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Knotting Problems of 2-Spheres in 4-Sphere 

By Shin'ichi SUZUKI 

Preface 

December 1976 

The purpose of this note is to survey the knotting problems (or place­

ment problems) of 2-spheres in the 4-sphere. The knotting problems of 1-

spheres in the 3-sphere have been studied extensively as 'classical' knot 

theory. Recently,through the development of the general theory of diffe­

rential and piecewise linear topology, the knotting problems of n-spheres 

in the (n + 2) -sphere, with n ~ 3 , have been made great progress toward 

'higher dimensional' or 'modern' knot theory. In the classical knot theory, 

2-dimensional diagrams through the regular projection are useful and some 

infinite group theory is essential, while in the modern knot theory gene­

ral position arguments are useful and homological algebraic technique is 

essential. Many results coming out of the both theories may be ~xtended 

to those in the knot theory of 2-spheres in the 4-sphere ( abbreviated as 

the 2-knot theory) without serious difficulties, however, many fundamental 

properties still remain unsolved. 

The 2-knot theory is essentially the 4-dimensional topology, so we can 

not avoid treating the second homotopy groups, and the general position 

arguments are useless. On the other hand, we have the so-called 'motion 

picture method' to describe a 2-manifold in the 4-space, but it is yet 
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incomplete. We will attempt to formulate properties and problems in the 

2-knot theory geometrically as far as we can. 

We do not claim that this survey is complete and we apologize to any­

one whose favorite theorem is omitted. For example, we do not discuss the 

Smith conjecture of the 4-sphere and isotopy types of 2-links, etc .. 

Throughout the article, we shall only be concerned with the piecewise 

linear category, consisting of simplicial complexes and piecewise linear 

maps. For the piecewise linear category, the main references are Glaser 

[G], Hudson [H], Rourke-Sanderson [R-S], Stallings [S] and Zeeman [Ze]. 

We assume the reader is familiar with the basic theorems of the classical 

knot theory (see, for example, Crowell-Fox [C-F], Murasugi [M] , Neuwirth 

[N1], Reidemeister [Re] and Rolfsen [Ro]). We also recommend the survey 

article Fox [3]. 

This work was developed through the geometric topology seminars at the 

University of Toronto in 1975 and the Kobe University in 1976. I wish to 

express my gratitude to Professor Kunio Murasugi for helpfull suggestions. 

I would also like to thank the members of Kobe Topology Seminar for 

numerous discussions. 

§ l . Introduction 

§ 2 . Standard Representatives of 2--Knot Types 

§ 3 . Presentations of 2-Knot Groups and Elementary Ideals 

§ 4 . Characterization Problem of 2-Knot Groups 

§ 5 . Seifert Manifolds for 2-Knots 

§ 6 . Alexander Invariants 

§ 7 . Local Alexander Invariants 



8. The second Homotopy Groups 

9. The Reducibility of 2-Knots 

10. Unknotting Conjecture and Prime Decompositions 

11. Some Concepts of Cobordism 

l. Introduction 

1.1. The following notation is fixed throughout the note 

z 

J 

Q 

R 

I 

Rn 

Rn 
+ 

Rn 

Dn 

= 

set of all integers, 

the infinite cyclic multiplicative group generated by t, 

set of all rational numbers, 

set of all real numbers, 

{x ER IO :5 x :5 1}: the closed unit interval, 

the euclidean n-space (n > O), 

{Cx1 ,x2 ,···,xn) E Rn I xn ~ o}, 

{ (x1 ,x2, • • • ,xn) E If I xn :5 0}, 

{Cx1 ,x2 ,···,xn) E Rn l (x~ +x~ +•••+x!) 112 ~ 1} : then-disk, 
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g1--1 {Cx1 ,x
2
,•• • ,xn) E If I (x~ +x~ +•••+x!/12 

= 1}:the (n-1)-sphere, 

~-i = {Cx1 ,x2,··•,xn) E g1--i I xn ~ o}, 

g1--i {Cx
1

,x
2
,··•,xn) E g1--i lxn :5 o}. 

We always assume that Rn and the above standard subspaces have the 

right-handed orientation, unless otherwise stated. We identify Rn (and 

the standard subspaces x", respectively) with the subspace of Rn+m (and 

_y1,+m ) . f h h x having all components a ter t e n-t equal to 0 . 

The piecewise linear structures of Rn, Dn and rf" are unique except 

4 4 4 4 4 
for R, D and S ; Stallings [1]. We always assume that R, D and 
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s4 have the standard piecewise linear structures which are compatible 

with the affine structure. 

l 

ax the boundary of X, 

0 X the interior of X , 

Cl (X) : the closure of X, 

- homeomorphic to, and isomorphic to, 

~ homotopic to, and homotopy equivalence. 

1.2. Definitions. An (n,n+m)-link ~ith µ eomponents is an embedding 

of a disjoint union ¥ d1: 
i=1 1,, 

of oriented n-spheres 

into the oriented (n+m)-sphere s"+m. In particular, an (n,n+m)-link with 

one component will be called an (n,n+m)-knot. 

Two (n,n+m)-links l. : I s': -+ s"+m with µ components, j=l, 2, are 
J i=1 i. 

said to be equivalent (or of the same type) iff there exists an orienta-

,.J1,+m _,__ ,.J1,_ +m tion preserving homeomorphism ~: a ~ a such that 

Then it is trivial that this is an equivalence relation. We call the 

equivalence class of an (n,n+m)-link l the (n,n+m)-link type (or knot 

type) of l. Our problem is to describe and classify the link types and 

knot types. 

Remember that everything is piecewise linear. For smooth ( or diffe­

rential) knots and links, good references are Haefliger [1] and Levine 

[2]. The general (or wild) knots and links are nicely covered in Rushing 

(Ru]. 

1.3. Definition. Those (n,n+m)-knots equivalent to the natural inclu­

sion k0 : s"-+ s"+m are called trivial (or unknotted) , and constitute 
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the trivial type. 

By the homogeneity theorem of Newman-Gugenheim, Gugenheim[l], we have: 

1.4. Proposition. An (n,n+m)-knot k: ff' ➔ g1-+m is trivial iff there 

exists an embedding k. : Dn+i ➔ g1-+m with 'fi. I 3Dn+i = k. 

µ 
1.5. Definition. An (n,n+m)-link l: I 

i=1 
rfl. ➔ g1-+m with µ components 

1,, 

µ 
is called trivial iff there exists an embedding l: l D~+i ➔ g1-+m with 

i=1 i. 

li I avn+1 = l. 
i=1 

If m > l, then any two trivial (n,n+m)-links with µ components are 

equivalent; the equivalence class will be called the trivial type. 

From the definition, we have : 

µ 
1.6. Theorem. Let l: L Efl. ➔ g1-+m be an (n,n+m)-link. 

i=1 1,, 

If l is 

+m µ ,.YI, 

trivial and m = 2, then the fundamental group 1r
1 

(ff' - l(. l 0 .) ) 
i=1 1,, 

is a 

free group of rank µ. 

1.7. Theorem.(Jordan-Schoenflies-Alexander Theorem) For /m > l, any 

(O,m)-Zink 'b)ith µ components is trivial. Any (l,2)-knot and any (2,3)­

knot are trivial. 

1.8. PL Schoenflies Conjecture (n ~ 3) : Any (n,n+l)-knot is trivial . 

. :n ,.Yi,+1. That is, let K be.a PL n-sphere in 0 Then, the closures of the 

complementary domains of If are PL (n+l)-disks. 

1.9. Theorem. (Alexander-Newman Theorem) Let k Dn ➔ ff' be a PL 

embedding. Then, Cl(ff' - k(Dn)) is a PL n-disk. 

1.10. Theorem.(Zeeman [1; 2]) For m > 2, any (n,n+m)-knot is trivial. 
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For smooth knots, this Theorem need not be true, see Haefliger [1]. 

Contrary to Theorems 1.7 and 1.10, we have 

1.11. Theorem. (Artin [1],etc.) For any n ~I, non-trivial (n,n+2)­

knots exist. For any n ~ m - l and µ ~ 2, non-trivial (n,n+m)-Zinks 

with µ components exist. 

1.12. Example (Suspension): (Artin (1], cf. Andrews-Curtis [1]). Let 

k1 : s1 
+ s3 be a (1,3)-knot. Given points a E 

0 s4 and b E 
0 S4 , let 

+ 

K
2 

be the join of k.1 (S
1

) with a ub. We give an orientation on K
2 so 

that the orientation of the 2-disk is coherent to that of 

k1(s1). Now we have a (2,4)-knot k2 : s2 
+ s4 with 2 k. (0,0,0,l) = a, 

2 2 2 2 2 1 k (0,0,0,-1) = b, k (S ) = K ; we call the k the suspension of k . 

It holds that: 

1. 13. Example (Spun): (Artin [l]) Let R3 be the half-space defined 
+ 

by X = 0, x3 
~ 0 in R4. We spin R3 according to the equations : 4 + 

- -
x1 = x1 , x2 = x2 , 

x3 = x3 cos e - x4 sin e, X4 = X3 sin e + x4 cos 0. 
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Figure 1.2 

Let R2 be the plane defined by x3 = x4 = O, so that R3 is spun about 
+ 

R2. Let k.1 : S1-+ R3 be an embedding such that k.1 (S1) n R
2 consists 

+ 

of a single arc a. Then spinning of S = Cl (k.

1 

(S
1

) - a) sweeps out a 2-

sphere K2. If R4 is compactified with a point 00 (at infinity) to give 

s4 then R3 becomes s~ and R2 becomes 2 K2 
n s; consists of a , So. 

simple loop K1. We give an orientation on x1 which is coherent to that 

of $. Then K1 is a representative of the (1,3)-knot k1 
# (-k.

1

). Now 

K
2 is oriented so that the orientation of the 2-disk K

2 n s4 is cohe­
+ 

rent to that of x1. We have a (2,4)-knot k.2 
: s2

-+ s4 with k2cs2) = 

K
2

. We refer to the (2,4)-knot k.2 as a spun of the k.1 . Since every 

loop in s4 - K
2 can be deformed continuously in R

3 
+ 

In the same way as that of the spun (2,4)-knot 

f3, we have 

we can construct 

spun (2,4)-links with µ components from some non-trivial (1,3)-links 

with µ components. We can also construct spun (n,n+2)-links from some 

(n-1,n+l)-links. Refer to Epstein [l], Zeeman [3], Cappel! [1], etc .. 
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1.14. Singula.Pities or Local Knots: In Example 1.12, there exist two 

singular points a and b in k2
(S

2
). We will measure such a point as 

f : .n -'-- _n+m the following way: Let M ~ w be an embedding of an oriented n-

.n .n+m. manifold M into an oriented (n+m)-manifold w Suppose all"=~ 

~- For a point x E ti", let St(x;lvf) and St(f(x) ;rfl+m) 

denote the closed star neighborhoods of x in lvf and f(x) in rfl+m, 

respectively. The boundary ast (x ; M") is an (n-1) -sphere with an orien­

tation inherited from that of St(x;M"), and the boundary ast(f(x);rfl+m) 

is an (n+m-1)-sphere with an orientation inherited from that of St(f(x); 

rfl+m). The knot type, denoted by K(x), of the embedding 

t I astcx;ll'J : astcx;M") ~ astctcxJ;rfl+m) 

is called the singularity or loaaZ knot type of the embedding f at x. 

When K(x) is of trivial type, we may say that f is ZoaaZZy fiat at x. 

We say f is ZoaaZZy fiat iff it is locally flat at each point of J.f. 

When K(x) is of non-trivial type, we may say that f is ZoaaUy knotted 

at x. It will be noticed that the locally knotted points occur only at 

the vertices of lvf and that if m > 2 then any embedding f is locally 

flat by Theorem 1.10. 

In the suspension (2,4)-knot k2 
in Example 1.12, if the (1,3)-knot 

k1 is trivial, k
2 

is locally flat (and k2 is trivial), and if k
1 

is 

non-trivial, then k2 is locally knotted at two points whose local knot 

types are the types of k1 
and -k1

. 

The spun (2,4)-knot k.2 
in Example 1.13 is locally flat. 

For the singularities, we refer the reader to Fox-Milnor [2], Noguchi 

[1], [No]. 

1.15. Definition. In usual manner , we will also call an embedding 
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l: I s1: + Rn+2 an (n,n+2)-link with µ components. In particular, an 
i=1 1, 

(n,n+2)-link with 1 component will be called an (n,n+2)-knot. Under the 

definition, we also define the link types in the same way as that of 1.2. 

That is, two (n,n+2)-links 
µ 

l.: L s1: + Rn+2 with µ components, j=l, 2, 
J i=1 1, 

are said to be equivalent (or of the same type) iff there exists an ori-

t t • • h h" ,,, Rn+2 Rn+2 en a ion preserving omeomorp ism o/ : + 

The terminology is justified by the following : 

1.16. Proposition. Let l. I s1: ➔ If+2, j=l, 2, be embeddings (i.e. 
J i=1 1, 

(n, n+2)-Zinks) and let l. : I s1: ➔ :f7'+2 j=l, 2, be the natural exten-
J i=1 1, , 

sions, where :f1'+2 is the one-point compactification of If+2 . Then, 

l 1 and l 2 are equivalent if and only if l 1 and l 2 are equivalent. 

Proof. The necessity is obvious. 
µ 

Since :!1'+2- l.( L s1:) 
J i=1 1, 

is connect-

ted, the sufficiency follows from the following Fisher's theorem. 

1.17. Proposition.(Fisher [1)) An orientation preserving homeomorphism 

of tf onto itself is isotopic to the identity. 

1.18. Remark : Knotting problems of n-spheres in Rn+2 do not always 

agree with the problems in tf+2. But little distinction will be drawn 

b t th I h f 11 . . Rn+2 . . . e ween em. n t e o owing, sometimes is convenient, sometimes 

..n+2 a , because Rn+2 has the standard coordinate-system and tf+2 is 

compact. 

l . 19. Convention : The topics discussed in this note are (2, 4 )-knots 

as stated in the Preface. From now on, we shall discuss only locally flat 
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knots and links. Usually, we shall say 'n-knots' and 'n-links' for short 

instead of locally flat (n,n+2)-knots and locally flat (n,n+2)-links,res-

. ~ n ,..n,+2 ~ ,:n ....n+2 pectively. As an n-l1nk l: l S. ➔ ::; (or l: l 0. ➔ ft ), we 
i=1 ,z, i=1 ,z, 

refer to the image eic I S:) c g1-+2
) = ex; u • • • u x7' c d7'+2) (or (l( I S:) 

i=1 ,z, µ i=1 ,z, 

n+2 .:ri .n ....n+2 .n ,..n 
cR )=(K

1
u•••uKµCft ),where Ki=l(::;i) for i=l, •••,µ, We 

n ,.J1,+2 n n+2 .n .Yl n . also refer to (L c::; ) , (L c R ) , x.
1
. u • • • u .K. and L as the n-llnk 

µ µ µ µ 
.:rt .n ,.J1,+2 .n .n n+2 . 

(x.1 u • • • u .K.µ c::; ) or (x.
1 

u • • • u .K.µ c R ), unless confusion. 

If two n-links er u • • • u If" c :fl+2
) and ex': u • • • u If" c g1-+2) are of 

1 µ 1 µ 

the same type, we denote ex': u • • • u If" c g1-+2) ;; (X: u • • • u If c :f'-+2) , and 
1 µ 1 µ 

the same notation will be used for n-links in Rn+2 . 

We refer to pf u • • • u If" c g1-+2 ] and rx': u • • • u If" cRn+
21 respective-

1 µ 1 µ ' 

ly, as the link types of cx!1 u • • • u If c g1-+2) and ex': u • • • u If c Rn+2) . 
1 µ 1 µ 

The notation is justified by the following, which follows from 1.17. 

µ 

Let l.: I ff: ➔ g1-+2, j=l,2, be n-Zinks with 11 
J i=1 1, 

1.20. Proposition. 

components. If there exists an or>ientation pr>esewing homeomorphism cp: 
µ 

and cp I ..e.1 c I s':J 
i=1 ,z, 

is oPi-

entation pr>esewing. Then, ,ther>e exists an oPientation pr>eser>Ving homeo-

h • ,I, ...Yt+2 ...Yt+2 • h ,1,D O (. 0 and O • "I t) mo:rp ,z,sm 'I' : ::; -+ ::; W'Z, t 'fl',C...
1 

= .(..
2 

Le • .(..1 -<.-
2 

ar>e equ,z,va,..,en . 

h • • "I "d "f n+2 • b t • d ~ Jt+2 T 1,s r>ema,z,ns va,,,,z, ,z, R 1,s su s ,z,tute Jor ::; . 

1. 21. Remark. By virtue of the PL normal bundle theory for locally 

falt PL embedding with codimension 2,(cf. Kato [l], Rourke-Sanderson[!], 

Wall [2]), and by the Cairns-Hirsch smoothing theory, (cf. Hirsch [l] or 

Lashof-Rothenberg [1]), 'n-knot' and •n-link 1 in all the statements in the 
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note can be replaced by 'smooth n-knot' and 'smooth n-link' ,unless other­

wise stated. 

1.22. Remarks. In reading the literature, you should be aware that the 

definitions of n-links and n-link types are not universally accepted. We 

refer the reader to, for example, Crowell-Fox [C-F; Chapter I],Zeernan[4]. 

,..n, ,..n,+2 n+2 
(a) Unoriented n-Zinks and equivalence : All spaces 0, 0 and R 

do not endowed with any orientation, and so all of which $ is not requ­

ired to 'preserve'. 
µ ,..n, ,..n,+2 

(b) Isotopy types : Two n-links l. : I 0. ➔ 0 , j=l,2 , are said 
J i=1 i. 

to be isotopic (or of the same isotopy type) iff l 1 and l 2 are iso-

topic. 

(c) Ambient isotopy types : Two n-links l. : I :f1: ➔ s2+2
,j=l,2, 

J i=1 i. 
are 

said to be ambient isotopic (or of the same ambient isotopy type) iff l 1 

and l 2 are ambient isotopic. 

1.23. Definitions. Let X and Y be topological spaces. 

(1) Two homeomorphisms (or embeddings) f, g : X ➔ Y are isotopic iff 

there exists a homeomorphism (or embedding) H : Xx I ➔ Y x I such that 

( i) level preserving (that is, H(x,t) = (nt(x),t), where nt 

X ➔ Y is a homeomorphism (or embedding)), and 

(ii) n0 = f and n
1 

= g . 

(2) An isotopic deformation of X is a homeomorphism H Xx I ➔ Xx I 

such that 

( i) level preserving (that is, H(x, t) = (nt(x), t), where nt 

X ➔ X is a homeomorphism), and 

(ii) starts with the identity, n0 = lx . 
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(3) Two embeddings f, g X + Y are ambient isotopic iff there exists 

an isotopic deformation H Y x I + Y x I of Y with n
1
f = g. 

(4) Two subspaces x1 and x2 of Y are ambient isotopic iff there 

exists an isotopic deformation H Y x I + Y x I of Y with n
1 

(X
1

) = X
2

. 

For isotopy types of n-links, we refer the reader to Rolfsen (1; 2]. 

Isotopy types of n-knots are not interesting, as the following shows. 

1.24. Proposition. Any n-knot is isotopia to an unknotted n-knot . 

Proof. For a vertex v of K", let St(v;K") ..:n+2 and St(v;;::; ) be the 

• hb h d f • ~:n d ..:n+2 • star ne1g or oo so v 1n K an 0 , respectively. Since K" is 

locally flat, the (n,n+2) -disk pair (St (v ;K") c St (v ;s11'+2)) is equivalent 

to the standard (n,n+2)-disk pair n n+2 . 
(D c D ) , (that is, there exists an 

• t t· • h h" ,r, •. St(v,-,.n+2 ) ____,__ Dn+2 such that or1en a 10n preserving omeomorp ism o/ D -r 

l/J (St (v ;If)) = Dn). Let Bn+2 = g1-+2 - 0 St (v ;s11'+2 ) ; Bn+2 is an (n+2) -disk 

by Theorem 1.9. Then, by the Alexander's trick in Bn+2 we can conclude , 

the proposition; see Rolfsen [l]. 0 

1.25. Proposition. Two n-Unks l. : I S: -+ g1-+2
, j=I, 2, are ambient 

J i=1 i. 

isotopic if and only if they are equivalent. 

Proof. The sufficiency follows from Proposition 1.17; and the neces­

sity follows from the definition of 'ambient isotopic'. 0 

2. Standard Representatives of 2-Knot Types 

We will consider a method of describing 2-knots on the paper. A well­

known method of describing a 2-manifold in R
4 is to exhibit its cross 
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3 3 4 
R = R X {u} in R = 

u 

R
3 

xR
1

. We refer the reader to Fox [3, §6], Gluck [3, §Ill], Hosokawa [1], 

Kinoshita [1], etc .. After establishing the method, we will consider stan­

dard representatives of 2-knot types. In this section, we discuss exclu­

sively 2-knots and 2-links in the 4-space R
4

, but the reader may replace 

R
4 

with s4 
without difficulty (see Note in 2.2 below). 

For the sake of convenience, we first introduce the following 

n n n+2 2. l. Fusions and Fissions of n-links : Let (K
1 

u • • • u Kµ c R ) be an 

n-link with µ components (µ > 1). Let B+ : Ix Dn ➔ Rn+ 2 be an embed­

ding of an (n+l)-disk 

that is oriented coherently with that of x';_ u ••• uK:, and B+({O} xDn) 

and B+ ({l} x Dn) are contained in different components of K~, • • • ,1\ . 
. .n . .n + n ::.n -n Then, (K.1 u •••UK) + B (cl(IxD ))= K. u ••• uK is an n-link with µ-1 

µ 1 µ-1 

components, where + means homological addition. 

is obtained by a fusion of 

Figure 2.1 

We shall say that 

ct1 u • • • u ~ c Rn+ 2) 
1 µ 
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Let B- : Dn x I -+ Rn+2 be an embedding of an (n+l)-disk such that 

B- (Dn x I) n (If': u • • • u If) 
1 µ 

that of If u • • • u If and 
1 µ 

= B- C'aDn x I) that is oriented coherently with 

if n = I, B- ('aD
1 x I) is contained in one of 

1½_, ••• , ~. Then, (If u • • • u If) + B- ca CDn x I)) = I(: u • • • u 'j{'- is an 
1 µ 1 µ+1 

n-link with µ + 1 components. We say that (~ u • • • u -\+i c Rn+
2

) is 

obtained by a fission of 

It will be noticed that if 1½_ u • • • u 1\-
1 

is obtained by a fusion of 

if u • • • u If" along B+ then K': u • • • u If" is obtained by a fission of the 
1 µ ' 1 µ 

K:u •·· ux7' along some B- with B-CDnxI) = B+CixDn). 
1 µ-1 

In general, let B+ • • • B+ be embeddings of Ix Dn into Rn+
2 such 1' , p 

that BjCI x Dn) n B~(I x Dn) = 0 for jl-k , and BjCI x Dn) n (1S_ u • • • u ~) 

= B; car X Dn) that is oriented coherently with that of 1½. u • • • u -1\ . 
Suppose that (If!1 u • • • u If) + C .fj

1 
B ~ ca (Ix Dn)) is an -n-link with µ - r 

µ J= J 

components, say 'K: u • • • u x" . We say that the n-link I{': u • • • u j(1- is 
1 µ-P 1 µ-P 

obtained by a fusion of i;_ u • • • u ~ along B~ u • • • u B;. 

In the same way, we define a fission of an n-1 ink If u • • • u If1' along 1 µ 

B~ u • • • u B;, provided that embeddings Bj of Dn x I , j = l, • • •, r, are 

nicely defined. 

Remark : The above definitiQns are slight different from those of 

Hosokawa [1 ; 2]. In fact, the fusion (or fission) illustrated in Figure 

2.1 is not a fusion (or fission) in the sense of Hosokawa. 

2. 2. Notation. By H H H 
(a,b)' Ca,b]' [a,b) 

and H[a,b]' -oo ~ a,b ~ oo, 

we denote subspaces of the 4-space R4 defined as follows 

H 
(a,b) = { (x1 ,x2 ,x3 ,x4) E R

4 a< x 4 
< b } 

H(a,b] = { (x1 ,x2 ,x3 ,x4) E R
4 

a< x 4 
~ b } 
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H 
[a,b) 

Note: If R4 = 

then a hyperplane 

R
3 

x R1 is compactif ied with a point 00 to give 

R
3 = R3 

x {u} becomes a 3-sphere, say s3 
, and 

u u 

s4 , 

the 

above subspaces H , H b]' H[ and H[a,b] become (a,b) (a, a,b) unions of 

such the 3-spheres, say s(a,b)' S(a,b]' S[a,b) and S[a,b]. Using the 

notation, all statements in this section hold for 2-knots in s4. 

2.3. Now, we are going to give the method of describing a 2-manifold 

in R
4

, but for brevity we will only consider (locally flat) 2-knots. 

By well-known general position argument, 

we may assume that vertices of K
2 are in general position with respect 

it holds that 

We assume now that 2 
K c H(-2,2)" 

A d . . 2 R3 n or 1.,nary cross section K n u is empty or consists of one or 

more simple oriented loops, that is, a 1-link in the 3-space R
3

. Since u 

K
2 is compact, the number of exceptional cross sections is finite, and 

for a critical value Uo, 

vertex of t'. 
contains a single point which may be a 

be a critical value, and let 2 3 v EK n R be 
Uo 

a critical point. Then, a 4-dimensional neighborhood of v is one of the 

following as illustrated in Figure 2.2; which will be called a maximwn, 

a minimwn and a saddle-point (for the x4 coordinate), respectively. 

Especially, a transformation 

(K
2 

n R
3 

c R
3 

) ===> 
uo+e: uo+£ 
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R3 0 "J 
u 0+2e: 

~ 

R3 0 ~ 
u0 +e: A 

R3 •v •v X uo 

R3 0 )( Uo-E 

R3 
Uo-2E 0 )( 

maximu.rn minirrrum saddle point 

Figure 2.2 

3 <) '-/ 
R ., uo < u =:;; uo+e: 

u 

~ 

R3 ~ ~ X Uo 

3 0 ) ( R .J Uo-E ::;; u < Uo u 

mazirrrum-disk minirrrum-disk saddle-band 

Figure 2.3 
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will be called an eUiptic tra:nsformation if v is a maximum or a minimum 

and a hyperbolic transformation if v is a saddle-point. 

