, dy? = 0).

1279 P L5 J3°d

As a corollary to (2*%), we have :

7.5. Proposition. Hq(? ;Z)/Tq and Hp(% ;Z)/ﬂb have dual A-presen-

tation matrices ; similarly T& and Tp-i have dual matrices. Moreover,
these dual matrices establish isomorphisms of F ® A and T ®, A, res-
pectively. In particular, Tn = Th+1 = 0.

7.6. Let we Z be a prime. The T-primary component T& 5 of the Z-

2

torsion part T& of Hé(}; Z) is a A-submodule as in Kervaire [2 , Lemma

1I15]. By virtue of (2*), we know that T T admits a presentation
b

£,
= . a _ 14 = J -
Tq,n < Ygsttts Y, Ig(talj zj)yj 0, (m )yj 0 ),

€ €.
where (m g)aij + (_1)(q+1)p (w J)b§£1 =0 (9)

Let Dq(t) = [tazj - b%j], where the j-th column is determined modulo
€.
Y, If R <4, the (&,7)-entry of Dq(t) is ta%j - b%j, whereas the

€ .-€
(7,2 -entry will be (-1)@*DPH(pd " (tbgf - “5';,1)' So, it will be



323

remarked that Dq(t) # (-1) (q+1)p+1t[Dp_1(t_1)]' , vwhere ' indicates

transpose. Let

Then, we have :
(g+1)p+1 «1 91
D (£)*V = V(-1 tLD t .
,® (-1) [0, 4]

We consider a map 7y : A > A1T = Z1r®A ; it should be noticed that ./\Tr
is PID. We can now consider the image of Dq(t) under 7Y, and can con-

sider the elementary ideals of YDq('b). That is ;

7.7. Definition. Let T , be the m-primary component of the Z-tor-
sion part Tq of Hqﬁ; Z). The polynomials )\Zi € A1T extracted from
Tq,n (i.e. YDq(t)) are called the m-Zocal Alexander polynomials of
(Kn C.Sn+2) in dimension q.

‘Corresponding to Theorem 6.9 and Theorem 6.17, we have the following :

7.8. Theorem. (Gutierrez [3 , Theorem 1]) Associated to every n-knot
" C.S'n+2), any integer 1 < q < n-1 and every prime T , there exists a
family {)x?n} of polynomials in A1T , determined up to units in A and
satisfying :

q ) q _ ;
(a*) An,i+1 | )\m: in A7r and )\'"7: =1 for large < and for almost
all primes T's,
q
(b*) >\m-(1)
() AL (%)

1 in Zn,

Ay in o,
T ™
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. . . . -1
(@*) If n = 2q, we can fined AZl € 1\1T with A%(t) = Azl(t ) and

AZlcl) =1. If q tis odd, AZi(-l) i8 a square in Z“.

7.9. Proposition. (Gutierrez [3, Theorem 2]) Let {}‘sz} be a family
of polynomials in Avr satisfying (a*) ~ (d*) of Theorem 7.8. Then, there
exists an n-knot (K' cSn+2), n 2 3, with {)\zt} as its T-local Alexander

polynomials in dimension q.

7.10. Example. Theorem 7.8 asserts that any m-local Alexander polyno-
mial of a 2-knot is reciprocal in A“. Using this property, we can prove
that KG2 # KG3 in Theorem 4.2. In fact, by Proposition 7.9 we can con-
struct a group G € KG3 with non-reciprocal polynomials. There are some
other methods for proving that KG2 # KG3, refer to Gutierrez [6], Farber
[1], Kawauchi [3]. Now we consider a group

2 15 o a5 >

¢={a,b| ab=ha
given by Hosokawa-Kawauchi [1], Farber [1]. Since a-= (ba)‘_lb—l(ba)b, it
is not difficult to verify that H (¢;2) =7 and w(6) =1. By G' and
G" we denote the commutator subgroups of G and G'. Since

<a|a5=1> = 5

G'/G" ;A A/(2¢-1,5-5%)

N

GI

it follows that G'

because 5 = 5(2¢-1) + 2(5-5¢). If G 1is the knot group of a 2-knot

(KQCSH), then it has the 5-local Alexander polynomial )\é 1= 2t -1 for

H1 (%; Z) = G'/G", Since 2¢t-1 is not reciprocal in As,this contradicts
to Theorem 7.8.

To show that G ¢ KG_, the only thing remaining is to prove H2 G ;D)

3’
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= 0, by Theorem 4.3. We use the so-called Wang exact sequence (cf.Cartan

Eilenberg [C-Ei})of homology.

7.11. Proposition. Let E be a finite complex and let p : E+E be
an infinite cyelic covering space. Then we have the following long exact
sequence of homology with an arbitrary coefficient :

oy o t-1 ~ 9 ~ t-1 ~
~>Hq(a)——+Hq(E)—RL+Hch)———+Hq_1(m——> i ® =

where t denotes the isgomorphism induced from a generator t of the

ecovering translation group of E.
Proof. Consider the short exact sequence of chain complexes :
0 — ¢, (&) =L ¢, —Bo ¢, (B) — 0.

By taking homology, we obtain the desired sequence. [

7.12. (Continued from 7.10) As a corollary to 7.11, we have the Wang

exact sequence of homology :
3

L6 —

— B (6" £-1, 7 (") Ly B (@)~ B, (E") AN B,
where < is the inclusion homomorphism. From this sequence, we have the
exact sequence

0 ——-———»HQ(G; ) —B—+H1(G';Z)—-t-—1>H1(G’;Z)——+ 0,
because HQ(G' 32) =0 and Hl(G;Z) = Z. Since (t-1) : A5/(2t—1) —
A5/(2t- 1) 1is an isomorphism between abelian groups and H1 G¢'; 1) is
identical with G'/G" = A5/ (2¢-1), we conclude that (¢-1) : H1 @G0 »

Hl(G';Z) is an isomorphism of abelian group. Thus, #,(G; )y=0.0

In Milnor [3] a duality for the rational homology of X is found; this

is based on the work of Blanchfield [1]. These dualities are reflected in
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the polynomial invariants in Theorems 6.9 and 7.8. 1In the remainder of
this section, we will introduce a generalization of the Milnor’s duality
theorem for infinite cyclic covering spaces due to Kawauchi [1; 2]. Here
we will formulate the result only for the universal abelian coverings for
exteriors of n-knots.

Let E be an exterior Ak °N{Kn ;Sn+2) of an n-knot afzcs”*z)
and F be the universal abelian covering space of E associated with
the commutator subgroup of ﬂl(E) = ﬂ1(3n+2 - Kn). E is constructed by
the same way as that of the universal abelian covering space ¥ of the
complement X = §*? _ ¢ in (6.10). Let t be the generator of the
infinite cyclic group of covering translations. Let

Y, = B - 0 ; 87 = &7 L e 5,

where V is a Seifert manifold for Kn. We set :

Np = tpyo U tp+1yo U tp+2y0 U seees
and ﬁq = t'qyo u t'q'lyo u t'q'2y0 U eeesse,

From the construction of E, clearly Nb and ﬁq are connected. Note
that the families
* 4 .

{ae@, 05 O 1 55 ceeee s

{H*(E: I_VqE G)}q=0,1’2,3,..... > and

H*(E, N_ul ; G

{ ( 4 P q’ )}p,q=1’2,3,-o;..
are directed systems directed by the inclusion homomorphisms. Since the
family {Nleﬁé} is cofinal in the family of cobounded systems of ﬁ,

we have :

7J&me.1@Jmm,%a%;@}=qw;m,wweHz@mwsme

cohomology with compact support.
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7.14. Proposition.(Milnor [3]) ILet X be an infinite eyclic covering
space of a finite complex K. For some field F and for fized <, if

Hi X; P ;F Hi (.5‘1 s F), then H,[: (X;F) <s finitely generated over F.

