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In a recent paper [l] Ciric established the following results: 

Theorem C2. Let K be a nonempty, bounded, closed, convex subset of 

a uniformly convex Banach space B, and T:K + K satisfying 

I I Tx - Ty II ~ max { ell x - Tx II + Ii y - Ty II) / 2 , ell x - Ty II + Ii y - Tx II) / 3, 
e1) 

(!Ix - YI!+ !Ix - Txll + IIY - Tyl!)/3} 

for each x, y EK, and 

e2) sup llz - Tzll ~ oeD)/2, 
Z€.D 

where D is any convex subset of K such that T eD) c D, and where o (D) 

denotes the diameter of D. Then the sequence {xn} defined by x 
O 

EK, 

(3) 

converges to the fixed point of T in K. 

Theorem C3. Let B be a uniformly convex Banach space, T:B + B sat­

isfying (1) on B and e2) for any nonempty convex subset D of B such 

that TeD) c D. Then T has a fixed point in B if and only if the se­

quence {xn} defined by e3) converges in B. 

In this paper we shall extend Theorems CZ and C3 to a wider class of 

transformations as defined in [3]. Let X denote any convex set, T:X +X. 

The Ishikawa iterative scheme is defined as follows: 
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(4) XO EX 

(5) y = (1 - S )x + SnTxn, n ;:: 0 
n n n 

(6) X n+I (1 - an)xn + anTyn, n;:: 0 

where {a}, {S} satisfy: 0 $ a $ S $ 1 for all n, lim S = 0, and 
n n n n n n 

Laa S = 00 • In this paper we shall make the assumptions that: (i) 0 $ a 
n n n n 

$Sn$ 1 for all n, (ii) La (1 - a ) = 00 and (ili) lim S = S < 1. 
n n n n n 

If 

Sn = 0, the Ishikawa iteration process reduces to the Mann iterative pro­

cess (For a discussion of and some applications of these two iteration 

schemes the reader may consult [ 4] and [ 5]) . 

Theorem 1. Let K be any nonempty bounded, closed convex subset of a 

uniformly convex Banach space B and T:K ➔ K satisfying (1) and (2). 

Then the sequence {x} defined by (4)-(6), with {a}, {S} satisfying 
n n n 

(i)-(ili), converges to the fixed point of T in K. 

Proof. From Theorem 1 of [1], T has a unique fixed point u in K. 

From (1), IITx - ull $ llx - ull. From (6) and (5), 
n n 

llx - ull $ (1 - a )!Ix - ull + a l!Ty - ull n+1 n n n n 

and 

IITYn - ull $ IIYn - ull $ (1 - Sn)llxn - ull + SnllTxn - ull :,; llxn - ull, 

so that llxn+i - ull $ llxn - ull- Since {llxn - u!I} is monotone decreasing, 

it converges to a number a. If a= 0 we are finished. Assume a> 0, 

and suppose there exists a natural number M and an s > 0 such that 

llx - Ty II ;:: s for all n ;:: M. From Lemma of [2] with 
n n 

x = (x - u)!llx - ul\, y = (Tx - u)!!lx - ul!, b = 2o(s/jlxM - ull), 
n n n n 

we have, for n;:: M, 

llxn+i - ull $ (1 - an(l - an)b)llxn - ull 

$ j]x - ul] - a (1 - a )bllx - ull - a (1 - a )bllx - ul] 
n- 1 n- 1 n- 1 n-1 n n n 
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and, by induction, a 5 llxn+i - ull 5 llxM - ull - b\lxn - ul!Lk~M a.k(l - a.k) • 

Therefore a(l + bL.k:M a.k(l - a.k)) 5 llxM - ull, a contradiction, since the 

series on the left diverges by (ii). Thus there exists a subsequence of 

(5) and (6) such that 

(7) l\m !lxn. - TYn.11 = 0. 
'Z, 'Z, 'Z, 

We wish to show that 

( 8) 1 \m II Xn . - Txn . I I = 0 . 
'Z, 'Z, 'Z, 

It will be sufficient, with (7), to show that lim IITxn. - TYn.11 = O. From 
i 'l, 'l, 

(1) we have, for any integer n, 

(9) 
IITxn -Tynll 5 max{ llxn -Txnll + IIYn -Tynll)/2, Cllxn -Tynll + IIYn -Txnll)/ 3, 

Cllxn -Ynll + llxn -Txnll + IIYn -Tynil)/3 } . 

llxn-Txnll 5 llxn-Tynll + l!Tyn-Txnll and, from (5), 

IIY -Ty II 5 (1 - 13 )!Ix - Ty II + 13 IITx - Ty II- Hence, if l!Tx - Ty II 5 n n nn n nn n n n 

Cllx -Tx II + IIY - Ty 11)/2, then n n n n 

(10) IITx -Ty II 5 (2 - S )!Ix -Ty 11/(1- S ) . n n n n n n 

Since IIYn-TxJ = (l-13n)llxn-Txn115 (l-13n)dlxn-TYn11 + IITyn-TxnllL it 

follows that IITxn -Tynll 5 Cllxn -Tynll + IIYn -Txnll)/3 implies 

(11) IITx -Ty II 5 (2 - S )!ix -Ty II/ (2 + 13 ) . n n n n n n 

Since llx -y II= S !Ix -Tx II, it follows therefore that l!Txn - Tynll 5 
n n n n n 

Cllxn-Ynll + llxn-Txnl\ + l\yn-Tyn\!)/3 implies 

(12) l!Txn-TYnll 5 llxn-TYnll /(1- Sn). 