We can make the neighborhood of a critical point v look like Figure 

2.3 by an isotopic deformation of R4 that is the identity outside the 

neighborhood. 2 (The deformed K is of course no longer in general posi-

tion with respect to x4 . ) Then, we will say the cross section 

has a maxirrrwn-disk C, a minirrrwn-disk C' or a saddle-band B, respec­

tively, instead of a maximum v, a minimum v or a saddle-point v. If 

in Figure 2.3(3), K. I K. 
'Z., J 

3 in R ~, then the hyperbolic transformation 
Uo+c.. 

corresponds to a fusion along 

B, and if K. = K. it corresponds to a fission along B. ( Here, we do 
'Z., J 

not distinguish embeddings and B from 

We will prove the following 

2.4. Theorem. For any 2-knot 

satisfying the following 

2 4 . -2 4 (K c R ) , there ex-z.,sts a 2-knot (K c R ) 

(O) (K2 
c R4) £:f (K2 

c R4) , 

(1) all maxirrrwn-disks of (i cR
4

) in the hyperplane 3 are R3, 

(2) all minirrrwn-disks of c.i cR
4

) in the hyperplane 3 are R_3, 

(3) all saddle-bands of (k
2 

cR
4

) are in the hyperp Zanes 3 3 
R

1 
uR_

1
, 

(4) (k2 n R
3 

cR
3

) 
0 0 

is a I-knot (i.e. k.
2 

n R~ is connected ) that is 

oriented coherently with that of the 2-disk K.2 n R4 . 
+ 

• -2 4) .:J-·-d • We will call such a representative (K c R a stanur.,u.• representat-z.,ve 
2 4 

of the 2-knot type [K cR ] ; it will be noticed that standard represen-

tatives of a 2-knot type are not uniquely determined. It should be noted 
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that the 1-knot is obtained by a fusion of the trivial 1-

link (.K
2 

n R; cR;) along the saddle-bands in R~ , and that the trivial 

c.k2 n R
3 

c R
3 

) is obtained by a fission of the 1-knot (k2 n R3
0 

c 
-2 -2 

3 along the saddle-bands in R _1 . 

Proof of Theorem 2.4. 2 
We may assume that K c H(- 2, 2). For each ma-

2 of K, we take a line which is parallel to the 

x4-axis and passes through v, and let iv denote the part with v4 ~ x4 
2 and dim(.Q, ) 

V 
= 1, we may assume that K n .Q, = v. 

V 

By our assumption, for any two maxima V and v' of K2 , R. nt,=0. 
V V 

By an isotopic deformation of R4 that is the identity outside of a nei-

ghborhood of iv, we pull up V as far as 3 
R3, and we also deform its to 

a maximum-disk. By the quite similar way, we pull down minima of K
2 as 

3 
far as R_3, and we deform them to minimum-disks. We have a new 2-sphere 

, 4 , 4 ~ 2 4 
K in R with (K cR ) = (K cR ) , so that all maximum-disks are in 

R~ , and all minimum-disks are in R:3, and all saddle-bands are in open 

, u be critical values of K' r 
with 

-2 < u1 < u2 < ••• < ur < 2, and let B1 , B2 , •·· , Br be the corres­

ponding saddle-bands. 

To complete the proof of 2.4, it suffices to show that 

2.5. Lemma. We can make even the levels of any -two saddle-bands B. 
1,, 

and Bi+i , and also we can ahange the levels of Bi and Bi+i , by an 

isotopic defoPmation of R
4

. 

Proof. In the hyperplane R , there is a 1-link together with the 
ui+1 

saddle-band Bi+i · With decreasing u, ui+i ;::: u ;::: ui, we do not perform 

a fusion or a fission along Bi+i' and we take Bi+i along with K' n R3. 
u 
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3 
u. 

1, 

we have two bands B. 
1, 
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if B. attaches to a subarc of 
1, clBi+1' we slide B. along the side of 

1, 

Bi+l so that clB.nclB. 
1 

= Ill, see Figure 2.4. 
'I, 1,+ 

Figure 2.4 

.. , , 

If B. n °B. 
1 

-/ Ill, that is, if B. passes through B. 
1

, we deform 
'I, 1,+ 'I, 1,+ 

in R
3 

(K' n R
3 

- B .) so that B 0 B Ill F • 2 5 u. u. 1, i n i+l = , see 1gure • • 
1, 'I, 

Figure 2.5 

B. 
1, 

It will be noticed that these deformations of B. can be realized by 
1, 

4 an isotopic deformation of R. Now, the lemma is obvious, and complet-

ing the proof. D 

2 .6. Theorem. For any 2-link (K~ u • • • u K~ c R4
) with µ components, 

there exists a 2-link (K~ u • • • u .K~ c R
4

) satisfying the following : 

~2 ~2 4 2 2 4 
(0) (K1 u • • • u Kµ c R ) ~ (Kl u • • • u Kµ c R ) , 

~2 
(1) each component K. satisfies the conditions (1), (2), (3) and 

1, 

(4) in Theorem 2.4, 1 ~ i ~ µ. 

We call such a representative ~2 ~2 4 (K u ••• u K CR ) 
1 µ 

a standard represen-

tative of 
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2. 7. Exercise. Prove that : fo:P any locaUy fl.at embedding k : M2 
+ R

4 

of an orientable, closed and connected 2-manifoZ.d ~ of genus g into 

R4, there exists a locaUy flat embedding h : 1/ + R
4 

satisfying the 

foUowing 

(O) h and k a:pe ambient isotopic, 

(1) all maximum-disks of h(M2
) a:pe in the hyperplane 

(2) all minimum-disks of h(M
2

) a:pe in the hyperplane R~
3

, 

_2 . 3 3 3 3 
(3) aU saddle-bands of h(~) a:pe 1.-n hyperplanes R

2 
u R1 u R _1 u R _2, 

(4) both h(if) n R!
12 

and h(if) n R~312 aPe connected, 

(5) h(M2
) n R~ is a l-Zink with g + l components, 

(6) both h(if) n R~ and h(if) n R~ a:pe connected 2-manifoZ.ds of 

2 3 genus O with g + l bounda::fly-components h(M ) n R
0 

• 

2.8. Example. We describe a standard representative of the 2-knot type 

of the spun 2-knot (k
2 

(S
2

) c R
4

) = (K
2 

c R
4

) of the trefoil (k
1 

(S
1

) c R
3

) 

given in Example 1.13. 

Figure 2.6 

2.9. Definition. R.H.Fox [4, Problem 25] defined a nbbon I-knot, and 

some characterizations are given; refer to Fox [6], Hosokawa-Yanagawa [l], 
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Terasaka [l], etc .. That is, a 1-link (or 1-knot) 

called a ribbon 1-link (or 1-knot) iff there is an integer A 2: µ so that 

X~ u • • • u X~ is obtained by a fusion of a trivial 1-link 0~ u • • • uO~ with 

A components. 

Then, the equatorial cross section 

a ribbon 1-knot, and the 

ribbon 1-link with µ components. 

in Theorem 2.4(4) is 

in Theorem 2.6 is a 

Fox also defined in [4] a slice 1-link (or 1-knot), a slice 1-link in 

the strong sense and a slice 1-link in the weak sense. The cross section 

h(M
2

) nR~ in Exercise 2. 7(5) is a slice 1-link in the weak sense. 

2.10. Problem. (Fox [4, Problem 39]). (a) Which slice l-knots are cross 

sections of trivial 2-knots ? (b) Which slice l-Unks with µ corrrponents 

are cross sections of 2-Zinks (X~ u • • • u X~ c R
4
), A ~ µ, such that xi is 

a trivial 2-knot (for j=l,•••,A) ? (c) Which slice l-links. in the strong 

sense (with µ corrrponents) are cross sections of trivial 2-Zinls with µ 

corrrponents? 

We have now the following problem corresponding to 2.lO(a) and (c) : 

2.11. Problem. (a) Which ribbon l-knots are equatorial cross sections 

x2 
n R~ of standard representatives (X2 

c R
4

) of the trivial 2-knot type ? 

(c) Which ribbon l-Zinks with µ corrrponents are equatorial cross sections 

(X~ u • • • u xi) n R~ of standard representatives (X~ u • • • u xi c R
4

) of the 

trivial 2-link type with µ corrrponents? 

Some 1-knots are known which satisfy the condition of 2.lO(a) and also 

2.ll(a), see Terasaka-Hosokawa [l], Hosokawa [l], Sumners [7] and Fox[3]. 



262 

Hosokawa [l] has given a sufficient geometric condition for 2.ll(a),which 

will be discussed in Section 10 ; and Sumners [7] has given necessary alge­

braic conditions for 2.l0(a), which will be noted in Section 11. 

2.12. Definition. A 2-link 
2 2 4 

(K1 u • • • u Kµ c R ) with µ components is 

called a ribbon 2-link iff there exists an integer A ~ µ such that 

K
2 

u • • • u K
2 

is obtained by a fusion of a trivial 2-link o2 
u • • • u a2 with 1 µ 1 µ 

+ + 2 4 
A components along appropriate embeddings B1 , ••• , BA-µ: Ix D + R. 

When µ = 1 , we wi 11 call a ribbon 2-knot . A 2- link type wi 11 be called 

a ribbon type iff it has a ribbon 2-link as its representative. 

2 2 4 
A standard representative (K

1 
u • • • u Kµ c R ) will be called simpZ.e 

syrronetric iff (K
2 

u • • • u K
2

) n R
4 

and (K
2 

u • • • u K
2

) n R
4 

are symmetric 
1 µ + 1 µ 

• h h h 1 R
3 

-- R
3
0 

. wit respect tote yperp ane 

2.13. Theorem.(Yanagawa [2]) A 2-Z.ink 
2 2 4 

(K u • • • u K c R ) is a ribbon 1 µ 

2-l.ink if and onZ.y if [K~ u • • • u K~ c R
4

] has a simple syrronetric repre-

~2 ~2 4 
sentative (K

1 
u • • • u Kµ c R ) . 

Sketch Proof. 
2 2 

Suppose that K
1 

u • • • u Kµ is obtained by a fusion of a 

trivial 2-link 0~ u • • • u of along embeddings B~, • • •, B;_µ : Ix v2 
+ R

4
. 

2 2 4 2 2 4 
We may assume that (01 u • • • u OA) n R + and (0

1 
u • • • u 0).) n R _ are syrnmet-

ric with respect to Since is a 3-disk, there exists an iso-

topic deformation { nt} of R
4 

with nt (0~ u • • • u ai) = 0~ u • • • u 0~ for 

each 0 ::;; t ~ 1, so that n
1 

B+ (Ix D2') n R~ and n
1

B+ (Ix D
2

) n R~ are sym-

3 
metric with respect to R0 , i=l, • • ·, 11.-µ . Conversely, let B

1
, , Br 

~2 ~2 3 3 
and B1., • • • ., B; be saddle-bands of K

1 
u • • • u Kµ in R

1 
and R _

1
, res-

pectively. Since there are no critical points in H(-i,i)' there exists 
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a homeomorphism cf> : H(-i,i) + R~ x (-1,1) such that 

-2 -2 -2 -2 3 
cf>((K1 u ••• uKµ) nH(-1,1)) = ((K1 u ••• uKµ) nRO) x (-1,1). 

Now we can deform B1 u • • • u Br by an isotopic deformation {nt} 4 
of R , 

so that n (B u • • • u B ) = B , u • • • u B , and 
1 1 r 1 r 

t EI, forms r mutually disjoint 3-disks. We obtain embeddings 

B- : n2 x I+ R4 
r 

-2 -2 
so that a fission of K

1 
u • • • u Kµ along B~ u • • • u B; is 

a trivial 2-link -2 -2 
0 u • • • u 0 , where r + 1 is the number of the maxi-1 r+1 

-2 -2 mwn-disks of K
1 

u • • • u Kµ . D 

2.14. Remark. Let (K1 cR~) be a ribbon 1-knot obtained by a fusion 

of a trivial I-link 1 1 3 (0 u • • • u 0 c R ) 
1 µ 

along embeddings B:, 

Ix D
1 

+ R;, r = µ - 1. As in the sketch proof of 2. 13, we have a simple 

• • (K2 (K1) c R4) symmetric representative of a ribbon 2-knot as follows 

Let (0
2 

u • • • u o2 
c R

4
) be a simple symmetric representative of the 

1 µ 

trivial 2-link • type with components such that (02 u:• • • u 0 2) n R3 = µ . ~. µ 0 
1 1 2 2 1 1 o1 u ... u0µ and (0

1 
u ... u0µ) nH(-3, 3) = (0

1 
u 00

• u0µ) x (-3,3). Then, 

-+ -+ 2 4 -+ ·. 2 3 
we have embeddings B 1 , , Br : I x D + R such that Bi (I x D ) n R

O 
= 

B;(IxD
1

) and B;(IxD
2

) = B;(IxD
1

) x [-1,1] in H[-i,i] = R; x [-1,1], 

for i=I,••·,P. 2 1 4 Now, (K (K ) c R ) is obtained by a fusion of o2 u • • • u 
1 

0
2 -+ -+ 
µ along B

1 
u 00 

• u Br, which will be called an associated ribbon 2-knot. 

To give a standard (simple symmetric) representative of a ribbon 2-knot, 

it suffices to show a ribbon 1-knot as its equatorial cross section. 

2.15. Proposition. Let (K~ c R~) and CK; c R;) 

1 1 
obtained by fusions of a trivial l-'link 0 u • • • u 0 

1 µ 
+ + 

and B21 u • • • u B2r, respectively, r = µ - 1 . Let 

be ribbon I -knots 

+ + 
along B11 u • • • u B

1
r 

q: R; + R~ be the 

+ 1 
If B

21 
(Ix D ) u 
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• • • u B;r (Ix D1
) is obtained from B~1 (Ix D1

) u • • • u B~r (Ix D1
) by aha:ng-

. + 1 + 1 ing some of the aross1,,ng of q(B
11 

(Ix D ) u • • • u B
1
r(I x D ) )., then the as-

soaiated ribbon 2-knots (K2 (K1) c R
4

) and (K2 (K1) c R
4

) are equivalent. 
1 2 

Proof. We choose a small unknotted simple loop o 
O 

c Ri as shown in 

3 2 1 3 
Figure 2. 7 (a). We pull up a 0 as far as R

312
. Since K (K ) n R

312 

consists of a trivial 1-link (O~ u • • • u O~) x (3/2) alone, and a
0 

x (3/2) 

does not link with this I-link in R~
12

, a
0 

bounds a locally flat 2-disk 

c2 
in H [ 

0
, 
3121 

. Let B~ i : Ix D
2 

+ R
4 

be the embedding corresponding 

+ 2 ~+ 2 
with B

1
i as in Remark 2.14. Along the 2-disk C, we deform B1i(IXD) 

4 ~+ 2 3 + 1 
by an isotopic deformation of R so that (n

1
B1i (Ix D ) n R

0
) u B

1
/I x D ) 

~+ 2 + 1 
is as illustrated in Figure 2.7(b) and n

1
B1i(IxD) = n

1
B1i(IXD )x[-1, 

1] in H [ -l , 1 ] = R~ x [ -1, 1] • D 

(b) 
Figure 2.7 

2.16. Theorem. (1) Every spun 2-knot is a ribbon 2-knot. 

(2) There exists a 2-knot type that is not obtained by spinning. 

(3) There exists a 2-knot type that is not a ribbon type. 

We can check (1) easily. The proofs of (2) and (3) will be given in 

the next Section. On ribbon 2-knots, many properties are known by Yajima 

[2; 3], Kinoshita [l], Yanagawa (2 ; 3; 4], etc., and some of them will 

appear in the forthcoming Sections. 
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2.17. Definition. Let k.: ff+ Rn+2 be a locally flat embedding of 

the oriented n-sphere ff into the Rn+2 , that is, an n-knot. Let 

cr : ff + ff and p Rn+2 + Rn+2 

be orientation reversing homeomorphisms. Then, we have three new locally 

flat embeddings 

...n n+2 
k.cr : n + R Pk. .. fl+ Rn+2 , k. ,.J1, n+2 a pcr:n +R . 

Wh (k.( ...n) cRn+2) b (_y1, n+2) h d (k (...n) en we represent n y K c R , t en we enote cr n c 

Rn+2), (pk.(ff) cRn+ 2) and (pk.cr(ff) cRn+2) by (-r cRn+ 2), -(-r cRn+ 2) 

and -er c Rn+
2
), respectively. 

An n-knot er c Rn+
2

) is called invertible iff er c Rn+
2

) is equi­

valent to ( -r c Rn+
2
), and +amphicheiral,, iff er c If+

2
) is equivalent 

_y1, n+2 
to -(-K cR ), and -amphieheiral,, iff is equivalent to 

-(r cRn+2). 

In the case n = 1 , given a regular diagram of a 1-knot we 

as the following (cf. Fox [3, §7]) 

w 
Reversal of 

w space orientation 

p 

Reversal of l 0 k • • l cr not orientation 

w w p 

Figure 2.8 
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1 3 1 
Here, (-K c R ) is obtained by reversing the direction of the arrow on K , 

and -(-K
1 

c R
3

) is obtained by changing the crossing at each double point 

1 3 3 
of K ; where p : R -+ R is defined by p (x

1 

,x
2 

,x
3

) (x
1 

,x
2

, -x
3

). 

Given a standard representative (K

2 

c R
4

) of a 2-knot type [K

2 

c R
4
], 

we record a formal method to have standard representatives of [ -K
2 

c R
4

] , 

-[-K
2 

cR
4

] and -[K
2 

cR
4

] in the similar way as that of I-knots. 

From our promise of the orientation on K

2 

(recall Theorem 2.4(4)), a 

standard representative of [-K
2 

c R
4

] is obtained from (K
2 

c R
4

) by re-

versing the direction of the arrow on for -3 ::;; u ::;; 3. As an 

orientation reversing homeomorphism of R
4 

onto itself, we take p : R
4 

-+ R
4 

defined by p(x
1

,x
2

,x
3

,x
4

) = (x
1

,x
2

,-x
3

,x
4

). We have a standard 

2 4 
representative of -[-K cR ] by changing the crossing at each double 

. f 2 3 point o K n R u ( with respect to a regular projection 

2.18. Theorem. CY.Marumoto) Every ribbon 2-knot is -amphiaheiral. 

Proof. Let (K
1 

cR~) be a ribbon 1-knot obtained by a fusion of a 

trivial I-link 
1 1 + + 1 3 o1 u • • • u Oµ along embeddings B1., • • •., Br : Ix D + R

0
, r 

= µ - 1, and let (K
2 

(K
1

) c R
4

) be an associated ribbon 2-knot. In the 

same way as that of the proof of Lemma 2.5 (see Figure 2.4), we slide the 

b d + + "f 1 1 ans B1,··•,Br, 1 necessary, so that each Bi spans Oi and Oi+i· 
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cx1 
c 

1 

R~) as shown in Figure 2.10, such that the associated ribbon 2-knot 

(K
2 (x1

1
) cR

4
) • d d • f -[K

2
(K

1
) cR

4
]. 1s a stan ar representative o 

1 3 2 1 3 3 Figure 2.11: (K
2

cR0) = ((K (K
2
)nR

0
cR

0
) 

3 2 1 3 In each level Ru, -3 ~ u ~ 3, we rotate K (K
1

) nRu' and have ano:.her 

tt • (K1 cR3) of [K1 cR
3] and h d d represen a 1ve 2 0 1 0 

anot er stan ar representa-

tive (K
2

(K;) cR
4) of -[K2(K1) cR

4], as shown in Figure 2.11. By virtue 

of Proposition 2.15, we can conclude that 

= - [K
2 

(K1) c R
4

] . 0 

We refer the reader to 3.20 and 3.21 in the next Section. 

3. Presentations of 2-Knot Groups and Elementary Ideals 

The most impotant topological invariant of an n-link (Ln C g7-+2) = ex': 
µ 1 

resp. n n+2 .n .n n+2 
(L CR ) = (.K. u ••• u .K CR ) 

µ 1 µ 
is the comple-
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d • ...n+2 Ln Rn+2 - Ln • l h -, t f mentary oma1n 0 - µ resp. µ' say s1mp y t e compvemen o 

(Ln c g1-+2) (Ln c Rn+2). µ resp. µ 

The fundamental group TI (s1+2 - Ln) resp. TI (Rn+2 - Ln) is called 
1 µ 1 µ 

(Ln c ...n+2) n n+2 the group of ::;· resp. (L c R ) , and any such group is called 
µ µ 

an n-link group with µ components. In particular, an n-link group with 

1 • 11 b 11 d kn t F 1 • k (Lnµ c Rn+ 
2

) , component w1 e ca e an n- o group. or an n- 1n 

let (Ln c tf1'+2
) be the n-link obtained by one-point compactification of 

µ 

Rn+
2

. Then, rr
1

(Rn+
2 

- L:) ~ TI
1

(/2+
2 

- L:), provided that n ~ l. 

In this section, we will give a method for presenting the group of a 

2-knot (K
2 

c R
4

) (and so (K
2 

c S
4
)), using the family of cross sections 

K
2 

n R
3 

, and introduce the so-called elementary ideals. 
u 

It is known that: 

3.1. Proposition.(Noguchi [1], Zeeman [6],etc.) Let (Iflcs'-+
2

) and 

(Ifl c Rn+
2

) be n-knots., and let N(Ifl; :f'-+2) and N(Ifl; Rn+
2

) be regular 

• hb h d f .n ~n ...n+2 d n+2 • -, Th ne1,,g or oo s o K ,.., ::;· an R ., respect1,,ve 1,,y. en., 

N(If"; /2+2) ~ Ef x if ~ N(If"; Rn+2). 

Rn+2 - 0N(L:; Rn+2) the ex­

It is easy to check that the 

complement of an n-link deformation retracts to its exterior. 

By Alexander duality and Poincare duality, we have: 

3.2. Proposition. For n-Unks (Ln c :fL+2) and (Ln c Rn+2) with µ 
µ µ 

components 

l:x•µ•xJ 

if q = 0, 

H (ff1'+2 - _t,n; Z) ';H (Rn+2_Ln;Z) = - Jµ if q = l, q µ q µ 

if q-:/0,1,n+l. 
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3.3. 4 2 
We will discuss a presentation of a 2-knot group 1r

1 
(R - K ) . 

The reference for the following is Fox [3, §6] and Kinoshita [l , §4]. 

Suppose that x
4 

= 0 is a critical value and a single critical point 

( 0 0) • 1 • • K2 R 3 v = O, , O, is y1ng in n 
O

• We also suppose that v is a minimum 

or saddle-point and that in H(-i,i) there are no critical points. 

take the following two open sets: 

u1 = {Cx1,x2,x3,x4) E H(-i,i) 

u2 {Cx1,x2,x3,x4) E H(-i,i) 

We 

Since u
2 

is a neighborhood of v because 

K
2 

is locally flat and the 2-disk K
2 

n Cl (U 
2

) is considered to be the 

2 
join v * a (K n Cl (U 

2
)). We apply the well-known van Kampen' s theorem to 

the open sets u
1 

- K
2 

and u
2 

- K
2

. 

If V 
2 

is a minimum, we get no new relation. That is, 1r1 (H(-i,i) - K) 

3 2 
- 1T 1 (R1 - K ) • 

If V is a saddle-point, it is easy to see that 

deformation retracts to 
3 2 

R
112 

- (K u U 
2
). Using the Wirtinger presenta-

tion in the classical knot theory (cf. Crowell-Fox [C-F]), we have a pre-

sentation of the group G(l/2) = TI1 (R~ 12 - K
2

) 

3 
c R

112
). Suppose that 

of the 1- link 
2 3 

(K n R
112 

G(l/2) = ( xa,xb,xa,xd,y1 , ••• ,Ya I xa= xb, xa= xd, 1\, ••• ,P 8 ) 

= ( xa, xa, Y1, ••• , Ya I r1, ••• , PS ) 

where xa, xb, xa and xd are shown in Figure 3.1, and is obtained 

from Pi by replacing xb and xd with xa and xc, respectively. 
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2 3 
K nR

112 K
2 

nR~ 

Figure 3.1 

2 3 
K nR_

112 

Since 1T1 (U2 - K
2
); J has a presentation < xa,xb,xa,xd I xa= xb= xa 

= xd ) , we have a presentation of Tr1 (H(-i,i) - K
2

) as follows : 

{ xa, xb, xa., xd, Y1, ... , Yo. I xa= xb= xa= xd., r1, . .. ., r a ) 

= ( xa., Xe., Y1, Ya. I X = X .J 
, ... r$ ) • ., 

a a r1, ., 

By successive applications of the above, we have : 

3.4. Theorem. Let (K
2 

cR
4
) be a standa.Pd representative , and let 

(K
1 

cR
3
) be the equatorial aross seation (K

2 
n R~ cR~). Then., from a pre­

sentation of Tr
1 

(R
3 

- K
1
), we 'have a presentation of Tr

1 
(R

4 
- K

2
) by add-

2 ing a finite number of relations aorresponding to saddle-bands of K. 

In partiaular, there exists a presentation 

where v and A are the numbers of maximum-disks and minimum-disks of 

K
2

., respeatively, and 

+ -1 foP i 1, V-1, s. = x. x. = 
-z.. i.1 i.2 

8. = x. -1 for j = 1, . .. :>t-1. x. , 
J J1 J2 
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This remains valid if a stand,ax,d representative (K~ u • • • u K~ c R
4

) of 

2 2 3 3 
a 2-Unk type and its equa.torial, cross section ( (K

1 
u • • • u Kµ) n R0 c R0) 

are substituted for (K2 
c R

4
) and (K2 n R3 

c R3) • 0 0 

3. 5. Coro 11 a ry. Suppose that in Theorem 3. 4, (K2 
c R 4) is simp 7,,e sym­

metria. Then, with { x1, x 2, •·· , xa I r 1 , r 2, •·• ,ra-i) as in 3.4, 

~e have a presentation 

3.6. Corollary. Let (K2 
cR

4
) be a standard representative. If the 

equa.torial, cross section K2 n R~ is unknotted, then n1 (R
4 

- K2) ;;;; J. 

