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On Bases in A(P)-Nuclear Spaces 

* By Yukie MORI 

February 1977 

A. S. Dynin and B. S. Mitiagin [l], [2] proved that in a nuclear space 

each equicontinuous basis is absolute. Combining this with the fact that 

in a Frechet space, each basis is equicontinuous, we see that in a nuclear 

Frechet space each basis is absolute. 

Conversely, in his paper [6], W. Wojtynski has shown by the observation 

concerning bases in non-nuclear Kothe spaces, that a Frechet space with a 

basis, where any basis is absolute, is nuclear. Therefore we have the fol­

lowing characterization. 

Theorem 1. Let E be a Freehet spaee with a basis. Then E is nu-

elear if and only if eaeh basis in E is absolute. 

In this note, we shall give some generalizations of Theorem 1 and of 

the theorem of Dynin and Mitiagin to A(P)-nuclear spaces with the concept 

of A (P)-absolute bases, which is a natural extension of that of absolute 

bases. 

The author would like to express her thanks to Professor M. Nakamura 

for useful suggestions. 

* Department of Mathematics, Kobe University, Nada, Kobe 657, Japan. 
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1. Bases in Frechet spaces 

Throughout this note, we denote by E a locally convex space with a 

basis {en}nEN, and by A(P) a nuclear smooth sequence space (see [3], 

[5] for definition) and the notations that will be used without any comm­

ents are the same as those in [3]. 

A sequence {en}nEN in E is called a basis in E if for each x EE 

there exists a unique sequence of scalars {fn(x)}nEN such that 

00 

x = .Li f (x)e . 
n=1 n n 

Then {fn} is the well-defined sequence of linear forms on E, and is 

called the bioPthogonaZ sequence to {en}. 

For each n EN we further introduce the linear finite-dimensional ma-

pping 

s n 

n 
E --+ E x 1-+ L f. (x)e. 

. 'l, 'l, 
'l,=l 

For convenience we put So := 0. Then a basis {e} in E is said to be 
n 

equicontinuous if the corresponding sequence {S} of projections belongs n 

to .C.(E, E), and is equicontinuous. All bases are not equicontinuous in 

general. We know, however, that each basis in a Frechet space is equico­

ntinuous. 

Now we consider a 0-basis (i.e. a basis of the neighborhood filter of 

zero) ?,J- in E. A basis {e} in E is said to be absolute if for all n 

U E7.J- there exists a V EV- with V cU such that 

for all x EE. 
n 
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Certainly all absolute bases are equicontinuous. 

Moreover a basis {e } is said to be A (P)-absolute if for all U EV­n 

there exists a VE V- with V c U and an injection cr : N ➔ N with the 

image a(N) = Nu := {n EN Pu(en) f. o}, such that 

for all n EN 

and 

where II II V is the ordinary norm in is the polar of 

Tht: nuclearity of >..(P) yields >..(P) c (s) c Jl
1 

(see [5]). Hence it 

follows that every >..(P)-absolute basis is absolute, so equicontinuous. 

V 

We shall prove later that in a >..(P)-nuclear space, each equicontinuous 

basis is >..(P)-absolute. Here we mention the following good characteriza­

tion of the sequentially complete locally convex spaces with an absolute 

basis. 

A topological space E is said to be sequentially complete if all Ca­

uchy sequences converge in E. On the other hand, we recall that a loca­

lly convex space E is called >..(P)-nuclear if it admits a 0-basis 7)­

such that each U E'ZJ' contains a VE?)- and (pUV is >..(P)-nuclear, where 

(pUV is the extension of the canonical mapping of E(V) on E(U) to th­

eir completions. Then we have the following. 

Theorem 2. The sequentially complete locally convex spaces with an 

absolute basis (resp. a >..(P)-absolute basis) are precisely identified with 

the Kothe spaces (resp. the >..(P)-nuclear Kothe spaces) >..(Q) for some 
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Kothe set Q. 

Pl'oof. Let Q be a Kothe set. Then the sequences e = (o .) . con-n m .. -z. 

stitute obviously a basis in A(Q). For A= (A)= I: f (A)e EA(Q), 
n n n 

we have 

_E If (A)IP (e) = _E If (A)la = I: IA la =p (A) nan n n nn a 
n n 

for all a E Q, where p is a semi-norm in A (Q) defined by p (I;) 
a a 

I;= (I; ) E A (Q) . 
n 

Further if A(Q) is A(P)-nuclear, we can say by Theorem 2.2 of [5] 

that there exists b E Q with a ~ b , for all n E N and an injection 
n n 

cr : N->- N with its range cr(N) = {n EN I a f, O} such that 
n 

(acr (n) I bcr (n)) E A (P). Thus we have 

where Consequently {e } 
n 

absolute. 

is A(P)-

Now assume that E is a sequentially complete space with an absolute 

basis {e }, and ciJ" is a 0-basis in E. Then the set 
n 

is trivially a Kothe set, and the topology on A(Q) is given by the semi-

norms 

A = (A ) E A (Q). 
n 

Since {e } is an absolute basis, (f (x)) E A (Q) for all x E E. 
n n n 

Hence we get a well-defined linear mapping 

T : E--+ A(Q) : xi-+ (f (x)) . 
n n 
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Then T is injective, because of the definition of basis. We shall see 

that T is also surjective. 

Let ),_ E ),_(Q) be given. Then qv(),_) < 00 for all V EV- implies that 

k cf
1 

Anen)k is a Cauchy sequence in E. As E is sequentially complete 

x = L. ),_ e exists in E, and Tx ),_. 
n n n 

For each U E '2)- there exists V E ?)- such that 

for all x EE. 