Proof. For < 2 2, since H?:(K ; F) = 0, we have the exact sequence
2,5 t—'lwzi(ﬁ; F) — 0
from the exact sequence of Proposition 7.11. So, every element of H?:(ig
F) is divisible by ¢ - 1. Since Hi(f ;s F) is finitely generated over
FJ and FJ is PID, it follows.that Hi[i; F) is a torsion module over
FJ. By the structure theorem, Hi(ﬁ;F} is a finite dimensional wvector
space over F. For < = 1, we only remark that HO(K ;B = H1 X;F) =

ByX;F) 2 F. O
By Propositions 3.2 and 7.14, we have :
7.15. Proposition. &, Z;Q is finitely generated over Q.

7.16. Lemma. If Hi- 1(§ 3 L) is finitely genmerated over 1, then for
any torsion free abelian group A,

1i_m>{H"‘:(§, NP;A)} = 1il>{Hi(E, I_Vq;A]} = 0.

Proof. We shall only show that li_m_){H?'(E B Np;A)} = 0.

In the universal coefficient theorem for cohomology

0 — Ext[7A.
'L_

Fon s LB, 5N
\EL T, Al > B@E 8,5 A) —~ Homl#, (.8, ;7), A] — 0,

the direct limit commutes the exact sequence. So it suffices to show that
lim {Ext[z, (& s 7), Al} = 1i_m+{ﬂom[Hi_1(E,Np ;2), Al} = o.
We divide the rest of the proof into two steps.

Step I : We show that Hi- (E“ R No 3 Z) is finitely generated over I,

1
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and that Hi &, Ny Z)®Q 1is finitely generated over Q.

Consider the Mayer-Vietoris sequence

— I:IJ.(N0 nN_l) — Hj(No) ® HJ.(N_l) — HJ.(E’) —,

. =  _ 0
Since IVOnIV_1 = V_

is a finite complex and Hi_i(E;Z) is finitely
generated over Z, and Hi (E ; Q) is finitely generated over Q by 7.15,
it follows that Hi_l(z‘v_i ;Z) and !-.I_I:(I-V_1 s Q) are finitely generated,for
Q is Noetherian. By the exact sequence of the pair (I—V-:L’ 1'\'7_101\70) =

@ V?), H, ¢]) V? ;3 Z) and Hi (ﬁ_l , V(_) ; Q) are finitely generated.

-1’ 1V -1°
Using the excision isomorphism H*(E ,NO) = 1‘1*(1'.7_1 R V?), we obtain that
Hi-l [E 2Ny Z) and Hi(E s IVO ; Q) are finitely generated. By the univer-
sal coefficient theorem for homology, Hi (5 s Wy s Z) eQ is finitely gene-

rated over Q.
Step II : Since Hi(E’NO ;2)eQ is finitely generated and A is
torsion free, there exists a finite collection {z%,"-,zrg} of elements

~ ~ 1 m
of H;(E,Ny;I) such that Hom[ﬁi(E',IVp 1)/ (ay,°7*,%5), Al = 0, where

(zé,--*,z'g) is the subgroup of Hi(ﬁ s Wy ; L) generated by z%, LR ,zrg.
Since Hi_i(ﬁ, IVO ; L) is finitely generated, there is a positive integer

s so that all homology classes of Hi-l(i >Ny s Z) and the elements
1 . .
Bgsttc, zrg are representable by cycles in N-s’ So, the inclusion homo-

i s 7 M i 1 e e m
morphism Hi-l(N-s Wy ) -+ Hi-l =, Wy Z) is onto and 2y, ,8y are

contained in Image[H_Z: (N_s s Wy s 1) » Hi(E sy s 2)]. From the exact sequ-
ence of the triple E 2 IV_S > N,, we know that Hi-l(E SNy s ) » Hi-l(E .

N ;Z) is trivial and z%,n-, A7 are contained in Ker[Hi(E,No s Z)

0

> 1-11: (5 s N-s ; 2)]. Applying #*% gor any p, the inclusion homomorphism
i M T . 1 '] i 1 ee e m

Ir-_«’?:_1 £, Np+s s L) »> Hi-i (&, Np ;5 2Z) is trivial and zp+s, ’zp+s are
X . ~ . ~ . k _ ,p+s,  k

contained in Ker[Hi(E' s pr 3 2) » Hi(E s Np 3 2)], where zp+s = £F (zo) ’
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k=1,+++,m. Now the induced homomorphism

Ext[Hi_l(E’ ,zvp ;0), Al — Ext[Hi_ (&, zvp+s 3 2), Al

1
is trivial, and so we conclude that li_n_1_>{Ext[H7:_1(E , IVp AR A]} = 0.
> 1 m
Moreover, we know that Hom[Hi(E' ’Np+s ; Z)/(zp+s, ,zp+s), A] = o.

1 m ~ ~
Because % rs? s B belong to Ker[Hi &, Np+s 30 ~H, Np ;DY 1,

this implies that the induced homomorphism
Hom[Hi(E' R zvp D), A] — Hom[Hi (&, zvp+s s D), Al
ié also trivial, and so li{ﬂom[Hi(E' ’Np 3D, Al} =0.0
7.17. Theorem. (Kawauchi [2, Theorem 2.3]) For fized <, if Hi_l(ﬁ 3 2)

and H'L ;D are finitely -generated, then for any torsion free abelian

group A, there exists a duality

e

B 5 A) F , 5% ; A).

Hn-i+1

(Recall that E is the universal abelian covering of an exterior of

an n-knot, so dim(Z) = n + 2.)
Proof. Consider the Mayer-Vietoris sequence
— B*(E ’Np ;A eH (B ,ITIq ;A — B (E ,Np nI-Vq;A) s,

1

~

H7'+1(E’,IV ull_ ;3 A) — g (%,IV ;A)9H7'+1(E',Z_V 3 A)—,
p q p q
By Lemmas 7.13 and 7.16, we obtain the exact sequence
—> 00 —>H7’(§;A) —2>Hz+1(§;A) — 080 — ,
This implies that the composition
7 o~ 7:+1 ~ . ~ o~
H(E ;A —E—'—*Hc (E',A) Tﬂn_i+1(E,aE’,A)

is an isomorphism. O
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7.18. Corollary. (cf. Kawauchi[l]) Let E be the exterior of a 2-knot
[K2cSu). If Hi(E 3 L) is finitely generated over I, then H,,[ﬁ s L) is

finitely generated over 1.

Proof. Since #° (E ;3 Z) and Hi(ﬁ 3 Z) are finitely generated, it fol-
lows from the universal coefficient theorem for cohomology that 7 (ﬁ 5 1)
and H1 (E 3 Z) are finitely generated. Also by the duality theorem 7.17,

i o~ - o~ ~ o~ .
H(E ;1) = Hz-'z’,-rl(E’ E; 7I) = Ha-i(E’ E; D, 2=1,2,

So, 1, (E , Bi; Z) and H3 (ﬁ , O ; Z) are finitely generated.

~

On the other hand, Hi(aﬁ; ) Hi(SQXZi’1 3 2), © 2 2, are also finitely
generated. By the exact sequence of the pair (E" s BEJ, we know Hi (E’ 3 Z)

is finitely generated for < 2 2, and completing the proof. O

8. The Second Homotopy Groups

For a classical knot (K1 cSSJ, the complement X = S3 - Kl is asphe-
rical, that is 'Iri(X) =0 for all < > 2, Papakyriakopoulos [1]. On the

contrary, Andrews-Curtis [1] have shown that :

8.1. Theorem. (Andrews-Curtis [1]) For a 2-knot (KQCSHJ, 112(5I1l - KQ)

may not be trivial.

This was shown to be the case if K2 is the spun of the trefoil . In

general, Epstein proved the following :
8.2. Theorem. (Epstein [1]) If (K2CS4) is a non-trivial spun 2-knot,
then m, (Su - K2) i8 a free abelian group of infinite rank.