Proof. 4 2 By Theorem 3.4, n1 (R - K ) has a presentation with a single 

generator. Since the Hurewicz homomorphism n1 (R
4 - K

2
) + H

1 
(R4 - K

2
; Z) 

:::_ J 4 2 D is surjective, n1 (R - K) is not a finite group. 

In Section 10, we shall discuss the 2-knot with unknotted equatorial 

cross section. See also Example 3.14 below. 

3.7. In the classical knot theory, a useful set of invariants of knot 

types is the sequence of elementary ideals in the integral group ring A 

of J , see Crowell-Fox [C-F]. Using the free differential calculus of Fox 

[l; 2], Kinoshita [l] defined the Alexander matrix A and a sequence of 

elementary ideals Ed(A) of A, and gave a characterization of the first 

elementary ideals. We describe here the sequence of elementary ideals 

from this point of view. We do not wish to develop the free calculus, so 

that we may refer the reader to Crowell-Fox [C-F] or Fox [l ; 2] for full 

account of the construction of the Alexander matrix. 
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We shall give in Section 6 another description of the Alexander matrix 

and the elementary ideals. 

3.8. Definitions. By 3.1, we can take a simple loop t = {*} xs1 on 

'cJN(K

2

; R
4

) ;; s2 

x s1

, which defines a conjugacy class in G = 1r
1 

(R
4 

- K

2

), 

any of which elements is called a meridian of K
2

• We give an orientation 

to a meridian t so that t links with K
2 

with linking number one; t 

is a base of the infinite cyclic group H
1 

(R
4 

- K
2

; Z) ;; G/ [G,G] = J. 

Let ljJ : G + J be the Hurewicz homomorphism , and let ( x
1

, • • •, xa 

r 1 ,·••, rs) be a finite presentation of G, and let F be a free group 

on a generators x1,··•,xa and cp: F + G be the natural epimorphism. 

Let ZF, ZG and ZJ be the group-rings of F, G and J with integ-

ral coefficients, respectively. Then the homomorphisms <f> F + G and 

ljJ : G + J can be linearly extended to ring homomorphisms <P : ZF + ZG 

and ljJ: ZG + ZJ. Sometimes, we denote by A the integral group-ring 

Z -1 ZJ we can think of ZJ = A as the Laurent polynomial ring [t,t ]. A 

is a Noetherian unique factorization domain. 
2 

We define the AZexander matrix A of K by 

A = (P . . ) 
1,J = [w(~l] 

dX. 
J 

i = 1, ••• ,S j = l, • • • ,a. 

For any integer d, the d-th elementary ideal Ed(A) of A is the A-

ideal generated by the determinants of (a-d) x (a-d) submatrices of A, 

with the conventions 

(i) et-d<I A, 

(ii) a - d > S then Ed(A) = O. 

The d-th Alexandera polynomial !!,it) E A is the generator of the 
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smallest principal A-ideal containing Ed(A). 

3.9. Definitions. In the same way as that of 2-knots, we have similar 

matrices and elementary ideals for 2-link with µ components,µ~ 2. We 

refer the reader to Kinoshita [2; 3], Shinohara-Sumners [1] for more ge-

2 4 2 2 4 neral arguments. Let (L c R ) = (K u • • • u K c R ) be a 2-link with µ 
µ 1 µ 

2 components,µ~ 1. Let t. be an oriented meridian of K. , i=l,··•,µ, 
~ ~ 

such that t. links with K~ with linking number 1 ; { 
~ ~ 

t ••• t } 1' , µ 

forms a free abelian base of the free abelian group H (R
4 

- L
2

; Z) = Jµ. 
1 µ 

Let < X. • • • X 1' , Cl, 
be a finite presentation of TT1 (R

4 -

L2) -- G d F b f an ea ree group on 
µ Let W: 

G ➔ Jµ be the Hurewicz homomorphism and ~ : F ➔ G the natural epimor­

phism. These homomorphism w and ~ are extended to ring homomorphisms 

of ZG onto ZJµ and of ZF onto ZG, respectively. In particular, ZJµ 

of variables, 

which is also Noetherian. Now we have the Alexander matrix A of 

A = (r .. ) = [w~ ( ar i ] ] , 
~J dX. 

J 

i = 1, • • • ,S j 1, ••• ,a.. 

For any integer d, the d-th elementary ideal Ed(A) of A is the 

ZJµ -ideal generated by the determinants of (a-d) x (a-d) submatrices of 

A with the conventions 

( i) a - d < 1 then E/A) = ZJµ , 

(ii) a - d > s then E/A) = 0, 

and the d-th Alexander polynomial L1lt1,··· ,tµ) E ZJµ is the generator 

of the smallest principal ZJµ-ideal containing Ed(A). 

Let a ; Jµ ➔ J be an epimorphism defined by o(t.) = t, i=l,•••,µ. 
~ 
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Then cr is naturally extended to a ring homomorphism cr: ZJµ + ZJ, and 

let 1.jJ = ol.jJ ZG + ZJ. Now we have another Bx a. matrix A defined by 

A = (i\i = [ ~,P [ : ~ ] ] , i = 1, • • • , $ ; j 1, • • • ,a, 

J 

which will be called the reduaed Alexander matrix of L2
. µ 

In the same way as that of 3. 8, we define the reduaed d-th elementary 

ideal Ed(A) of A, and the reduaed d-th Alexander polynomial id(t) for 

~ ~ any integer d. If µ = 1, of course, it holds that A = A and so EaCA) 

= Ed(A) and ~d(t) = ~d(t). 

3.10. Proposition. The elementary ideals Ed(A) 's and the reduaed 

elementary ideals Ed(A) 's are not affeated by choiae of presentations 

4 2 ~ of G = n1 (R - Lµ) under the above fixed 1.jJ and 1.j}. That is, Ea(A) 's 

and Ed(A)'s are invariants of 2-link types. The Alexander polynomials 

~d(t1,···,tµ) 's and the reduced Alexander polynomials ld(t) 's are de­

termined up to units in ZJµ and A, respeatively. 

Notation. We denote EaCA) by EaCK2
), sometimes fo.r (K2 

cR
4
). For 

two elements f(t) and g(t) in A, "f(t) = g(t)" means that f(t) is 

equal to g(t) up to units of A, see 6.4 below. 

3.ll. Proposition. Let ~
1

(t) be the first Alexander polynomial of a 

2-knot. Then, ~
1

(1) = ± 1. 

This follows from the fact that At=i is the matrix which determines 

4 the first homology group H1 (R ; Z) = 0. 

3.12. Example. Let (K
2 

cR
4

) be the 2-knot given in Example 2.8. 

As a set of generators of the knot group of the equatorial cross section 
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Figure 3.1 1 

(K
2 

n R~ c R~) = (K1 
c R~) (which is the square knot), we take x

1
, x 2 and 

x
3 

as shown in Figure 3.1 1 • TT1 (R~ - K
1

) has a presentation 

{ x1, x 2, x 3 I x1x 2x 1 = x 2x1x 2, x1x 3x1 = x 3x 1x 3 ) , 

and so the Alexander matrix is 

[ 
t: - t + 1 

t - t + 1 

-t2 
+ t - 1 

0 

0 

-t2 
+ t - , l 

The first elementary ideal is principal and ~1 (t) - (t
2 - t + 1) 2. 

By Corollary 3.5, TT1 (R
4 

- K
2

) has a presentation 

and so the Alexander matrix is 

A= ( t 2 - t + 1 -t2 
+ t - 1 ) . 

The first elementary ideal E
1

(A) is principal and ~1 (t) = t 2 - t + 1. 

This polynomial ~1 (t) is the first Alexander polynomial of the trefoil, 

recall Example 1.13. 

We record that : 

3.13. Proposition. The first elementa:ry ideal of any spun 2-knot is 

principal, and the first Alexander polynomial is reciprocal. 
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3.14. Example. (Hosokawa [l]) The 2-knot (K
2 

cR
4

) shown in Figure 

h k • • l . ( 2 3 3) 3.2 also haste square not as its equatoria cross section K nR0cR0 . 

K
2 

nR~ 

Figure 3.2 

Using Lemma 2. 5, we change the levels of the saddle-bands B and B' , and 

we have an equivalent 2-knot (.K
2 

cR
4

) given in Figure 3.3. (K2 
cR

4
) is 

also a standard representative and the equatorial cross section K
2 n R~ 

is a tivial 1-knot. By Corollary 3.6, n1 (R
4 

- x2
) ~ n1 (R

4 
- x2

) ~ J. 

JP nR~ 

Figure 3.3 

In fact, it will be shown in Section 10 that are 

of trivial 2-knot type, and so the square knot is an equatorial cross­

section of a trivial 2-knot; refer to Problem 2.lO(a) and Problem 2.ll(a). 
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3.15. Example. (Fox [3, Example 10]) The 2-knot (K
2 

c R4) described 
1 

in Figure 3.4 is simple symmetric 

as the equatorial cross section 

1 3 and has the stevedore's knot (K c R0) 

For the stevedore's knot, 

2 3 
K

1 
nR0 

Figure 3.4 

< I 3 -2 -1 
= x, a xa xa x = 

~1(t) ~ 2t - St+ 2 = (1 - 2t)(2 - t). 

By Corollary 3.5, we have 

4 2 < 3 -2 -1 2 -2 2 -2) TI1 (R - K1) = x, a xa xa x = a xa ax= a xa 

= { x, a xa2 
= ax ) . 

So, the first elementary ideal of is principal , and 

the first Alexander polynomial is 

Since the polynomial 2t - 1 is not reciprocal, Example 3.15 shows : 

3.16. Proposition. The first Alexander polynomial of a 2-knot is not 

always reaiproaal, even if the first elementary ideal is principal. 

Combining this with Proposition 3.13, we conclude that the ribbon 2-

knot is not a spun 2-knot; this proves Theorem 2.16(2). 

For the first Alexander polynomials, we have the following: 



278 

3.17. Theorem. (Kinoshita (1]) Let f(t) be an integral polynomial 

with lf(l) I = 1 . Then, there exists a 2-knot whose first elementary 

ideal E
1 

is principal and E1 = (~1(t)) = (f(t))~ 

The proof will be given in Theorem 6.21, see also Theorem 6.17 and Ex­

ercise 6.22. By Kinoshita-Terasaka [1] and Whitehead [l], we have infi­

nitely many distinct non-trivial 1-knots with ~
1

(t) = 1. By spinning of 

such the 1-knots, we have: 

3.18. Proposition. There exist infinitely many distinct non-trivial 

2-knots with ~
1

(t) = 1. 

3. 19. Example. (Fox [3 , Example 11]) Using the stevedore's knot , we 

• h • bb 2 k (K
2
2 c R4) h • F • 3 5 can give anot er r1 on - not sown in 1gure . : 

K2 R3 
2 n o 

Figure 3.5 

( 4 2) { 3 -2 -1 2 -2 a2-a-1 = ~) TI
1 

R - K
2 

= x, a xa xa x = a xa .., ..., 

( x, a ax
2 

= xa ) . 

The first elementary ideal is also principal, and the first 

Alexander polynomial is ~1 (t) = 2 - t. 

Since the stevedore's knot is invertible, we can easily check that 

and so 
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are not invertible ; recall Definition 2 .17. In general, we have : 

3.20. Proposition.(Kinoshita) Suppose that the first eZementary ideaZ 

2 4 
E1 of a 2-knot (K c R ) is principaZ and the first AZexander poZynomiaZ 

t-1 (t) is not reciprocaZ. Then, (K
2 

cR
4

) is not invertibZe and not 

+amphicheiraZ. 

Proof. Let 

+amphicheiral 

4 2 
G = 1r

1 
(R - K ) . From the definition of invertible and 

in 2 .17, if (K
2 

c R
4

) is invertible or +amphicheiral, 

there exists an aotumorphism of G that maps the generators x. into 
J 

their 
-1 

ljJ(x .) = t. So, it should hold that inverses x . , provided that 
J J 

t-1 (t) ~ l:s1(t-1). □ 

3.21. Problem. (Fox [4, Problem 35]) Does there exist a non -amphi­

cheiraZ 2-knot? 

3.22. Example. (Fox [3, Example 12]) Combining Examples 3.15 and 3.19, 

we have the following 2-knot 

2 3 2 3 2 3 K2 R3 2 3 2 3 2 3 
K

3 
nR

3 
K

3 
nR

2 
K

3 
nR

1 3 n o K
3 

n R _
1 

K
3 

n R _
2 

K
3 

n R _
3 

Figure 3.6 

4 K2) G = 1T (R -
1 3 

< x, a 
3 -2 -1 2 -2 2 -2 2 -1 

= X > = xa xa X = a xa ax= a xa a xa 

< x, ~ 
2 2 

= xa) = xa = ax, ax 
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< x, a I 3 = 1, -1 -1 ) . = a xax = a 

[G, G] = ( a I a 
3 = 1 >. 

The first elementary ideal of (K
2 

cR
4

) 
3 

is generated by 2t - 1 and 

2 - t; 
2 

E1(K3) = (2t - 1, 2 - t), which is not principal. 

3.23. Proposition. The fiPst elementap-y ideal of a 2-knot need not be 

pPincipal. 

Fox-Milnor (2] has shown that a slice 1-knot (and so a ribbon 1-knot) 

has the first Alexander polynomial 81 (t) of the form f(t)f(t- 1), refer 

also to Terasaka (1]. We have the following: 

3.24. Theorem. (Kinoshita [1], Yonebayashi [l]) Every Pibbon 2-knot 

has the pPincipal fiPst elementapy ideal. In papticuZaP., let (K2 
c R

4
) be 

a sirrrple symmetPic PepPesentative., and (K1 
c R3) be the equatoPiaZ cPoss 

section. Then., it holds that 

whePe 8K1 (t) 

(K
1 

cR
3

) and 

8K1(t) = 8K2(t)8K2(t-
1
)., 

and 8K2 (t) ape the fiPst AlexandeP polynomials of 

The proof of Yonebayashi [1] was similar to that of Terasaka [1]. Ano­

ther proof will be given by the quite similar way to that of the proof 

of Theorem 2 in Fox-Milnor (2]. 

Combining Theorem 3.24 with Example 3.22, the 2-knot type of (K~ cR
4

) 

in 3.22 is not ribbon type; this proves Theorem 2.16(3). 

For the Alexander polynomial of a 2-link with µ > 1 components, we 

have hardly any information. For the reduced polynomial, we record 
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3.25. Theorem. (Kinoshita [3]) Let f(t) be an integr-aZ poZynomiaZ 

with lf(l)I = 1. Then, there exists a 2-Zink (L~cR
4

) = (K~uK~cR
4

) 

with 2 components such that 

(1) (K~ cR
4

) and, (K~ cR
4
) ar>e trivial 2-knots, 

(2) the reduced d-theZementary ideaZ Ed of L~ is as foUows: 

{ 

'i:
0 

= 'i:
1 

= o, 

~2 = (Z2 (~)) = (f(t)), and. 

Ed = A, 1,f d > 2. 

We shall illustrate other properties of the Alexander polynomial in 

other Sections. 

4. Characterization Problem of 2-Knot Groups 

Concerning the 2-knot groups, there are several unsolved problems. In 

order to motivate the later sections , it will be helpful to state the 

"characterization problem" at this point. 

Let KG be a set of all n-knot groups, n > 0. 
n 

4.1. Theorem. (Gutierrez [5]) 

product, then either G1 = 1 or G2 = 1. 

Artin's spinning construction (recall Example 1.13) shows inclusions 

KG c KG 1 for any n > O. The following is known: n n+ 

4.2. Theorem. 

By Propositions 3.16 and 3.23, we have KG1 f. KG2 , because the first 

elementary ideal of a 1-knot is principal and the first Alexander poly-
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nomial is reciprocal. Gutierrez [6] has shown that KG2 ~ KG 3, that will 

be discussed in a later Section. The fact KG = KG 
1

, n ~ 3, is a con-
n n+ 

sequence of the following algebraic characterization of the higher dimen-

sional knot groups due to M.A.Kervaire. 

4.3. Theorem. (Kervaire [l , Theorem 1]) Let G be a finitely presented 

group. GE KG (n ~ 3) if and only if G satisfies the following: n 

(1) G/[G,G] ;; J, 

(2) the weight w(G) of G is one, 

The weight w (G) of G is defined as follows : Let B be a finite 

set of G. If the normal closure of B in G equals G, we will call B 

a nualeas of G, and the number of elements of B the order of B. We 

call the minimal order of nuclei of G the weight of G , and denote it 

by w(G). H
2 

(G ; Z) denotes the second homology group of G with integ­

ral coefficients and trivial action of G on Z, see Hopf [l]. 

The "only if" part of 4.3 holds for any n > 0. 

4. 4. Proposition. (Kervaire [ 1 , Lemma 2]) For any n > o, if GE KG, n 

then (l) G/[G,G] ~ J, (2) w(G) = 1 and (3) H2(G; Z) = 0. 

4.5. Proposition.(Kervaire [1, pp.116-118]) The three conditions (1), 

(2) and (3) in Theorem 4.3 are mutually independent. 

For n = I, further necessary coridi tions have been given . Refer to 

Neuwirth [N1 , Chapter IX]. However, the problem of characterizing I-knot 

groups by algebraic conditions remains unsolved. 

Kervaire discussed also on 2-knot groups, and proved the following 
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4.6. Theorem. (Kervaire [1, Theorem 2]) Let G be a finitely presented 

group satisfying the foUowing 

(1) G/[G,G] ;;; J , 

(2) w(G) = 1 , 

(4) there exists a presentation of G with deficiency 1. 

Then, there exist a homotopy 4-sphere E
4 

and a locally fl,at embedding 

k 2 4 ~ 4 2 S + E such that G = TI
1

(E - k(S )). 

If p = ( x
1

,•••,xa. I r 1,•••,rs) is a finite presentation of a group 

G, then the deficiency of p = defp = a - $. The deficiency of G, defG, 

is defined as sup.{defp} over all finite presentations p of G. 

Rapaport [1] proved that the condition (4) implies (3) H
2

(G; Z) = 0. 

Now, the characterization problem of 2-knot groups will be stated in 

the following way 

4. 7. Problem. Characterize, among the finitely presented groups G 

with (1) G/[G,G] ;;; J, (2) w(G) = 1 and (3) H2(G; Z) = 0, those which 

are 2-knot groups. 

Using the ribbon 2-knots, Yajima [3] has shown the following: 

4.8. Theorem. (Yajima [3]) A finitely presented group G is isomorphic 

to TI
1 

(R
4 

- K
2

) of some ribbon 2-knot (K
2 

cR
4

) if and only if 

(1) G/[G,G] ;;; J, and 

(5) G has a Wirtinger presentation of deficiency 1. 

4.9. Definition. A finite presentation ( x 1, •·· , xo. I r 1, ,rs } 

of a group is called a Wirtinger presentation iff the relators r. form 
'2, 
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d1) -e:(1) 
x. =x. xkx. , 

1-1 Jl l Jl 

e:(2) -e:(2) x. =x. xkx. , 
i.2 J 2 2 J 2 

( c(i) = ±1, i=l,••·,B ), 

Since any I-knot group (or I-link group) has a Wirtinger presentation, 

as a Corollary to Theorem 3.4, we have 

4.10. Proposition. Any 2-knot gPoup (or 2-Unk group) G has a 

Wirtinger presentation. 

From Examples given in Section 3, we have: 

4.11. Problem. Does there exist a 2-knot 

4 2 def(1r1 (R - K )) is neither O nor 1? 

4.12. Proposition. (Yajima [4]) Let G be a finitely presented group. 

Then, tzuo aonditions (1) G/[G,G]; J and 

(S') G has a Wirtinger presentation, 

imply that (2) w(G) = 1. The three aonditions (l') G/[G,G]; Jµ with 

1 ~ µ < 00 , (2 ') w(G) = µ and (3) H
2 

(G ; Z) = 0 imply (5 '). 

4.13. Conjecture. (Kawauchi-Maeda) Let G be a finitely presented 

group with (1) G/[G,G]; J and (2) w(G) = 1. Then, the followings are 

equivalent 

(S') G has a Wirtinger presentation, 

(6) There exist a alosed, connected, orientable 2-manifold 

F and a loaally flat embedding h : F + R
4 such that G ; 1r

1 
(R

4 
- h(F)). 
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By Proposition 4.12, we know that (3) ~ (5'). Using Yajima's argu­

ment in Yajima [3], we can easily conclude that (5') ~ (6). Combining 

Exercise 2.7 with 3.3, we can deduce that (6) ~ (5'). So, it suffices 

4 to check that (6) ~ (3), that is, whether H
2

(1r
1 

(R - h(F)); Z) = 0. 

From the presentation of a 2-knot group in Theorem 3.4, the following 

question comes to mind: 

4.14. Question. (Fox [4; Problem 28]) If a finitely presented group G 

is a homomorph of a I-knot group and G/[G,G] = J, is it a 2-knot group? 

The answer is negative. Murasugi [2] shows that the group 

G = ( a, b I a2b-3 = 1, [a, b] 2 = 1 ) 

b k f 2 h [a , b] = aba-1b-1 . cannot e an n- not group or n ~ , were G is a 

homomorph of the group ( a, b I a2b-3 
= 1) of the trefoil, and it holds 

that (1) G/[G,G] ~ Z and (2) w(G) = 1. 

Generally, we have infinitely many such the examples. 1 3 Let (K c S ) be 

a non-trivial I-knot, and ( x1, •·· ,xa I r 1 = 1, •·· ,re= 1) a pre­

sentation of 1\ (S
3 

- K
1
). Let R, c clN(K\S

3
) be a longitude of (K

1 
c s

3
), 

that is, R, is a simple loop on the boundary of a regular neighborhood 

N (Kl ,· S3) =:_ D2 x S1 , such that O 
• 11 h 1 • c,

3 K1 d "' 1s nu - omo ogous 1n u - an R, t- 1 

on Then, the factor group 

G = ( x1, ••• ,xa j r1 = 1, ,re= 1, R, = 1) 

of 1r1 (s3 - K
1

) cannot be an n-knot group for n ~ I. In fact, let 

f: acv
2

xs
1

) + acs
3 

- 0 N(K
1

;s
3
)) = aNcx1;s

3
) 

be a homeomorphism such that f(clD
2 x h }) = t. We have a closed orien­

table 3-manifold M = (S
3 

- 0 N(K1;s
3
)) Uf (D

2 
xs

1
) with 1r1 (M) ;; G and 

H
2

(G; Z) = H
2

(M; Z)-/: 0. □ 
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We consider Example 3.22. 
4 2 

Let y: 1T (R - K
3

) + s 3 be a map defined 

by x + (O, 1), a+ (O, 1, 2), where S3 is the symmetric group of degree 3. 

It is easy to check that y is an epimorphism. We conclude that a # l 

4 2 4 2 
in n1 (R - K3), so n1 (R - K3) has an element of finite order. (Refer 

to Papakyriakopoulos [l] for the classical knots.) 

example due to R.H.Fox. 

4.15. Example. (Fox [3, Example 15]) This example 

We record another 

Figure 4.1 is a generalization of Example 3.22. We show only its equa­

torial cross section 

2n 

Figure 4.1 

h ( 4 2) f (K2 C R4) Te group n-1 R - K4 o 4 is the metacyclic group 

< I 

n+1 n n+1 n) x, a xa = a x, a x = xa 

< I n+1 n n+1 n n ) = x, a, b xa =ax, a x = xa b = a 

( x, b I b2n+l = 1, xbx-1 = b-1 ). 

Thus we have 

4.16. Proposition. (Fox [3]) For every odd integer 2n + I, there is 

a 2-knot whose group ha.s an element of order 2n + 1. 
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4.17. Example (Twisting Spun) (Zeeman [6]) E.C.Zeeman introduced a 

new class of n-knots for every n .: 2, which is called a twisting spun. 

We describe here only twisting spun 2-knots. We use the notation in 1. 13. 

Let B
3 

be a 3-disk 

embedding such that 

in the interior of R!, and let k1 
: s1 

+ R
3 be an 

kl (S1) n R2 • f • 1 consists o a sing e arc a , and let 

1 1 3 
S = Cl (k (S ) - a). We now assume that Sn B consists of a proper arc 

and (yuccR) are equivalent, 

where c is a simple arc on 3B
3 

which spans the two points ay. The 

(K
2 

cR
4

) of k1 
. spinning process of S induces the spun 2-knot The 

additional refinement that we now add is rotate the knotted arc y about 

the polar axis relative B
3 

during the spinning. We call this process 

"twisting" and we twist Iv I times during the spinning so that we obtain 

a 2-knot (i c R
4

) the \/-twist-spun 2-knot of 1/, see Figure 4. 2. 

~ 
§ 

~ 
r 

R2 I 
1 
I \ I 
I 
I 

B3 R3 R3 I 
a I + 

Figure 4.2 

Let (K
2 cR4) be the 5-twist-spun 2-knot of the trefoil. We have 

7f (R4 _ K.2) ( x1, I x1x2x1 
-5 5 

> . = x2 = x2x1x2, x2 = x1 x2x1 1 

The relation x
2 

-5 5 x 1 x 2x 1 comes from the 5-twisting, see Figure 4.3. 
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base 
point 

Figure 4.3 

4 ~2 As Zeeman indicated in [6 , §4], 1r1 (R - K ) is isomorphic to 

VxZ = ( a,b,a I a 5 = (ab) 3 = (aba/, c-1aa = b, a-1bc = ba-1 ) 

by making the substitution x1 ➔ c, x2 ➔ ae, where V is the binary doce­

cahedral group < a,b I a
5 

= (ab) 3 = (aba) 2
). Since V has order 120, 

we have a 2-knot whose group has an element of even order. 

4.18. Problem. For every even integer 2n., d.oes ther-e exist a 2-knot 

whose group has an element of order 2n? 

5. Seifert Manifolds for 2-Knots 

5.1. Theorem. For any n-Unk 1½_u• • • u ~., there exists a compact ori­

ented (connected) (n+l)-manifold v1+1 in s1'+2 (or If'+2) -with av1+1 = 

1½U•••ux:. 

