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On a Homotopy Version of 4-Dimensional Whitney's Lemma

*
By Kazuaki KOBAYASHI

1. Whitney's lemma ([W]) states that intersection points of smooth #-
submanifolds of a simply connected 2 -manifold can be eliminated if the
intersection number of the two submanifolds is equal to zero and 2n > 6.
However, this lemma fails for 2n = 4, This was first pointed out by
Kervare and Milnor (K&M]) in the smooth category. And Matsumoto [M] gave
an example (Example 1) in the PL category which shows that it is not
always possible to represent two homology classes & , £, with the inter-
section number El-iz = 0 by disjoint PL embedded 2-spheres. Further-
more he also gave an example (Example 2) in which one can not represent a
homology class & with E-[Si] =90 ({Si} being a finite set of embedded
2-spheres) by a continuous map of a 2-sphere whose image is disjoint of
these 2-spheres {Si}' In this paper we shall consider the above Example
2 and prove that if 2-spheres {Si} of the above may be deformed by a
homotopical deformation, we can eliminate the intersection.

It is induced from the following theorem.

Theorem 1. Let M" be a closed l-comnected 4-manifold and P2, @° be

closed surfaces. If f:P? > M* and g:Q®> + M* are continuous maps with
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an intersection number I(f(P), g(@)) = 0, there are continuous maps
FriP? > MY, g:9Q% > M* such that f' = f, g' ~ g (homotopic) and f'(P)n

g'@ = ¢.

Furthermore, for P? = 5%, a 2-sphere, we obtain a necessary and suffi-
cient condition that the intersection f(5%) ng(QZ) can be eliminated by

a homotopical deformation for only f(52).

Theorem 2. Let M* be a closed l-comnected 4-manifold and F:5% + M*
be continuous maps with I(f(5%), g(@*)) = 0. Then there is a map f,:S% »
M* such that f, ~f and f£,(8*)ng@®) = ¢ if and only if < f'(P') >
e Im(¢) where ¢:m, (M* - g(@*)) ~ H,(M* - g(@®)) <is Hurewicz homomorphism

and for < f'(P') > see Definition 1 (section 2).

Throughout the paper we work in the piecewise linear category ([Z]).

Let M*, P> be closed 4- and 2-manifolds and f:P? > M* be a map.

Then S(f) denotes a closure of a set of selfintersection points of
f3 S = ClixeP | £ F(x) = {x}}, and let 5,5 = {zes(f) | #70f () < v}
where #X is a number of elements of a set X. Since we may assume f 1is
in general position with respect to itself (up to e-homotopy) i.e.
dim Sr(f) < rdim P - (x-1)dim M, 5(f) is a finite set. «(f) denotes a
set of locally knotted points of f; k(f) = {xeP | f is locally knotted
at x}. Then we may assume dim «(f) $0 and x(NnSH =¢ [N]. =, ~
mean homotopic and homologous respectively. Let X be a subpolyhedron of
a polyhedron Y, then U(X, Y) means a regular neighborhood of X in Y

if otherwise is stated.
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2. We shall now proceed to establish our results.

Proof of Theorem 1. We may assume that f, g are in general position
themselves and f 1is in general position with respect to g (up to e-
homotopy) i.e. S(f), S(g) and f(PZ) g(Sz) are all finite points sets.
Since I(f(P*), ¢g(@*)) =0, f(P*) ng(Q®) 1is a set of even points {a,,

., ap, bl,
g(@) at a:s bi are +1, -1 respectively i.e. I(a?:) = +1, I(bi) = -1,

cee, bp} such that the intersection numbers of f(P) and

Furthermore we may assume (F(P) ng(@) nfS(AH ux(A) =¢ and (FP)n
g@)) ng(S(g) uk(g)) = ¢. Let ai be a simple arc on f(P) joining a
and b'zi and let Bi be a simple arc on g(Q)} joining a, and bi such
that o, nf(S(f) = ¢ and B, 0g(S(@) = ¢. And let v, = o UB,, then
Yi is a simple closed curve in M*. Since M* is l-connected, there is

a continuous map #h:D? -~ M* such that #h(8D%) = 2 and h|8D2 is an
embedding where D? is a 2-ball. Since we may assume % be in general
position with respect to itself up to e-homotopy, we may assume h—l(h(Dz) n
FE N SHY uk(R) = ¢ = B (R ng(@)) n (B uk(k)). We take simple

arcs A., B,
7

; on D* joining h7'(a;) and h'l(bi) satisfying the

following conditions:
1) 4,08, = {h‘l(ai), h‘l(bi)} =84, =B,
(2) a region surrounded by h_l(oci) and Ai contains all S(k) and
RO 0 F @),
(3) a region surrounded by h_l(Bi) and B, contains all n i (D?) n
g(@) (Fig. 1).
Let D? be a 2-ball in D? surrounded by Ai and Bi' Using n(p%),
we can construct a map F:PxI ~» M*  such that FO = f, F1 (f_l(ai)) = h(Ai)

and FtIP-U(f‘-l(oni), P) = f|P-U(f_1(0L7;), P) where U(f“(oai), P)
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h_l(a.)