8.3. Theorem. (Epstein [1]) The following conditions are equivalent for

a spun 2-knot (K2cS'+) :
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2

(i) ¥=58"-%% isa Kem, , 1),

(ii) (K2 qu) ig unknotted,

(1i1) ¥ =S" - %% isa K(Z,1).

This Theorem 8.3 means that a spun 2-knot ;(KQ cSu) is aspherical if
and only if (KQCSLL) is unknotted. More generally, Dyer-Vasquez have

shown that :

8.4. Theorem. (Dyer-Vasquez [1]) For an n-knot " cSn+2), nz2 if
.S'n+2 - K s aspherical, then ﬁ1(5n+2 - Kn) = Jd. (Moreover, if n 2 3,

then (Kncsn+2) 18 unknotted. Refer to 10.2 below.)

This is an answer (modulo unknotting conjecture) to Problem 37 of Fox
[4] : Do there exist aspherical 2-knots ?
Theorem 8.4 has been generalized in several ways. We refer the reader

to Eckmann [1], Kawauchi [3], Swarup [1].

8.5. Theorem. (Eckmann [1], cf.Kawauchi [3]) Let E be the exterior
of an n-knot (Kn cgt +2). If the homomorphism 'nn(aE’) > TTn(E) induced

by inclusion is a sero map and if w_ , (E) = 0, then Sn+2 -K'=g = 5'1

n+l
{(homotopy equivalence).

The converse of 8.4 has also proved by Kawauchi.

8.6. Theorem. (Kawauchi [1]) For a 2-knot (K°cSY), if nlcs” - K

)
= J, then A G (homotopy equivalence). (Refer to Giffen [1, Con-

jecture B'].)

Proof. Let E be an exterior of (chs”). It suffices to show that

E = Sl because F = Su - K2. It should be noticed that the universal
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abelian covering space E of E is simply connected. Since Hl(E;Z) =
H,(E;2) = 0, it follows from Corollary 7.18 that H (E;1) is finitely
generated. So, by Theorem 7.17, for every < we have :

E;D 2 Hy &, ;D).

Now we have :

~

"
(-
ne

B E; 1)

B, &, o ; 1) Hy(S*xR" ;1) 5 H(F ; 1),

ne
]

and H2(§,8§;Z) Hl(ﬁ;Z) =0 Hl(E;Z].
In particular, we can check that

B,E, 9 ;D) B, 1,(3F 3 2)
is onto., Using the Mayer-Vietoris sequence of the pair (E , 327,"), we con-
clude that Hs(E;Z) =0 = H2(§;Z), since H3(3E; Z) = 0. Since Hq(%;
7y =0 for q 2 4, H*(I?',";Z) = 0. Because E is simply connected, 'qu(E"]

=0 for all g = 2. Thatis,i" isa K(Z,1). O

As R.H.Fox suggested in [4 , Problem 36], n2(34 - KQ) = 1r2(X) should be
described as a Z‘ITl (X)-module under the action, for example, described in
Hu {Hu, p.125~]. For the case of spun 2-knots, an answer has been found

in Andrews-Lomonaco {1 ; 2] and Lomonaco [1].

8.7. Theorem. (Andrews-Lomonaco [2]) If (KQCSH) is a spun 2-knot,
then m, (Su - KQ) = K/[K,K] , where K <ig the kernel of the homomorphism

. 3 2 It 2
i*:ﬂi(so—]{)‘*ﬂlfs - K7

induced by inclusion.

There is the same result for a class of ribbon 2-knots in Yanagawa [3,

Theorem 4.3], but in the proof of Lemma (3.2) there is a slight gap.

8.8. Theorem. (Andrews-Lomonaco [2], Lomonaco [1]) Let (K2CS’+) be a
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spun 2-knot obtained from a 1-knot (k1 (Sl) CSB). In the notation of Ex-
ample 1.13, let

<x0, xl’ see mn ' rl’ LN rm>
be the presentation of T 1 (33 -kl (5'1)) with =z, the image of the gene-

rator of T 1 (Sg - B) wunder the inclusion map. Then,

(%, x| ’f[ﬂ]x

a ;=0 G=1,000,m))
=1 3.’1.‘7:

18 a presentation of 1T2 (Su - K2) as a Iu 1 (X)-module.

8.9. Definition. Let (Kn cs’“?) be an n-knot. Proposition 3.1 pro-
vides us with amap p:X = Sﬂ+2 - .5'1, which in some case is a fiber
map. We call (Kncsn+2) a fibered n-knot iff there exists a fiber map
p X~ 51. A fibered 1-knot will be called, sometimes, a Neuwirth knot.

The higher dimensional fibered knots were first studied by Zeeman [6].
For general theorems on fibered knots, we refer to Andrews-Summers[l] and
Sumners [6]. For a fibered n-knot (Kncsm'?) , from the homotopy exact

sequence of the fibration Fn+1 — x B> Sl, we know that :

m @ = 0, ], @ 2w, 122,

™ x) = m (Fn+1) xJ, the semidirect product.

8.10. Theorem. (Andrews-Sumners [1, Lemina 41) Let (K2 CSH) be a spun
2-knot obtained from a 1-Knot (chss) . Then, (K2 cSu) i8 a fibered

2-knot <1if and only if (K1 cS3) ig a Newwirth knot.

8.11. Theorem. (Andrews-Sumners [1,Theorem 5]) Let (K2 cSq) be a spun

2-knot obtained from a Neuwwirth knot (K1CS3) of genus g 2 1. Then,

the universal covering space U of X = Su - K2 18 homotopy equivalent

+ + + * :
V vV cee - =
s Ve vV (2g-fold wedge product), where V' =N . S5
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8

2
So, U= 1Si_,

A

I

the infinite wedge product of 2-spheres.

8.12. Corollary. (Andrews-Sumners [1]) Let (K2CSI+] be a spun 2-knot
obtained from a Newwirth knot of genus g. Then, m, (SL+ - K2) 18 a free

Z1T1 (X)-module on 2g generators.

8.13. Corollary. For a 2-knot (KQCSHJ, L (Su - Kz) may not be tri-

vial. (Refer to Andrews-Curtis [1, p.570, Question].)

For a spun 2-knot (K2csu), a finite presentation of L (SL+ - K2), as

a Zﬂl (X)-module, has been given by Lomonaco [2].

Another well-known fibered 2-knots are twist-spun 2-knots given in Ex-

ample 4.17. We record here the main theorem of Zeeman [6] intuitively.

8.14. Definition. In the notation of 5.17, we will define the v-fold
eyclic branched covering space Zv of an n-knot (K" cst +2) by the same
way as that used in (6.10). For the rigorous definition, refer to Zeeman
[6,85]. For an integer v = 1, let (?i, 177_:, T/'f), £ =1, ¢+« ,v, be Vv
copies of (Y,V_, V+). Then, Zv is obtained as a quotient space of
the disjoint union of the Yi identifying Vi' and V’fﬂ for every <
(mod V). So, the 1-fold branched covering space 21 is Sn+2.

In the notation of Example 4.17, let (X'csS°) and (¥ cS*) be 1- and
2-knots obtained from (k1 (Sl) c:Rs) and (1'22 cRu), respectively, by one-
point compactifications of R3 and Ru. We still call (.;{'QCS”) the v-

twist-spun 2-knot of (K:c8°).

8.15. Theorem. (Zeeman [6]) Given (K c8°), let (K°cS?) be the v-

twist-spun 2-knot. Let Zv be the v-fold eyelic branched covering space
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of (chss), and Z\‘; the Zv with a (closed) 3-disk missing. Then :
(1) If v # 0, there exists a bundle »
Lo ——— A CR—
with group Zv'
(2) The closure of each fiber is the Zv with an open 3-disk missing,

and 1t 18 a minimal Seifert manifold for 122.

8.16. Corollary. If v =1=%1, then (;(2‘:34) 18 umknotted.

8.17. Corollary. The I can be embedded in §' and I in 5°. In
particular, 1f p odd, then the lens spaces L(p,q) with an open 3-disk

missing can be embedded in Su. (Refer to Schubert [2, Satz 6].)