We call such a manifold v'1+1 a Seifert manifold for 1½. u • • • u ~ . 

The case n = l was proved by Flankl-Pontrjagin in 1930 (see Seifert 

(l]), and the case n = 2 by Gluck [2; 3]. In general case, Kervaire[2, 

Lemma 11.10] and Levine [3, Lemma 2] proved by using the Thom-Pontrjagin 
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construction. 

Seifert manifolds carry out an impotant role in the following , so we 

give the proof of 5.1 here for 2-knots in the same way as that of Gluck 

[3] and Yanagawa [2] except for obvious modifications. 

5.2. Let v3 be a Seifert manifold for a 2-knot 

that K
2 is a standard representative and interior vertices of v3 

are 

in general position with respect 

Then, an ordinary cross section 

to (x
1 

,x
2 

,x
3

) and x4 as in Section 2. 

v3 
n R

3 
is empty or consists of one or u 

more oriented 2-manifolds (perhaps some of them are with boundary and 

some of them are without boundary). Since v3 
is compact, the number of 

exceptional cross sections is finite. Let x4 = u 0 be a critical value, 

and let 
3 3 

v EV n R be a critical point. 
Uo 

Then, a 4-dimensional neighbor-

hood of v is one of the following as shown in Figure 5 .1 and Figure 5. 2. 

The four types in Figure 5. 1 correspond to the original critical points 

of K
2 

= av3
, and the four types in Figure 5. 2 are new critical points 

contained in °V3. 

M ~ ~ 
~ I -

, 

~ ~ JIC /, 

Figure 5.1 
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eZliptic critical points hyperbolic critical points 

Type I Type II Type I Type II 

~DCDc=D 

1) 

• 

~ 
~ 

• 
V 

C><D 

c=:D 
Figure 5.2 

OY<O 

Q><O 

Q)(D 

We will call the new critical point v in Figure 5.2, respectively, 

an elliptic critical point of type I , an elliptic critical point of 

type II. a hyperbolic critical point of type I and a hyperbolic critical 

point of type II, as illustrated in Figure 5.2. A transformation 

will be called an elliptic transformation of type I, an elliptic transfor-­

mation of type II, a hyperbolic transformation of type I or a hyperbolic 

transformation of type II according as v is an elliptic critical point 
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of type I, an elliptic critical point of type II, a hyperbolic critical 

point of type I or a hyperbolic critical point of type II. 

These critical points, of course, correspond to a 0-handle, a 3-handle, 

a 1-handle and a 2-handle, respectively, of a handle decomposition of v3
. 

In fact, we can make the neighborhood of a critical point v look like 

Figure 5. 3 by an isotopic deformation of R
4 that is the identity out­

side the neighborhood. We shall discuss frequently critical points of 

(j) co 
Figure 5.3 

3-manifolds in R
4

. For brevity, we shall use the following terminology. 

5 .3. For an oriented 2-manifold M in a manifold W, let h1 
: n1 x n2 

➔ W and h
2 

: D
2 x D1 

+ W be embeddings of 3-disks such that 

(1) 

(2) 

l 
h

1
(D

1 
xD

2
) nM = h1

(3D1 xv2) c 
0 M, 

M(h
1

) = M - h
1 

(clD
1 

x D
2

) u h
1 

(D1 x c3D2) 

is oriented coherently with that of M, 

l 
h

2 
(D

2 
x D

1
) n M = h2 

(clD2 x D1) c 0 M, 

M(h
2

) = M - h
2 

(c3D
2 

x D1
) u h2 

(D
2 

x clD1) 

is oriented coherentiy with that of M. 

is a 2-manifold that 

is a 2-manifold that 
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We say that M(hi) is obtained from M by adding an i-handZe h\ i=l,2. 

Then, for a hyperbolic transformation 

(V
3 

n R
3 

c R
3 

) ~ (V
3 

n R3 
c R3 ) , 

uo+€ uo+€ uo-£ uo-£ 

v3 
n R

3 is obtained from v3 
n R

3 by adding an appropriate I-handle 
uo-£ uo+£ 

or 2-handle according as it is of type I or type II. 

5 4 L L t (0
1 u • • • u o1 

c R3) b t • • -, I -, • k ·th . . emma . e 1 µ e a n V'1,.a t,, - 1/t-n W'l,. µ compo-

nents, and Zet C = c1 u • • • u Cµ and C' = c1 u • • • u C~ be unions of mutu­

aUy disjoint oriented I-disks in R
3 

with ac. = o: = ac!, i = l, ••• ,µ. 'l, '1,. 'l, 

Let A. = N(O~; C .) and A! = N(O: ; C!) be smaU regular neighbo1:1hoods 'l, '1,. '1,. 'l, '1,. 'l., 

1 
of o. = ac. = 8C! in c. and CJ, respeetiveZy, i=l,•••,µ. Then, there 

'l., 'l, '1,. '1,. ~ 

exists an isotopia deformation { nt} of R
3 

such that 

(1) nt I Oi u • • • u 0~ = identity for O ~ t ~ 1 , 

n (A u•••uA) =A'u•••uA' 
1 1 µ 1 µ' 

(2) 

(3) n1 ( (C1 - A1) u • • • u (Cµ - Aµ)) n ( cc;. -A1) u • • • u (C~ - A~)) consists 

of mutuaZZy disjoint simple loops. 

1 1 
Proof. Let a.= 8A. - 0. and a!= aA! - 0., i=I,•••,µ. Since C. 'l, -z, '1,. '1,. '1,. '1,. 'l, 

and C ! are 2-disks, Lk (a. , 0~) = 0 = Lk (a! , o:), where Lk is the link-
1., '1,. 'l., 1., '1,. 

ing pairing of I-cycles in R
3

. Now, we have an isotopic deformation {nt} 

of R
3 

which satisfies the conditions (1) and (2). The condition (3) 

follows from the general position argument, and completing the proof. D 

The following is a special case of Theorem 5.1. 

5.5. Lemma. Let 
2 2 4 

(K1 u • • • u Kµ c R ) be a stand.a.rd representative of a 

2-Unk type with µ components. If it has no saddle--bands, then it is 

In particular, there exist mutually disjoint 3-disks 
3 3 

V • • • V 1' , µ 
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4 3 2 3 
in R suah that av. = K. and V. nH[

3 
) = C., i = l,•·•,µ. Here, C. 

1, 1, 1, ,oo 1, 1, 

is the maximum-disk of K~ , i = l, • • ·, µ . 
1, 

5.6. Notation. In this Section, we use frequently the following map. 

For u with -00 < u < 00 , let p : R
4 

+ R
3 denote a projection defined 

u u 

by pu(x1,x2,x
3
,x4) = (x

1
,x

2
,x

3
, u). 

Proof of Lemma S.S. Since Ki nR~ is connected, each K~ has one 
1, 

maximum-disk C. and one minimum-disk C! • let denote C = C u • • • u C 
1, 1,' 1 µ' 

C' = c1 u •·· uc~. Since there are no saddle-bands, (K~u ·•·uK~) nH(- 3 , 3) 

2 2 3 
may be considered as ( (K1 u • • • u Kµ) n R 0) x (-3, 3) in H (-3 , 3). Using the 

isotopic deformation {nt} in Lemma 5.4, we pull down the C continu-

ously with respect to x 4-axis as far as 
3 

R 0 , so that satis-

fies the conditions of Lemma 5.4. That is, we denote by C the trace of 
u 

2-disks in R3 with ac 
2 2 3 

Then, C = punt(C), where = (K u • • • u K ) n R . 
u u 1 µ u u 

t = (3-u)/3 for 3 :s; u :s; o. Now, C0 np 0(C') consists of mutually dis-

joint simple loops and µ anuli A1 , ••• , Aµ with 

2 2 3 
(3A1 u ••• u aAµ) :::, ac0 = p 0(3C') (K1 u •·· uKµ) nR0. 

We choose a loop ec°C0 np 0(°C') which is innermost on p 0(C'), and let 

E c p0 (C ') be the 2-disk cut off by e with 0 E n C0 = 11). With decreasing 

x 4 , we perform a hyperbolic transformation of type II on C0 along E. We 

repeat such the hyperbolic transformations with decreasing x 4 , 0 >:,\ > -1, 

and we have a union of µ mutually disjoint 2-disks C_
1 

and some ori­

ented 2-spheres, say E _1 = cr1 u • • • u crv, in R:1 with (C _1 u E _1) n p _
1 

(C ') 

2 3 
= p (A u ••• uA) and p 

1
(aA.) :::> K. nR 1 , i=l,•••,µ. Let a. be the 

-1 1 µ - 1, 1, - 1, 

2 
boundary loop of p _1 (Ai) with ai n Ki = 11), and let Vi c C _1 be the 2-

disk cut off by ai, i=I, • • •, µ . With decreasing x 4 , -1 > x 4 > -2 , we 
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also perform hyperbolic transformations of type II along 'iJ • • • V • and 1' , µ , 

we have in R: 2 a union of mutually disjoint µ 2-disks C_ 2 and some 

oriented 2-spheres, say E = a u • • • u o with C_ 2 = p_
2

(C'). Then, -2 1 v+µ 

we pull down C _2 u E _2 continuously as far as R:3 , so that C _3 = C '. 

When x 4 has decreased below -3, the cross-sectional surface consists 

of v + µ 2-spheres E, u = -3 - £, which may be shrink to points u as 

x 4 = u decrease further. It is easily seen that the union of all cross­

sectional oriented 2-disks Cu and oriented 2-spheres Eu forms mutually 

2 
disjoint 3-disks v1 , ···, Vµ with avi = Ki and VinH[ 3, 00 ) = Ci for 

i = 1, • • •, µ , and completing the proof of Lemma 5. 5. D 

We will need the following technical lemmas. 

5. 7. Lemma. Let C = c1 u • • • u Cv be a union of v nrutualZy disjoint 

oriented 2-disks in R
3 

and 'let ac. = 0 . ., i = 1 • • • v. Let (K
1 

c R
3

) be "l, 'Z, , , 

+ + 
a ribbon I-knot obtained by a fusion of O u • • • u O aZong B u • • • u B 1 v. 1 r' 

~+ ~+ I x D1 + R3 r = v - l. Then., there exist embeddings B1., ···.,Br: and 

Seifert manifo'lds suah that 

~+ I 1 + I 1 • BJ 'dI x D = BJ aI x D ., J = 1, • • • ,r., ( 0) 

( i) B+ u • • • u B+ and B + u • • • u B + are ambient isotopic in R
3 keep-

1 r 1 r 

ing O u • • • u o fixed 1 . \) ., 

(ii) 

(iii) 

VO is obtained from C by adding (step by step) some I-handles., 

~+ 1 ~+ 1 v = v O u B1 (Ix D ) u • • • u Br (Ix D ) • 

Proof. We divide the proof into three steps. For brevity, we denote 

the image B~(IxD
1

) by B., j=l,·••,r. 
J ;; 

Step I We may assume that ac. n °B. = 0 and 
"l, ;J 

°C. nB. 
1, ;J 

consists of 
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mutually disjoint simple arcs which cross B., 
J 

i = I, • • • , v ; j = 1, • • • ,r . 

Now we suppose that B. 
J 

spans o. 
Jl 

and 0. , and we will give a 
J2 

direction on B. from o. to o. 
J Jl J2 

o. 
Jl 

. .. 0. 
J2 

b 
m 

Figure 5.4 

Let b u b u • • • u b be the segments B. n °C ordered according to the 
1 2 m J 

direction. We also give a sign +l or -1 to each segment bk accord-

ing as Bj goes through C at bk from its positive side or from its 

negative side; see Figure S.S. 

I I 
sign(bk) = +l 

Figure 

I I 

sign(bk) = -1 

5.5 

Step II : If there exist two segments bk and bk+l in B j n °C with 

sign(bk) x sign(bk+l) = -1 , we add a I-handle h
1 

: D
1 x D2 

+ R
3 to C 

along Bj. More precisely, let E1 = N(bk; C) and E2 = N(bk+l; C) be 

regular neighborhoods, and let bk be the part of Bj cut off by bk and 

1 3 . 1 1 2 
bk+l · Then, h is an embedding in R with h (3D x D ) = E

1 
u E2 and 

h
1 

(D1 x D2
) n (B

1 
u • • • u B ) = h

1 
(D1 x D2

) n B. = bk. Now we have an oriented 
• 1' J 

2-manifold C1 = C (h1
) with ac = 0 u • • • u O and 

1 1 V 

C1 n (B1 u ·•• uBr) = C n (B1 u ••• uBr) - (bk ubk+l). 

Step III : We introduce here the following two deformations of bands, 
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say (+)-twist and (-)-twist; as illustrated in Figure 5.6. It should 

be noted that these deformations can be realized by an isotopic deforma­

tion of R
3

. 

(+)-twist (- )-twist 

Figure 5.6 

Carrying out one of the twists successively, if necessary, we assume 

that there exist adjacent segments like as Step II. So, we can repeat 

successively the process in Step II, and we have required Seifert mani-

folds for O u • • • u 0 1 'V 
and V = VO u B 1 u • • • u BT' 

1 for K . □ 

By the same way, we have in general the following: 

1 1 3 
5 • 8. Lemma • Let (K1 u • • • u Kµ c R ) be a 1-Zink obtained by a fusion 

+ + -
(OP fission) of a I-Zink k1 u .. • u kv along B1 u • • • u BP (or 1\ u • • • u 

B;) • Let C be an oPiented 2-manifold in R
3 

with ac = k
1 

u • • • u kv . 

~+ ~+ Ix v1 _,__ R3 ~- ~-Then, thePe exist embeddings B1, • • • , BP : -. (oP B1, • • ·, BP : 

D
1 

x I-+ R
3

) and an oT'iented 2-manifold V0 (which may not be aonneated) 

and a SeifePt manifold V for Ki u • • • u ~ suah that 

co) B~ I aI x v1 
= B~ I aI x v1 

(oP B~ I av1 
x I = B~ I av1 

x I ), 
J J J J 
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~+ ~+ + + ~- ~-
( i) B1 u•••uBr and B1 u•••uBr (or B

1
u•••uBr and B~u•••uB;) 

are ambient isotopic in R
3 

keeping k1 u • • • u kv fixed, 

(ii) V0 is obtained from C by adding (step by step) some 1-handZes, 

and so a v0 = k u • • • u k 1 \J, 

~+ 1 ~+ 1 
(iii) V = V0 u B

1
(IxD) u ••• uBr(IxD) 

~- 1 ~- 1 (or V = V
0 

u B
1

(D xI) u ••• uBr(D xI)) 

5.9. Proof of Theorem 5.1 for 2-knots : The proof of 5.1 is similar to 

that of Lemma S.S. Let (K
2 

cR
4

) be a standard representative, and let 

C = C u • • • u C be the maximum-disks K
2 

n R3
3

. 
3 1 v 

3 
as far as R

2 
, 

We pull down C
3 

conti-

and we have a union of nuously with respect to x 4-axis 

oriented 2-disks C2 in R; with 
2 3 

3C
2 

= K n R
2 

. 

Let B
1 

u • • • u Br , r = \/ - 1, be the set of saddle-bands of K
2 

in R~ 

and B' u • • • u B' the set of saddle-bands of K
2 

1 s 
• R3 L B b in _

1
. et e 

p 2 (B1 u •· • uB). (Here, we consider K
2 

nH(1 ,S)' 
2 2 

K n H ( _ 1 , 1) and K n 

2 3 2 3 
H(-S,-1) as (K nR2) x (1,3), (K nR0) x (-1,1) 

2 3 
and (K nR_2) x (-3,-1), 

respectively.) By Lemma 5.7, we can construct an oriented 2-manifold F 

with 3F = K
2 

n R; by adding, step by step, some 1-handles on C2 , so that 

2 3 ~ 2 3 
Fu B is a Seifert manifold for a 1-knot (K n R

2
) + 3B = K n R1 _e: . 

With decreasing x4 , 2 > x 4 > 1, we perform, step by step, hyperbolic 

transformations of type I on C2 corresponding to the 1-handles on F, 

h 
. 3 

sot at in R1+e: 

3 
n R1+e: 

1-knot 

and c1 +e: 

K
2 

nR
3 
1-e: 

we have an oriented 2-manifold with ac = K
2 

1+e: 

= P1+e:(F). 

with C1 

So we have a Seifert manifold C1 for the 
-e: 

-e: 
= p1 (C1 ) u p

1 
(B1 u • • • u B ) . 

-e: +e: -e: r 

Let B 1 = p (B I u • • • u B ') . By Lemma 5. 8, we can construct a Seifert 
1-e: 1 s 

manifold F' for the 1-knot K
2 

n R
3 

by adding, step by step, some 1-
1-e: 



298 

handles on C
1 

, so that F' u B' is a Seifert manifold for the 1-link 
-e: 

(K
2 

n R
3 

) + aB' ::: x2 
n R

3 With decreasing x
4

, 1 - e: > x
4 

> -1 + e:, we 1-e: - -1-e: 0 

perform, step by step, hyperbolic transformations of type I on c1 cor­-e: 

responding to the 1-handles on F', so that in R:l+e: we have an oriented 

2-manifold C with -1+e: C = p (F') -1+E -1+e: and 
2 3 

ac_l+e: = K nR_l+e:· Now 

we have a Seifert manifold C -1-e: 
. 3 
in R_1_e: for the 1-link x2 

n R
3 
-1-£ 

with C - p (C ) u p (B' u • • • u B '). -1-e: - -1-e: -1+£ -1-e: 1 s 

Let be the union of the minimum-disks 

2 3 
K n R _ 3, and 1 et C" = p (C '). Since the I-link K

2 
n R

3 
-1-e: -1-e: is trivial 

and 

R3 
-1-e: 

C 
-1-£ 

is oriented, there exists an isotopic deformation of 

such that nt I ac -1-£ = identity and n (°C ) n °C" consists of 1 -1-e: 

simple loops. Using loops in n (°C ) n °C 11 which are innermost on C", 
1 -1-e: 

we perform hyperbolic transformations of type II on C_1_e: with decreas­

ing x
4

, -1 - E: ~ x
4 

~ -2, so that we have in R: 2 an oriented 2-manifold 

C _2 with aC _2 = K
2 

n R\ and C _2 n p _2 (C ') = aC _2 = p _2 (3C '). It will 

be noticed that in general C_ 2 consists of some closed oriented 2-mani­

folds and some oriented 2-manifolds with boundary. 

Since C _2 up _2 (C ') becomes a closed 2-manifold and C' consists of 

2-disks, by Fox-Homma's theorem (Fox [7], Homma [l]) we have a 2-disk e 

in R:2 such that en (C_ 2 up_2(C')) = ae n C_ 2 = ae and ae # l on C_ 2, 

provided that the total genus of C_2 is greater than zero. With decre­

asing x4, -2 > x4 ~ -5/2, we perform, step by step, hyperbolic transfor­

mations of type II on C_ 2 along such the 2-disks, so that in R:
512 

we 

have a union C_
512 

of A 2-disks and some 2-spheres with ac_
512 

= K
2 

n R:
512 

and C _
512 

n p _
512 

(C ') = aC _
512 

= p _
512 

(3C '). It should be noted 

2 
that (K n H (-oo, _

5121
) u C _

512 
is a 2-link which has no saddle-bands . 
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By Lemma 5.5 and the same argument as that used in the proof of Lemma 5.~ 

we complete the construction of a required Seifert manifold v3 for K
2

• □ 

5.10. Exercise. (Gluck [2; 3]) Prove that : for any ZoaaUy flat alosed 

oriented 2-manifold M2 in R
4

, there exists an oriented 3-manifold v3 

in R4 mth av3 
= M

2 
. 

5.11. Remark. In Theorem 5.1 and Exercise 5.10, the locally flatness 

is essential. Refer, for example, to Noguchi [No]. 

5.12. Remark. In the above proof of Theorem 5.1 for n = 2, it is easy 

to see that U = v3 n H and U = v3 n H are 3-dimen-1 [-1+E,oo) 2 (-00 ,-i+E] 

sional handlebodies of genus g, where g is the number of the hyperbolic 

transformations of type I in 2 > x
4 

> -1 + e:. 

Heegaard splitting (in certain sense) of v3 with u
1 

n u
2 

5.13. Theorem. (Yanagawa [2, §2]) Let (K2 c R4
) be a ribbon 2-knot. 

Then there exists a Seifert manifold w3 for (K2 c R4
) suah that w3 is 

homeomor-phia to D3 or a aonneated-sum of some copies of s2 x s1 'bJith 

an open 3-disk missing ; (S2 
x s1) # • •• # cs2 

x s1) _ 0 f::. 3• Moreover , if 

w3 f- v3, then w3 has a trivial system of 2-spheres whiah uJiU be def­

ined as below. (Recall Definition 2.12 for ribbon 2-knots.) 

{ 2 2 2 2 } 5.14. Definition. A collection s
1
,s

2
, •·· ,s2r_1

,s2r of mutually 

disjoint 2-spheres in a 3-manifold w3
; cs2 xs1

) # # cs2 xs1
) _ 

0 1:,.
3 

in R
4 is called a trivial system of 2-spheres in w3 iff it satisfies 

the following : 
2 2 2 2 

(1) s1 us2 u ••• uS2r-i uS2r is a trivial 2-link in 4 
R , 

(2) S~ u s2 
. bounds a spherical-shell 

-i r+-i 
N. = s2 

xI in 
'l, 

w3 with 
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N . n N . = 0 for i # j, I ~ i , j ~ r , 
'l, J 

(3) 
3 

CI(W - N - ••• - N) 1 r is homeomorphic to the 3-sphere s3 

with 2r + 1 open 3-disks missing. 

Proof of Theorem 5 .13. By Theorem 2 .13, we may assume that (K
2 

c R
4

) 

is a simple symmetric representative. In the proof of Theorem 5.1 (5.9), 

we need not add I-handles which depend on B I • • • BI 
1' ' s. That is, we pull 

down the cross-sectional 2-manifold C 
1-e: 

continuously as far as 

By the symmetrici ty, we can take B1 u • • • u B; on C _
1 

perform the original hyperbolic transformations on K
2 

in R:1 , and we 

along B 1 u • • • u B; 

and in R=i-E we have an oriented 2-manifold C_1_e: such that ac = 
-1-e: 

K
2 

n R
3 and -1-e: C = p 

1 
(C

1 
) . Now we can perform hyperbolic trans--1-e: - -e: +e: 

formations of type II on C_1_e: which cut the I-handles added in H(l, 2). 

Th • s • f • f ld w3 for (K
2 

c R
4

) h h at 1s, we can construct a e1 ert man1 o sue tat 

3 3 
vi n R = p (W n R ) . u u -u 

From the traces of the hyperbolic transformation in R
3 

, 2 > u 0 > 1, 
Uo 

and the corresponding hyperbolic transformation in R
3 

, we obtain a 2--uo 
2 sphere S in w3

. Let m be the number of the hyperbolic transforma-

{ 2 2 2} tions in H (l, 2), and let s1 ,s2, • • • ,Sm be a collection of such the 

3 wa 2 2 2 2-spheres in W • It is easily checked that - (s
1 

u s2 u • • • u Sm) is 

homeomorphic to a 3-disk with 2m holes. This shows that w3 is homeo-

morphic to a connected-sum of 

missing. 

2 1 m copies of S x S with an open 2-disk 

2 2 2 4 
By Lemma 5. 5, the 2-link (S

1 
u s2 u • • • u Sm c R ) is trivial. Let Ni 

be a regular neighborhood N(S2. ; w3
) of s2. in w3 

; N. = s2 x I ; and let 
'l, 'l, 'l, 

2 2 • h . S .1 u S .2 = aN . ., 1,, = 1, • • • ,m. T en, by Lemma 5.5, the 2-link 
'Z, 1,, 'Z, 

2 2 4 
• • • u sm1 u sm2 c R ) is also trivial, completing the proof. D 
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5.15. Theorem. (Yanagawa [2]) Suppose that a 2-knot (K2 
cR

4
) has a 

Seifert manifold w3 homeomorphic to a connected-sum of r copies of 

s2 
x Si with an open 3-disk missing, and that w3 has a trivial system 

{s~, • • • ,s;r} of 2-spheres. Then, (K
2 

cR
4

) is a ribbon 2-knot. 

Proof. Let Ni, •••, Nr be spherical-shells in Definition 5.14-(2), 

and let - N ). We take a point x in oQ. Then, r 

by 5.14-(3), we can choose simple arcs ai,·••, a 2r in Q which satisfy 

the following : 

a j n ak = aa j n aak = x, j f: k, 
2 2 2 a . n (Si u • • • u s

2 
) = aa . n s . f: 

J r J J 

2 0, and a. n K 
J 

= 0, 

(a) 

(b) 

(c) Q = Cl(Q - N(ai u •·· ua2r; Q)) 
2 

= S xI, where 'N(a u • • • u a • Q) 
i 2r' 

is a regular neighborhood of a u • • • u a i 2r 
in Q. 

Then, by (b), one of the boundary components of Q is K2 , let 'aQ 

K2 u K' By (c)' K' is equivalent to K2 , and it is clear that K' is 

obtained by a fusion of the trivial 2-link s2 u • • • u s2 
• □ 

i 2r 

5. 16. Exercise. Let (Ki c R3
) be a 1-knot with a Seifert manifold v2 

Prove that 

there is a Seifert manifold v3 for K
2 such that v3 is a connected 

sum of m lens spaces (incZ.uding s2 
xsi) with an open 3-disk missing. 

5.17. Definition. Throughout the note, we use the following notation. 

Let V be a Seifert manifold for an n-knot er c g1-+2). Let Y- be 

...n+2 the (n+2)-manifold obtained from a by cutting along V ; 'aY consists 

of two copies of V, say V+ and V , with V n V = av n av = Ifl. 
+ + 

Let 

v : V + V c Y be the compositions. We also denote by v± the induced 
± ± -

and v + : H (V ; G) + H (Y ; G) . 
-* q q 



302 

If both maps v ± : 1r1 (V) + 1r1 (Y) are monomorphisms, we say that V is 

a minimal Seifert manifold. 