-1
h (ai)

Figure 1.

is a regular neighborhood of f_l(oti) in P mod(f-l(aai)) and a map &
N _ -1 _ _o -1
@xI > M* such that G, =g, G (g (B;)) = h(B,) and Gt[Q Ul (8;), @)
= g|Q-5(g-1(Bi), @) where U(g_l(Bi), @) 1is a regular neighborhood of
-1 . -1 -1 -1
g (Bi) in @ mod(g (887:)). Then F (f (oni))u G, (g (Bi)) bounds a
nonsingular 2-ball #(?) and A(F?) n (F () uG, @) = h(3D?) = F (77
(ozi)) UG1 (9_1(87:)). So there are continuous maps flzP + M* and g,:8~
M such that f, ¥ f, g, Tg and £,(P)ng,@ = (F®) ng(@)-la, b}
where the intersections of f, and g, are more than that of f and g.
Doing this operations for all pairs {(ai, bi); i=1,2, «+, p}, we
obtain a maps f':P + M* and ¢g':Q - M' such that f' T f, g' g and

@) ng' @ = ¢.
From the above proof, we obtain the following.

Corollary. Let P2%, @* be 2-dimensional compact submanifolds in M".
If w (M-Q) = {1} and if I(P, Q) = 0, there is a continuous map fiP - u*

such that finelusion and FP)ng = ¢ (P can be interchanged &.)

Lemma 1. Let M* be a closed 4-manifold and P?, Q* be closed
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surfaces. If f:P% > M g:Q®> ~ M are maps with I(f(P), g(@)) = 0,
there are a closed surface P' and an embedding §f':P' >~ M* such that

f'~F and f'(P')ng@) = ¢.

Proof. We may suppose f(P2) ng(Q?) = {a, »-, a,s by ***, bp} where
I(ai) = +1, I(bi) = -1 (intersection number of f(P?) and g(@%) at a;s
bi respectively). And S(f) consists of only double points using general
position technique. Furthermore we may assume that f(P?) ng(g@?) and
FS(H) are all locally flat points in M*. Let a, (£=1,2, '+, p)
be simple arcs on g(Qz) joining a, and bi satisfying the following
conditions:

a;no. =9 (¢ XJ4),

o, ng(S(g) = o,

a0 (FE*) ng(@)) = {a;, b}
o, ng(k(@) = 9,

We can take such o, since dim Q% = 2. Let U(ai) = U(ai, M*) be a
regular neighborhood of o, in M*, then it is homeomorphic to D! x D3,

Using BU(oti) we deform f(P?) to a new manifold (f(P)—(fl(ai, (P v
?J(bi, £(E))) u 3(Dl x5') where D' x8'c (), (@ x5 ng@ = ¢ and

' xs! = dW(ay, FP)) vdU(D,, F(P)) (Fig. 2).

— /9@ T~/ 9@
f@®) la; e
{ — i
o, L1y
zlbi Y

- =

Figure 2.
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We do this surgery for all 4 =1, 2, ---, p. Next if we denote

e
’ , 3

FEW) = Loy, wovy e ), pairs (BU(ey, M), Wiey, F))) (G =
q) are elementary links (Fig. 3) since e. (j =1, 2, +++, q) are all

double points of f and since f is locally flat at cj. We deform f(P)
to a new manifold (f(P)-ZOJ(cj, k23 )] UAJ. where Aj is an annulus

embedded in BU(eJ., M*} bounded by BU(cj, f®)) (Fig. 4).

S

&)
Figure 3. Figure
Doing two kinds of surgeries of the above for all < =1, 2, *-, p;
Jd=1,2, «++, g, we obtain a new orientable closed surface P' whose

genera is equal to p + q + (genera of P) and an embedding f':P' » M*

such that f' ~ f in M* and fF'(P') ng(Q) = ¢.

Definition 1. We define < f'(P") >eH, (M*-g(Q)) an induced class from
< f(P) >eH, ) using lemma 1. Unfortunately this class cannot be unique-
ly determined from f(P). But if § = 52, 2-sphere and if g is an embedd-

ing, it can be uniquely determined by the following lemma.

Lemma 2. For the above definition, if Q = 8% and if ¢:8% >~ M* is

an embedding, j,:H,M*-g(s%)) ~+ H, M"Y Ze injective.

Proof. 1In a homology exact sequence of a pair (M*, M*-¢(5%)), H (M"*,
M'-g(5%)) T H,(U(g(S*)), WU(g(s*))) T H' (U(g(5*))) T B, (U(g(5H)))

T H,(g(5%)) = H,(8%) = 0 where U(g(5%) = U(g(s?), M*). So 7, is in-
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jective.

Proof of Theorem 2. Necessity of the condition is clear. Now we

consider the commutative diagram.

$
m, (M*-g (52)) ————— H, (U"-g (5*))
i, I«
™, (") L B, M)

Since M* is l-connected, ¥ is an isomorphism. Let [fHEHZCM").

Since I(f(5%), g(Q)) = 0, there is an induced class < f'(P') >eH,(M'-
g@) from Y([f]) = 4,< f'(P') >. So < f'(P') >eIm(¢) if and only if
there is a class Seﬂz(M—g(Q)} such that ¢(B) = < f'(P'} >. By the com-
mutativity of the diagram, Z,(B) = [f1 since ¢ is an isomorphism i.e.

there is a map f'l:S2 > M*-g(@) such that [f] =8 and f, = f in MY,
It is easy to show the following corollaries.

Corollary 1. Let f:52 » M*, g:Q®> »~ M* be maps with I(f(S?), g(&))
= 0. If M, M*-g(Q) are both 1-connected, there is a map f,:8% + M*

such that f, ~ f and f,(8*)ng(@ = ¢.

Corollary 2. If the induced class < f'(P') > =0 in H,(M*-g(@)),

there is a map f,:5% + M* such that f, = f and f (5*) ng(@) = ¢.
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