On the other hand, Sumners [2] has constructed a 2-knot (K2 CSu) for

which m,(X) has non-trivial Zﬂi(X)-torsion.

o
8.18. Theorem. (Sumners [2 , Theorem 1]) Given any polynomial A(t) € A
= IJd with A(l) = £ 1, there exists a 2-knot (K2CS4) such that
; Y - = Y - = -1
(i) _‘Hi(X, Z) i\ M (A(E)), H2(X, Z) A A (A(ET)),

(ii) m,(x) has ZTT1 (X)-torsion wee = 0 where 0 # ¢ €T, (X) and

0#we Z'nl(X),

(iii) El : Z'Hl(X) > ZHl(X;Z) = 10  the unique extension of the

Hurewicz homomorphism h1 : '1T1(X) > H1(X s L), then 7_11(1.7) = A(t"l),

(iv) h2 :m, x) » H, (X ; Z) the Hurewicz homomorphism, then h2 (e)

i8 the MA-generator of H2 x;D.

Refer to Giffen [1]. It is known by Omae[1] that the 2-knot given by

Sumners 1is a ribbon 2-knot.
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Let U be the universal covering space of X = Su - K2. Then, the

description of ™ (X) in Theorem 8.8 {or 8.7) 1is obtained from 'ITQ(X)
= m, (n = 52(U ; ). Using the universal abelian covering space X of X,
Gutierrez followed a different approach. That is, he obtained that L @x)
= 1r2(§) is the group which Z acts on (as covering transformations) by
the following natural exact sequence.

For a space &S, by 172(8}// LA (S) we denote the quotient of m, (8) by

the action of m ).

8.19. Theorem. (Gutierrez[2 , Theorem 0]) Let (Kn CSn+2) be an n-knot
with a minimal Seifert manifolg V. Then, the following is an exact
sequence of A-modules :

(m,(N 1, (D) e, A — (1, (D)) 1, (1) 8, A — T, (X)// 7, (X) — O,

where T is defined by T(0®1) = v (@)®% - v (o) @l with v, being the

homomorphisms of second homotopy induced by the map v, given in 5.17.

Recall Proposition 5.18 and Theorem 5.20. Recently, Gutierrez[6] also
announced that Theorem 8.19 holds for a minimal Seifert manifold in the

weak sense.

9. The Reducibility of 2-Knots

2 4. o 2 4 u 2 . L 2
If (chS) = (KQCS ), then, of course, X1 =5 - Kl = X2 =5 - K2,
4 ~
and Ei =5 - °N(Ki H Su) = E’2 = SL+ - °IV(K§ H Su). But the converse is an

open problem ; that is,

9.1. Problem. For tuo 2-knots (Ko< and (K<S%), if X, ¥ X,

(or By = E, ), then are (Ki cSu) and (Kgcsu) equivalent ?
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Concerning the problem, there are some results due to Gluck [1; 3;4].

The following is a main result postponding to 9.1.

9.2. Theorem. (Gluck [3, Theorem(15.2)]) There exist at most two in-

equivalent 2-knots with a given exterior.

This holds for every 7 2 3, Browderfl], Kato[l], Lashof-Shaneson[1].

To verify this result, we need the following fundamental proposition.
Let H(S2 ><Sl) be the group of homeomorphisms of SQ><81 onto itself,
and D(SQXS:l) the normal subgroup of H(SQX.S'l) consisting of those
homeomorphisms which are isotopic to the identity. The quotient group
M(5‘2><Sl) = H(52X51)/D(82><31) will be called the homeotopy group of
32 ><51. For a map fe H(,S2 X.S'l), we denote by [f] the isotopy class of

f in M(32><Sl). Since [f] € M(SQXSl) induces an automorphism of

e

Hl(SQXS1 3Z) =7 and an automorphism of H2(32 x gt 32) = Z, we have a

homomorphism ¢ : M(SQX.S'l) > 22922.

Let »r: .5’2 > 52 be the antipodal map and s :S1 i S1 the map defined

~

2 1
by s(xl,acz) = (acl,-acQ). Let M’ = 22022 be the subgroup of M(S™ X57)

consisting of the isotopy classes of the maps (1,1),(1,s),(»,1) and (»,s).
9.3. Proposition. (Gluck [3]) M(SQXSQ) = 22®Z2GZ2.

To prove this proposition, it suffices to show that Ker ¢ £ 22, since
a normal subgroup of order two is central and ¢ splits.
Let <I>a denote a rotation of 5’2 about the xa-axis (of Rs) through

an angle 2mo in some fixed direction. Define the homeomorphosm
7 s2xgt > gt by T(z,t) = (8,(x),1),

where S1 will be considered as the space of real numbers modulo 1. The
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type of f ¢ H(32><Sl) is defined by the image of [f] wunder ¢. Thus
the kernel of ¢ consists of the isotopy classes of the homeomorphisms
of type (1,1). It will be remarked that the identity map 1 on S°XS°
and T are of type (1,1). Gluck proved that any element of H(52><Si)
of type (1,1} is isotopic either to 1 or T, and also 7T is not homo-
topic to 1, and a fortiori, not isotopic to 1.

Now, Theorem 9.2 is a corollary to the following lemma.

9.4, Lemma. (Gluck[3,(15.1)]) Let E be a given exterior of a 2-knot.

For f,geH(s*xsh), tet (K cuh) = ($x{0}cBu, (8701) and (e

f(
- (52x{o}chg (5°x0%)), where 0 is the ovigin of D°. If I[g 11If] =

[g7'F1 in MY, then (cMh) = (Cen™).

Proof. 1t should be noted that the homeomorphisms (1,1), (1,s), (»,1)
and (r,s) of .5'2><S1 extend to homeomorphisms of the pair (32x{0} c
SQXDQ) onto itself. By the isotopy extension theorem, if [2] ¢ M', the
ho: S2><51 > 52><Sl also extends to a homeomorphism of the pair (SQX{O} c
S2XD2). We construct a homeomorphism 1V : M’L‘L > IV4 with w(Ki) = Kg as
follows : On FE, let Y be the identity. On 32><Sl viewed as the
boundary of E, ¥ 1is still identity, but on SQ><51 viewed as the boun-
dary of SQXDQ, Y = g'if. By the above remarks, g-lf extends to a homeo-

morphism ¥ of (5°x{0}<S5°xD?), which we take as the definition of ¥

on SQXDQ. Thus ¥ is a required homeomorphism. []

9.5. Corollary. Let (K°cS™) be a 2-knot with an exterior E. For
FeHws?xsh), tet Mty = (820} c E uf(SQXDQ)). If [f] eM', then

®oenty 2 @ esh).
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Let (K2<:S'+) be a 2-knot with an exterior E , and let (K§<:Mu) =
(SQX{O} CEL&,(SQXDQ)). Proposition 9.3 and Lemma 9.4 imply that the origi-
nal 2-knot (KQCSLL) and the new pair (K§CM4) give the only possible
locally flat embeddings of a 2-sphere in a 4-manifold with an exterior

homeomorphic to F. The followings have been proved :

9.6. Proposition. (Gluck [3,5§16]) The above M' = EL&,(SQXDQ) is a

homotopy 4-sphere.

9.7. Proposition. (Gluck [3, (15.3)]) The homeomorphism T : 52><5'1 >

§2x 5 does not extend to a continmuous map of 52 x p? onto itself.

Now we consider the problem of extending T to a homeomorphism of an
exterior E.

The family {(Dt}’ tel, Iis a one-parameter family of homeomorphisms of
.5'2 beginning and ending at the identity. Let M3 be a compact orientable

2

3-manifold with 8M3 =5, If {(D'b} can be extended to a one-parameter

family of homeomorphisms {<I~>t} of M°, we say that M° is spinable.