5. 18. Proposition. (Gutierrez [2], Neuwirth [N1 , Chapter IV]) For an 

n-knot (If c s'-+2
) with n ,J 2, there exists a minimal Seifert manifold. 

5.19. Problem. Does there exist a minimal Seifert manifold 

any 2-knot (K2 
c s

4
) ? 

3 V for 

This is very difficult and impotant ; it implies, among other things, 

the unknotting theorem (see 10.2 and 10.3 in Section 10) modulo Poincare 

conjecture. 

5.20. Theorem. (Zeeman [6]) For every v-twist-spun (inaluding 0-twist­

spun = spun) 2-knot, there exists a minimal Seifert manifold. 

For spun 2-knots, this is a good exercise. For V-twist-spun 2-knots, 

a more sharp statement will be given later. 

Gutierrez [4] settled for a somewhat weaker property 

5.21. Definition. Let G be a group and B c G a subset. We write 

N~ for the normal closure of B in G. Let f: H + G be a group homo-

morphism, and let X and X1 be any finite subsets of H. We say that 

f has no elbow iff f(X) c NG(f(x')) implies 

Let V be a Seifert manifold for a 2-knot 

X C NH(X')•Ker(f). 
2 4 

(K cS ) . We say that 

is a minimal Seifert manifold in the weak sense iff at least one of v± 

1r1 (V) + 1r1 (Y) is a monomorphism without elbow. 

V 

5.22. Theorem.(Gutierrez [4]) Every 2-knot has a minimal Seifert mani­

fold in the weak sense. 
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6. Alexander Invariants 

In this section, we will give another description of elementary ideals 

expressed as invariant of homology of the universal abelian covering of 

the complement (or exterior) of a knot. The basic reference for the fol­

lowing discussion is Kervaire [2 , Chapter II], Levine [5]. For the clas­

sical knots, we also refer to Seifert [l] and Neuwirth [N1 , Chapter IV]. 

6. l . Let (r c s'-+2) be an n-knot and X = s'-+2 
- J(L. The universal 

~ abeZian aovering spaae X of X is the covering space associated with 

the commutator subgroup of 7\ (X). By Alexander duality (see 3. 2 ) , the 

group of covering translations of X is an infinite cyclic group, say J, 

generated by t which is an oriented meridian of r . 
has a well-defined action by J. 

Let A be the integral group ring of J (viewed as 

Thus, H (X; Z) 
q 

1 . 
Z [ t, t - ]) , and 

r = A 0
2
Q the rational group ring of J. Note that A is a Noetherian 

unique factorization domain. Since the rational polynomial ring Q[t] is 

a principal ideal domain, r is a principal ideal domain (PID) by a simi­

lar argument to that of Crowell-Fox [C-F]. 

For all q, the integral chain group C (X; Z) 
q 

are finitely generated 

,..n+2 
A-modules because X is homotopy equivalent to the exterior E = !::i 

Since A is Noetherian, H (X; Z) 
q 

is a finitely gene-

rated A-module, and also H (X; Q) ;; H (X;Z) ® Q is a finitely generated 
q q z 

torsion r-module. 

We use here the notions of presentation of a module and elementary 

ideals of a finitely generated module. We refer the reader, for example, 

to Zassenhaus [Za , p .117] for details. 
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6. 2. Let R be a ring and A an abelian group which is finitely 

generated as a R-module. Then there exist free R-modules F 
1 

and F 
2 

on the entries {x1 , ••• , xa} and {r1 , ••• , r
8
}, respectively, and an 

exact sequence of R-modules 

such that T (r.) 
1,. 

F2 -2-+ F
1
-+ A~ O 

Ct 

l m .. ·x., m .. ER. J=1 1,.J J 1,.J 

We ref er to the S x a matrix M = (m . . ) with entries R as a pr>esenta-
1,.J 

tion matrix of A. 

Let M be an S x Cl matrix with entries in R, and d an integer. The 

d-th elementary ideal Ed of M is the ideal in R generated by the 

determinants of (a-d+l) x (a-d+l) minors of M, with the conventions 

( i) Ct - d + 1 < 1 then Ed= R , 

(ii) Cl - d + 1 > s then Ed= 0 . 

If M is a presentation matrix of A, it is known that the elementary 

ideals of M are invariant of R-isomorphism class of A. 

6. 3. From 6 .1, we have a presentation matrix M = (m . . (t)), m . . (t) 
q 1,.J 1,.J 

EA, of Hq(X;Z). Since -®
2
Q is a right exact functor, we can take M~ 

(m .. (t)01) to be a presentation matrix of H (X;Q) as a r-module. 
1,.J q 

The d-th Alexander polynomial LlJ(t) EA of X (or of er c ~+
2
)) in 

dimension q is the generator of the smallest principal ideal containing 

the d-th elementary ideal FfJ_ of Mq. Of course, LlJ(t) is determined up 

to unit in A. 
~ Similarly, the d-th rational Alexander> polynomial Ll ,q (t) E f 

d 
of X 

(or of uf c s"+2
)) in dimension q is the generator of the d-th elemen-

tary ideal of M'. 
q 

Since r is PIO, is a principal ideal. 
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6.4. Two elements A,µ of a ring R are associate in R if there 

exists a unit a. E R such that A = a.•µ, and we write A ~ µ (in R) . If 

A is a multiple of µ by an element of R, we write µIA (in R). 

An element A(t) EA is primitive if all its coefficients are relati­

vely prime. 

6.5. Proposition. (Levine [5, (1.4) & (1.5)]) (i) Let A,µ EA and A 

primitive. Then, A I µ in A if and only if A I µ in r. 

(ii) Given µ(t) EA, suppose µ(t) ~ µ(t- 1) in A and µ(1) is odd. 

Then, the associate elass in A containing µ(t) contains a unique ele­

ment A(t) satisfying A(t) = A(t-1) and A(l) > 0. (We call such the 

element A(t) normal.) 

Hence, every associate class in r contains a primitive element of A, 

unique up to associate class in A. Since the generator of E ,q in r 
d 

is defined up to associate class in r, we can take ~dq(t) to be primi-

tive element of A. There exists a simple relation between ~q and ~,q 
d d 

6.6. Proposition.(Shinohara-Sumners [1, Lemma 2.2]) ~dq(t) = r•~J(t), 

where 0 f: r E Q is the unique rational number sueh that r•~J(t) is 

primitive. (If ~J(t) = 0, we take r = 1.) So, if ~J(t) is primitive 

(as in the ease when ~J(l) = ±1 ), ~dq (t) = ~J(t). 

6.7. Now we will show that for a 2-knot the d-th elementary ideal Ed 

and so the d-th Alexander polynomial ~d(t) given in Section 3 coinside 

with the above E~ and ~~(t) in dimension 1. 

By virtue of Proposition 3.10 , we choose a pre-abelian presentation 

(cf. Magnus-Karrass-Solitor [M-K-S, p.140]) : 



306 

of 1r1 (X) Let F
1 = 

F[x* x* • • • x*] 
1' 2' ' a 

and F = F[r* r* •·· r*] 
2 1' 2' ' 13 be free ~-modules on the ent-

ries {x* x* • • • x*} 
1' 2' ' ex 

as follows 

and {ri,r2,•••,r8}, respectively. 

F ~ F ~ A 2 1 

ex [ ar. ] 
= .2 VJcf> __ -z.._ xJ ,, 

J=1 ax. 
J 

It is easy to see that T1T2 : F2 + A is a zero map. 

Since 1 = t 1 and 

Define 

T1 (x{) = 1/Jcf> (x1) 

T1 (xJ) = 1/Jq> (x j) 1 1 1 = 0 for j = 2, •··,a. , 

it holds that 

for i = 1, • • • , S , and 

Let T~: F
2 

+ Ker T1 be the map defined by T2. By Crowell [l, p.39], 

H1 (X;Z) =A Ker T1 / Image T~. 

So the sequence 

F2 _T....;;~~ F [x* • • • x*] 2, , (l ---+-0 

, 
is exact as A-modules, where T1 is the restriction of T1. Hence 

M = [1/Jq> [ a,, i ] ] , 1 ~ i ~ s , 2 ~ j ~ a. , 
ax. 

J [ ar. 
is a presentation matrix of H1 (X; Z). Since 1/Jcf> __ -z.._J = 

Ed(A) coinsides with E~, where A = [lf,q>( ari J], :x~ i 
ax. 

J 

o, 1 ~ i ~ S, 

6.8. There exists a better way of thinking of the rational Alexander 
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1 • 1 f c•Yl C __n+2) • po ynom1a so K ::; Since H (X ; Q) is a finitely generated 
q 

torsion f-module and r is PID, by the structure theorem H (X ; Q) is 
q 

decomposed into cyclic f-modules : 

Hq(X; Q) = 

Aj_ (t) E A, 

f/(Ai(t))@ ••• 

"l[ 1 (t) jAl[(t) 1,+ 1, 

@ f/(Aq(t)), 
m 

in A for all i. 

That is, H (X; Q) 
q 

has a diagonal presentation matrix 

M' (t) = 
q 

0 

0 

over r. Levine [5] called the Alexander invariants of an n-

knot. The d-th rational Alexander polynomials are gJven by the formula: 

l!. ,q (t) 
d 

= 
{ 

~ Al[(t) , 
i=d 1.. 

1 , 

1 ~ d ~ m, 1 -~ q ~ n + 1, 

m + 1 < d, l~q~n+l. 

6.9. Theorem. (Levine [5, Theorem 1]) Let {Al[(t)} , O < q < n + 1 1, 

O < i ~ m, be the family of Alexander invariants of an n-knot, n 2: 1. 

Then, the following properties must be satisfies : 

(a) Aq 1Ct) I Aq(t) in A, (a') t!.d+1 Ct) I t!.JCt) in A, 1,+ 1, 

(b) "l[ (1) = ± 1, (b I) l!.J(l) = ± 1, 1, 

(c) ).l[(t) - "~+1-q(t-1) in A, (c ') f!.J(t) - l!.n+1-q (t -1) in A. 1, 1, d 

Sketch Proof. By 6.8, (a) is obvious. Following Levine [5], we will 

give the outline of the proof of 6.9-(b) and (c). We refer the reader to 

Shinohara-Sumners [1]. 
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( 6. l O) Step I : Let V be a Seifert manifold for an n-knot (zf" c s'-+2) . 

In the notation of 5.17, the universal abelian covering space X of X 

....n+2 _ .n 
0 K may be constructed from Y in the following way 

Let (Yi, V~, v!), -00 < i < 00 , be an infinite number of copies of 

(Y-If1', V_ -If1', V +-If). Then, X is obtained as a quotient space of the 

disjoint union of the Yi by identifying and for every i. 

The generator t of the covering translation group maps 

in the obvious manner. 

Y. onto Y. 1 1,, 1,,+ 

0 U y1 Let Y = .Y2 ., 1,, 1,, 

O 1 i and Y n Y = U . V . 
1,, + 

U iy 2i+i ; then (X , Y
0 

, Y
1

) is a proper triad, 

By the Mayer-Vietoris theorem, we have: 

+ H cu. i ; Q) + H (Y
0 

; Q) ED H (Y1 ; Q) + H ex ; Q) + H 
1 

cu. vi ; Q) + 
q 1,, + q q q q- 1,, + 

Since LI.Vi is invariant under the covering translation of X, 
1,, + 

i 
H (U .V ; Q) -q 1,, + 

Also we have: 

I n cvi ; Q) ;; A nq cv; Q) ®Qr , 
i q + 

H (Vi ; Q) ~ H (V ; Q) ® Qi. 
q + q 

I H (Y. ; Q) ;; A H (Y ; Q) ®Q r , 
i q 1,, q 

i 
H (Y. ; Q) ~ H (Y ; Q) ® Qt . 

q 1,. q 

So, we obtain an exact sequence of r-modules: 

T e ~ 
--+ H (V ; Q) ®Q r ----+ H (Y ; Q) ®Q r ----=--+ H (X ; Q) q q q 

Here T can be described as follows. Let t be the element of r cor-

responding to the covering translation Y • + Y. 1 . Then, for a EH (V; Q), 
1,. 1,,+ q 
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We will show below that T is a monomorphism for all q. By exact-

ness, this implies e is onto for every q. Therefore, we have a presen­

tation matrix of H (X;Q) from (1) as in 6.2. 
q 

{6.11) Step II : For any space T, let 

the natural inclusion H/T; Z) + Hq(T; Q). 

B (T) 
q 

Bq(T) 

denote the image of 

is free abelian, and 

H/T; Q) = B /T) ®z Q. For brevity, let p = n + 1 - q. Then, there is a 

homomorphism lk : B (V) ® BP(ffl+
2 

- V) + Z, which is defined b~ linking q z 

numbers (cf. Seifert-Threlfall [S-T, p.277]). By Alexander duality, given 

basis a • • • a 1' , Cl. of B (V), there exists a dual basis 
q 

• • • §: of , Cl. 

B (ffl+2 - V) 
p such that lk(a. ® §: .) = o ... 

1, J 1,J 
By lk, we also denote the 

natural extension 

....n+2 
lk : H (V ; Q) ®Q H Uj - V ; Q) + Q . q p 

Given aq E H (V ; Q) and aP E H (V ; Q) , we have : 
q p 

lk(aq ®V (aP)) = (-liq+iZk(aP @v (aq)) 
- + 

(2) 

using the isomorphism 

Also we have 

H (ffL+2 - V ; Q) ;;;; H (Y ; Q) 
q q 

indued by inclusion. 

where aq•aP is the homology intersection number in V. 

(6.12) Step III For every q, choose a basis 

a dual basis { 8:1:} of B (ffL+2 - V) = B (Y) . Then 
J p p 

form bases of the free r-modules H q (V ; Q) ®qr and Hp (Y ; Q) ®qr . 

v (a~) = I "-~-~, v (a~) = I q ,._q 
µ .. a .. 

- J i J1, 1, + J i J1, 1, 

Note that "-~- and µ~. are integers. Thus, 
J1, J1, 

(3) 

Set 
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-r(aq ~n) = l (t>.q. - lLHSq ® 1), 
J i J~ J~ ~ 

and we can define a presentation matrix P (t) of H (X; Q) with entries 
q q 

in A by 

It will be noticed that P (t) is a square matrix since 
q 

H/s'-+
2 

- V; Q) ;;; Hp (V; Q) by Alexander duality, and 

Hp (V ; Q) ;; H q (V ; Q) by Poincare duality 

for O < q < n + I. 

(6.13) Step IV: We translate (2) and (3) in Step II into information 

about P (t). We have q 

Zk(aC{ @v (aPk)) 
J -

Zk (aPk ® v (aC{)) 
+ J 

= lk (aq ® cI >.ta~)) = 4 Aki• Zk (aJq ® a~) = Apkj 
J i ~ ~ ~ 

= Zk (ak ® cI µq .aq)) = I µq. •Z-k(ak ® aq) = µqJ.k 
i J~ ~ i J~ ~ 

,p ( )pq+1 q By (2), we have Akj = -1 µ;jk . This implies 

(-l)pqp (t) = t[P (t-1)]' 
q p 

where ' indicates transpose. 

As a consequence of (3), (4) and (5), we have 

Thus P (I) is, up to sign, the matrix of intersection pairing 
q 

Bq(V) ®zBp(V) + Z • 

Since av= i1' is an n-sphere, P (l) is unimodular, i.e. 
q 

det P (1) = ± 1 q 

(4) 

(5) 

(6) 

(7) 

(8) 

As a consequence of (8), P (t) is non-singular , and so the homomor­
q 
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phism T in Step I-(1) is injective. This implies e in (1) is surjec-

tive, and so P (t) 
q 

is, indeed, a presentation matrix of H (X; Q). 
q 

(6.14) Step V: 6dq can be chosen as a greatest common divisor of the 

determinants of (a-d+l) x (a-d+l) minors of P (t) ; so 6 ,q is an element 
q d 

of A. By (8), 6lq(I) = det Pq(l) = ± 1, and therefore 

6:/(1)=±1 

from 6.8. Furthermore, by Step IV-(6), we conclude 

From 6.8, we complete the proof of (b) and (c). 0 

6. 15. We have discussed only the Alexander polynomials of an n-knot. 

We will consider the reduced Alexander polynomials 

u i7' c s'1'+2) = (Ln c ?+2) with µ <?: 2 components. 
µ µ 

of an n-link ci1- u ••• 
1 

,..n+2 n 
Let X = !:i - L , 

µ 

and let X be a infinite cyclic covering space of X associated with the 

epimorphism 

defined in Definition 3. 9. Then, 6. 1 remains valid if and X are 

substituted for I!" and X. From a presentation matrix of H (X; Q), we 
q 

have the reduced d-th Alexander polynomial E~(t) e A and the reduced 

rational d-th Alexander polynomial zdq(t) Er of X (or (Ln c ?+2)) in 
µ 

dimension q , by 6. 3. Proposition 6.6, 6.7 and 6.8 D remal·n val1"d 1·f ,qd' 

t:,. ,q 
d 

and w etc. are substituted for 

We have the following: 

.q .,q 
Dd' Dd 

6.16. Theorem.(Shinohara-Sumners [1]) Let 

with µ components, and µ <?: 2, n <?: 2. Then, 

and W etc .. 
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(a") ~q I iq l'.d+1 (t) d(t) in A, 

{ 0 
(b") t,.~(1) = 

±1 

l~(t) { 0 
(c") = 

l,.n (t -1) 
d-µ+1 

l~Ct) ,;, 
~n+1-q -1 
"'d Ct ), 

(q=O;d=l), (q=l,n+l d~µ-1), 

othe'l'Wise, 

d < 1l , 

2~q~n-1. 

6.17. Theorem. (Levine [5, Theorem 2)) Let {A~(t)}, 0 < q < n + I, 
1, 

0 < i ~ m, be a set of primitive elements of A satisfying (a), (b) and 

(c) of Theorem 6.9. Then, if n is even, there exists an n-knot with 

{A~(t)} as its Alexander invariants. 
1, 

For odd dimensional cases, we need some additional conditions ( refer 

to Levine [5]). For n = 1, 6.17 is proved in Seifert [1], Levine [4]. 

The case n = 2 is Theorem 3.17 (Kinoshita [1]). 

The proof of Theorem 6.9 leads to a method for computing the Alexander 

matrix and the Alexander polynomials from given a Seifert manifold. In 

particular, this method is useful for ribbon 2-knots, because a ribbon 

2-knot bounds a special Seifert manifold W given in Theorem 5.13. Both 

H
1 

(W; Z) and H
2 

(W; Z) are torsion free, and we can choose free bases 

of H
1 

(W; Z) and H
2

(W; Z), respectively, by mutually disjoint simple 

loops and mutually disjoint 2-spheres in W in the obvious manner. Here 

we will give another description of a ribbon 2-knot due to Rolfsen [Ro, 

Chapter 7], Hudson-Sumners [1], Sumners [1 ; 2] and Yanagawa [2]. 

6.18. Definition. Here we will only define a plumbing of a 2-sphere 

and a 1-sphere. For a more general definition of a plumbing of a p-sphere 

and a q-sphere, see Rolfsen [Ro, Chapter 7]. 
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2 2 1 1 2 2 
Let S + c S and S + c S be upper hemispheres, and let h

1 
: S + + D 

and h
2 

: s! + v1 be homeomorphisms. A pZumbing of s2 
and s1 

is an 

orientable 3-manifold P obtained from disjoint union of s2 
x v1 and 

v2 
x s1 with s2 

x v1 and v2 
x s1 identified via the homeomorphism 

+ + 

h x h - 1 • s2 x v1 + v2 x s1 
1 2 • + +. 

Then, P is homeomorphic to s2 
x s1 with an open 3-disk missing , and so 

ap = s2
. It should be noted that there exists a natural inclusion of the 

2 1 
wedge S v S in P. We will consider embeddings of the plumbing P in 

s4 
(or R

4
), so that P is a Seifert manifold for aP. 

6.19. Example.(Rolfsen [Ro, 7F4-7F6]) Let 

knot, and V c s4 
be a 3-disk with av = Kt V has a bicollar neighbor­

hood B
4

;;; vx [-1,1] = vxv1
. Restricting B

4 
to the boundary av= K~, 

we have We take e + 1 av, x
1
,•••,xeE 0 V. points x 0 E K~ = 

such that Let K
1 

be a simple oriented loop in s4 
K1 nV=x ux u••· 0 1 

1 4 
u x and K runs through B along 

e 
x v1 x v1 x v1 

XO ' x1 ' , Xe in 

the direction -1 + 1. We extend this ~ 2 1 . 4 to N 1 = D x K in S in a natu-

ral way, so that {o}xK
1 

= K
1 

and N
2

uN
1 

is the plumbing of K~ and 

K
1

. Let W = N 
2 

u N 
1 

and K
2 

= aw, see Figure 6. 1. 

Figure 6.1 
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Let N ;; W x [-1, l] be a bicollar neighborhood of W in s4
. 

+ and N we denote W x [-1, O] and W x [O, 1], respectively, via the homeo-

morphism. We specify the positive side N+ of N to be one which inter­

sects B
4 

near x
0

. Let a2 
be the 2-cycle carried by K~, and b

1 
the 

I-cycle carried by x1 It will be noticed that a
2 

is a free (abelian) 

1 
basis of H

2 
(W ; Z) ; J, and b is a free (abelian) basis of H

1 
(W ; Z) ; 

J. Pushing a2 and b1 off W and into N+ or N-, we denote them by 

or a: , b
1 

, respectively. Then, 

2 1 
= a + I = Zk (a_ , b ) , 

where lk is the linking pairing of 2-cycles and I-cycles in s4
. 

Using W we construct a universal abelian covering space X of X = 

s4 
- K

2
. By Alexander duality, we have: 

Then, 

H1(S4 - W) - Z generated by a1 (dual to a2), 

H
2

(S
4 

- W) - Z generated by b2 
(dual to b1). 

we have: 

v (b1) A1 v (b1) "1 C a , = (a+l) a , + 

v (a 2) "2 v (a2) "'2 
= (a+l) b , = ab , + 

and so presentation matrices of H1 (X; Q) and H
2 

(X; Q) are 

P
1 

(t) = (at - (a+l)) , P2(t) = (Ca+l)t - a) 

Thus, ~!Ct)= Ai(t) = at - (a+I), 

~~ ( t) = A~ ( t) = ( a+ l) t - a . 

Since K
2 

is a trivial 2-knot, it is easily checked that W has a 

trivial system {s~, s~} of 2-spheres, so (K
2 

cS
4) is a ribbon 2-knot 

by Theorem 5.13. 
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6.20. Exercise. Describe a standard (simple symmetric) representative 

of the 2-knot (K
2 c R4

) given in 6 .19. 

By the same type of argument as that used in Example 6.19, we give the 

proof of Theorem 3.17. This proof follows from Rolfsen [Ro, 7Hl]. 

6.21. Theorem (= Theorem 3.17). Let L\(t) be an integral,, poZynomiaZ 

with I L'i(l) I = 1. Then, there exists a 2-knot (K
2 

c s4
) whose Alexander 

polynomials are 

L\(t) = t.1 (t), 

L\(t-1). 

Proof. We may suppose that L\(l) = -1. Then, we may set 

2 r 
L\(t) = -1 + a1 (t - 1) + a2(t - 1) + •·• + ar(t - 1) . 

Let 

take r 

2 2 4 
(K u • • • u K c S ) be a trivial,, 2-link with 1 r r components. We 

1 simple oriented loops K1 , in s4 so that 

and K
2 

u • • • u K
2 link according to the schematic : 

1 r 

Figure 6 . 2 

Then we have r mutually disjoint plumbings W • • • w of s2 
1' ' r and 

in s4 
by the same way as that of W in Example 6.19. Let a~ and 'l, 

b 2 d 1 1 • W • db K

2 d K

1 

• 1 • e - an -eye es 1n i carr1e y i an i, respect1 ve y, -z, = 

l,••·,r. Then, we require the following relations 
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Let 

(*) 

aw. 
'1, 

2 1 2 1 
Zk(a1 , b1) = e1+ 1 = Zk(a

1
_ , b

1
), 

2 1 2 1 
J=2,••·,I', Zk (a . , b . ) = 1 = Zk (a. , b .) for 

J J+ J- J 
2 1 2 1 

Zk(a1+, b1) = e1 = Zk(a1 , b1_), 

2 1 2 1 
J=2,•··,I', Zk(a. , b .) = 0 = Zk (a . , b. ) for 

J+ J J J-

Zk(a~ 
' 

b1) = a. for J=2,·•·,I', 
J 1 J 
2 1 

J=2,·••,I', Zk(a. 1 ,b .) = 1 for 
J- J 

Zk(a~ 
' 

b~) = 0 for j = 2' ••• ,I' ; JI, I J - 1 ; !l = l, • • • ,I'. 
J 

~2 
= K., 

'1, 
i=l,•••,P. 

~2 ~2 
We consider a fusion of K

1 
u • • • u KI'. Let 

+ 2 4 B.: IxD +S , J=2,•··,I', 
J 

be embeddings of a 3-disks I x v2 • s4 into such that 

+ 2 + 2 ~2 ~2 
B. (Ix D ) n (W1 u • • • u W ) = B. (aI x D ) n (K. 

1 
u K .) , 

J I' J J- J 

B~({O} x D
2

) c K~ 
1 

, B~({l} x D
2

) c K~. 
J J- J J 

+ -2 + 2 + 2 
Let W = w1 uB

2
(IXD) uw2 uB

3
(IxD) u ••• uBI'(IXD) uWI' W is homeo-

morphic to a connected sum of I' copies of s2 
x s1 

with an open 3-disk 

missing and aw is a fusion of 
~2 ~2 
K u • • • u K 

1 I' 
+ + 

along B
2 

u • • • u BI' . Let 

K
2 

= aw; since K~ u • • • u K~ is a trivial 2-link, W has a trivial system 

of 2-spheres, and so K
2 

is a ribbon 2-knot by Theorem 5 .13. 

It is easy to see that {a2 ••• a2} 
1' ' I' 

and form free 

abelian bases for H
2

(W; Z) and H1 (W; Z), respectively, and the equa­

tions (*) hold for W . 