Applying (10)-(12) to (9) we obtain \IT.xn-TYnll 5 2!!xn-TYnl\ /(1- Sn). 

Therefore 11 Txn. - Tyn. II 5 211 Xn. - Tyn. II/ (1 - Sn.) and (7) implies ltm 
'Z, 'Z, 'Z, 'Z, 'Z, 'Z, 

l!Txni -Tyni\\ = 0, and hence (8). From [l, p. 47], {Txni}i:i is Cauchy. 

Call the limit v. Then, as in [l, p.48), v = Tv. Since u is unique 

fixed point of T in K, v = u. 
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Theorem 2. Let K be a closed convex subset of a Banach space B. Let 

T:K ➔ K satisfying 

(13) jjTx-Tyjj::; max{jjx-yJL (jjx-Txjj+jjy-Tyjj)/2, C!Jx-Tyjj + Jjy-Txjj)/2} 

for all x, yEK. If the sequence {xn} defined by (4)-(6), with fo), 

{Sn} satisfying (i)-(i:ii) and (iv): .!__im an= a> 0, converges to a point 
n 

v in K, then v is a fixed point of T in K. 

Proof. The condition 1~m xn = v implies llxn+i - xnll ➔ 0. From (6), 

!Ix - x II = a IJx - Ty II, so that, from (iv), llx - Ty II ➔ 0. From (13), n+1 n n n n n n 

(14) IITxn -Tynll ::; max {jlxn -YnlL Cllxn - Txnll + IIYn - Tynll)/2, 

dlxn - Tynll + IIYn - Txnll)/2}. 

If IITxn-TynJI::; llxn-Ynll then, from (5), llxn-Ynll = (1-Sn)llxn-Txnjj. 

Therefore 

(15) jjTxn-Tynjj::; Sjlxn-Tynj!/(1- Sn). 

If IITxn-TYnll::; Cllx
11

-Txn11 + IIYn-Tynjj)/2, then, from (5), IIYn-TYnll::; 

(1-S Jllx -Ty II+ S IITx -Ty IL so that n n n n n n 

(16) JITxn -TynJI 5: (2- Sn)llxn -Tynjj/(1- Sn). 

If jjTxn-TYnll 5: (jjxn-TynJI + IIYn-Txnll)/2, then, from (5), Jjyn-Txnll = 

(1- S)llxn -Txnll::; (1- SnHllxn -Tynjj + jjTyn - Txnjj), so that 

(17) JITxn-Tynjj::; (2-Sn)jjxn-Tynjj;(l+Sn). 

Applying (15)-(17) to (14) we obtain 

IITx -Ty II 5: (2-S )jjx -Ty 11/(1-S) n n n n n n 

which, with (iii) and the condition llx -Ty IJ ➔ 0 yields jjTxn-Ty II ➔ 0 n n n 

and thus IJxn -Txn)I ➔ 0. Thus jjyn - xnll = aJJTxn - xnjj ➔ 0, 

IIYn - vii 5: IIYn - xnll + llxn - vii ➔ 0, and 

IIYn -Tynjl ::; (1- Sn)llxn -Tynjj + S~ITxn -Tynll ➔ 0. 

From (6) 
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llxn+i -Tv)I s (1- a )!Ix - vii+ (1- a )j)v -Tvll + a IJTy -Tvll. n n n n 

Using (13), either 

or 

or 

llxn+i -Tvll s (l-an)llxn-v)) + (l-ai2)))v-Tv)I 

+ (ai2)(2)jxn-v11 + l)xn-Txn))). 

In either case, 

llxn+i -Tvll s llxn-v)I + anl)xn-yn)I + (an/2)Jlxn-Txnll + (l-an/2)llv-Tvj]. 

Taking limits and using (iv) we obtain jjv-Tvj) s (1- a/2)jlv - Tvll, which 

implies v = Tv. 

Theorem 3. Let B be a uniformly convex Banach space, T:B ➔ B satisfy­

ing (l) and (2) on B. Then T has a fixed point in B if and only if 

the sequence 

verges in B. 

{x} of (4)-(6), with {a}, {S} satisfying (i)-(iv) con-
n n n 

Proof. If T has a fixed point u in B, then X ➔ U 
n 

by Theorem 1. 

Note that 

(lix-yj) + llx-Txll + ily-Tyil)/3 s max{lix-yjJ, dJx-TxJJ + JJy-Tyjj)/2}, 

so that, if T satisfies (1) over B it automatically satisfies (13). 

The converse then follows from Theorem 2. 

Example S. 1. 5 of [ 6] shows that a mapping T satisfying (13) need not 

possess a fixed point. 

If T satisfies the hypothesis of Theorem 2, with (iv) omitted, and if 

T has a fixed point in K, then, using the techniques of Theorem 1 it can 
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be shown that lirn llx - Tx II = O. 
"""rz n n 
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