9.8. Theorem. (Gluck [3, (17.1)]) Let (XK°cS" be a 2-knot with an
exterior E, and let v be a Seifert manifold for it. If V is spinable,

then the homeomorphism T extends to a homeomorphism of - E.

Proof. Since T is defined by T(x,t) = (@t(x),t),’l’ is clearly iso-

topic to the homeomorphism T#* defined by

T*(x,t) = (9

2t+1/2(x),t) for 0<t<1/4 and 3/4 < 'b <1 ;

T*(z,t) = (x,t) for 1/4 < t < 3/4.

So, it suffices to extend T* to a homeomorphism of E. Now we identify
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WK’ 55" with 5°x8" and &% with S°x{0}. Let 7 = VnE and let
W(V;E) be a regular neighborhood of ¥V in E. Since V is locally
flat, ¥(V;E) is homeomorphic to VX [-1/4,1/4], and we may assume that
N ;E) n (5°x8Y) 2 8°x[-1/4,1/4]. Since V is spinable and 7 7,
the one-parameter family of homeomorphisms {@t} of .‘32 = .5'2 x {0} extend
to a one-parameter family of homeomorphisms {5'[:} of 7 beginning and

1

. . . 2
ending at the identity. Now we can extend 7% on S XS5 to T% on

(s°x8Y) u {Fx[-1/4,1/4]} by defining

~

TA(x,t) = (® (x),t) for z e V and -1/4 < + < 1/4.

2t+1/2

L = . - . .
Let W=85 - (Vul (K2 ;Su)] ; which is open in E. Since on the boundary
of W, T* has been defined as the identity, we can extend T* over W

via the identity. O

9.9. Corollary. (Gluck [3,p.362]) Under the same condition in 9.8,

let (Kocu') = (890} cE y(s50)). Then, (ci') = (&Y.

9.710. Proposition. (i) Lens spaces (including 32><31) with an open
3-disk missing are spinable.

(ii) ILet Mi be a spinable 3-manifold , and 1@{5 a closed 3-manifold
obtained from Mi by pasting a 3-disk Dg on BMi 5T =1,2, Then, the

connected-sum 11?1 # 5\!2 with an open 3-disk missing is spinable.

(i) is obvious, and (ii) is obtained by the same argument of Gluck[5,

(3.2)]. Combining this with Theorem 5.13 (cf. Exercise 5.16), we have :

9.11. Theorem. (cf. Gluck [3, (22.1)]) Every spun 2-knot is uniquely
determined by <its exterior. Moreover, every ribbon 2-knot is uniquely

determined by its exterior.
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For higher dimensional knots, refer to Cappell [1] and Levine [8].

9.12. Problem. Does it hold that the complements of two 2-knots are

homeomorphic if and only <if their exteriors are homeomorphic ?

This problem is affirmative for the case »n =1 by Edwards [1] and

the case n 2 3 by Gonzdlez-Acuna [1, §10].
Added in Proof. Recently, Cappell-Shaneson have shown that :

9.13. Theorem. (Cappell-Shaneson[2]) For n=3,4, there are infinitely
many patrs of smooth n-knots such that each pair consists of two inequi-
valent knots with diffeomorphic exteriors. The pairs are distinguished

by their first Alexander polynomials.
They also announced that ' C.McA. Gordon has given examples of 2-knots
that are not determined by their complements .
10. Unknotting Conjecture and Prime Decompositions
From Definition 1.3, the following is obvious.
10.1. Proposition. If (X' cs™?) is wnknotted, then "2 -K* = 5.
The converse is affirmative except for # = 2 ; that is,

10.2. Proposition. ( Papakyriakopoulos [1], Stallings [2], Levine [3],
Shaneson [1]) Given an n-knot (Kncsn+2) with n # 2, i1f Sn+2-Kn = .5'1,

then (Kn cs? +2) 18 unknotted.

n

More strictly, if ﬂi(Sn+2 - Kn) 'lTi(Sj'), 1< [ﬂ], then (Kncsn+2)

2
18 unknotted.
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10.3. Unknotting Conjecture. For a 2-knot (Kgcsq), if SL‘-K =57,

then (KQCSM) 18 unknotted.
By Theorem 8.6, this is equivalent to :

10.3'. Unknotting Conjecture. PFor a 2-knot (K2csu), if 1r1(s4 - K2)

2y, then (K2<Sh) is unknotted.
By Corollary 3.6, the following question comes to mind :

10.4. Conjecture. Let (KQCRLF) be a-standard representative. If the

equatorial cross section (K2 nR§<:Rg) 18 unknotted, then (KQCRQ) is

unknotted.

There exist two papers relevant to this conjecture; one is Hosokawa[l]
and the other is Yanagawa [4]. Yanagawa [4 , Theorem (2.2)] announced an
affirmative answer for ribbon 2-knots, but there is a gap in the proof of

Lemma (2.4). We record the theorem as a conjecture :

10.5. Conjecture. (Yanagawa [4]) Let (K2cRu) be a simple symmetric
representative. If the equatorial cross section (K2 nRg CRg) 18 unknot-

ted, then (K2cRD') 18 unknotted.

Before discussing the unknotting conjecture, we introduce here a funda-
mental concept of ''composition'" (and so "decomposition') of n-knots due
to Schubert 1], Mazur [2], (see also Noguchi [3], Kervaire [2}, etc.) ,

and give some elementary properties.

10.6. Definition. Let (K;LCSWFQ) and (Ifgcst) be n-knots , and

2 . .
let B’T and BZHz be (m +2)-disks in Sn+2 such that (KZnB?+2CB?+2]

2
and [KZ nBZ+ CBn+2) are equivalent to the standard disk-pair (Dnch+2

2 ).
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(Such the (n+2)-disk Bz+2 is easily obtained by taking a regular neigh-
borhood of a point on Kz.) Then,. the composition (K?t:Sn+2) # (KZ<:Sn+2)
of two n-knots (K?<:Sn+2) and (KZ<=S”+2) is a new n-knot (Knt:Sn+2)

obtained by matching the boundaries E‘(.S‘n+2 - an+2) and B(Sn+2 - an+2)

1 2
. . . . . Kn o +2
using an orientation reversing homeomorphism ¢ such that Zd( 1 - 31 )
= B(Kg - °B;+2) and CI(K? - °BZ+2) is also orientation reversing.

(Recall that Sn+2 and KZ are oriented.)
Conversely, we will say that [K?tzsn+2) # (XZ<:Sn+2) is a decomposi-

tion for (Kn*:Sn+2), and we denote
Wed™? = Wed™? v e,

By the homogeneity theorem of Newman-Gugenheim (cf.Gugenheim [1]), the
operation # of composition is well-defined up to equivalence, and also

it is associative and commutative. So the composition (and decomposition)
Kred™?) = W e 8 W ed?) = (W™ 1 (i)

of two n-knot types is' well-defined.
2 . 2 . .
For n-knots (Knc}?n+ )’s in b , we can also define, in a natural

way, a composition (and decomposition).

10.7. Theorem. (Mazur [2], etc.) Given »n 2 1. The set of all n-knot
+2 . . . .
types Kn = {[KncsyZ 1} is a commtative semi-group under the composi-

tion #. In particular, the trivial n-knot type {Sn<:Sn+2] is a unit.
To give a basic theorem due to B.Mazur, we need a definition.

PP . +2 +2 . .
10.8. Definition. A x-homeomorphism V*: g s gt will be an ori-
entation preserving homeomorphism which is piecewise linear except at a

.. . +2 . .
finite number of points vi’ s ,vm € Sn . It is a homeomorphism such
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that w*|Sn+2 - Uvi is a piecewise linear map — simplicial with respect
to a posibly infinite subdivision of the open complexes involved.

Two #n-knots (K}ZCSmQ) and (KZ cs’“2) will be called #-equivalent,
denoted by (K}Icsn+2) 2 (I{;csm'Q], iff there exists a *-homeomorphism
v S M i ) = KL

An element [Kn csn+2] € Kn is invertible iff there exists an element

[I?ncsn+2] € Kn such that [Kncsn+2] # []?ncsmz] = [SnCSmQ].