Using W we construct a universal abelian covering space X of X = 

s4 
- K

2
. By Alexander duality, we have: 

H (S
4 

- w; Z) ;; I'l generated by 
A1 A1 

(dual 2 2 a • • • a to a • • • a ) 1 1' ' I' 1' ' I' ' 

H (S
4 

- w; Z) ;;;; I'l generated by 
A2 A2 

(dual 1 1 
b • • • b to b • • • b ) 2 1' ' I' 1' ' I' ' 

where I'l denotes a free abelian group of rank I'. 



Now, from the equations (*), we have 

v - (b~) 
A1 

= e1a1 
A1 

+ e2a2 + 

v+(b~) (e1 + 
Ai Ai 

= l)a1 + e2a2 + 

v_(b;) = 
Ai 
a1 ' v+(b;) 

v _ Cb;) 
Ai 1 

= a2 , v + Cb3) 

So we have a presentation matrix p1 (t) of 

e1t -

t -

0 

0 

0 

(e1 +l) 

1 

e1 t -

-1 

t -

0 

e1 

1 

a2t - e2 

0 

-1 

0 

0 

. . 

. . 

A1 
+ ex>ar, 

Ai ... + a-Pax>, 
A1 Ai 

= a1 + a2 ' 
Ai Ai 

= a2 + a3 ' 

H1 (X ; Q) 

. a 1t - ex,-1 p-

0 

. 0 

-1 

t - l 

Thus, the first Alexander polynomial [1~ (t) in dimension 

l1~(t) -1 + e (t - 1) 2 + a (t - l)r = + a (t - 1) + ... 
1 2 X' 

= 

a t - a 
X' 

1 

0 

0 

0 

-1 

is 

l1(t) . 

X' 
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The calculation of H2 (X ; Q) is similar, so we leave it to the reader 

to verify the formula l1~(t) ~ l1(t-1). □· 

6.22. Exercise. Prove Theorem 6.17 for 2-knots. That is, let {A1(t), 

A (t)} be a family of integral polynomials satisfying 
m 

(a) A ; 1 ( t) I A . ( t) in 
1,+ 1, 

A, (b) A. (1) = ± 1. 
1, 

Then, thex>e exists a 2-knot (K2 
c s4

) with 
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H
1
(x; Q) r;p,1(t)) $ •·· <» r/C\<t)), 

H2 (X; Q) = r/C\<t-1
)) $ •·· $ r/(Am(t-1

)). 

6.23. Exercise. Let (K~ cS
4

) be any 2-knot, and let V be a Seifert 

manifold for K~. We can construct in s4 
a plumbing W of K~ and a 

simple oriented loop K
1 by the same way as that used in Example 6 .19 . 

Show that : if K~ is a Pibbon 2-knot, then aw is also a ribbon 2-knot. 

More generally, let (K~ u • • • u K~ c s4
) be a 2-link. Then, we can const-

ruct -P mutually disjoint plumbings w. ,8 
1., 

2 
of K. 's 

'Z, 

1 
and !-spheres K.'s 

'Z, 

and a disk-sum W of the plumbings W. by the same way as that used in 
1., 

the proof of 6.21. Show that : if eaah component x2. is a ribbon 2-knot, 
'Z, 

i = I,··· ,P, and if there exist r mutually disjoint 4-disks B~, • • ·, B; 

in s4 with 

2-knot. 

4 2 2) 2 • h B. n (K u • • • u K = K,;, ,z. = l, • • • ,r, t en 
'Z, 1 r V 

aw is a ribbon 

6.24. Problem. Does there exist a non-ribbon 2-knot whose Seifert 

manifold V is homeomorphic to connected-sum of r copies of s2 x s1 

with an open 3-disk missing? 

7. Local Alexander Invariants 

For an n-knot cx:1- c s'7-+2
), let X be the universal abelian covering 

...n+2 .n 
space of the complement X = ~ - K. In the preceding Section,we have 

studied the f-modules {H (X; Z) @ Q} and actually characterized their q z 
structures. In this section, we will be concerned with the integral homo­

logy groups {H (X; Z)}, which are finitely presented A-modules. In par­q 

ticular, we will introduce another polynomial invariants of H ( X; Z), 
q 
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called loaaZ AlexandeP polynomials. For 2-knots, by duality H1(X; Z) is 

essential as in Section 6. We refer the reader to Kervaire [2], Sumners 

[6], Gutierrez [3] and Levine [10]. 

7.1. As in (6.10), we have the following exact sequence of A-modules: 

T e ~ 
• • •+ H (V • Z) ® A --+ H (Y • Z) ® A. ---+ H (X • Z) ® A + H (V • Z) ® A +• • • 

q ' Z q ' Z q ' Z q-1 ' z 

where T is defined by 

-r(a ® 1) = v (a)® t - v (a)® 1 = t(v (a)® 1) - v (a)® 1 
- + + 

for a E H /V ; Z) . 

Let V* = ff+
2 

Y; then V* is a deformation retraction of V and 

V* n Y = V_ u V+. From the Mayer-Vietoris sequence for the proper triad 

...n+2 
(b' , Y, V*) , we obtain 

e, 
O--+- H/V; Z) @ H/V; Z) ~ H/Y; Z) @ H/V; Z) --► 0, 

where e'(a, b) = (v_(a) - v+(b), a - b). Let 

I::,: Hq(V;Z) ---+H/V;Z) @Hq(V;Z) 

be the diagonal map. Then we can define a monomorphism 

i = e 'D. • H (V • Z) ---+ H (Y • Z) • q , q , 

by a+ v_(a) - v+(a). Since A is Noetherian, T is an isomorphism. So 

we have a short exact sequence 

e ~ 0 -4 H (V ; Z) ®z A --* H (Y ; Z) ®z A ~ H (X ; Z) ~ 0 (1 1) 
q q q 

which corresponds to (1) in (6.10). 

Let 0 be the map induced by multi plication by (t - 1). Then we have 
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Then the kernel-cokernelsequence is the follows 

Coker{0 1 ) Coker{0 2 ) 

II e '!::. II 
0 --+- Ker(8 3 ) --+- H (V; Z) ~ H (Y; Z) --+- Coker(8a) --+- O. 

q q 

Since i = e'!::. is isomorphism, Coker(0 3 ) = O. 

Let T be the 2-torsion A-submodule of H (X ; Z) 
q q 

and F the tor­
q 

sion free part of H (X; Z). Then, it follows from Kervaire [2,Lernrna II8] 
q 

that T is a finite group since Coker(0 3 ) = 0. Thus, H (X; Z) splits 
q q 

as a group into F @ T by Fuchs [Fu,Theorem 24.5]. 
q q 

7.2. As in (6.11), we define a homomorphism 

...n+2 Zk : H ( V ; Z) ®z H ( li - V ; Z) ~ Z 
q p 

(or Q/Z ) 

which is defined by linking numbers, where p = n + 1 - q. 

Let H (V; Z) = F @ T where F 
q is the free part and T the torsion 

q part . Let a1 , , aq be a basis for F, and suppose that T has gene­r 

rators bi, ,b~ with elementary divisors d1 Jd2l···ld
8

. As in (6.11) 

{"'aP.} (cf. Seifert-Threlfall [S-T, §77 & p.432]), we can find a basis for 
J 

the free part of Hp (Y ; Z), and generators {~-i} 

of Hp-i (Y ; Z) and chains Bf 
1 

E C q+i (V ; Z) with 

• • • ,r; i=l, • • • ,s) such that 

7.3. As in (6.12), we set : 

for the torsion part 

aBq+i = d bq (J0 =l, 
t i i 

where all the coefficients are integers. Then, the presentation matrix 



of H (X; Z) corresponding to (l') in 7 .1 will have the form 
q 

1 :::; i, j :,; 1' and 1 :::; k, R, :,; s, and O is a s x 1' zero matrix. 

The following sequences of A-modules are exact 

321 

(l*) 

(l**) 

Since P is a square matrix, Coker(P) is a Z-torsion free module, 
q q 

so (l*) is clear, and (l**) follows as in Kervaire [2, Lemma II14]. In 

fact, P coincides with the P (t) in (6.12). 
q q 

From (l*), H (X; Z)JT is a Z-torsion free A-module, and (l**) pre-
q q 

sents the Z-torsion A-module T . 
q 

7.4. As in (6.13), we have the following.: 

Z.k(a~@v (aPk)) q l p "P = l >..P. •Z.k(a~ ® a~) = Z.k ( a . ® ( Ak . a . ) ) 
J - J . 1,1, . h J 1.-

1, 1, 

Z.k (a~® v (aPk)) = Z.k(a~®(l µP.a~)) = I µP .• z.k(a~®a~) 
J + J i k1.- 1.- i k1.- J 1.-

q+1 p-1 q+1 I 1Jf,-1"p-1 ijf,-1 
Z.k (BR, ® V ( a . ) ) = Z.k(Bi ® (k jk ak )) = R, - ,1 J 

Z.k(BqR,+1 @v (a~- 1)) = Z.k(Bq+1 ® cI if.-1ap-1)) = u?_-1 
+ J t k Jk k ji 

q+1 t?.-1 q+1 I p-1"~-1 - p-1 Z.k (BR- ® v _ ( k ) ) = Z.k(Bt ® ( ak. . )) - 0kt /di • 1, 1, 
1, 

Z.k (Bq+i ® v (tf.k-1)) Z.kCBq+1 ® cI TP:1~-1)) P-1 
= = T Id 

R, + t . h 1, kt t 
1, 

From the commutativity of linking numbers, we have : 

= AP 
kj 

( 4 I) 

= µP 
kj 

(5 I) 

(4*) 

(5*) 

(4**) 

(5**) 

(2') 
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_,.p-1 v 1 q+1 p-1 bq p-1 
qrj R., - utj Q, = BR., • a j = d R., • 'lk ( R., ® \j ) = 0 

Bf1•aPJ_-1 where ,., is the homology intersection number. (2*) 

d aP-i = (-l)(q+i)p+id Tq 
R-R-k kkR-

As a corollary, we have: 

p (l) is unimodular, 
q 

N (t) is the form ( (t - 1)1/JjR,) q 

Q (l) induces an automorphism of T . q 

Now, we have a presentation of H (X; Z) 
q 

(7*)- (8*) 

{ aF., yq I l (tAqk - µqk)xq = (t - 1) llfR .yC/., l (ta1. - T1 .)yq 0, d .y~ = 0 ). 
~ J k ~ ~ ~ j ~J J j ,.,J ,.,J J J J 

As a corollary to (2*), we have : 

7.5. Proposition. H (X; Z)/T and H (X; Z)/T have dua.'l A-presen-
q q p p 

tation matrices ; simi'larZy T and T 1 have dual matrices. Moreover, 
q p-

these dual matrices establish isomorphisms of F ®z A and T ®z A, res-

pectiveZy. 

7.6. Let 

torsion part 

In partieu Zar, T = T = 0. 
n n+1 

7T E Z be a prime. 

T of H (X; Z) 
q q 

The TI-primary component T of the Z-q, 'IT 

is a A-submodule as in Kervaire [2 , Lemma 

IIlS]. By virtue of (2*), we know that T admits a presentation q,rr 

T 
q, Tf 

where 

E. 
h1 .)y. = 0, (TI J)y. = 0 ) , 

1,,J J J 

E. 1 J ~v-
(1r )trjR., = 0 (9) 

Let Dq(t) = (taij - bij), where the j-th column is determined modulo 

E • 
7T J. If R, < j , the (Jl,j)-entry of D (t) is tai. - biJ·' whereas the 

E.-E q J 
(j, R-)-entry will be (-1) (q+i)p+i (TI J !l) (tb~;1 

- a~;1
). So, it will be 
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remarked that D (t) # (-l)(q+i)p+it[D 
1

(t-1)]', where indicates q p-

transpose. Let 

0 

'ii = 
0 

Then, we have 

We consider a map y : A -+ A = Z ® A • it should be noticed that 
1T 1T ' 

A 
1T 

is PIO. We can now consider the image of D (t) under y , and can con­
q 

sider the elementary ideals of yD (t). 
q That is ; 

7.7. Definition. Let T be the TI-primary component of the Z-tor-
q' 1T 

sion part T of H (X; Z). The polynomials >..q. € A extracted from q q ,ri, 1T 

T (i.e. yD (t)) are called the TI-local Alexander polynomials of 
q,,r q 

cK'- c sn+2) in dimension q. 

Corresponding to Theorem 6.9 and Theorem 6.17, we have the following: 

7 .8. Theorem. (Gutierrez [3 , Theorem l]) Associated to every n-knot 

cK'- c g1-+2), any integer l $ q $ n-l and every prime 1T , there exists a 

family {>..q .} of polynomials in A , determined up to units in A and 
, ,r-z. 1T 1T 

satisfying: 

(a*) >..q . I >..q. in A and >..q. = 1 for large i and for almost 
ir,i.+1 ,ri, ,r ,ri, 

all primes TI's, 

(b*) >..q .(1) = 
,ri, 

(c*) >..q.(t) -
,ri, 
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(d*) If n = 2q, we can fined A;1 € An with A;1(t) ~ A;1(t-
1

) and 

A;1 (1) = 1 . If q is odd, A;1 (-1) is a square in Zn . 

7. 9. Proposition. (Gutierrez [ 3 , Theorem 2]) Let {)5.} be a famiZy 
n,z, 

of poZynomiaZs in An satisfying (a*) ~ (d*) of Theorem 7. 8. Then, there 

exists an n-knot (Iflci'1+
2
), n ~ 3, with {Aq.} as its 1r-ZoeaZ AZexander 

n,z, 

poZynomiaZs in dimension q. 

7.10. Example. Theorem 7.8 asserts that any TI-local Alexander polyno­

mial of a 2-knot is reciprocal in An. Using this property, we can prove 

that KG
2 

# KG
3 

in Theorem 4.2. In fact, by Proposition 7.9 we can con­

struct a group G € KG3 with non-reciprocal polynomials. There are some 

other methods for proving that KG2 # KG3, refer to Gutierrez [6], Farber 

[l], Kawauchi [3]. Now we consider a group 

G = { a, b I ab = ba2 
, ba5 = a5b ) , 

given by Hosokawa-Kawauchi [l], Farber [l]. Since a= (ba)''" 1b-1 (ba)b, it 

j s not difficult to verify that H
1 

(G ; Z) = Z and w (G) = 1. By G' and 

G" we denote the commutator subgroups of G and G'. Since 

it follows that G' = G'/G";;; A/(2t-l, 5-St) A 

- A A5/ (2t - 1), 

because 5 = 5 (2t - 1) + 2 (5 - St). If G is the knot group of a 2-knot 

(K
2 c S4), then it has the 5-local Alexander polynomial 1 

/\5 1 = 2t - 1 , for 

H
1 

(X ; Z) ;; G '/G". Since 2t - 1 is not reciprocal in A5, this contradicts 

to Theorem 7.8. 

To show that G € KG3, the only thing remaining is to prove H
2 

(G; Z) 



325 

= 0, by Theorem 4.3. We use the so-called Wang exact sequence (cf.Cartan­

Eilenberg [C-Ei])of homology. 

7.11. Proposition. Let E be a finite aomplex a:nd, let p : E + E be 

an infinite ayalia aovering spaae. Then we have the following long exaat 

sequenae of homology with an a:r-bitrary aoeffiaient: 

-+ H (E) 
q 

t -1 H (E) 
q 

Pit i H (E) 
q 

_a_-+ H i(E) 
q-

t-1 
H 1 (E) -q-

where t denotes the isomor-phism induaed from a generator t of the 

aovering translation group of E. 

Proof. Consider the short exact sequence of chain complexes 

0 --+ C*(E) 
t-1 

C*(E) 

By taking homology, we obtain the desired sequence. D 

7.12. (Continued from 7.10) As a corollary to 7.11, we have the Wang 

exact sequence of homology 

--+- H (G') 
q 

t - 1 H (G') 
q 

i * > H (G) -1._ H (G ') ___!__:_J.➔ H (G ') 
q q-1 q-1 --

where i is the inclusion homomorphism. From this sequence, we have the 

exact sequence 

_a_-+H
1

(G';Z) t-i H
1
(G';Z)---+ 0, 

because H
2
(G'; Z) = 0 and H

1 
(G; Z) ;;; Z. Since (t -1) 

A5/ (2t - 1) is an isomorphism between abelian groups and H
1 

(G' ; Z) is 

identical with G '/G" = A5/ (2t - 1), we conclude that (t - 1) : H1 (G'; Z) + 

H1 (G';Z) is an isomorphism of abelian group. Thus, H
2

(G; Z) = 0. D 

In Milnor [3] a duality for the rational homology of X is found; this 

is based on the work of Blanchfield [1]. These dualities are reflected in 
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the polynomial invariants in Theorems 6. 9 and 7. 8. In the remainder of 

this section, we will introduce a generalization of the Milnor's duality 

theorem for infinite cyclic covering spaces due to Kawauchi [1; 2]. Here 

we will formulate the result only for the universal abelian coverings for 

exteriors of n-knots. 

Let E be an exterior s'-+
2 

- 0 N(K" ; s7'+2
) of an n-knot (K" c g7-+

2
) 

and E be the universal abelian covering space of E associated with 

~ (..Jt+2 _)1, ~ the commutator subgroup of 1r
1 

(E) = 1r
1 

;;;; - K ) . E is constructed by 

the same way as that of the uni versa! abelian covering space X of the 

..Jt+2 - _11, complement X = o K in (6.10). Let t be the generator of the 

infinite cyclic group of covering translations. Let 

Yo = E - oN(V; s1-+2) = g7-+2 - oN(V; g1-+2), 

where V is a Seifert manifold for Ifl. We set: 

and 

From the construction of E, clearly N and N are connected. Note p q 
that the families 

{H*(E, Np; G)} 
P=O 1 2 3 ••••• ' , , , , 

{H*(E, Nq; G)} , and q=0,1,2,3,••··· 

{H* (E N u N • G) } 
' p q' p,q=1,2,3,••··· 

are directed systems directed by the inclusion homomorphisms. Since the 

family 

we have 

{N u N } p q is co final in the family of co bounded systems of E, 

7 • 13. Lemma . lim { H* (E, NP u N q; G) } = H~ (E ; G), 

aohomology with aompaat support. 

where H* denotes the 
C 
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7.14. Proposition.(Milnor [3]) Let K be an infinite cyclic covering 

space of a finite aomplex K. For some field F and for fixed i, if 

H. (K; F) =F H. (S
1 

; F), then H. (K; F) is finitely generated over F. 
1, 1, 1, 

For i ~ 2, since H. (K ; F) = 0, we have the exact sequence 
1, 

H . ( K ; F) t - 1 H . ( K ; F) ~ 0 
1, 1,, 

from the exact sequence of Proposition 7.11. So, every element of H. (K; 
1, 

F) is divisible by t - 1. Since H. (K ; F) 
1,, 

is finitely generated over 

FJ and FJ is PID, it follows. that H. (K; F) is a torsion module over 
1, 

FJ. By the structure theorem, H. (K ; F) is a finite dimensional vector 
1,, 

space over F. For i = 1, we only remark that HO (K ; F) ; H
1 

(K ; F) ; 

HO (K ; F) ~ F . 0 

By Propositions 3.2 and 7.14, we have 

7.15. Proposition. H*(E; Q) is finitely generated over Q. 

7. 16. Lemma. If H. 
1 

(if: ; Z) is finitely generated over Z, then for 
1,,-

any torsion free abe Uan group A , 

lim {i (E, N ; A)} = l!!!! __ JHi (E, N ; A)} = O. 
-+- p -,- q 

Proof. We shall only show that lim {i (E , N ; A)} = 0. 
-+- . p 

In the universal coefficient theorem for cohomology 

~ 1, ~ ~ 0 -)- Ext[H. 1 (E , N ; Z), A] ->- H (E , N ; A) ->- Hom[H. (E, N ; Z), A] ->- 0, 
1,- p p 1, p 

the direct limit commutes the exact sequence. So it suffices to show that 

lim { Ext [H. 1 (E , N ; Z), A]} = lim { Hom[H. 1 (E , N ; Z), A]} = 0. 
--+- 1,- p ~ 1,- p 

We divide the rest of the proof into two steps. 

Step I : We show that Hi-l (E , NO ; Z) is finitely generated over Z, 
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and that Hi(E,N
0 

;Z)@Q is finitely generated over Q. 

Consider the Mayer-Vietoris sequence 

is a finite complex and H. 
1 

(E; Z) 
'Z,-

is finitely 

generated over Z, and H. (E ; Q) is finitely generated over Q by 7 .15, 
'Z, 

it follows that Hi-i (N_1 ; Z) and Hi(N_1 ; Q) are finitely generated,for 

Q is Noetherian. By the exact sequence of the pair Oi_
1

, N_
1 

n N0 ) = 

- 0 - 0 (N_ 1 , V_L Hi-i (N_ 1 , V_; Z) and - 0 Hi(N_
1

, V_; Q) are finitely generated. 

Using the excision isomorphism ~ 0 H*(E ,NO) = H*(N_1 , V_), we obtain that 

Hi-i (E, N0 ; Z) and Hi (E, N0 ; Q) are finitely generated. By the univer­

sal coefficient theorem for homology, Hi(E ,N
0

; Z) ®Q is finitely gene­

rated over Q. 

Step II Since Hi (E , NO ; Z) ® Q is finitely generated and A is 

torsion free, there exists a finite collection {zii, • • • ,z~} of elements 

~ [ ~ 1 m of Hi (E , NO ; Z) such that Horn Hi (E , Np ; Z) / (z 0 , • • • ,z 0), A] = 0 , where 

1 m ~ z 1 ... m (z 0 , • • •, z 0 ) is the subgroup of Hi (E , N0 ; ) generated by z 0 , ,z0 . 

Since Hi-i (E, N0 ; Z) is finitely generated, there is a positive integer 

s so that all homology classes of Hi-i (E, N0 ; Z) and the elements 

are representable by cycles in N . -s 
So, the inclusion homo-

morphism H. 
1

(N , N0 ; Z) + H. 
1

(E, NO ; Z) is onto 
'Z,- -s 'Z,-

and are 

contained in Image [H. (N , N0 ; Z) + H. (E , N0 ; Z) ] . 
'Z, -s 'Z, 

From the exact sequ-

ence of the triple E => N => N
0

, we know that H. 
1
(E, N

0
; Z) + H. 

1
(E, -s 'Z,- 'Z,-

1 m [ ~ N_
8

; Z) is trivial and z 0 , • • •, z
0 

are contained in Ker Hi (E, N0 , Z) 

+ H. (i: , N ; Z) ] . 
'Z, -s 1 

. .v+s App ying -,;- for any p, the inclusion homomorphism 

~ 1 m 
H. 1 (E, N ; Z) + H. 1 (E , N ; Z) is trivial and z , • • • ,zp+s 

'Z-- p+s 1,- p p+s are 

[ ~ Z) c~ z] k = .v+s(~ko), contained in Ker H. (E , N ; + H. E , N ; ) , where z -,;- "" 
1, p+s 1, p p+s 
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k = 1, • • • ,m . Now the induced homomorphism 

Ext[H. 
1 

(E, N ; Z), A] --+ Ext[H. 
1 

(E, N ; Z), A] 
i.- p i.- p+s 

is trivial, and so we conclude that lim {Ext[H. 
1 

(E, N ; Z), A]} = 0. 
--+ i.- p 

[ ~ 1 m 
Moreover, we know that Hom H. (E , N ; Z) / (z , • • • ,z ) , A] = 0. 

i. p+s p+s p+s 
1 m ~ ~ 

Because z , • • • , z belong to Ker[H. (E , N ; Z) + H. (E , N ; Z)], 
p+s p+s i. p+s i. p 

this implies that the induced homomorphism 

Hom[H. (E , N ; Z), A] --+ Hom[H. (E , N ; Z) , A] 
i. p i. p+s 

is also trivial, and so lim { Hom[H. (E , N ; Z), A]} = O. D 
--➔ 'Z, p 

7.17. Theorem. (Kawauchi [2, Theorem 2.3]) For fixed i, if H. 
1 

(E ; Z) 
i.-

and H. (E; Z) are finitely generated, then for any torsion free abeUan 
'Z, 

group A, there exists a duality 

,z,.- ~ - -H (E ; A) = H . 
1 

(E , 3E ; A). 
n-i.+ 

(Recall that E is the universal abelian covering of an exterior of 

an n-knot, so dim(E) = n + 2.) 

Proof. Consider the Mayer-Vietoris sequence 

i+1 ~ - i+1 ~ i+1 ~ -H (E , N u N ; A) --+ H (E , N ; A) EB H (E , N ; A)--+. 
p q p q 

By Lemmas 7.13 and 7.16, we obtain the exact sequence 

i ~ o i+1 ~ 
--+ 0 EBO --+ H (E ; A) = He (E ; A) --. 0 EBO --. 

This implies that the composition 

i ~ i+1 ~ ~ ~ 
H (E ; A) ~- He (E ; A) -;;;---4 H • 1 (E , 3E ; A) 

= n-i.+ 

is an isomorphism. D 
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7.18. Corollary.(cf. Kawauchi[l]) Let E be the exte-:rioP of a 2-knot 

(K
2 

c S
4
). If H1 (E; Z) is finite7,,y generated oveP Z, then H* (E; Z) is 

finite7,,y genePated oveP Z. 

Praoof. 0 ~ ~ Since H (E; Z) and H
1 

(E; Z) are finitely generated, it fol-

0 ~ lows from the uni versa! coefficient theorem for cohomology that H (E ; Z) 

and n1cE ; Z) are finitely generated. Also by the duality theorem 7 .17, 

Hi (E ; Z) ; n
2 

. 
1 

CE , a'i ; Z) = n
3 

. (E , aFJ ; Z) , i = 1, 2 . 
-1,.+ -i. 

So, H2 (E, '?JE; Z) and H
3
(E, '?JE; Z) are finitely generated. 