Therefore T is continuous. But T is also open, because of 

for all A d(Q). 

Moreover if {e } is )..(P)-absolute, then for all (pU(e )) EQ, U E'?)-n n n 

we can find a V EV- and an injection o : N--+ N with o(N) = NU, such 

that 

The inequality !Jf0(n) llv.2:.Pv(e0 (n));
1 

for all nEN yields the A(P)­

nuclearity of the Kothe space A(Q) (see Theorem 2.2 [5]). This completes 

the proof. 

In the proof of Theorem 2, we even have T(en) = (onk)k' n EN, which 

means that our isomorphism preserves bases. Therefore Theorem 2 and the 

Dynin-Mitiagin theorem give a following generalization of Theorem 1 to 

A(P)-nuclear spaces, because the family of sequentially complete A(P)­

nuclear spaces with a equicontinuous basis coincides with the family of 

)..(P)-nuclear sequence spaces. 
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Theorem 3. Let E be a Frechet space with a basis. Then E is A(P)­

nuclear if and only if each basis in E is A(P)-absolute. 

2. Bases in A(P)-nuclear spaces 

Now we shall verify the following main result. 

Theorem 4. All equicontinuous bases {en} in a nuclear space (resp. 

a A(P)-nuclear space) E are i 1-absolute (resp. A(P)-absolute). 

First of all, we note that in the case when E is nuclear, this theo­

rem follows immediately from the proof of the Dynin-Mitiagin theorem (see 

[l] [2] and [4]). On the other hand, if E is sequentially complete, 

Theorem 2 and the Dynin-Mitiagin theorem imply also this theorem. 

To prove Theorem 4, we need the following two lemmas. We denote by 

f
00 

the set of all real-valued bounded sequences, and by c 0 the subset 

such that , tends to zero as n + 00 • n 

Lemma 1. Let D = D[cS] : t--+- t : c, )1-+ (cS, ), (on) E c
0 

be a n 00 00 n nn 

diagonal operator on l
00

• Then there exists an injection a : N---+ N 

with a (N) = {n EN / cS fa o} such that n 

Where for a T E,£(E, F) with Banach spaces E and F, we define a (T) n 

inf {/IT - A /I / A E.f:.(E, F) and dim A(E) ~ n}. 

The proof of the above lemma will be found in Proposition 8.1.S of (4]; 

as it is not difficult, so we omit it. 



55 

LelTUlla 2. Let E and F be Banach spaces. If TE£(E, F) is A(P)-

nuclear, then 

( a. (T) ) E A (P) . n n 

Proof. Since T is A(P)-nuclear, it is represented in the form 

Tx = L A <a , x>y , n n n for all x EE, 
n 

where (An) E A (P), and {an}, {yn} are bounded sequences in E
1

, F, res­

pectively. 

Define 

clearly 

A. Erl:,(E, F) 
1, 

dim A. (E) ~ i 
1, 

and 

00 

i 
:=£ 

n=l 
A <a , x>y , n n n XE E. Then we have 

00 

II T - A.II ~ L JA I , 
1, n=i+l n 

therefore a. . (T) ~ L. I A J . 
1, n=i+l n 

For each b E P, we have 

00 

.L. b . I a.. (T) I ~ L. b . ( Li 
i 1, 1, i 1, n=i+I 

On the other hand, it follows from Proposition 2.1 of [5] and the con­

dition (A2)' in the definition of smooth sequence spaces [5], that there 

exists a a E P and a constant p > 0 such that 

Thus we have 

n b < p a n - n for all n EN. 

.Li b.Ja..(T) I < p .Li IA le < 00 , for all bE P. 
• 1, 1, - n n 

1, n 

Hence (a.n(T))n E A(P), and this proves the lemma. 

Now we are ready to show our theorem. 
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PPoof of TheoPem. From the above observation, it suffices to consider 

only the case when E is A(P)-nuclear and a basis {en} is t 1-absolute. 

Let '2J- be a 0-basis in E, and let {f} and {S} be the biorthogonal 
n n 

sequence and the sequence of projections associated with 

vely. 

{e }, respecti­
n 

Assume that U E'I)- is given. Then since {S} is equicontinuous in 
n 

ol(E, E), there exists a U
0

EC/J- with U
0 

c U such that 

where N = Nu {o}. 
0 

Thus we have 

l<f, x>lpu(e ) = Pu(S x - S x) ~ Pu (x), for all x EE, n EN. n n n n-1 0 

Next define a linear mapping 

A E-+ i 00 : x 1+ (<f, x>pU(e )) . n n n 

Then it satisfies II A xii ~ Pu (x) for all x EE, and so it factors thr­
o 

ough ~U into a continuous linear mapping 
0 

A 

with II A II .:S. 1. 

Since E is A(P)-nuclear, we can find a 

that ~UV is A(P)-nuclear. 
0 0 

V0 ECV- with V C u 
0 0 

such 

On the other hand, as {en} is t 1 
-absolute, there exists a VE V-

such that 



where we define NV = {n EN I Pv(en) ,J O} for each V EV-. Moreover we 

define a continuous mapping R by 

R 

with II R II ~ 1. 
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If we consider the product T := A•~u V •R £
00

--+ £
00

,then it precisely 
0 0 

coincides with a A(P)-nuclear diagonal mapping D[o] with 
n 

0 
n l 0 otherwise. 

Thus Lemma 1 and 2 imply that there exists an injection cr N->- N, 

a(N) = NU such that ( o ( ) ) d(P) an n 
i.e. 
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