10.9. Inverse Theorem. (Mazur [2]) [K'cd™?] ¢ K s invertible if

(" < 2.

nex

and only if (Kncsn+2)

(10.10) Sketeh Proof of '"only if" part of 10.9. Let []?ncsn)"?] be
the knot type with [K'cd™2] # [Fcd™?) = (™.

Let {ri}:=1 be a monotonic convergent sequence of positive numbers
with %_1”11; Pi = 0. We compactify Rn+2 with a point <« to give Sﬂ+2 ,
and we take a infinite number of concentric (n+1)-spheres Z(r*i) in Sn+2
with common center <« such that the diameter of Z(ri) = Zri. We consi-

der two infinite compositions of (Kncsn+2)’s and [ﬁncsnw]’s as

illustrated in Figure 10.1.

Figure 10.1
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& e 8 = W 8 @ b @Y b e e},
&™) = @ 8 @y 8 @I b e ua) .
since K'cd?) # @ 2 (P 2 @) ¢ eI

from our assumption,

(x* < §™*%)

ne*
2%

(.Sﬂcsﬂ+2) (K**C.S‘n+2).

From the constructions, we know that :

@t % 2 @ 8 @ E WD,
and ® g™ 2 @™ 8 @t e I 2 @,
so we conclude that :

Ked™ 2 (e 2 @Y. 0

To prove the "if" part of 10.9, we need a lemma :

10.11. Lemma. Suppose that (Kncsn+2) z (.S‘ncsn+2) and that there
exists a =-homeomorphism Y* : st 2, g *2 such that y* (Kn ) = St oand

Y* is piecewise linear except at a point v e 2 with v ¢ K" Then,

(Kncsn+2) = (5‘”<:Sn+2).

Proof. We subdivide Sn+2 so that v must be a vertex. Let St(v)

be a star neighborhood of v, and let B2 be S™2 _ °St(v), which is
. . Kn o H+2

an (n+2)-disk. From our assumption, we may assume that c B and

\JJ*IBn+2 is piecewise linear. By Gugenheim [1], \P*[Bn+2 can be extended

. . . . . . . e +2
to an orientation preserving piecewise linear homeomorphism Y* of st

onto itself. This 17)* yields the equivalence (KnCSn+2) = (Sn C.S'n+2).EI

(10.12) Sketeh Proof of "if" part of 10.9. By Lemma 10.11, we assume
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that there exists a =-homeomorphism yY* :Sn+2 -+ Sﬂ+2 such that u* (Kn) =
" and Y* is piecewise linear except at a point v ¢ €', We subdivide
Sn+2 so that v 1is a vertex. Let St(v) be a star neighborhood of v.
since XK' is locally flat, C = K'nSt(») is unknotted in St(v), that
is, (€<St()) 1is equivalent to the standard disk-pair (DnCDn+2], and

(Ccastw)) = ey,

St(w)

K 5"

Figure 10.2
Let D be a proper n-disk in ¢*(St(v)) with the properties :
(i) oD =y*(0),
(ii) y*(w) ¢ D,
(iii) the m-knot X = Du (" - y*(C)) is still trivial.
Then, we have an n-knot (1!;*_1(1{) c5”+2) = (K'CSJHQ). St (v) gives
a decomposition (K'CSn+2) = (Kn CSn+2) # (]N{nCSmQ) , where Kt is re-

presented by K0 ("% - 52(0)) and X' by (D)

n

St(w). It will

Hox

be noticed that yY* gives a =x-equivalence (X' <:.5n+2) (KCSn+2) such

<

that y* 1is piecewise linear except at the point ¢ K'. Because

<™ 2 (<%, by Lemma 10.11 we conclude that

e 8 @ ed™ 2 @ ed) 2 ke 2 (PedY. 0

10.13. Proposition. Given = # 2. An n-knot type [Kncsn+2] i8

invertible if and only if [K'cd™?] = [Fed™.
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Proof. The "4f" part is obvious (even if »n = 2), and so we observe
the "only if" part. From the definition of x-equivalence, in (10.10) we
have topological homeomorphisms wl s ¢2 : Sn+2 > Sn+2 with l,()l (Sn) = K*

+2 . . . .
and 1D2(Sn) = K**, So §" has piecewise linear structures induced from
the standard structure of Sn+2 via wl and 1112 , so that K* and K**
are finite subcomplexes, respectively. From the uniqueness of the piece-

wise linear structure of Sn+2 with 7n # 2, we conclude this 10.13.

10.714. Conjecture. A 2-knot type [KQCSu] is invertible if and only

if [K°csh = [8°esM.

10.15. Definition. An n-knot type [KnC.S“n+2] is said to be prime if
there exist no decompositions [KnCSn+2] = [thcsna-Q] # [KZCS”+2] with

both [K?CSn".Q] and [KZCSn+2] non-trivial.

10.16. Proposition. (Schubert[l], Sosinskii[3]) Givern n # 2. For any

[Kn c s’ +2] € Kn’ there exists a prime decomposition
(K ed™? = K ed™] 4 W™ 4 oo v ™).

For the case n = 1, the swmmands [KZ cs® +2] are uniquely determined.
Now we have the following impotant problem.

10.17. Problem. (i) Does there exist a prime decomposition for any
2-knot type [K2CS4] ?

(ii1) If (1) <s affirmative, is the prime decomposition unique ?

The Sosinskii’s proof of the existence of prime decomposition remains
valid for 2-knot types if Unknotting Conjecture 10.3 (or 10.3') is

affirmative.
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We return to the unknotting conjecture. From the decomposition of a

2-knot, we can restate Conjecture 10.5 as follows :

10.18. Problem. Let (K2CR4) be a standard representative. If it

has one maximum {or one minimum), then <is (K2 CRu)» unknotted ?

Hosokawa [1] discussed about a special case of this problem, and noted
a sufficient condition for a 2-knot to be unknotted , but in the proof of

Lemma 2, there is a slight gap.

10.19. Conjecture. (Hosokawa [1]) Let (KQCRH) be a standard repre-

sentative. If it has one maximum and two minima, then it is unknotted.

We reformulate Lemma 2 in Hosokawa [1] as follows :

1
2

nents, such that (Oi ] 0;] an =0

CRa) be a trivial 1-link with 2 compo-

1 1
o

10.20. Problem. TIet (Oiuo

Let (K1 c:Rs)

by a fusion along B* . rxpt + RS,

and (0} V03 nE = 0

N e

be a 1l-knot obtained from Oi uo
and we suppose that (K1CR3) is trivial. Does there exist an isotopic
deformation {nt} of R such that nt|01 UO; = identity for 05t <1

and TliB+ r ><Dl) nZ-?2 consists of a single arc ?

About most concreate examples, it is easily checked that Problem 10.20
is affirmative. So, the 2-knot (chRu] given in Example 3.14 1is, in

fact, unknotted. We record here two examples of unknotted 2-knots.

10.21. Example.(Terasaka-Hosokawa[l], Hosokawa[l]) The 2-knot (KQCRL})

shown in Figure 10.3 has (see Reidemeister [Re]) as the equatorial

946

cross section (KQnRgCRg). By Lemma 2.5, we can change the levels of

the saddle-bands B1 and B2’ and we have an equivalent 2-knot (K'2CR4)
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B, R @L—'f By
D #, RO
© O 7 QO O

shown in Figure 10.4 whose equatorial cross section is unknotted. Since
we have isotopic deformations for B{ and Bé which satisfy the condition

of 10.20, we conclude that (K'2<:R4) = (K2<:R4) = (SQr:Ru).

Unknottedness of Example 3.14 and Example 10.21 have been checked by
changing the levels of saddle-bands. The following can not be checked to

be unknotted by such the method.