On the other hand, H. ('?JE; Z) ~ H. (S
2 

xR
1 

; Z)., i ~ 2, are also finitely 
1,. 1,. 

generated. By the exact sequence of the pair (E ., a'i) , we know H . (E ; Z) 

1,. 

is finitely generated for i ~ 2, and completing the proof. D 

8. The Second Homotopy Groups 

For a classical knot (K
1 

c s3
), the complement X = s3 

- K
1 

is asphe-

rical, that is ~-(X) = 0 for all i ~ 2, Papakyriakopoulos [1]. On the 
7.-

contrary, Andrews-Curtis [1] have shown that: 

8.1. Theorem.(Andrews-Curtis [1]) FoP a 2-knot 

may not be t-:rivial. 

This was shown to be the case if K
2 

is the spun of the trefoil . In 

general, Epstein proved the following: 

8.2. Theorem. (Epstein [1]) If (K2 
c s4

) is a non-triiviaZ spun 2-knot, 

4 2 
then ~2(S - K) is a fPee abeZian gPoup of infinite Pank. 

8.3. Theorem. (Epstein [1]) The foUouJing aonditions aPe equivalent fop 

a spun 2-knot (K2 
c s4

) : 



( i ) X = 84 - K2 is a K(1r
1 

, 1), 

( ii ) (K
2 

c 8
4

) is unknotted, 

(iii) X = 84 
- K

2 is a K(Z , 1). 
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This Theorem 8. 3 means that a spun 2-knot (K
2 c 84) is aspherical if 

and only if (K
2 

c 8
4

) is unknotted. More generally, Dyer-Vasquez have 

shown that 

8.4. Theorem. (Dyer-Vasquez [l]) For an n-knot uf cs'-+2), n ~ 2, if 

s'-+
2 

- I!'- is aspheriaai, then 1r
1

(s'-+2 - K'-) ; J. (Moreover, if n ~ 3, 

then (I!'- c s'-+2) is unknotted. Refer to 10. 2 below.) 

This is an answer (modulo unknotting conjecture) to Problem 37 of Fox 

[4] : Do there exist aspheriaai 2-knots? 

Theorem 8.4 has been generalized in several ways. We refer the reader 

to Eckmann [l], Kawauchi [3], Swarup [l]. 

8.5. Theorem. (Eckmann [l], cf.Kawauchi [3]) Let E be the exterior 

of an n-knot If the homomorphism induaed 1r (aE) + 1f (E) 
n n 

by inaiusion is a zero map and if 1r 
1

(E) = 0, then 
n+ 

g1-+2 - I('- "' E "' 81 

(homotopy equivaienae). 

The converse of 8.4 has also proved by Kawauchi. 

8.6. Theorem. (Kawauchi [l]) For a 2-knot 

~ J., then s4 
- K2 ~ s1 

(homotopy equivalence). (Refer to Giffen [1 , Con-

jecture B'].) 

Proof. Let E be an exterior of (K2 c s4). It suffices to show that 

E "' 81 because E "' 8
4 

- K2 . It should be noticed that the universal 
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abelian covering space E of E is simply connected. Since H
1 

(E ; Z) = 

H
2 

(E ; Z) = O, it follows from Corollary 7 .18 that H* (E ; Z) is finitely 

generated. So, by Theorem 7.17, for every i we have: 

Now we have: 

Hi c'i ; Z) ;; H
3 

. c'i: , a'i: ; Z) . 
-'l, 

H
3
(i:, a'i:; Z) ;; H0 (ff:; Z) - J ;; H

2
cs2 

xR
1

; Z) ;; H
2

ca'i:; Z), 

and H2 (E , a'i: ; Z) ;;; H1 (E ; Z) = 0 = H/E ; Z). 

In particular, we can check that 

~ ~ a* ~ H
3
(E, '?JE; Z) ~ H

2
('?JE; Z) 

is onto. Using the Mayer-Vietoris sequence of the pair (E, 'aE), we con­

clude that H/E; Z) = 0 = H
2
(E; Z), since H3('aE; Z) = O. Since H/E; 

Z) = 0 for q ~ 4, H* (E ; Z) = 0. Because E is simply connected, 7T (E) 
q 

~ = 0 for all q ~ 2. That is, E is a K(Z, 1). □ 

4 2 As R.H.Fox suggested in [4, Problem 36], 1r2(S - K) = 1r2 (X) should be 

described as a Z1r1 (X)-module under the action, for example, described in 

Hu [Hu, p .125~]. For the case of spun 2-knots, an answer has been found 

in Andrews-Lomonaco [1; 2] and Lomonaco [1]. 

8. 7. Theorem. (Andrews-Lomonaco [2]) If (K
2 

c 8
4

) is a spun 2-knot, 

then n
2

(S4 
- K

2
) ~ K/[K,K], where K is the kernel of the homomorphism 

induced by inclusion. 

There is the same result for a class of ribbon 2-knots in Yanagawa [3, 

Theorem 4.3], but in the proof of Lemma (3.2) there is a slight gap. 

8.8. Theorem. (Andrews-Lomonaco [2], Lomonaco [l]) Let (K
2 

cS
4) be a 
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spun 2-knot obtained from a I-knot (Ii (S1
) c s3). In the notation of Ex­

ample 1. 13, let 

{ xo, x1, • • • , xn I r 1' • • • , rm } 

be the presentation of TI
1

(S
3 

- k1(s1)) with x 0 the image of the gene-

2 rator of TI1 (S 0 - S) under the inalusion map. Then, 

is a presentation of 

n (ar .) 
XI l __J_X.=O 
n i=1 ax. 1, 

4 2 1, 
TI

2
(S - K) as a 

(j = 1, • • • ,m ) } 

ZTI1(X)-module. 

8.9. Definition. Let (If cs'-+
2) be an n-knot. Proposition 3.1 pro­

vides us with a map p : X = s'-+2 
- If + s1

, which in some case is a fiber 

map. We call (If c s'-+
2) a fibered n-knot iff there exists a fiber map 

1 p : X + S. A fibered 1-knot will be called, sometimes, a Neuwirth knot. 

The higher dimensional fibered knots were first studied by Zeeman [6]. 

For general theorems on fibered knots, we refer to Andrews-Sumners[l] and 

S [6] F f .b d k c·n c ..n+2) , f h h umners . or a 1 ere n- not K ,:;; rom t e omotopy exact 

sequence of the fibration yi+i ---r XL s1 , we know that 

8.10. Theorem. (Andrews-Sumners [1, Lemma 4]) Let cx2 cS
4

) be a spun 

2-knot obtained from a I-knot (K
1 

c s3
) . Then, cx2 c s4

) is a fibered 

2-knot if and only if (K1 
c S

3
) is a Neuwirth knot. 

8.11. Theorem.(Andrews-Sumners [1,Theorem 5]) Let (K2
cs

4) be a spun 

2-knot obtained from a Neuwirth knot (K1 c s3) of genus g 2: 1. Then, 

h • l • f 4 2 t e un1,versa aovenng spaae U o X = S - K is homotopy equivalent 

to v+ v v+ v • • • v v+ (2g-fold wedge produat), where v+ = V ( ) s~ . 
CI.E'IT1 X 
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So, 
00 2 

U ~ i~i Si, the infinite wedge praoduat of 2'-spheraes. 

8.12. Corollary.(Andrews-Sumners [l]) Let (K
2

cS
4

) be a spun 2-knot 

4 2 obtained fr-om a Neuwirth knot of genus g. Then, 1r
2 

(S - K ) is a free 

Zn
1

(X)-module on 2g generatoras. 

8.13. Corollary. For a 2-knot (K
2 

c s4L n3 (S
4 

- K
2

) may not be tri­

vial. (Refer to Andrews-Curtis [l ,p.570, Question].) 

For a spun 2-knot (K
2 

c S
4
), a finite presentation of 1r3 (S

4 
- K

2
), as 

a Zn1 (X)-module, has been given by Lomonaco [2]. 

Another well-known fibered 2-knots are twist-spun 2-knots given in Ex­

ample 4.17. We record here the main theorem of Zeeman [6] intuitively. 

8.14. Definition. In the notation of 5.17, we will define the v-fold 

ayalic bmnehed aovering spaae E of an n-knot er c s'-+2) by the same 

" 
way as that used in (6.10). For the rigorous definition, refer to Zeeman 

[6 , §S]. For an integer v ~ 1, let - -i -i (Y., V , V ) , i = l, • • • , V , be v 
1, - + 

copies of (Y, V_, V+). Then, 

the disjoint union of the Y. 

i: is obtained as a quotient space of 
" 

1, 
identifying v! and Vi+i for every i 

...n+2. (mod v). So, the I-fold branched covering space E
1 

is D 

In the notation of Example 4.17, let (K1 
c s3) and of c s4) be 1- and 

2-knots obtained from (k.1 (S1 ) c R
3

) and ~2 4 
(K c R ) , respectively, by one-

point compactifications of R3 and R
4 . We still call (K

2 
c s4) the v­

twist-spun 2-knot of (K1 
c s3

). 

8.15. Theorem.(Zeeman [6]) Given 1 3 
(K c S ), let 

twist-spun 2-knot. Let E be the v-foZd ayalia bPanahed aovering spaae 
" 



1 3 of (K c S ), and E0 the E with a (cfosed) 3-disk missing. Then 
" " 

(I) If v # O, there exists a bundle 

---+S1 

with group Z". 
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(2) The closure of each fiber is the E with an open 3-disk rrrissing, 
" ~2 and it is a minimal Seifert manifold for K . 

8 16 C 11 Y If + 1 th (K~
2 

c S4
) .;s unknotted . . . oro ar. v = - , en v 

8.17. Corollary. The E0 can be embedded in s4 and E 5 in S . In 
" " 

particular, if p odd, then the lens spaces L(p,q) with an open 3-disk 

missing can be embedded in s4. (Refer to Schubert [2 , Satz 6] . ) 

On the other hand, Sumners [2] has constructed a 2-knot (K
2 

c s4
) for 

which n2(X) has non-trivial Zn1 (X)-torsion. 

8.18. Theorem. (Sumners [2 , Theorem l]) Given any polynomial t.(t) E A 

= ZJ with t.(I) = ± 1, there exists a 2-knot (K2 
c s4

) such that 

(ii) n2(X) has Zn1 (X)-torsion w•c = 0 where O # c E n2(X) and 

0 # w E Zn1 (X), 

(iii) n
1 

: Zn
1 

(X) + ZH
1 

(X ; Z) = ZJ the unique extension of the 

- -1 Hurewicz homomorphism h
1 

: n
1 

(X) + H
1 

(X; Z), then h
1 

(w) = t.(t ), 

( iv) h2 : n2 (X) + H2 (X ; Z) the Hurewicz homomorphism, then h2 (c) 

is the A-generator of H2 (X ; Z). 

Refer to Giffen [l]. It is known by Omae[l] that the 2-knot given by 

Sumners is a ribbon 2-knot. 
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Let U be the universal covering space of X = s4 
- K

2
. Then, the 

description of n
2

(X) in Theorem 8.8 (or 8.7) is obtained from n
2

(X) 

~ ;; n2 (U) ;; H
2 

(U ; Z). Using the universal abelian covering space X of X, 

Gutierrez followed a different approach. That is, he obtained that n2(X) 

; n2 (X) is the group which Z acts on (as covering transformations) by 

the following natural exact sequence. 

For a space S, by n
2

(S)/Jn1 (S) we denote the quotient of n
2

(S) by 

the action of n
1

(S). 

8. 19. Theorem. (Gutierrez [2 , Theorem O]) Let ci"' c s7'+
2
) be an n-knot 

with a minimal Seifert manifolg V. Then, the following is an exaat 

sequenae of A-modules: 

where T is defined by -r(a ® 1) = v _ (a) ® t - v + (a) ® l with v+ being the 

homomorphisms of seaond homotopy induaed by the map v± given in 5.17. 

Recall Proposition 5.18 and Theorem 5.20. Recently, Gutierrez[6] also 

announced that 'rheorem 8.19 holds for a minimal Seifert manifold in the 

weak sense. 

9. The Reducibility of 2-Knots 

( 2 4) ~ ( 2 4) 4 2 ~ 4 2 If K1 c S = K2 c S , then, of course, x1 = s - K
1 

= x
2 

= S - K
2

, 

d 4 0 ( 2 4) ~ 4 0 2 4 an E1 = S - N K1 ; S = E2 = S - N(K2 ; S ) . But the converse is an 

open problem; that is, 

9.1. Problem. For two 2-knots (K~cS
4

) and (K~cS4)., if x
1

~x
2 

(or E1 ~ E2 ),, then a11e (K~ c s4
) and (K~ c s4

) equivalent ? 
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Concerning the problem, there are some results due to Gluck [1 ; 3; 4). 

The following is a main result postponding to 9.1. 

9.2. Theorem. (Gluck [3, Theorem(lS.2)]) There exist at most two in­

equivalent 2-knots 1JJith a given exterior. 

This holds for every n ~ 3, Browder[!), Kato[l], Lashof-Shaneson[l]. 

To verify this result, we need the following fundamental proposition. 

Let H cs2 x s1
) be the group of homeomorphisms of s2 

x s1 
onto its elf, 

and V(S
2 

x s1
) the normal subgroup of H (S

2 
x s1

) consisting of those 

homeomorphisms which are isotopic to the identity. The quotient group 

M(s2 xs1
) = H(s2 xs1

)/V(S
2 xs1

) will be called the homeotopy group of 

s2 xs1
. For a map 

fin M(s2 xs1
). 

H
1 

cs2 
x s1 

; Z) _ z 

the isotopy class of f E H (S
2 

x s1
) , we denote by [f] 

Since [f] E M (S2 
x S

1
) induces an automorphism of 

2 1 z ~ z and an automorphism of H
2 

(S x S ; ) = , we have a 

homomorphism </> : M (S2 
x s1

) + z2 ED z2. 

2 2 1 1 Let r : S + S be the antipodal map and s : S + S the map defined 

by s (x
1 

,x
2

) = (x
1

, -x
2
). Let M' ;;; Z

2 
e Z

2 
be the subgroup of M (S

2 
x s1

) 

consisting of the isotopy classes of the maps (1,1),(1,s),(r,1) and (r,s). 

9.3. Proposition. (Gluck [3]) M(s2 
x s2

) ;;; Z
2

@ Z
2

@ Z
2

. 

To prove this proposition, it suffices to show that Ker <P - Z
2

, since 

a normal subgroup of order two is central and <P splits. 

Let ~a denote a rotation of s2 about the x
3
-axis (of R

3
) through 

an angle 2TTa in some fixed direction. Define the homeomorphosm 

T : s2 
x s1 

+ s2 
x s1 by T(x,t) = (~t(x),t), 

1 where S will be considered as the space of real numbers modulo 1. The 
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type of f E H (S
2 

x s1
) is defined by the image of [f] under cp. Thus 

the kernel of ct> consists of the isotopy classes of the homeomorphisms 

of type (1, 1). It will be remarked that the identity map 1 on s2 
x s1 

and T are of type (1, 1). Gluck proved that any element of H (S
2 

x s1
) 

of type (1,1) is isotopic either to 1 or T, and also T is not homo­

topic to 1, and a fortiori, not isotopic to 1. 

Now, Theorem 9.2 is a corollary to the following lemma. 

9.4. Lemma.(Gluck[3,(15.l)]) Let E be a given extePior of a 2-knot. 

2 1 2 4 2 2 2 2 4 
For f, g e: H(S xs )., 'let (K1 cM) = (S x{o} cE uf (S xD )) and (K

2 
cN) 

2 2 2 2 -1 = (S x{o} cE u (S xD ))., where O is the oPigin of D • If [g ] [f] = 
g 

[g- 1!] in M ', then (K~ c M
4

) ~ (K~ c N
4
). 

Proof. 

and (P,s) 

It should be noted that the homeomorphisms (1,1), (l,s), (r,l) 

of s2 
x s1 

extend to homeomorphisms of the pair cs2
x{o} c 

s2
xn

2
) onto itself. By the isotopy extension theorem, if [h] EM', the 

h : s2 
x s1 

+ s2 
x s1 

also extends to a homeomorphism of the pair (S
2
x{o} c 

s2
xD

2
). We construct a homeomorphism lJ> : M

4 
+ N

4 
with lJ)(K~) = K~ as 

follows On E, let lJJ be the identity. On s2
xs1 

viewed as the 

boundary of E, ijJ is sti 11 identity, but on 8
2 

x s1 
viewed as the boun-

2 2 -1 -1 
dary of S xn, VJ= g f. By the above remarks, g f extends to a homeo-

morphism 1J> of (s
2
x{o} c s2

xD
2
), which we take as the definition of lJJ 

2 2 
on S xD. Thus ijJ is a required homeomorphism. D 

9.5. Corollary. 

f e: H(S2 
x 81)., 'let 

Let (K2 
c s4

) be a 2-knot with an extePior E. For 

(Kii cM

4

) = (8

2 x{o} c E uls
2

xD

2

)). If [f] e: M', then 
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Let (K
2 

c S
4

) be a 2-knot with an exterior E , and let (Kii c M
4

) = 

(s
2
x{o} cE ~(s

2
xD

2
)). Proposition 9.3 and Lemma 9.4 imply that the origi­

nal 2-knot (K
2 

cS4) and the new pair (Kii cM
4

) give the only possible 

locally flat embeddings of a 2-sphere in a 4-manifold with an exterior 

homeomorphic to E. The followings have been proved: 

9.6. Proposition. (Gluck [3, §16]) 

homotopy 4-sphere. 

The above M
4 

= E ~(S
2 

x D
2

) is a 

9.7. Proposition. (Gluck (3, (15.3)]) The homeomorphism T : s2 xs1 
+ 

s2 
x s1 does not extend to a continuous map of s2 

x D
2 onto itself. 

Now we consider the problem of extending T to a homeomorphism of an 

exterior E. 

The family { 4lt}, t EI, is a one-parameter family of homeomorphisms of 

s2 beginning and ending at the identity. Let M
3 

be a compact orientable 

3-manifold with 'aM
3 

;;; s2
• If { 4lt} can be extended to a one-parameter 

family of homeomorphisms {~t} of M
3

, we say that M
3 

is spinable. 

9 8 Th (Gl k [3 (17 1)]) L t (K
2 

c s4 ) be a 2-knot ,_,,:th an . , eorem. UC , • e we, 

exterior E, and let V be a Seifert manifold for it. If V is spinable, 

then the homeomorphism T extends to a homeomorphism of E. 

Proof. Since T is defined by T(x, t) = (4lt(x), t), T is clearly iso­

topic to the homeomorphism T* defined by 

T*(x,t) = (4l2t+i/2(x),t) for O ~ t ~ 1/4 and 3/4 ~ t ~ 1 

T*(x,t) = (x,t) for 1/4 ~ t ~ 3/4. 

So, it suffices to extend T* to a homeomorphism of E. Now we identify 
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'dN(K
2 

; s
4

) with s2 xs1 
and K

2 
with s2 

x {o}. Let V = V n E and let 

N (V ; E) be a regular neighborhood of V in E. Since V is locally 

flat, N(V; E) is homeomorphic to V x [-1/4 , 1/4], and we may assume that 

N(V; E) n (S
2 xs1

) ~ s2 
x [-1/4, 1/4]. Since V is spinable and V;; V, 

the one-parameter family of homeomorphisms { <1\} of s2 
= s2 

x {o} extend 

to a one-parameter family of homeomorphisms {~t} of V beginning and 

ending at the identity. Now we can extend T* on s2 
x s1 

to T* on 

cs2 xs1
) u {vx [-1/4, 1/4]} by defining 

T*(x,t) = (<I>2t+i/2 (x),t) for x E V and -1/4 ~ t ~ 1/4. 

Let W = s4 
- (Vu N(K

2 
; s4

)) ; which is open in E. Since on the boundary 

of W, T* has been defined as the identity, we can extend T* over W 

via the identity. D 

9. 9. Corollary. (Gluck [3 , p. 362]) Under the same aond.ition in 9. 8, 

let (K~ c M
4

) = (s
2

x{o} c E '-p(82
xD

2
) ~. Then, (K~ c M

4
) ;; (K

2 
c 8

4
). 

9.10. Proposition. (i) Lens spaaes (inaluding 8
2 xs1

) with an open 

3-disk missing are spinable. 

(ii) Let M. be a spinable 3-manifold, and. M. a alosed 3-manifold 
~ ~ 

obtained from M. by pasting a 3-disk D~ on 'dM. , i = l , 2. Then, the 
~ ~ ~ 

aonneated-swn M
1 

# M2 with an open 3-disk missing is spinab le. 

(i) is obvious, and (ii) is obtained by the same argument of Gluck[S, 

(3.2)]. Combining this with Theorem 5.13 (cf. Exercise 5.16), we have: 

9.11. Theorem. (cf. Gluck [3, (22.1)]) Every spun 2-knot is uniquely 

determined by its exterior. Moreover, every ribbon 2-knot is uniquely 

determined by its exterior. 
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For higher dimensional knots, refer to Cappell [l] and Levine [8]. 

9.12. Problem. Does it hold that the complements of two 2-knots are 

homeomorphic if and only if their exteriors are homeomorphic ? 

This problem is affirmative for the case n = 1 by Edwards [l] and 

the case n ~ 3 by Gonzalez-Acuna [l, §IO]. 

Added in Proof. Recently, Cappell-Shaneson have shown that 

9.13. Theorem. ecappell-Shaneson[2]) For n = 3,4, there are infinitely 

many pairs of smooth n-knots such that each pair consists of two inequi­

valent knots with diffeomorphic exteriors. The pairs are distinguished 

by their first Alexander polynomials. 

They also announced that " C .McA. Gordon has given examples of 2-knots 

that are not determined by their complements" 

10. Unknotting Conjecture and Prime Decompositions 

From Definition 1.3, the following is obvious. 

l 0. l . Proposition. If ex" c d"-+2) is unknotted, then g1-+2 
- If "' s1. 

The converse is affirmative except for n = 2 ; that is, 

10.2. Proposition. e Papakyriakopoulos [l], Stallings [2], Levine [3], 

Shaneson [l]) Given an n-knot ex" c d"-+2) with n f. 2, if g1-+ 2 
- If "' s1, 

then ex" c d"-+2) is unknotted. 

More strictly, if rried"-+
2 

- If) - rries1), i::;; [n;1J, then ex"cd"-+2) 

is unknotted. 
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10. 3. Unknotti ng Conjecture. For, a 2-knot (K
2 

c s4
):, if s4 

- x2 ~ s1., 

then (K
2 

c s4
) is unknotted. 

By Theorem 8.6, this is equivalent to: 

10.3'. Unknotting Conjecture. For, a 2-knot (K
2

cs
4

)., if '1T
1

(s
4 

- K
2

) 

- J ., then (K
2 

c S
4

) is unknotted. 

By Corollary 3.6, the following question comes to mind: 

10.4. Conjecture. Let (K
2 

cR
4

) be a standar,d r,epr,esentative. If the 

equatoriaZ cr,oss section 

unknotted. 

2 3 3 
(K n R0 cR0) is unknotted., then is 

There exist two papers relevant to this conjecture; one is Hosokawa[l] 

and the other is Yanagawa [ 4]. Yanagawa [ 4 , Theorem (2. 2)] announced an 

affirmative answer for ribbon 2-knots, but there is a gap in the proof of 

Lemma (2.4). We record the theorem as a conjecture 

l O. 5. Conjecture. (Yanagawa [ 4]) Let (K
2 

c R4) be a sirrrpZe symmetr,ie 

r,epr,esentative. If the equatoriaZ cr,oss section (K
2 

n R~ c R~) is unknot­

ted., then (K
2 

c R
4

) is unknotted. 

Before discussing the unknotting conjecture, we introduce here a funda­

mental concept of "composition" (and so "decomposition") of n-knots due 

to Schubert [l], Mazur [2], (see also Noguchi [3], Kervaire [2], etc.) , 

and give some elementary properties. 

10.6. Definition. Let ct; C d7'+
2

) and ex! C g7-+2) 
2 

be n-knots , and 

let Bn+2 and 
n+2 

be (n + 2)-disks in gl+2 x1: n+2 n+2 
1 B2 such that ( 

1 
n B

1 
c B

1 
) 

and K! n+2 n+2 
( 

2 
n B

2 
c B

2 
) are equivalent to the standard d . k . ( n n+2) 1s -pair D c D . 
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(Such the (n+2)-disk B~+
2 is easily obtained by taking a regular neigh­,z, 

borhood of a point on 1,.) Then, the corrrposition (~ c s7'+2) # (1½ c tf1-+2) 

of two n-knots elf': c s1-+2) and cc c s1-+2) is a new n-knot ex:" c s1-+2) 
1 2 

obtained by matching the boundaries actf1-+
2 

- oBn+2) and d (:i7'+2 - oBn+2) 
1 2 

using an orientation reversing homeomorphism s such that s3(1½_ - 0 B~+
2

) 

d r I c·:n - 0 Bn+2) • 1 • • • an ~ K
1 1 

1s a so orientation reversing . 

and -If': are oriented.) 
'l, 

Conversely, we will say that (1½_ c tf1-+ 2) # C1½ c s7'+2) is a decomposi-

tion for of c s7'+2), and we denote 

( JI, C ...n+2) ~ c-n C ...n+2) # c·n ...n+2) K ::; K1 ::; K2 c::; • 

By the homogeneity theorem of Newman-Gugenheim (cf.Gugenheim [l]), the 

operation # of composition is well-defined up to equivalence, and also 

it is associative and commutative. So the eorrrposition (and decomposition) 

of two n-knot types is' well-defined. 

For n-knots • ..n+2 d f" 1n ft , we can also e 1ne , in a natural 

way, a composition (and deeorrrposition). 

10.7. Theorem. (Mazur [2], etc.) Given n ~ l. The set of aZZ n-knot 

types K -- { [.:n c ,.;n.+ 2 ] } • t t. • d th • K li i.s a commu a ,z,ve sem,z,-group un er e oorrrpos,z,-n 

t • # I t" -, th t • • -, k t t [,.;n c ,.;n.+ 2 ] ,,·s a un,,·t. i.on . n par ,z,eu&ar~ e r-iv,z,a& n- no ype li li v v 

To give a basic theorem due to B.Mazur, we need a definition. 

,.;n.+2 _n+2 
10.8. Definition. A *-homeomorphism ~*: li ➔ ::; will be an ori-

entation preserving homeomorphism which is piecewise linear except at a 

f . . b f . _n+2 
1n1te num er o points v 1, •·• ,vm E::; • It is a homeomorphism such 
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that ~*lgi+
2 

- Uv. is a piecewise linear map - simplicial with respect 
'2, 

to a posibly infinite subdivision of the open complexes involved. 