10.22. Example. (Yanagawa [4,p.171]) There exists a simple symmetric
representative (K2<:Ru) of the trivial 2-knot type [52<:R4] such that

the equatorial cross section (K2r1Rg<:R§) 18 a non-trivial l-knot.
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Let (K1CR3) be the ribbon 1-knot given in Figure 10.5. The associ-

2 n
ated ribbon 2-knot (X (Kl) cR') 1is one of such the example. ( Recall
Remark 2.14.) (K1<:R3) is the so-called Kinoshita-Terasaka knot whose

first Alexander polynomial Ai(t) = 1 ; Kinoshita-Terasaka [1, Fig.(13)].

=) &=

Figure 10.5 Figure 10.6
To see that (KQ(Kl) CRH) is unknotted, we change the crossing of B

as shown in Figure 10.6, and obtain a trivial 1l-knot. It follows from

n

Proposition 2.15 that (K2(K1) CRu) (S2CR'+). By the same way , we can

construct infinitely many such the representatives.

10.23. Exercise. Construct a Seifert manifold V3 for (KQ(Kl) cRLL)

such that I/3 2p% and V3 nRg is a 2-manifold of genus 3.
10.24. Problem. Find a sufficient condition for a 2-knot to be trivial.

Recall the classical Dehn’s lemma, Papakyriakopoulos[1l]. We will con-

cern a generalization of the lemma.

10.25. Definition. An n-knot (Kncsﬂ+2) is called to be an n-knot
of Dehn’s type iff there exists a map f : Dn"'1 . .S‘n+2 with S(f) C°Dn+1

and FODY = &%, where S() = Cliz e 0" | Flr) # {x}).

10.26. Theorem. (Kawauchi [3]) Let E be the exterior of a 2-knot
(KQCSL’). Then, (K2 csu) i8 of Dehn’s type <f and only if the homomor-

phism m,(3E) m, (E) induced by inclusion is a zero map.
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Recall Theorem 8.5. For higher dimensional case, refer to Kawauchi[3].

10.27. Problem. Does any 2-knot of Dehn’s type have the complement X

homotopy equivalent to st e

10.28. Definition. By a 3-dimensional handlebody Ug of genus g, we
mean an oriented 3-manifold which is a disk-sum of g copies of p? X.S'l;
and by a surface Fg of genus g we mean the oriented boundary surface
oU .

g

Let 4 : Fg -*Rl1L be a 1locally flat embedding. The embedded surface

(6(Fg) cRu) is said to be wuwmknotted iff there exists an embedding Z :

Ug > RLF with Z I BUg = §. This is a natural generalization of Definition

1.3 and Proposition 1.4. In fact, we have the following :

10.29. Theorem. (cf.Hosokawa-Kawauchi [1], Klingmann [1]) Let 61, 62
be embeddings of Fg into Ru. If (51 (Fg) cRu) and (62 (Fg) c'Ru) are
unknotted, then there exists an isotopic deformation {n t} of R with

By Theorem 5.1, we have the following, which corresponds, in certain

sense, to the unknotting number for the classical knots.

10.30. Theorem. (Hosokawa-Kawauchi[1l]) For any 2-knot (KQCRH), there

exists a finite number of 1-handles hi, ,hi

: D1 ><02 > Z?u such that
2.1 1 4 .
(X (hl’ ---,hu) c€R") <s an unknotted surface of genus u.

(Recall the notation 5.3.)
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11. Concepts of Cobordism

Fox-Milnor [1; 2] introduced a concept of knot cobordism for classical
knots, and higher dimensional cases have studied in Haefliger[1l],Kervaire

[2], Noguchi {3}, Levine [6; 7], etc..

11.1. Definition. Two n-knots (KZCS”+2) and (KZCSVL'*Q) (and their
knot types [K’;cSnQ] and [ngcsnﬁ]) are said to be cobordant, denoted
by (™)~ @2ed™) (and K] ~ KEcd™?)), iff there is
a proper locally flat oriented submanifold W of Sn+2XI, such that

(i) W=45"%xT, and
(1) a0} < %0} & <52,
@™ x1} ¢ S0 2 @<,

An n-knot (Kncsm'Q) (and its knot type [Kann+2]) is said to be

null-cobordant iff (K'cg™?) ~ (.

e

e

11.2. Theorem. The cobordant relation ~ 1is an equivalence relation
in K. By (Kn C.S'n+2> = ([Kncsn+2]>, we denote the equivalence class

determined by the type [Kncsﬂ+2] € Kn‘
We have the following lemma :

11.3. Lenma. (1) For any [K'cd*?1, [K'es™1 4 ([F <)) s
null-eobordant.

@ If <" and [Ky<§*?] are both mull-cobordant, then so
is K ed™?) 4 Wed™).

() If K<) and [K’Ics”“z] # (Ko <5™?] ave both mull-cobor-

dant, then so is [1{?21 C.S'n+2].

11.4. Definition. It follows from Lemma 11.3(2) the sum operation
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(g™ b (g™ = (e + (K cd™1)
is well-defined. The set Cn = Kn/~ of the equivalence classes inherits
the operation # from the semi-group Kn’ and with this operation forms
an abelian group, which will be called the n-dimensional knot cobordism
group. The identity element of this group is the class (.S'n CSn+2> of

null-cobordant knots, and the inverse of a class (Kncsﬂ+2> is the class

-(]{ncsn+2> = (-[Kncsn+2]> .

11.5. Theorem. (Fox-Milnor [2], Kervaire [2 , Theorem III6]) :

Forany n=>=1,C # 0, and C2n = 0. In particular, C, = 0.

2n-1 2

More precisely, Levine [6] gave a faithful representation of C

2n-1

onto a matrix-group.

11.6. Definition. 1In this section, all matrices will be integral.
A square matrix A4 is null-cobordant iff it is congruent to a matrix of

the form [O Nl], where Ni are square matrices of the same size. If

NQ N3 A1 0
A, and A, are matrices, we define the block sum A1 @ A2 = .
0 A2
We will say square matrices A1 and A2 are cobordant iff A1 ® -A2

is null-cobordant. We say that a square matrix A4 has property € (=%l)

iff A ® €4 is unimodular.

11.7. Proposition. (Levine [6]) The cobordism classes Ge of matrices
with property € form an abelian group under. block sum. The zero class

in Ge consists of the null-cobordant matrices of type €.

11.8. If a square matrix A4 has property +, then 4 +A' has signature

a multiple of _‘8 (see Milnor [1, Theorem 1]). Let GS_ be the subset of
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G+, defined by matrices A with signature (4 +4') a multiple of 16. It
will be noticed that signature (4 +4') depends only on the cobordism

class of A. G% s a subgroup of G,  of index 2.

11.9. Definition. Let n =2m - 1. Let (Kncsn+2) be an xn-knot and
V a Seifert manifold for X" s V is of dimension 2m.
We define a pairing :
0 : Hm(V;Z) @Hm(V;Z) — Z
by ©(aeb) = Zk[aev+(b}). By (6.11)-(3), we have the formula :
o(aeb) + (-1)"0(bea) = -a+b (3"
A basis for the torsion-free part of Hm(V; Z) determines a matrix S
representing © — such a matrix S will be called a Seifert matrix for
(K" < **?) (associated with V). It follows from (3') that S satisfies
property (-l)m, since the intersection pairing of Hm(V 5 2} is unimodular.
If Sl’ 32 are Seifert matrices for (K’I CSmQ), (chs”*?) {(associ-

ated with Vl’ VQ), respectively, then S, o .5'2 is a Seifert matrix for

1
(K’ch"*?) # (](’;‘:Sn+2), since the disk-sum of V1 and I/'2 in Sn+2 is
a Seifert manifold for (K’;csn+2) # (Kg CSn+2), and then --S1 is also
a Seifert matrix for —(K;L CSn+2).

From the definition, ¢S + (-l)mS’ is a presentation matrix Pm(t) of

Hm()”(;o), n=2m-1, recall (6.11).

11.10. Theorem. (Levine [6]) If (K'<8™?) is null-cobordant and S
18 a Seifert matrix for (K72 cs’ +2), n=2m-1. Then S is null-cobordant.

The implication is reversible for m = 2.

G

. _ m .
11.11. Theorem. (Levine [6]) Let €, = (-1)", and let ¢m : c2m-1 > e

be a homomorphism defined by assigning to the knot cobordism class, the
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eobordism class of any Seifert matrixz. Then, ¢m is

(a) an isomorphism onto Gs for m
m

v
w
“

(b) an isomorphism onto G?_ for m

[}
N
-

(c) an epimorphism for m = 1.

11.12. Exercise. Prove that 02 = 0 (in Theorem 11.5). (Hint : Use the
construction of a Seifert manifold ¥V in 5.9. For each hyperbolic criti-
cal point v of V, we can take a simple loop on °Cu < °V, which inter-
sects once with the l-handle corresponding to v». The loop may bound in

Si a locally flat 2-disk.)
We will give here an answer to Problem 2.10(a) due to Sumners [7].

11.13. Definition. We identify two cobordisms (W1C§1+2><I) and (w2
c S-n+2><l') between (K};C.S'nﬂ) and (KZCS”+2) if there exists an ori-
entation preserving homeomorphism & : .Sn+2><I > Sn+2><I with a(wl) = w-2.
If (WCSn+2><I) and (W’ cs”+2x1) are cobordisms between (K;LCSnQI and
(KZCS,HQ), and -(I{chﬂ"'z) and (KZ CSn+2), respectively, we can paste
(! n S 2x{0} « SJHQX{O}) to (WnSn+2X{1} c Sn+25<{1}) along KZ to get
a cobordism, say (Wull' < Sn+2XI), between (K’ICS’“Q) and (KZCS’“Q).

A null-cobordant »n-knot (Kn csn+2) is said to be doubly-null-cobor-
dant iff there exist two cobordisms (wcs”+2x_r) and (W’ C.S‘n+2XI) between
(Sn C.S'n+2) and (Kncsn+2), and —(KnCSrHQ) and (Sn cs’n+2), respectively ,
such that (WuW’' < Sn+2XI) = (SnXI c Sn+2XI), the product cobordism. It
is obvious that (Kncsﬂ+2) is doubly-null-cobordant if and only if it

is a cross section of a trivial (n+1)-knot.

A square matrix A4 (over Z) is said to be doubly-null-cobordant iff
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o W

S s 1 .
it is congruent to [ ], where Ni are square matrices of the same

. N2 0
size.

11.14. Theorem. (Sumers [7]) If (K'cS™%) is doubly-mull-cobordant
and S 18 a Seifert matrix for (Kncsn+2), n=2m-1., Then S <s doubly-

null-cobordant.

Sketch Proof. For brevity, we consider in the euclidean space. From

n+1
C

our assumption, there exists a trivial (n+1)-knot (O Rn+3) such that

(0n+1hRZ+2CR7;+2) = (KnCRnQ). Let B be an (n+2)-disk in Rn+3 with

B = 0" we may assume that Bn}i’f;"'2 =V is an (n+1)-manifold with .
v = K. Note that V may not be connected and. n + 1 =2m. Let U_=
Bn]?:+3 3 U, nU_=7V. Let 1, Hm(V; ) ~ Hm(Ut 3 Z) be inclusion homo-
morphisms.

We will show that the Seifert matrix associated with V is doubly-null-

1’.-.,,ar, b’l’...’ br for

the free part of Hm(V; Z) such that e(ai’aj) =0 = e(bifbj)’ 1<i#jsr .

cobordant. It suffices to find a free basis a

Consider the Mayer-Vietoris sequence for the triad (B, v, U+)
(-1.)e®1
— . —_— ey . .
0 > H (V3 1) H(U_,Z)eHm(U+,Z)—*>0.

We have Hm(V; ) = Ker(1 ) + Ker(1+). Levine [6 , Lemma 2] asserted that
- A =
rank (Ker(i)) = —E—r,ank, (Hm(V, 2)). = rank (Ker(1+)), so let a,, s ar
freely generate the free part of Ker(1 ), and bl’ ’br- freely gene-
rate the free part of Ker(1+)i. Since ai . aj € Ker(l_), ai and \)+(aj)

bound disjoint chains in B, hence G)(ai,aj) =0.0

11.15. Corollary. (Sumners [7]) If an n-knot (KnCSm'Q), n=2m-1, 18

doubly-null-cobordant, then Hmﬁ ; Q) is presented as a T-module by a
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diagonal matriz Pm(t) of the form
diag( Nj(8),++=, N0, Nj £y, +ee, NTETH)

m m m . m _ .
where X, € A, Xi+1lki in A, and x;(1) = #1 for all 1.
Proof. By Theorem 11.14, we have now a doubly-null-cobordant Seifert

0 W
matrix S =

1]. Hence

N2 0

. 0 e, + (-l)mNé
P () =S+ (18" = .

m !
thy + (-1)"W} 0
0 L(t)

Let L(t) = tN, + (-l)mNé. Then [

1 presents a T-module iso-
L™ o

morphic to Hm(f; Q). Since T is PID, there exists a diagonal matrix

. m m m m m .
diag( A[(8), ==+, A0 (B)) , A7 € A, AT L INT in A,

which presents the same I'-module as [L(t), recall 6.8. O

11.16. Corollary. (Sumners [7]) If an n-knot (Kn‘:Sn+2), n=2m-1, is
doubly-null-cobordant, then the torsion numbers of the 2-fold cyclie bran

ched covering space I, of & <% appear in pair.

Proof. Let S be a Seifert matrix of (X¥'cS™2). Then, it follows
from Shinohara-Sumners [1 , Corollary 5.3] that Hﬁ(EQ;Z) is presented by
S + (-1)m+1S' as an abelian group. From the proof of Corollary 11.15 it

0] L(1)
follows that H (Z_;Z) 1is presented by a matrix of the form s
me 2 L(-1) ©

from which the result immediately follows. [0

Using these results, Sumners [7] concluded that :

11.17. Theorem. The only doubly-null-cobordant 1-knot included in
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Reidemeister’s table [Re] of prime l-knots is 946 .

The proof that 946 is doubly-null-cobordant has been given in 10.21,

As a corollary to 8.16, we have :

11.18. Corollary.(Sumers [7]) (K'cS™?) # (-(K'<c5™?)) is doubly-

null-cobordant, for every n-knot (Kn c st +2).

On the other hand, since C2 = 0 by Theorem 11.5, Yanagawa [2] intro-

duced another concept of cobordism in K2'.

11.19. Definition. Two cobordant n-knots (K?CS}“Q) and (KZCSyHQ)
(and their knot types [K;ZCSJ“Q] and [Kgcsn+2] )} are said to be
r-cobordant , denoted by (KTCS’“Q) L (KZCS”+2), iff thére exists a

cobordism (WCSn+2XI) between them such that
(iii) Wns‘nﬁx{t} is connected for each ¢ e I.

The following is obvious :

11.20. Theorem. The r-cobordant velation * is an equivalence relation

in K.
n
We have the following two lemmas :

11.21. Lemma. (Yanagawa [2]) If a 2-knot (K2c5'2) ig a ribbon 2-knot,

then (K2 cs”) X (52 csq), r=null-cobordant.

11.22. Lemma. (Yanagawa [2]) For any (K°<Sh, K%csh # (-(&*<sh)

18 r-null-cobordant.

As the consequence of Lemma 11.21, we have :
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11.23. Theorem. (Yanagawa [2]) The set Cg = K2,/£ of the 2 equiva-
lence classes forms an abelian group, under the operation # inherited

from the semi-group K2.

11.24. Problem. Determine the group structure of Cg. In particular,

does there exist a MaﬁﬁeKQwﬁh[KCf]ﬁwaﬁﬁ?
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