Two n-knots (1½_ c s11'+
2

) and C1½ c s11'+2) will be called *-equivalent, 

denoted by (1½_ c s11'+
2

) ~ C1½ c s11'+
2
), iff there exists a *-homeomorphism 

'''* ....n+2 ....n+2 • h '''* (.n) 9 n 
'I' : ::; + i:i wit 'I' Ki = K2" 

An element [J(L c s11'+2
] e: K is invertible iff there exists an element n 

[lr c s11'+2 ] e: K such that [If c s'2+2] # [if c s'2+2] = [ffl c gt+2]. 
n 

10.9. Inverse Theorem. (Mazur [2]) 

and only if er c g2+2) ~ cffl c s11-+ 2). 

[If c s11'+ 2] E K is invertible if 
n 

( l O. l O) Sketah Proof of "only if" part of 10. 9. Let [r c s11-+2] be 

the knot type with [i2 c s11'+2] # [if c gt+2] = [ffl c s11'+2]. 

Let {ri};=l be a monotonic convergent sequence of positive numbers 

with lim r. = 0. 
i~ 'Z, 

W 0 f ..n+2 . h . e compacti y li wit a point 00 

and we take a infinite number of concentric (n+l)-spheres 

with common center 00 such that the diameter of 

d • f" • 0 

• f c·J1, C _n+ 2) 'S er two in inite compositions o K ::; 

illustrated in Figure 10.1. 

Figure 10.1 

E(r .) 
1,, 

and 

. ,..n+2 
to give i:i , 

E (r.) in s11'+ 2 
1,, 

2r.. We consi-
1,, 

cK" C gi+ 2
) '5 as 



eK* c s7-+2) - eK'- c s7-+2) # ex'- c g1-+2) # eK'- c s7-+2) # • • • u {oo} 

eK** c s7-+2) - (ff c g1-+
2

) # eK'- c g1-+2) # (ff c g1-+2) # • • • u {oo} 
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Since eK'- C g1-+2) # ex'- C s7-+2) = es7' C g7-+2) : ex'- C s7-+2) # eK'- C g1-+2) 

from our assumption, 

From the constructions, we know that : 

so we conclude that : 

To prove the "if" part of 10.9, we need a lemma : 

l O 11 L S that e.n c ....n+2) ; e....n c ....n+2) and that there .. emma. uppose K a a a 

....n+2 + ....n+2 exists a *-homeomorphism ijJ* : a a suah that iµ* e.ti) = :fL and 

ijJ* is pieaewise linear exaept at a point v E s1"'+
2 with v I. _ti. Then3 

eK'- C g1-+2) = es1"' C g1-+2) . 

Proof. We subdivide Ef+2 
so that v must be a vertex. Let St ev) 

be a star neighborhood of v , and let Bn+2 
be :fL+2 - 0 St ev), which is 

an en+2)-disk. From our assumption, we may assume that _ti c 0 Bn+2 
and 

'''*1Bn+2 • • • 1· o/ is piecewise inear. By Gugenheim [1], i/J*IBn+2 
can be extended 

to an orientation preserving piecewise linear homeomorphism ijJ* of s7-+
2 

·t lf Th" '''* • ld h • 1 e·nc....n+2) =~ e....nc...n+ 2 ). □ onto i se . is o/ yie st e equiva ence K a a a 

(10.12) Sketah Proof of "if" part of 10.9. By Lemma 10.11, we assume 
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. h' ,I, ...n+2 ...n+2 that there exists a *-homeomorp ism ~*: 0 ~ 0 such that $*(x'1) = 

tf and ljJ* is piecewise linear except at a point v E if. We subdivide 

...n+2 
0 so that v is a vertex. Let St(v) be a star neighborhood of v. 

Since if is locally flat, C = if n St (v) is unknotted in St (v), that 

is, (Cc St (v)) is equivalent to the standard disk-pair (Dn c Dn+2), and 

cac c ast cv)) = ctf-1 
c ~+

1
). 

$* 

Figure 10.2 

Let D be a proper n-disk in lj)*(St(v)) with the properties 

c i) an= i/J*(ac), 

( ii ) i/J* ( V) f. D, 

(iii) the n-knot K = Du (~ - ljJ* (C)) is still trivial. 

Then, we have ann-knot ($*-1 (K)cs"+2) = (K'cs'-+
2
). 8St(v) gives 

a decomposition (K' c gi+2) ~ cx'1 c s'-+2) # c'fl7' c g1-+ 2) , where .i7' is re­

presented by x'1n ctf+2 
- 0 St(v)) and "j(1- by $*-1 (D) c St(v). It will 

(K ' c ,.,n+ 2) ~ CK c ,.,n+2) be noticed that i/J* gives a *-equivalence b b such 

that $* is piecewise linear except at the point v i K'. Because 

CK c g7-+2) ~ cs" c g1,+ 2), by Lemma 10 .11 we conclude that 

er c g1-+2) # er c g1-+ 2) ~ (K' c g1-+ 2) = (Kc gi+2) = cs" c ff+ 2) . 0 

10.13. Proposition. Given n f:: 2. An n-knot type 

invePtible if and only if [If c s11'+2
] = [tf c gt+2]. 
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Proof. The "if" part is obvious (even if n = 2), and so we observe 

the "onZy if" part. From the definition of *-equivalence, in (10.10) we 

h t -, • -, h h. '''1 , '''2 •. ...n+2 ~ ...n+2 ave opovog~cav omeomorp isms o/ o/ 0 ~ 0 with 1/\ (s2) = K* 

and $
2
(?) = K**. So g1+

2 has piecewise linear structures induced from 

the standard structure of g1+
2 via $1 and $

2 
, so that K* and K** 

are finite subcomplexes, respectively. From the uniqueness of the piece-

• 1· f ...n+2 • h 4 2 1 d h. 10 13 wise 1near structure o 0 wit n r , we cone u et 1s .. 

10.14. Conjecture. A 2-knot type [K2 
c s4] is invertibZe if and onZy 

if [K2 
c s4] = [S2 

c s4]. 

10.15. Definition. Ann-knot type [Ccs1+2] is said to be prime if 

h • d • • c·:n C ...n+21 -- c·:n C ...n+21 t ere exist no ecompos1t1ons K 0 K
1 

0 with 

both [1½ c g1+21 and ct; c g1+21 non-trivial. 

10.16. Proposition.(Schubert[l], Sosinskii[3]) Given n I 2. For any 

[Cc ?+2] € K , there exists a prime decomposition 
n 

For the case n = I, the summands [.:n_ c ...n+21 • -, d • d K. 0 are un~quevy ete~ne. 
~ 

Now we have the following impotant problem. 

10.17. Problem. (i) Does there exist a prime decomposition for any 

2-knot type [K2 
c s4] ? 

(ii) If (i) is affirmative, is the prime decomposition unique? 

The Sosinskii' s proof of the existence of prime decomposition remains 

valid for 2-knot types if Unknotting Conjecture 10.3 (or 10.3') is 

affirmative. 
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We return to the unknotting conjecture. From the decomposition of a 

2-knot, we can restate Conjecture 10.5 as follows: 

10.18. Problem. Let (K
2 

cR
4

) be a standard representative. If it 

has one mazimum ( or one minimum), then is (K
2 

c R
4} unknotted ? 

Hosokawa [l] discussed about a special case of this problem, and noted 

a sufficient condition for a 2-knot to be unknotted , but in the proof of 

Lemma 2, there is a slight gap. 

10. 19. Conjecture. (Hosokawa [l]) Let (K
2 

c R
4

) be a stancl,a,pd r,~pre­

sentative. If it has one mazimum and two minima, then it is unknotted. 

We reformulate Lemma 2 in Hosokawa [l] as follows : 

10.20. Problem. 
1 1 3 

Let (01 u o2 c R ) be a trivial I-Zink with 2 eompo-

nents, sueh that 1 1 3 1 1 1 3 1 1 3 
(0

1 

u0

2

) nR+ = o
1 

and (0

1 

u0

2

) nR_ = o
2

. Let (K cR) 

be a I-knot obtained from 0~ u o; by a fusion along B+ : Ix n1 
+ R

3
, 

and we suppose that (K
1 

c R
3

) is trivial. Does there exist an isotopic 

r } s I 1 1 deformation 1nt of R sueh that nt o1 u o2 = identity for O :s:; t :s:; 1 

and n1
B+(IXD1 ) nR2 • t f • -, ? eons~s so a s~ngve arc. 

About most concreate examples, it is easily checked that Problem 10.20 

is affirmative. So, the 2-knot (K
2 

cR
4) given in Example 3.14 is, in 

fact, unknotted. We record here two examples of unknotted 2-knots. 

2 4 l 0. 21. Example. (Terasaka-Hosokawa [I], Hosokawa[l]) The 2-knot (K c R ) 

shown in Figure 10.3 has 946 (see Reidemeister [Re]) as the equatorial 

2 3 3 cross section (K n R0 c R 0) . By Lemma 2. 5, we can change the levels of 

the saddle-bands B
1 

and B
2

, and we have an equivalent 2-knot (K 12 cR
4) 
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~ 
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shown in Figure 10.4 whose equatorial cross section is unknotted. Since 

we have isotopic deformations for B1 and B2 which satisfy the condition 

of 10.20, we conclude that (K 12 cR
4) ;;; (K

2 
cR

4) ;;; (S
2 

cR
4). 

Unknottedness of Example 3.14 and Example 10.21 have been checked by 

changing the levels of saddle-bands. The following can not be checked to 

be unknotted by such the method. 

10.22. Example. (Yanagawa [4, p.171]) There exists a simpZe symmetric 

representative (K
2 

c R
4

) of the trivial, 2-knot type [S
2 

c R
4

] such that 

the equatorial, cross section (K
2 

n R~ c R~) is a non-trivial, I-knot. 
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Let (K
1 

c R
3

) be the ribbon 1-knot given in Figure 10. 5. The associ­

ated ribbon 2-knot (K
2 

(K
1

) c R
4

) is one of such the example. ( Recall 

Remark 2 .14.) (K
1 

c R
3

) is the so-called Kinoshita-Terasaka knot whose 

first Alexander polynomial ~~(t) = 1; Kinoshita-Terasaka [l, Fig. (13)]. 

Figure 10. 5 Figure 10.6 

To see that (K
2 

(K
1

) c R
4

) is unknotted, we change the crossing of B 

as shown in Figure 10.6, and obtain a trivial 1-knot. It follows from 

Proposition 2.15 that (K
2

(K
1

) cR
4

) = (S
2 

cR
4
). By the same way, we can 

construct infinitely many such the representatives. 

10.23. Exercise. Construct a Seifert manifold v3 
for (K

2
(K

1
) cR

4
) 

such that v3 
; D

3 
and v3 

n R~ is a 2-manifold of genus 3. 

l0.24. Problem. Find a sufficient eondition fora 2-knot to be trivial. 

Recall the classical Dehn's lemma, Papakyriakopoulos[l]. We will con­

cern a generalization of the lemma. 

10.25. Definition. Ann-knot uf c/7'+
2

) is called to be an n-knot 

n+1 ....n+2 n+1 of Dehn' s type iff there exists a map f : D + ::i with S(f) c 
0 D 

arid f(cWn+i) = K", where S(f) = Cl {x e: Dn+i ] f- 1f(x) -1- {x}}. 

l0.26. Theorem. (Kawauchi [3]) Let E be the exterior of a 2-knot 

2 4 
Then, (K c S ) is of Dehn' s type if and only if the homomor-

phism 1r2 (~E) -+ n2 (E) indueed by ineZusion is a zero map. 
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Recall Theorem 8.5. For higher dimensional case, refer to Kawauchi[3]. 

10.27. Problem. Does any 2-knot of Dehn's type have the complement X 

homotopy equivalent to s1
? 

10.28. Definition. By a 3-dimensional handlebody 

mean an oriented 3-manifold which is a disk-sum of g 

U of genus g, we 
g 

copies of D
2 

x s1
; 

and by a surface F of genus g we mean the oriented boundary surface 
g 

au . 
g 

Let 6 : F + R
4 be a locally flat embedding. The embedded surface 

g 

( 6 (F ) c R
4

) is said to be unknotted iff there exists an embedding 6 : 
g 

U + R
4 with 6 J au = 6. This is a natural generalization of Definition 

g g 

1.3 and Proposition 1.4. In fact, we have the following : 

10.29. Theorem. (cf.Hosokawa-Kawauchi [1], Klingmann [l]) Let 61 , 62 

be embeddings of Fg into R4. If (61 (Fg) cR4) and (62(Fg) cR
4

) are 

unknotted, then there exists an isotopic deformation {nt} of R
4 

with 

n161(Fg) = 62(Fg). 

By Theorem 5.1, we have the following, which corresponds, in certain 

sense, to the unknotting number for the classical knots. 

10.30. Theorem.(Hosokawa-Kawauchi[l]) For any 2-knot 2 4 (K c R ), there 

exists a finite number of I-handles h~, , h~ : D1 
x D2 

+ R
4 

such that 

(K2 (h~, •• • ,h~) cR4) is an unknotted surface of genus u. 

(Recall the notation 5.3.) 
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11. Concepts of Cobordism 

Fox-Milnor [1 ; 2] introduced a concept of knot cobordism for classical 

knots, and higher dimensional cases have studied in Haefliger[l],Kervaire 

[2], Noguchi [ 3], Levine [6 ; 7], etc .. 

11.1. Definition. Two n-knots (1½_ c :!"+2
) and (1½ c :!"+2

) (and their 

knot types [1½ c :!"+
2

] and [1½ c d1'+
2
]) are said to be eobordant, denoted 

. .n ,..n+2 . .n ,..n+2 . .n ,..n+2 . .n ,..n+2 . . by (K
1 

c0 ) ~ (K
2

c0 ) (and [K
1 

c0 ] ~ [K
2

c0 ]L 1ff there 1s 

,..n+2 
a proper locally flat oriented submanifold W of l:.i x I, such that 

( i ) W = s1' x I , and 

(ii) (W n g1-+2x{o} c :!"+2x{o}) ;; ex; c g1-+2), 

(Wn:!"+2x{1} c :!"+2x{I});; -ciscd1'+2). 

Ann-knot (If cd1'+
2

) (and its knot type [If c:!"+
2
]) is said to be 

nuU-eobordant iff of c s'-+
2) ~ cd1' c s1-+2). 

11. 2. Theorem. The eobordant relation ~ is an equivaZenee re"lation 

in Kn. By (Ifl cs'-+
2) = {[If cs'-+

2]), we denote the equivalence class 

determined by the type [If c s'-+
2] E Kn. 

We have the following lemma 

nuU-eobordant. 

(2) If [1½ c d1'+
2

] and [1½ c :!"+
2

] are both nuU-cobordant, then so 

is [ r C g1-+2] # [K: C gi+2 ] • 
1 2 

(3) If [K: c s'-+
2

] and [If c :!"+2] # [It: c :!"+2] are both nuU-eobor-
1 1 2 

dant, then so is [1½ c gt+2
]. 

11.4. Definition. It follows from Lemma 11.3(2) the sum operation 
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is well-defined. The set C = K /~ of the equivalence classes inherits n n 

the operation # from the semi-group Kn, and with this operation forms 

an abelian group, which will be called the n-dimensional knot cobordism 

group. <,Yi, C __n+2> The identity element of this group is the class ::; :::; of 

null-cobordant knots, and the inverse of a class {If'- c s'-+2) is the class 

11.5. Theorem. (Fox-Milnor [2], Kervaire [2, Theorem III6]) 

For any n ~ 1, C2n-i # 0, and C2n = 0. In particular, C
2 

= 0. 

More precisely, Levine [6] gave a faithful representation of C
2
n-i 

onto a matrix-group. 

11.6. Definition. In this section, all matrices will be integral. 

A square matrix A 

the form (
0 

Ni) 
N2 N3, 

is null-cobordant iff it is congruent to a matrix of 

where N. 
'/., 

are square matrices of the same size. If 

are matrices, we define the block sum Ai e A2 

We will say square matrices Ai and A2 are cobordant iff Ai e -A
2 

is null-cobordant. We say that a square matrix A has property € (=±1) 

iff A e EA is unimodular. 

11.7. Proposition.(Levine [6]) The cobordism classes G of matrices 
e: 

with property E form an abelian group under block sum. The zero class 

in G consists of the null-cobordant matrices of type E. 
e: 

11 . 8. If a square matrix A has property + , then A +A' has signature 

a multiple of 8 (see Milnor [1, Theorem 1]). Let G0 be the subset of 
+ 
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G, defined by matrices A with signature (A +A') a multiple of 16. It 
+ 

will be noticed that signature (A+A') depends only on the cobordism 

class of A. GO is a subgroup of G of index 2. 
+ + 

11.9. Defi ni ti on. Let n = 2m - 1. Let er c ~+
2

) be an n-knot and 

V a Seifert manifold for x1'; V is of dimension 2m. 

We define a pairing 

0 H (V ; Z) ® H (V ; Z) ~ 2 m m 
by 0(a ® b) = By (6.11)-(3), we have the formula 

(3') 

A basis for the torsion-free part of H (V; Z) determines a matrix S m 

representing 0 - such a matrix S will be called a Seifert matPix for 

ex" c ?+2
) (assoaiated unth V). It follows from (3') that S satisfies 

property (-l)m, since the intersection pairing of H (V; Z) is unimodular. 
m 

If s
1

, s
2 

are Seifert matrices for (1½_ c ff?+ 2), C1½ c ff?+2
) (associ-

ated with v
1

, V
2
), respectively, then s

1 
ED s

2 
is a Seifert matrix for 

(1½_ c tf+2) # (1½ c .efl+2), since the disk-sum of V 
1 

and V 
2 

in tf+
2 is 

a Seifert manifold for (1½_ c ff1+2
) # (1½ c s7'+2

), and then -S
1 

is also 

a Seifert matrix for - (1½_ c tf+
2
). 

From the definition, ts+ (-l)mS' 

H (X; Q), n = 2m-1, recall (6.11). m 

is a presentation matrix P (t) of 
m 

11. 10. Theore,n. (Levine [6]) If CK" c tf+2
) is nuU-aobordant and S 

is a Seifert matrix for (If c s"+2
), n=2m-1. Then S is nuU-aobordant. 

The impZiaation is revePsibZe for m ~ 2. 

11.11. Theorem.(Levine (6]) Let e::m = (-l)m, and Zet ~ : C
2 1 

~ G m m- e:: m 
be a homomoxrphism defined by assigning to the knot cobordism aZass, the 



355 

cobordism class of any Seifert matrix. Then, <Pm is 

(a) an isomorphism onto G 
E: 

for m ~ 3, 
m 

(b) an isomorphism onto GO for m = 2, 
+ 

(c) an epimorphism for m = 1. 

11.12. Exercise. Prove that C2 = 0 (in Theorem 11.5). (Hint: Use the 

construction of a Seifert manifold V in 5.9. For each hyperbolic criti-

cal point v of V, we can take a simple loop on °C c 0 V, which inter­
u 

sects once with the I-handle corresponding to v. The loop may bound in 

s: a locally flat 2-disk.) 

We will give here an answer to Problem 2.lO(a) due to Sumners [7] . 

11. 13. Definition. We identify two cobordisms 
...n+2 (W C fj XI) 

1 and 

c tf+
2
xI) between c;; c :f'-+

2
) and C1½ c :J'-+

2
) if there exists an ori-

...n+2 ...n+2 . 
entation preserving homeomorphism ~ : ::; XI+::; XI with ~(W

1
) = W2. 

If (W c tf+
2
xI) and (W' c tf+

2
XI) are cobordisms between c;; c :f'-+

2
) and 

C1½ c :f'-+
2
), and - C1½ c :f'-+

2
) and ex; c :f'-+

2
), respectively, we can paste 

(W' n tf+2x{o} c :f'-+2x{o}) to (W n :f'-+2x{l} c tf+2x{l}) along 1½ to get 

a cobordism, say (W u W' c tf+
2
XI), between c;; c :f'-+

2
) and ex; c tf+

2
). 

A null-cobordant n-knot (i7'c:f'-+
2

) is said to be doubZy-nuZZ-cobor­

dant iff there exist two cobordisms (W c tf+
2

XI) and (W' c tf+
2
xI) between 

ctf c :f'-+
2

) and uf c :f'-+
2
), and - uf c :f'-+

2
) and c:J'- c :f'-+2), respectively , 

such that (Wu W' c tf+
2
xI) = ctfxI c tf+

2
xI), the product cobordism. It 

is obvious that uf c :f'-+
2

) is doubly-null-cobordant if and only if it 

is a cross section of a trivial (n+l)-knot. 

A square matrix A (over Z) is said to be doubZy-nuU-cobordant iff 
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it is congruent to 

size. 

Nol], where N. 
1, 

are square matrices of the same 

11. 14. Theorem. (Sumners [7]) If uf c i'1+2) is doubly-nuU-aoborcla,nt 

and S is a Seifert matrix for (If c i'1+2), n=2m-l. Then S is doubly­

nuU-aoborcla,nt. 

Sketah Proof. For brevity, we consider in the euclidean space. From 

our assumption, there exists a trivial (n+ 1)-knot (On+l c Rn+3) such that 

(On+l ~ R;+2 c u;;+2) ~ elf c rf+2) . Let B be an (n+2)-disk in rf+3 with 

cJB = On+l. We may assume that B n ~+2 = V is an (n + !)-manifold with 

av = If. Note that V may not be connected and n + I = 2m. Let U± = 

B nR:_+
3 

; U+ n U = V. Let 1+ : H (V; Z) + H (U+; Z) be inclusion homo-
- m m -

morphisms. 

We will show that the Seifert matrix associated with Vis doubly-null­

cobordant. It suffices to find a free basis a1 ,··•, ar, b1,•••, br for 

the free part of H (V ; Z) 
m 

such that 

Consider the Mayer-Vietoris sequence for the triad (B , U , U ) 
- + 

0 - H (V; Z) m 
(-l - ) EB 

1 * > H (U • Z) EB H (U • Z) - 0. 
m - ' m +' 

We have H (V; Z) = Ker(l ) .+ Ker(l ) . Levine [6, Lemma 2] asserted that 
m - + 

rank (Ker(l )) = ½rank (Hm(V; Z)) = rank (Ker(t+)), so let a1 , ••• , ar 

freely generate the free part of Ker(t_), and b1 , ••• ,br freely gene-

rate the free part of Ker(l ) . 
+ 

Since a . , a . E Ker ( 1 ) , a . 

bound disjoint chains in B, hence 

1, J 1, 

0(a.,a .) = o. □ 
1, J 

and v (a.) 
+ J 

11.15. Corollary. (Sumners [7]) If an n-knot (If ci'1+2), n = 2m - I, is 

doubly-nuU-aoborcla,nt, then H (X; Q) is presented as a r-module by a 
m 



diagonal matrix P (t) of the form 
m 

d • ( ,m( ) ,m( ) ,m( -1 ,ms(t-1)) , 1ag A1 t ,···, Ast, A1 t ),••·, A 

where A~ EA, A~ 1 1A~ in A, and A~(l) = ±1 for all i. 
'I, i.+ 'I, 'I, 
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Proof. By Theorem 11.14, we have now a doubly-null-cobordant Seifert 

presents a r-module iso-

morphic to H (X; Q). 
m 

Since r is PID, there exists a diagonal matrix 

which presents the same I'-module as L(t), recall 6.8. D 

11.16. Corollary. (Sumners [7]) If an n-knot elf cs1'+2
), n = 2m - 1, is 

doubly-null-cobordant, then the torsion numbers of the 2-fold cyclic bran,. 

hed • 'I" 0f c•yt C ,.n+2) c covenng space ~2 K 0 appear in pair. 

Proof. Let S be a Seifert matrix of cK'- c g1-+2) . Then , it follows 

from Shinohara-Sumners [1, Corollary 5.3] that Hm(E 2 ;Z) is presented by 

S + (-l)m+iS' as an abelian group. From the proof of Corollary 11.15 it 

form 
[ 

0 £(

0

1)], 
is presented by a matrix of the 

L(-1) 

from which the result immediately follows. D 

Using these results, Sumners [7] concluded that 

11.17. Theorem. The only doubly-null-cobordant 1-knot included in 
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Reidemeister's table [Re] of prime 1-knots is 946 . 

The proof that 946 is doubly-null-cobordant has been given in 10.21. 

As a corollary to 8.16, we have : 

11. 18. Coro 11 a ry. (Sumners [7]) cK'- c g1-+2) # (- cK'- c g1-+2)) is doubly­

nuU-eobordant, for every n-knot cK'- c g1-+ 2
). 

On the other hand, since C
2 

= 0 by Theorem 11.5, Yanagawa [2] intro­

duced another concept of cobordism in K2. 

11.19. Definition. Two cobordant n-knots ex:': c g1-+2) and ex! c g1-+2) 
1 2 

( d h • k [.:n c ,.;n+21 an t eir not types K1 a and [X:: c s7'+2] ) 
2 

are said to be 

r-eobordant , denoted by ex:': c g1-+2) ;!'. 
1 

C1½ c s7'+2), iff there exists a 

cobordism (W c s1'+ 2
XI) between them such that 

(iii) 
..n+2 Wna x{t} is connected for each t E I. 

The following is obvious : 

11.20. Theorem. The r-eobordant relation t is an equivalence relation 

in K . 
n 

We have the following two lemmas 

11. 21. Lemma. (Yanagawa [2]) If a 2-knot (K2 
c s2) is a ribbon 2-knot, 

then 2 4 r 2 4 (K c S ) ~ (S c S ) , r-nuU-eobordant. 

is r-null-eobordant. 

As the consequence of Lemma 11.21, we have 
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11. 23. Theorem. (Yanagawa [2]) The set C~ = K2 / £ of the £ equiva­

lence classes forms an abelian group, under the operation # inherited 

from the semi-group K2• 

11.24. Problem. 

does there exist a 

Determine the group structure 

[K2 
c s4

] E K
2 

with [K2 
c s4

] 
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